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Abstract

The principle of “optimism in the face of uncertainty” underpins many theoretically successful
reinforcement learning algorithms. In this paper we provide a general framework for designing, analyzing
and implementing such algorithms in the episodic reinforcement learning problem. This framework is built
upon Lagrangian duality, and demonstrates that every model-optimistic algorithm that constructs an
optimistic MDP has an equivalent representation as a value-optimistic dynamic programming algorithm.
Typically, it was thought that these two classes of algorithms were distinct, with model-optimistic
algorithms benefiting from a cleaner probabilistic analysis while value-optimistic algorithms are easier
to implement and thus more practical. With the framework developed in this paper, we show that it is
possible to get the best of both worlds by providing a class of algorithms which have a computationally
efficient dynamic-programming implementation and also a simple probabilistic analysis. Besides being
able to capture many existing algorithms in the tabular setting, our framework can also address large-scale
problems under realizable function approximation, where it enables a simple model-based analysis of
some recently proposed methods.

1 Introduction

Reinforcement learning (RL) is a key framework for sequential decision-making under uncertainty [43] [44]. In
an RL problem, a learning agent interacts with a reactive environment by taking a series of actions. Each
action provides the agent with some reward, but also takes them to a new state which determines their future
rewards. The aim of the agent is to pick actions to maximize their total reward in the long run. The learning
problem is typically modeled by a Markov Decision Process (MDP, [38]) where the agent does not know the
rewards or transition probabilities. Dealing with this lack of knowledge is a crucial challenge in reinforcement
learning: the agent must maximize their rewards while simultaneously learning about the environment. One
class of algorithms that have been successful at balancing this exploration versus exploitation trade-off are
optimistic reinforcement learning algorithms. In this paper, we provide a new framework for studying these
algorithms.

Optimistic algorithms are built upon the principle of “optimism in the face of uncertainty” (OFU). They
operate by maintaining a set of statistically plausible models of the world, and selecting actions to maximize
the returns in the best plausible world. Such algorithms were first studied in the context of multi-armed
bandit problems [28], 2 [I4), B [29], and went on to inspire numerous algorithms for reinforcement learning.
A closer look at the literature reveals two main approaches to incorporate optimism in RL. In the first,
optimism is introduced through estimates of the MDP: these approaches build a set of plausible MDPs
by constructing confidence bounds around the empirical transition and reward functions, and select the
policy that generates the highest total expected reward in the best feasible MDP. We refer to this family of
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methods as model-optimistic. Examples of model-optimistic methods include RMAX [13], [26] 45] and UCRL2
[4, 23, [42]. While conceptually appealing, model-optimistic methods tend to be difficult to implement due to
the complexity of jointly optimizing over models and policies. Another approach to incorporating optimism
into RL is to construct optimistic upper bounds on the optimal value functions which are (informally) the
total expected reward of the optimal policy in the true MDP. The optimistic policy greedily picks actions to
maximize the optimistic values. We refer to this class of methods as value-optimistic. Examples of algorithms
in this class are MBIE-EB [42], UCB-VI [6] and UBEV [I16]. These algorithms compute the optimistic value
functions via dynamic programming (cf. [9), making them computationally efficient and compatible with
empirically successful RL algorithms that are typically based on value functions. One downside of these
approaches is that their probabilistic analysis is often excessively complex.

While these two approaches may look very different on the surface, we show in this paper that there is in
fact a very strong connection between them. Our first contribution is to show that the optimization problems
associated with these two problems exhibit strong duality. This implies that that for every model-optimistic
approach, there exists an equivalent value-optimistic approach. This bridges the gap between the conceptually
simple model-optimistic approaches and the computationally efficient value-optimistic approaches. This result
enables us to develop a general framework for designing, analyzing and implementing optimistic algorithms
in the episodic reinforcement learning problem. Our framework is broad enough to capture many existing
algorithms for tabular MDPs, and for these we provide a simple analysis and computationally efficient
implementation. The framework can also be extended to incorporate realizable linear function approximation,
where it leads to a new model-based analysis of two value-optimistic algorithms. Our analysis involves
constructing a new model-optimistic formulation for factored linear MDPs which may be of independent
interest.

2 Background on Markov Decision Processes

Finite-horizon episodic MDPs. A finite episodic Markov decision process (MDP) is a tuple (S, A, H, a, P, 1)
where S and A are the finite sets of states and actions with S = |S|, A = |A|, H is the (fixed) episode length
and o is the initial state distribution. The transition functions, P = {P;,(-|z,a)}s z,q, give the probability
Pp,(2'|z,a) of reaching state 2’ € S after playing action a € A from state xz € S at stage h of an episode,
and the reward function, r : § x A — [0, 1], assigns a reward to each state-action pair. For simplicity, we
assume r is known and deterministicﬂ and each episode ¢ begins from state z;; ~ a. If no further structure
is assumed, we call the MDP tabular. We define a stationary policy w: S — A as a mapping from states to
actions, and a nonstationary policy as a collection 7 = {ﬂ'h}thl of stationary policies for each stage h of an
episode, and note that these are sufficient for maximizing reward in an episode. We denote by P, [-] and
E, [/] a probability or expectation with respect to the distribution of state-action sequences under policy 7
in the MDP, and let [H] ={1,...,H} and Z =8 x A.

Value functions and dynamic programming. For any policy 7, we define the value function at each
state x € S and stage h as the expected total reward from running policy 7r from that point on:

H

V(@) = En [Zn(xz,m(m))

l=h

xh—x}

We denote by 7* an optimal policy satisfying V™ (z) = max, V;7(z) for all 2 € S, h € [H], and the optimal
value function by V' (x) = Vh’T* (). The total expected reward of 7w* in an episode starting from state x; is
Vi*(z1). We define the (optimal) action-value function for each x,a,h as

Tp =x,ap = a] and Qi (z,a) = max Q} (z,a).

H
Qf(o,0) = x| 3 ralan, )
I=h

1The extension to unknown rewards is fairly straightforward using upper confidence bounds on r



It is easily shown that the value functions satisty the Bellman equations for all z, a, h:

Vi (z) = QF (z,7(x)), Vi, (z)=0 Vi (2) = max @y (2, a), Vi (2) =0
Qn(x,a) =rp(z,a) + Z Pr(ylz, a)Vi1(v) and Qr(z,a) =rp(z,a) + Z Py(ylz,a)Vi 1 (y)-
yeS yeS

In a fixed MDP, an optimal policy can be found by solving the above system of equations by backward
recursion through the stages H, H — 1,...,1, a method known as dynamic programming [8, 22} 9].

Optimal control in MDPs by linear programming. A key technical tool underlying our results is a
classic linear-programming (LP) formulation for solving MDPs [32] [18] [19]. To state this formulation, we will
represent value functions by S-dimensional vectors and define the S x S transition matriz P , for each h,a,
acting on a value function V' as (P, V) () = >, Ph.a(@'|x,a)V (2"). Then, the following LP can be seen to
be equivalent to the Bellman optimality equations:

minimize Vi (z1) subject to (1)
1% 11 Vi > ra + PhoVhit VaEA,hE[H],
where the inequality is to be understood to hold entrywise. Defining the vector qp o = (qn(21,a), ..., qn(zs,a))",
the dual of the above LP is given as
maximize ( Ta) subject to (2)
ge(r Al anira = S, Pl pdna Vo €S h e [H],

for Q(z1) ={q € ]RiXAXH > a iz a) ={x =21}, qn(x,a) > 0V(x,a) € Z,h € [H]}. Feasible points of
the above LP can be interpreted as occupancy measures. For a fixed policy 7, the occupancy measure ¢™
of policy 7 at the state-action pair x,a is defined as ¢ff (z,a) = Px [xn = 2, a5, = a]. It can be shown that

the set of occupancy measures is uniquely characterized by Q(x1) and the constraint in . Each feasible ¢

qn(z,a)
wreq I (®@a’)
arbitrarily otherwise. The optimal solution ¢* to the LP in can be shown to induce an optimal policy
7* which satisfies the Bellman optimality equations. For proofs and further details of this formulation, see
Puterman [3§].

induces a stochastic policy 79 defined as 7} (alz) = 5 if the denominator is nonzero, and defined

Linear function approximation in MDPs. In most practical problems, the state space is too large to
use the above results and it is common to work with parameterized estimates of the quantities of interest.
We focus on the classic idea of linear function approximation to represent the action-value functions as linear
functions of some fixed d-dimensional feature map ¢ : S — R%, so Q% (z,a) = (044, ¢(x)) for some 0}, , € R?
for each action a and stage h. To avoid technicalities, we assume that the state space S is still finite, although
potentially very large. This allows us to define the S x d feature matriz ® with its x**row being " (x), and
represent the action-value function as Qp,q = ®0, .. We make the following assumption:

Assumption 1 (Factored linear MDP [49] [37], 25]). For each action a and stage h, there exists a d x S
matriz My, o and a vector p, such that the transition matriz can be written as Py, o = ®Mjy, o, and the reward
function as rq = ®pg. Furthermore, the rows of My, q, mp,q(x), satisfy ||mp.q(x)||, < Cp for all (x,a,h), p
satisfies ||pally < Cr, and ||¢(z)||y < R for some positive constants Cp, Cy, R.

As shown by Jin et al. [25], this assumption implies that for every policy 7, there exists a ™ such
that Q7 (,a) = (0f ., ¢(z)). We now show that factored linear MDPs also enjoy a strong dual realizability
property. Let W, be an arbitrary symmetric S X S weight matriz for each action a such that ®"W; ,® is
full rank, and notice that, due to the realizability of the action-value functions, the optimal value functions
can be written as the solution to the following LP:

subject to
minimize Vi (z1) Oha = (DWo®) ' "Wy 4 (ra + PhoVip1) Vh e [H],
’ Vi = ®0h, Va € A h € [H].



Under Assumption (1], this LP is feasible and has a finite solution. It also holds that parameter vectors 6y,
are independent of the choice of the weight matrix W}, ,. The dual of this LP can be written as

H subject to
maximize Z Z (Who®Pwha,Ta) | 2qhtla = 2 g Py Wha®wha Vhe [H] (3)
9€Qe)w 3 Q'qna =@ WhoPwna Va € A,h € [H]

Due to the boundedness and feasibility of the primal LP, the dual is also feasible and bounded. Moreover,
any vector q that is feasible for is also a feasible solution to the full LP , since

thJrl,a = Zpﬁ,a@Wh,awh,a = Z My, o @ Wh, o Pwq, p, = ZMh,a(I)Tq}z,a = Z P, oAh,a-
a a a a a

Thus, for factored linear MDPs, the set of occupancy measures is exactly characterized by the constraints
in (3). To the best of our knowledge, these LP formulations and results are novel and may have other uses
beyond the setting of factored linear MDPs. For instance, MDPs exhibiting zero inherent Bellman error [52]
can be also seen to yield a feasible and finite solution for both LPs, although the above dual realizability
property is not guaranteed to hold for all occupancy measures.

3 Regret Minimization in Episodic Reinforcement Learning

We consider algorithms that sequentially interact with a fixed but unknown MDP over K episodes. In each
episode, t, the algorithm selects a policy 7r; with the aim of maximizing the cumulative reward in that episode.
We assume that the learner has no prior knowledge of the transition function, and can only learn about the
MDP through interaction. The performance is measured in terms of the regret,

K
R =D (V' (@1,) = V™ (21,4))
t=1
where T'= K H is the total number of rounds and z;; ~ « is the initial state in episode t.

In tabular MDPs, the lower bound on the regret is Q(HvSAT) [23] 34, 24]Most optimistic algorithms
are either model-optimistic or value-optimistic. Some notable model-optimistic approaches are UCRL2 [23]
and REGAL [7] which have regret O(SvVH3AT), and KL-UCRL [20, 6] and UCRL2-B [21], which have
regret 6(H VST AT) where I' < S is the maximal number of reachable states from any (z,a) € Z and stage
h € [H]. These algorithms differ predominantly in the choice of distance and concentration bounds defining
the set of feasible transition functions. Value-optimistic approaches often enjoy low regret at a cost of a more
complex analysis. Some examples of these include UBEV [I6] which has regret O(v H?SAT'), and UCB-VI
[6] which has regret O(H\/SAT), matching the lower bound. We note that optimism has also been used in
the model free setting (e.g. [24]), and that other non-optimistic approaches have also been successful at regret
minimization (see e.g. [35 B]). Other related works include [53} [39] which also use occupancy measures, [47]
where optimistic linear programs are used, and [31}, 46] which exploit duality in specific cases.

For factored linear MDPs, all optimistic algorithms we are aware of are value-based, without a clear
model-based interpretation: LSVI-UCB [25] uses dynamic programming and has regret O(v d3H3T), while
ELEANOR [52] has regret O(Hd+/T) but requires solving a complex optimization problem in each episode.
The UC-MatrixRL algorithm [48] considers a different problem with two feature maps but is model-based
with regret O(H2dv/T). Non-optimistic approaches include [40, 51].

