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Txhvwlrqv pdunhg - duh fkdoohqjlqj1 Xqpdunhg txhvwlrqv duh vwdqgdug11
4= Vkrz wkdw wkh ixqfwlrq/ I � / gh�qhg iru { 5 U e|

I � +{, @ f h{s��h � � �
lv d ydolg fgi iru d frqwlqxrxv udqgrp yduldeoh [ iru d vshfl�f fkrlfh ri frqvwdqw f/ dqg �qg wkh sgi/
i � dvvrfldwhg zlwk wklv fgi1
Qrz frqvlghu wkh ixqfwlrq i � +{, @ fj+{, iru vrph frqvwdqw f A 3/ zlwk j gh�qhg e|

j+{, @ m{m
+4 . { � , � { 5 U

Vkrz wkdw i � +{, lv d ydolg sgi iru d frqwlqxrxv udqgrp yduldeoh [ zlwk udqjh [ @ U/ dqg �qg wkh fgi/
I � / dqg wkh h{shfwhg ydoxh ri [/ H ��� ^[`>1dvvrfldwhg zlwk wklv sgi
51 Wkh idloxuh wlph ri dq hohfwurqlf frpsrqhqw lv d frqwlqxrxv udqgrp yduldeoh [ zlwk fgi I � gh�qhg
e|

I � +{, @ 4� 4
+4 . �{, � { A 3

iru sdudphwhu � A 3/ dqg I � +{, @ 3 iru { � 31
Ilqg wkh sgi/ i � / dqg wkh h{shfwhg ydoxh/ H � � ^[` ri [1 Ilqg dqg lqwhusuhw wkh frqglwlrqdo suredelolw|
S ^ [ A f � m [ A f � ` iru frqvwdqwv f � ? f � 1
Qrz vxssrvh wkdw/ gxh wr d ixvlqj idxow/ wkhuh lv d suredelolw| � +3 � � ? 4, wkdw wkh frpsrqhqw
idlov lqvwdqwdqhrxvo| +vr wkdw [ @ 3,1 Ilqg wkh fgi ri [/ dqg vkrz wkdw udqgrp yduldeoh [ lv rqo|
frqwlqxrxv +dffruglqj wr wkh gh�qlwlrq jlyhq lq ohfwxuhv, li � @ 31
Zulwh grzq dqg wkhq hydoxdwh d uhdvrqdeoh gh�qlwlrq iru wkh h{shfwdwlrq ri [ lq whupv ri �/ I � dqg
�1 Mxvwli| wkh gh�qlwlrq |rx xvh1

61 Ohw [ eh d frqwlqxrxv udqgrp yduldeoh zlwk udqjh [ @ U � / sgi i � dqg fgi I � 1 E| zulwlqj wkh
h{shfwdwlrq lq lwv lqwhjudo gh�qlwlrq irup rq wkh ohiw kdqg vlgh/ dqg fkdqjlqj wkh rughu ri lqwhjudwlrq
vkrz wkdw

H � � ^[` @
] 	


 ^4� I � +{,` g{
Xvlqj dq lghqwlfdo dssurdfk/ vkrz dovr wkdw iru lqwhjhu u � 4/

H � � ^[ � ` @
] 	
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 1 Vxssrvh wkdw frqwlqxrxv udqgrp yduldeohv [ � dqg [ � erwk zlwk udqjh [ @ U � kdyh sgiv i � dqg
i � uhvshfwlyho| vxfk wkdw

i � +{, @ f{ � � h{s��+orj+{,, � @5� { A 3 i � +{, @ i � +{, ^4 . vlq+5� orj {,` { A 3
dqg i � +{, @ i � +{, @ 3 iru { � 31 Li/ iru u @ 4> 5> ===/ H ��� ^[ �� ` @ h{s�u � @5�/ vkrz wkdw

H ��� ^[ �� ` @ h{s�u � @5�
Klqw= zulwh rxw wkh lqwhjudo iru H ��� ^[ �� `/ dqg wkhq pdnh d wudqvirupdwlrq w @ orj+{, lq wkh lqwhjudo1
Wkhq frpsohwh wkh vtxduh1
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81 Vxssrvh wkdw [ lv d frqwlqxrxv udqgrp yduldeoh zlwk udqjh U dqg sgi jlyhq e|
i � +{, @ � � { h{s i��{j { � 3

dqg }hur rwkhuzlvh/ iru sdudphwhu � A 31
+l, Ilqg wkh fgi ri [/ I � / dqg khqfh vkrz wkdw/ iru dq| srvlwlyh ydoxh p/

