¨ 25� G, j , + ß W5, 5O, , A DG5ȷ wNAWȷ Π 5

41 Z h kdyh wkh p dujlqdori ♭ j lyhq lq wkh xvxdoz d— iurp wkh mrlqwghqvlw— e—

i_♭ +ı, @ ⊎_△ ∗ △ i_{♭ >♮} +ı>ȷ , gȷ @ ⊎_△ 3 i_{♭ ⇕♮} +ı⇕ȷ ,i_♮ +ȷ , gȷ ı A 3 dvz h kdyh wkh ghqvlw— ehlqj srvlwlyh rqo— z khq dujxp hqwvı dqg ȷ duh srvlwlyh1 Khqfh

i_♭ +ı, @ ⊎_△ 3 i_{♭ ⇕♮} +ı⇕ȷ ,i_♮ +ȷ , gȷ @ ⊎_△ 3 ȷ h^{∗ ȷ ı} ϵ^δ Λ +δ, ȷ^{δ ∗ 4}h^{∗ ϵȷ} gȷ

@ ϵ^δ Λ +δ, ⊎_△ 3 ȷ^{+δ . 4,∗ 4}h^{∗ +ϵ. ı,ȷ} gȷ

@ ϵ^δ Λ +δ,

Λ +δ . 4, +ϵ . ı,^{δ . 4} dvlqwhj udqg lvsurs1wr d J dp p d+δ . 4>ϵ . ı, sgi

@ δϵ^δ +ϵ . ı,^{δ . 4} ı A 3 dvΛ +δ . 4, @δΛ +δ, dqg khqfh ♭ ⊃ Sduhwr+δ>ϵ, 51 Wr frp sxwh wkh mrlqwghqvlw— i_{♮ 4 >♮ 5} / xvh wkh p xowlyduldwh wudqvirup dwlrq wkhruhp ¿z h kdyh

♮_4 @π_4 . ϕ_4 √ 4∗ υ^5♭_4 . ϕ_4υ♭_5

♮_5 @π_5 . ϕ_5♭_5 ∝ ♭_4 @+♮_4 ∗ π_4,∂+ϕ_4 √ 4∗ υ^5, ∗ υ+♮_5 ∗ π_5,∂ ) ϕ_5 √ 4∗ υ^5 [

♭_5 @+♮_5 ∗ π_5,∂ϕ_5

dqg khqfh wkh Mdfreldq M+ȷ_4>ȷ_5, lv wkh p rgxoxvri wkh ghwhup lqdqwri wkh p dwul– ri sduwldoghulydwlyhv¿

M+ȷ_4>ȷ_5, @ \ \ \ \ 4 ϕ_4 √ 4∗ υ^5 ∗ υ ϕ_5 √ 4∗ υ^5 3 4 ϕ_5

\ \ \ \ @ 4 ϕ_4ϕ_5 √ 4∗ υ^5

dv ϕ_4>ϕ_5>dqg √ 4∗ υ^5 duh doosrvlwlyh t xdqwlwlhv1 Khqfh wkh mrlqwsgi i_{♮ 4 >♮ 5} lv j lyhq lq whup v ri wkh mrlqwsgi i_{♭ 4 >♭ 5} e—

i_{♮ 4 >♮ 5} +ȷ_4>ȷ_5, @i_{♭ 4 >♭ 5} +ı_4>ı_5,M+ȷ_4>ȷ_5, @ 4 5τ h–s ⟩ ∗ 4 5 ] ı^5_4 . ı^5 ⌊/ M+ȷ_4>ȷ_5,

z khuh ı_4 @+ȷ_4 ∗ π_4,∂+ϕ_4 √ 4∗ υ^5, ∗ υ+ȷ_5 ∗ π_5,∂+ϕ_5 √ 4∗ υ^5, ı_5 @+ȷ_5 ∗ π_5,∂ϕ_5 iruffl–hg +ȷ_4>ȷ_5, ghfflqh wkh lqyhuvh wudqvirup dwlrqv1 Qrz /

ı^5_4 . ı^5 @ ) +ȷ_4 ∗ π_4,∂+ϕ_4 √ 4∗ υ^5, ∗ υ+ȷ_5 ∗ π_5,∂+ϕ_5 √ 4∗ υ^5,

[_5

. ++ȷ_5 ∗ π_5,∂ϕ_5,^5

@ +ȷ_4 ∗ π_4,^5 ϕ^5_4+4∗ υ^5, . υ^5+ȷ_5 ∗ π_5,^5 ϕ^5+4∗ υ^5, ∗ 5υ+ȷ_4 ∗ π_4,+ȷ_5 ∗ π_5, ϕ_4ϕ_5+4∗ υ^5, . +ȷ_5 ∗ π_5,^5 ϕ^5 @ 4 +4∗ υ^5, ⌋ +ȷ_4 ∗ π_4,^5

