¨ 25� ´ , j , + ß W5, 5 D P lvfhoodqhrxv glvwulexwlrqdouhvxowv

41 Wkhmrlqwsgi i_{f ct} ri srvlwlyhudqgrp yduldeohv♭ dqg ♮ lvvshflfflhg dvi_{f ct} +ı>ȷ , @i_{f �t} +ı⇕ȷ ,i_t +ȷ ,/ z khuh ♭ ⇕♮ @ȷ ⊃ Hısrqhqwldo+ȷ , dqg ♮ ⊃ J dp p d+δ>ϵ,/Lghqwli— wkh p dujlqdoglvwulexwlrq ri ♭ /

51 Wkh Elyduldwh Qrup do Glvwulexwlrq= Vxssrvh wkdw♭_� dqg ♭_2 duh l1l1g Qrup do+3>4, udqgrp yduldeohv1 Ohwudqgrp yduldeohv♮_� dqg ♮_2 eh ghfflqhg e—

♮_� @π_� . ϕ_� √ 4∗ υ^2♭_� . ϕ_�υ♭_2

♮_2 @π_2 . ϕ_2♭_2 ruht xlydohqwo— ⌋ ♮_� ♮_2 ⌈ @ ⌋ π_� π_2 ⌈ . ⌋ ϕ_� √ 4∗ υ^2 ϕ_�υ 3 ϕ_2 ⌈⌋ ♭_� ♭_2 ⌈

irusrvlwlyh frqvwdqwvϕ_� dqg ϕ_2/ dqg ⇕υ⇕⋆ 41 I lqg wkh mrlqwsgi ri +♮_�>♮_2,1

Vkrz wkdw/ p dujlqdoo— irul @4>5/ ♮_ζ ⊃ Qrup do ] π_ζ>ϕ^2_ζ ⌊ / dqg wkdwfrqglwlrqdoo—

♮_�⇕♮_2 @ȷ_2 ⊃ Qrup do ] π_� . υϕ_� ϕ_2

+ȷ_2 ∗ π_2, >ϕ^2_� ] 4∗ υ^2 ⌊⌊

♮_2⇕♮_� @ȷ_� ⊃ Qrup do ] π_2 . υϕ_2 ϕ_�

+ȷ_� ∗ π_�, >ϕ^2 ] 4∗ υ^2 ⌊⌊ /

I lqg wkh fruuhodwlrq ri ♮_�dqg ♮_21

Wkh FhqwudoOlp lwWkhruhp

61 Xvlqj wkh FhqwudoOlp lwWkhruhp / frqvwuxfwd Qrup dodssur–lp dwlrq wr suredelolw— glvwulexwlrq ri d udqgrp yduldeoh ♭ kdylqj d

+l, Elqrp ldoglvwulexwlrq/ ♭ ⊃ Elqrp ldo+q>λ,

+ll, Srlvvrq glvwulexwlrq/ ♭ ⊃ Srlvvrq+ξ,

+lll, Qhjdwlyh Elqrp ldoglvwulexwlrq/ ♭ ⊃ Qhj Elqrp ldo+q>λ,

+ly, J dp p d glvwulexwlrq/♭ ⊃ J dp p d+δ>ϵ,

Olp lwlqj glvwulexwlrqv

Lq wkhiroorz lqj t xhvwlrqv/ xvhwkhiroorz lqj uhvxowviurp hduolhulq wkhfrxuvh¿li ♭_�>///♭_⋆ duhd froohfwlrq ri lqghshqghqwdqg lghqwlfdoo— glvwulexwhg udqgrp yduldeohvwdnlqj ydoxhvrq ^ z lwk p dvvixqfwlrq2sgi i_f dqg fgi I_f / ohw♮_⋆ dqg ♯_⋆ fruuhvsrqg wr wkh p d–lp xp dqg p lqlp xp rughuvwdwlvwlfvghulyhg iurp ♭_�>///♭_⋆ / wkdwlv ♮_⋆ @p d–⟩♭_�>///>♭_⋆ | ♯_⋆ @p lq⟩ ♭_�>///>♭_⋆ | / Wkhq wkh fgivri ♮_⋆ dqg ♯_⋆ duh j lyhq e—

