` Wȷ WΠ 6ȷ + ¨ Σ AWß 5 : ß ȷ ¨ ¸ NAΣ AWȷ Π Σ w B, Π , AWß 5 ¨ 5U ¸ + ȷ ` Σ ` WwWAv Σ Π # 5AΣ AW5AWß 5

P RF N H[ DP LQDWLRQ =VROXWLRQV

41 +l, Z h kdyh

S +H_D, @S +H_D⇕I_D, S +I_D, . S +H_D⇕I_F , S +I_F , . S +H_D⇕I_J , S +I_J , . S +H_D⇕I_W, S +I_W, @+3/¡33⋄ 3/63, . +3/358⋄ 3/53, . +3/358⋄ 3/53, . +3/383⋄ 3/63, @3/5¡8

S +H_F , @S +H_F ⇕I_D, S +I_D, . S +H_F ⇕I_F , S +I_F , . S +H_F ⇕I_J , S +I_J , . S +H_F ⇕I_W, S +I_W, @+3/358⋄ 3/63, . +3/;83⋄ 3/53, . +3/433⋄ 3/53, . +3/358⋄ 3/63, @3/538

S +H_J , @S +H_J ⇕I_D, S +I_D, . S +H_J ⇕I_F , S +I_F , . S +H_J ⇕I_J , S +I_J , . S +H_J ⇕I_W, S +I_W, @+3/358⋄ 3/63, . +3/433⋄ 3/53, . +3/; 83⋄ 3/53, . +3/358⋄ 3/63, @3/538

S +H_W, @S +H_W⇕I_D, S +I_D, . S +H_W⇕I_F , S +I_F , . S +H_W⇕I_J , S +I_J , . S +H_W⇕I_W, S +I_W, @+3/383⋄ 3/63, . +3/358⋄ 3/53, . +3/358⋄ 3/53, . +3/¡33⋄ 3/63, @3/5¡8

ru/ lq p dwul– irup

S +H_D, S +H_F , S +H_J , S +H_W, @ S +H_D⇕I_D, S +H_D⇕I_F , S +H_D⇕I_J , S +H_D⇕I_W, S +H_F ⇕I_D, S +H_F ⇕I_F , S +H_F ⇕I_J , S +H_F ⇕I_W, S +H_J ⇕I_D, S +H_J ⇕I_F , S +H_J ⇕I_J , S +H_J ⇕I_W, S +H_W⇕I_D, S +H_W⇕I_F , S +H_W⇕I_J , S +H_W⇕I_W,

S +I_D, S +I_F , S +I_J , S +I_W,

vr wkdw 3/5¡8 3/538 3/538 3/5¡8 @ 3/¡33 3/358 3/358 3/383 3/358 3/; 83 3/433 3/358 3/358 3/433 3/; 83 3/358 3/383 3/358 3/358 3/¡33

3/63 3/53 3/53 3/63 +qrwh wkhuh duh vrp h v— p p hwulhv lq wkh suredelolw— vshflfflfdwlrq wkdwvlp soli— wkh fdofxodwlrq, ; P DUNV

+ll, Xvlqj wkh Ed— hvWkhruhp irup xod

S +I_D⇕H_D, @

S +H_D⇕I_D, S +I_D, S +H_D, @ 3/¡33⋄ 3/63 3/5¡8

@3/¡486

S +I_D⇕H_F , @

S +H_F ⇕I_D, S +I_D, S +H_F , @ 3/358⋄ 3/53 3/538

@3/3577

S +I_D⇕H_J , @

S +H_J ⇕I_D, S +I_D, S +H_F , @ 3/358⋄ 3/53 3/538

@3/3577

S +I_D⇕H_W, @

S +H_W⇕I_D, S +I_D, S +H_W, @ 3/383⋄ 3/63 3/5¡8

@3/383;