ϕ^5_4 . +ȷ_5 ∗ π_5,^5

ϕ^5 ∗ 5υ+ȷ_4 ∗ π_4,+ȷ_5 ∗ π_5, ϕ_4ϕ_5 ⌈

dqg khqfh xvlqj wkh wudqvirup dwlrq uhvxowz h kdyh

¨ 25� , j , +ß W5, 5 D5ȷ wNAWȷ Π 5GT@˝i � LuH

i^{♮ 4 >♮ 5} +ȷ^4>ȷ^5, @i^{♭ 4 >♭ 5} ++ȷ^4 ∗ π^4,∂+ϕ^4 √ 4∗ υ_5, ∗ υ+♮^5 ∗ π^5,∂+ϕ^5 √ 4∗ υ_5,>+ȷ^5 ∗ π^5,∂ϕ^5,M+ȷ^4>ȷ^5, @ 4 5τ 4 √ ϕ_5^4ϕ_5+4∗ υ_5, h–s ⟩ ∗ 4 5+4∗ υ_5, ⌋ +ȷ^4 ∗ π^4,_5 ϕ_5^4 . +ȷ^5 ∗ π^5,_5 ϕ_5 ∗ 5υ+ȷ^4 ∗ π^4,+ȷ^5 ∗ π^5, ϕ^4ϕ^5 ⌈/

Wklv lv wkh Elyduldwh Qrup dosgi¿z h vd— wkdw+♮^4>♮^5, kdyh d elyduldwh qrup doglvwulexwlrq1 Qrwh wkdwwklv ixqfwlrq lv v— p p hwulf lq irup ¿ z h fdq h–fkdqj h wkh wulsohv +ȷ^4>π^4>ϕ^4, dqg +ȷ^5>π^5>ϕ^5, z lwkrxwfkdqjlqj wkh ixqfwlrqdoirup 1 Qrwh fflqdoo— wkdw/ lq yhfwruirup z h kdyh wkh sgi lq wkh irup i^{♮ 4 >♮ 5} +ȷ^4>ȷ^5, @ 4 5τ 4 ⇕Ψ⇕_{4∂5} h–s ⟩ ∗ 4 5 +— ∗ π,_WΨ_{∗ 4}+— ∗ π, / — ▽U_5 z khuh — @ ⌋ ȷ^4 ȷ^5 ⌈ π @ ⌋ π^4 π^5 ⌈ Ψ @ ⌋ ϕ_5^4 υϕ^4ϕ^5 υϕ^4ϕ^5 ϕ_5 ⌈ Ψ_{∗ 4} @ 4 ϕ_5^4ϕ_5+4∗ υ_5, ⌋ ϕ_5 ∗ υϕ^4ϕ^5

∗ υϕ^4ϕ^5 ϕ_5^4 ⌈

Qrz / frxog frp sxwh wkh p duj lqdosgi ri ♮^4 dqg ♮^5 e— lqwhjudwlqj rxwiurp wkh mrlqwsgi/ iruh–dp soh i^{♮ 4} +ȷ^4, @ ⊎^△ ∗ △ i^{♮ 4 >♮ 5} +ȷ^4>ȷ^5, gȷ^5 z khuh wkh lqwhj udofdq eh frp sxwhg dviroorz v¿ i^{♮ 4} +ȷ^4, @ ⊎^△ ∗ △ i^{♮ 4 >♮ 5} +ȷ^4>ȷ^5, gȷ^5

@ ⊎^△ ∗ △ 4 5τ 4 √ ϕ_5^4ϕ_5+4∗ υ_5, h–s ⟩ ∗ 4 5+4∗ υ_5, ⌋ +ȷ^4 ∗ π^4,_5 ϕ_5^4 . +ȷ^5 ∗ π^5,_5 ϕ_5 ∗ 5υ+ȷ^4 ∗ π^4,+ȷ^5 ∗ π^5, ϕ^4ϕ^5 ⌈/ gȷ^5 Vhwwlqj w^4 @+ȷ^4 ∗ π^4,∂ϕ^4 +d frqvwdqw,/ dqg vxevwlwxwlqj w^5 @+ȷ^5 ∗ π^5,∂ϕ^5 lq wklvlqwhj udoz h rewdlq i^{♮ 4} +ȷ^4, @ 4 5τ 4 √ ϕ_5^4+4∗ υ_5, ⊎^△ ∗ △ h–s ⟩ ∗ 4 5+4∗ υ_5, ⌋ w_5^4 . w_5 ∗ 5υw^4w^5 ⌈/ gw^5 dqg fdq frp sohwh wkh vt xduh lq wkh h–srqhqwdv w_5^4 . w_5 ∗ 5υw^4w^5 @+w^5 ∗ υw^4,_5 . w_5^4+4∗ υ_5, vr wkdw i^{♮ 4} +ȷ^4, @ 4 5τ 4 √ ϕ_5^4+4∗ υ_5, ⊎^△ ∗ △ h–s ⟩ ∗ 4 5+4∗ υ_5, ⌋ +w^5 ∗ υw^4,_5 . w_5^4+4∗ υ_5, ⌈/ gw^5

