M2S1 - EXERCISES 4: SOLUTIONS

1. The cdf of X, Fx is given by

FX(x)—/ fX(t)dt—/4t3dt—:1:4 0<z<l.
—00 0

(a) Y = X% so Y = (0,1), and from first principles, for y € Y,
Fy(y) =P[Y <y]=P[X'<y]=P[X <y ]=Fx@y'/)=y =friyy=1 0<y<l
(b) W = eX, so W = (1,¢), and from first principles, for w € W,

Fy(w) = P[W<w]=P[eX<w]=P[X <logw]= Fx(logw) = (logw)*

M 1<w<e

= fw(w) =
(¢) Z =logX, so Z = (—00,0), and from first principles, for z € Z,
Fz(2)=P[Z<z]=PllogX <z2]=P[ X <e”] = Fx(e*) = ¥ = fz(2) = 4e** —00<2z<0
(d) U = (X —0.5)% s0 U= (0,0.25), and from first principles, for u € U,
Fy(u) =P[U<Lu]=P[(X-05)?2?<u]=P[ —yu+05<X < u+0.5]
= Fx(vu+0.5) — Fx(—yu+0.5) = (0.5 + vu)* — (0.5 — Ju)*

— Julu) = \;; [(05 4+ V) + (05 — va)?] = * ;r\/lgu

0<u<0.25

To find the decreasing function H on (0, 1); need Fy/(v) = v, 0 < v < 1, that is, need

P[V < w]=P[HX)<v]=v=P[X>H '(v)]=v=1-P[X<H '(v)]=v
= {H_l(v)}4:l—vandhenceH(v):1—v4

2. We have fr(r) =6r(1 —r), for 0 < r < 1, and hence
Frir)=13(3—-2r) O<r<l1

Circumference: Y = 27R, so Y = (0, 27), and from first principles, for y € Y,

3y 23
Fy (y) :P[ng]:P[QﬂRﬁy]:P[ng/zﬂ']:FR(y/Qﬂ—):m_@
6y
— fr(y) 2787T3(27r—y) 0<y<2m

Area: Z = 7R?, so Z = (0,), and from first principles, for z € Z, recalling that fg is only positive
when 0 < z <,

Fy(2) :P[zgz]zp[wmgz]zp[}zgW]ZFR(W):%_2{E}3/Q

— fz(2) =3n32(J/T—-2) 0<z<m.
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3. By integration

= [ o (55 a- () [ (e3) e

IfY =log X, then Y =R, and

Fely) =PV <y]=P| logXSy]zP[XSew=Fx<ey>=1—(1+ey)a

a+1
= fr(y) :gey(ﬁfey) yeR

If Z=¢+0Y, then Y = (Z — £)/0, so the density of Z can be found easily using transformation

techniques
a+1
ERCWERY CANN
fz(2) ﬂe (ﬁ—I—e(Z@/@ 5 zeR

4. Basy to see that fxy(z,y) = fx(x)fy(y), with X?) = X x Y, so X and Y are independent, where
27 2y > L
fx(@)=ve—  frly)=+ve—  and > fx@)=1=+ec=e
x! y! e

(marginal mass functions must have identical forms as joint mass function is symmetric in « and y) as
the summation is identical to the power series expansion of e* at z = 2 if \/c = 2.

5. Fxy is continuous and non decreasing in x and y, and

lim Fyy(z,y)= lim Fxy(z,y)=0 lim Fxy(z,y)=1
T—>—00 Yy—>—0 T,Yy——00
so Fxy is a valid cdf, and
2 —x

0 e
fxy(z,y) = 54,00 {Fxy(tit2) by, —ptymy = W( = fx(x)fv(y)

1+4?)

so as X0 = Rt x R, X and Y are independent.

6. (i) If X(®=(0,1) x (0,1) is the (joint) range of vector random variable (X,Y). We have
Ixy(z,y) =cx(l—y) 0<zr<l, O0<y<l1

so that
fxy(z,y) = fx(x)fy(y) and X® =X xY

where X and Y are the ranges of X and Y respectively, and

fx(@)=cz and  fy(y) = c2(1-y) (1)

for some constants satisfying cjca = ¢. Hence, the two conditions for independence are satisfied in (1),
and X and Y are independent.
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(ii) We must have

00 oo 1 rl
/ / fxy(z,y) dedy =1 ¢l = / / z(1—vy) dedy =1
oo 0 0 Jo

/Ol/olzv(l—y)dxdy—{/ledx}{/ol(l—y)dy}_;X;_i

(iii) We have A = {(z,y) : 0 < x <y < 1}, and hence, recalling that the joint density is only non-zero
when z < y, we first fix a y and integrate dz on the range (0,y), and then integrate dy on the range
(0,1), that is

P X <Y | :/A/fx,y(x,y) dxdy:/ol{/oyllx(l—y) dm}dy:/ol{/oyxdx}él(l—y) dy

1 1
2 1 1
= [ 2201 =) dy = |93 — 94| ==
/Oy( y) dy [3?4 21/]0 G

7. The joint pdf of X and Y is given by

and as

we have ¢ = 4.

fxvy(z,y) =24zy x>0,y>0, z4+y<1
and zero otherwise, the marginal pdf fx is given by

00 11—z 271—2x
fx(x) = / fxy(z,y) dy = / 24xy dy = 24x [yQ] =12z(1 — z)? 0<zr<l1
—00 0 0

as the integrand is only non-zero when 0 < z 4+ y < 1= 0 <y < 1 — x for fixed x

8. First sketch the support of the density; this will make it clear that the boundaries of the support
are different for 0 < y <1 and y > 1. The marginal distributions are given by

fx(x) = /Oo fxy(z,y) dy = /j 1 dy = i(logx —log(1/z)) = log 1<z

/o 222y 222 x2
> 1 1
/ dr = = 0<y<1
0o 1/y 272y 2
Iy (y) Z/ Ifxy(x,y) dv =
/ 5,2 de = — 1<y
y 2Ty 2y
Conditionals: 1
— 1l/y<zif0<y<1
fxy(z,y) 22y /
fxy(zly) =
fy(y) Y .
-3 y<zifl<y
T
fxy(z,y) 1 .
= ) = 1 <y< fz>1
Frixtole) = LB e Wp<y<aita

Marginal expectation of Y;

e’} 1 (e}
Y 1
Bl V)= [ up@dy= [ Sy [ dy=o
0 1 Y

—00

as the second integral is divergent.
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