4 Optimism in Tabular Reinforcement Learning

We now present our main contribution: a general framework for designing, analyzing and implementing
optimistic RL algorithms in episodic tabular MDPs. Our framework naturally extends the LPs in and

2The extra v H due to having a different P}, per stage. We use 5() to denote order up to logarithmic terms.



to account for uncertainty about the transition function. We use confidence intervals for the transition
functions to express uncertainty in the space of occupancy measures and maximize the expected reward
over this set. Our key result shows that the dual of this optimization problem can be written in dynamic-
programming form with added exploration bonuses, the size of which are determined by the shape of the
primal confidence sets. R

We define the uncertainty sets using confidence intervals around a reference transition function P. For a
divergence measure D(p,p’) between probability distributions p,p’, define the confidence sets

P= {15 €EA:D (ﬁh(-m,a),ﬁh(-\x,a)) <e(z,a) Y(z,a)eSxAhe [H]} , (4)

where A is the set of valid transition functions. We assume that the divergence measure D is jointly convex in
its arguments so that P is convex, and that D is positive homogeneous so for any « > 0, D(ap, ap’) = aD(p,p’).
Note that the distance ||p — p’|| for any norm and all f-divergences satisfy these conditions [30]. Using P, we
modify to get the optimistic primal optimization problem,

- subject to
maximize Z (Gh,asT) > Iht1,a = >0 Phatha Vh e [H] (5)
QEE,QE(ZI) h=1 D (Ph(~|x,a),Ph(~|x,a)) <e(x,a) V(x,a) € Z, h € [H]

We pick € such that P € P with high probability. In this case, the above optimization problem returns an
“optimistic” occupancy measure with higher expected reward than the true optimal policy. Unfortunately, the
optimization problem in is not convex due to the bilinear constraint gp41,a = ), P;I,QQh7a~ Our main
result below shows that it is still possible to obtain an equivalent value-optimistic formulation via Lagrangian
duality and an appropriate reparametrization. We make use of the conjugate of the divergence D defined for
any function z, distribution p’ and threshold € as

D, (z|e,p") = max {(z,p — p')|D(p,p) < €}.
peEA

Proposition 1. Let CBy(z,a) = Di(Vit1len(z, a), ]3h(~|x, a)) and denote its vector representation by CBp, 4.
The optimization problem in can be equivalently written as

subject to

~ 6
Vi, > ry + PhythH + CBhﬂ Va € A h € [H] ( )

mim;;m'ze Vi(zy)
Proof sketch. The full proof is in Appendix [ATI] Here we outline the key ideas. To show strong duality,
we reparameterize the problem as follows: define Jy(z,a,2’) = Pn(2'|z,a)qn(z,a) and note that due to
homogeneity of D, the constraint on P is equivalent to D(J,(z,a,-), Py(-|z, a)qn(2, ) < en(x,a)qn(z, a),
which is convex in ¢ and J. It is straightforward to verify the Slater condition for the resulting convex
program, and thus strong duality holds for both parametrizations.
Letting £(g, P; V') be the Lagrangian of and using the non-negativity of ¢, the maximum of is

min max L(q, P;V) = min max { Zh qn(z,a) < Zy: Pr(ylz,a)Vht1(y) + r(z,a) — Va(z)
PeP O

b ma S (Bulylea) - Pulolon)) Vi) ) | )

Py (:|z,0)EPy (z,0) 7

Then, letting p = Py (-|z,a)), p(z') = Pu(-|x,a), and using the definition of D and D, the inner maximum

can be written as max;eA{<Vh+1,ﬁ— D) ; D(p,p) < ep(x,a)} = Di(Viy1len(z,a),p). We then substitute this

into and use standard techniques to get the dual from the Lagrangian. O



This result enables us to establish a number of important properties of the optimal solutions of the
optimistic optimization problem . The following two propositions (proved in in Appendix highlight
that optimal solutions to are optimistic, bounded, and can be found by a dynamic-programming
procedure. This implies that any model-optimistic algorithm that solves in each episode is equivalent to
value-optimistic algorithm using an appropriate choice of exploration bonuses.

Proposition 2. Let VT be the optimal solution to (6) and CB} (z,a) = D*(Vhtrl|e(a:,a),ﬁh). Then, the
optimal policy T extracted from any optimal solution q© of the primal LP in satisfies

Vit (z) = r(z, 7} (z)) + CB}f (z, 7 (2)) + Z Py (y|z, WZ(x))Vh':_l(y) Vo € S,h € [H]. (8)
yeS

Proposition 3. If the true transition function P satisfies the constraint in Equation , the optimal solution
V* of the dual LP satisfies V;'(z) < V;F(x) <H —h+1 forallz € S.

4.1 Regret bounds for optimistic algorithms

We consider algorithms that, in each episode ¢, define the confidence sets P; in using some divergence

Ny,,i(z,a,2") .
]}v,jfi(za) Vr,2' € S,a € A. Here Nj, ((z,a,2') is the

total number of times that we have played action a from state z in stage h and landed in state 2’ up to the
beginning of episode t, and Nj, ¢(x,a) = max{)__, Np(x,a,2’),1}. In episode ¢, the algorithm follows the
optimistic policy m; extracted from the solution of the primal optimistic problem in , or equivalently, the
optimistic dynamic programming procedure in @ The following theorem establishes a regret guarantee of
the resulting algorithm:

measure D and the reference model Py ;(2'|z,a) =

Theorem 4. On the event N {P € P,}, the regret is bounded with probability at least 1 —§ as

K H
Ry < Z Z (CBW(xh,t, Tht(The)) + CBy, (T e, Wt(xh,t))) + H+/2T log(1/6)
t=1 h=1

where CBy, ,(7,a) = D*(*Vh—il,tkh,t(% a),ﬁhvt) and CBp, ¢(z,a) = D*(Vh':17t\eh7t(x, a), Ighvt).

The proof is in Appendix [A-3] While similar results are commonly used in the analysis of value-based
algorithms [6], [16], the merit of Theorem [4]is that it is derived from a model-optimistic perspective, and thus
cleanly separates the probabilistic and algebraic parts of the regret analysis. Indeed, proving the probabilistic
statement that P is in the confidence set is very simple in the primal space where our constraints are specified.
Once this is established, the regret can be bounded in terms of the dual exploration bonuses. This simplicity
of analysis is to be contrasted with the analyses of other value-optimistic methods that often interleave
probabilistic and algebraic steps in a complex manner.

Inflating the exploration bonus. The downside of the optimistic dynamic-programming algorithm
derived above is that the exploration bonuses may sometimes be difficult to calculate explicitly. Luckily, it
is easy to show that the regret guarantees are preserved if we replace the bonuses by an easily-computed
upper bound. This is helpful for instance when D is defined as D(p,p’) = ||p — p’||, whence the conjugate can

be simply bounded by the dual norm ||V]|,. Formally, we can consider an inflated conjugate Dl satisfying
DI(f|€',P) > D.(fle, P) for every function f : S — [0, H], and obtain an optimistic value function by the
following dynamic-programming procedure:

vl @) = max {ain {1~ 4 1.7(0.0) + Pl Vil + DLVl .0, Fo) . o)

with V;I 4+1(®) = 0Vx € S. In this case, we need to clip the value functions since we can no longer use

Propositionto show they are bounded. The resulting value-estimates then satisfy V;*(x1) < V™ () < VlT (x1)
with high probability, so we can bound the regret of this algorithm in the following theorem, whose proof is

in Appendix



Algorithm Distance D(p,p) € Conjugate DI(V|e,ﬁ) Regret

UCRL2 [23]: lp — Bll, V/S/N ¢ -span (V) SV H3AT
UCRL2B [21]: max, % 1/N S Vep@)|\V(z) —pV| | HVSTAT
KL-UCRIE | 5, p(@)log B2 + 32, () — p(@)) | S/N | \Je+ (1= X, py)V(V) | HSVAT
X2-UCRIMA zm %@1’;7@” S/N V(V) HSVAT

Table 1: Various algorithms in our framework. For all algorithms except UCRL2, we use ]3h+ (ylz,a) =
max 1,Np ¢ (z,a,y) |
Nh,t(xva)

WA/(V) = >0 (V(z)—(p, V)))?. The third column gives scaling of the confidence width in terms of S
and the number of sample transitions V. The fourth column gives a tractable upper bound on the value
of the conjugate. The last column gives the the regret bound derived from Theorem [5| (up to logarithmic
factors) with exploration bonus defined from the inflated conjugate and the smallest value of € that guarantees
NE L {P € P} whap.

as the base measure to avoid division by 0, for UCRL2, we use ]3(y|x,a). We denote

Theorem 5. Let DT(f|e P) be an upper bound on D.(fle, P) and D,(—fle, P) for every f : S — [0, H],
and, CBh (wa) = (VhT+1 dlen (@, a), P, ). Then, on the event NE {P € P}, with probability greater than
1-4, the policy returned by the procedure in @ incurs regret

K H
7 <23 ST OB} (@he mhe(@ns)) + 4H /2T log(1/5).
t=1 h=1

Examples. Theorems |4|and [5|show that the key quantities governing the size of the regret are the conjugate
distance and the confidence width e. This explicitly quantifies the impact of the choice of primal confidence
set. We provide some example choices of the divergences along with their conjugates, the best known
confidence widths, and the resulting regret bounds in Table with derivations in Appendix Many of
these correspond to existing methods for which our framework suggests their first dynamic-programming
implementation in the original state space S, rather than the extended state-space which was traditionally
used [23], 20, BI]. More generally, our framework captures any algorithm that defines confidence sets in
terms of a norm or f-divergence, along with many others. It may also be possible to derive model-optimistic
forms of value-optimistic methods, however, in this case care needs to be taken to show that the primal
confidence sets are valid. For example, a variant of UCB-VI [6] can be derived from the divergence measure

(P—P,V},

b +1> but the probabilistic analysis here is complicated due to the dependence between P and VthH

5 Optimism with realizable linear function approximation

We now extend our framework to factored linear MDPs, where all currently known algorithms are value-
optimistic. We provide the first model-optimistic formulation by modeling uncertainty about the MDP in the
primal LP involving occupancy measures in . All proofs are in Appendix

A key challenge in this setting is that the uncertainty can no longer be expressed using distance metrics in
the state space, since this could lead to trivially large confidence betsﬂ Instead, we define confidence sets in
terms of a distance that takes the linear structure into account. These are centered around a reference model
P defined for each h,a as Ph o= — M, h,o for some d x S matrix M, h,a- We consider reference models implicitly
defined by the LSTD algorithm [12, 27, 36]. In episode ¢, let Tp o0 = > b, Liap v=ayP(@n )@ (Tnk) + A for

31n the original KL-UCRL algorithm, [20} 46] consider the reverse KL-divergence. This also fits into our framework. See
Appendix for details.

4[31] also use a x2-divergence but require ﬁ(cc) > po for some pg if ﬁ(a:) > 0 making P non-convex.

5E.g., for the total variation distance, concentration bounds scale with v/S which is potentially unbounded.



some \ > 0, and e, be the unit vector in RS corresponding to state 2. Then, our reference model in episode
t is defined for each action a as

t—1

Mh7a,t = Zf;}l’tfl Z H{ah,k:a}(p(xhk)el‘wrl,k' (10)
k=1

Finally, the weight matrix in the LP formulation is chosen as Wy, 4,1 = 22:1 Itay, y=a}€zy 1€, ,» SO that
O Wh 0t P =2t — M. We establish the following important technical result:

Proposition 6. Consider the reference model Igh,w = <I>]\/4\h,a7t with J/W\h,a,t defined in Equation . Then,
for any fized function g : S — [—H, H|, the following holds with probability at least 1 — 4:

A, 1+tR2/)\
H (Mh,a,t - thavt)gHZh,a,t—l S H\/dlog (Jr(s/) + CPH\/E

The proof is based on the fact that for a fixed g, (M hat— J/\J\h,a,t) g is essentially a vector-valued martingale.
Our main contribution in this setting is to use this result to identify two distinct ways of deriving tight
confidence sets that incorporate optimism into . Both approaches use the optimistic parametric Bellman
(OPB) equations with some exploration bonus CBy, .(z, a) (defined later):

t—1
0 ai = Pa+Zini 1O Nani=ay 2@ i) Vitiy , (@hi1 k) )
k=1

Vhft(x) = max { <<I>9,J{’a’t) (x) + CBy, i (z, a)}

Both bonuses we derive can be upper-bounded by CBIL,t(a:, a) = C(d) ||¢(x) HZZ,L,Fl for some C(d) > 0. Then,

one can apply a variant Theorem [5| to bound the regret of both algorithms in terms of the sum of these
inflated exploration bonuses, amounting to a total regret of O(C(d)vVdHT).

5.1 Optimism in state space through local confidence sets

Our first approach models the uncertainty locally in each state-action pair x,a using some distance metric D
between transition functions. We consider the following optimization problem:

maximize subject to B
q€Q(z1),w > uthtta =D PraWh,o®wha Vh € [H] 12
S S Wha®wan,a) | ®Tqna = TWh o Dwp 4 Va € A h € [H| (12)

D (ﬁh(.|m7a),ﬁh(-|x,a)) <ep(z,a) Y(xz,a) € Z,h € [H|

As in the tabular case, can be reparametrized so that the constraint set is convex, allowing us to appeal
to Lagrangian duality to get an equivalent formulation as shown in the following proposition.

Proposition 7. The optimization problem is equivalent to solving the optimistic Bellman equations (L1))
with the exploration bonus defined as CBp(z,a) = D*(Vh':1|eh(x, a), Pr(-|z,a)).