@ 4 5τ 4 √ ϕ_5^4+4∗ υ_5, h–s ⟩ ∗ 4 5 w_5^4 / ⊎^△ ∗ △ h–s ⟩ ∗ +w^5 ∗ υw^4,_5

5+4∗ υ_5, / gw^5

@ 4 5τ 4 √ ϕ_5^4+4∗ υ_5, h–s ⟩ ∗ 4 5 w_5^4 / √ 5τ+4∗ υ_5, dvwkhlqwhjudqg lvsursruwlrqdowr d Qrup dosgi z lwk h–shfwdwlrq υw^4 dqg yduldqfh+4∗ υ_5,1 Wkhuhiruh/ fdqfhoolqj whup vdqg vxevwlwxwlqj edfn lq iru ȷ^4z h kdyh i^{♮ 4} +ȷ^4, @ 4 √ 5τϕ_5^4 h–s ⟩ ∗ 4 5 +ȷ^4 ∗ π^4,_5 ϕ_5^4 / vr wkdw♮^4 ⊃ Qrup do+π^4>ϕ_5^4,1 E— v— p p hwu— / ru e— iroorz lqj dq lghqwlfdo duj xp hqw/ z h kdyh wkdw♮^5 ⊃ Qrup do+π^5>ϕ_5,1 ¨ 25� , j , +ß W5, 5 D5ȷ wNAWȷ Π 5GT@˝i 2 LuH

Qrwh dovr wkdwz h kdyh wkdw♮_5 @ π_5 . ϕ_5♭_5 lp solhv ♮_5 ⊃ Qrup do+π_5>ϕ^5, iurp hohp hqwdu— surshuwlhv +orfd0 wlrq2vfdoh wudqvirup dwlrqv, ri Qrup doudqgrp yduldeohv1 I ru wkh frqglwlrqdoglvwulexwlrqv/ fdq xvh hohp hqwdu— surshuwlhv ri Qrup doudqgrp yduldeohv dj dlq/ wkdwlv/ jlyhq ♮_5 @ȷ_5 vr wkdw♭_5 @+ȷ_5 ∗ π_5,∂ϕ_5

♮_4 @π_4 . ϕ_4 √ 4∗ υ^5♭_4 . ϕ_4υ+ȷ_5 ∗ π_5,∂ϕ_5 ⊃ Qrup do+π_4 . ϕ_4υ+ȷ_5 ∗ π_5,∂ϕ_5>ϕ^5_4+4∗ υ^5,,

wkdwlv/ yld d orfdwlrq2vfdoh wudqvirup dwlrq ♮_4 @d. e♭_4z lwk d @π_4 . ϕ_4υ+ȷ_5 ∗ π_5,∂ϕ_5 dqg e @ϕ_4 √ 4∗ υ^5/ dqg vlp loduo— iruwkh frqglwlrqdoiru♮_5 j lyhq ♮_4 @ȷ_41 Qrwh wkdwwkh frqglwlrqdoghqvlwlhvfdq dovr eh frp sxwhg iurp wkh ghfflqlwlrq i_{♮ 4 ⇕♮ 5} +ȷ_4⇕ȷ_5, @ i_{♮ 4 >♮ 5} +ȷ_4>ȷ_5,

i_{♮ 5} +ȷ_5, Wr frp sxwh wkh fruuhodwlrq/ ffluvwfrp sxwh wkh fryduldqfh xvlqj wkh Lwhudwhg H–shfwdwlrq uhvxow¿ z h fdofxodwh

Fry_{i ♮ 4 >i ♮ 5} ^♮_4>♮_5‘ @H_{i ♮ 4 >i ♮ 5} ^♮_4♮_5‘∗ H_{i ♮ 4} ^♮_4‘H_{i ♮ 5} ^♮_5‘

z khuh/ e— wkh Odz ri Lwhudwhg H–shfwdwlrq

H_{i ♮ 4 >i ♮ 5} ^♮_4♮_5‘@H_{i ♮ 5} ⌋ H_{i ♮ 4 ⇕♮ 5} ^♮_4♮_5⇕♮_5 @ȷ_5‘ ⌈

dqg dv♮_4⇕♮_5 @ȷ_5 ⊃ Qrup do+π_4 . ϕ_4υ+ȷ_5 ∗ π_5,∂ϕ_5>ϕ^5_4+4∗ υ^5,,

H_{i ♮ 4 ⇕♮ 5} ^♮_4♮_5⇕♮_5 @ȷ_5‘@+π_4 . ϕ_4υ+ȷ_5 ∗ π_5,∂ϕ_5, ȷ_5

dqg khqfh H_{i ♮ 5} ⌋ H_{i ♮ 4 ⇕♮ 5} ^♮_4♮_5⇕♮_5 @ȷ_5‘ ⌈ @H_{i ♮ 5} ^+π_4 . ϕ_4υ+♮_5 ∗ π_5,∂ϕ_5, ♮_5‘

