A+ΣΠ56 ȷ+¨Σ AWȷΠ5 ȷ6 +ΣΠ#ȷ¨ VΣ+WΣ`w,5G ‘ ȷ+k,# ,jΣ¨¸w,5

H[DPSOH

Wkhpd–lp xp whpshudwxuhlq ghjuhhvI dkuhqkhlw/♭ / phdvxuhglq d w—s h ri fkhplfdo uhdfwlrqydulhvehwz hhq h–shulphqwvdffruglqj wrd sgi i_♭ jlyhq e—

i_♭ +ı, @ı h–s ⟩ ∗ 4 5 ı^5 / ı A 3 dqg ˝hurrwkhuzlvh1Wkhpd–lp xp whpshudwxuhphdvxuhglq ghjuhhvFhovlxv/lvd frq wlqxrxv udqgrp yduldeoh♮ ghfflqhg lq whupvri ♭ e— ♮ @ 8 ¡ +♭ ∗ 65,

Qrwhffluvwwkdwwkhudqjh ri wkhwudqviruphgyduldeohlv ^ @ ⟩ ȷ =ȷ A ∗^8_¡65 | dqg wkhsgi ri ♮ lv frpsxwhg e— ffluvwlqvshfwlqjwkhfgi ri ♮ 1 I urp ffluvwsulqflsohv/

I_♮ +ȷ , @S ^♮ ⪰ ȷ ‘@S ⌋ 8 ¡ +♭ ∗ 65, ⪰ ȷ ⌈

@S ⌋ ♭ ⪰ ¡ 8 ȷ . 65 ⌈

@I_♭ ] ¡ 8 ȷ . 65 ⌊

Rq glffihuhqwldwlrqxvlqj wkhfkdlq uxoh/dqg uhfdoolqjwkdwwkhghulydwlyh ri wkhfgi lvwkhsgi/ z h kdyh

i_♮ +ȷ , @ ¡ 8 i_♭ ] ¡ 8 ȷ . 65 ⌊ @ ¡ 8 ] ¡ 8 ȷ . 65 ⌊ h–s ⟩ ∗ 4 5 ] ¡ 8 ȷ . 65

⌊_5/ ȷ A ∗ 8 ¡ 65

H[DPSOH

Lifrq wlqxrxv udqgrp yduldeohX kdvd Xqlirup glvwulexwlrqrq wkhlqwhuydo+3>4,/ vr wkdw

i_X+x, @4 I_X+x, @x 3 ⋆ x ⋆ 4

wkhqwrfflqg wkhsuredelolw— glvwulexwlrqri udqgrp yduldeoh♭ ghfflqhg e— ♭ @ 4 ξ orj ] X 4∗ X ⌊

z hsurfhhg dviroorzv= E— lqvshfwlrq/wkhudqjh ri wkhwudqviruphgyduldeohlv+∗△ >△ ,/ dqg iurp ffluvwsulqflsohv/

I_♭ +ı, @S ^♭ ⪰ ı‘ @S ⌋ 4 ξ orj ] X 4∗ X ⌊ ⪰ ı ⌈

@S ⌋ X ⪰ h^{ξı} 4. h^{ξı} ⌈

@I_X ] h^{ξı} 4. h^{ξı} ⌊ @ h^{ξı} 4. h^{ξı} dqg khqfh rq glffihuhqwldwlrq/z h kdyh

i_X+x, @ ] 4. h^{ξı} ⌊ ξh^{ξı} ∗ h^{ξı} ξh^{ξı} +4. h^{ξı} ,^5 @ ξh^{ξı} +4. h^{ξı} ,^5 ı ▽ U

H[DPSOH

Lifrq wlqxrxv udqgrp yduldeohX kdvd Xqlirup glvwulexwlrqrq wkhlqwhuydo+3>4,/ frqvlghuwkhudqgrp yduldeoh

♭ ghfflqhg e—

♭ @4. ⌉ orj X orj+4∗ λ, { iru sdudphwhuλ +3⋆ λ ⋆ 4,/ zkhuh ⌉d{ lv wkhlqwhjhusduwri d iru uhdoydoxhd1 Wkhudqjh ri wkhwudqviruphg yduldeohlvwkhvhw ^ ≤ ⟩4>5>6>///| dqg iurp ffluvwsulqflsohv/iru ı ▽ ^