Taking the form of Vh+ into account, in episode ¢, we define our confidence sets as in with

D (lsh,t(-|x, a), Ish’t(-|m,a)) = ei}up Z (ﬁh7t(x’|x,a) - ﬁh,t(sc’bc, a)) g(z) (13)
g h+1,t 47

and ﬁh,a,t = @Mh’a’t where Vj 11, is the set of value functions that can be produced by solving the
OPB equations . For any choice of ¢, CB, . (z,a) < €(z,a), so one can simply use the bonus
CBIL ,(x,a) = € ¢(x,a). The following theorem bounds the regret for an appropriate choice of ¢



Theorem 8. The choice ¢, (z,a) = C ||o(z )”2‘1 with C' = O(Hd) guarantees that the transition model
,t—1
is feasible for (12) in every episode t with probabzlzty 1 — 5. The resulting optimistic algorithm with
explomtwn bonus CBh7t(:r,a) = ept(x,a) has regret bounded by O(H33T).

This algorithm coincides with the LSVI-UCB method of [25] and our performance guarantee matches
theirs. The advantage of our result is a simpler analysis allowed by our model-optimistic perspective.

5.2 Optimism in feature space through global constraints
Our second approach exploits the structure of the reference model , and constrains f’a through global
conditions on M,. We define P; using the distance metric suggested by Proposition |6| as

D(Mh,aaﬂh,a) = fSUp H(Mh a Mh a)fHEh < €h,a (14)
%

h+1

for Vp41 as in and some €y, 4 > 0. We then consider the following optimization problem:

subject to
S dhita =30 PF Wha®Pwha VYhe[H|
r%zgélrgl)%e hz:lza: (Wh.a®wh.a,Ta) B hia = D Wha®hc Va € A h € [H] (15)
w, M D(MhaaMha)<€ha VaEA,hE[H].

Unfortunately, directly constraining M leads to an optimization problem that, unlike in the other
settings, cannot easﬂy be re-written as an convex problem exhibiting strong duality. Nevertheless for a
fixed M, the value of (32) is equivalent to G(M) = V;"(z1) where V* solves the OPB equations with
CBy(z,a) = (¢(z), (Mh@ M;L7G)Vh+1>. Let M = {M € RIS . D(M, M) < €}, then, we can re-write
as maximizing G(Z\7 ) over M e M. Exploiting this we provide a more tractable version of the optimization
problem, and bound the regret of the resulting algorithm, below:

Theorem 9. Define the function G'(B) = V" (x1) with VT the solution of the OPB equations (1)) with
exploration bonus CBy(x,a) = (p(x), Bh,a) and let By = {B : [Bralls, ., , < €h,at} for all episodes t € [K].

Then, maxpgep, G'(B) > max ., G(M) and the optimistic algorithm with exploration bonuses corresponding

to the optimal solutions B} has regret bounded by O(dv/H3T).

The algorithm suggested in this theorem essentially coincides with the ELEANOR method proposed
recently in [52], and our guarantees match theirs under our realizability assumption. Our model-based
perspective suggests that the problem of implementing ELEANOR is inherently hard: the form of the primal
optimization problem reveals that G'(B) is a convex function of B, and thus its maximization over a convex
set is intractable in general. Note that the celebrated LinUCB algorithm for linear bandits must solve the a
similar convex maximization problem [I5] [I]. As in linear bandits, it remains an open question to get regret
5(H dv/T) with a computationally efficient algorithm.

6 Conclusion

We have provided a new framework unifying model-optimistic and value-optimistic approaches for episodic
reinforcement learning, thus demonstrating that many desirable features are enjoyed by both approaches. In
the tabular setting, we provided improved implementations and analyses of a general class of model-optimistic
algorithms. While these results demonstrate the strength and flexibility of the model-based perspective, our
regret bounds feature an additional factor of VS on top of the minimax optimal bounds, which has been
eliminated by value-optimistic methods [6, [16]. However, our bounds for factored linear MDPs match the best
existing results, which gives us hope that model-based approaches may also eventually prove to be optimal
in the tabular case. Finally, we note that it is straightforward to extend our framework for infinite-horizon
MDPs, although we leave the challenge of analyzing the regret of the resulting algorithms for future work.
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Appendix

A Proofs of Results for Tabular Setting

We prove here the results of Section[d] For ease of exposition, we restate the results before proving them. For
convenience, we introduce the confidence set for every state x € S, action a € A and stage h € [H],

Po(z,a) = {ﬁh(-|x,a) €A:D (ﬁh(-\x,a),ﬁh(-\x,a)) < e(x,a)} (16)

and note that P € P if P,(-|z,a) € Pu(x,a) for all z,a,h
The following lemma will be useful in several of the proofs.

Lemma 10. The primal and dual optimization problems in and @ exhibit strong duality. Consequently
the Karush-Kuhn-Tucker (KKT) conditions hold, and in particular, complementary slackness holds.

Proof. We first show that the optimization problem in exhibits strong duality. For this, it is helpful to
consider a reparameterization where we introduce the variables Jy,(z, a, ') = Py (2/|x, a)qn (2, a), so that the
non-convex constraint D (P (-|z,a), Py(-|z,a)) < €(x,a) can be rewritten as D(Jj (x, a, ), Py(|z, a)qn(z, a)) <
en(x,a)qn(x,a), which is convex in J and ¢q. The two constraints are clearly equivalent due to positive
homogeneity of D. This implies that the optimization problem in can be equivalently written as

.. ’ 7 17
mainier 3 e o
Subject to th(x,a) = Z Jh-1(z',d’, ) Vr €S, h e [H]
D(']h(xva’a')3ﬁh('|x7a’)qh(xaa)) SEh(I,G)(]h(fE,a) V(I',CL) €Z7h€ [H]
Z Jn(z,a,2") = qn(z, a) V(z,a) € Z,h € [H|
Jp(z,a,2") >0 Vr,z' € S,a € A h € [H].

In this formulation, there is only one non-linear constraint, and by our assumption that D is convex in both
of its arguments, this constraint is convex in J and q. Moreover, Jy,(z,a,2’) = Pp(2'|z, a)qn(x, a) satisfies
this constraint for any gy, (z,a), and in particular, if g (z,a) is the occupancy measure induced by any policy
7 in the MDP with transition function ]3, then ¢ (x,a) and Jy(x,a,a’) are feasible solutions to the primal.
Hence, the Slater conditions are satisfied, and thus the optimization problem exhibits strong duality (see e.g.
[11]). We can then write the dual of the optimization problem in as

: \V _ V; 18
5 ] S e Vi) o) o)+ Vi) (19)

£ Y e ) Vi) + (o a) .

’
z,a,z’ h

where C; = {q,J : D(J(z,qa, ~),ﬁh(-\x,a)qh(x7a)) < en(z,a)qn(z,a) (Vx,a)}. Then, we can use the reverse
reparameterization to rewrite this in terms of Py, (2'|z, a) = Ju(z,a,2")/qn(z, a), noting that P, (-|z,a) is a
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valid probability density by constraints on .J, q. We get,

max mln{ Z qn(z,a)(=Vi(z) = yn(z,a) +r(x,a)) + Vi(z1)

V,
qPEP v z,a,h

+ Z Ph Nz, a)qn(z, a) (Vi (z )-&-’Yh(%@)}

z,a,z’ h

= max mm{ > an a)( Vi (2) + r(z, a) +th |, @) Vig (2 )) H/l(xl)}, (19)

q, per V z,a,h
where P = {15 € A : D(Py(-|z,a), Py(|z,a)) < en(z,a) (Vz,a, h)}, and the last equality follows since

D Py (ylz,a) = 1. This is the Lagrangian dual form of the original optimization problem we considered. Let
OBJ(a) denote the objective function of the optimization problem in equation (a). It then follows that,

OBJ(H) = OBJ(T7) = OBJ(I8) = OBJ(T9)

and so strong duality holds for the problem in (5). Thus, by standard results (e.g., [L1l, Section 5.5.3]), we
conclude that the KKT conditions are satisfied by (¢, P, V™), the optimal solutions to the primal and
dual. As a consequence, complementary slackness also holds. This concludes the proof. O

A.1 Duality Result

Proposition 1. Let CBy(x,a) = Dy(Vis|en(z, a), Pu(-|2, a)) and denote its vector representation by CBpq-
The optimization problem in can be equivalently written as

subject to

mingpize Vilo) | s ProVig1 + CBha Va€ A he [H (6)

Proof. Tt will be helpful to write the primal optimization problem as

maximize qn(z,a)r(z, a)
qeQ(z1),P Z

z,a,h

Subject to

th(m,a) = Z Py(xla’, d')qn (2, a’) + Z k(2 ad z) g (2!, a’) Ve e S,he[H|
iz, a,2') = Py(2|z,a) — Py(2|2, q) Vaz,2' € S,a € A h € [H]
D (Pu(le,a), Pullz,a)) < en(w,a) V(z,a) € Z,h € [H]
Zﬂh(x,a,x’)zo V(z,a) € Z,h € [H].

By Lemma [I0} we know that this problem exhibits strong duality. We then consider the partial Lagrangian
of the above problem without the constraints on P, which yields

L(g, V) =Y anl(w,a (th ylz, a)Vara(y) + ) k(e a,9)Vir (y) + (e, a) - Vh(@) + Vi(a1)

z,a,h

For P defined in , we know that the optimal value of the objective function of the primal optimization
problem is given by the Lagrangian relaxation,

min  max L(q,s; V).
q>0,x,PEP
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To proceed, we fix a V' and consider the inner maximization problem. By definition of xj(z,a,2') =
Pp(2'|z,a) — Pp(2'|z,a)), we can write

max L(g,k; V)

q>0,x,PEP
= max > gz, a)(Zﬁh(y% Vi1 (y) + > kn(@,a,9)Vaga (y) + r(z,a) — Vh(%"))
q>0,k,PEP z,a,h y y
+ Vi(21)
= max qa%®<§:ﬁMM%aW%H@)+ max 3wl ) Vi) + rle,a)
~ z,a,h y FRAT, A

ﬁh(~\x,a)eplz(x,a)
—W®0+%®ﬁ

=g%Zﬁmm(ZFmewH@+DﬂhwWWMMwmwwm@—ww)

z,a,h

+ Vi(ay), (20)

where Pp(z,a) is the set in . The second equality crucially uses that g (z,a) > 0 and the last equality
follows from the definition of the conjugate D.,:

__max > kn(@,a,y) Vi ()
kn(z,a,),Pp(-|z,a)) EPh(x,a) Yy

=  max {(ﬁh(-|x,a) — Py(-|z,a), Vi1 ); D(Po(-|2, @), Pa(-|z,a)) < en(z,a)}
Py (-|z,a)EA
= D, (Vigilen(z, a), Py(-|z,a)).

We then optimize the expression in with respect to ¢ and V' using an adaptation of techniques used for
establishing LP duality between the original problems and (2)). Specifically, let g(V') = max, £(q; V) and
note that by , the Lagrangian no longer depends on « or P. Then, define n(z, a) = Zy Py (y|lz,a) Vi1 (y)+
D, (Vi len(x, a), Pu(-|z, a)) + r(x,a) — Vi (z) for all z,a, h and observe that

“m:”“”+%“§JMa@m@w:{%@ﬁ if 7 (z,0) <O Va,a,h

00 otherwise.
z,a,h

Thus, we can then write the dual optimization problem of minimizing g(V') with respect to V as

mini‘r/nize Vi(zy)
Subject to Vi (z) > r(x,a) + Y Pa(ylz, a)Vii1(y) + Du(Vigalen(@, ), Pa(-|z, a)).
Yy
This proves the proposition. O

A.2 Properties of the Optimal Solutions

In this section we prove Propositions [2] and [3] In order to prove Proposition [2] we first need the following
result which gives the form of the optimal solution to the dual in Equation @
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Lemma 11. The solution to the dual in @ is given by

Vi () = max {( a) + CBu(z,0) + 3 Pulyle, a)v,:;l(y)} (21)

acA
yeS

where we use the notation CB(x,a) = Dy (Vis1len(z, a), Py(-|z, a))).