7 P DUNV

+lll, Z h kdyh/ iru hyhqwP /

P ≤ +H^∋_D ∨ I_D, ∧ +H^∋_F ∨ I_F , ∧ +H^∋_J ∨ I_J , ∧ +H^∋_W ∨ I_W,

wkdwlv/ wkh xqlrq ri p xwxdoo— h–foxvlyh hyhqwv/ vr wkdw/ e— d–lrp +LLL,/

S +P , @S +H_∋^D ∨ I^D, . S +H_∋^F ∨ I^F , . S +H_∋^J ∨ I^J , . S +H_∋^W ∨ I^W,

@S +H_∋^D⇕I^D, S +I^D, . S +H_∋^F ⇕I^F , S +I^F , . S +H_∋^J ⇕I^J , S +I^J , . S +H_∋^W⇕I^W, S +I^W,

@^4∗ S +H^D⇕I^D,‘S +I^D, . ^4∗ S +H^F ⇕I^F ,‘S +I^F , . ^4∗ S +H^J ⇕I^J ,‘S +I^J , . ^4∗ S +H^W⇕I^W,‘S +I^W,

@^4∗ 3/¡33‘⋄ 3/63. ^4∗ 3/; 83‘⋄ 3/53. ^4∗ 3/;83‘⋄ 3/53. ^4∗ 3/¡33‘⋄ 3/63

@3/45

Qrwh dovr/ e— wkh wrwdosuredelolw— irup xod

S +P , @S +P ⇕I^D, S +I^D, . S +P ⇕I^F , S +I^F , . S +P ⇕I^J , S +I^J , . S +P ⇕I^W, S +I^W, wkdwjlyhvwkh vdp h uhvxow1 Qrwh dovr wkdwwkh suredelolw— ri fruuhfwfodvvlfflfdwlrq irudq— edvh lv

S +P_∋, @4∗ S +P , @4∗ 3/45 @3/;;

1 7 P DUNV

+ly, I ru d vht xhqfh ri n edvhv/ qhhg hdfk edvh wr eh fruuhfwo— fodvvlfflhg/ dqg dv wkh dsshdudqfh ri edvhv dqg wkh edvh fodvvlfflfdwlrqv duh p xwxdoo— lqghshqghqw/ wkh uht xluhg suredelolw— lv

Sr vlwlr q 4 � S +P_∋, ⋄

Sr vlwlr q 5 � S +P_∋, ⋄ /// ⋄ Sr vlwlr q n � S +P_∋, @⟩S +P_∋,|_n @⟩ 31; ;|_n

5 P DUNV

+y, Wkh suredelolw— uht xluhg lv

F r uuhfwdws r vlwlr q 4 � S +P_∋, ⋄

F r uuhfwdws r vlwlr q 5 � S +P_∋, ⋄ /// ⋄ F r uuhfwdws r vlwlr q ı∗ 4 � S +P_∋, ⋄

P lvfodvvlfflfdwlr q dws r vlwlr q ı � S +P ,

@⟩S +P_∋,|_{ı∗ 4} S +P , @⟩31;; |_{ı∗ 4} ⋄ 3/45 wkdwlvwkh J hrp hwulf +3/45, glvwulexwlrq

5 P DUNV

+y, I ru d vht xhqfh ri ohqjwk O/ xqghu wkh lqghshqghqfh dvvxp swlrqv deryh/ z h kdyh wkdwwkh wrwdoqxp ehu ri p lvfodvvlfflfdwlrqvlq wkh vht xhqfh lv d glvfuhwh udqgrp yduldeoh/ ♭ vd— / z khuh ♭ ⊃ Elqrp ldo+O>S+P ,, +wklqn ri d fruuhvsrqglqj elqdu— vht xhqfh ri ohqjwk O z lwk 4v uhsuhvhqwlqj p lvfodvvlfflfdwlrqv dqg 3v uhsuhvhqwlqj fruuhfw fodvvlfflfdwlrqv/ z khuh wkh 4vdqg 3vdsshdulqghshqghqwo— z lwk S+˙4%, @S+P , @3/45,/ vr wkdw

