M1S : EXERCISE SHEET 10 : SOLUTIONS

1. Joint mass function: by inspection (i.e. by counting sample outcomes)

X fr(y)
1 2 3 4 5 6
1 P 2p 2p 2p 2p 2p 11p
2 0 p 2p 20 2p 2p 9p
Y 3 0 0 p 2p 2o 2p Tp
4 0O 0 0 »p 20 2p 5p
5 0 0 0 0 p 2 3p
6 0 0 0 0 O p p
fx(z) |p 3p 5p Tp 9 1lp

where p = 1/36. Column totals specify fx (z) obtained from the joint mass function by summation over range of
values of Y. Similarly, row totals give fy (y).

Conditional mass functions given by rows/columns divided by their totals. For example, consider the conditional
mass function for X, given that Y = y defined by

y) PX=gzY=

To calculate the conditional mass function for X, given that Y = 1, say, take the row corresponding to Y =1,
and divide by that row total (11p), giving

Fy@D) =1/11 fxy@ID) =2/11 fxy(2I1) = 2/11

Fxiy(41) =2/11 fxy(5]1) = 2/11  fxv(6]1) =2/11

X and Y are not independent as, for at least one pair (z,y), fx,v(z,y) # fx (@) fr(y).

52
2. For pairs (z,y), fx,y(z,y) =P X =2,Y = y] = ngy/n say, where n = ( 2) (number of ways of choosing two

cards from 52). Using combinatorics arguments,

( 44
9 z=y=0
44\ (4
z=1y=0o0rz=0,y=1
gy = 4 1 1
Ty — 4
9 z=2,y=0o0rz=0,y=2
4\ (4
= :1
S OIO RS

Hence the joint mass function is specfied by

X
0 1 2
0 ]0.7134 0.1327 0.0045
Y 101327 0.0121 0
2 | 0.0045 0 0

Marginal mass functions fx and fy calculated as row/column totals, and X and Y are not independent as, for
at least one pair (z,y), fx,v(,y) # fx(2)fy (¥)-
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3 fy(y) = / fxy(z,y) de = / yle ¥V dz=e7Y, y>0,= Y ~ Ezxponential(1).
o) 0

4. Note that joint density is only non-zero when 0 <y <z < 1.

fX($)=/mfx,Y(w,y) clyz/;w‘1 dy=1 0<z<1

—0o0

[oe] 1
fr(y) = / fxy(z,y) de = / gl dr=-logy 0<y<l1
. y

frix(ylz) = %;7((2’)!/) =z! 0<y<uz

y y
PIY <y|X=2]=Fyxtul) = [ frixttin) di= [ o7at—y/z 0<y<a
—00 0
5.(1) Need / / fx,v(z,y) dedy = 1. Hence

o0 o] 1 1
/ / fxy(z,y) dedy = / / ez +2y) dedy=1= c=2/3.
—o0 J —o0 0 0

(ii) By definition

1/3 p1/2
PIX<1/2, Y S13) =Fay(/213)= [ Fxov (@,y) dady

—0o0 —0o0

/8 p1/2
= / / 2(z +2y)/3 dzdy = 7/108.
o Jo

(iii) Marginal densities

i@ = [ ey dy= | e+ dy=2w+0/s 0<a<

)= [ " ey (@) do = / 2o+ 2)/3de=(dy+1)/3 0<y<l

(iv) By definition

P[Xsl/Qa Yﬁl/?’] _ FX,Y(1/271/3)

PlY<1/3|X<1/2] =

P[X<1/2] —  Fx(1/2)
7/108 _ 7/108 _ 7/108 7
1/2 - - 45/108 45

1/2
fx(z) dz / 2(z+1)/3 dz
0 0
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6.(i) Fx,(z) =1—e 2% for > 0,4 =1,2. Then if U = Min {X;, X}, for u > 0,
Fy(u) =P[U<u]=P[Min{X;,Xo}<u]
=1-P[Min{X;,Xo}>u]=1-P[ X1 >u,Xo>u]=1-P[Xi>u]P[Xo>u]
=1-(1-P[X; <u])Q1-P[X2<u])=1—e Mug v
— 1 e~(itA2)u
Hence U ~ Ezponential( A + X2).
(ii) If V = Max { X1, X2}, then for v > 0,
Fy(v) =P V<v]=P[Max{X1,X2} <v]
=P[X1<v,Xo<v]=P[ X1 <v]P[X2<v]
= (1 — e M?)(1 —eH2v)
(iii) If T' = X; + X, then the range T = R, and so for ¢ > 0, let A; be the region of R? defined by
Ay ={(z1,22) 1 21 > 0,29 > 0,21 + 22 < t}

that is, the triangular region bounded by the three lines 7 = 0, zo =0 and zy +z2 = ¢t. Then P[T <t ] =
P[ (X1,X32) € A ], and hence