Proof. The structure of the constraints on Vj,(z) in (6) and the definition of CBj(z,a) mean that V, (z)
can be determined using only the values of V;* for [ > h + 1. Hence, we can prove the result by backwards
induction on h = H,...,1. For the base case, when h = H, the constraint in the dual is

Vu(x) > r(z,a) + CBy(z,a) Ve S,a€ A

In order to minimize Vi (z), we set V;f (z) = max,e a{r(z,a) + CBy(z,a)} for all z € S. Now assume that
for stage h + 1, the optimal value of Vhil(x) is given by . Then, when considering stage h, we wish to set
V,F(x) as small as possible. By the inductive hypothesis, we know it is optimal to set Vj,41(z) = Vh‘il(x), and
we know that CBy(x,a) has been defined using only terms from stage h + 1 and is minimal. Consequently,
the RHS of the constraint in (@ is minimized for any (z,a, h) by setting V11 = Vh’;l. This means that the
minimal value of V}, is given by . Hence the result holds for all h =1,..., H, and so considering h = 1
and initial state 21, we can conclude that V' is the optimal solution to the LP in @ O

We now prove Proposition

Proposition 2. Let V* be the optimal solution to (€) and CB} (z,a) = D*(Vhtlk(:v,a),ﬁh). Then, the
optimal policy w+ extracted from any optimal solution q© of the primal LP in satisfies

Vi (z) = r(z,mf () + OB (.7 (2)) + Y Pu(yla, ) (2)) Vi, (y) Vo € S.h e [H]. (8)
yeS

Proof. By Lemma [11] we know that the optimal solution to the dual in (6]) is given by

Vh+(x) = max {r(&m a) + CBy(z,a) + Z ]Sh(y|x, a)Vhil(y)}. (22)
yeS

We then proceed by considering the case where the right hand side of the expression in has a unique
maximizer. In this case, let

ay(z) = argmax {r(m, a) + CBp(z,a) + E ﬁh(y|x, a)Vhtrl(y)}.
acA
yeS

Since aj () is the unique maximizer of this expression, it follows that, for a fixed z, h, the constraint in @
is only binding for one a € A, namely a} (z). By Lemma we know that complementary slackness holds
for this problem. Then, using complementary slackness, it follows that only one of the primal variables is
non-zero. In particular, for a fixed state x and stage h, ¢; (z,a) = 0 for all a # a} (z),2’ € S. Consequently,
7t (z) = aj(x) and so the policy induced by ¢*, 7, will only have non-zero probability of playing the action
which maximize the right hand side of .

We now consider the case where there are multiple maximizers of the right hand side of . Let
aj(x),...,a™(x) denote the m maximizers. By a similar argument to the previous case, we know that for
a fixed z € S and h € [H], the constraint in (6]) is only binding for a = a},(z) for some i € [m]. Then, by
complementary slackness, it follows that ¢; (x,a) = 0 for all a # a}(z) for i € [m], and so the only non-zero
values of ¢, (z,a) can occur for a = a, (z) for some i € [m]. The action chosen from state = by policy 7% must
be one of the actions for which q,ir (z,a) > 0 by properties of the relationship between occupancy measures
and policies. Hence, 7+ (z) = ai (z) for some i € [m], and so equation (§) must hold. O
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Proposition 3. If the true transition function P satisfies the constraint in Equation , the optimal solution
V* of the dual LP satisfies V;'(z) < V,"(x) <H —h+1 forallz € S.

Proof. We begin by proving that if P € P, then V;*(z) <V, (z).
Let ¢* be the occupancy measure corresponding to the optimal policy #* under P. Then, if P € P, then
P must feasible for the primal in , and so it must be the case that

H H
SN ra)gi@a) < 305wz a)q (@, a),

z,a h=1 x,a h=1

where ¢ is the optimal solution to the LP in . Considering the LHS of this expression, and the fact that

q* is the occupancy of the optimal policy 7* under the true transition function, it follows that

H H
YD rlwa)g(ea) = E[Zr(Xh,w*(Xh))‘Xl = xl} = Vi (z1)

z,a h=1 h=1

Hence, when P € P,

H
Vi) <30 r(w,a)g (2,a) = Vit (21).
x,a h=1

for the initial state x1, where we have used the fact that the value of the optimal objective functions are
equal due to strong duality (Lemma .

In order to prove the result for z # z; and h # 1, we consider modified linear programs defined by starting
the problem at stage h with all prior mass in state x. In this case, define the initial state as x;, = x, the we
write the modified primal optimization problem as

H
maximize Z Z qz,a)r(z,a) (23)
q€Q(z),PEA |} 2.4

Subject to Z q(z,a) = Z Py(z]z'a Y q_1 (2, a') VeeS,l=h+1,....H
a€A z'€S,a’€A
D (f)l(|x7a)7ﬁl(|$aa)) < 61(13,&), V(JU,CL) S S,Z =h+ 1, e 7]{

where Q(x) has been modified to account for the new initial state. Observe that this problem is analogous
to the primal optimization problem in , and hence we can apply the same techniques as used to prove
Proposition [1| to show that the dual can be written as

mingnize Vi (z) (24)

subject to Vi(z) > r(z,a) + CBi(z,a) + 3 Pi(ylz,a)Viri(y)  V(z,a) € S x Al € [h: H].
yeS

where CBy(z,a) = D, (Viy1le/(x,a), P(-|z,a)). Analyzing this dual shows that for [ = h,...,H and z € S,
the constraints on Vj(z) here are the same as those in the full dual in (6). This means that the dual in
@ can be broken down per stage and the optimal solution can be found by a dynamic programming style
algorithm. In particular, the optimal solution Vh+(a:) in the complete dual in @ is given by the optimal value
of the objective function in the optimization problem in . Note that strong duality also applies in this
modified problem since the technique used to prove this in Lemma [10] also applies here. We therefore know
that V,F(z) = Ywa leih @ (z,a)r(z,a) where ¢ is the optimal solution to the modified LP in (23). On
the event that P is in the confidence set, the occupancy measure ¢* defined by the optimal policy 7* and P
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starting from state x in stage h must be a feasible solution to the LP in . Consequently, by the same
argument as before,

H H
=Y r(@,a)g(@a) <Y Y e a) (z,0) = Vi (2),

z,a l=h x,a l=h

thus proving the first inequality in the statement of the proposition for all (z,a) € Z,h=1,... H.

We now show that V,/(z) < H—h+1 for all z € S, h € [H]. The proof is similar to the previous case and
again relies on building a new MDP from each state x in stage h and considering the dual. In particular, for any
x € §,h € [H], in the dual LP in , we see that that the optimal solution to the objective function has value

V¥ (x). By strong duality, this must have the same value as > Z{ih 4 (z,a)r(z,a), the optimal value of
the objective function of the primal optimization problem in started at z in stage h. The optimal solution
¢+ must be a valid occupancy measure since by the primal constraints ¢;(x,a) > 0 and Zm’a gn(z,a) =1 are
satisfied. It also follows that Zm,a q(z,a)=1foralll=h+1,...,H by Lemma From this it follows

that ¢ (z,a) <1,V(z,a) € Z,1 = h,..., H so combining this with the fact that r(x,a) € [0,1]V(z,a) € Z,
it must be the case that > Zfih 4 (a,z)r(z,a) < H—h+1, and so Vhft(x) < H — h+1 and the result
holds. ' O

Lemma 12. For any feasible solution q to the primal problem in , it must hold that vaa qn(z,a) =1 for
all h € [H].

Proof. The proof follows by induction on h. For the base case, when h = 1,
ZQ1(I70’) = ZQl(zlaa) =

by the constraint ) qi(x,a) = I{x = x} for all z € S. Now assume the result holds for h, and we prove it
for h+ 1. By the flow constraint (first constraint in (5])), for any feasible P € P,

;qhﬂ(x,a)zg<2& 2|2, )gn (@ o ) S an(a )

z’/,a x’,a’

since 3 Py(z|2’,a’) = 1. Thus the result holds for all h=1,..., H. O

A.3 Regret Bounds

In this section, we bound the regret of any algorithm that fits into our framework.

Theorem 4. On the event NI, {P € P;}, the regret is bounded with probability at least 1 — & as

K H
R <> > <CBh7t(zh,t,7rh7t(xh,t)) + CB;’t(xh,t,m(xh,t))) + H+/2Tlog(1/6)
t=

where CBy, ,(v,a) = D*(thiLtkh,t(x, a), ]3h7t) and CBp, ¢(z,a) = D*(Vh':17t\eh7t(x, a), }A)hyt),

Proof. The proof is similar to standard proofs of regret for episodic reinforcement learning algorithms (e.g.
[6, 23]) but uses Proposition [3[ to simplify the probabilistic analysis and the definition of the confidence sets
to simplify the algebraic analysis. For the proof, for any h,t, define Ay 4(xp ) = Vhft(whyt) — V" (2p,). Then
using the optimistic result from Proposition (3} on the event NX,{P € P;}, we can write the regret as

K

Rr = Z(Vl*(xl,t) $1t Z 1,t iElt 1t xlt ZAlt 331t

t=1 t=1
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Then, for a fixed h, ¢, we consider Ay (xp,,) and show that this can be bounded in terms of Apt1 ¢(Tpt1,t),
some confidence terms and some martingales. In particular, using the Bellman equations and the dynamic
programming formulation, we can write

Api(The) = V;;Lt(xh,t) = Vit (@n,t)
= <13h,t('|£€h,t,ah,t)7 Vht_l,,) + r(The, an) + CBhy(@ng, an) — (Pu(|@n, any), Vhﬂi1> — 1 (Th,t, Ont)
= <13h,t('|$h,t,ah,t), Vht,-l,t> — (Pu(|znesant), Virty) + CBu(@ne, ane)
= Apy1,e(Thgie) + <13h,t('|33h,t7ah,t), Vh117t> - Vhtl,t($h+1,t)
+ Vit (@hg1t) — (Pu(lang ang), Vit ) 4+ CBhe(zh.e, ane)
= Apy1(@Tpaae) + <13h,t('|$h,t7 ant) — Po(-|The, ant), Vhtl’t> + Chi1.e T CBht(Th e, ant)
where in the last equality, (j, , , is a martingale difference sequence defined by
Crine = (Pullene, ant), Vil = Virty) = (Viiy o (@naae) = ViTty (Thgae))-
Then observe that on the event P € P,
<13h,t('|3?h,t, ah,t) - Ph('|xh,t7 ah,t)’ Vh—:l,t>

< max  (Pui(lone ant) — Pa(Clene ane), Vil o)
PEPh(xh t,an,t)

< max {<Ph,t('|$h,tv ant) = Pu(-lzne, ant), Vil ) -
PeA

D(ﬁh(‘kfh,ty ant), Prit(-|Zht,ant)) < eni(@ne, ah,t)}

~ max {<ﬁh<~|zh,t, ang) = PosClanenan ) —Viiy,) -
PeA

DBy lansane)s Pt -l ane)) < (a:)}

= D*(—Vhﬁl,tkh,t(ﬂﬁh,t, ant), Pe(-|xh e, ant))
= CBy, (@nt; anyt)
This gives a recursive expression for Ap, 1 (xp¢),

Ap(whne) < Ap1t(@nt1,e) + Chpre + CBhe(@he, ane) + CBy (Tht, ant)

Recursing over h = 1,..., H, we see that,
H H H
Avg(1,) Y CBra(@nes me(wn,0)) + Y CBy (@t Te(wn,0)) + ) Chyr
h=1 h=1 h=1

since Ag 11 ¢(z) =0.
By Azuma-Hoeffdings inequality, it follows that

K H
DY i < Hy/2Tlog(1/3)

t=1 h=1

with probability greater than 1 — 4, since the sequence has increments bounded in [—H, H].
Consequently, with probability greater than 1 — §, we can bound the regret by,

K H K H
ERT S Z Z CBh)t($h7t,7Tt($h,t)) + + Z Z CB};t(xh,taﬂ-t(Ih,t)) —|— H\/ 2T log(l/é)

t=1 h=1 t=1 h=1

thus giving the result. O
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A.4 Upper bounding the exploration bonus

We now prove the regret bound, when we use an upper bound D! on the conjugate D,. We first need the
below result that shows that the optimistic value function VT in equation |§| is indeed optimistic.

Lemma 13. On the event P € P, it holds that Vi*(z1) < VlT(xl).

Proof. We consider the dual optimization problem,

mini‘r/nize Vi(x1)

subject to Vi (x) > r(z,a) + Z Pu(ylz,a)Vig1(y) + D (Vh+1
y
V() <H-h+1 (26)

eh(x,a),ﬁh(-|x,a)) (25)

which is the dual from Proposition |1}, where we have added the additional constraint . Note that adding
this additional constraint will not effect the value of the optimal solution since by Proposition 3} we know
that V¥ (z) < H—h+1forallh=1,...,H,x € S.

