¨ 25� ´ Σ 55, 55, # ß ȷ N+ 5, ‘ ȷ + k fi Wr eh kdqghg lq qr odwhu wkdq Wkxuvgd— / 45wk Ghfhp ehu I r u wklv fr xuvhz r un/ P DSOH p d— QRWeh xvhg1 “ r x p d— t xr wh z lwkr xws ur r i dq— uhvxowv iur p wkh I r up xod Vkhhw

41 +d, OhwX ⊃ Xqli rup +3>4, eh d frqwlqxrxvudqgrp yduldeoh vr wkdw i_L +x, @4 3 ⋆ x ⋆ 4 dqg ˝hur rwkhuz lvh/ dqg ohwudqgrp yduldeoh ♭_� eh ghfflqhg lq whup vri X e—

♭_� @ 4 ξ orj 5X 3 ⋆ X ⪰ 4 5 ∗ 4 ξ orj +5∗ 5X, 4 5 ⋆ X ⋆ 4 iruvrp h sdudp hwhuξ A 3/ +l, I lqg wkh sgi ri ♭_� ^7 P DUNV‘ F̂rqvlghu wkh wudqvirup dwlrqv rq wkh udqjhv 3 ⋆ X ⪰^�_2 dqg^�_2 ⪰ X ⋆ 4 vhsdudwho— ‘ +ll, I lqg wkh p ji ri ♭_� ^9 P DUNV‘

+e, Vxssrvh wkdwwkh mrlqwsgi ri wz r frqwlqxrxvyduldeohv♭_2 dqg ♮ lv vshflfflhg dv i_{f 2ct} +ı>ȷ , @i_{f 2�t} +ı⇕ȷ ,i_t +ȷ , z khuh ♭_2⇕♮ @ȷ ⊃ Qrup do+3>ȷ , ♮ ⊃ Hısrqhqwldo+ζ, vr wkdw i_{f 2�t} +ı⇕ȷ , @ ] 4 5τȷ ⌊_{�⇀2} h–s ⟩ ∗ ı^2 5ȷ / ı ▽ U i_t +ȷ , @ ζ h–s ⟩ ∗ ζȷ | ȷ A 3 irusdudp hwhuζ A 3/ +l, I lqg wkh +p duj lqdo, p ji ri ♭_2 ^7 P DUNV‘ +ll, Ghgxfh wkh p duj lqdosgi ri ♭_2 ^7 P DUNV‘ +lll, I lqg wkh yduldqfh ri ♭_2 ^5 P DUNV‘

P 5V4 DVVHVVHG FRXUVHZ RUN 6 0sdjh 4 ri 5

51 +d, Vxssrvh wkdwudqgrp yduldeohv ♭^�>♭^2>///♭^⋆ duh lqghshqghqwo— dqg lghqwlfdoo— glvwulexwhg

Srlvvrq+ξ, udqgrp yduldeohv1

+l, I lqg wkh glvwulexwlrq ri

W^⋆ @ ⋆⋃ ζ’ � ♭^ζ ^5 P DUNV‘

+ll, E— frqvlghulqj d vxlwdeo— vwdqgdugl˝hg yduldeoh/ vkrz wkdw/ dvq ↔ △ / wkh glvwulexwlrq ri W^⋆ fdq eh dssur–lp dwhg

I^{A⋆} +w, ≪ ff ] w∗ π ϕ ⌊ irusdudp hwhuvπ dqg ϕ_2 wr eh lghqwlfflhg1

^7 P DUNV‘

+e, Wr glvfryhuz khwkhud qhz guxj wuhdwp hqwsurgxfhvd kljkhuuhfryhu— udwh wkdq d sodfher frqwuro/ d folqlfdowuldoz dv xqghuwdnhq rq d frkruwri sdwlhqwv/ rq wkh edvlv ri dj h dqg p hglfdoklvwru— / z huh ghhp hg olnho— wr uhvsrqg vlp loduo— lq wkh wuldo/ dqg z kr z huh wkhq udqgrp o— doorfdwhg wr hdfk ri wuldo dup v1

Vxssrvh wkdw/ ri q^f sdwlhqwv doorfdwhg wr wkh sodfher frqwuro/ ı^f z huh ghhp hg wr kdyh uhfryhuhg/ z khuhdvq^f ∗ ı^f sdwlhqwvglg qrw1 Vlp loduo— / lq wkhwuhdwp hqwjurxs frp sulvlqj q^� sdwlhqwv/ ı^� uhfryhuhg dqg q^� ∗ ı^� glg qrw1 Doosdwlhqwv duh ghhp hg wr uhvsrqg lqghshqghqwo— ri hdfk rwkhu1 Hylghqfh wr vxssruwwkh xvh ri wkh qhz guxj lv ehlqj vrxj kw= lwlv k— srwkhvl˝hg/ wkdwlq wkh frqwuroj urxs wkh suredelolw— wkdwd sdwlhqwuhfryhuvlv λ^f / z khuhdvlq wkh wuhdwp hqwj urxs/ wklvsuredelolw— lvλ^�

+l, Ohw♭^f dqg ♭^� ghqrwh wkh udqgrp yduldeohvuhsuhvhqwlqj wkh qxp ehuvri sdwlhqwvwkdwuhfryhuhg lq hdfk ri wkh frqwurodqg wuhdwp hqwj urxsvuhvshfwlyho— 1 Vkrz wkdw/ irul @3>4/ dvq^ζ ↔ △ / wkh udqgrp yduldeoh

♯^ζ @ ♭^ζ∗ q^ζλ^ζ √ q^ζλ^ζ+4∗ λ^ζ, lvdssur–lp dwho— Qrup do+3>4, glvwulexwhg1

^7 P DUNV‘

+ll, I lqg wkh dssur–lp dwh glvwulexwlrq ri udqgrp yduldeoh ♯^� ∗ ♯^f iruodujh q^f >q^�

^5 P DUNV‘

+lll, I lqg dssur–lp dwlrqvwr wkh glvwulexwlrqvri udqgrp yduldeohv

T^f @ ♯_2^f >

T^� @ ♯_2^�

T @ T^f . T^�

^7 P DUNV‘

+ly, Lwlv qrz k— srwkhvl˝hg wkdwλ^f @ λ^�1 Xqghu wklv dvvxp swlrq/ fflqg wkh glvwulexwlrq ri udqgrp yduldeoh

♭ @♭^f . ♭^� dqg d Qrup dodssur–lp dwlrq wr wkh glvwulexwlrq ri ♭ /

^7 P DUNV‘

P 5V4 DVVHVVHG FRXUVHZ RUN 6 0sdjh 5 ri 5