S ^♭ @3‘@ ] O 3 ⌊ +3/45,_3 +4∗ 3/45,_O @+3/;; ,_O

S ^♭ @4‘@ ] O 4 ⌊ +3/45,_4 +4∗ 3/45,_{O∗ 4} @O+3/45, +3/; ;,_{O∗ 4} dqg wkxvwkh suredelolw— wkdwwkhuh lvdwp rvwrqh p lvfodvvlfflfdwlrq lv

S ^♭ @3‘. S ^♭ @4‘@+3/; ;,_O . O+3/45, +3/; ;,_{O∗ 4} @+3/;; ,_{O∗ 4} +3/; ; . 3/45⋄ O, z klfk z h fdq frp sxwh iruglffihuhqwydoxhv ri O

O 4 5 6 7 8 9

Sure 413333 31¡;89 31¡936 31¡59; 31;; :8 31; 777 z klfk glsvehorz 31¡8 iruwkh ffluvwwlp h z khq O@7/ vr wkh orqjhvwvht xhqfh wkdwfdq eh dqdo— ˝hg lvri ohqj wk 61

7 P DUNV

51+d, +l, Li w_4 @8333 wkhq ξw_4 @3/334⋄ 8333 @8/ Khqfh/ xvlqj wkh Srlvvrq p dvvixqfwlrq irup xod

S ^♭_4 @5‘ @ h^{∗ 8}8^5 5$ @3/3;75

S ^♭_4 ∼ 3‘ @4

S ^♭_4 ⋆ 7‘ @S ^♭_4 @3‘. S ^♭_4 @4‘. S ^♭_4 @5‘. S ^♭_4 @6‘ @ h^{∗ 8}8^3 3$ . h^{∗ 8}8^4 4$ . h^{∗ 8}8^5 5$ . h^{∗ 8}8^6 6$ @3/339: . 3/366: . 3/3;75. 3/4737 @3/5983

7 P DUNV

+ll, Wkh dvvxp swlrqv xqghuo— lqj wkh Srlvvrq surfhvv p hdq wkdwz h fdq frqvlghu wkh hqwluh 53333 edvh vhj p hqw lq lwv hqwluhw— dqg iruj hwwkdwz h z huh dvnhg wr frqvlghu whq vxevhfwlrqv1 Wkxv/ iurp wkh ffluvwSrlvvrq surfhvv glvwulexwlrq uhvxow/ dv3/334⋄ 53333 @53/ z h p xvwkdyh V_{43} ⊃ Srlvvrq+53, vr wkdw S V̂_{43} ∼ 6‘ @4∗ S V̂_{43} ⋆ 6‘ @4∗ ⟩ S V̂_{43} @3‘. S V̂_{43} @4‘. S V̂_{43} @5‘| @4∗ ⟩ h^{∗ 53}53^3 3$ . h^{∗ 53}53^4 4$ . h^{∗ 53}53^5 5$ /

@3/¡¡¡¡¡¡8 7 P DUNV

+lll, Qhhg wr xvh wkh vhfrqg glvwulexwlrqdouhvxowwkdwW_4 ⊃ Hısrqhqwldo+ξ, vr wkdwwkh sgi ri W_4 lvj lyhq +iurp wkh irup xod vkhhw, e— i_{W4} +w, @ξh^{∗ ξw} wA 3 Qrz / z h uht xluh S Ŵ_4 A : 833‘@4∗ S Ŵ_4 ⪰ :833‘ z klfk fdqqrweh frp sxwhg iurp wkh sgi¿wkh fgi lv qhhghg1 Fdq t xrwh wkh fgi iurp qrwhv

