M2S1 - EXERCISES 8: SOLUTIONS

1. As X1,..., X, ~ Poisson()\), and given that T} = X, then using elementary properties of expecta-

tions, we have
1 n
Ejr, [T1] = ZEfx Xil= 52 A=)
i=1

so that T} is an unbiased estimator of . Furthermore

n _ n n n n n 2
B L R R0 s S e 5 G
2 2
— 2 e N T e no
— B e B (5%) =i 5 e (5)

From properties of expectations, variances, and the Poisson distribution,

Epy [X?] = Varg, [X]+{Ep [XIP =X+ X =2V +1)

n
Now, from properties of independent Poisson random variables Y,, = > X; ~ Poisson(n)) so therefore,
i=1
taking expectations in the above

By, (T3] :n%ZEfX (X?] - n(nl_l)EfYn V2] = _1§A(A+1)—Mnx(m+1)
:nil)\()\+1)—ﬁ>\(n>\+l):n_l[nA(A+1)—>\(n>\+1)]:)\

2. From the theorem in lectures, and by properties of the Gamma distribution, we can write

(n—1)sp
2

11
~x2_; = Gamma (2 2> —V, = E:lX
1

Vo =

g

11
where X; ~ X% = Gamma (2, 2), so that, using the Gamma expectation and variance results

1/2 1/2
/ :1:# Vaerv [Xz]zi/ :2:0’2

1/2 : (1/2)?

say. Hence, by the Central Limit Theorem,

Efxi [Xi] =

Vam(=Vp _Vo=(n=1) a , oo
V12 2m-1) 01

Hence, substituting in the definition for V,,,

(n—l)s%_(n_l) 1(2 2)
2 _Vn—1(sp—0") a ,
2(n—1) B 02v/2 Z~ N0

a?\/2
vn—1

24
si&anN(UQ, ? >

and finally, by a location /scale transformation to Z, = o2 + Z, we have

n—1
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3. Xi,.., Xy ~ Gamma(a, B) so that By, [X;] = a/f and Vary, [X;] = a/f? so that

2 2 1
Ein [Xﬂ = Val”in [Xz] + {Efxi [Xz]} = % + <g> = CM(OJﬁ;-)

Hence for the method of moments estimators dyys and 3 v eed to solve the following:

FIRST MOMENT Solve - Z %
ni=1
12 1
SECOND MOMENT Solve Sy e =@+ 82=2 (O‘ﬂj )
ni=1
o 1 2 L&, 9
where S* = — > (z; —T)" = = Y 27 — (T)
ni=1 N i=1
Elementary algebra gives
P
QMM = “g3 Pum = g3
5. (i) For 6 >0
n n n 6—1
STEP 1 LO) =TI fx(zi;0) = [ 0297 = 0" (H ZL‘Z>
i=1 i=1 i=1
STEP 2 log L() =nlogf+ (0 —1)> logz;
i=1
d n R n
STEP 3 70 {log L(0)} = % + > logx; =0 = Opr =-n/ > logx;
i=1 =1
d? n
STEP 4 —5 {log L(#)} =-—=5<0 for all 6
db 6
Hence X n n
ESTIMATE : Oy = ——— ESTIMATOR: —
> logw; > log X;
i=1 i=1
(ii) For 6 >0
n n ) n _(9""2)
STEP 1 26) =1 et = L0+ 07 =0+ 17 (1)
i=1 i=1 i=1
STEP 2 log L(#) =nlog(f+1)—(0+2)> logx;
i=1
d n R n
STEP 3 C NogL(B)) = - —Sloga; =0 = Oz =n/> logz; —1
dg 9 + 1 i=1 i=1
STEP 4 d—Q{lo L)} =——— <0 foralld
d? " ICEEE
Hence R n n
ESTIMATE : fy;, = ———— — 1 ESTIMATOR: = ——— — 1
Z log ; > log x;
= i=1
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(iii) For 6 >0

STEP 1 LO) =] fx(x;0) = [] 0*zsexp {—0z;} = 6" (H xl> exp {—9 > xl}
i=1 i=1 i=1 i=1
STEP 2 log L(A) =2nlogf+ > logx; —0) z;
i=1 i=1
2 n . 2
do 0 =
> T
i=1
d? 2n
STEP 4 — {logL(#)} =—— <0 for all 6
do 6
Hence 5 5
ESTIMATE : 7, = —— ESTIMATOR: = ——
D, i > Xi
i=1 i=1
(iv) Because of the constraint in the pdf that x <6
" [1 20%z;% = 2n6*" <H xi_?’) 0 <x1,..,2y
STEP 1 LO) T fx(zi0) == =1 =1
i=1
0 otherwise
STEP 2 log L(#) =nlog2+2nlogh —3 > logx;

i=1

At this point we note that the likelihood is monotonically increasing in #, and hence the likelihood is
maximized when @ is as large as possible but so that the constraint 8 < x4, ..., x,, is still satisfied, hence

