¨ 25� ´ , j , + ß W5, 5 �

Wklv vkhhwlv lqwhqghg wr hqfrxudjh uhylvlrq ri ffluvw— hdu suredelolw— p dwhuldo/ lq sduwlfxodu wkh xvh ri sduwlwlrqv/ wkh Wkhr uhp r i Wr wdoSur edelolw— dqg Ed— hv Wkhr uhp 1

41 D eldvhg frlq lv wrvvhg uhshdwhgo— / z lwk wrvvhv p xwxdoo— lqghshqghqw¿wkh suredelolw— ri wkh frlq vkrz lqj Khdgvrq dq— wrvvlvs1OhwK_⋆ eh wkh hyhqwwkdwdq hyhq qxp ehuri Khdgvkdyh ehhq rewdlqhg diwhuq wrvvhv/ ohws_⋆ @S +K_⋆ ,/ dqg ghfflqh s_f @41

E— frqglwlrqlqj rq K_{⋆∋ �} dqg xvlqj wkh Wkhr uhp r i Wr wdoSur edelolw— / vkrz wkdw/ iruq ∼ 4/

s_⋆ @+4∗ 5s,s_{⋆∋ �} . s/

I lqg d vroxwlrq wr wklv glffihuhqfh ht xdwlrq/ ydolg iru dooq ∼ 3/ ri wkh irup s_⋆ @D . Eξ^⋆ / z khuh D/ E dqg ξ duh frqvwdqwv wr eh lghqwlfflhg1 Suryh wkdwli s ⋆ 4∂5 wkhq s_⋆ A 4∂5 iru dooq ∼ 4/ dqg fflqg wkh olp lwlqj ydoxh ri s_⋆ dvq ∗↔ △ 1Lvwklvolp lwlqwxlwlyho— uhdvrqdeoh B

51 Vxssrvh wkdwQ idlu/ vwdqgdug glfh duh uroohg/ z khuh wkh vfruhv rq wkh Q glfh duh lqghshqghqw/ z khuh Q lv xqnqrz q1OhwQ_ζ eh wkh hyhqwwkdwQ @l/ irul ∼ 4/ dqg vxssrvh wkdw

S+Q_ζ, @ 4 5^ζ l @4>5>//// OhwV ghqrwh wkh vxp ri wkh vfruhvrq wkh Q glfh/ dqg ohwV_ρ eh wkh hyhqwwkdwwkh wrwdovfruh lvm1

Z ulwh grz q dq h–suhvvlrq iru wkh hyhqwH/ fruuhvsrqglqj wr wkh hyhqwwkdwwkh wrwdoqxp ehu ri glfh xvhg lvhyhq/ lq whup v ri wkh hyhqwv Q_ζ/ l ∼ 41

Xvlqj wkh frqglwlrqdosuredelolw— ghfflqlwlrq/ wkh Wkhr uhp r i Wr wdoSur edelolw— / dqg Ed— hv Wkhr 0 uhp / fflqg wkh suredelolw— wkdw

+l, V@7/ j lyhq wkdwQ lvhyhq1 +ll, Q @5/ j lyhq wkdwV@71

61 +Wulfn— 111, Wz r sod— huvfrqwhvwd p dwfk frqvlvwlqj ri d vhulhvri j dp hv/ lq z klfk wkh p dwfk lvz rq e— wkh sod— huz kr ffluvwz lqvwkuhhj dp hv/ xqohvvwkh vfruhehfrp hvwlhg dwwz r j dp hvhdfk lq z klfk fdvh wkh p dwfk frqwlqxhvxqwlod sod— huj dlqvd ohdg ri wz r jdp hvryhuwkh rssrqhqw1

Vxssrvhwkdwwkhsuredelolw— wkdwsod— hu4z lqvdjdp hlvs/ wkdwj dp hvduhsuredelolvwlfdoo— lqghshqghqw/ dqg wkdwqr gudz v duh srvvleoh1 OhwZ eh wkh hyhqwwkdwsod— hu 4 z lqv wkh p dwfk/ dqg ohwZ_ζ eh wkh hyhqwwkdwsod— hu4 z lqv wkh p dwfk rq jdp h l/ irul ∼ 41

Xvlqj wkh hyhqwvZ_ζ dvd vxlwdeoh sduwlwlrq/ vkrz wkdw

S +Z , @ s^fi ] 7∗ 8s . 5s^2 ⌊ +4∗ 5s . 5s^2,

@ j +s,>vd— /

K̂lqw=frqvlghu vhsdudwho— wkh suredelolwlhv ri Z_ζ/ iru wkh wkuhh fdvhv l ⪰ 7/ l ∼ 8 iru l hyhq/ dqg l ∼ 8 iru l rgg1 Qrwh wkdw/ iru Z_ζ/ l ∼ 8/ wr rffxu/ wkh jdp h vfruh p xvweh wzr jdp hv doodiwhu irxu jdp hv/ dqg wkdwsod— hu 4 p xvwzlq wkh odvwwzr ri wkh l jdp hv1‘

Hydoxdwh j +s, . j +4∗ s, dqg frp p hqwrq wklvuhvxow1 P 5V4 H[ HUFLVHV4=sdjh 4 ri 5

