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4 � Li [ dqg \ duh frqwlqxrxv udqgrp yduldeohv zlwk mrlqw sgi i ��� � / zlwk
i ��� � +{> |, @ f+�>�,{ ���	� +4� {, 
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dqg }hur rwkhuzlvh/ iru �>�> � A 3/ zkhuh qrupdol}lqj frqvwdqwv f+�>�, dqg f+�. �> �, duh gh�qhg e|
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f+d> e, @
] �
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Ohw X eh gh�qhg e| X @ [\ 1 Uhfdoolqj iurp ohfwxuh qrwhv wkdw
i � +x, @

] �

� � i ��� � +{> x@{,m{m ��� g{
�qg wkh pdujlqdo sgi ri udqgrp yduldeoh X @ [\ 1 Qrwh wkdw/ dv [ @ \ @ +3> 4,/ zh kdyh [\ ? [1
51 Vxssrvh wkdw [ dqg \ kdyh mrlqw sgi jlyhq e|

i ��� � +{> |, @ f{|+4� {� |, 3 ? { ? 4> 3 ? | ? 4> 3 ? {. | ? 4=
iru vrph frqvwdqw f A 31 Ilqg wkh fryduldqfh ri [ dqg \ 1
61 Vxssrvh wkdw [ dqg \ kdyh mrlqw sgi wkdw lv frqvwdqw rq wkh udqjh [

����� @ +3> 4,� +3> 4,/ dqg }hur
rwkhuzlvh1 Ilqg wkh pdujlqdo sgi ri udqgrp yduldeohv X @ [@\ dqg Y @ � orj+[\ ,1 vwdwlqj fohduo|
wkh udqjh ri wkh wudqviruphg udqgrp yduldeoh lq hdfk fdvh1 Ilqg wkh sgi dqg fgi ri ] @ [ � \ 1
71 Vxssrvh wkdw frqwlqxrxv udqgrp yduldeohv [ � >[ � >[ � duh lqghshqghqw/ dqg kdyh pdujlqdo sgiv
vshfl�hg e|

i ��� +{ � , @ f � { �� h ��� � { � A 3
iru l @ 4> 5> 61 Ilqg wkh mrlqw sgi ri udqgrp yduldeohv \ � > \ � > \ � gh�qhg e|

\ � @ [ � @+[ � .[ � .[ � , \ � @ [ � @+[ � .[ � .[ � , \ � @ [ � .[ � .[ �

dqg hydoxdwh wkh pdujlqdo h{shfwdwlrq ri \ � 1
81 Vxssrvh wkdw [ dqg \ duh frqwlqxrxv udqgrp yduldeohv zlwk sgi jlyhq e|
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Ohw udqgrp yduldeoh X eh gh�qhg e| X @ [@\ 1 Ilqg wkh sgi ri X 1
Vxssrvh qrz wkdw V lv d udqgrp yduldeoh/ lqghshqghqw ri [ dqg \ / zlwk sgi jlyhq e|

i  +v, @ f+�,v ! "#� �	� h �%$ "#� v A 3
zkhuh � lv d srvlwlyh lqwhjhu dqg f+�, lv d frqvwdqw ixqfwlrq ri �1 Ilqg wkh sgi ri udqgrp yduldeoh W
gh�qhg e|
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91 Vxssrvh wkdw wkh mrlqw sgi ri udqgrp yduldeohv [ dqg \ lv vshfl�hg yld wkh frqglwlrqdo ghqvlw| i ��� �
dqg wkh pdujlqdo ghqvlw| i � dv
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{ 5 U i � +|, @ f+�,| ! "#� �	� h � !�� "#� | A 3
zkhuh � lv d srvlwlyh lqwhjhu1 Ilqg wkh pdujlqdo sgi ri [1
:1 Vxssrvh wkdw glvfuhwh udqgrp yduldeoh [ kdv pdvv ixqfwlrq jlyhq e|