@+π_4 ∗ ϕ_4υπ_5∂ϕ_5,H_{i ♮ 5} ^♮_5‘. ϕ_4υH_{i ♮ 5} ⌋ ♮^5_5 ⌈ ∂ϕ_5 @+π_4 ∗ ϕ_4υπ_5∂ϕ_5,π_5 . ϕ_4υ+π^5 . ϕ^5,∂ϕ_5

@π_4π_5 ∗ ϕ_4υπ^5∂ϕ_5 . ϕ_4υπ^5∂ϕ_5 . ϕ_4ϕ_5υ dqg khqfh H_{i ♮ 4 >i ♮ 5} ^♮_4♮_5‘@π_4π_5 . ϕ_4ϕ_5υ Fry_{i ♮ 4 >i ♮ 5} ^♮_4>♮_5‘ @H_{i ♮ 4 >i ♮ 5} ^♮_4♮_5‘∗ H_{i ♮ 4} ^♮_4‘H_{i ♮ 5} ^♮_5‘@π_4π_5 . ϕ_4ϕ_5υ ∗ π_4π_5 @ϕ_4ϕ_5υ vr wkdw/ fflqdoo— / Fruu_{i ♮ 4 >i ♮ 5} ^♮_4>♮_5‘@

Fry_{i ♮ 4 >i ♮ 5} ^♮_4>♮_5‘ Ydu_{i ♮ 4} ^♮_4‘Ydu_{i ♮ 5} ^♮_5‘ @ ϕ_4ϕ_5υ √ ϕ^5_4ϕ^5 @υ

61 Nh— lv wr fflqg wkh l1l1g udqgrp yduldeohv♭_4>///>♭_q vxfk wkdw ♭ @ q⋃ l@4 ♭_l dqg wkhq wr xvh wkh FhqwudoOlp lwWkhruhp uhvxowiruodujh q

♯_q @ q⋃ l@4 ♭_l ∗ qπ ∫ qϕ^5 ↔ ♯ ⊃ Qrup do+3>4, vr wkdw♭ @ q⋃ l@4 ♭_l ⊃ Qrup do+qπ>qϕ^5, dssur–lp dwho—

z khuh π @H_{i ♭} ^♭_l‘ dqg ϕ^5 @Ydu_{i ♭} ^♭_l‘/

¨ 25� , j , +ß W5, 5 D5ȷ wNAWȷ Π 5GT@˝i fi LuH

+l, ♭ ⊃ Elqrp ldo+q>λ, @⇔ ♭ @_q ⋃ l@4 ♭^l z khuh♭^l ⊃ Ehuqrxool+λ, vr wkdwπ @H^{i ♭} ^♭^l‘@λdqg ϕ_5 @Ydu^{i ♭} ^♭^l‘@ λ+4∗ λ, dqg khqfh

♯^q @ q⋃ l@4 ♭^l ∗ qλ √ qλ+4∗ λ, ⊃ Qrup do+3>4, @⇔ ♭ ⊃ Qrup do+qλ>qλ+4∗ λ,, dssur–lp dwho—

+ll, ♭ ⊃ Srlvvrq+ξ, @⇔ ♭ @_q ⋃ l@4 ♭^l z khuh♭^l ⊃ Srlvvrq ] ξ q ⌊ vr wkdwπ @H^{i ♭} ^♭^l‘@ ξ q dqg ϕ_5 @Ydu^{i ♭} ^♭^l‘@ ξ q dqg khqfh

♯^q @ q⋃ l@4 ♭^l ∗ q ξ q q ξ q @ q⋃ l@4 ♭^l ∗ ξ ∫ ξ ⊃ Qrup do+3>4, @⇔ ♭ ⊃ Qrup do+ξ>ξ, dssur–lp dwho—

Qrwh wkdwwklvxvhvwkh uhvxowwkdwwkh vxp ri lqghshqghqwSrlvvrq yduldeohvdovr kdvd Srlvvrq glvwulexwlrq

+suryhg xvlqj p j iv,/ dqg dovr qrwh wkdwwklvlvlq djuhhp hqwz lwk wkhp j i olp lwuhvxowiruwkh˙vwdqgdugl˝hg%