I_{W4} +w, @4∗ h^{∗ ξw} wA 3

rughgxfh lwe— lqwhjudwlrq ri wkh sgi

I_{W4} +w, @ ⊎_w 3 i_{W4} +ı, gı @ ⊎_w 3 ξh^{∗ ξı} gı @ ⌋ ∗ h^{∗ ξı} ⌈_w 3 @4∗ h^{∗ ξw}/ Khqfh S Ŵ_4 A :833‘@4∗ S Ŵ_4 ⪰ :833‘@4∗ ] 4∗ h^{∗ 3/334⋄ : 833} ⌊ @h^{∗ 3/334⋄ : 833} @3/33388 Dowhuqdwho— / frxog vhww_4 @:833/ dqg xvhwkhSrlvvrq p dvvixqfwlrq wr frp sxwhS^♭_4 @3‘+wkdwlv/ wkhsuredelolw— ri ˝hur rffxuuhqfhvri wkh sdwwhuq lq wkh ffluvw: 833 edvhv,/ z khuh ♭_4 ⊃ Srlvvrq +ξw_4, ≤ Srlvvrq +3/334⋄ : 833, ≤ Srlvvrq +:/8, z klfk jlyhv S ^♭_4 @3‘@ h^{∗ : /8}:/8^3 3$ @h^{∗ : /8}

dvderyh 7 P DUNV

+ly, Qhhg wkh wklug glvwulexwlrqdouhvxowwr ghgxfh wkdwwkh srvlwlrq dwz klfk wkh 43wk rffxuuhqfh ri wkh sdwwhuq lvrevhuyhg/ ♮^{43}/ kdv d J dp p d glvwulexwlrq ♮^{43} ⊃ J dp p d+q>ξ, @J dp p d+43>3/334, ≪ Qrup do )q ξ > q ξ_5 [ @Qrup do ] 4⋄ 43_7>4⋄ 43_: ⌊ dqg wkxvz h dssur–lp dwh wkh uht xluhg suredelolw— e— qrwlqj wkdw

S ^♮^{43} ⪰ 43333‘≪ ff ] 3/334⋄ 43333∗ 43 ∫ 43 ⌊ @ff ] 43∗ 43 ∫ 43 ⌊ @ff +3, @3/8

Wkh h–dfwsuredelolw— / xvlqj VSOXV/ lv 318754/

A sjdppd+43333/43/31334,

^4‘ 318753:36 vr/ lq idfw/ wkh dssur–lp dwlrq lv qrwwkdwj rrg1

6 P DUNV

+e, I ruwkh gdwd vdp soh surylghg ßı @3/4;; v_5 @6/7;¡57 v @4/;9:¡84 q @43

5 P DUNV

+l, I luvwwhvw w@ ßı ∗ f v∂ ∫ q @ 3/4;; ∗ 3/33

4/; 9: ¡84∂ ∫ 43 @ 3/4;;

3/8¡39¡: ¡

@3/64; 59:9

Wkh fulwlfdoydoxhv lq wklv wz r 0vlghg whvwduh j lyhq ehorz +iurp wdeohvri wkh Vwxghqw+¡, glvwulexwlrq, δ FulwlfdoYdoxhv

3138 ⊖ 515955

3134 ⊖ 6157¡;

Whvwvwdwlvwlf qr wp r uh h–wuhp h wkdq fulwlfdoydoxhv @⇔ FDQQRWUHMHFWK^3

7 P DUNV

Wkh s0ydoxh fdqqrweh frp sxwhg iurp wdeohv/ exwiurp VSOXV/ z h kdyh d frp sohwh fdofxodwlrq dviroorz v

A { ?0 f+41</0414/415/03144/041<3/515/031;:/31:9/051<3/51:,

A q ?0 ohqjwk+{,

A w ?0 phdq+{,2+vtuw+ydu+{,,2vtuw+q,,

A w

^4‘ 3164;59:9

A sydoxh ?0 sw+0dev+w,/q04,.40sw+dev+w,/q04,

A sydoxh

^4‘ 31:8:8765

+ll, Qrwh wkdwwkh vhfrqg whvwlvr qh0vlghg/ vr xvlqj wkh revhuyhg whvwvwdwlvwlf t @ +q ∗ 4,v_5 ϕ_5 @ ¡⋄ 6/7;¡57 4 @64/73649 z h fdq whvwwkh k— srwkhvlv e— orrnlqj xs wkh fulwlfdoydoxhv lq wklv r qh0vlghg whvw/ wkdwduh j lyhq ehorz +iurp wdeohvri wkh ε_5^¡ glvwulexwlrq, δ FulwlfdoYdoxh