i � +{, @ � � h ���
{$ { @ 3> 4> 5> ===

dqg }hur rwkhuzlvh/ iru � A 3/ dqg ohw ] � eh gh�qhg e| ] � @ +[ � �,@s�1 Ilqg wkh pji ri ] � 1 dqg
olplwlqj pji dv dv � �$ 41
Qrz vxssrvh wkdw [ lv frqwlqxrxv/ zlwk sgi jlyhq e| i � +{, @ f{ � �	� h ��� iru { A 3/ dqg }hur rwkhuzlvh/
iru � A 31 Iru ] � gh�qhg e| ] � @ +[ � �,@s�/ �qg wkh pji ri ] � / dqg wkh olplwlqj pji dv � �$ 41
;1 Vxssrvh wkdw [ � dqg [ � duh lqghshqghqw frqwlqxrxv udqgrp yduldeohv zlwk sgi i � dqg fgi I � 1
Ohw \ � dqg \ � eh wkh vpdoohu dqg odujhu ri wkh sdlu i[ � >[ � j uhvshfwlyho|1 Li frqvwdqw f lv gh�qhg e|
I � +f, @ s/ iru vrph s zkhuh 3 � s � 4/ hydoxdwh S ^\ � A f`1
<1 Vxssrvh wkdw [ � > ===>[ � duh l1l1g frqwlqxrxv udqgrp yduldeohv zlwk ghqvlw| ixqfwlrq

i � +{, @ �h ��� � { A 3
dqg }hur rwkhuzlvh/ iru vrph � A 31 Ilqg wkh pdujlqdo sgi ri wkh plqlpxp rughu vwdwlvwlf/ \ � 1
Qrz vxssrvh wkdw [ � > ===>[ � duh l1l1g frqwlqxrxv udqgrp yduldeohv zlwk ghqvlw| ixqfwlrq

i � +{, @ 4@{ � 4 � { ? 4
Ilqg wkh mrlqw sgi ri wkh rughu vwdwlvwlfv \ � > ===> \ � dqg wkh pdujlqdo sgi ri wkh vpdoohvw rughu dqg odujhvw
rughu vwdwlvwlfv \ � dqg \ � 1
431 Vxssrvh wkdw [ � > ===[ � duh l1l1g1 frqwlqxrxv udqgrp yduldeohv zlwk sgi wkdw lv frqvwdqw rq +3> 4,/
}hur rwkhuzlvh/ dqg ohw \ � eh wkh fruuhvsrqglqj odujhvw rughu vwdwlvwlf1 Ilqg wkh vpdoohvw n vxfk wkdw
S ^\ � � 3=<<` � 3=<81
441 Vxssrvh wkdw [ lv d frqwlqxrxv udqgrp yduldeoh zlwk sgi jlyhq e|

i � +{, @ 8{ � 3 � { � 4
dqg }hur rwkhuzlvh1 Vxssrvh wkdw i � deryh lv wkh sgi iru wkh pdunv +rxw ri 433/ dqg uhvfdohg wr 304,
iru d jlyhq vwxghqw lq d whvw1 Li whvw uhvxowv iru n whvwv duh uhjdughg dv l1l1g1 udqgrp yduldeohv kdylqj
sgi i � / ohw \ � eh wkh udqgrp yduldeoh fruuhvsrqglqj wr wkh plqlpxp vfruh rewdlqhg lq wkh n whvwv/
hydoxdwh S^\ � � 3=:8` li n @ 6> 7> 81 Ilqg wkh sgi ri \ � / dqg wkh olplwlqj suredelolw| glvwulexwlrq ri \ �
dv wkh qxpehu ri whvwv/ n ehfrphv odujh1
451 Vxssrvh wkdw [ � > ===>[ 	 duh duh llg iurp sgi jlyhq e|
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dqg }hur rwkhuzlvh/ iru sdudphwhuv �> � A 31 Ohw \ � > ===> \ 	 eh wkh fruuhvsrqglqj rughu vwdwlvwlfv ghulyhg
iurp [ � > ===>[ 	 1 E| frqvlghulqj fgiv/ �qg wkh glvwulexwlrqv ri \ � dqg \ 	 dv q �$ 41
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