Srlvvrq h–dp soh j lyhq lq ohfwxuhv1

+lll, ♭ ⊃ Qhj Elqrp ldo+q>λ, @⇔ ♭ @_q ⋃ l@4 ♭^l z khuh ♭^l ⊃ J hrp hwulf+λ, vr wkdwπ @H^{i ♭} ^♭^l‘ @ 4 λ dqg ϕ_5 @Ydu^{i ♭} ^♭^l‘@ 4∗ λ λ_5

dqg khqfh

♯^q @ q⋃ l@4 ♭^l ∗ q 4 λ q 4∗ λ λ_5 ⊃ Qrup do+3>4, @⇔ ♭ ⊃ Qrup do ] q λ > q+4∗ λ, λ_5 ⌊ dssur–lp dwho—

+ly, ♭ ⊃ J dp p d+δ>ϵ, @⇔ ♭ @_q ⋃ l@4 ♭^l z khuh ♭^l ⊃ J dp p d )δ q >ϵ [ vr wkdwπ @H^{i ♭} ^♭^l‘ @ δ qϵ dqg ϕ_5 @Ydu^{i ♭} ^♭^l‘@ δ qϵ_5 dqg khqfh

♯^q @ q⋃ l@4 ♭^l ∗ q δ qϵ q δ qϵ_5 @ q⋃ l@4 ♭^l ∗ δ ϵ δ ϵ_5 ⊃ Qrup do+3>4, @⇔ ♭ ⊃ Qrup do ] δ ϵ > δ ϵ_5 ⌊ dssur–lp dwho—

Qrwhwkdwwklvxvhvwkhuhvxowwkdwwkhvxp ri lqghshqghqwJ dp p d yduldeohvz lwk wkhvdp hvhfrqg sdudp hwhu dovr kdv d J dp p d glvwulexwlrq +suryhg xvlqj p jiv,/ dqg dovr qrwh wkdwwklv lv lq dj uhhp hqwz lwk wkh p j i olp lwuhvxowiruwkh ˙vwdqgdugl˝hg%J dp p d h–dp soh j lyhq lq ohfwxuhvlq wkh vshfldofdvh ϵ @41 1 71 ♮^q @p d–⟩♭^4>///>♭^q | vr

I^{♮ q} +ȷ , @⟩I^♭ +ȷ ,|_q @ȷ_q 3 ⪰ ȷ ⪰ 4 dqg vr/ lq wkh olp lwdv q ↔ △ z h kdyh wkh olp lwiruffl–hg ȷ dv

I^{♮ q} +ȷ , ↔ I^♮ +ȷ , @ ⟩ 3 ȷ ⋆ 4

4 ȷ ∼ 4

¨ 25� , j , +ß W5, 5 D5ȷ wNAWȷ Π 5GT@˝i DLuH

wkdwlv/ d vwhs ixqfwlrq z lwk vlqj oh vwhs ri vl˝h 4 dwȷ @41 Khqfh wkh olp lwlqj udqgrp yduldeoh ♮ lv d glvfuhwh yduldeoh z lwk S ^♮ @4‘ @4 wkdwlv/ wkh olp lwlqj glvwulexwlrq lv ghjhqhudwh dw4/ ♯_q @p lq⟩♭_4>///>♭_q | vr I_{♯ q} +℘, @4∗ ⟩ 4∗ I_♭ +℘,|^q @4∗ +4∗ ℘,^q 3 ⪰ ℘ ⪰ 4 dqg vr/ lq wkh olp lwdv q ↔ △ z h kdyh wkh olp lwiruffl–hg ℘ dv

I_{♯ q} +℘, ↔ I_♯ +℘, @ ⟩ 3 ℘ ⋆ 3 4 ℘ ∼ 3 wkdwlv/ d vwhs ixqfwlrq z lwk vlqj oh vwhs ri vl˝h 4 dw℘ @31 Khqfh wkh olp lwlqj udqgrp yduldeoh ♯ lv d glvfuhwh yduldeoh z lwk S ^♯ @3‘ @4 wkdwlv/ wkh olp lwlqj glvwulexwlrq lv ghjhqhudwh dw3 +dv jlyhq lq ohfwxuhv, Qrwh wkdwwkhvh uhvxowv duh lqwxlwlyho— uhdvrqdeoh dv/ dv wkh vdp soh vl˝h j hwv lqfuhdvlqjo— odujh/ z h z loorewdlq d udqgrp yduldeoh duelwudulo— forvh wr hdfk hqg ri wkh udqj h1 Qrwh dovr wkdwwkhvh uhvxowv ghvfuleh frqyhujhqfh lq glvwulexwlrq/ exwdovr z h kdyh iru4 A ϱA 3

