¨ 25� ´ , j , + ß W5, 5 2 Txhvwlrqv p dunhg - duh fkdoohqjlqj1 Xqp dunhg txhvwlrqv duh vwdqgdug11

4/ Vkrz wkdwwkh ixqfwlrq/ I_f / ghfflqhg iruı ▽ U e— I_f +ı, @f h–s ⟩ ∗ h^{∋ ϱ} | lv d ydolg fgi iru d frqwlqxrxv udqgrp yduldeoh ♭ iru d vshflfflf fkrlfh ri frqvwdqwf/ dqg fflqg wkh sgi/ i_f dvvrfldwhg z lwk wklvfgi1 Qrz frqvlghuwkh ixqfwlrq i_f +ı, @fj +ı, iruvrp h frqvwdqwf A 3/ z lwk j ghfflqhg e—

j +ı, @ ⇕ı⇕ +4. ı^2,^2 ı ▽ U Vkrz wkdwi_f +ı, lvd ydolg sgi irud frqwlqxrxvudqgrp yduldeoh ♭ z lwk udqj h ^ @U/ dqg fflqg wkh fgi/ I_f / dqg wkh h–shfwhg ydoxh ri ♭ / H_{sf} ^♭ ‘>1dvvrfldwhg z lwk wklv sgi

51Wkh idloxuh wlp h ri dq hohfwurqlf frp srqhqwlvd frqwlqxrxvudqgrp yduldeoh ♭ z lwk fgi I_f ghfflqhg e— I_f +ı, @4∗ 4 +4. ξı,^2 ı A 3 irusdudp hwhuξ A 3/ dqg I_f +ı, @3 iruı ⪰ 31 I lqg wkh sgi/ i_f / dqg wkh h–shfwhg ydoxh/ H_{sf} ^♭ ‘ ri ♭ 1I lqg dqg lqwhusuhwwkh frqglwlrqdosuredelolw— S^♭ A f_2 ⇕♭ A f_� ‘ irufrqvwdqwvf_� ⋆ f_21 Qrz vxssrvh wkdw/ gxh wr d ixvlqj idxow/ wkhuh lv d suredelolw— τ +3 ⪰ τ ⋆ 4, wkdwwkh frp srqhqw idlov lqvwdqwdqhrxvo— +vr wkdw♭ @3,1 I lqg wkh fgi ri ♭ / dqg vkrz wkdwudqgrp yduldeoh ♭ lv rqo— frqwlqxrxv+dffruglqj wr wkh ghfflqlwlrq j lyhq lq ohfwxuhv, li τ @31 Z ulwh grz q dqg wkhq hydoxdwh d uhdvrqdeoh ghfflqlwlrq iru wkh h–shfwdwlrq ri ♭ lq whup v ri τ/ I_f dqg ξ1Mxvwli— wkh ghfflqlwlrq — rx xvh1

61 Ohw♭ eh d frqwlqxrxv udqgrp yduldeoh z lwk udqj h ^ @U^n / sgi i_f dqg fgi I_f 1 E— z ulwlqj wkh h–shfwdwlrq lq lwv lqwhjudoghfflqlwlrq irup rq wkh ohiwkdqg vlgh/ dqg fkdqjlqj wkh rughu ri lqwhjudwlrq vkrz wkdw H_{sf} ^♭ ‘@ ⊎_↑ f ^4∗ I_f +ı,‘ gı Xvlqj dq lghqwlfdodssurdfk/ vkrz dovr wkdwirulqwhjhuu ∼ 4/ H_{sf} ^♭^o‘@ ⊎_↑ f uı^{o∋ �} ^4∗ I_f +ı,‘ gı 7^W1 Vxssrvh wkdwfrqwlqxrxv udqgrp yduldeohv ♭_� dqg ♭_2 erwk z lwk udqj h ^ @U^n kdyh sgiv i_� dqg i_2 uhvshfwlyho— vxfk wkdw

i_�+ı, @fı^{∋ �} h–s ⟩ ∗ +orj +ı,,^2∂5 | ı A 3 i_2+ı, @i_�+ı, ^4. vlq+5τ orj ı,‘ ı A 3 dqg i_�+ı, @i_2+ı, @3 iruı ⪰ 31Li/ iruu @4>5>//// H_{s�} ^♭^o_�‘ @h–s ⟩ u^2∂5 | / vkrz wkdw H_{s2} ^♭^o_2‘ @h–s ⟩ u^2∂5 | Klqw= z ulwh rxwwkh lqwhjudoiru H_{s2} ^♭^o_2‘/ dqg wkhq p dnh d wudqvirup dwlrq w@orj +ı, lq wkh lqwhjudo1 Wkhq frp sohwh wkh vt xduh1 P 5V4 H[ HUFLVHV5=sdjh 4 ri 5

