EXPECTATION AND GENERATING FUNCTION CALCULATIONS
FOR STANDARD DISTRIBUTIONS

DISCRETE PROBABILITY DISTRIBUTIONS

BERNOULLI DISTRIBUTION

MASS FUNCTION
fx(@)=6*(1-0)'"* forze{0,1} where0<6<1.

MGF

1
Mx(t) = 3 %651 —0)"% =1—0+6¢
z=0

rth MOMENT
MO #) =60t = MP0) =60 r=1,2,..

— B [X] =0 Epf[X?]=0= Vary, [X]= 6-6* = 0(1-6)

BINOMIAL DISTRIBUTION

MASS FUNCTION

fx(z) = ( Z >0w(1—0)"_”” for x € {0,1,2,...,n} wheren >0, 0 <0< 1.

MGF

Mx()= 3 e ( . )0%(1 o = Y ( . ) (6e) (1—0)" = (1-0+06¢!)"

=0
rth MOMENT
No simple general expression for M )((r ) (t), but

n—1 n—1

M () = noet (1 -0+ 0et) MP () =n(n—-1) {0&}2 (1-0+ eet)"_2 +nfet (1 -0+ 0e')
so that Mg(l) (0) = nb and Mgf) (0) = n(n — 1)6? + nh, and thus

Ef[X]= n0 Varg [X] = n(n—1)6° +nf — n?6* = nd(1 - 9)



POISSON DISTRIBUTION

MASS FUNCTION

-z
fx(z) = © 'A for z € {0,1,2,...} where X\ > 0.
z!
MGF
fos) —A\z oo t\ T
_ € AT (Ae))" _ aet _ t
Mx(t) = wz::oe o = e wz::o o e et = exp{)\(e 1)}

rth MOMENT
No simple general expression for M )((r ) (t), but

M)((l) (t) = Aelexp {A (et - 1)} Mgf) (t) = ()\et)2exp {)\ (et — 1)} + delexp {)\ (et — 1)}

so that M (0) = X and MP)(0) = A2 + A, and thus

Efn X=X Varg[X]= A2 +2-2*=)

GEOMETRIC DISTRIBUTION
MASS FUNCTION

fx(z)=01-60)*'9 forze{l,2,..} where0<0<1.

MGF
My(t) = 3 o®(1— 010 = 03 D1 — 0! = gt (¢f(1-9)" = b
z=1 =1 =0 1 - et(l - 0)
rth MOMENT
No simple general expression for M )((r ) (t), but
fe fet[1—et(1—-0)] [1+et(1-06
Wy = _ MO - [1-e1-0)[ il )]
[1 —et(1 —8)] [1 —et(1 —8)]

so that Mg(l)(O) = % and Mg?)(O) _ 2=




NEGATIVE BINOMIAL DISTRIBUTION

MASS FUNCTION

fx(z)= ( Z: 1 > 0"(1—-6)*"" wheren € {1,2,3,...}, 0<6<1.

rth MOMENT

No simple general expression for M )((r ) (t), but

(D) — n(fe")" @), (0 [n +et(1 — 6)]
Myt = [1—et(1—0)]"*! M) = [1 —et(1 — )] "2
so that Mg(l)(O) = % and Mg?)(O) = W, and thus
n n{n — n? n(l —
BrelX]= 5 Varg[X] = # - (102 6)



CONTINUOUS PROBABILITY DISTRIBUTIONS

CONTINUOUS UNIFORM DISTRIBUTION

PDF

rth MOMENT

B xr b , p 1 br—l—l ar-i—l
x| ]—/ayv —a b—a|r+1 r+1
so therefore -, \
1 b* —a (a+0b)
E. [X] = =
.fX[ ] a I 2 2
1 [ 6 —ad (a2 + ab + b?)

EXPONENTIAL DISTRIBUTION

PDF
fx(z) =X >0 where A >0.

MGF

oC oC >\
Mx(t) = /0 e Xe™ N dx = A /0 e~ D7 gp — oy fort<a

rth MOMENT

rI\

ooy = MY 0=

M (1) =
and therefore, evaluating for r = 1 and 2, we have

E.fX[X]:Xa EfX[XQ]:p:}\faer[X]:——— -



GAMMA DISTRIBUTION

PDF
_ /Ba a—1,—fz
fx(z) = —I‘(a)x e z>0 where o, 8 > 0.
MGF
© e BY a1 BY [ a1 (5 g*  T(a) B \*
M — tx ! Bx — / a—1 (B—t)x — — ( )
x (%) /0 e I‘(a)x e dz @ Jo T e dz @) B-1)° 51
as the integrand is a pdf (of a Gamma(a, 8 — t) random variable).
rth MOMENT
Wy _ ab” (2) ola+1)p* My — & @)y - Hat+1)
My ()= ————— My'(t) = — M,/ (0) = = M5 (0
X() (,B—t)a+1 X() (,B—t)a+2 X() IB X() 132
and thus ( ) )
o oo+ o o

Ef [X] = 3 Varg, [X] = g TR R

STANDARD NORMAL DISTRIBUTION
PDF

fx(@) = ——e { L 2} €R
T) = ——exp{q — =T z
X o p 9

MGF

:/_o; etw\/%_ﬂe}(p{_ix } dr = \/_/ exp{——m +ta7} dz

:exp{g}/ ;ﬂexp{ ;(x—t)2}dx:exp{§}

by first completing the square in z, and then by noting that the integrand is a pdf (of an N(%,1)
variable), and thus the integral is equal to one.

Hence we can write down the mgf of a non-standard normal random variable. If X ~ N(0,1), then
Y =0X +p ~ N(u,0?) from previous transformation results. Hence by the standard mgf result, we
have

2t2
My (t) =Ey, [etY] =By, [e(ch+M)t] _ G”tEfX [ crtX] = M My (ot) = exp {Mt + T

rth MOMENT
No simple general expression for M )((r ) (t), but
2,2

2 2
Mg(l)(t) = (u +to?)exp {,ut+ T} Mg?)(t) = (p? + 2to’u + t20* + 0?)exp {,ut+ tTa}

so that Mg(l)(O) = p and Mg?)(O) = p? 4+ 02, and thus
EnXl=p Vargy[X]=p®+0?—p?=0?



EXPECTATIONS AND VARIANCES OF STANDARD DISTRIBUTIONS

Parameters EXPECTATION VARIANCE
Discrete Distributions
Bernoulli(0) 0 0 0(1 — 6)
Binomial(n, 0) n,o né nd(1 — 0)
Poisson(A) A A A
: 1 (1-96)
Geometric(0) 0 0 02
. . n n(l — 6)
NegBinomial(n,0) n,0 2 02
Continuous Distributions
. a+b (b—a)?
Uniform(a,b) a,b 5 12
E tial(\) A L LS
zponentia 3 32
o o
Gamma(a, o, b el
Normal(u,0?) Y, o2 7 o?



MOMENT GENERATING FUNCTIONS OF STANDARD DISTRIBUTIONS

Discrete Distributions

Bernoulli(0)
Binomial(n, 0)

Poisson(A)

Geometric(0)

NegBinomial(n,0)

Continuous Distributions

Exponential()\)

Gamma(a, )

Normal(u,0?)

Parameters

n,0

n,0

MGF

1 —0+0et
(1 -0+ 0et)"
exp {A(e! — 1)}

fet
1—et(l-6)

Oet "
1 —et(1 —0)

>
| | >
o~

:

o?t?
eXp ,ut + T

TN
i)

| |
o~



