¨ 25� ´ Σ 55, 55, # ß ȷ N+ 5, ‘ ȷ + k � Wr eh kdqghg lq qr odwhu wkdq Wxhvgd— / 5¡wk Rfwr ehu I r u wklv fr xuvhz r un/ P DSOH p d— QRWeh xvhg1

Wkh iroorz lqj vhulhv h–sdqvlrqv duh xvhixoiru p dq— fdofxodwlrqv uhodwlqj wr glvfuhwh suredelolw— glvwul0 exwlrqv= J HRP HWULF =iru ⇕℘⇕⋆ 4/ ↑⋃ ς’ f

℘^ς@ 4 4∗ ℘

H[ SRQHQWLDO=iruuhdo℘/ ↑⋃ ς’ f ℘^ς n$ @h^5

ELQRP LDO=iruq A 3/ ⇕℘⇕⋆ 4/ ⋆⋃ ς’ f ] q n ⌊ ℘^ς@+4. ℘,^ς

QHJ DWLYH ELQRP LDO=iruq A 3/ ⇕℘⇕⋆ 4/ ↑⋃ ς’ f ] q . n n ⌊ ℘^ς@ 4 +4∗ ℘,^{⋆n �}

ORJ DULWKP LF =iru ⇕℘⇕⋆ 4/ ↑⋃ ς’ � ℘^ς n @∗ orj +4∗ ℘,

+d, Frqvlghud glvfuhwh udqgrp yduldeoh ♭ z lwk udqj h ^ @⟩ 4>5>6>///>¡| dqg suredelolw— p dvvixqfwlrq +sp i, i_f j lyhq e— i_f +ı, @n_� orj_{�f} ] 4. 4 ı ⌊ ı @4>5>6>///¡ iruvrp h ydoxh ri n_�/ Vkrz e— fflqglqj n_� wkdwwklvlvd ydolg sp i1 ^7 P DUNV‘

+e, Frqvlghu d glvfuhwh udqgrp yduldeoh ♮ z lwk udqjh ^ @⟩4>5>6>///| dqg suredelolw— p dvv ixqfwlrq +sp i, i_t jlyhq e— i_t +ȷ , @n_2 λ^⇁ ȷ 6^⇁ ȷ @4>5>6>/// iruvrp h ydoxh ri n_2 z khuh 3 ⋆ λ ⋆ 6/

+l, I lqg wkh ydoxh ri n_2

^5 P DUNV‘

+ll, I ruwkh glvfuhwh udqgrp yduldeoh ♮ / wkh suredelolw— jhqhudwlqj ixqfwlrq +sji, ri ♮ lvghqrwhg J_t / dqg lvghfflqhg/ iruuhdoydoxh w▽ +4∗ k>4. k, iruvrp h k A 3 +l1h1d qhlj kerxukrrg ri 4, e—

J_t +w, @ ↑⋃ ⇁’ �

w^⇁i_t +ȷ ,/

Frp sxwh wkh sj i ri ♮ 1

^7 P DUNV‘

P 5V4DVVHVVHG FRXUVHZ RUN 4=sdjh 4 ri 5

+f, D vlp soh p rghoiruwkh wlp h xqwlodq ruj dqlvp vxffxp evwr d yludolqihfwlrq lvvshflfflhg dviroorz v1

Vxssrvh wkdwwkh ruj dqlvp lvlqihfwhg e— Q yluxvxqlwv1 Wkh rujdqlvp vxffxp evwr wkh yluxvz khq wkh ffluvwri wkhvh xqlwvvxffhvvixoo— lqfflowudwhvdqg hvwdeolvkhvlwvhoi lq wkh wlvvxh ri wkh rujdqlvp 1 Wkh yluxv xqlwvfdq eh frqvlghuhg wr eh dfwlqj lqghshqghqwo— / dqg d jrrg p rghoiruwkh lqfflowudwlrq wlp h lvjlyhq e— wkh iroorz lqj suredelolvwlf vshflfflfdwlrq= ghfflqh wkh hyhqwvH^{ζϱ} dqg H^ϱ dv