By definition of Dl, it follows that for any V41,

r(@,0) + 3 Pu(ylz, )Vasr(y) + De (Vi

Yy

<min {5~ b+ 1,rw,0) + 3 Pulole Vi () + D (Vi
Yy

eh(x,a)7ﬁh(-|x,a))

€, (z,a), ﬁh(~|:r, a)) }

since all the original feasible solutions in stage h + 1 must satisfy Vj41(z) < H — h. Therefore, we can replace
the constraint in by

Vie) 2 min { # =+ Lr(0,0) + 3 Plole, Vi () + D1 (Vi e 020). PC.) |

knowing that this will only increase the optimal value of the objective function. Since we know that by
Proposition |3} that the optimal solution to the original dual optimization problem satisfies V;*(x1) < Vit (z1)
on the event P € P, it must also be the case that V;* (1) < Vi (21,) for V; (1) the optimal solution of
the modified dual. Note also that the solution to the modified dual problem will take the form given in @
by an argument similar to Lemma [T1} O

Theorem 5. Let DT(f|e P) be an upper bound on D.(fle, P) and D,(—fle, P) for every f : S — [0, H],

and, CBh [z a) = (V,j+1 Jehi(z,a), P, ). Then, on the event NE [ {P € P}, with probability greater than
1-9, the policy returned by the procedure in @[) incurs regret

K H
Ny <2 OB, (@ns, mhi(wn)) + 4HA/2T log(1/5).

t=1 h=1

Proof. Given the result in Lemmau we know that VT is optlmlstlc so the proof proceeds similarly to the
case where CBy, ¢(x,a) is computed exactly. In particular, let Ah J(@nt) =VT(zpt) — V™ (zh,), then,

K K
fRTZZ(Vl*(fELt) *(z1,4)) ZV“ (w14) = Vi (21,0)) <2Aht (Th,t)
=1

t=1

and, observe that by the same argument as Theorem [

Al @ne) = Al @ng1) + (PClane ane) = PClang, ane), Vi) +Chon g + CBL (@he any)
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where C}LM is the martingale difference sequence C;rz-s-u = <P(~|xh7t, At ij+1 . V,errl> (VJ_‘_Lt(fL'h+1’t) -
Vit (Zhs1,6))- Then, on the event P € P,

<ﬁt('|$h,t,ah7t) - P('|xh7ta ah,t)a V}j+1,t>

< max {<ﬁt('$h,t;ah7t) - ﬁ,VJH’J : D(ﬁ7ﬁt('|$h,t;ah,t)) < Gh,t(xh,hah,t)}
PeA

— max {<ﬁ Bt ang) V1) DB B g an)) < elans, ah,a}
PeA

= D*(—Vh,T+1,t|Pt('\$h,t, ah,t)7 Gh,t(%,u aht))

< DIV P Clone ang). by (@ne, ant)) < CBY (2.0, ane)

by definition of the upper bound CBLyt(x, a).
Using this, we can recurse over h = 1,..., H to get,

H H
Ai,t(xlyt) S 2 Z CBIL’t(‘xh,ta ah,t) + Z C]:+1,t

h=1 h=1

so summing this over all episodes t = 1,..., K and using Azuma’s inequality to bound the sum of the
martingales gives the result. O

A.5 Further Details of Examples

Here we present additional results and explanations to show that many algorithms fit into our framework.
The main purpose of this section is to demonstrate the use of our general results for constructing confidence
sets and calculating the corresponding exploration bonuses, as well as bounding the regret. We do not aim to
improve over state-of-the-art results or obtain tight constants, but we do note that several of the exploration
bonuses we derive are data-dependent in a way that may possibly enable tight problem-dependent regret
bounds. We refer to the works of Dann et al. [I7], Zanette and Brunskill [50], Simchowitz and Jamieson [41]
that demonstrate the power of data-dependent exploration bonuses for achieving such guarantees.

In several calculations below, we will use the following simple result to bound the sum of the exploration

bonuses:
K H
D) DIRMNEINENESS Sl ) TPy
t=1 h=1 N’”(xht 1) SaeAi it Nht(xht’aht)

Ny, i (z,a)

- Y S e s St

z€S,a€Ah=1 n=1 z€S,a€A h=1

< 2V/HSAT (27)

where the last inequality follows due to the Cauchy-Schwarz inequality and the fact that )~ S.acAhe[H] Ny k(z,a0) =

HK =T. We also use the modified empirical transition probability defined for any states z,z’ € S, action
a € A, stage h € [H| and episode t € [K] as

N 1, Np¢(z,a,2")}
P+ l‘l r,a) = maX{ s LVh Ly Uy 28
h,t( | ) Nh,t(xya) ( )
and note that this only differs from Z3h7t(a:’|x, a) if Ny ¢(x,a,z") = 0. Consequently,
~ N 1, Npi(z,a,2")y Npy(z,a,2’) 1
P (2 |x,a) — Py (2 |z,a)| = max{l, Nn.i(2, a, — < 29
| h,t( ‘ ) h7t( | )| Nh,t(x,a) Nh)t(.lﬁ,a) = Nh7t($,a) ( )
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In several cases, we define the primal confidence sets using P+ as the reference model rather than P to avoid
division by 0. Note that doing this results in dual formulations that involve P+ rather than P. However,
since we are still optimizing over the space of probability distributions in the primal, it holds that the optimal
value of the dual objective will still be bounded by H. We can also use Equation to bound the empirical
variance of any function z : § — [0, H] under 13+,

~ HS
= DR WCw - (PR < P (266t~ P2y + 200

. ~ 2HS—F2G1J2 H?S? 2HS 3H*S?
§2ZP( )(z(y) — (P, 2))? + ~ N o4 e §2V(z)+T+W.

(30)

A.5.1 Total variation distance

We start with the classic choice of the ¢; distance D(p,p’) = ||p — p'||; which underlies the seminal UCRL2
algorithm of Jaksch et al. [23]. Defining the confidence sets used in episode ¢ as

m:{ﬁeAWEmmw—ﬁua@ms%Aa@ Wa@eahew§

251og(2SAT/6

we know that P € P; for all t = 1,..., K with probability greater than 1 — § [23]. Then, the conjugate
distance is,

D..(fle, P) —max{<P—ﬁ,f>’ HP—?HI < 6} :minmax{<P—ﬁ,f—)\1>’ HP—ﬁHl < e}

PEA AR P>0

< mi P—P,f-l
< pig pag {(P - 21 -0

— Pl <ebl <eminllf =2l <
P ﬂh_%_EQMf‘Um_awﬂﬂ

where we have defined A as the Lagrange multiplier of the constraint ) P(z)=1=)" P(z), used the fact
that the dual norm of the ¢; norm is the ¢, norm and, denoted by sp(f) = max, f(z) — min, f(x) the span
of f. Noting that a similar result holds for D, (—f|e, ﬁ), we can define Di(f|e, ]3) =esp(f)/2, and use the
exploration bonus

CBL t(x a) = ent(z, a)sp(V,L_l t)/2

Since we are clipping V+ to be in the range [0, H — h + 1], we can bound sp(VT) < H. Applying Theoreml
and using the bound of Equatlon ) to bound the sum of the exploration bonuses shows that the regret of
this algorithm is bounded by O(Sv AH3T). This recovers the classic UCRL2 guarantees that can be deduced
from the work of [23].

A.5.2 Variance-weighted /., norm

We can get tighter bounds by using the empirical Bernstein inequality [33] to constrain the transition function.
max{1,Ny (z,a,y)}
Np,i(z,a)
considered here are related to those used in the UCRL2B algorithm of Fruit et al. [2I]. Specifically, we can

apply the empirical Bernstein inequality to show that the following bound holds for all z,a,z’, h,t with

Here, we use Pt = as the reference model in the primal confidence sets. The constraints
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probability at least 1 — §:

ﬁ,j:t(x'kc,a) - Ph(x'|x,a)‘ < 'ﬁh7t(aj'|x,a) - Ph(:v’\x,a)‘ + ‘ﬁ;t(x’|x,a) — ﬁh,t(x'|x,a)

< 2P, 1(2'|z, a) (1 — By (|, a)) log(HS?AT/8)  710g(HS> AT/5) )
- Npi(z,a) 3Npt(z,a) Npi(z,a)
< 2P, (2|, a) log(HS2AT/5) N Tlog(HS?AT/6) N 1
- Npi(z,a) 3Npi(x,a) Npi(z,a)
) \/ 2B (a'|, a) log(HS?AT/S)  7log(HS2AT/S) 1
- Npi(z,a) 3Npi(x,a) Npi(z,a)
ﬁit(x’|m, a)

The last inequality follows from the definition of the reference model that guarantees that Ny, ¢(x, a) A;: (yl|z,a) =
max{ Ny (z,a,y),1} > 1.
In what follows, we will state a confidence set inspired by the above result using the divergence measure

D(P, ﬁ"‘) = max, w, which is easily seen to be positive homogeneous and convex in both P and
x

-~ 2 2
P*. Defining €, +(z,a) = %{23%, we define the confidence sets used in episode t as

P(y|z,a) — P, (y|z, a))?
Pr(-lz,a) = {Ph(-|;v,a) € A : max Sittl A)+ nt(012,0) <eps(z,a)
Y Ph,t(y|w7 (l)
and P = Ny o1 {Pn(-|z,a)}. By the above argument, we know that P € P with probability greater than 1 —¢.
The corresponding conjugate distance can be expressed by defining A as the Lagrange multiplier of the
constraint ) P(x) = 1 and writing

max

= = z) — P (x))?
D*(f|€’P+)_r19€a§{<PP+’f> (P(z) — PT(x)) SE}

2e8 Pr(2)
it o ) AT - PP )
: |A\5HF1}ESTH§ (f(2) - ,\)\/}T@) Ve + (H+ *5;\1[{);
<VeY Pt f(x) - PHfl+ ZSTH

The same technique can be used to bound D, (— f|e, P), so we can define DI (fle, ﬁ) =\ey ., \/ Pt (@)|f(x)—

p+ fl+ QSTH and write the inflated exploration bonus in the form

_ . 25H
CB} ,(z,a) = \/ﬁh,t(x’ 2 zy: \/P,jft(y|a:,a)\vfj+1(y) = BVl + Nii(z,a)
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By Theorem [5| we know that in order to bound the regret of this algorithm, we need to be able to bound
the sum of these exploration bonuses. For this, note that by the Cauchy—Schwarz inequality, and a similar

argument to ,

\/€ht$a \/ y|xa|Vh+1( ) P+ h+1‘

= ~ | €ni(z,a) /
< \/eni(z,a) Z Ph,t(y|m7a)|vij+1(y) - Ph,tV;:rH\ +SH ]\?htt @.a) SNht
Yy

ent(z,a
=+/ent(x,a) Z \/Phty\ajaﬂ/h+1 Phch+1|—|—SSH N’;tt((aca)

y:P(y)>0
/ 5 =~ ent(z,a
ent(z,a) [Th(z,a) P;t(y|x,a)(vfj+1(y) — Ph7tv}:f+1)2 +3SH M
5 ' Npi(z,a)
y: (y >0
< Fi\/ T H eh,t(x7a)
- \/eh’t(x’ TVt (Viyr) +39 Nhi(x,a)

where I',(z,a) is the number of next states which can be reached from state x after playing action a in stage
h with positive probability, and I' is a uniform upper bound on I'y(z, a) that holds for all z,a, and V}, ; is
the empirical variance using all data from stage h up to episode ¢t. In order to bound CB}L1 Hxnang) <

ZtK:l Z,I;Izl(\/eh,t(xh’hah7t)F§7h,t(VhH ) +3SH ]i,’;jft((zz))), we use the Cauchy—Schwarz inequality and
techniques similar to Lemma 10 in [6] or Lemma 5 in [2I] to show that

K H
> > OB (zhs ans)
t=1 h=1
K H K H K H
< C1VTL \% + C4SHVL
! ZZ Npt(Thyt, ant) ;hz::l hat( h“t * t—zli; Npt(Tht, Ght)

t=1 h=1

K H
< CVTL,|SA log(T)(Z > Vi (Vi) + CoH? Tlog(T)) + CySHVLSAlog(T)

t=1 h=1
< clﬁ\/ SAlog(T) (HT + C3H2VTL + CoH? \/:W(T)) + C4SHVLS Alog(T)
— O(HVTSAT)
for some constants Cy,Cy,C3,Cy > 0, L = log(HS?AT/5) and V), the variance under Py, where the

penultimate inequality follows from [6] and the last inequality holds for S®A < TT. This recovers the regret
bounds of Fruit et al. [21].

A.5.3 Relative entropy

Inspired by the KL-UCRL algorithm of Filippi et al. [20], we also consider the relative entropy (or Kullback—

Leibler divergence, KL divergence) between Pand P asa divergence measure. The relative entropy between
two discrete probability distributions p and ¢ is defined as

9) =Y _p(x)l
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provided that p(z) = 0 holds whenever ¢(xz) = 0. Being an f-divergence, the KL divergence satisfies the
conditions necessary for our analysis: positive homogeneous and jointly convex in its arguments (p,q).
However, it is not symmetric in its arguments, which suggests that it can be used for defining confidence sets
in two different ways, corresponding to the ordering of P and P. We describe the confidence sets and the
resulting exploration bonuses below.

Forward KL-Divergence. We first consider constraining the divergence D(P, P) = >, P(y)log (ggyi)
: y
To address the issue that the empirical transition probabilities lg(y) may be zero for some y € S, we define
the divergence with respect to P (as defined in equation ) and use the so-called unnormalized relative
entropy to account for the fact that P may not be a valid probability distribution. Specifically, in what

follows, we consider the following divergence measure:

D(P.P) = Y Pl o ;(E’;)) + (B () - P(y).

The following concentration result will be helpful for the construction of the confidence sets.

Lemma 14. With probability greater than 1 — §, it holds that for every episode t, stage h and state-action
pair (z,a),
18Slog(HSAT/4)

Npi(z,a)

D(Pp(z,a), A,it(m, a)) <

Proof. We consider a fixed h,t,z,a, and for ease of notation remove the dependence of P,ﬁ on h,t,x,a.