3138 491¡4¡

3134 541999

+wkdwlv/ z h orrn xs wkh 31¡83 dqg 31¡¡3 srlqwvri wkh ε_5^¡ glvwulexwlrq,1

Wkh whvwvwdwlvwlf lv p r uh h–wuhp h wkdq fulwlfdoydoxh @⇔ UHMHFWK^3

7 P DUNV

Xvlqj VSOXV/ z h kdyh wkh sydoxh dv 313335856; ¡6

A t ?0 +q04,-ydu+{,24

A 40sfklvt+t/<,

^4‘ 313335856;<6

61 +d, I urp qrwhv/ z h kdyh wkdwwkh suredelolw— ri d p dwfk dwdq— jlyhq srvlwlrq lv s_{P DWF K} @s^5_D . s^5_F . s^5_J . s^5_W Wklv irup xod dvvxp hv wkdwwkh qxfohrwlghv lq hdfk vht xhqfh duh vdp sohg lqghs hqghqwo— iurp wkh vdp h p xowl0 qrp ldoglvwulexwlrq z lwklq hdfk vht xhqfh dqg ehwz hhq vht xhqfhv/ dqg xvhv wkh WrwdoSuredelolw— uhvxow s_{P DWF K} @Su+P dwfk , @ ⋃ l▽ ⟩ D>F >J >W| S +P dwfk ∨ Fkdudfwhulvl, @ ⋃ l▽ ⟩ D>F >J >W| +s_l ⋄ s_l, @ ⋃ l▽ ⟩ D>F >J >W| s^5_l

+l, I ruwkh suredelolwlhv jlyhq/ s_{P DWF K} @3/63^5 . 3/53^5 . 3/53^5 . 3/63^5 @3/59 5 P DUNV +ll, XqghuK_3/ wkh whvwvwdwlvwlf ♭_{P DWF K} kdvd Elqrp ldo+Q>s_{P DWF K} , glvwulexwlrq1 Wr vhh wklv/ frqvlghuwkh P dwfk2Qrq0P dwfk vht xhqfh 0lwlv d elqdu— vht xhqfh ri ohqjwk Q z khuh wkh 4v fruuhvsrqg wr wkh P dwfkhv dqg wkh 3vwr wkh qrq0P dwfkhv/ z khuh 4vdqg 3vdsshdulq wkh Q srvlwlrqvlqghshqghqwo— z lwk suredelolwlhvs_{P DWF K} dqg 4∗ s_{P DWF K} uhvshfwlyho— 1 Wklvlvwkh h–shulp hqwdovlwxdwlrq wkdwj lyhv ulvh wr wkh Elqrp ldoglvwulexwlrq1 6 P DUNV +lll, Li z h revhuyh ı_{P DWF K} p dwfkhg srvlwlrqv/ wkhq z h p d— xvh ı_{P DWF K} dvd whvwvwdwlvwlf lq d whvwri dolj qp hqw dviroorz v1 Li K_3 lv wuxh/ wkhq/ iurp +ll, z h kdyh wkdw ♭_{P DWF K} ⊃ Elqrp ldo+433>3/59, vr wkdwz h z rxog h–shfwwkh revhuyhg ydoxh ri ı_{P DWF K} wr eh d sodxvleoh revhuydwlrq iurp wklv glvwulexwlrq¿li lwlv qrw/ wkdwlv/ li lwlv lq wkh wdlov ri wkh glvwulexwlrq/ wkhq z h p d— kdyh hylghqfh wr uhmhfwK_3 lq idyrxu ri wkh dowhuqdwlyh K_4 wkdwdgp lwvwkh srvvlelolw— wkdwwkh vht xhqfhvduh hyroxwlrqdulo— uhodwhg1 Vshflfflfdoo— / li ı_{P DWF K} lvwrr oduj h2wrr vp doo/ wkhq z hp d— uhmhfwK_3¿wkhrqo— ghflvlrq ohiwwr p dnhlvfkrrvhdssursuldwhfulwlfdoydoxhvwr t xdqwli— suhflvho— z kdw˙oduj h%ru˙vp doo%frqvwlwxwhv1 I urp ffluvwsulqflsohv/ irud k— srwkhvlvwhvwdwvljqlfflfdqfh ohyhoδ/ z h z lvk wr fflqg frqvwdqwvf_4 dqg f_5 vxfk wkdw S f̂_4 ⪰ ♭_{P DWF K} ⪰ f_5‘@4∗ δ Vr iru δ @3/38/ z h frxog p huho— fkrrvh wkh 31358 dqg 31¡: 8 t xdqwlohv ri wkh Elqrp ldo+433>3/59, glvwulexwlrqv¿ wkhvh duh j lyhq lq wkh t xhvwlrq dv f_4 @4; f_5 @68 8 P DUNV wkdwfdq eh rewdlqhg iurp VSOXV

