¨ 25� ´ , j , + ß W5, 5 fi P rp hqwJ hqhudwlqj I xqfwlrqv 2 Glvfuhwh dqg Frqwlqxrxv P xowlyduldwh Glvwulexwlrqv 41Wudqvirup dwlrqv ri Qrup doudqgrp yduldeohv1

Wkh frqwlqxrxvudqgrp yduldeoh ♯ z lwk udqj h ~ @U kdvsgi jlyhq e—

i_5+℘, @ 4 ∫ 5τ h–s ⟩ ∗ 4 5 ℘^2 / ℘ ▽ U +d, I lqg wkh p ji ri udqgrp yduldeoh ♯ / wkh sgi dqg wkh p j i ri udqgrp yduldeoh ♭ z khuh ♭ @π . 4 ξ ♯ / irusdudp hwhuvπ dqg ξ A 3/

I lqg wkh h–shfwdwlrq ri ♭ 1/ dqg wkh h–shfwdwlrq ri wkh ixqfwlrq j +♭ , z khuh j +ı, @h^ϱ/

+e, Vxssrvh qrz ♮ lvwkh udqgrp yduldeoh ghfflqhg lq whup vri ♭ e— ♮ @h^f I lqg wkh sgi ri ♮ / dqg vkrz wkdwwkh h–shfwdwlrq ri ♮ lv h–s ⟩ π . 4 5ξ^2 /

+f, I lqdoo— / ohwudqgrp yduldeoh Weh ghfflqhg e— W@♯^21 I lqg wkh sgi dqg p ji ri ♯ 1

51Vxssrvh wkdwudqgrp yduldeoh ♭ kdvp ji jlyhq e—

P_f +w, @ 4 ; h^ȷ . 5 ; h^{2ȷ} . 8 ; h^{fiȷ} E— frqvlghulqj P_f dv d vhulhv h–sdqvlrq/ fflqg wkh suredelolw— glvwulexwlrq/ dqg wkh h–shfwdwlrq dqg yduldqfh ri ♭ 1

61Vxssrvh wkdwudqgrp yduldeoh ♭ kdvp ji jlyhq e— P_f +w, @ ] 4∗ λ. λh^ȷ ⌊_⋆ iru vrp h λ/ z khuh 3 ⪰ λ ⪰ 41 Rewdlq d srz hu vhulhv h–sdqvlrq iru P_f +w,/ dqg khqfh lghqwli— H_{sf} ^♭^o‘ iruu @4>5>6>///1 71Vxssrvh wkdw♭ lvd frqwlqxrxv udqgrp yduldeoh z lwk sgi i_f +ı, @h–s ⟩∗ +ı . 5,| ∗ 5 ⋆ ı ⋆ △ I lqg wkh p j i ri ♭ / dqg khqfh fflqg wkh h–shfwdwlrq dqg yduldqfh ri ♭ 1

81 Vxssrvh wkdw♭ lv d udqgrp yduldeoh z lwk p dvv ixqfwlrq2sgi i_f dqg p ji P_f 1 Wkh fxp xodqw jhqhudwlqj ixqfwlrq ri ♭ / N_f / lvghfflqhg e— N_f +w, @orj P̂_f +w,‘1Suryh wkdw g gw ⟩N_f +w,|_{ȷ’ f} @H_{sf} ^♭ ‘ g^2 gw^2 ⟩ N_f +w,|_{ȷ’ f} @Ydu_{sf} ^♭ ‘

91Vxssrvh wkdw♭ dqg ♮ duh glvfuhwh udqgrp yduldeohvz lwk mrlqwp dvvixqfwlrq j lyhq e— i_{f ct} +ı>ȷ , @ f 5^{ϱn ⇁} ı$ȷ $ ı>ȷ @3>4>5>//// dqg ˝hur rwkhuz lvh/ iruvrp h frqvwdqwf1I lqg wkh ydoxh ri f/ dqg wkh p dujlqdop dvvixqfwlrqvri ♭ dqg ♮ 1Suryh wkdw♭ dqg ♮ duh lqghshqghqwudqgrp yduldeohv1 P 5V4 H[ HUFLVHV6=sdjh 4 ri 5

5

:1Frqwlqxrxvudqgrp yduldeohv♭ dqg ♮ kdyh mrlqwfgi/ I^{f ct} ghfflqhg iru+ı>ȷ , ▽ U_2 e— I^{f ct} +ı>ȷ , @ ] 4∗ h_{∋ ϱ} ⌊] 4 5 . 4 τ wdq_{∋ �} ȷ ⌊ ı ∼ 3 dqg ˝hur rwkhuz lvh1I lqg wkh mrlqwsgi/ i^{f ct} 1Duh ♭ dqg ♮ lqghshqghqwB