With probability greater than 1 — %SA, it follows that

S pltog (£ ) + S0P - P < P ;f?y)) 1)+ P - P

(Since log(z) <z —1 for x > 0)

v P(y) ”
_ Zy: (13(21)]3—+Z+(1/))2
— D(y))2 Do) — Pt (a))2
<9 Zy: W Lo Zy: (P(y)ﬁ+g) ()
_5 zy: 2P (y) log(HS>AT/6) g (—;)6 log?(HS?AT/8)/N? L %: N2131+(y)

(By Bernstein’s inequality and (29))
< 18Slog(H S?AT/6)
- N

where the last inequality follows since by definition I3+(y)N > 1. Since this holds for each h,t,z,a with
probability greater than 1 — ﬁ, by the union bound, it follows that it holds simultaneously for all h,t, z, a
with probability greater than 1 — 4. O

Given the above result, we define our confidence set as

- P (2
Z Py (2|2, a)log M

Pril(-|lr,a) = Iz Jz,a) € A
il = { Putina B e

< €h,t($,a)}
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CSlog(HSAT/S)
Npi(z,a)

for some constant C' > 0. Using the notation KL(p,q) = >_, p(y)log(p(y)/q(y)) to denote the normalized KL
divergence, the conjugate of the above divergence can be written as

for ent(x,a) =

D.(z]e, P*) = max {<z P 13+>]D(15, Pt < e}
S S R CLEA )
= pin ax {(z:P=P*) = A(KL(P, P*)+ (1,P* — P) - ) }
= minmax {<z P ﬁ+> A (KL(JS, Py - e’)}

A20 Pea

mm{/\logZPJr )e(@)/ ZP+ +)\e}

where we defined ¢ = e+ 1 — (1, }3+> and used the well-known Donsker—Varadhan variatonal formula (see,
e.g., [10, Corollary 4.15]) in the last line. Thus, the exploration bonus can be efficiently calculated by a
line-search procedure to find the A minimizing the expression above.

A more tractable bound on the exploration bonus can be provided by noting that, for a vector z with
|z]| o < H, we have

D, ﬁ+ — mi 1 E ﬁ-‘- Z(y)/A E P+
(Zlf7 ) I)\IlZH()l {A 0og . ( + )\6
= mi p+ (2(y)—(P*,2))/A
m)\zmO {)\log E P*(y)e —i—)\e}

Y

< min {AlogZP+ YelzW)— ,z))/)\+>\€}
< i 3 2P ()~ Br9) )
2\/6'Zﬁ+<y><z<y> (P22 = 2T ()

where we used the inequality Alog E*[eX/A] < E+[X]+ tEF[X?] for E*[X] =", P+ (z)z that holds as long
as |X| < A holds almost surely, and the result in Equation several times. We also use the notation i\”(z)
to denote the variance of z under Pt. Thus, defining

~ S-T ~ S
G;L,t(x?a) = Eh,t(x,a) + E P+(y|xva) -1< 6IL,t(xva) + N, h(.T a) = O<Nht(l‘ CL)>7
" s ) s )

the exploration bonus can be bounded as CBy, i(z,a) < QVGZ’t(x,a)@;’t(Vhtu), and using an identical
argument yields the same bound for CBy, ,(, a).

By (29 , V+ ) < 2V( )+ 2HS + 3H S and so the exploration bonus can be bounded in the same way as
in the case of Varlance—welghted EOO constlr&unts7 plus some lower order terms that scale with 1/N. The sum
of these lower order terms can be straightforwardly bounded by a simple adaptation of the calculations in
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Equation . Overall, the sum of the confidence bounds can be bounded as

K H
> > (CBh(@niany) + CBy (x4, any)) < CLHSVAT + CoH?S? Alog T

t=1 h=1

for some Cy,Cy = O(log(HSAT/6)). Hence the regret can be bounded by O(HSv/AT).

Reverse KL-Divergence. We now consider defining confidence sets in terms of the second argument of
the KL divergence, corresponding the the original KL-UCRL algorithm proposed by Filippi et al. [20], Talebi
and Maillard [46]. Specifically, define,

Py («'|z,a)

Phil(|z,a) = {ﬁh(.|x,a) €AY Pu(a/|z,a)log =

< Gh,t(xaa)}

Py, (2|2, a)

CSlog(HSAT/s)

for eni(x,a) = Ny o(,0)

for some constant C' > 0. As shown by Filippi et al. [20], for an appropriate choice of C, this confidence set
is guaranteed to capture the true transition function in all episodes with probability greater than 1 — 4.
The conjugate of this distance for a fixed =, a can be bounded as

D.(z|e, P) = max{<zP P>‘D )<e}

PeA

)

= min max { <z, P —
A20 pen

> ~\(D(P,P) - e)}

< min max { <z, P— }3> — \1/2||P - }3||% - e)} (By Pinsker’s inequality)
A20 pea

< sp(z)V/2e

where the last inequality follows by an argument similar to the results for the total variation distance in
Section [A.5.1] using the fact that the dual of the £, norm is the £ norm.
Similarly, it can be shown that D, (—z|e, P) < sp(z)v/2e. Therefore, we define the confidence bounds,

CBL(Q(;, a) = sp(V,j+17t) 2ep1(x, a).

By Theorem we know the regret can be bounded in terms of the sum of these confidence bounds.
Consequently, using equation 27, we see that,

K H
> > CB] (@, ans) < HSV2HAT log(HSAT/5).

t=1 h=1

Hence the regret can be bounded by O(Sv/H3AT). This matches the regret bound in Filippi et al. [20].
Using an alternative analysis essentially corresponding to a tighter bound on the conjugate distance, Talebi

and Maillard [46] were able to prove a regret bound of 5(\/5 >ohza Vh-1(Vy(2,a))T) for KL-UCRL where
Vih-1(Vy(x,a)) is the variance of V;* after playing action a from state s in stage h — 1. We conjecture that it

is possible to obtain a regret bound of 6(H VI'SAT) by combining the techniques of Talebi and Maillard [46]
and Azar et al. [0].
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A.5.4 y?-divergence

We can also use the Pearson y2-divergence to define the primal confidence sets in . Specifically, we consider
the distance

D, P =3 (P(y)ﬁii;(y))a

Yy

for P* defined as in equation and note that similar results hold for the distance D(P, 13) = Zy %.
¢ y

We will use P+ as the reference model for the primal confidence sets. Using the empirical Bernstein inequality
[33], we see that with probability greater than 1 — §, for all episodes t, a € A,z € S, h € [H],

B P, (y|lz,a —]3+t z,a))?
DBy (o), B (o)) = 3 LR 0 = Pl @)

+
; P (ylz,a)
P -p 2 Pu(y|z,a) — P, (y|z,a))?
§2Z( h(y|:16711J)r ot (Ylx, a)) i (Pn(yl AJ)F nt(YlT, a))
" Py (ylz,a) 5 Py (ylw,a)
- Z (213“ (ylz, a)(1 — Py (ylz, a)) log(HS2AT/6) L log?(H S?AT/$) ) N 25
- Nii(z,a) Py, (ylz, a) INZ,(z,a) Py, (ylz,a) ) Nz, a)
-y <2P;ft (ylz, a)log(HS*AT/5) 4910g2(HS2AT/5)> 25
5 Nus(z,a) By, (y|z, a) INht(z,a) Nht(z,a)
11Slog®(HS2AT/§)
- Npi(z,a)

where the second to last inequality follows since Np (x,a) hf(y|x a) = max{l, N (z,a,y)} > 1, and

h’t(y|x, a) > Ph’t(y|nc7 a). We can then define the confidence sets as

_ _ N 11Slog?(HS2AT/§
Pri(|z,a) = {Ph € A‘D(Ph(~lx7a),P;T,t(-x,a)) < eh,t(x,a)} for ey (v, a) = ]\g,h( @) / )-
t

Furthermore, the conjugate D, (V|e, P*) can be written as follows:

D,(Vl|e, PT) = max {(P — PYV):D(P,P*) < e}
PeA

_ pr
mmmax{<P PV — 1) ZP+ )—1) HP P

®

AER P>0 \/137+
= min max {(P PV — 1) AZ(?W,) HP pt \E}
- iy [ ZP 00w (4 ‘T)fv
< 2va

where we have used properties of the dual of the weighted £5 norm. Therefore, both CBy, ¢(z,a) and CB;, (x, a)

can be upper-bounded by for CBL J(z,a) = \/eh’t(x, a)\A/;t(VhiLt) and we can apply Theorem to show that
the regret is bounded by the sum of these exploration bonuses. Following the same steps as in Section
and using the bound on the variance under P in , this eventually leads to a regret bound of O(H SV AT).
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It is interesting to note that Maillard et al. [31] considered similar confidence sets using a reverse y>*-

divergence defined as D(p, q) = Zy %. Using this distance with a feasible confidence set would fit
into our framework. However, for their regret analysis, Maillard et al. [31] impose the additional constraint
that for all 2/ such that P, (z/|z,a) > 0, it must also hold that P, (/|z,a) > po for some positive po.
Unfortunately, this constraint makes the set P non—convexﬁ and thus their eventual approach does not entirely
fit into our framework. Finally, we note that the bounds of Maillard et al. [3I] replace a factor of S appearing
in our bounds by 1/pp, which may in an inferior bound when py is small. Overall, we believe that the Pearson
x2-divergence we propose in this section can remove this limitation of the analysis of Maillard et al. [31] while

also retaining the strong problem-dependent character of their bounds.

B Results for Linear Function Approximation

In this section, we provide proofs of the results in the linear function approximation setting. Throughout the
analysis, we will use the notation

Cy(6) = 2H/dlog (1 + tR?/)\) +log(1/8) + CpHV A

where Cp is such that ||mp (z)]1 < Cp for every row my, () of Mp, o and R is such that ||p(z)|2 < R for
all z € S. We also define the event

Yh,at—1

Enalg,6) = {H (Mo = M) o < Ct(é)} .

We start by proving our key concentration result that will be used for deriving our confidence sets.

Proposition 15. Consider the reference model ﬁh,a,t = ‘I’M\h,a,t with M\h,a,t defined in Equation . Then,
for any a € A, h € [H], episode t and any fized function g : S — [—H, H|, the following holds with probability
at least 1 —§:

< 2H+/dlog (1 + tR2/\) + log(1/8) + CpHV ).

Eh,a,t—l

H (Mh,a - Mh,a,t) g)

Proof. We start by rewriting

H (Mh,a — ]\//-Th,a,t) g’ = ”Eh,a,t—l (Mh,a — Mh,a,t—l) 9’

Y

Yhiat—1 E}t,la,t—l
and proceed by using the definitions of J\/ihya,t, Yh,at—1 and Wh 4 +—1 to see that
Shat—1(Mha — Mpat)g =@ What—1®PMp a9 + AMp.ag
t—1
- Eh,a,t—lz};}l,t,1 Z]I{ah,k:a}@(mh,k)g (‘rh'i‘l,k)
k=1
t—1
=0 What-1Prag — Y Layma}@(@n k)9 (@ns1k) + AMnag
k=1
t—1
= Tapr=ay (Pullzni,anr), 9) — 9(@ni1k)) o(@ni) + AMp.ag.
k=1

The first term on the right-hand side is a vector-valued martingale for an appropriately chosen filtration, since

E [(Pu(|hk, ank), 9) — 9(@ht1,6)| Thogs ang] =0,

6To see this, consider # and §’ satisfying the constraints, which differ only in = where #(x) = po and 7 (z) = 0. Then,
nontrivial convex combinations of §,$’ no longer satisfy the constraints.
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so the sum of these terms can be bounded by appealing to Theorem 1 of Abbasi-Yadkori et al. [I] as

t—1
Zﬂ{ah,k:a} ((Pu(lzhksank), 9) — 9(@hs1n)) @ (T k)
k=1 St

< 2H+/dlog (1 + tR2/)\) + log(1/9).
The proof is concluded by applying the bound
”)‘Mh,ag”z:}—l s < \F)‘”Mh,ag” < CpHV ),

where in the last step we used the assumption that |[m, . (z)[|; < Cp and ||g|| < H. O

The following simple result will also be useful in bounding the sum of exploration bonuses and thus the
regret of the two algorithms:

Lemma 16. For any h € [H],

ZZHH{aht a}‘p Th,t HZ 1 ) S?\/dAKlog(1+KR2/)\)_
ac A t=1 a,t—

Proof. The claim is directly proved by the following simple calculations:

ZZHH{%, ae@ndlg < ZZH{W a) ZZHH{% —ayP(@h,e Hz )

acAt=1 -t a t=1 o t=1

det ZhuK)
< —2 | < 2
2%{21 ( dot (\1) )_2\/KdAlog(1+KR /A,

where the first inequality is Cauchy—Schwarz and the second one follows from Lemma 11 of Abbasi-Yadkori
et al. [J. O

Finally, the following result will be useful to bound the scale of the esimated model J/\/[\h,a,t with probability
1:

Lemma 17. Consider the reference model ﬁh,a,t = @M\hﬂ,t with M\h,a,t defined in Equation , Then, for
any B > 0 and any fized function g : S — [—B, B], the following statements hold with probability 1:

tBR _
|Mhang| < == and||(Mha — Maai) 9| < A"V2BR + A\V2BCp.

Eh,a,tfl

Proof. The first statement is proven by straightforward calculations, using the definition of M, hoa,t:

t—1
a1 Z Lian v=ay (k)9 (Thi1k)

HMh,a,tgH =

B « tBR
< — xhk||<7

thm 1 Hzﬂ{aw ayP(@n)g (@nare)|| <
k=1

where the second inequality uses that the operator norm of ;- h at—1 18 at most A™ L and the triangle inequality.
As for the second inequality, we proceed as in the proof of Prop051t10n [15] and recall that

~1
Yhat—1 (Mh,a - Mh,a,t) g= Zﬂ{ah,k:a} (Pu(lon i, ank), 9) — 9(xni1,6)) (@hi) + AMp 09
k=1
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The norm of the above is clearly bounded by tBR + ABCp. Thus, we have

H (Mh,a - Mh,a,t) g‘

= th,a,t—l (Mh,a - Mh,a,tQ)‘

—1
Zh,a,t—1 Zia

Eh,a,tfl (Mh,a - Mh,a,t) gH

-1

< H271/2

h,a,t—1

op

1
< — (tBR+ ABCp) = A\"V?tBR + X\'/?BChp.

