` Wȷ WΠ 6ȷ + ¨ Σ AWß 5 : ß ȷ ¨ ¸ NAΣ AWȷ Π Σ w B, Π , AWß 5 ¨ 5U ¸ + ȷ ` Σ ` WwWAv Σ Π # 5AΣ AW5AWß 5

VROXWLRQV

41Hyhqwv D@˙hyhq qxp ehuhg%/ E@˙eoxh edoo%/ F @˙qxp ehuohvvwkdq 8%1

A B

C

3

3

3 3 2 2 2 2

+4, D∨ E ∨ F 0˙eoxh edoo5 ru 7%=Sure @52531 +5, E ∨ F^∋ 0˙eoxh edoo8/9/:/; /¡/4¡%=Sure @92531 +6, D∧ E ∧ F 0˙dwohdvwrqh ri eoxh/ ru hyhq/ ruohvv wkdq 8%=Sure @4:2531 +7, D∨ +E ∧ F, 0˙hyhq/ dqg hlwkhueoxh ru hvv wkdq 8%=Sure @:2531 +8, D^∋∨ E^∋∨ F^∋ 0˙uhg 8/: /¡%0Sure @62531

51Wdeoh 4=

S+H, @ S+H ∨ I , . S+H ∨ I^∋, @ 9 57 . 5 57 @ ; 57 @ 4 6 S+I , @ S+H ∨ I , . S+H^∋∨ I , @ 9 57 . 45 57 @ 4; 57 @ 6 7 S+I ⇕H, @ S+H ∨ I , S+I , @ 9∂57 ;∂57 @ 6 7 @S+I ,

S+I ⇕H^∋, @

S+H^∋∨ I ,

S+H^∋, @ 45∂57 49∂57 @ 6 7 @S+I ,

@⇔ LQGHSHQGHQW

Wdeoh 5=

S+H, @ S+H ∨ I , . S+H ∨ I^∋, @ 9 5; . 7 5; @ 43 5; @ 8 47 S+I , @ S+H ∨ I , . S+H^∋∨ I , @ 9 5; . 45 5; @ 4; 5; @ ¡ 47 S+I ⇕H, @ S+H ∨ I , S+I , @ 9∂5; 43∂5; @ 6 8 ∃@S+I ,

S+I ⇕H^∋, @

S+H^∋∨ I ,

S+H^∋, @ 45∂5; 4;∂5; @ 5 6 ∃@S+I ,

@⇔ QRW LQGHSHQGHQW

Fkhfn dovr wkdwS+H ∨ I , @S+H,S+I ⇕H, hwf1iru erwk wdeohv1

61S+I , @S+D ∨ E ∨ F ∨ G ∨ H, @S+D,S+E⇕D,S+F ⇕D∨ E,S+G⇕D∨ E ∨ F ,S+H⇕D ∨ E ∨ F ∨ G, +d, D>E>F>G>H lqghshqghqw/ S+D, @S+E, @S+F , @S+G, @S+H, @3/¡31vr

S+I , @+3/¡,_8 @3/8¡38

+e, Wkhruhp ri WrwdoSuredelolw— =

S+E, @S+E⇕D,S+D, . S+E⇕D_∋,S+D_∋, @+3/¡8⋄ 3/¡, . +3/:8⋄ 3/4, @3/¡61

+f, S+I , @S++D ∧ E, ∨ F ∨ G ∨ H, @S+D∧ E,S+F ,S+G,S+H, z khuh

S+D ∧ E, @S+D, . S+E, ∗ S+D ∨ E,

+l, D>E lqghshqghqw/ vr S+D∨ E, @S+D,S+E, @⇔ S+D ∧ E, @3/¡. 3/¡∗ 3/¡_5 @3/¡¡/

@⇔ S+I , @3/¡¡⋄ +3/¡,_6 @3/:54:

+ll, D>E qrwlqghshqghqw/ S+D ∨ E, @S+D,S+E⇕D, @⇔ S+D ∧ E, @3/¡. 3/¡6∗ 3/¡3⋄ 3/¡8 @3/¡:8/