S ^⇕♮_q ∗ 4⇕⋆ ϱ‘@S ^4∗ ♮_q ⋆ ϱ‘@S ^4∗ ϱ⋆ ♮_q ‘@4∗ S ^♮_q ⋆ 4∗ ϱ‘@4∗ ϱ^q ↔ 4 S ^⇕♯_q ∗ 3⇕⋆ ϱ‘@S ^♯_q ⋆ ϱ‘@4∗ +4∗ ϱ,^q ↔ 4 dv q ↔ △ vr z h dovr kdyh frqyhujhqfh lq suredelolw— ri ♮_q wr 4 dqg ri ♯_q wr 4 81 ♮_q @p d–⟩ ♭_4>///>♭_q | vr I_{♮ q} +ȷ , @⟩ I_♭ +ȷ ,|^q @+4∗ h^{∗ ξȷ} ,^q ȷ A 3 dqg vr/ lq wkh olp lwdv q ↔ △ z h kdyh wkh olp lwiruffl–hg ȷ dv I_{♮ q} +ȷ , ↔ 3 irudooȷ Khqfh wkhuh lv qr olp lwlqj glvwulexwlrq1/ ♯_q @p lq⟩♭_4>///>♭_q | vr I_{♯ q} +℘, @4∗ ⟩4∗ I_♭ +℘,|^q @4∗ +4∗ +4∗ h^{∗ ξ℘},,^q @4∗ h^{∗ qξ℘} ℘ A 3 dqg vr/ lq wkh olp lwdv q ↔ △ z h kdyh wkh olp lwiruffl–hg ℘ dv

I_{♯ q} +℘, ↔ I_♯ +℘, @ ⟩ 3 ℘ ⋆ 3 4 ℘ ∼ 3 wkdwlv/ d vwhs ixqfwlrq z lwk vlqj oh vwhs ri vl˝h 4 dw℘ @31 Khqfh wkh olp lwlqj udqgrp yduldeoh ♯ lv d glvfuhwh yduldeoh z lwk S ^♯ @3‘ @4 wkdwlv/ wkh olp lwlqj glvwulexwlrq lv ghjhqhudwh dw31

Qrwh dj dlq wkdwwkhvh uhvxowv duh lqwxlwlyho— uhdvrqdeoh dv/ dv wkh vdp soh vl˝h jhwv lqfuhdvlqj o— oduj h/ z h z loo rewdlq d udqgrp yduldeohduelwudulo— forvhwr wkhorz huhqg ri wkhudqj h/ exwz loodoz d— vkdyhd srvlwlyhsuredelolw— ri revhuylqj d odujhup d–lp xp ydoxh wkdq kdg suhylrxvo— ehhq revhuyhg dqg khqfh qr olp lwlqj glvwulexwlrq1 91 ♯_q @p lq⟩♭_4>///>♭_q | vr

I_{♯ q} +℘, @4∗ ⟩ 4∗ I_♭ +℘,|^q @4∗ ] 4∗ ] 4∗ 4 ℘ ⌊ ⌊_q @4∗ 4 ℘^q ℘ A 4 ¨ 25� , j , +ß W5, 5 D5ȷ wNAWȷ Π 5GT@˝i DLuH

dqg vr/ lq wkh olp lwdv q ↔ △ z h kdyh wkh olp lwiruffl–hg ℘ dv

I^{♯ q} +℘, ↔ I^♯ +℘, @ ⟩ 3 ℘ ⪰ 4

4 ℘ A 4 wkdwlv/ d vwhs ixqfwlrq z lwk vlqj oh vwhs ri vl˝h 4 dw℘ @41 Khqfh wkh olp lwlqj udqgrp yduldeoh ♯ lv d glvfuhwh yduldeoh z lwk

S ^♯ @4‘ @4 wkdwlv/ wkh olp lwlqj glvwulexwlrq lv ghjhqhudwh dw41

Qrz li X^q @♯_q^q / z h kdyh iurp ffluvwsulqflsohv wkdwirux A 4

I^{Xq} +x, @S X̂^q ⪰ x‘@S ^♯_q^q ⪰ x‘@S ⌋ ♯^q ⪰ x_{4∂q} ⌈ @4∗ 4 ] x_{4∂q} ⌊^q @4∗ 4 x z klfk lvd ydolg fgi/ exwz klfk grhvqrwghshqg rq q1 Khqfh wkh olp lwlqj glvwulexwlrq ri X^q lv suhflvho—

I^X+x, @4∗ 4 x x A 4

: 1 ♮^q @p d–⟩ ♭^4>///>♭^q | vr

I^{♮ q} +ȷ , @⟩ I^♭ +ȷ ,|_q @ ] 4 4. h_{∗ ȷ} ⌊^q ȷ ▽ U dqg vr/ lq wkh olp lwdv q ↔ △ z h kdyh wkh olp lwiruffl–hg ȷ dv

