M2S1 - EXERCISES 6: SOLUTIONS

1. We have the marginal of X given in the usual way from the joint density by

(o) = | " fxy(e,y) dy = /O T har @l i@y 2> 0

as we have the density being positive only when arguments x and y are positive. Hence

fx(z) = /0 Fxpy @) fy (y) dy = /O yey””rﬂ(a)yaleﬁy dy = Fﬂ(a)/o ylatl)=le=(B+o)y gy

ﬂa I'a+1 aﬂa
) <ﬁ(+:c>a+)1 = Grapn 220 aTle+l)=al(a)

(integrand is proportional.to a Gamma(a + 1, 5 + x) pdf). Hence X ~ Pareto(a, f3)

2. To compute the joint density fy; y,, use the multivariate transformation theorem; we have

Vi =gy +01y/1—p? X1+ 01pXo Xi =(Yl—u1)/(01\/1—P2)—P(Yz—ug)/(02\/1—P2>

=
Y, :M2+02X2 X5 :(Yé—uz)/o'Q

and hence the Jacobian J(y1,y2) is the modulus of the determinant of the matrix of partial derivatives;

1 —p
o1 —p? o091 —p? 1
Tnae) = L || e
192 -
0 —
02

as 01,09, and /1 — p? are all positive quantities. Hence the joint pdf fy,y, is given in terms of the
joint pdf fx, x,by

1 1
Iviye Wi, y2) = fxo xo (21, 22)J (y1,92) = 5 &XP {—2 (23 + x%)} J(y1,92)

where
21 = (1 — )/ (011 = p?) = p(y2 — p2) /(021 = p?) w2 = (y2 = pa) /02
for fixed (y1,y2) define the inverse transformations. Now,
2
2403 = ((n = m)/(V/T=02) = plye = 1) (02v/T= 7))+ (92 = o) [r2)”

i m)? PP — ) 200y — ) (Y2 — pe) | (y2 — po)?

= - +
o2(1—p?) o3(1 —p?) o102(1 — p?) o3
1 (=) | (2 —p2)®  2p(y1 — 1) (Y2 — pio)
- 2 2 + 2 -
(1 —pP ) 01 05 0102

and hence using the transformation result we have

Py (yv2) = x5 (1 — )/ (01v/1 = p?) = p(Ya = p2) /(021 = p?), (y2 — p2) /02) I (41, 2)

1 1 1 [(yl —m)? | (2 —p9)® 20(y1 — ) (2 — uz)} }

= ——————exps — +
2T 0'%0'%(1 — p2) { 2(1 — p2) O'% O'% 0102
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This is the Bivariate Normal pdf; we say that (Y7,Y2) have a bivariate normal distribution. Note that
this function is symmetric in form; we can exchange the triples (y1, py,01) and (y2, py, 02) without
changing the functional form. Note finally that, in vector form we have the pdf in the form

11 1 Tw—1 2
i ya(Y1,92) = %IET” eXP{ 5(}’ ) X (y H)} y €ER
where
_ |:y1] _ |:,U1:| Y — [ ‘7% pPo102 } -1 1 [ U% —po102
Yo Lo po102 03 0303(1 — p2) | —poroa  of

Now, could compute the marginal pdf of Y7 and Y5 by integrating out from the joint pdf, for example

fvi(y1) :/io Iviye (W1, y2) dya

_ [T L 1 ond L [l m)? e =)’ 20— m) (Y2 — po)
- / oio3(1 - p?) p{ 2( [ 2 T 2 } }dyz

oo 2 1—p?) o7 o5 0,02

Setting t1 = (y1 — p1)/01 (a constant), and substituting to = (y2 — uy)/02 in this integral we obtain

t] +t5 — 2ptits] } dts

() = \/0117_/ exp{ 11;)2)[

and can complete the square in the exponent as 3 + t% — 2ptits = (ta — pt1)? +t2(1 — p?), so that

(t2 — pt1)* +7(1 — )]}dtz

fvi(y1) _27r\/17/ eXP{ 11p2)[

1 1 1 o0 (t2 — pt1)?
= ——————exp —tQ}/ exp{— dto
2 /o (1 — p?) { 2 ) 2(1—p?)
1 1 { 1 2}
= ——F————¢exXpq — =7 27r(1 — p?)
2 /ot (1 - p?) 2

as the integrand is proportional to a Normal pdf with expectation pt; and variance (1 —p?). Therefore,
cancelling terms and substituting back in for y; we have

_ 1 1(y1 — m)?
fY1(yl) - WeXP{_QU%}

so that Y7 ~ Normal(u,,0%). By symmetry, we have that Yo ~ Normal(py, 03).