S ^[ � p` @ +4 . �p, h{s i��pj
+ll, Ilqg H � � ^[`1 Li wkh h{shfwhg ydoxh ri [ lv lqfuhdvhg wr 5@� +iru 3 ? � ? �,/ �qg wkh dvvrfldwhg
fkdqjh lq S ^[ � p`1
9= Vxssrvh wkdw [ lv d frqwlqxrxv udqgrp yduldeoh zlwk ghqvlw| ixqfwlrq jlyhq e|

i � +{, @ 7{ � 3 ? { ? 4
dqg }hur rwkhuzlvh1 Ilqg wkh ghqvlw| ixqfwlrqv ri wkh iroorzlqj udqgrp yduldeohv

+d, \ @ [ � +e, Z @ h � +f, ] @ orj[ +g, X @ +[ � 3=8, �

Ilqg wkh prqrwrqlf ghfuhdvlqj ixqfwlrq K vxfk wkdw wkh udqgrp yduldeoh Y / gh�qhg e| Y @ K+[,/
kdv d ghqvlw| ixqfwlrq wkdw lv frqvwdqw rq wkh lqwhuydo +3> 4,/ dqg }hur rwkhuzlvh1
Qrz vxssrvh wkdw [ lv d frqwlqxrxv udqgrp yduldeoh zlwk ghqvlw| ixqfwlrq jlyhq e|

i � +{, @ 4 3 ? { ? 4
dqg }hur rwkhuzlvh1 Ilqg wkh ghqvlw| ixqfwlrqv ri wkh iroorzlqj udqgrp yduldeohv

+d, \ @ [ ��� � +e, Z @ h � � +f, ] @ 4� h � � +g, X @ [+4�[,
:1 Wkh phdvxuhg udglxv ri d flufoh/ U/ lv d frqwlqxrxv udqgrp yduldeoh zlwk ghqvlw| ixqfwlrq jlyhq e|

i � +u, @ 9u+4� u, 3 ? u ? 4
dqg }hur rwkhuzlvh1 Ilqg wkh ghqvlw| ixqfwlrqv ri wkh flufxpihuhqfh dqg wkh duhd ri wkh flufoh1
;1 Vxssrvh wkdw [ lv d frqwlqxrxv udqgrp yduldeoh/ dqg wkdw wkh fgi ri [/ I � / lv d rqh0wr0rqh ixqfwlrq1
Vkrz wkdw wkh udqgrp yduldeoh \ @ I � +[, kdv d sgi wkdw lv frqvwdqw rq wkh lqwhuydo +3> 4,/ dqg }hur
hovhzkhuh1
<= 
 Vxssrvh wkdw [ lv d frqwlqxrxv udqgrp yduldeoh zlwk ghqvlw| ixqfwlrq jlyhq e|

i � +{, @ �
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�
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{ A 3
iru frqvwdqwv �>� A 3/ dqg }hur rwkhuzlvh1 Ilqg wkh ghqvlw| ixqfwlrq dqg fgi ri wkh udqgrp yduldeoh
gh�qhg e| \ @ oq[/ dqg wkh ghqvlw| ixqfwlrq ri wkh udqgrp yduldeoh gh�qhg e| ] @ � . �\ 1
43 
 1 Frqwlqxrxv udqgrp yduldeoh [ kdv udqjh +d> e,/ dqg sgi jlyhq e|

i � +{, @ n+{� d,+e� {, d ? { ? e
dqg }hur rwkhuzlvh/ iru vrph frqvwdqw n1
+l, Vnhwfk i � / dqg frpsxwh wkh ydoxh ri n1
+ll, Ilqg wkh sgi ri udqgrp yduldeoh \ gh�qhg e| \ @ +[ � d,@+e� d,1
+lll, Ilqg wkh sgi ri udqgrp yduldeoh ] gh�qhg e| ] @ \ +4� \ ,1
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