5

71 D vlp soh p rghoiru z hdwkhu iruhfdvwlqj lqyroyhv fodvvli— lqj gd— v dv hlwkhu I lqh ru Z hw/ dqg wkhq dvvxp lqj wkdwwkh z hdwkhu rq d j lyhq gd— z looeh wkh vdp h dv wkh z hdwkhu rq wkh suhfhglqj gd— z lwk suredelolw— s1 Vxssrvh wkdwwkh suredelolw— ri fflqh z hdwkhu rq gd— lqgh–hg 4 +vd— Mdq 4vw, lv ghqrwhg λ1Ohwλ^⋆ ghqrwh wkh suredelolw— wkdwgd— lqgh–hg q lvI lqh1

I ruq @5>6>//// suryh wkdw λ^⋆ @ sλ^{⋆∋ �} . +4∗ s,+4∗ λ^{⋆∋ �},/

Xvlqj wklvglffihuhqfh ht xdwlrq/ fflqg λ^⋆ h–solflwo— dvd ixqfwlrq ri q/ s dqg λ/ dqg fflqg wkh olp lwlqj ydoxh ri λ^⋆ dvq ∗↔ △ 1

81Frqvlghuwz r frlqv/ ri z klfk rqhlvqrup dodqg wkhrwkhukdvd Khdg rq erwk vlghv1D frlq lvvhohfwhg dqg wrvvhg q wlp hv z lwk wrvvhv p xwxdoo— lqghshqghqw1 Hydoxdwh wkh frqglwlrqdosuredelolw— wkdwwkh vhohfwhg frlq lvqrup do/ jlyhq wkdwwkh ffluvwq wrvvhvduh Khdgv1

Qrz frqvlghu wz r frlqv/ ri z klfk rqh lv qrup do dqg wkh rwkhu lv eldvhg vr wkdwwkh suredelolw— ri rewdlqlqj d Khdg lvs A 4∂51Djdlq/ rqh ri wkh frlqvlvvhohfwhg dqg wrvvhg q wlp hv1OhwH eh wkh hyhqw wkdwwkh q wrvvhv uhvxowlq n Khdgv dqg q ∗ n Wdlov/ dqg ohwI eh wkh hyhqwwkdwwkh frlq lv idlu1 I lqg h–suhvvlrqviruS+H, dqg S+I ⇕H,1

Ûhfdoo wkh Elqrp ldo glvwulexwlrq iurp P 4V¿ lq d vhtxhqfh ri q p xwxdoo— lqghshqghqwelqdu— +vxf0 fhvv2idloxuh, wuldov/ wkh suredelolw— ri rewdlqlqj d wrwdori n vxffhvvhv lv ] q n ⌊ s_ς+4∗ s,_{⋆∋ ς} zkhuh s lv wkh vxffhvv suredelolw— iru hdfk lqglylgxdowuldo1‘

91 Wkh suredelolw— wkdwd wuhh kdv q ırz huv lv jlyhq e— +4 ∗ s,s_⋆ iru q @3>4>5>///1 Hdfk ırz hu kdv suredelolw— 526 ri ehlqj sroolqdwhg dqg surgxflqj iuxlw/ dqg hdfk iuxlwkdv suredelolw— ri 427 ri qrw ulshqlqj ixoo— 1Lwfdq eh dvvxp hg wkdwhdfk ghyhorsp hqwdovwdj h lvlqghshqghqwri wkh rwkhuv1

Ghgxfh wkdwwkh suredelolw— ri d ırz hu surgxflqj d ulsh iuxlwlv 4251 J lyhq wkdwd wuhh ehduv u ulsh iuxlw/ fdofxodwh wkh frqglwlrqdosuredelolw— wkdwlwrulj lqdoo— kdg q ırz huv1

Ŵkh Qhjdwlyh Elqrp ldoh–sdqvlrq

+4∗ ı,_{∋ EΥ n �ø} @ ↑⋃ ζ’ f ] l . Q Q ⌊ ı_ζ ⇕ı⇕⋆ 4>Q A 3 p d— eh xvhixo1‘

:1D frp sdq— lvwr lqwurgxfh p dqgdwru— guxj whvwlqj irulwvhp sor— hhv1Wkh whvwxvhg lvyhu— dffxudwh/ lq wkdwlwlwjlyhv d fruuhfwsrvlwlyh whvw+ghwhfwv guxj v z khq wkh— duh suhvhqwlq d eorrg vdp soh, z lwk suredelolw— 31¡¡/ dqg d fruuhfwqhj dwlyh whvw+grhv qrwghwhfwguxjv z khq wkh— duh qrwsuhvhqw, z lwk suredelolw— 31¡;1 Li dq lqglylgxdowhvwv srvlwlyh rq wkh ffluvwwhvw/ d vhfrqg eorrg vdp soh lv whvwhg1 Lwlv dvvxp hg wkdwrqo— 4 lq 8333 hp sor— hhvdfwxdoo— grhvsurylgh d eorrg vdp soh z lwk guxj vsuhvhqw1

Z kdwlvwkh suredelolw— wkdwwkh suhvhqfh ri guxjv lq d eorrg vdp soh lvghwhfwhg fr uuhfwo— / j lyhq

+l, d srvlwlyh uhvxowrq wkh ffluvwwhvw+ehiruh wkh vhfrqg whvwlv fduulhg rxw,

+ll, d srvlwlyh uhvxowrq erwk ffluvwdqg vhfrqg whvwv

P 5V4 H[ HUFLVHV4=sdjh 5 ri 5