5

81Vxssrvh wkdw♭ lvd frqwlqxrxv udqgrp yduldeoh z lwk udqjh U dqg sgi jlyhq e— i^f +ı, @δ_2ı h–s ⟩∗ δı| ı ∼ 3 dqg ˝hur rwkhuz lvh/ irusdudp hwhuδ A 31

+l, I lqg wkh fgi ri ♭ / I^f / dqg khqfh vkrz wkdw/ irudq— srvlwlyh ydoxh p / S^♭ ∼ p ‘ @+4. δp , h–s ⟩∗ δp | +ll, I lqg H^{sf} ^♭ ‘1 Li wkh h–shfwhg ydoxh ri ♭ lv lqfuhdvhg wr 5∂ϵ +iru 3 ⋆ ϵ ⋆ δ,/ fflqg wkh dvvrfldwhg fkdqj h lq S^♭ ∼ p ‘1

9/ Vxssrvh wkdw♭ lvd frqwlqxrxvudqgrp yduldeoh z lwk ghqvlw— ixqfwlrq j lyhq e— i^f +ı, @7ı_fi 3 ⋆ ı ⋆ 4 dqg ˝hur rwkhuz lvh1I lqg wkh ghqvlw— ixqfwlrqvri wkh iroorz lqj udqgrp yduldeohv

+d, ♮ @♭_e +e, Z @h_f +f, ♯ @orj ♭ +g, X @+♭ ∗ 3/8,_2

I lqg wkh p rqrwrqlf ghfuhdvlqj ixqfwlrq K vxfk wkdwwkh udqgrp yduldeoh Y/ ghfflqhg e— Y @K+♭ ,/ kdvd ghqvlw— ixqfwlrq wkdwlvfrqvwdqwrq wkh lqwhuydo+3>4,/ dqg ˝hur rwkhuz lvh1

Qrz vxssrvh wkdw♭ lvd frqwlqxrxvudqgrp yduldeoh z lwk ghqvlw— ixqfwlrq j lyhq e— i^f +ı, @4 3 ⋆ ı ⋆ 4 dqg ˝hur rwkhuz lvh1I lqg wkh ghqvlw— ixqfwlrqvri wkh iroorz lqj udqgrp yduldeohv

+d, ♮ @♭_{�⇀e} +e, Z @h_{∋ f} +f, ♯ @4∗ h_{∋ f} +g, X @♭ +4∗ ♭ ,

:1Wkh p hdvxuhg udglxvri d flufoh/ U/ lvd frqwlqxrxvudqgrp yduldeoh z lwk ghqvlw— ixqfwlrq j lyhq e— i +u, @9u+4∗ u, 3 ⋆ u ⋆ 4 dqg ˝hur rwkhuz lvh1I lqg wkh ghqvlw— ixqfwlrqvri wkh flufxp ihuhqfh dqg wkh duhd ri wkh flufoh1

;1Vxssrvhwkdw♭ lvd frqwlqxrxvudqgrp yduldeoh/ dqg wkdwwkhfgi ri ♭ / I^f / lvd rqh0wr0rqhixqfwlrq1

Vkrz wkdwwkh udqgrp yduldeoh ♮ @I^f +♭ , kdv d sgi wkdwlv frqvwdqwrq wkh lqwhuydo+3>4,/ dqg ˝hur hovhz khuh1

¡/_WVxssrvh wkdw♭ lvd frqwlqxrxvudqgrp yduldeoh z lwk ghqvlw— ixqfwlrq j lyhq e— i^f +ı, @ δ ϵ ] 4. ı ϵ ⌊^{∋ Ekn �ø} ı A 3 iru frqvwdqwv δ>ϵ A 3/ dqg ˝hur rwkhuz lvh1 I lqg wkh ghqvlw— ixqfwlrq dqg fgi ri wkh udqgrp yduldeoh ghfflqhg e— ♮ @oq♭ / dqg wkh ghqvlw— ixqfwlrq ri wkh udqgrp yduldeoh ghfflqhg e— ♯ @σ. λ♮ 1

43_W1Frqwlqxrxvudqgrp yduldeoh ♭ kdvudqj h +d>e,/ dqg sgi jlyhq e— i^f +ı, @n+ı ∗ d,+e∗ ı, d ⋆ ı ⋆ e dqg ˝hur rwkhuz lvh/ iruvrp h frqvwdqwn1

+l, Vnhwfk i^f / dqg frp sxwh wkh ydoxh ri n1

+ll, I lqg wkh sgi ri udqgrp yduldeoh ♮ ghfflqhg e— ♮ @+♭ ∗ d,∂+e∗ d,1

+lll, I lqg wkh sgi ri udqgrp yduldeoh ♯ ghfflqhg e— ♯ @♮ +4∗ ♮ ,1

P 5V4 H[ HUFLVHV5=sdjh 5 ri 5