H^{ζϱ} ≤ ˙lqfflowudwlrq rffxuvodwhuwkdq wlp h ı iruyluxvxqlwl%

H^ϱ ≤ ˙ruj dqlvp vxffxp evwr wkh yluxv odwhuwkdq wlp h ı% dqg ghfflqh/ iruı A 3/ S+H^{ζϱ}, @h_{∋ bϱ} iru vrp h ξ A 3 iru dool1 Wkh ydoxh ı @3 fruuhvsrqgv wr wkh wlp h ri lqihfwlrq¿z h z lvk wr p rghowkh wlp h iurp lqihfwlrq xqwlolqfflowudwlrq1

+l, Vxssrvh wkdwwkh lqihfwlrq lqyroyhv Q @ q yluxv xqlwv1 Vkrz wkdw/ frqglwlrqdorq wkh hyhqw I^⋆ ≤ ˙Q @q% S+H^ϱ⇕I^⋆ , @S+H^ϱ⇕Q @q, @h_{∋ ⋆bϱ} Q̂rwh wkdw/ iru dq— q/

H^ϱ@ ⋆⋁ ζ’ � H^{ζϱ} dqg wkdwwkhhyhqwvH^{�ϱ}>///>H^{⋆ϱ}duh lqghshqghqw+dqg wkxvfrqglwlrqdoo— lqghshqghqwjlyhq Q @q,‘

^5 P DUNV‘

+ll, Vxssrvh qrz wkh qxp ehu ri yluxv xqlwv lv qrwrevhuyhg/ exwwkdwlwfdq eh p rghoohg suredelolv0 wlfdoo— 1 Vshflfflfdoo— / vxssrvh wkdwQ lv d glvfuhwh udqgrp yduldeoh/ z lwk udqjh ⟩3>4>5>///| dqg sp i i^Υ +q, @SQ̂ @q‘@ π_⋆ h_{∋ >} q$ q @3>4>5>/// iruvrp h π A 31

Xvlqj wkhsduwlwlrq lqgxfhg e— wkhglffihuhqwsrvvleohydoxhvri Q/ wkhWkhruhp ri WrwdoSuredelolw— / dqg wkh uhvxowiurp sduw+l,/ fflqg S+H^ϱ,

Ŵkh sduwlwlrq yld Q xvhv hyhqwv I^⋆ ≤ ˙Q @q%iru q @3>4>5>///‘

1 ^9 P DUNV‘

+lll, Vkrz wkdw S+H^ϱ, ↔ λ A 3 dv ı ↔ △ / iru vrp h λ/ Frp p hqwrq wkh suredelolw— wkdwwkh rujdqlvp xowlp dwho— vxffrp ev wr lqihfwlrq/ dqg h–sodlq wkh uhvxowlq whup vri d frp srqhqwri wkh p rgho1

^5 P DUNV‘

P 5V4DVVHVVHG FRXUVHZ RUN 4=sdjh 5 ri 5

¨ 25� ´ 5N¸ ¸ w, ¨ , Π AΣ +v � +qr wwr eh kdqghg lq, 4/ I ruz klfk ydoxhvri wkh frqvwdqwf gr wkh iroorz lqj ixqfwlrqvghfflqh ydolg suredelolw— p dvvixqfwlrqv irud glvfuhwh udqgrp yduldeoh ♭ / wdnlqj ydoxhvrq udqjh ^ @⟩4>5>6>///| = +d, i_f +ı, @f∂5^ϱ +e, i_f +ı, @f∂+ı5^ϱ,