A telqrp+31358/433/3159,
^4‘ 4;
A telqrp+31<:8/433/3159,
^4‘ 68

+Qrwh=wkhvh fulwlfdoydoxhvp d— eh rewdlqhg 0dssur–lp dwho— 0e— xvlqj wkh glvwulexwlrqdodssur–lp dwlrq Elqrp ldo+q>λ, ≪ Qrup do+qλ>qλ+4∗ λ,, ≜ Elqrp ldo+433>3/59, ≪ Qrup do+59>4¡/57, dqg iurp wdeohvwkh 31358 dqg 31¡: 8 t xdqwlohvri wkh Qrup do+59>4¡/57, glvwulexwlrq duh 59⊖ 4/¡9⋄ ∫ 4¡/57 @+4:/735:: =67/8¡:56, wkdwduh dssur–lp dwho— fruuhfw,

+e, I ru dq doljqp hqwri fflyh vht xhqfhv/ z h fdq dj dlq ghulyh d elqdu— P dwfk2qrq0P dwfk vht xhqfh e— uhfruglqj srvlwlrqv dwz klfk doo fflyh vht xhqfhv duh lghqwlfdo1 Xvlqj wkh vdp h dssurdfk wr wkdwlq +d,/ z h kdyh d qhz p dwfk suredelolw— s^{P DWF K} @Su+P dwfk, @ ⋃ l▽ ⟩ D>F >J >W| S +P dwfk ∨ Fkdudfwhulvl, @ ⋃ l▽ ⟩ D>F >J >W| +s^l ⋄ s^l ⋄ s^l ⋄ s^l ⋄ s^l, @ ⋃ l▽ ⟩ D>F >J >W| s_8^l vr wkdw/ khuh/ s^{P DWF K} @3/63_8 . 3/53_8 . 3/53_8 . 3/63_8 @3/3388

Dj dlq/ z h kdyh d whvwvwdwlvwlf ♭^{P DWF K} z khuh ♭^{P DWF K} ⊃ Elqrp ldo+433>3/3388, li K^3 lv wuxh¿djdlq wkh fulwlfdoydoxhv duh frp sxwhg e— vwxg— lqj

S f̂^4 ⪰ ♭^{P DWF K} ⪰ f^5‘@4∗ δ lq wkhqxooglvwulexwlrq1 Z hfdq shuirup dq h–dfwfdofxodwlrq iruwkhfulwlfdoydoxhvxvlqj wkhElqrp ldoglvwulexwlrq/ rudq dssur–lp dwlrq xvlqj wkh Srlvvrq glvwulexwlrq dv Elqrp ldo+q>λ, ≪ Srlvvrq+qλ, ≜ Elqrp ldo+433>3/3388, ≪ Srlvvrq+3/88, rudq dssur–lp dwlrq xvlqj wkh Qrup doglvwulexwlrq dvderyh Elqrp ldo+q>λ, ≪ Qrup do+qλ>qλ+4∗ λ,, ≜ Elqrp ldo+433>3/3388, ≪ Qrup do+3/88>3/87: , 8 P DUNV