>

This concludes the proof. O

B.1 Optimism in state space through local confidence sets

This section presents our approach for factored linear MDPs with local confidence sets, which can be seen

to lead to confidence bonuses in the state space. We first state some structural results that will justify our

algorithmic approach, explain our algorithm in more detail, and then present the performance guarantees.
We recall that our approach is based on solving the following optimization problem:

H
maximize_ E E Wha,t—1Pwh q,Ta)
q€Q(z1),w, P 1 4

subject to thﬂ,a = Zﬁh7aWh,a7t_1(I>wh,a Vaoe A,h=1,...,.H
P gha =P Whait—1Pwhq Vaec A h=1,...,H
D (Pu(lw,a), Pralle,a)) < ena(w,a) W(z,a),

where D is an arbitrary divergence that is positive homogeneous and convex in its arguments. The following
structural result shows that this optimization problem can be equivalently written in a dual form that is
essentially identical to the optimistic Bellman equations derived in Section [d] for the tabular setting.

Proposition 18. The optimization problem above is equivalent to solving the optimistic Bellman equations
with the exploration bonus defined as

CBi(x,a) = D* (Vi

eh(x,a),ﬁh(.|m,a)) .

The proof follows from a similar reparametrization as used in the proof of Proposition [I] that makes the
optimization problem convex, thus enabling us to establish strong duality. To maintain readability, we defer
the proof to Appendix Consequently, the properties stated in Propositions [2] and [3] can also be shown
in a straightforward fashion.

Our results are based on using the divergence measure

D (]Sh,t('|$,a),13h,t('|$,a)) = sup <15h,t('|ffaa) - ﬁh,t('|$7a)ag> )

9gEVn 1.t

whose conjugate can be directly upper-bounded by €p, +. Since the structural results established above directly
imply that Theorem [4] continues to hold, we can easily derive a practical and effective algorithm by simply
using €+ as the exploration bonuses. Specifically, we will consider an algorithm that calculates an optimistic
value function and a corresponding policy by solving the OPB equations via dynamic programming,
with the confidence bonuses chosen as

CBY (,a) = ane o)l

1

for some ay, ;. The shape of this confidence set is directly motivated by the following simple corollary of our
general concentration result in Lemma
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Lemma 19. Fiz h,a and consider the reference model ﬁh’a’t = <I>]\//.7h,a’t with J\//.Th,a,t defined in Equation .
Then, for any fixed function g : S — [—H, H|, the following holds simultaneously for all x under event

gh,a,t(ga 5)
(Pulle,a) = Pos(lz,0), 9) < Cul) ol ;.1

t—1

Proof. The proof is immediate using the definition of the event &y, 4.4(g,d) and the Cauchy—Schwarz inequality:

(Pallo,a) = PuaClo,a),g) = (0(@). (Mha = Mha)g)

<le@lgr | (Mua = Maar) g

< GO lle@)lg, s -

Yh,a,t—1 1

O

The main challenge in the analysis will be to show that there exists an appropriate choice of a4, + that
guarantees that the above result holds uniformly over the value-function class Vj, 41+ used in the definition of
the confidence sets. We note that the resulting algorithm is essentially identical to the LSVI-UCB algorithm
proposed and analyzed by Jin et al. [25], and we will accordingly refer to it by this name (that stands for
“least-squares value iteration with upper confidence bounds”).

B.1.1 Regret Bound

In this section we prove the regret bound of Theorem [8, whose precise statement is as follows:

Theorem 20. With probability greater than 1 — 9, the regret of LSVI-UCB with the choice A =1 and

apt=a = 2H\/d10g (1+ KR?) +1log(HA/S) + dA(log(1 + 4AHK2R?) + dlog(1 + 4R3K?3))
+Cp (Hx/8+ 1) +1

can be bounded as

Ry = O(AVH3AT).

We note that the statement of the theorem is trivial when a > K so we will suppose that the contrary
holds throughout the analysis. The proof is a straightforward application of Theorem [} given that P € P,
the regret is bounded by the sum of exploration bonuses, which itself can be easily bounded using Lemma [T6]
Thus, the main challenge is to show that the transition model lies in the confidence set. To prove this, we
observe that, thanks to the choice of exploration bonus, the class of value functions Vjy; ; produced by the
algorithm is composed of functions of the form

V;J?L(a:) = min {H — h, max {((p(:l:)7 Oan) + ||<'0($)||E;ih}} )

and the covering number of this class is relatively small. We formalize this in the following proposition, which
takes care of the probabilistic part of the analysis:

Proposition 21. Consider the reference model ]3h7a7t = <I>]\7h7a7t with J\/Ihya,t defined in Equation . Then,

for the choice of o in Theorem[20, the following holds simultaneously for all x,a, h,t, with probability at least
1-6:

sup  (Pu(le,a) = Pra(le,0),V) < allo@)lg -

Vevh+1,t h,a,t—1

The proof of this statement is rather technical and borrows some elements of the analysis of Jin et al.

[25]—we delegate the proof to Appendix m Thus, we now have all the necessary ingredients to conclude

the proof of Theorem Indeed, since Proposition [21| guarantees that the true model P is always in the

confidence set with probability 1 — §, and using the optimistic property of our algorithm that follows from
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Proposition we can appeal to Theorem [5] to bound the regret in terms of the sum of exploration bonuses.
This in turn can be bounded by using Lemma [16]as follows:

ZZ ht l'h tvaht ZZZ H]I{ah = a}SO Th,t HZ 1 L Oh.a,t
h=1 t=1

h=1 a t=1

< 2aH\/dAK log (1 + KR%/)\) = 2a\/HdAT log (1 + KR2/)\).

The proof is concluded by observing that o = O(Hdv/A).

B.2 Optimism in feature space through global constraints

We now present our approach based on global confidence sets for the transition model M that lead to an
algorithm using exploration bonuses that can be expressed in the feature space. The main idea behind the
algorithm is defining in each episode ¢, the confidence set M; of models M satisfying

D(Mh,ayM\h,a,t) = fSBp H (Mh,a - Mh,a,t)f”;:h‘a,t_l < €h,a,t

h+1

for an appropriate choice of €p, 4.+, and defining the function

Gt(M) = max ZZ What lq)wh aa""a> (31)
qEQ 131),cu hel a
subject to th—l,a = ZM,L(I@TWh,a,t_l(I)wh,a Yaec Ah=1,...,H
QT Gna =P Wh a1-1Pwh q Yaec A h=1,... H.

Clearly, if the true model M is in the confidence set My, we have max Gy(M ) > G(M) =V (x1). As
phrased above, this optimization problem is intractable due to the large number of variables and constraints.
Our algorithm addresses this challenge by converting the above problem into a more tractable one that
retains the optimistic property. In particular, our algorithm solves the parametric OPB equations with
confidence bonuses defined as

CBLt(x, a) = <90(5U)’ B;rz,a,t>
for a vector B;gat € R? chosen to maximize the following function over the convex set B; = {B :

HBh,a”zh,a’t,1 < eh,a,t}:

H
Gi(B)= max > Y (Whar1®wha,7a + PBha) (32)
q€Q(x1),w el a
subject to Z%—La = ZM,{M@TW,LM_@MW Vaoe A,h=1,...,H
P gha =P What-1Pwha Vae A,h=1,... H.

This definition is easily seen to be equivalent to the one given in the statement of Theorem [J through basic
LP duality (cf. Section . Our analysis will take advantage of the fact that our exploration bonuses are
linear in the feature representation, which eventually yields value functions of the following form:

V,j’t(x) = min {H —h+1, mgx<cp( 0;2 " t>} (33)

for some 9;2 at € R?, which implies that the class of functions Vh41,+ is simpler than in the case LSVI-UCB.

The algorlthm is Justlﬁed by the following property:
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Proposition 22. For any episode t, let the functions G; and % be defined as above and let By = {B :

HBh’a”Eh,,a,,t—l < Gh,a,t}- Then, maxpep, G(B) > max ~ G¢(M).

MeM;

Proof. Let us fix a model M ¢ M, introduce the notation Zj, 4 = (Mh,a — Z/\4\h7a7t)Vh+17t, and notice that
Z, € B due to the definition of M;. The proof relies on expressing the values of G¢(M) and G}(B) through
the OPB equations defining them. Indeed, for a fixed M, the value of G;(M) can be expressed through

standard LP duality as exposed in Section 2} To express Gt(M ), let Uy stand for the value function defined
through the system of equations

Oh.at = Pa+ MpoUnt1t = pa + (Mh,a - Mh,a,t)Uh+1,t + Mp,0,tUn+1,t
=pa+ Zhat+ MpotUnt1t,

Uh+1,t<$) = mgx (o(x), 9h+1,a,t>

that have to be satisfied for all x, a, h. Then, it is easy to see that Gt(]T/fj) = Uy +(z1). Notice that this can be
understood as the solution of the OPB equations with exploration bonus CBy, ¢(z,a) = (¢(x), Zpn a.t)-
On the other hand, G(B) can be expressed as Uj ,(x1) with U} is defined through the system of equations

92,@ = pPa + Mh,a,tUilLJrl,t
U}/L,t(’r) = maax <S"($)7 92,a,t + Bh,a,t> .

It is then easy to verify that Gy(M) = G,(Z) and, using Z € By, that G}(Z) < maxpep, G}(B). This
concludes the proof since the inequality must hold for any model M € M;. O

Notably, the above proposition ensures that the value function VtT arising from the OPB equations (|11))
with bonus CBL’t(a:,a) = <g0(x),B,Tl,a’t> is optimistic in the sense that Vf’t(xlyt) > Gy(M) > Vi (x1,). This
enables us to apply the general regret bound of Theorem [f] to establish a performance guarantee for the
resulting algorithm. We provide this analysis in the next section.

From the above formulation, it is readily apparent that, since G’ is a maximum of linear functions, it is a
convex function of B, and thus maximizing it over a convex set is potentially still very challenging. We note
that this optimization problem is essentially identical to the one faced by the seminal LinUCB algorithm for
linear bandits [I5] 1], which is known to be computationally intractable for general decision sets. This is to be
contrasted with the algorithms described in previous parts of this paper, which are efficiently implementable
through dynamic programming. Indeed, despite being of a similar form, the simplicity of these previous
methods stem from the local nature of their confidence sets which was seen to lead to exploration bonuses
that can be set independently for each state and computed via dynamic programming. This is no longer
possible for the exploration bonuses used in this section, which are set through a global parameter vector
B. Intuitively, this prevents the application of dynamic-programming methodology which heavily relies
on the ability of breaking down an optimization problem into a set of local optimization problems (often
referred to as the “principle of optimality” in this context [9]). It remains an open problem to find an efficient
implementation of this method.

It is interesting to note that our algorithm essentially coincides with the ELEANOR method proposed
very recently by Zanette et al. [52], up to minor differences. Their analysis is more general than ours as
they considered the significantly harder case of learning with misspecified linear models that our analysis
doesn’t account for. Nevertheless, our analysis is substantially simplified by our model-based perspective
that sheds new light on the algorithm. In particular, while Zanette et al. [52] do not provide a substantial
discussion of the computational challenges associated with ELEANOR, our formulation clearly highlights the
convexity of the objective function optimized by the algorithm and the relation with LinUCB. We believe
that our model-based perspective can provide further insights into this challenging problem in the future,
and particularly that it will remain useful when analyzing misspecified linear models.
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B.2.1 Regret bound

We now prove our main result regarding the algorithm: the regret bound claimed in Theorem[J} In particular,
the detailed statement of this result is as follows:

Theorem 23. With probability greater than 1 — 0, the regret of our algorithm with A =1 for

€hat =€ =2H+/dlog (1 + KR?) + dAlog(1 + 4K2HR3) + log (I A/5)
+ /2 (CpVd+1+Cp)

satisfies

Ry = O(dAVH?T).