+f, i_f +ı, @f∂+ı^2, +g, i_f +ı, @f5^ϱ∂ı$

Lq hdfk fdvh/ fdofxodwh +z khuh srvvleoh, S^♭ A 4‘ dqg S^♭ lvhyhq‘

5/ q lghqwlfdoidlufrlqvduh wrvvhg1Wkrvh wkdwvkrz Khdgvduh wrvvhg dj dlq/ dqg wkh qxp ehuri Khdgv rewdlqhg rq wkh vhfrqg vhwri wrvvhvghfflqhvd glvfuhwh udqgrp yduldeoh ♭ 1Dvvxp lqj wkdwdoowrvvhvduh lqghshqghqw/ fflqg wkh udqj h dqg suredelolw— p dvvixqfwlrq ri ♭ 1

6/ D srlqwlvwr ehvhohfwhg iurp dq lqwhj huodwwlfh uhvwulfwhg wr wkh wuldqjohz lwk fruqhuvdw+4>4,/ +q>4, dqg +q>q, irusrvlwlyh lqwhjhuq1Li doosrlqwvduh ht xdoo— olnho— wr eh vhohfwhg/ fflqg wkh suredelolw— p dvv ixqfwlrqviruwkh wz r glvfuhwh udqgrp yduldeohv♭ dqg ♮ fruuhvsrqglqj wr wkh ı∗ dqg ȷ ∗ frruglqdwhv ri wkh vhohfwhg srlqwvuhvshfwlyho— 1

7/ D frqwlqxrxvudqgrp yduldeoh ♭ kdvsgi j lyhq e— i_f +ı, @f+4∗ ı,ı^2 3 ⋆ ı ⋆ 4 dqg ˝hur rwkhuz lvh1I lqg wkh ydoxh ri f/ wkh fgi ri ♭ / I_f / dqg S^♭ A 4∂5‘1

8/ D ixqfwlrq i lvghfflqhg e— i +ı, @n∂ı^{ςn �} ı A 4 dqg ˝hur rwkhuz lvh1I ruz kdwydoxhvri n lv i d ydolg sgi B I lqg wkh fgi ri ♭ 1

9/ D frqwlqxrxvudqgrp yduldeoh ♭ kdvsgi j lyhq e—

i_f +ı, @ ⟩ ı 3 ⋆ ı ⋆ 4 5∗ ı 4 ⪰ ı ⋆ 5 dqg ˝hur rwkhuz lvh1Vnhwfk i_f / dqg fflqg wkh fgi I_f 1

:/ D frqwlqxrxvudqgrp yduldeoh ♭ kdvfgi j lyhq e— I_f +ı, @f+δı^q ∗ ϵı^k , 3 ⪰ ı ⪰ 4 irufrqvwdqwv4 ⪰ ϵ ⋆ δ/ dqg ˝hur rwkhuz lvh1 I lqg wkh ydoxh ri frqvwdqwf/ dqg hydoxdwh wkh uwk p rp hqwri ♭ 1

;/ D frqwlqxrxvudqgrp yduldeoh ♭ kdvfgi jlyhq e— I_f +ı, @ 5ϵı ϵ^2 . ı^2 3 ⪰ ı ⪰ ϵ irufrqvwdqwϵ A 31I lqg wkh sgi ri ♭ / dqg vkrz wkdwwkh h–shfwdwlrq ri ♭ lv ϵ+4∗ orj 5,

P 5V4 VXSSOHP HQWDU“ TXHVWLRQV4 sdjh 4 ri 5

¡ Frqvlghuglvfuhwh udqgrp yduldeohv♭ dqg ♮ z lwk udqjhv⟩3>4>5>///| dqg suredelolw— p dvvixqfwlrqv

+sp iv, i^f dqg i^t uhvshfwlyho— 1 Ghfflqh glvfuhwh udqgrp yduldeoh V e— V @♭ . ♮ / dqg vxssrvh wkdw irudooı>ȷ S ^+♭ @ı, ∨ +♮ @ȷ ,‘@S ^♭ @ı>♮ @ȷ ‘ @S ^♭ @ı‘S ^♮ @ȷ ‘ vr wkdw♭ dqg ♮ duh lqghshqghqwudqgrp yduldeohv1 Lwfdq eh vkrz q/ xvlqj wkh Wkhruhp ri Wrwdo

