` Wȷ WΠ 6ȷ + ¨ Σ AWß 5 : ß ȷ ¨ ¸ NAΣ AWȷ Π Σ w B, Π , AWß 5 ¨ 5U ¸ + ȷ ` Σ ` WwWAv Σ Π # 5AΣ AW5AWß 5

P RF N H[ DP LQDWLRQ Dqvz hu wz r t xhvwlrqv1 Txhvwlrqvfduu— 58 p dunvhdfk1

D I rup xod Vkhhwdqg VwdwlvwlfdoWdeohv duh surylghg1 Fdofxodwruv p d— eh xvhg

41 D edvh0fdoolqj surfhgxuh lv yhu— dffxudwh lq ghwhup lqlqj wkh qxfohrwlghv lq d GQD vht xhqfh/ lq wkdwlw fruuhfwo— lghqwlfflhv hdfk edvh z lwk kljk suredelolw— dqg rqo— uduho— p lvfodvvlfflhv edvhv1 OhwH_D>H_F >H_J dqg H_W eh wkh hyhqwv wkdwwkh surjudp fodvvlfflhv d edvh dv D>F>J dqg Wuhvshfwlyho— / dqg ohwI_D>I_F >I_J dqg I_W eh wkh hyhqwvwkdwedvh xqghuvwxg— lvdfwxdoo— dq D>F>J dqg Wuhvshfwlyho— 1 Vxssrvh wkdw/ sulruwr dq— dqdo— vlv ehlqj fduulhg rxwlwlvdvvxp hg wkdw

S +I_D, @s_D @3/63 S +I_F , @s_F @3/53 S +I_J , @s_J @3/53 S +I_W, @s_W @3/63

dqg wkdwwkh fr qglwlr qdosuredelolwlhv ri +p lv,fodvvlfflfdwlr q ri d edvh/ j lyhq lwv dfwxdow— sh duh jlyhq e— wkh iroorz lqj wdeoh LvFdoohg Dv D F J W D 31¡33 31358 31358 31383 Wkh Edvh F 31358 31; 83 31433 31358 J 31358 31433 31;83 31358 W 31383 31358 31358 31¡33

vr wkdw/ iruh–dp soh/ iurp wkh wrs urz

S +H_D⇕I_D, @3/¡33 S +H_F ⇕I_D, @S +H_J ⇕I_D, @3/358 S +H_W⇕I_D, @3/383

dqg vr rq1

+l, Xvlqj wkhWrwdoSuredelolw— irup xod/ frp sxwhwkhsuredelolw— wkdwdq xqnqrz q edvhxqghudqdo— vlvlvfodvvlfflhg dvl ▽ ⟩ D>F>J >W| / wkdwlv/ frp sxwh

S +H_l, @ ⋃ m▽ ⟩ D>F >J >W| S +H_l⇕I_m, S +I_m, iruhdfk l ▽ ⟩D>F>J >W|

+ll, Frp sxwh/ xvlqj Ed— hv Wkhruhp ru wkh frqglwlrqdosuredelolw— irup xod/ wkh frqglwlrqdosuredelolw— wkdwd edvh lvdfwxdoo— dq D/ j lyhq wkdwlvfodvvlfflhg dv dq D/

Frp sxwh dovr wkh wkuhh frqglwlrqdosuredelolwlhv wkdwd edvh lv dfwxdoo— dq D/ j lyhq wkdwlwlv fodvvlfflhg dv F>J dqg W1

+lll, H–suhvv/ lq p dwkhp dwlfdoqrwdwlrq dqg lq whup v ri wkh hyhqwv deryh/ wkh hyhqwwkdwd edvh lv p lvfodvvlfflhg +hyhqwP vd— ,/ dqg frp sxwh wkh WrwdoSuredelolw— wkdwP rffxuv1

+ly, Xvlqj wkhdqvz huiurp +lll,/ frp sxwhwkhWrwdoSuredelolw— wkdwd vht xhqfhri ohqjwk n edvhvlvfrp sohwho— fru0 uhfwo— lghqwlfflhg/ dvvxp lqj wkdwvxffhvvlyh edvhvdsshdulq wkh vht xhqfh lqghshqghqwo— / dqg wkdwwkh fodvvlfflfdwlrq ri vxffhvvlyh edvhvlvdovr dq lqghshqghqwsurfhvv1