I^♭ +ı, @S ^♭ ⪰ ı‘@S ⌋ 4. ⌉ orj X orj+4∗ λ, { ⪰ ı ⌈

@S ⌋⌉ orj X orj+4∗ λ, { ⪰ ı ∗ 4 ⌈

@S ⌋⌉ orj X orj+4∗ λ, { ⋆ ı ⌈ dvı lvlqwhjhu0ydoxhg

@S ôrj X A ı orj+4∗ λ,‘ dv3 ⋆ λ ⋆ 4 @⇔ orj+4∗ λ, ⋆ 3

@S X̂ A +4∗ λ,_ı ‘@4∗ I^X ++4∗ λ,_ı , @4∗ +4∗ λ,_ı ı @4>5>6>/// dqg khqfh ♭ ⊃ Jhrphwu lf +λ, H[DPSOH

Udqgrp yduldeoh♭ phdvxuhvwkhvshhg ri d prohfxoh ri pdvv p lq d jdv dwvrph whpshudwxuh1Nlqhwlf wkhru— vxjjhvwvwkdwwkhsgi ri ♭ fdq eh h–suhvvhgdv i^♭ +ı, @7 ξ_6 τ ı_5 h–s ⟩ ∗ ξı_5 | ı A 3 iru vrph frqvwdqwξ A 3/ Wkhnlqhwlfhqhuj— ri wkhprohfxoh lvd frq wlqxrxv udqgrp yduldeoh♮ ghfflqhg e— ♮ @ p♭_5 5 Wkhsgi ri ♮ lvfrpsxwhg dviroorzv iurp wkhfgi¿iru ȷ A 3

I^♮ +ȷ , @S ^♮ ⪰ ȷ ‘@S ⌋ p♭_5 5 ⪰ ȷ ⌈

@S ⌋ ♭_5 ⪰ 5ȷ p ⌈

@S ⌋ ∗ 5ȷ p ⪰ ♭ ⪰ 5ȷ p ⌈

@S ⌋ ♭ ⪰ 5ȷ p ⌈ ∗ S ⌋ ♭ ⋆ ∗ 5ȷ p ⌈ @I^♭ ] 5ȷ p ⌊

dv♭ lvd s rvlwlyh udqgrp yduldeoh1Khqfh wkhsgi lvrewdlqhge— glffihuhqwldwlrqdv

i_♮ +ȷ , @ 5 p 4 5 4 ∫ ȷ i_♭ ] 5ȷ p ⌊ @ 4 5pȷ 7 ξ^6 τ ] 5ȷ p ⌊_5 h–s ∗ ξ ] 5ȷ p ⌊_5

@7 5ξ^6 τp^6 ȷ^{4∂5} h–s ⟩ ∗ 5ξ p ȷ /

Wkdwlv/z h kdyh wkdw/lqvshfwlqjwkhwhupvlq ȷ ♮ ⊃ Jdppd ] 6 5 > 5ξ p ⌊

QrwhkhuhwkdwΛ

]_6 5 ⌊ @^4_5 Λ

]_4 5 ⌊ dqg Λ ] 4 5 ⌊ @ ⊎_△ 3 ı^{4∂5∗ 4}h^{∗ ı} gı @ ⊎_△ 3 ] w^5 ⌊_{∗ 4∂5} h^{∗ w5} +5w, gw@5 ⊎_△ 3 h^{∗ w5} gw@ ⊎_△ ∗△ h^{∗ w5} gw@ ∫ τ vhwwlqjw^5 @ı/ dqg xvlqj wkhlqwhjudouhvxowiurp wkhQrupdo sgi surri1

H[DPSOH

D surmhfwlohlv ffluhg iurp wkhruljlq dwyhorflw— Y dqg dqjoh Wiurp wkhkrul˝rqwdo1Lwodqgvd glvwdqfh♭ dz d— / zkhuh iru judylwdwlrqdofrqvwdqwj / ♭ @ Y^5 j vlq5W

+l, LiY lvfrqvwdqw/exwWkdvd Xqlirup glvwulexwlrqrq +3>τ∂5, wkhq

i_W+w, @ 5 τ 3 ⋆ w⋆ τ 5 I_W+w, @ 5w τ 3 ⋆ w⋆ τ 5 Wkhudqjh ri ♭ lv ] 3> Y^5 j ⌊ / dqg iru ı lq wklvudqjh/ wkhfgi ri ♭ lvrewdlqhgdviroorzv= e— ghfflqlwlrq/