@⇔ S+I , @3/¡:8⋄ +3/¡,_6 @3/: 43;

71J lyhq wkdwS+V, @3/334>S+W⇕V, @4/3>S+W⇕V_∋, @3/41

+l, Wkhruhp ri WrwdoSuredelolw— =

S+W, @S+W⇕V,S+V, . S+W⇕V_∋,S+V_∋, @+4/3⋄ 3/334, . +3/34⋄ 3/¡¡¡, @3/433¡1

+ll, OhwL @˙lqfruuhfwgldjqrvlv%¿wkhq L@+W∨ V_∋, ∧ +W_∋∨ V,/

@⇔ S+L, @S+W∨ V_∋, . S+W_∋∨ V, @S+W⇕V_∋,S+V_∋, . S+W⇕V,S+V, @+3/4⋄ 3/¡¡¡, . +3/3⋄ 3/334, @3/3¡¡¡1

+lll, Ed— hvWkhruhp = S+V⇕W, @ S+W⇕V,S+V, S+W, @ 4/3⋄ 3/334

3/433¡ @3/33¡¡

81I luvwohwH @˙vht xhqfh ri q khdgv%/ I @˙frlq lv qrup do%1Z dqw S+I ⇕H, @ S+H⇕I ,S+I , S+H, @ S+H⇕I ,S+I , S+H⇕I ,S+I , . S+H⇕I_∋,S+I_∋, dqg khuh S+I , @4∂5/ S+H⇕I , @+4∂5,_q / S+H⇕I_∋, @4/ vr S+I ⇕H, @ 4 4. 5_q

Qrz ohwH @˙vht xhqfh ri n khdgv dqg q ∗ n wdlov1Qrz S+H⇕I , @ ] q n ⌊ +4∂5,_q S+H⇕I_∋, @ ] q n ⌊ s_n+4∗ s,_{q∗ n} vr S+H, @S+H⇕I ,S+I , . S+H⇕I_∋,S+I_∋, @ ] q n ⌊ +4∂5,_q ⋄ 4∂5. ] q n ⌊ s_n+4∗ s,_{q∗ n} ⋄ 4∂5

dqg S+I ⇕H, @ 4 4. 5^q s^n+4∗ s,^{q∗ n}

91 OhwD/ E dqg F uhsuhvhqwwkh hyhqwv wkdwwkh sul˝h olhv ehklqg wkh vhohfwhg grru/ wkh rshqhg grru/ dqg wkh uhp dlqlqj grru uhvshfwlyho— / dqg ohwK_E uhsuhvhqwwkh hyhqwwkdwwkh krvwrshqv grru wkh vhfrqg grru1 Z dqwwr frp sduh wkh frqglwlrqdosuredelolwlhvri D dqg F jlyhq K_E 1Qrz /

S+D⇕K_E , @

S+K_E ⇕D,S+D,

S+K_E , @ S+K_E ⇕D,S+D, S+K_E ⇕D,S+D, . S+K_E ⇕E,S+E, . S+K_E ⇕F,S+F, 1 Khuh S+D, @S+E, @S+F , @4∂6/ dqg S+K_E ⇕D, @4∂5 +krvwfdq fkrrvh wr rshq E ruF,/ S+K_E ⇕E, @3 +krvw fdqqrwrshq E li wkh sul˝h lvehklqg lw, dqg S+K_E ⇕F, @4 +krvwp xvwrshq E/ dv D lvdouhdg— vhohfwhg,1Khqfh

S+D⇕K_E , @ 4∂5⋄ 4∂6 4∂5⋄ 4∂6. 3⋄ 4∂6. 4⋄ 4∂6

@4∂61

Vlp loduo— / S+F⇕K_E , @5∂6/ vr lwlv doz d— v suredelolvwlfdoo— dgydqwdjhrxv wr VZ LWFK grruv dv S+D⇕K_E , ⋆ S+F⇕K_E ,1

