, j , + ß W5, 5 e P xowlyduldwh Wudqvirup dwlrqv/ Olp lwv ri P rp hqwJ hqhudwlqj I xqfwlrqv/ Rughu Vwdwlvwlfv

4^W Li ♭ dqg ♮ duh frqwlqxrxvudqgrp yduldeohv z lwk mrlqwsgi i_{f ct} / z lwk i_{f ct} +ı>ȷ , @f+δ>ϵ,ı^{k∋ �}+4∗ ı,^{q∋ �}f+δ . ϵ>ζ,ȷ^{kn q∋ �}+4∗ ȷ ,^{δ∋ �}3 ⋆ ı ⋆ 4>3 ⋆ ȷ ⋆ 4/ dqg ˝hur rwkhuz lvh/ iruδ>ϵ>ζ A 3/ z khuh qrup dol˝lqj frqvwdqwv f+δ>ϵ, dqg f+δ . ϵ>ζ, duh ghfflqhg e— 4 f+d>e, @ ⊎_� f w^{∂∋ �}+4∗ w,^{K∋ �}gw OhwX eh ghfflqhg e— X @♭ ♮ 1 Uhfdoolqj iurp ohfwxuh qrwhvwkdw

i_L +x, @ ⊎_↑ ∋ ↑ i_{f ct} +ı>x∂ı,⇕ı⇕^{∋ �}gı fflqg wkh p duj lqdosgi ri udqgrp yduldeoh X @♭ ♮ 1Qrwh wkdw/ dv^ @^ @+3>4,/ z h kdyh ♭ ♮ ⋆ ♭ 1 51Vxssrvh wkdw♭ dqg ♮ kdyh mrlqwsgi jlyhq e— i_{f ct} +ı>ȷ , @fıȷ +4∗ ı ∗ ȷ , 3 ⋆ ı ⋆ 4>3 ⋆ ȷ ⋆ 4>3 ⋆ ı . ȷ ⋆ 4/ iruvrp h frqvwdqwf A 31 I lqg wkh fryduldqfh ri ♭ dqg ♮ 1 61 Vxssrvh wkdw♭ dqg ♮ kdyh mrlqwsgi wkdwlv frqvwdqwrq wkh udqj h ^^{E2ø} @+3>4, ⋄ +3>4,/ dqg ˝hur rwkhuz lvh1 I lqg wkh p dujlqdosgi ri udqgrp yduldeohv X @♭ ∂♮ dqg Y @∗ orj +♭ ♮ ,1 vwdwlqj fohduo— wkh udqj h ri wkh wudqvirup hg udqgrp yduldeoh lq hdfk fdvh1I lqg wkh sgi dqg fgi ri ♯ @♭ ∗ ♮ 1 71 Vxssrvh wkdwfrqwlqxrxv udqgrp yduldeohv ♭_�>♭_2>♭_fi duh lqghshqghqw/ dqg kdyh p dujlqdo sgiv vshflfflhg e— i_{f ζ}+ı_ζ, @f_ζı^ζh^{∋ ϱζ} ı_ζ A 3 irul @4>5>61I lqg wkh mrlqwsgi ri udqgrp yduldeohv♮_�>♮_2>♮_fi ghfflqhg e—

♮_� @♭_�∂+♭_� . ♭_2 . ♭_fi, ♮_2 @♭_2∂+♭_� . ♭_2 . ♭_fi, ♮_fi @♭_� . ♭_2 . ♭_fi dqg hydoxdwh wkh p duj lqdoh–shfwdwlrq ri ♮_�1 81Vxssrvh wkdw♭ dqg ♮ duh frqwlqxrxvudqgrp yduldeohvz lwk sgi jlyhq e— i_{f ct} +ı>ȷ , @ 4 5τ h–s ⟩ ∗ 4 5 ] ı^2 . ȷ^2 ⌊/ ı>ȷ ▽ U Ohwudqgrp yduldeoh X eh ghfflqhg e— X @♭ ∂♮ 1I lqg wkh sgi ri X1 Vxssrvh qrz wkdwV lv d udqgrp yduldeoh/ lqghshqghqwri ♭ dqg ♮ / z lwk sgi jlyhq e— i_7 +v, @f+ρ,v^{D⇀2∋ �}h^{∋ r⇀2} v A 3 z khuh ρ lv d srvlwlyh lqwhjhu dqg f+ρ, lv d frqvwdqwixqfwlrq ri ρ1 I lqg wkh sgi ri udqgrp yduldeoh W ghfflqhg e— W@ ♭ √ V∂ρ P 5V4 H[ HUFLVHV7=sdjh 4 ri 5

5

91Vxssrvh wkdwwkh mrlqwsgi ri udqgrp yduldeohv♭ dqg ♮ lvvshflfflhg yld wkh frqglwlrqdoghqvlw— i^{f �t} dqg wkh p duj lqdoghqvlw— i^t dv i^{f �t} +ı⇕ȷ , @ ȷ 5τ h–s ⟩ ∗ ȷ ı_2 5 / ı ▽ U i^t +ȷ , @f+ρ,ȷ_{D⇀2∋ �}h_{∋ D⇁⇀2} ȷ A 3 z khuh ρ lvd srvlwlyh lqwhj hu1I lqg wkh p dujlqdosgi ri ♭ 1

