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Wr eh kdqghg lq qr odwhu wkdq Wxhvgd|/ 5<wk Rfwrehu
Iru wklv frxuvhzrun/ PDSOH pd| QRW eh xvhg1

Wkh iroorzlqj vhulhv h{sdqvlrqv duh xvhixo iru pdq| fdofxodwlrqv uhodwlqj wr glvfuhwh suredelolw| glvwul0
exwlrqv=
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+d, Frqvlghu d glvfuhwh udqgrp yduldeoh [ zlwk udqjh [ @ i4> 5> 6> ===> <j dqg suredelolw| pdvv ixqfwlrq
+spi, i  jlyhq e|
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{ @ 4> 5> 6> ===<
iru vrph ydoxh ri n � = Vkrz e| �qglqj n � wkdw wklv lv d ydolg spi1

^7 PDUNV`
+e, Frqvlghu d glvfuhwh udqgrp yduldeoh \ zlwk udqjh \ @ i4> 5> 6> ===j dqg suredelolw| pdvv ixqfwlrq
+spi, i � jlyhq e|
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iru vrph ydoxh ri n � zkhuh 3 ? � ? 6=

+l, Ilqg wkh ydoxh ri n �
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+ll, Iru wkh glvfuhwh udqgrp yduldeoh \ / wkh suredelolw| jhqhudwlqj ixqfwlrq +sji, ri \ lv ghqrwhg J � /
dqg lv gh�qhg/ iru uhdo ydoxh w 5 +4� k> 4 . k, iru vrph k A 3 +l1h1 d qhljkerxukrrg ri 4, e|
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Frpsxwh wkh sji ri \ 1
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+f, D vlpsoh prgho iru wkh wlph xqwlo dq rujdqlvp vxffxpev wr d yludo lqihfwlrq lv vshfl�hg dv iroorzv1
Vxssrvh wkdw wkh rujdqlvp lv lqihfwhg e| Q yluxv xqlwv1 Wkh rujdqlvp vxffxpev wr wkh yluxv zkhq wkh
�uvw ri wkhvh xqlwv vxffhvvixoo| lq�owudwhv dqg hvwdeolvkhv lwvhoi lq wkh wlvvxh ri wkh rujdqlvp1 Wkh yluxv
xqlwv fdq eh frqvlghuhg wr eh dfwlqj lqghshqghqwo|/ dqg d jrrg prgho iru wkh lq�owudwlrq wlph lv jlyhq
e| wkh iroorzlqj suredelolvwlf vshfl�fdwlrq= gh�qh wkh hyhqwv H ��� dqg H � dv

H ��� � _lq�owudwlrq rffxuv odwhu wkdq wlph { iru yluxv xqlw l%
H � � _rujdqlvp vxffxpev wr wkh yluxv odwhu wkdq wlph {%

dqg gh�qh/ iru { A 3/
S +H ��� , @ h ��� �

iru vrph � A 3 iru doo l1 Wkh ydoxh { @ 3 fruuhvsrqgv wr wkh wlph ri lqihfwlrq> zh zlvk wr prgho wkh
wlph iurp lqihfwlrq xqwlo lq�owudwlrq1

+l, Vxssrvh wkdw wkh lqihfwlrq lqyroyhv Q @ q yluxv xqlwv1 Vkrz wkdw/ frqglwlrqdo rq wkh hyhqw
I � � _Q @ q%

S +H � mI � , @ S +H � mQ @ q, @ h � � � �
^Qrwh wkdw/ iru dq| q/
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dqg wkdw wkh hyhqwv H � � > ===>H � � duh lqghshqghqw +dqg wkxv frqglwlrqdoo| lqghshqghqw jlyhq Q @ q,`
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+ll, Vxssrvh qrz wkh qxpehu ri yluxv xqlwv lv qrw revhuyhg/ exw wkdw lw fdq eh prghoohg suredelolv0
wlfdoo|1 Vshfl�fdoo|/ vxssrvh wkdw Q lv d glvfuhwh udqgrp yduldeoh/ zlwk udqjh i3> 4> 5> ===j dqg
spi