: 1+d, ♭ @˙rshudwlqj +3,/ qrwrshudwlqj +4,%=^ @⟩ 3>4|

+e,♭ @˙qxp ehuri ghihfwlyh frp srqhqwv%=^ @⟩3>4>5>///>433| 1 +f,♭ @˙qxp ehuri idlohg frp srqhqwv%=^ @⟩3>4>5>///|1 +g,♭ @˙wlp h dwz klfk 433wk frp srqhqwidlov%=^ @⟩ı =ı ∼ 3|1

; 1+d, RN

+e, Qrwd suredelolw— glvwulexwlrq +i_♭ +5, ⋆ 3, +f, RN +g, Qrwd suredelolw— glvwulexwlrq +grhvq*wvxp wr 4,1

¡1+d, RN

+e, RN +f, Qrwd suredelolw— glvwulexwlrq +lqwhj udolvqrwfflqlwh, +g, RN

431i_♭ +3, @I_♭ +3, @4∂5/ dqg iru ı @4>5>6>///

i_♭ +ı, @I_♭ +ı, ∗ I_♭ +ı ∗ 4, @+4∗ +4∂5,^{ı. 4}, ∗ +4∗ +4∂5,^ı, @+4∂5,^{ı. 4}

I lqdoo—

S^♭ lv hyhq ‘@S^♭ @3‘. S^♭ @5‘. S^♭ @7‘. ///@+4∂5, . +4∂5,^6 . +4∂5,^8 . ///

dvi_♭ +ı, @S^♭ @ı‘1Wklv lvdq lqfflqlwh jhrp hwulf surj uhvvlrq z lwk frp p rq whup +4∂5,^51Khqfh

S^♭ lvhyhq ‘ @4∂5⋄ 4 4∗ +4∂5,^5

@5∂6

441Qhhg

⊎^4 3 i^♭ +ı, gı @4 @⇔

⊎^4 3 f+4∗ ı,ı_5gı @4 @⇔ f ⌋ ı_6∂6∗ ı_7∂7 ⌈^4

3 @4 @⇔ f @45/

FGI rewdlqhg e— lqwhjudwlqj wkh ghqvlw— ixqfwlrq=

I^♭ +ı, @ ⊎^ı ∗ △ i^♭ +w,gw@ ⊎^ı 3 45+4∗ w,w_5gw@7ı_6 ∗ 6ı_7 3 ⪰ ı ⪰ 4 dqg khqfh S^4∂7 ⋆ ♭ ⋆ 6∂7‘@I^♭ +6∂7, ∗ I^♭ +4∂7, @ 4:9 589 451+d, E— lqwhj udwlrq/ f @4∂+δ ∗ ϵ,/ wkdwlv/ qhhg

⊎^4 3 i^♭ +ı, gı @4

+e, E— glffihuhqwldwlrq i^♭ +ı, @δvhf_5ı h–s ⟩ ∗ δwdqı| 3 ⪰ ı ⪰ 5τ

+f, E— glffihuhqwldwlrq i^♭ +ı, @

5ϵ+ϵ_5 ∗ ı_5,

+ϵ_5 . ı_5,_5 3 ⪰ ı ⪰ ϵ

461♭^4@vxp ri vfruhv¿wdnhvydoxhvrq ⟩ 5>6>///>45|1♭^5@odujhvwri wkh wz r vfruhv¿wdnhvydoxhvrq ⟩ 4>5>6>7>8>9| 1

Mrlqwglvwulexwlrq vshflfflhg e—

♭^4

5 6 7 8 9 : ; ¡ 43 44 45 Wrw

4 s^4 3 3 3 3 3 3 3 3 3 3 s^4

5 3 s^5 s^4 3 3 3 3 3 3 3 3 s^4 . s^5

6 3 3 s^5 s^5 s^4 3 3 3 3 3 3 s^4 . 5s^5

♭^5 7 3 3 3 s^5 s^5 s^5 s^4 3 3 3 3 s^4 . 6s^5

8 3 3 3 3 s^5 s^5 s^5 s^5 s^4 3 3 s^4 . 7s^5

9 3 3 3 3 3 s^5 s^5 s^5 s^5 s^5 s^4 s^4 . 8s^5

Wrw s^4 s^5 s^4 . s^5 5s^5 s^4 . 5s^5 6s^5 s^4 . 5s^5 5s^5 s^4 . s^5 s^5 s^4 4 z khuh s^4 @4∂69/ s^5 @5∂691P duj lqdoiru♭^4 j lyhq e— froxp q wrwdov/ vr wkdw ı 5 6 7 8 9 : ; ¡ 43 44 45 i^{♭ 4} +ı, s^4 s^5 s^4 . s^5 5s^5 s^4 . 5s^5 6s^5 s^4 . 5s^5 5s^5 s^4 . s^5 s^5 s^4