S ^♭ ⪰ ı‘@S ⌋ Y^5 j vlq5W⪰ ı ⌈

t

S in (2 t)

0.0 0.5 1.0 1.5 0. 0 0. 2 0. 4 0. 6 0. 8 1. 0 Plot of y=sin(2t)

x

sin(2t) < x sin(2t) < x sin(2t) > x

Khqfh/ e— lqvshfwlrqri wkhjudsk iru vlqh/dqg frqvlghudwlrqri wkhlqyhuvhvlqhixqfwlrq/ z h kdyh wkdw

Y_5 j vlq5W⪰ ı ⇓ ⇔ 5W⪰ vlq_{∗ 4} ) j ı Y_5 [ ru 5W∼ τ ∗ vlq_{∗ 4} ) j ı Y_5 [ dvwkhvlq ixqfwlrq lvqrw4041 Khqfh

S ^♭ ⪰ ı‘@S ⌋ 5W⪰ vlq_{∗ 4} ) j ı Y_5 [⌈ . S ⌋ 5W∼ τ ∗ vlq_{∗ 4} ) j ı Y_5 [⌈ dqg vr

I^♭ +ı, @I^W ] 4 5 vlq_{∗ 4} ) j ı Y_5 [⌊ . 4∗ I^W ] 4 5 ) τ ∗ vlq_{∗ 4} ) j ı Y_5 [[⌊ zklf k vlpsolfflhvwr

I^♭ +ı, @ 5 τ 4 5 vlq_{∗ 4} ) j ı Y_5 [ . 4∗ 5 τ 4 5 ) τ ∗ vlq_{∗ 4} ) j ı Y_5 [[ @ 5 τ vlq_{∗ 4} ) j ı Y_5 [ 3 ⋆ ı ⋆ Y_5 j Rq glffihuhqwldwlrq/z h kdyh wkhghqvlw— ri ♭ dv i^♭ +ı, @ 5 τ √ Y_7∂j_5 ∗ ı_5 3 ⋆ ı ⋆ Y_5 j

+ll, LiWlvfrqvwdqw/exwY kdvghqvlw— i^Y +y, @ 7 ∫ τ y_5 h–s ⟩ ∗ y_5 | 3 ⋆ y wkhq♭ kdvudqjh +3>△ ,/ dqg

I^♭ +ı, @S ^♭ ⪰ ı‘ @S ⌋ Y_5 j vlq5W⪰ ı ⌈ @S ⌋ Y_5 ⪰ j ı vlq5W ⌈ @S ⌋ Y ⪰ j ı vlq5W ⌈ @I^Y ] j ı vlq5W ⌊ dqg rq glffihuhqwldwlrq/z h kdyh i^♭ +ı, @ 7 ∫ τ j ı vlq5W h–s √ ∗ j ı vlq5W √ / j vlq5W 4 5 4 ∫ ı @ 7ı τ 6 j vlq5W h–s √ ∗ j ı vlq5W √ 3 ⋆ ı Djdlq i^♭ +ı, @ ϵ_δ Λ +δ, ı_{δ ∗ 4} h–s ⟩ ∗ ϵı| zkhuh δ @ 6 5 ϵ @ j vlq5W dvdjdlq Λ

]^6 5 ⌊ @_4^5 Λ

]^4 5 ⌊ /dqg khqfh ♭ ⊃ Jdppd ] 6 5 > j vlq5W ⌊ /

PD WKHPD WLFDO ED FN JU RXQG Frqvlghu d glvfuhwh2frqwlqxrxv udqgrp yduldeoh♭ zlwk udqjh ^ dqg suredelolw— glvwulexwlrqghvfulehg e— pdvv2sgi i_♭ / ru fgi I_♭ 1Vxssrvh j lvd uhdo0ydoxhgixqfwlrq zkrvh grpdlq lqfoxghv^ / dqg vxssrvh wkdw j = ^ ∗↔ ^ ı ¬∗↔ ȷ Wkhq♮ @j +♭ , lvdovrd udqgrp yduldeohdv♮ lvd ixqfwlrq iurp fl wrU1 Frqvlghu ffluvwwkhfgi ri ♮ / I_♮ / hydoxdwhgdwd srlqwȷ ▽ U1Z h kdyh