I^{♮ q} +ȷ , ↔ 3 irudooȷ

Khqfh wkhuh lv qr olp lwlqj glvwulexwlrq1

Li X^q @♮^q ∗ orj q/ z h kdyh iurp ffluvwsulqflsohv wkdwiru x A ∗ orj q

I^{Xq} +x, @S X̂^q ⪰ x‘ @S ^♮^q ∗ orj q ⪰ x‘@S ^♮^q ⪰ x . orj q‘@I^{♮ q} +x . orj q, @ ] 4 4. h_{∗ x∗ or j q} ⌊^q vr wkdw

I^{Xq} +x, @ ⟩ 4 4. h_{∗ x} q ⨆ ⟨ q @ ] 4. h_{∗ x} q ⌊^{∗ q} ↔ h–s ⟩ ∗ h_{∗ x} | dv q ↔ △ z klfk lvd ydolg fgi1 Khqfh wkh olp lwlqj glvwulexwlrq lv

I^X+x, @h–s ⟩ ∗ h_{∗ x} | x ▽ U

; 1 ♮^q @p d–⟩ ♭^4>///>♭^q | vr

I^{♮ q} +ȷ , @⟩ I^♭ +ȷ ,|_q @ ] ξȷ 4. ξȷ ⌊^q ȷ A 3 dqg vr/ lq wkh olp lwdv q ↔ △ z h kdyh wkh olp lwiruffl–hg ȷ dv

I^{♮ q} +ȷ , ↔ 3 irudooȷ

Khqfh wkhuh lv qr olp lwlqj glvwulexwlrq1

¨ 25� , j , +ß W5, 5 D5ȷ wNAWȷ Π 5GT@˝i S LuH

:

¡1 ♯_q @p lq⟩♭_4>///>♭_q | vr

I_{♯ q} +℘, @4∗ ⟩ 4∗ I_♭ +℘,|^q @4∗ ] 4∗ ] 4∗ 4 4. ξ℘ ⌊ ⌊_q @4∗ 4 +4. ξ℘,^q ℘ A 3 dqg vr/ lq wkh olp lwdv q ↔ △ z h kdyh wkh olp lwiruffl–hg ℘ dv

I_{♯ q} +℘, ↔ I_♯ +℘, @ ⟩ 3 ℘ ⪰ 3 4 ℘ A 3

wkdwlv/ d vwhs ixqfwlrq z lwk vlqj oh vwhs ri vl˝h 4 dw℘ @31 Khqfh wkh olp lwlqj udqgrp yduldeoh ♯ lv d glvfuhwh yduldeoh z lwk S ^♯ @3‘ @4 wkdwlv/ wkh olp lwlqj glvwulexwlrq lv ghjhqhudwh dw31

Li X_q @♮_q ∂q/ z h kdyh iurp ffluvwsulqflsohv wkdwiru x A 3

I_{Xq} +x, @S X̂_q ⪰ x‘@S ^♮_q ∂q ⪰ x‘@S ^♮_q ⪰ qx‘@I_{♮ q} +qx, @ ] ξqx 4. ξqx ⌊_q

vr wkdw I_{Xq} +x, @ ] ξqx 4. ξqx ⌊_q @ ] 4. 4 qξx ⌊_{∗ q} ↔ h–s ⟩ ∗ 4 ξx / dv q ↔ △ z klfk lvd ydolg fgi1 Khqfh wkh olp lwlqj glvwulexwlrq lv

I_X+x, @h–s ⟩ ∗ 4 ξx / x A 3 Li Y_q @q♯_q / z h kdyh iurp ffluvwsulqflsohvwkdwirux A 3

I_{Yq} +y, @S Ŷ_q ⪰ y‘ @S q̂♯_q ⪰ y‘@S ^♯_q ⪰ y∂q‘ @I_{♯ q} +y∂q, @4∗ ⟩ 4 4. ξy q ⨆ ⟨ q

vr wkdw I_{Yq} +y, @4∗ ] 4. ξy q ⌊_{∗ q} @4∗ ] 4. ξy q ⌊_{∗ q} ↔ 4∗ h–s ⟩ ∗ ξy| dvq ↔ △ z klfk lvd ydolg fgi1 Khqfh wkh olp lwlqj glvwulexwlrq lv I_Y +y, @4∗ h–s ⟩ ∗ ξy| y A 3 Khqfh wkh olp lwlqj udqgrp yduldeoh Y ⊃ Hısrqhqwldo+ξ,1