VSOXVjlyhvfulwlfdoydoxhvdviroorz v=

A telqrp+f+31358/31<:8,/433/313388,

^4‘ 3 5

A tsrlv+f+31358/31<:8,/433-313388,

^4‘ 3 5

A tqrup+f+31358/31<:8,/433-313388/vtuw+433-313388-+40313388,,,

^4‘ 031;<<8787 41<<<8787

Vr/ li z h revhuyh p ruh wkdq wz r p dwfk srvlwlrqvwkhq z h fdq uhmhfwK^3/

+f, +l, Li wkh orqjhvwuxq ri p dwfkhv lv uhfrughg iru d jlyhq sdlu ri vht xhqfhv ri ht xdoohqjwk/ wkhq/ li K^3 lv wuxh dqg wkh vht xhqfhvduh hyroxwlrqdulo— xquhodwhg/ wkhq/

I^{♮ q} +ȷ , @S ^♮^q ⪰ ȷ ‘@S ^♮^q ⋆ ȷ . 4‘@4∗ S ^♮^q ∼ ȷ . 4‘ ȷ @3>4>5>6>/// vr wkdw/ iurp qrwhv+s 97, z khuh S^♮^q ∼ ı‘@4∗ +4∗ s_ı,_q iruı @4>5>6>///z h kdyh e— vxevwlwxwlqj lq ı @ȷ . 4

I^{♮ q} +ȷ , @4∗ √ 4∗ ) 4∗ s_{ȷ . 4}^{P DWF K} [^q √ @ ) 4∗ s_{ȷ . 4}^{P DWF K} [^q ȷ @3>4>5>6>/// Wkxv z h fdq dvvhvv wkh sodxvlelolw— ri K^3 e— frp sdulqj wkh revhuyhg whvwvwdwlvwlf z lwk wklv qxooglvwulexwlrq¿li wkh orqj hvwuxq ri p dwfkhv kdv ohqj wk ȷ^q / wkhq wkh suredelolw— ri revhuylqj d p r uh h–wuhp h whvwvwdwlvwlf wkdq wkh rqh wkdwz dv dfwxdoo— revhuyhg +wkdwlv/ wkh s0ydoxh, lv

S ^♮^q A ȷ^q ‘@4∗ I^{♮ q} +ȷ^q , @4∗ ) 4∗ s_{ȷ q . 4}^{P DWF K} [^q

5 P DUNV

:

+ll, Wkh s0ydoxh irup xod j lyhq lv s ≪ 4∗ h–s ⟩∗ +4∗ s_{P DWF K} ,Qs^{ȷ q}_{P DWF K} | dqg iru Q @4333 dqg s_{P DWF K} @3/59 vr wkdw+4∗ s_{P DWF K} ,Q @: 73/ wklvuhgxfhvwr s ≪ 4∗ h–s ⟩∗ : 73⋄ +3/59,^{ȷ q} | vr wkdwiruglffihuhqwydoxhv ri ȷ_q z h revhuyh wkh iroorz lqj s0ydoxhv1

ȷ_q 3 4 5 6 7 8 9 : ; ¡ 43 s 4/3333 4/3333 4/3333 4/3333 3/¡993 3/8;7¡ 3/5377 3/38:: 3/3486 3/3373 3/3343 Wkxv dq dssursuldwh fulwlfdoydoxh +iru vljqlfflfdqfh ohyhoδ @3/38, lv f_U @;¿li wkh p d–lp xp uxq ohqjwk lv ; ru j uhdwhuwkhq wkhuh lv hylghqfh wr uhmhfwK_3/ I ruvljqlfflfdqfh ohyhoδ @3/34>f_U @¡ 7 P DUNV +lll, I ru Q @4333 dqg d fflyh vht xhqfh p dwfk/ vr wkdws_{P DWF K} @3/3388 dqg +4 ∗ s_{P DWF K} ,Q @¡¡7/8/ wklv uhgxfhv wr s ≪ 4∗ h–s ⟩ ∗ ¡¡7/8⋄ +3/3388,^{ȷ q} | Wr fflqg wkh fulwlfdoydoxhvz h p xvwvroyh δ ≪ 4∗ h–s ⟩∗ ¡¡7/8⋄ +3/3388,^{ȷ q} | iruȷ_q lq whup v ri δ¿uh0duudqjlqj wklv ht xdwlrq z h kdyh