I_♮ +ȷ , @S^♮ ⪰ ȷ ‘@ S^j +♭ , ⪰ ȷ ‘@

⋃ ı▽ D_ȷ i_♭ +ı, li ♭ lvglvfuhwh ⊎ D_ȷ i_♭ +ı, gı li ♭ lvfrq wlqxrxv

zkhuh D_ȷ @⟩ ı ▽ ^ = j +ı, ⪰ ȷ | Dwwhqwlrqwkxv fhqwuhvrq lghqwli—lqj/ dqg frpsxwlqj wkhsuredelolw— frq whqwri/ wkhvhwlvD_ȷ 1

404 WUDQVI RUPD WLRQV

Wkhpdsslqj j +♭ , lvd ixqfwlrq ri ♭ iurp ^ zklf k lv404 dqg rq wr ^ li/ +l, iru hdfk ı ▽ ^ / wkhuhh–lvwvrqh dqg rqo— rqh ȷ vxfk wkdwȷ @j +ı,/ dqg +ll, iru hdfk ȷ ▽ ^ / wkhuhh–lvwvdq ı ▽ ^ vxfk wkdwj +ı, @ȷ 1 +lqwklvfrq wh–w/j lvrqwr^ e— frqvwuxfwlrq,1Lij lv404wkhqlwlvdovrd prqrwrqlf ixqfwlrq rq ^ dqg/ fuxfldoo— wkhlqyhuvhixqfwlrq j^{∗ 4} lvz hoo0ghfflqhg/wkdwlv/iru xqltxh ydoxhvı ▽ ^ dqg ȷ ▽ ^ ȷ @j +ı, ∝ j^{∗ 4}+ȷ , @ı Wkhiroorzlqj wkhruhpjlyhvwkhglvwulexwlrqiru udqgrp yduldeoh♮ @j +♭ , zkhq j lv4041 WKHRUHP

Ohw♭ eh d udqgrp yduldeohzlwk pdvv2ghqvlw— ixqfwlrq i_♭ dqg vxssruw^ 1 Ohwj eh d 404ixqfwlrq iurp ^ rqwr^ zlwk lqyhuvhj^{∗ 4}1Wkhq♮ @j +♭ , lvd udqgrp yduldeohzlwk vxssruw^ dqg Glvfuhwh Fdvh =Wkhpdvv ixqfwlrq ri udqgrp yduldeoh♮ lvjlyhq e— i_♮ +ȷ , @i_♭ +j^{∗ 4}+ȷ ,, ȷ ▽ ^ @⟩ ȷ ⇕i_♮ +ȷ , A 3 | zkhuh ı lvwkhxqltxh vroxwlrqri ȷ @j +ı, +vrwkdwı @j^{∗ 4}+ȷ ,,1

Frq wlqxrxv Fdvh =Wkhsgi ri udqgrp yduldeoh♮ lvjlyhq e—

i_♮ +ȷ , @i_♭ +j^{∗ 4}+ȷ ,, \ \g gw ⟩ j^{∗ 4}+w, | w@ȷ \ \ ȷ ▽ ^ @⟩ ȷ ⇕i_♮ +ȷ , A 3 |

zkhuh ȷ @j +ı,/ surylghg wkdwwkhghulydwlyh g gw ⟩ j^{∗ 4}+w, | lvfrq wlqxrxv dqg qrq0˝hur rq ^ 1

SU RRI

Glvfuhwh fdvh=

E— gluhfwfdofxodwlrq/i^♮ +ȷ , @S^♮ @ȷ ‘ @S^j +♭ , @ȷ ‘ @S^♭ @j_{∗ 4}+ȷ , ‘ @i^♭ +ı,1 zkhuh ı @j_{∗ 4}+ȷ ,/ dqg khqfh i^♮ +ȷ , A 3 ⇓ ⇔ i^♭ +ı, A 31

Frq wlqxrxv fdvh= I xqfwlrq j lvhlwkhu+L,d prqrwrqlf lqfuhdvlqj/ ru +LL,d prqrwrqlf ghfuhdvlqjixqfwlrq1