ESTIMATE : 7, = min {21, ..., z,} ESTIMATOR: min {X, ..., X,,}
(v) For 6 >0
n n 0 n
STEP 1 LO) =1] fx(zi:0) =] (2> exp {—0|z;|} =27"0" exp {—9 > |x,]}
i=1 i=1 i=1
STEP 2 logL(#) = —nlog2+nlogl —6> |z
i=1
d n A
STEP 3 L flogL(0)} =2 - |nil=0 =  Oyp=-—1
" ’oE > [ai
i=1
d? n
STEP 4 e {logL(0)} = 5 <0  foralléd

Hence R n
ESTIMATE : 0,1, = - ESTIMATOR : —_—

D [l 2 |il
i=1 i=1

(vi) Because of the constraint in the pdf that 61 <z < 6,
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N L
STEP 1 L(61,65) ﬁ Fx(ai) = 4 =1 (02 —061) (02— 61)

=1

01 <x1,...,2p < 02

0 otherwise
STEP 2 log L(Gl, 92) =N log (92 — 91)

At this point we note that the likelihood is monotonically increasing in #;and monotonically decreasing
in #5, and hence the likelihood is maximized when 6 is as large as possible and when 65 is as small
as possible, but so that the constraint 61 < x1, ..., 2, < 03 (and 03 > 61) is still satisfied, hence

01001 =min{zy,...,z,} 01 min{Xy,.., X,}
ESTIMATE : ESTIMATOR:

Oonr1, = max{zy, ..., Ty} 6>  max{Xi,..X,}

(vii) Noting the constraint in the pdf that x > 62, we have

n n n —(01+1)
STEP 1 L(01,02) = 1 fx(w5:6) = [T 0,051, Y = gront <H ac)

=1 =1 =1

0 S Llyeeeyp < 92
STEP 2 log L(Ql, 92) = nlog i + nblog by — (91 + ].) Z log z;
i=1
0
STEP 3 —— {log L(01,62)} +nlogfy — Z logz; =0
00, 91 =1

~ n
= b =

n

> loga; — nlogBanrr,
i=1

oy

892 {IOgL(01792)} = 92

The second of the partial derivative equations indicates again that the maximum of the likelihood occurs
when 6 is as large as possible, that is, when 055/, = min {z1, ..., z, } .Hence

. n
hmr =+
[Z log x; — nlog {min {zq, ..., xn}}]
i=1
ESTIMATES
Oopsr, = min{xy, ...,z }
0 — z
[Z log z; — nlog {min { X1, ,Xn}}}
i=1
ESTIMATORS:

0y min{Xy,..., X}

5. Follow the four step procedure that can be summarized as follows: for an observed random sample
X1, ..., Ty from a distribution represented by mass/density function fx(x;6)
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STEP 1 : Form the likelihood function L(6)

L(0) = [ fx(x:;0)
i=1
STEP 2 Take (natural) log to obtain log L(0)

STEP 3: Find the value of 6 at which log L(#) (and hence L(6)) is maximized within the parameter
space © by differentiation

STEP 4: Check the maximum value has been found.
Formally, we define the maximum likelihood estimate of 6, 001 L, as

011, =arg max L(0)
0

Hence, for the Poisson(\) case

STEP 1 L) =11 fx(zi; A) = ﬁ

STEP 2 log L(A) =—>logx;! —nA+ <E xz) log A
i=1 i=1
d n 1 N 12 _
STEP 3 —{logLN)} =-n+ (> =) —=0 = AML=—Y,T; =71
dA i=1 A ni=1
d? n 1
STEP 4 ——s{logL(\)} =—(>zi) =<0 for all A
) i=1 A
Therefore R
ESTIMATE : \yy, =7 ESTIMATOR: X
1 mn
and from question 1 on this sheet, we know that if T} = X = - > X, then FE fry [T1] = X and T3 is
i=1
unbiased. Now, if
r=7(\)=e " so that A=—logT

and we can reformulate the likelihood in terms of 7, giving

n n
log L(1) = — Z log z;! + nlog T + (Z a:Z) log(—log )

i=1 i=1
n
<sz) n 1 —
~EL 2 o= %ML:eXp{—nzlxi}:exp{—x}
1=

—1logT T

and

d
—{log L =
= {log ()}
which can be shown to be the value that maximizes the likelihood, so that
Faur () =7 (XML)

6. Noting the constraint in the pdf that > n, we have

M251 SOLUTIONS 8: page 5 of 8



STEP 1 LN =1]] fx(z;;0) =11 /\exp{—/\(a:i—n)}—)\”exp{—)\z (xz-—n)}
i=1 i=1 i=1
n < x1,..., Ty, zero otherwise
STEP 2 log L(A,n) =nlogA =AY (x; —n) =nlog\—A> x;+nA\n
i=1 i=1
0 n 2 . n
STEP 3 —{logL(\,n)} =—+> xi—mn=0 = AL = ——
) YT A n )
> Ti —ni]

i=1

0
5 e LAm)} =)