P duj lqdoiru♭^5 jlyhq e— urz wrwdov/ vr wkdw ı 4 5 6 7 8 9 i^{♭ 5} +ı, s^4 s^4 . s^5 s^4 . 5s^5 s^4 . 6s^5 s^4 . 7s^5 s^4 . 8s^5

Frqglwlrqdoiru♭^4/ jlyhq ♭^5 @7 jlyhq e— wkh irxuwk urz ri wkh wdeoh/ glylghg e— wkh irxuwk urz wrwdo1

ı 3 4 5 6 7 8 9 : ; ¡ 43

i_♭ +ı, 3143: 3159; 31635 31534 313;; 31359 31334 31333 31333 31333 31333

471♭ ⊃ Elq+43>3/5,/ vr ^ @⟩ 3>4>5>///>43| / i_♭ +ı, @S^♭ @ı‘@ ] 43 ı ⌊ +3/5,^ı+3/; ,^{43∗ ı}

481♭ @˙qxp ehuri khdgv%/ vr ♭ ⊃ Elq+8>3/8, +l, S^♭ @3‘@+3/8,^8 @3/36458

+ll, S^♭ ∼ 7‘ @S^♭ @7‘. S^♭ @8‘@ ] 8 7 ⌊ +3/8,^8 . ] 8 8 ⌊ +3/8,^8 @3/4; :8

+lll, SR̂gg qxp ehuri khdgv‘@S^♭ @4‘. S^♭ @6‘. S^♭ @8‘@3/8

491♭ @˙qxp ehuri ghihfwlyhv%/ vr ♭ ⊃ Elq+83>3/34, +l, S^♭ ⪰ 5‘@S^♭ @3‘. S^♭ @4‘. S^♭ @5‘/ vr

S^♭ ⪰ 5‘@ ] 83 3 ⌊ +3/34,^3+3/¡¡,^{83} . ] 83 4 ⌊ +3/34,^4+3/¡¡,^{7¡} . ] 83 5 ⌊ +3/34,^5+3/¡¡,^{7;} @3/¡;95

+ll, Li ♭_4 lv wkh Ehuqrxool udqgrp yduldeoh fruuhvsrqglqj wr frp srqhqw4/ z dqwS^♭_4 @4⇕♭ @6‘1

S^♭_4 @4⇕♭ @6‘@

S^♭ @6⇕♭_4 @4‘S^♭_4 @4‘

S^♭ @6‘ @ S^♮ @5‘S^♭_4 @4‘

S^♭ @6‘

z khuh ♮ lv wkh udqgrp yduldeoh fruuhvsrqglqj wr wkh wrwdoqxp ehu ri ghihfwlyhv lq frp srqhqwv 5/111/7¡1 Qrz ♮ ⊃ Elq+7¡>3/34,/ vr

S^♭_4 @4⇕♭ @6‘@ ] 7¡ 5 ⌊ +3/34,^5+3/¡¡,^{7:} ⋄ 3/34 ] 83 6 ⌊ +3/34,^6+3/¡¡,^{7:} @ 6 83

4:1♭ ⊃ Srlvvrq+ξ, @⇔ s_3 @h^{∗ ξ} >s_ı @ ξ ı s_{ı∗ 4}

ı 3 4 5 6 7 8 9 : ; ¡ 43

i_♭ +ı, 3133: 31367 313; 7 31473 314:8 314: 8 31479 31437 31398 31369 3134;