+y, Li wkhedvhvduhfodvvlfflhg vht xhqwldoo— iurp wkhehjlqqlqj ri wkhvht xhqfh/ fflqg dq h–suhvvlrq iruwkhsuredelolw— wkdwwkhffluvwp lvfodvvlfflfdwlrq rffxuvdwedvhsrvlwlrq ı1 Wr z klfk suredelolw— glvwulexwlrq grhvwklvh–shulp hqwdo frqwh–wfruuhvsrqg B

+yl, Frp sxwh wkh ohqj wk O ri wkh orqj hvwvht xhqfh wkdwfdq eh dqdo— ˝hg vr wkdwwkhuh lvd suredelolw— ri dwohdvw 31¡8 ri wkhuh ehlqj dwp r vwr qh p lvfodvvlfflfdwlr q1

51 +d, Lq wkh Srlvvrq surfhvv p rghoiru hyhqwv wkdwrffxu dwudqgrp lq frqwlqxrxv wlp h z lwk frqvwdqwudwh ξ/ wkhuh duh wkuhh uhodwhg suredelolw— glvwulexwlrq uhvxowv

⊆ wkhqxp ehuvri hyhqwvrffxuulqj lq glvmrlqwlqwhuydovri ohqj wkvw^4>w^5>w^6>///duhlqghshqghqwudqgrp yduldeohv ♭^4>♭^5>♭^6>///z lwk ♭^l ⊃ Srlvvrq +ξw^l, ⊆ wkh wlp hvehwz hhq wkh rffxuuhqfhvri hyhqwvduh lqghshqghqwfrqwlqxrxvudqgrp yduldeohvW^4>W^5>W^6>///z lwk W^l ⊃ Hısrqhqwldo+ξ, ⊆ wkh wlp h ri wkh qwk hyhqwlv d frqwlqxrxvudqgrp yduldeoh ♮^q z lwk ♮^q ⊃ J dp p d+q>ξ,

Vxssrvh wkdwwkh orfdwlrqvri wkh rffxuuhqfhvri d vp dooqxfohrwlgh sdwwhuq lq d odujh jhqrp lf vhj p hqw+dssur–l0 p dwho— , iroorz d Srlvvrq surfhvv z lwk udwh sdudp hwhuξ @3/334

+l, Ohww^4 @8333 +edvhv,1 Frp sxwh S^♭^4 @5‘/ S^♭^4 ∼ 3‘ dqg S^♭^4 ⋆ 7‘

+ll, Vxssrvh wkdwwkh ffluvw53333 edvhvri wkh vhj p hqwduh vsolwlqwr 43 vhfwlrqvri ht xdovl˝h1 Ohw♭^4>♭^5>///>♭^{43} eh wkh frxqwvri wkh qxp ehuv ri rffxuuhqfhvri wkh sdwwhuq lq hdfk ri wkhvh vhfwlrqv1 Ohw

V^{43} @ 43⋃ l@4 ♭^l eh wkh udqgrp yduldeoh uhfruglqj wkh wr wdoqxp ehuri rffxuuhqfhv ri wkh sdwwhuq lq wkh ffluvw53333 edvhv1

Frp sxwh SV̂^{53} ∼ 6‘

+lll, Frp sxwh wkh suredelolw— wkdwwkh ffluvwrffxuuhqfh ri wkh sdwwhuq rffxuv eh— r qg edvh srvlwlrq :8331

+ly, Wkh J dp p d+q>ξ, glvwulexwlrq fdq eh dssur–lp dwhg e— wkh Qrup do )q ξ > q ξ_5 [ glvwulexwlrq/ vr wkdwwkh fgi ri ♮^q fdq eh dssur–lp dwhg

I^{♮ q} +ȷ , ≪ ff ] ξȷ ∗ q ∫ q ⌊ z khuh ff lvwkh vwdqgdug qrup dofgi1 Xvlqj wkh vwdwlvwlfdowdeohvsurylghg/ frp sxwh dq dssur–lp dwh suredelolw— wkdwwkh 43wk rffxuuhqfh ri wkh sdwwhuq rffxuv vrp hz khuh lq wkh ffluvw43333 edvhv1

+e, Lq d r qh vdp s oh k— srwkhvlvwhvwri

K^3 =π @f

K^4 =π ∃@f

+wkdwlv/ z lwk d wz r 0vlghg dowhuqdwlyh, irud Qrup dovdp soh z lwk ϕ xqnqrz q/ wkh whvwvwdwlvwlf w@ ßı ∗ f v∂ ∫ q +z khuh q lvwkh vdp soh vl˝h/ ßı lvwkh vdp soh p hdq dqg v_5 v_5 @ 4 q ∗ 4 q⋃ l@4 +ı^l ∗ ßı,_5 lvwkh vdp soh yduldqfh, kdvd Vwxghqw+q ∗ 4, glvwulexwlrq li K^3 lv wuxh