The key idea of the analysis is to use Proposition [22] to establish the optimistic property of the algorithm
and use Theorem [5| to bound the regret by the sum of exploration bonuses. The only remaining challenge is
to prove that, with high probability, the true model lies in the confidence sets specified in Equation .
The following proposition guarantees that this is indeed true:

Proposition 24. Consider the reference model ﬁ;m’t = ¢>Z/\4\h7a7t with J/\l\h%t defined in Equation . Then,
for the choice of € in Theorem [23, the following holds simultaneously for all a,h,t, with probability at least
1-6:

fe?/l;lﬁl,tH (Mh’a - Mh’a’t)fHEh,a,t—l < Chat:

The proof relies on a covering argument similar to the one we used for proving Proposition exploiting
the fact that the value function class Vy11, is composed of slightly simpler functions. The proof is deferred
to Appendix [B:3:4] Thus, we can conclude the proof of Theorem [23] as follows. Taking advantage of the
fact that the algorithm follows the optimal policy corresponding to the solution of the OPB equations ,
we can use the general guarantee of Theorem [5] and bound the regret of the algorithm as the sum of the
exploration bonuses. Noticing that the bonuses can be upper-bounded as

CBY,(,0) = (¢(@), B} o) < Ie@nils;  |Bhadlls,., , < le@ills;r  enas

where the last step follows from the fact that B;a ; € By, the sum of confidence bonuses can be bounded by
appealing to Lemma

H K H K
Z Z CBTh7t(Ih,t7 ah,t) < z Z Z ||]I{ah,t:a}80($h,t)H2;1 ) €h,a,t
t=1 h=1 ot

h=1 a t=1

2 2
< QEH\/dAKlog <1+I§R/A> - 26\/HdATlog <1+K6R/A>

Setting A = 1 and noticing that € = O(H+/dA) concludes the proof of Theorem

B.3 Technical proofs
B.3.1 Proof of Proposition

We first note that, since ﬁh,a — ®M, h,q and using the second constraint, the first constraint in the optimization
problem can be rewritten as

Z dh+1,a = Z ]/\Zh,aq)Wh,a(th,a + Z (-f)h,a - ﬁh,a) qh,a-
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Using this, we use a similar argument to Lemma [10[ to show that strong duality and the KKT conditions
hold. We reparameterize by defining Jy(x, a,z’) = qn(x, a) Pp(2|z, a) and observe that the last constraint in
is can be written as D(Jy(x,a,-), Pa(|2, a) Yow In(w a,2") < ep(x,a)) . Ju(z,a,2") which is convex
in J. It can also be easily observed that the first two constraints, and the objective are linear in ¢, J,w. Thus
strong duality holds, and the optimal value of the reparameterized optimization problem is equal to the
optimal value of the corresponding Lagrangian dual problem. As in the proof of Lemma [I0] by using the
reverse reparameterization, we can see that the value of the Lagrangian of the modified problem is equal
to that of the original problem in . Hence, strong duality holds for . It then follows that the KKT
conditions also hold for this problem.

Given strong duality, we can find the dual of the problem in by considering the Lagrangian. The
partial Lagrangian of the optimization problem without the last constraint of the primal can be written as

L(Qv K,w; V, 0) = Z <Wh,aq)wh,a7 To + ﬁh,th—H - q>0h,a>
h,a

Y wlaa) ( (@0,0) (2) + 3 n s ) Vi () — vm)) Vi), (34)

z,a,h
for kp(z,a,y) = ﬁh(y|x, a) — ﬁh(y|x, a). Then, by strong duality, the optimal value of the primal is equal to

min max £L(g,k,w;V,0).
Vi g>0,PeP
w,kK

Observing that gx(x,a) > 0 and using the definition of x;,(z, a, ), we can consider the inner maximization
over Py(:|z,a) € Pp(x,a). We get,

_ max > (Pu(ylz, a) — Pu(ylz, a))Vig1(y) = Du(Visa| Pre)
Pp(|z,a)EPL(z,a) y

by definition of the conjugate. Substituting this back into (34)), we can find the dual from this Lagrangian
by a similar technique to Proposition[I] In particular, observe that the objective function will be given by

Vi(z1). To define the constraints, note that if max,, Zhﬂ <Wh7a<1>wh7a, Te + ]3h7th+1 — <I>9h7a> < 00, it must
be the case that <Wh,a<I>, Tq + ﬁh,thH — <I>0h1a> = 0, and likewise if maxy~ Zx%h qn(z,a)((Pbhq) (z) +

D*(Vh+1\6h,a,]3h(-|x7a)) — Vi(z)) < oo, it must be the case that (®0)4) (z) + D*(Vh+1|eh,a,ﬁh(~|x,a)) -
Vi(z) <0.
Thus the dual optimization problem can be written,

mini‘r/nize Vi(xy)
Subject to Vi,(2) = (®bh,a) (z) + Ds (Vh+1‘€h($,a)7ﬁh(-\$,a)> Y(z,a) € Z,h € [H]
(OWna®) Oha = D Wi (ra + PraViia ) Va € A, h e [H.

It is easily seen that the solution to this can be found by solving the optimistic parametric Bellman
equations in with CBy, ¢(z,a) = D, (Vh+1’t

ent(z, a), ﬁh’t(-|x, a)) via backwards recursion. O

B.3.2 The proof of Proposition

The proof follows from a construction proposed by Jin et al. [25]: it relies on taking a union bound over an
appropriately chosen covering of the class of value functions in stage h + 1 that can be ever produced by
solving the optimistic Bellman equations . For this purpose, we need the following technical result that
bounds the covering number of this set:
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Lemma 25. Let N'(V,¢) be the e-covering number of the set V with respect to the distance |V — V'||s =
sup,cs |[V(z) — V'(x)|. Then, for any stage h =1,...,H and episode t,

log(N (Vhi1t,¢)) < Adlog(1 + 4tHR/(\e)) + d*Alog(1 + 4Ra/(\e?))

where R is such that ||p(z)|2 < RVz € S, X is such that the minimum eigenvalue, Amin(Zh.at) > A Va €
A, h € [H|t € [K].

The proof of Lemma is similar to that of Lemma D.6 of [25], and exploits that the class Vj41,
is parametrized smoothly by 6 and 3. We relegate the proof to Appendix As for the proof of
Proposition let us fix any h,a, € > 0 and any V' € Vj, 414+, and let V' be in the e-covering of V} 1 ; defined

in Lemma [25{such that |V — V||o < e. Then, we have
(Pal-lz,0) = Pus(le,a), V)
= <Ph('|xva) — Pyy(|a,a), ‘7> + <Ph('|z7a) — Pyy(-lw,a),V — ‘7> :
The second term can be bounded by introducing the notation g =V — V and writing
(PuClw,0) = Pra(Cle,@),3) = {0(@), (Mi = Mhaa) 7) < le@llsr | (M = Mo )

<e ()\71/2]51%4r )\1/2013) ||90($)“Eﬁlat ’

Eh,a.t

where we used Lemma |17] with B = ¢ in the last step. As for the first term, we use a union bound over all 1%
in the e-covering of V441, and Lemma Denoting the covering number as A and setting ' = §/H A, we
can see that for any V in the e-covering, with probability greater than 1 — §’, we have

(Pallz,a) = Puallo, ), V) < (@)l Cold'/NL),
which can be further bounded as
Cy(8'/N.) — CpHV\d = 2H\/dlog (1 + tR2 /) + log (N /d")

< 2H+/dlog (1 +tR2/\) + log(1/6') + dAlog(1 + 4HtR/(\e)) + d2Alog(1 + 4Ra/(\e2))
< 2H\/dlog (1 + tRZ/)) + log(1/0") + dAlog(1 + 4H{ZR2/\?) + d®Alog(L + 4ARPK{2/\3),

where we set € = A/(tR) and used the condition oo < K in the last step. With the same choice of €, we also

have
e (A‘l/QtR + Al/Qcp) <AV2(14Cp).

Noticing that the sum of the two latter terms is bounded by « and taking a union bound over all h,a
concludes the proof. O

B.3.3 The proof of Lemma

We first note that, due to the definition of the parameter vectors O}ta,t as the solution of the OPB equations
with ||Vh—:1,tHoo < H, we have
tHR qet
+ lef
67 )| < HR et g

where the inequality follows from Lemma To preserve clarity of writing, we omit explicit references to ¢
below. By design of the algorithm, we can see that the value functions can be written with the help of the
function Uy ¢ 5 defined as

Uiass(a) = min { 1 = 1+ Loma { (0000, + o)l } |
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for some « > 0. Indeed, the class of value functions can be written as

Vh = {Uh,e,z : max 0n.qll < B, max Hzﬁ,}l

)

(¢}

We show below that Uy, ¢ 5 is a smooth function of the parameters 605 , and E,:jl, which will allow us to
prove a tight bound on the covering number of the class V. Indeed, letting V;, = Uy g, and ‘N/h =U WS for
an arbitrary set of parameters 6, X, 5, i we have

IV — IN/hHOO =sup | min{H — h + 1, max{(z)"0hq + of¢(x)|g-1 }}
€S acA h.a

i = b+ 1) B + allo(o)l )|
acA h,a

T T
< sup [0 0 + o)1) mo(ole) B + (o)l )|

€S
< sup | @(2) Oha + alle(@)lls-1 — @(2) O + allo(@)llg
r€S,ac A h,a h,a
< sup [p(@) (Oha — Ona) + /(@) (@S — %, L)p(a)
z€S,ac A
< sup R|0n.a — On.all2 + sup RllaX;} — a3 L flop
ac A ac A

IN

sup R||0h.q — On.all2 + sup RocHZ,za — Egaﬂp
acA acA

since ||¢(z)|l2 < R and we have used || Al|op to denote the operator norm and ||A||r the Frobenius norm of a
matrix A.

We then note that the e/2-covering number of the set © = {(04)aca : 0o € RY, sup,c 4 [|0all2 < B} is
bounded by (1+43/¢)44, and that /2-covering number of the set I' = {(34)aca : Ba € R, sup,c 4 |Zallr <

1/A} is bounded by (1 + 4/()\52))d2‘4. These results follow due to the standard fact that the e-covering
number of a ball in R? with radius R > 0 with ¢y distance is bounded by (1 + 2R/e)¢, and that © and T are
(dA)-dimensional and (d?A)-dimensional, respectively.

From the above discussion, we can conclude that for any Vi € Vp, there is a ‘~/h parameterized by [9Vh in
the €/2-covering of Oy, and ¥, in the /2-covering of T';, such that,

Vi, = Valloo < Re/2 + Roe/2.

By rescaling of the covering numbers, we can see that the logarithm of the e-covering number of V}, can be
bounded by

log(N (Vi €)) < 1og(N(On,¢/(2R))) +log(N (Th,e/(2aR))
< Adlog(1 +4BR/e) 4+ d*Alog(1 4+ 4R/ (\e?)).

Substituting in § = % gives the result.

B.3.4 The proof of Proposition

The proof is similar to that of Proposition 21} in that it also relies on a covering argument to prove uniform
convergence over the set of potential value functions. The following technical result bounds the covering
number of this set:
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Lemma 26. Let N (V,¢e) be the e-covering number of some set V with respect to the distance |V — V| =
sup,cs |[V(z) — V'(x)|. Then, for any stage h =1,...,H and episode t,

log(N (Vii14,6)) < dAlog(1 + 4tHR?/(e))).

To reduce clutter, we defer the proof to Appendix [B:3.5] To proceed, we fix h,a, e > 0 and an arbitrary

V € Vh41,t, and consider a V in the covering defined above such that HV VH < e. Then, by the triangle
inequality, we have

| (Mo~ TV, < e = T P, (Mo = Fa) (v = D)

Yhoat—1

< || (Mn,a — th)f/th o te (A—l/ztR + Al/QCP) ,

where we used Lemma [17| with B = ¢ in the last step. Setting §' = 6/(HA), the first term can be bounded
with probability at least 1 — ¢’ by exploiting that V' is in the covering, and using the union bound to show
that for every such V', we simultaneously have

[(Mya = Myai)Vlly, | <CudJN) = 2H /dlog (1 +tR2/) + log (N-/6") + CpHVAd
< 2H+/dlog (1 +tR2/)\) + dAlog(1 + 4tHR2?/(e))) + log (1/6') + CpHV X

Putting the two bounds together and setting e = \/(tR) gives

|(Mya — My ai)V]|y, . <2H\/dlog (1 +tR2/X) + dAlog(1 + 42 HR3/2) + log (HA/3)
A2 (CPH\/&Jr 1 +Cp> .

This is clearly upper-bounded by the chosen value of €. Taking a union bound over all h, a concludes the
proof. O
B.3.5 The proof of Lemma

The proof is similar to that of Lemma 25 although simpler due to the simpler form of the value functions in
this case. We Stary by noting that, due to the definition of the parameter vectors Gza , as the solution of the

OPB equations with || o, t|| < H, we have

tHR
16700l < = <8,

where the inequality follows from Lemma Given the definition of the algorithm, it is easy to see that the
value functions can be with the help of the function Uj, ¢ defined as

Uh,o(z) = min {H —h+1, mea} {p(x), 9;17@)} ,

in the form Vj, ; = Up ¢ for some § with norm bounded by 3. Thus, the set of value functions can be written
as

Vi ={Une: 0] <B}.

We show below that U is a smooth function of 6, which will allow us to prove a tight bound on the covering
number of the class Vj. Indeed, this can be seen by

1Uho = Ungrllog < sup masc {p(2), Bh.a) — max (o(), 6h,0) | < supmax (), bn.a — 0|

< ngx Heh,a — ;L’aH .
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Thus, the £/2-covering number of the set © = {(04)aena : 0, € RY, sup,c4ll0all2 < B} is bounded by
(1 +483/¢)A4, which follows from the standard fact that the e-covering number of a ball in R? with radius
¢ > 0 in terms of the £y distance is bounded by (1 4 2¢/¢)?. Thus, we have that for any V}, € Vy, there exists
aVy parameterized by 0), in the g/2-covering of O, such that,

Vi, = Valloo < Re/2.

By rescaling of the covering numbers, we can see that the logarithm of the e-covering number of V} can be
bounded by

log(N (W, €)) < log(N(Op,e/(2R))) < dAlog(1l + 48R/¢),

giving the result.
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