I_{t ⋆} +ȷ , @⟩I_f +ȷ ,|^⋆ I_{⃗⋆} +℘, @4∗ ⟩ 4∗ I_f +℘,|^⋆ /

P 5V4 H[ HUFLVHV8=sdjh 4 ri 5

5

71Vxssrvh ♭^�>///>♭^⋆ ⊃ Xqli rup +3>4,/ wkdwlv

I^f +ı, @ı 3 ⪰ ı ⪰ 4

I lqg wkh fgivri ♮^⋆ dqg ♯^⋆ / dqg wkh olp lwlqj glvwulexwlrqv dvq ∗↔ △ 1

81Vxssrvh ♭^�>///>♭^⋆ ⊃ Hıs+ξ,/ wkdwlv

I^f +ı, @4∗ h_{∋ bϱ} ı A 3

I lqg wkh fgivri ♮^⋆ dqg ♯^⋆ / dqg wkh olp lwlqj glvwulexwlrqv dvq ∗↔ △ 1

91Vxssrvh ♭^�>///>♭^⋆ kdyh fgi

I^f +ı, @4∗ 4 ı ı ∼ 4 I lqg wkh fgivri ♯^⋆ dqg X^⋆ @♯_⋆^⋆ / dqg wkh olp lwlqj glvwulexwlrqv ri ♯^⋆ dqg X^⋆ dvq ∗↔ △ 1

:1Vxssrvh ♭^�>///>♭^⋆ kdyh fgi

I^f +ı, @ 4 4. h_{∋ ϱ} ı ▽ U I lqg wkh fgivri ♮^⋆ dqg X^⋆ @♮^⋆ ∗ orj q dqg wkh olp lwlqj glvwulexwlrqv ri ♮^⋆ dqg X^⋆ dvq ∗↔ △ 1

; 1Vxssrvh ♭^�>///>♭^⋆ kdyh fgi

I^f +ı, @4∗ 4 4. ξı ı A 3 I lqg wkh fgivri ♮^⋆ dqg ♯^⋆ / dqg wkh olp lwlqj glvwulexwlrqv dvq ∗↔ △ 1I lqg dovr wkh fgivri X^⋆ @♮^⋆ ∂q Y^⋆ @q♯^⋆ dqg wkh olp lwlqj glvwulexwlrqvri X^⋆ dqg Y^⋆ dvq ∗↔ △ 1

¡1Vxssrvh ♭^�>///>♭^⋆ ⊃ Hıs+ξ,1I lqg wkh fgi ri X^⋆ @ξ♮^⋆ ∗ orj q/ dqg wkh olp lwlqj glvwulexwlrq ri X^⋆ dv q ∗↔ △ 1 431Vxssrvh ♭^�>///>♭^⋆ ⊃ Ehuqrxool+λ,1Z ulwh grz q wkh p ji ri ♭^ζ/ wkh p j iv ri

V^⋆ @ ⋆⋃ ζ’ �

♭^ζ dqg P^⋆ @ 4 q ⋆⋃ ζ’ �

♭^ζ @ V^⋆ q /I lqg wkholp lwlqj irup ri wkhp ji ri P^⋆ / dqg khqfhlghqwli— wkholp lwlqj glvwulexwlrq ri P^⋆ dvq ∗↔ △ 1

441Vxssrvh ♭^�>///>♭^⋆ ⊃ Srlvvrq+ξ,1OhwP^⋆ @ 4 q ⋆⋃ ζ’ �

♭^ζ/ Vkrz wkdw P^⋆_R∗↔ ξ dv q ∗↔ △ 1 Li udqgrp yduldeoh W^⋆ lvghfflqhg e— W^⋆ @h_{∋ ⁀ ⋆} / vkrz wkdw W^⋆_R∗↔ h_{∋ b} Xvlqj wkh fhqwudoolp lwwkhruhp / fflqg wkh dssur–lp dwh suredelolw— glvwulexwlrq ri W^⋆ dvq ∗↔ △ 1

P 5V4 H[ HUFLVHV8=sdjh 5 ri 5