+l, Fduu— rxwd whvwri K^3 =π @3 yvK^4 =π ∃@f dwdq dssursuldwho— fkrvhq vljqlfflfdqfh ohyhoiruwkh vdp soh gdwd 4/¡3>∗ 4/43>4/53>∗ 3/44>∗ 4/¡3>5/53>∗ 3/; :>3/:9>∗ 5/¡3>5/: 3 +ll, Qrz fduu— rxwd whvwri wkh k— srwkhvlv

K^3 =ϕ_5 @4

K^4 =ϕ_5 A 4 xvlqj wkh whvwvwdwlvwlf T @ +q ∗ 4,v_5 ϕ_5 wkdwkdvd ε_5^{q∗ 4} glvwulexwlrq li K^3 lvwuxh1

61 Lq d vht xhqfh doljqp hqwh–huflvh iruwz r GQD vht xhqfhvri ht xdoohqjwk/ d elqdu— qxp hulfdovht xhqfh fdq eh frqvwulfwhg wr uhfrug wkh srvlwlrqv ri h–dfwp dwfkhv/ wkdwlv iruwkh wz r vht xhqfhv

Vht xhqfh 4 D D F F W F D D J D Vht xhqfh 5 D F F D W F D J J J P dwfk 4 3 4 3 4 4 4 3 4 3

+l, Ohws_{P DWF K} eh wkh suredelolw— wkdwd p dwfk lv revhuyhg dwd jlyhq orfdwlrq xqghu wkh qxook— srwkhvlv K_3 wkdwwkh vht xhqfh duh xquhodwhg lq hyroxwlrqdu— whup v dqg wkdwqxfohrwlghv duh revhuyhg lqghshqghqwo— z lwk suredelolwlhv 316/ 315/ 315 dqg 316 iruD>F>J dqg Wuhvshfwlyho— 1

Frp sxwh s_{P DWF K} /

+ll, I ru wz r vht xhqfhv ri ohqj wk Q @433/ vwdwh wkh glvwulexwlrq +li K_3 lv wuxh, ri wkh vwdwlvwlf ♭_{P DWF K} wkdw uhfrugv wkh qxp ehuri p dwfkhv ehwz hhq wkh wz r vht xhqfhv1

+lll, H–sodlq krz wr xvh wkh revhuyhg ydoxh ri ♭_{P DWF K} / ı_{P DWF K} vd— / wr whvwwkh k— srwkhvlv K_3/ h–sodlqlqj krz wkh glffihuhqwfrp srqhqwv ri wkh k— srwkhvlvwhvwduh frp sxwhg1

Uhihuwr wkh idfwwkdwdssursuldwh fulwlfdoydoxhv iru d wz r0vlghg whvwdwwkh δ @3/38 ohyhoduh 4; dqg 68

+e, Dq dolj qp hqwri 8 vht xhqfhv ri ohqjwk Q @433 lv uht xluhg¿d vlp lodu k— srwkhvlv whvw+z khuh qrz K_3 vwdwhv wkdwwkh fflyh vht xhqfhv duh hyroxwlrqdulo— xquhodwhg dqg wkdwqxfohrwlghv duh vdp sohg lqghshqghqwo— z lwk wkh suredelolwlhv jlyhq deryh, wr wkdwderyh lvwr eh fduulhg rxw1

H–sodlq lq ghwdlokrz wklvqhz k— srwkhvlvwhvwvkrxog surfhhg/ djdlq h–sodlqlqj krz wkh glffihuhqwfrp srqhqwvri wkh whvwduh frp sxwhg1

+f, Lq d elqdu— vht xhqfh dolj qp hqw/ lwfdq eh vkrz q +vhh ohfwxuh qrwhv, wkdw♮_q / wkh udqgrp yduldeoh uhfruglqj wkh ohqj wk ri wkh or qj hvwuxq ri p dwfkhvlq d froohfwlrq ri q vxfk uxqv/ lvd p d–lp xp r ughu vwdwlvwlf udqgrp yduldeoh z lwk fxp xodwlyh glvwulexwlrq ixqfwlrq

I_{♮ q} +ȷ , @S ^♮_q ⪰ ȷ ‘@ ) 4∗ s^{ȷ ∗ 4}_{P DWF K} [_q ȷ @3>4>5>///

+l, H–sodlq krz wklv uhvxowfdq eh xvhg dv wkh edvlv ri d k— srwkhvlv whvwuhodwlqj wr wkh doljqp hqwri wkh wz r vht xhqfhv1

