M1S : EXERCISE SHEET 7 : SOLUTIONS

1. (i) Density function must integrate to 1 over X = [0, 1], so

! ! 2 22 3
/fx(x)dx:1:>/cx2+xdx:1:>[c—+—] =l=c= 2
0 0 37 2], 2
(ii) Distribution function Fx given for 0 < z <1 by
28+ 2?

Fx(z) :/0 Ix@®) dt = 5
and Fx(z) =0for z <0, and Fx(z) =1 for z > 1.
(ili) P[ X < 1/2] = Fx(1/2) = 3/16.

(iv) From definition of conditional probability

P[X>1/2, X>1/4] P[X>1/2] 1-Fx(1/2) 104

P X>1/2|X>1/4]=

P[ X >1/4] TP[X>1/4] 1-Fx(1/4) 123
(v) Y ~ Binomial(200,8) where
7
0:P[Yi:1]:P[X<1/6]:FX(1/6):m
Then
P[Y<3]=P[Y=0]+P[Y=1]+P[Y=2]+P[Y =3]=0593
2. Density function must integrate to 1 over X = [—1,1], so

/lfx(x) dr=1=¢c=
-1

Distribution function Fx given for —1 <z <1 by

Fe(@) = [ fx(0) di = [?j{—%]zg(x_%) .2

and Fx(z) =0for z < —1, and Fx(z) =1 for z > 1.
3.(i) Density function must integrate to 1 over X = [0, 7/2], so

7'I'/2 77/2 12
/ fx(x)dze=1= cx(w—x)dx:1:>c:ﬁ
0 0

(i) X=1[0,7/2] = Y =[0,1/2], and distribution function Fy given by
Fy(y) =P[Y <y]=P[ sinX <2y ] =P[ X <sin™'(2y) | = Fx (sin™ (2y))
as sin is monotone on [0,7/2]. Hence by differentiation with respect to y,

fr®) = ———fx(sin' @) 0<y<1/2

V1 —4y?

and zero otherwise.
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4. By differentiation, fx (z) = 2ze=®", z > 0, and zero otherwise

5. Need to consider ranges of integration carefully;
T
/tdt = z2/2 0<z<1
0
FX (.’IJ) =
1 T
/ tdt+/ 2-t)dt =2z—-2%/2-1 1<z<2
0 1

and Fx(z) =0for z <0, and Fx(z) =1 for z > 2. Hence P[0.8 < X < 1.2 ] = Fx(1.2) — Fx(0.8) = 0.36.

6.0)) PIT>3|A]=1-P[T<3|A]=1-9((3-2)/(3/4))=1-3(4/3)
(ii) By the Theorem of Total Probability

P[T>3]=P[T>3|AP(4) +P[ T > 3 |BJP(B) = (1 — $(4/3)) x 13—0 +(1— (—4/3)) x %

(iii) By Bayes Theorem
P[T > 3 |A]P(4)
P[T>3]
o obtain final answer by evauating ®(4/3) via statistical tables, and noting that ®(—4/3) =1 — &(4/3).

PAT>3]=

7. (1) X ~ Ezponential(1) = Fx(z) =1—e7® for x > 0,50 Fx(z) =1/2 = z = log 2.
(ii) log X ~ Normal(u,d?), so
Fx(z)=1/2—=P[ X <z ]=1/2=P[(logX — p)/o < (logz — p)/o] = 1/2

= O((logz — pu)/o)=1/2 = (logz —pu)/o =0=logz = p = z ="

TUTORIAL
By differentiation
e$
—_— R
(a) 1+ ev)? T €
(b) aXz® L exp {—Az® — e~ 2"} z € Rt
(c) arz®le=2e" z € Rt
For part (ii), by careful integration
(0 z<0
z? 0<z<1/2
Fx(z) = <
6z — 322 — 2 1/2<z<1
! z>1
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