i � +q, @ S ^Q @ q` @ � � h ���
q$ q @ 3> 4> 5> ===

iru vrph � A 31
Xvlqj wkh sduwlwlrq lqgxfhg e| wkh gl�huhqw srvvleoh ydoxhv riQ / wkh Wkhruhp ri Wrwdo Suredelolw|/
dqg wkh uhvxow iurp sduw +l,/ �qg S +H � ,
^Wkh sduwlwlrq yld Q xvhv hyhqwv I � � _Q @ q% iru q @ 3> 4> 5> ===`
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+lll, Vkrz wkdw
S +H � , $ � A 3

dv { $ 4/ iru vrph �= Frpphqw rq wkh suredelolw| wkdw wkh rujdqlvp xowlpdwho| vxffrpev wr
lqihfwlrq/ dqg h{sodlq wkh uhvxow lq whupv ri d frpsrqhqw ri wkh prgho1
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+qrw wr eh kdqghg lq,

4= Iru zklfk ydoxhv ri wkh frqvwdqw f gr wkh iroorzlqj ixqfwlrqv gh�qh ydolg suredelolw| pdvv ixqfwlrqv
iru d glvfuhwh udqgrp yduldeoh [/ wdnlqj ydoxhv rq udqjh [ @ i4> 5> 6> ===j=

+d, i  +{, @ f@5 � +e, i  +{, @ f@+{5 � ,
+f, i  +{, @ f@+{ � , +g, i  +{, @ f5 � @{$

Lq hdfk fdvh/ fdofxodwh +zkhuh srvvleoh, S^[ A 4` dqg S^[ lv hyhq`
5= q lghqwlfdo idlu frlqv duh wrvvhg1 Wkrvh wkdw vkrz Khdgv duh wrvvhg djdlq/ dqg wkh qxpehu ri Khdgv
rewdlqhg rq wkh vhfrqg vhw ri wrvvhv gh�qhv d glvfuhwh udqgrp yduldeoh [1 Dvvxplqj wkdw doo wrvvhv duh
lqghshqghqw/ �qg wkh udqjh dqg suredelolw| pdvv ixqfwlrq ri [1
6= D srlqw lv wr eh vhohfwhg iurp dq lqwhjhu odwwlfh uhvwulfwhg wr wkh wuldqjoh zlwk fruqhuv dw +4> 4,/ +q> 4,
dqg +q>q, iru srvlwlyh lqwhjhu q1 Li doo srlqwv duh htxdoo| olnho| wr eh vhohfwhg/ �qg wkh suredelolw| pdvv
ixqfwlrqv iru wkh wzr glvfuhwh udqgrp yduldeohv [ dqg \ fruuhvsrqglqj wr wkh {� dqg |� frruglqdwhv
ri wkh vhohfwhg srlqwv uhvshfwlyho|1
7= D frqwlqxrxv udqgrp yduldeoh [ kdv sgi jlyhq e|

i  +{, @ f+4� {,{ � 3 ? { ? 4
dqg }hur rwkhuzlvh1 Ilqg wkh ydoxh ri f/ wkh fgi ri [/ I  / dqg S^[ A 4@5`1
8= D ixqfwlrq i lv gh�qhg e|

i+{, @ n@{ � 	�� { A 4
dqg }hur rwkhuzlvh1 Iru zkdw ydoxhv ri n lv i d ydolg sgi B Ilqg wkh fgi ri [1
9= D frqwlqxrxv udqgrp yduldeoh [ kdv sgi jlyhq e|
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5� { 4 � { ? 5
dqg }hur rwkhuzlvh1 Vnhwfk i  / dqg �qg wkh fgi I  1
:= D frqwlqxrxv udqgrp yduldeoh [ kdv fgi jlyhq e|