;1Wkh mrlqwsgi ri frqwlqxrxvudqgrp yduldeohv♭ dqg ♮ lvj lyhq e— i^{f ct} +ı>ȷ , @fı_{k∋ �} ı A 3>3 ⋆ ȷ ⋆ h–s ⟩ ∗ ϵı_k | irusdudp hwhuvδ>ϵ A 3/ dqg ˝hur rwkhuz lvh/ irufrqvwdqwf1 I lqg wkh p dujlqdosgivri ♭ dqg ♮ 1

¡1 Vxssrvh wkdw♭ dqg ♮ duh frqwlqxrxv udqgrp yduldeohvz lwk mrlqwsgi jlyhq e— i^{f ct} +ı>ȷ , @fı+4∗ ȷ , 3 ⋆ ı ⋆ 4>3 ⋆ ȷ ⋆ 4 dqg ˝hur rwkhuz lvh iruvrp h frqvwdqwf1Duh ♭ dqg ♮ lqghshqghqwudqgrp yduldeohvB

I lqg wkh ydoxh ri f1/ dqg/ iruwkh vhwD ≤ ⟩ +ı>ȷ , =3 ⋆ ı ⋆ ȷ ⋆ 4| / wkh suredelolw— S^♭ ⋆ ♮ ‘ @ ⊎ Φ ⊎ i^{f ct} +ı>ȷ , gıgȷ

431Vxssrvh wkdwwkh mrlqwsgi ri ♭ dqg ♮ lvj lyhq e— i^{f ct} +ı>ȷ , @57ıȷ ı A 3>ȷ A 3>ı . ȷ ⋆ 4 dqg ˝hur rwkhuz lvh1 I lqg wkh p dujlqdosgi ri ♭ / i^f 1

Klqw= Vnhwfk wkh uhjlrq rq zklfk wkh mrlqwghqvlw— lv qrq0˝hur¿ uhp hp ehu wkdwwkh lqwhjudqg lv rqo— qrq0˝hur iru vrp h sduwri wkh lqwhjudoudqjh

441Duh wkh iroorz lqj ixqfwlrqvydolg frqwlqxrxvmrlqwfgiviruudqgrp yduldeohv♭ dqg ♮ B I^�+ı>ȷ , @4∗ h_{∋ ϱ∋ ⇁} ı>ȷ ∼ 3 I^2+ı>ȷ , @ 4∗ h_{∋ ϱ}∗ ıh_{∋ ⇁} 3 ⪰ ı ⪰ ȷ 4∗ h_{∋ ⇁} ∗ ȷ h_{∋ ϱ} 3 ⪰ ȷ ⪰ ı Fkhfn wkh ehkdylrxudvı ruȷ +ruerwk, wdnh wkhluolp lwlqj ydoxhv1

451Vxssrvh wkdw♭ dqg ♮ duh frqwlqxrxvudqgrp yduldeohvz lwk mrlqwsgi j lyhq e— i^{f ct} +ı>ȷ , @ 4 5ı_2ȷ 4 ⪰ ı ⋆ △ >4∂ı ⪰ ȷ ⪰ ı dqg ˝hur rwkhuz lvh1Ghulyhwkhp duj lqdosgi ri ♭ / wkhp dujlqdosgi ri ♮ / wkhfrqglwlrqdosgi ri ♭ jlyhq

♮ @ȷ / dqg wkh frqglwlrqdosgi ri ♮ jlyhq ♭ @ı1Fdofxodwh wkh p duj lqdoh–shfwdwlrq ri ♮ / H^{st} ^♮ ‘1

461Vxssrvh wkdw♭ / ♮ dqg ♯ duh frqwlqxrxvudqgrp yduldeohvz lwk mrlqwsgi j lyhq e— i^{f ct c⃗} +ı>ȷ >℘, @f 3 ⋆ ı ⋆ ȷ ⋆ ℘ ⋆ 4 dqg ˝hur rwkhuz lvh/ iruvrp h frqvwdqwf1I lqg wkh ydoxh ri f/ dqg

+d, wkh mrlqwsgi ri ♭ dqg ♯ +g, wkh frqglwlrqdosgi ri ♭ j lyhq ♮ @ȷ dqg ♯ @℘1

+e, wkh mrlqwsgi ri ♮ dqg ♯ +h, wkh mrlqwfrqglwlrqdosgi ri ♭ dqg ♮ jlyhq ♯ @℘1

+f, wkh frqglwlrqdosgi ri ♮ jlyhq ♭ @ı dqg ♯ @℘1

P 5V4 H[ HUFLVHV6=sdjh 5 ri 5