Note also that we have that Y3 = py + 02 X5 implies Y2 ~ Normal(usy, 03) from elementary properties
(location/scale transformations) of Normal random variables. For the conditional distributions, can use
elementary properties of Normal random variables again, that is, given Yo = ys so that Xo = (y2—pus) /02

Vi = py 401V 1 — p2X1 + a1p(y2 — py) /o2 ~ Normal(py + o1p(y2 — py) /o2, 01 (1 — p))

that is, via a location/scale transformation Y7 = a + bX with a = py + o1p(y2 — py)/02 and b =
o1y/1 — p?, and similarly for the conditional for Y5 given Y; = y;. Note that the conditional densities
can also be computed from the definition

 viyva(y1,92)
fY1|Y2(y1|y2)_ sz( )
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To compute the correlation, first compute the covariance using the Iterated Expectation result;
calculate

Covyy ty, (Y1, Y2] = Epy gy [Y1Y2] — Eyy [Y1] Efy, [Y2]
where, by the Law of Iterated Expectation

Ele,fYQ [Y1Y3] = EfY2 EfY1|Y2 [Y1Ya|Ys = yQ]]
and as Ya[Ys = y> ~ Normal(uy + ovp(ys — pa)/o2, 031 — 1)

Efy v, M1Y2|Y2 = y2] = (g + 01p(y2 — 112)/02) 2

and hence
Efy (B, MY2lYa=12]| = Ep, [(11 +01p(Y2 — pg)/02) Y2
= (m — 01pe/02)Eyy, [Ya] + 01pEy,, [Y5] /o2
= (g — o1ppa/o2) g + o1p(pih + 03) /09
= pupiy — 01pp3 /02 + 01pp5 /09 + o109p
and hence

Efy, . fv, [Y1Ya] = pypy + 0102p
Coviy, py, V1. Y2] = Ep g, 1Y2] = Ep, ] Ep, [Yo] = pipg + 01020 — pypiy = 0102p
so that, finally,
Covfypfy2 [Y1,Y2] _ o109p

\/\/aurfy1 V] Vary, [Yo]  Voio3

COI"I"le vy [Y1,Y3] =

3. We have, for the inverse transformations

2, = =TTog T cos (2xT) Uy =exp {—2 (27 + Zz)}
<~
Zy = +/—2logUj sin (27rU2) U, = i arctamé
2w 1

The range of the new variables is R x R. The Jacobian of the transformation (U1, Us) — (Z1, Z2) i

8u1 8u1 { 1 2 2 } { 1 2 2 }
_— — 21 ex —= |27+ z 29 €exX ——= |27+ z
921 0z vexp—p (B 2) g mep g (4 2)
8U2 8u2 i Z92 i Al
0z1 0Oz 2m 2% + 22 2m 22 + 22
1 22 1,5 1 2 1,5
o z% + z% exp{ 2 (Zl + z2) + 2 z% + z% P 2 (zl +Z2)

Hence the joint pdf is

1 1 z2
70,2, (z1,22) = fov, <exp {—2 (z% + z%)} S arctan ) J (21, 22)

21

1 1 1
= 1x 27Texp{—Q (zf—i—z%)} :27Texp{—2 (z%—l—z%)}.

we

S
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for (21, 22) € R% Note that
I71,2, (21, 22) = [z, (21) [z, (22)

where
1 1 1 1

Iz (Zl):meXP{_2Z%} [z, (ZQ)Z%QXP{_QZS}

so, in fact Z; and Z, are independent standard Normal random variables.

4. From first principles

Fx(z) = P[X < 2] =P[-BlogU <z] = P [U > exp{—;}] —1-Fy <exp{—g}) .

But U ~ Uniform(0,1), so Fyy (u) = u for 0 < u < 1, so

T

e 1o 2]

and so X ~ Exponential(1/).

(i) sum k Exponential(\) variables X7, ..., Xj, generated independently using the transformed uni-
form random variables Uy, ..., U, where

1
X, = Y log U;

(ii) events in a Poisson process with rate p.can be obtained by taking cumulative sums of the inde-
pendent exponential random variables from part (i):

: 1
T, = ZXj X; =——logU; with Uj ~ Uniform(0,1)
: u

J=1

(iii) v is an integer, by definition of the Chi-squared distribution, and we have that if Z ~ N (0,1),
then X = Z2? ~ x2. But also, using the addition result for independent Gamma random variables
we have that

v
Z1y s Zy ~ N (0,1) =Y =) Z}~ 2
i=1

We can simulate Normal random variables using the method from question 3.

(iv) By the result from lectures, simulate
Z ~N(0,1) and V ~ x?

independently using the previously described methods, then take
Z

VV/n

T =

which is a Student(n) random variable.
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