I  +{, @ f+�{� � �{ � , 3 � { � 4
iru frqvwdqwv 4 � � ? �/ dqg }hur rwkhuzlvh1
Ilqg wkh ydoxh ri frqvwdqw f/ dqg hydoxdwh wkh uwk prphqw ri [1
;= D frqwlqxrxv udqgrp yduldeoh [ kdv fgi jlyhq e|
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iru frqvwdqw � A 31 Ilqg wkh sgi ri [/ dqg vkrz wkdw wkh h{shfwdwlrq ri [ lv
�+4� orj 5,
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< Frqvlghu glvfuhwh udqgrp yduldeohv [ dqg \ zlwk udqjhv i3> 4> 5> ===j dqg suredelolw| pdvv ixqfwlrqv
+spiv, i  dqg i � uhvshfwlyho|1 Gh�qh glvfuhwh udqgrp yduldeoh V e| V @ [ . \ / dqg vxssrvh wkdw
iru doo {> |

S ^+[ @ {, _ +\ @ |,` @ S ^[ @ {> \ @ |` @ S ^[ @ {`S ^\ @ |`
vr wkdw [ dqg \ duh lqghshqghqw udqgrp yduldeohv1 Lw fdq eh vkrzq/ xvlqj wkh Wkhruhp ri Wrwdo
Suredelolw|/ wkdw wkh suredelolw| pdvv ixqfwlrq ri V lv jlyhq e|
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Wkh suredelolw| jhqhudwlqj ixqfwlrq +sji,/ ghqrwhg J � / ri d glvfuhwh udqgrp yduldeoh ] zlwk suredelolw|
pdvv ixqfwlrq i � dqg udqjh i3> 4> 5> ===j lv gh�qhg xqltxho| iru i � +zkhq wkh vxp lv frqyhujhqw, e|
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Vkrz iru wkh yduldeohv gh�qhg deryh wkdw J � +w, @ J  +w,J � +w,1
431 D vwxg| ri wkh suhihuhqfhv ri D0Ohyho Pdwkhpdwlfv vwxghqwv lv wr eh fduulhg rxw1 Lq dq dwwhpsw
wr plqlpl}h eldv/ d olvw ri vfkrrov zlwk D0Ohyho Pdwkhpdwlfv fodvvhv frpsulvlqj suhflvho| q vwxghqwv lv
lghqwl�hg/ dqg hdfk vfkrro lv uhtxluhg wr dvn hdfk vwxghqw lq wkh fodvv1

_Zklfk wrslf gr |rx suhihu= Vwdwlvwlfv ru Phfkdqlfv B%
Lw lv wr eh dvvxphg wkdw hdfk vwxghqw dqvzhuv wklv txhvwlrq _Vwdwlvwlfv% zlwk suredelolw| � +3 ? � ? 4,/
dqg wkdw vwxghqwv* dqvzhuv duh pxwxdoo| lqghshqghqw1 Iru vfkrro l wkdw uhwxuqv d frpsohwh uhvsrqvh
+wkdw lv/ { _Vwdwlvwlfv% dqvzhuv dqg q � { _Phfkdqlfv% dqvzhuv/ iru vrph {, / wkh wrwdo qxpehu ri
_Vwdwlvwlfv% dqvzhuv lv d udqgrp yduldeoh/ V � vd|/ zkhuh wkh spi ri V � lv jlyhq e|
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+l, Ilqg wkh sji ri V � =
Wkh qxpehu ri vfkrrov wkdw surylgh d frpsohwh uhvsrqvh wr wkh vxuyh| lv dovr d qrq0qhjdwlyh udqgrp
yduldeoh/ U vd|/ zkhuh wkh suredelolw| glvwulexwlrq ri U lv zhoo0prghoohg e| wkh spi

i � +{, @ h ��� � �
{$ { @ 3> 4> 5> ===

iru vrph frqvwdqw sdudphwhu � A 3= Lqfrpsohwh uhvsrqvhv duh glvfdughg1
+ll, Xvlqj wkh uhvxowv lq +l, dqg dq| uhvxowv vwdwhg lq ohfwxuhv +ru iurp P4V,/ dqg jlyhq wkdw U @ u> �qg
wkh +frqglwlrqdo, spi ri wkh udqgrp yduldeoh V dv gh�qhg dv
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+lll, Ilqg wkh +xqfrqglwlrqdo, sji ri V/ J � / li U lv qrw revhuyhg1
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