Fp(t) :/At /le,XQ(xl,xg) dridzy = /Ot{/ot—w2le(x1)fX2(x2) dxl}dxg

t t—x2 t
:/ {/ A~ ME dxl} Aoe~22%2 1, :/ (1—e_)‘l(t_“)))\ge_)@“dxg
0 0 0

¢ ¢
= / )\26_)\2w2dx2 _/ )\26—(A1(t—w2)+)\2w2)dx2
0 0

t
— (1 _ e—)\zt) _ )\26—)\175/ e—()\Q—)\1)w2d$2
0

Hence, for ¢ > 0,

—A1t _ —Aat
1— )\26 )\16 )\1 ;é )\2

Fr(t) = A2 — A1
1- (1 + )\t)e"‘t Al= A=A

and so by differentiation, for ¢ > 0,
)\1)\2 (e—)qt - e—>\2t)
fr(t) = A=
A2te— At Al= A=A

AL # As

Note that this result is a special case of the convolution theorem, and the solution indicates how the derivation
of the convolution theorem works.
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7. Assuming that X and Y are independent in each case;

BINOMIAL: For t = 0,1,...,nx + ny,

Z Ix@)fy(t—z)= Xt: (n;()Q‘”(l —g)nx—= (tn—Yx) gt=o(1 — )y —t+e

T=—00 z=0

= Z (nX) (t _ x) gt (1 — gynxtrr—t = (nx —:ny) gt(1 — g)nxtnv—t

Hence T' ~ Bin(nx + ny,6).

POISSON: For t =10,1,2, ...,

t

)\lw _)‘1 )\2t—w _)‘2
fo My (t—z) = Zx!e (t—x)!e

T=—00 z=0

_ Qi+ ) i ¢ T G R Y 2 (ata)
! = T )\14‘)\2 AL+ A t!

t
/ 2
Hence T' ~ Poisson(\ + A2).

GEOMETRIC: For t = 2,3, ...,

t—1

> Sx@elt-a) = Y- 678 (1) = (¢ - DFF(1 - 6)"
= —co z=1
Hence T' ~ NegBinomial(2,0).
EXPONENTIAL: For £ > 0,

= /00 fx@)fy@t—z)dz = /Ot)\e_)‘w)\e_)‘(t_w) dz = \2te M
Hence T' ~ Gamma(2, \).

NORMAL:

-/ fo(x)fy(t—x) dz
AR MR TEE -
(52 "o -}

where u = ux + py and 0? = 0% + o2 ; the result follows by completing the square in z in the exponential term,
using

1 1 o? ooy — o5t 2 1

2t — 2

@ —px)’+ Ft—c—py) = 5 (x— 2 X) + 5 (E—w

0% Oy Ix%y
o

Hence T ~ Normal(ux + py,0% + 0%).
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8. (i) Let X; be the ith observed score, for i = 1,...,20. Then X, ..., Xoo are independent and identical random
variables, and

Bp X = Yif6=7/2=u

6
Efy, [X7] = Zﬁ/s =91/6 = Vary, [X;] = Ef, [X]] — {Ey,, [Xi]}Q =35/12 =0

=1

IfT = X; + ... + Xo9, then the central limit theorem implies that

o =rrs e (73)

or, approximately, T' ~ N (nu,no?). Hence
P[30<T<40]~® 0-7 - & 30-70
350/6 350/6

(ii) In each case, looking for a representation of random variable X say as the sum of independent and identical
random variables X1, ..., X,,. By the results in question 7, this can be achieved for many standard distributions;
for example

X X;
Binomial(n, ) Bernoulli(6)
Poisson(A) Poisson(A/n)
NegBinomial(n,8) Geometric(6)
Gamma(n, \) Ezxponential (\)

In each case, can calculate u = Ey, [X;] and o = Vary, [X;] easily, and hence use central limit theorem formula
to approximate the distribution function of X; not that we do not have a closed form representation for the
distribution function for any of these standard distributions, and hence the central limit theorem approximation
is potentially useful.