+ll, Xvlqj wkh dssur–lp dwlrq iruwkh s0ydoxh z khq wkh revhuyhg p d–lp xp uxq ohqj wk iruwz r vht xhqfhvri ohqj wk Q lv ȷ_q s ≪ 4∗ +4∗ s^{ȷ q}_{P DWF K} ,^{+4∗ s P D WF K ,Q} ≪ 4∗ h–s ⟩ ∗ +4∗ s_{P DWF K} ,Qs^{ȷ q}_{P DWF K} | fflqg wkh dssur–lp dwh fulwlfdoydoxh iru wkh whvwli Q @ 4333/ xvlqj wkh k— srwkhvl˝hg ydoxhv iru wkh qxfohrwlgh suredelolwlhv ghvfulehg deryh1

+lll, Wr z kdwydoxh grhv wkh fulwlfdoydoxh fkdqj h li dq doljqp hqwri fflyh vht xhqfhv lvfrqvlghuhg1

71 +d, Gdwd iurp d odujh lqwurq vhsdudwlqj h–rqv 4: dqg 4; lq d jhqrp lf vhjp hqwfrqwdlqlqj wkh EUFD5 jhqh uhyhdov wkh iroorz lqj qxfohrwlgh glvwulexwlrq=1

Qxfohrwlgh

D F J W Wrwdo

4; 54 467; 4637 56;3 9;86

+l, Frp sxwh hvwlp dwhvri wkh qxfohrwlgh suredelolwlhv s^4 @s^D>s^5 @s^F >s^6 @s^J dqg s^7 @s^W iurp wkhvh gdwd

+ll, Whvwwkh k— srwkhvlv wkdwwkh qxfohrwlgh suredelolwlhv duh ht xdo/ wkdwlv

K^3 =s^4 @s^5 @s^6 @s^7 @ 4 7 xvlqj wkh whvwvwdwlvwlfv ε_5 @ 7⋃ l@4 +q^l∗ aq^l,_5 aq^l

OU @5 7⋃ l@4 q^l orj q^l aq^l z khuh aq^l irul @4>5>6>7 duhwkhfflwwhg ydoxhvdvvxp lqj wkdwK^3 lvwuxh¿erwk ri wkhvhvwdwlvwlfvkdyhd fkl0vt xduhg glvwulexwlrq z lwk 6 ghj uhhvri iuhhgrp li K^3 lv wuxh1

+e, Frxqwgdwd iurp wz r GQD vht xhqfhvz dvfroohfwhg

Qxfohrwlgh

D F J W Wrwdo

Vht xhqfh 4 583 473 4; 3 563 ;33

Vht xhqfh 5 653 5:3 643 633 4533

Wrwdo 8:3 743 7¡3 863 5333

D whvwri wkh qxook— srwkhvlv K^3/ wkdwwkh p dujlqdosuredelolwlhv ri wkh irxu qxfohrwlghv duh lghqwlfdoiru erwk vht xhqfhv/ lvuht xluhg1

+l, Frp sohwh wkh wdeoh ri fflwwhg ydoxhv aq^{lm}@q^{l/}as^m@ q^{l/}q^{/m} q l @4>///>u>m@4>///>f dvvxp lqj K^3 lv wuxh/ z khuh q^{l/} lv wkh wrwdori wkh lwk urz / q^{/m} lv wkh wrwdori wkh mwk froxp q/ dqg q lv wkh wrwdo qxp ehuri revhuydwlrqv11

+ll, Frp sxwh wkh F kl0vt xduhg vwdwlvwlf ε_5 dqg wkh Olnholkr r g Udwlr vwdwlvwlf OU

+lll, Fduu— rxwd whvwri K^3 dwwkh vljqlfflfdqfh ohyhori δ @3/34

Uhfdoowkdw/ khuh/ wkh whvwvwdwlvwlfv duh ghfflqhg dv ε_5 @ 5⋃ l@4 7⋃ m@4 +q^{lm}∗ aq^{lm},_5 aq^{lm} OU @5 5⋃ l@4 7⋃ m@4 q^{lm}orj q^{lm} aq^{lm} erwk ri z klfk kdyh d fkl0vt xduhg glvwulexwlrq z lwk 6 ghjuhhv ri iuhhgrp li K^3 lvwuxh1

Q̂rwh= lq ohfwxuh qrwhv/ wkh idfwru ri 5 zdv rp lwwhg iurp wkh OU vwdwlvwlf ghfflqlwlrq 0vruu— ‘