ȷ_q ≪ orj ] ∗ 4 ¡¡7/8 orj +4∗ δ, ⌊

orj 3/3388 Xvlqj wkh rulj lqdodssur–lp dwlrq irup xod z h kdyh ȷ_q 3 4 5 6 7 s 4/3333 3/¡¡93 3/363 3/3333 3/3333 j lylqj fulwlfdoydoxhvri 5 dqg 6 iruδ @3/38 dqg δ @3/34 uhvshfwlyho— 7 P DUNV

;

71 +d,+l, Hvwlp dwhvduh j lyhq e— as^l @ q^l q l @4>5>6>7 wkdwlv as^4 @as^D @ 4; 54

9; 86

@3/598: as^6 @as^J @ 4637

9; 86

@3/4¡36 as^5 @as^F @ 467;

9; 86

@3/4¡9: as^7 @as^W @ 56; 3

9;86

@3/67:6

7 P DUNV

+ll, Wr whvwwkh k— srwkhvlv xvh wkh iroorz lqj wdeoh ri fflwwhg ydoxhv

Qxfohrwlgh

4 5 6 7 Wrwdo aq^l 4:46/58 4:46/58 4: 46/58 4: 46/58 9;86

0li K^3 lv wuxh wkhq wkh fflwwhg ydoxhviruhdfk qxfohrwlgh duh ht xdodv wkh k— srwkhvl˝hg suredelolwlhv duh ht xdo1

Khqfh ε_5 @ 7⋃ l@4 +q^l∗ aq^l,_5 aq^l @ +4;54∗ 4: 46/58,_5

4: 46/58 . +467; ∗ 4: 46/58,_5

4: 46/58 . +4637∗ 4: 46/58,_5

4:46/58 . +56;3∗ 4:46/58,_5

4:46/58 @774/; ;79

OU @5 7⋃ l@4 q^l orj q^l aq^l @5 ] 4;54orj

4;54

4:46/58

. 467; orj 467;

4: 46/58

. 4637orj 4637

4:46/58

. 56;3orj 56;3

4: 46/58 ⌊ @75;/834;

Erwk ri wkhvh whvwvwdwlvwlfv jlyh vwurqj hylghqfh iruuhmhfwlqj K^3

9 P DUNV

+e, +l, I ru wkh whvw/ wkh fflwwhg ydoxhvduh¿

Qxfohrwlgh

D F J W Wrwdo

Vht xhqfh 4 55; 497 4¡9 545 ;33

Vht xhqfh 5 675 579 5¡7 64; 4533

Wrwdo 8:3 743 7¡3 863 5333 z khuh/ iruh–dp soh q^{44} @q^{4/}as^4 @ q^{4/}q^{/4} q @ ; 33⋄ 8:3

5333

@55; q^{45} @q^{4/}as^5 @ q^{4/}q^{/5} q @ ;33⋄ 743

5333

@497 dqg vr rq1

; P DUNV

+ll, Whvwvwdwlvwlfv ε_5 @ 5⋃ l@4 7⋃ m@4 +q^{lm}∗ aq^{lm},_5 aq^{lm} @47/448:4 OU @5 5⋃ l@4 7⋃ m@4 q^{lm}orj q^{lm} aq^{lm} @47/4¡766

7 P DUNV

+lll, I ru erwk whvwv/ frp sduh z lwk wkh 31¡8 t xdqwloh ri wkh ε_5^6 glvwulexwlrq/ wkdwlv : 1;41 Fohduo— / e r wk whvwv lqglfdwh wkdwwkhuh lv hylghqfh wr uhmhfwwkh k— srwkhvlv wkdwwkh qxfohrwlgh suredelolwlhv duh lghqwlfdoiru wkh wz r vht xhqfhv1

6 P DUNV