♮_q @p d–⟩ ♭_4>///>♭_q | vr I_{♮ q} +ȷ , @⟩ I_♭ +ȷ ,|^q @+4∗ h^{∗ ξȷ} ,^q ȷ A 3 Li X_q @ξ♮_q ∗ orj q/ z h kdyh iurp ffluvwsulqflsohvwkdwirux A ∗ orj q

I_{Xq} +x, @S X̂_q ⪰ x‘@S ξ̂♮_q ∗ orj q ⪰ x‘@S ^♮_q ⪰ +x . orj q,∂ξ‘@I_{♮ q} ++x . orj q,∂ξ, @ ) 4∗ h^{∗ +x. or j q,} [_q

vr wkdw I_{Xq} +x, @ ] 4∗ h^{∗ x} q ⌊_q ↔ h–s ⟩ ∗ h^{∗ x} | dv q ↔ △ z klfk lvd ydolg fgi1 Khqfh wkh olp lwlqj glvwulexwlrq lv

I_X+x, @h–s ⟩ ∗ h^{∗ x} | x ▽ U ¨ 25� , j , +ß W5, 5 D5ȷ wNAWȷ Π 5GT@˝i . LuH

;

431 ♭^l ⊃ Ehuqrxool+λ, vr P^{♭ l} +w, @4∗ λ. λh_w dqg khqfh

P^{Vq} +w, @⟩ P^{♭ l} +w,|_q @ ] 4∗ λ. λh_w ⌊^q vr wkdwli P^q @V^q ∂q

P^{P q} +w, @P^{Vq} +w∂q, @ ] 4∗ λ. λh_{w∂q} ⌊^q

@ ] 4. +h_{w∂q} ∗ 4,λ ⌊^q

@ ] 4. ] w q . w_5

5q_5 . w_6

9q_6 . /// ⌊ λ ⌊^q

↔ h_{λw} dvq ↔ △ 1 Wklvlvwkh p ji ri d glvfuhwh yduldeoh z lwk doosuredelolw— p dvvdwλ1 Khqfh wkh olp lwlqj glvwulexwlrq ri yduldeoh P^q @V^q ∂q @ 4 q q⋃ l@4 ♭^l @♭ +wkdwlv/ wkh vdp soh p hdq udqgrp yduldeoh, lvghjhqhudwh dwλ1

Wklv uhvxowlqglfdwhv wkdwwkh vdp soh p hdq lv d j rrg hvwlp dwru ri wkh sdudp hwhu λ lq d Ehuqrxool vdp solqj h–shulp hqw1 441 ♭^l ⊃ Srlvvrq+ξ, vr q⋃ l@4 ♭^l ⊃ Srlvvrq+qξ, e— p j iv dqg khqfh +e— T5 uhvxow, xvlqj wkh FhqwudoOlp lw

Wkhruhp /^q ⋃ l@4 ♭^l ⊃ Qrup do+qξ>qξ, dssur–lp dwho— dqg khqfh ♭ @ 4 q q⋃ l@4 ♭^l ⊃ Qrup do+ξ> ξ q , dssur–lp dwho— dqg khqfh/ iruϱA 3 S ⌋\ ♭ ∗ ξ \ ⋆ ϱ ⌈ @S ⌋ ξ ∗ ϱ⋆ ♭ ⋆ ξ . ϱ ⌈ ≪ ff ] ϱ √ ξ∂q ⌊ ∗ ff ] ∗ ϱ √ ξ∂q ⌊ ↔ 4 dvq ↔ △ / Khqfh/ ♭ frqyhujhv lq suredelolw— wr ξ ♭ ↔ ξ Qrwh wkdwwklvuhvxowfdq dovr eh suryhg xvlqj p jiv/ dvlq T431

Qrz / li W^q @h–s ⟩ ∗ P^q | / wkhq iru ϱA 3 z h kdyh S ⌋\ W^q ∗ h_{∗ ξ} \ ⋆ ϱ ⌈ @S ⌋ h_{∗ ξ} ∗ ϱ⋆ W^q ⋆ h_{∗ ξ} . ϱ ⌈ @S ⌋ ∗ orj +h_{∗ ξ} . ϱ, ⋆ P^q ⋆ ∗ orj +h_{∗ ξ} ∗ ϱ, ⌈ dqg khqfh S ⌋\ W^q ∗ h_{∗ ξ} \ ⋆ ϱ ⌈ @≪ ff ] ∗ orj +h_{∗ ξ} ∗ ϱ, ∗ ξ √ ξ∂q ⌊ ∗ ff ] ∗ orj +h_{∗ ξ} . ϱ, ∗ ξ √ ξ∂q ⌊ ↔ 4 dvq ↔ △ / Khqfh/ W^q frqyhujhv lq suredelolw— wr h_{∗ ξ}

¨ 25� , j , +ß W5, 5 D5ȷ wNAWȷ Π 5GT@˝i HLuH