Fdvh +L,= Lij lvlqfuhdvlqj / wkhqiru ı ▽ ^ dqg ȷ ▽ ^ / z h kdyh wkdwj +ı, ⪰ ȷ ⇓ ⇔ ı ⪰ j_{∗ 4}+ȷ ,1 Wkhuhiruh/iru ȷ ▽ ^ / I^♮ +ȷ , @S^♮ ⪰ ȷ ‘ @S^j +♭ , ⪰ ȷ ‘@S^♭ ⪰ j_{∗ 4}+ȷ , ‘@I^♭ +j_{∗ 4}+ȷ ,, dqg/ e— glffihuhqwldwlrq/ehfdxvhj lvprqrwrqlf lqfuhdvlqj/ i^♮ +ȷ , @i^♭ +j_{∗ 4}+ȷ ,, g gw ⟩ j_{∗ 4}+w, | w@ȷ @i^♭ +j_{∗ 4}+ȷ ,, \ \g gȷ ⟩ j_{∗ 4}+ȷ , | w@ȷ \ \ dv g gw ⟩ j_{∗ 4}+w, | A 3/

Fdvh +LL,=Lij lvghfuhdvlqj / wkhqiru ı ▽ ^ dqg ȷ ▽ ^ z h kdyh j +ı, ⪰ ȷ ⇓ ⇔ ı ∼ j_{∗ 4}+ȷ ,1 Wkhuhiruh/iru ȷ ▽ ^ /

I^♮ +ȷ , @S^♮ ⪰ ȷ ‘@S^j +♭ , ⪰ ȷ ‘ @S^♭ ∼ j_{∗ 4}+ȷ , ‘@4∗ I^♭ +j_{∗ 4}+ȷ ,, vr i^♮ +ȷ , @∗ i^♭ +j_{∗ 4}+ȷ ,, g gw ⟩ j_{∗ 4}+ȷ , | @i^♭ +j_{∗ 4}+ȷ ,, \ \g gw ⟩ j_{∗ 4}+w, | w@ȷ \ \ dv g gw ⟩ j_{∗ 4}+w, | ⋆ 31

GHILQLWLRQ

Vxssrvh wudqvirupdwlrqj =^ ∗↔ ^ lv404/dqg lvghfflqhg e— j +ı, @ȷ iru ı ▽ ^ 1 WkhqwkhMdfreldq ri wkh wudqvirupdwlrq/ghqrwhgM+ȷ ,/ lvjlyhq e—

M+ȷ , @ \ \g gw ⟩ j_{∗ 4}+w, | w@ȷ \ \ wkdwlv/wkhdevroxwhydoxhri ffluvwghulydwlyh ri j_{∗ 4} hydoxdwhgdwȷ @j +ı,1 Qrwhwkdwwkhlqyhuvhwudqvirupdwlrq j_{∗ 4} =^ ∗↔ ^ kdvMdfreldq 4 M+ı, Qrwhwkdwwkhurohri wkhMdfreldq khuhlv suhflvho—wkhvdph dvwkdwri wkh˙fkdqjh ri yduldeohv%whupwkdw dss hduvlq d vxevwlwxwlrqlq dq lqwhjudo1Wkdwlv/ li ♭ dqg ♮ duhwkhwz r yduldeohvvr wkdw♮ @j +♭ ,/ wkhqe— frqvwuxfwlrq S ^♭ ▽ D‘≤ S ^♭ ▽ E‘ iru vhwvD ≥ ^ dqg E ≥ ^ zkhuh E lvwkhlpdjh ri D xqghuj / E ≤ ⟩ȷ ▽ ^ =ȷ @j +ı, iru vrph ı ▽ D| / Qrz/ lq wkhsuredelolw— htxdwlrq/ lqwurgxflqj wkhsgiv iru ♭ dqg ♮ / z h kdyh ⊎ D i^♭ +ı, gı ≤ ⊎ E i^♮ +ȷ , gȷ exwli j lv404/z h kdyh/ e— fkdqjlqj yduldeohvlq wkhohiwkdqg lqwhjudowrȷ @j +ı, vr wkdwı @j_{∗ 4}+ȷ , jlyhv ⊎ D i^♭ ] j_{∗ 4}+ȷ , ⌊ \ \gı gȷ \ \gȷ ≤ ⊎ D i^♮ +ȷ , gȷ zkhuh \ \gı gȷ \ \lv suhflvho—wkhMdfreldq whupwkdwdss hduvderyh1 Ilqdoo— z h fdq htxdwhlqwhjudqgv/dvwklvuhvxow krogviru dq duelwudu— vhwD1