The second of the partial derivative equations indicates again that the maximum of the likelihood occurs
when 7 is as large as possible, that is, when 7 = min {z1, ..., z,, } .Hence

n n

AL = = —
x; —nmin{zy,..., Ty} > (x; — min{zxy,...,zn})
i=1

-

1

7

ESTIMATES
7 =min{zy,...,x,}
\ = n
Z (Xl — min {Xl, ceey Xn})
i=1
ESTIMATORS:

n min{Xy,..., X,}

7. Xi,...,Xn ~ Exponential(1/0) so that E¢, [X;] = 6 and hence, using standard mgf techniques, we

have

. 1
X:ZXiNGamma (n,) = Es [X] =

' 7 =nd
1=1

SRS

— 1
so that if 71 = X = —X then
n
1
Ele [Tl] = En@ = 9

and hence 77 is an unbiased estimator of 6.
Now if Y1 = min{X3, ..., X;,}, then previous order statistics results give that

Fry) =1-{1- Fx()}" =1-{1- (1-¢/") }n =10y

so that Y7 ~ Exponential <%> Hence if T5 = nY; then

0 0
B, Ml=2 B m=nl =

and hence Ty is an unbiased estimator of 6.

1 —(0-1 — 1
fx(x):§ f—-—1<zx<6+1 Fx(x):x (Z ):x §+ 0—1<zx<0+1
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Ef, [Xi] = 0 (by integration, or by noting that the pdf is constant and hence symmetric about #) and

hence, using standard expectation techniques, we have that if T} = X

1 — 1 1
EfT1 [Tl] = ﬁZEin [Xz] = Eze = En& =0
=1 i=1

and hence 77 is an unbiased estimator of 6.

Now if Y1 = min{X}, ..., X;,}and Y;, = max { X1, ..., X,,}, then previous order statistics results give
that

n—1 n—1
i) =nfx ) {1 - Fx(y)}"" Zn;{l—W} :g{Hgy} -1 <y <0+1

and

1-0+y

n—1
P (0) = nfxw) (Fx ()" =g {y‘("‘”} _n { 2

n—1
} 0-1<y<6+1

For the expectations,

0+1 n 1+0_y n—1
Ep, M) =/ yz{zz} dy

6-1
n !
:2/ (L+0)—2t)t" 124t settingt =(1+6 —y) /2y =(1+60) — 2t
0
1 1
:(L+®/‘m”4ﬁ—2n/t%h
0 0
2n
=(14+6)—
(1+6) n+1

and

Efyn [Yn] :/ y§ {2} dy

9-1
n (!
:2/ (2t — (1 —0))t" 124t setting ¢ = (1 — 0 +y) /2y =2t — (1 —0)
0
1 1
:2/1mﬁﬁ—ﬂ—ﬂX/nﬁ4ﬁ
0 0
2n
= —(1—-4
n+1 ( )

so that if M = (Y1 +Y,,) /2 then by properties of expectations

n 1

n+1 2

g [M] = 5B DA+ 3B, 1] = |50 +0) - 2] | (1-6)]=0

and hence M is an unbiased estimator for 6
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9. (i) For A >0

n n )\2 )\271 n n
STEP 1 LX) = fx(xi; A) = ——zexp{—\v;} = ———= ( 1:1> exp {)\ T;
W= L) = pgyeieet=ant = gy (1 &
STEP 2 log L(A\) =2nlogA —nlogl'(2)+ > logz; — A > =
i=1 i=1
d 2 n N 2
STEP 3 “{logL(\)} =22 S ay=0 =  dyp= —2
df A O i .
=
d? n N

n
Hence the estimator is 2n/ (Z XZ->
i=1

(ii) The result from q. 4 can be generalized so that for any function 7 = 7(\)
Far (A =7 ()

which is referred to as the invariance property of maximum likelihood estimators. Thus we must
have that the ML estimator of 7 = 1/ is

n

T:%Z&

i=1

Now, using mgfs, it is straightforward to show that

n 1 n
Z Xi ~ Gamma(2n, \) T = o Z Xi ~ Gamma(2n,2n\)
n
i=1 =1
so that
on 1 on 1 1 1\?> 2n+1
fT[ ] 2\ Y VarfT[ ] (2”)\)2 277,)\2 fr |: ] 277,)\2 + <)\) 27’1)\2

(iii) Using the Central Limit Theorem we have that

n 2n
2 Xi—~
=l 4, Z ~ N(0,1)
2n
A2
so that, dividing through by 2n
1

A L, 7~ N(0,1)

[ 1
2n\?

1 1
T~N(= —
(A 2n)\2>

and as n — oo then variance tends to zero, and hence for € > 0

and hence, approximately

1

PHT—i‘<%—H1TJQ
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