Suredelolw— / wkdwwkh suredelolw— p dvv ixqfwlrq ri V lvjlyhq e— i^7 +v, @ r⋃ ϱ’ f i^f +ı,i^t +v∗ ı, v @3>4>5>/// Wkh suredelolw— jhqhudwlqj ixqfwlrq +sji,/ ghqrwhg J^⃗ / ri d glvfuhwh udqgrp yduldeoh ♯ z lwk suredelolw— p dvvixqfwlrq i^⃗ dqg udqj h ⟩ 3>4>5>///| lvghfflqhg xqlt xho— irui^⃗ +z khq wkh vxp lvfrqyhuj hqw, e—

J^⃗ +w, @ ↑⋃ 5’ f

w_5i^⃗ +℘,

Vkrz iruwkh yduldeohv ghfflqhg deryh wkdwJ^7 +w, @J^f +w,J^t +w,1

431 D vwxg— ri wkh suhihuhqfhv ri D0OhyhoP dwkhp dwlfv vwxghqwv lv wr eh fduulhg rxw1 Lq dq dwwhp sw wr p lqlp l˝h eldv/ d olvwri vfkrrov z lwk D0OhyhoP dwkhp dwlfv fodvvhv frp sulvlqj suhflvho— q vwxghqwv lv lghqwlfflhg/ dqg hdfk vfkrrolvuht xluhg wr dvn hdfk vwxghqwlq wkh fodvv1

˙Z klfk wrslf gr — rx suhihu=VwdwlvwlfvruP hfkdqlfvB%

Lwlvwr eh dvvxp hg wkdwhdfk vwxghqwdqvz huvwklvt xhvwlrq ˙Vwdwlvwlfv%z lwk suredelolw— λ +3 ⋆ λ ⋆ 4,/ dqg wkdwvwxghqwv*dqvz huv duh p xwxdoo— lqghshqghqw1 I ru vfkrrol wkdwuhwxuqv d frp sohwh uhvsrqvh

+wkdwlv/ ı ˙Vwdwlvwlfv%dqvz huv dqg q ∗ ı ˙P hfkdqlfv%dqvz huv/ iru vrp h ı, / wkh wrwdoqxp ehu ri

˙Vwdwlvwlfv%dqvz huvlvd udqgrp yduldeoh/ V^ζ vd— / z khuh wkh sp i ri V^ζ lvj lyhq e— i^{7ζ}+ı, @ ] q ı ⌊ λ_ϱ+4∗ λ,_{⋆∋ ϱ} ı @3>4>5>///>q +l, I lqg wkh sj i ri V^ζ/

Wkh qxp ehu ri vfkrrov wkdwsurylgh d frp sohwh uhvsrqvh wr wkh vxuyh— lv dovr d qrq0qhj dwlyh udqgrp yduldeoh/ U vd— / z khuh wkh suredelolw— glvwulexwlrq ri U lvz hoo0p rghoohg e— wkh sp i i +ı, @ h_{∋ b}ξ_ϱ ı$ ı @3>4>5>/// iruvrp h frqvwdqwsdudp hwhuξ A 3/ Lqfrp sohwh uhvsrqvhvduh glvfdughg1

+ll, Xvlqj wkh uhvxowvlq +l, dqg dq— uhvxowvvwdwhg lq ohfwxuhv+ruiurp P 4V,/ dqg j lyhq wkdwU @u>fflqg wkh +frqglwlrqdo, sp i ri wkh udqgrp yduldeoh V dvghfflqhg dv V@ o⋃ ζ’ � V^ζ +lll, I lqg wkh +xqfrqglwlrqdo, sj i ri V/ J^7 / li U lvqr wrevhuyhg1

P 5V4 VXSSOHP HQWDU“ TXHVWLRQV4 sdjh 5 ri 5