:1Vxssrvh wkdwglvfuhwh udqgrp yduldeoh ♭ kdvp dvv ixqfwlrq jlyhq e— i^f +ı, @ ξ_ϱh_{∋ b} ı$ ı @3>4>5>/// dqg ˝hur rwkhuz lvh/ iru ξ A 3/ dqg ohw♯^� eh ghfflqhg e— ♯^� @+♭ ∗ ξ,∂ ∫ ξ1 I lqg wkh p ji ri ♯^�1 dqg olp lwlqj p j i dvdvξ ∗↔ △ 1

Qrz vxssrvh wkdw♭ lvfrqwlqxrxv/ z lwk sgi j lyhq e— i^f +ı, @fı_{b∋ �}h_{∋ ϱ} iruı A 3/ dqg ˝hur rwkhuz lvh/ iruξ A 31I ru♯^2 ghfflqhg e— ♯^2 @+♭ ∗ ξ,∂ ∫ ξ/ fflqg wkh p ji ri ♯^2/ dqg wkh olp lwlqj p j i dv ξ ∗↔ △ 1

;1 Vxssrvh wkdw♭^� dqg ♭^2 duh lqghshqghqwfrqwlqxrxv udqgrp yduldeohv z lwk sgi i^f dqg fgi I^f 1

Ohw♮^� dqg ♮^2 eh wkh vp doohu dqg oduj hu ri wkh sdlu ⟩♭^�>♭^2| uhvshfwlyho— 1 Li frqvwdqwf lv ghfflqhg e—

I^f +f, @s/ iruvrp h s z khuh 3 ⪰ s ⪰ 4/ hydoxdwh S^♮^2 A f‘1

¡1Vxssrvh wkdw♭^�>///>♭^ς duh l1l1g frqwlqxrxvudqgrp yduldeohvz lwk ghqvlw— ixqfwlrq i^f +ı, @ξh_{∋ bϱ} ı A 3 dqg ˝hur rwkhuz lvh/ iruvrp h ξ A 31I lqg wkh p dujlqdosgi ri wkh p lqlp xp rughuvwdwlvwlf/ ♮^�1

Qrz vxssrvh wkdw♭^�>///>♭^ς duh l1l1g frqwlqxrxvudqgrp yduldeohvz lwk ghqvlw— ixqfwlrq i^f +ı, @4∂ı_2 4 ⪰ ı ⋆ △

I lqg wkh mrlqwsgi ri wkhrughuvwdwlvwlfv♮^�>///>♮^ς dqg wkhp dujlqdosgi ri wkhvp doohvwrughudqg odujhvw rughuvwdwlvwlfv♮^� dqg ♮^ς1

431 Vxssrvh wkdw♭^�>///♭^ς duh l1l1g1 frqwlqxrxv udqgrp yduldeohv z lwk sgi wkdwlv frqvwdqwrq +3>4,/

˝hur rwkhuz lvh/ dqg ohw♮^ς eh wkh fruuhvsrqglqj oduj hvwrughu vwdwlvwlf1 I lqg wkh vp doohvwn vxfk wkdw

S^♮^ς∼ 3/¡¡‘∼ 3/¡81

441Vxssrvh wkdw♭ lvd frqwlqxrxvudqgrp yduldeoh z lwk sgi jlyhq e— i^f +ı, @8ı_e 3 ⪰ ı ⪰ 4 dqg ˝hur rwkhuz lvh1 Vxssrvh wkdwi^f deryh lv wkh sgi iru wkh p dunv +rxwri 433/ dqg uhvfdohg wr 304, iru d jlyhq vwxghqwlq d whvw1 Li whvwuhvxowv iru n whvwv duh uhjdughg dv l1l1g1 udqgrp yduldeohv kdylqj sgi i^f / ohw♮^� eh wkh udqgrp yduldeoh fruuhvsrqglqj wr wkh p lqlp xp vfruh rewdlqhg lq wkh n whvwv/ hydoxdwh S^♮^� ⪰ 3/: 8‘ li n @6>7>81 I lqg wkh sgi ri ♮^�/ dqg wkh olp lwlqj suredelolw— glvwulexwlrq ri ♮^� dv wkh qxp ehuri whvwv/ n ehfrp hvodujh1

451Vxssrvh wkdw♭^�>///>♭^⋆ duh duh llg iurp sgi j lyhq e— i^f +ı, @ +δ . 4,ı_k λ_{kn �} 3 ⪰ ı ⪰ λ dqg ˝hur rwkhuz lvh/ irusdudp hwhuvδ>λ A 31Ohw♮^�>///>♮^⋆ eh wkh fruuhvsrqglqj rughuvwdwlvwlfvghulyhg iurp ♭^�>///>♭^⋆ 1E— frqvlghulqj fgiv/ fflqg wkh glvwulexwlrqvri ♮^� dqg ♮^⋆ dvq ∗↔ △ 1

P 5V4 H[ HUFLVHV7=sdjh 5 ri 5