4;1P xvwfkhfn sgi lvqrq0qhjdwlyh/ dqg ⊎_△ 3 i_♭ +ı, gı @4¿ghqvlw— ghfd— vh–srqhqwldoo— iurp p d–lp xp ydoxh ξ dwı @31 Fdq vkrz I_♭ +ı, @S^♭ ⪰ ı‘@4∗ h^{∗ ξı} iruı ∼ 3/ vr

S^♭ ⪰ 4‘@4∗ h^{∗ 5} @3/; 97: S^♭ A 7‘@4∗ S^♭ ⪰ 7‘@h^{∗ ;} @6/68⋄ 43^{∗ 7}

4¡1Wr frp sxwh h–shfwdwlrq dqg yduldqfh/ qhhg wr lqwhj udwh

H^{i ♭} ^♭ ‘@ ⊎^△ ∗ △ ıi^♭ +♭ , gı H^{i ♭} ^♭_5‘@ ⊎^△ ∗ △ ı_5i^♭ +♭ , gı1

Wklvlvdfklhyhg e— fkdqjlqj yduldeohvlq wkh lqwhj udoviurp ı wr w@+ı ∗ π,∂ϕ1Wkh uhvxowlvfflqdoo— rewdlqhg e— qrwlqj wkdw ⊎^△ ∗ △ h_{∗ w5 ∂5} gw@ ∫ 5τ +dvwkh lqwhj udqg lvsursruwlrqdowr wkh vwdqgdug qrup dosgi, ⊎^△ ∗ △ wh_{∗ w5 ∂5} gw@3 +dvwkh lqwhj udqg lvdq RGG ixqfwlrq, ⊎^△ ∗ △ w_5h_{∗ w5 ∂5} gw@ ∫ 5τ +xvlqj d ixuwkhuvxevwlwxwlrq x @w_5,

Khqfh H^{i ♭} ^♭ ‘@π H^{i ♭} ^♭_5‘@π_5 . ϕ_5 @⇔ Ydu^{i ♭} ^♭ ‘@ϕ_51

531I^♮ +ȷ , @S^♮ ⪰ ȷ ‘ @Sϕ̂♭ . π ⪰ ȷ ‘@S^♭ ⪰ +ȷ ∗ π,∂ϕ‘@ff ] ȷ ∗ π ϕ ⌊ / dqg vr e— glffihuhqwldwlrq i^♮ +ȷ , @ 4 ϕ ω ] ȷ ∗ π ϕ ⌊ @ ] 4 5τϕ_5 ⌊^{4∂5} h–s ⟩ ∗ 4 5ϕ_5

+ȷ ∗ π,_5 / z khuh ff dqg ω duh wkh fgi dqg sgi ri wkh vwdqgdug qrup doglvwulexwlrq1

Li ♭ ⊃ Q+π>ϕ_5,/ I^♭ +ı, @ff ] ı ∗ π ϕ ⌊ 1Qrwh dovr wkdw

S^♭ A ı‘@4∗ S^♭ ⪰ ı‘ Sî^4 ⋆ ♭ ⪰ ı^5‘@S^♭ ⪰ ı^5‘∗ S^♭ ⪰ ı^4‘ dqg iruı ⋆ 3/ ff+ı, @4∗ ff+∗ ı,1

Wkhq π @3>ϕ_5 @4 π @3/8>ϕ_5 @51

+l, S^♭ ⪰ 5/5‘ 31¡; 94 31; 356

+ll, S^♭ A ∗ 3/:8‘ 31:: 67 31969;

+lll, S^∗ 4/: ⪰ ♭ ⋆ ∗ 4‘ 314474 313¡3¡

+ly, S^♭ A 4/¡9‘ 313583 31565:

♮ ⊃ ε_5^4 ⇓ ⇔ ♮ @♭_5 z khuh ♭ ⊃ Q+3>4,1Khqfh

S^♮ A ȷ ‘@S^♭_5 A ȷ ‘@4∗ S^ ∗ ∫ ȷ ⋆ ♭ ⋆ ∫ ȷ ‘ @5+4∗ ff+ ∫ ȷ ,,