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Question 4. For each of the following statements, form its negation and either
prove that the statement is true or that its negation is true.

(a) 3z € {y € N|y > 2} such that Vn € Z, z # n® + 2;
(b) Vx € N, Ja,b,c € Z such that z = a® + b? + ¢?;
(c) V€>O,VN€N,Elnstuchthatn<§.

Answer.
(a) Negation: Vo € {y € N |y > 2}, In € Z such that z = n? + 2. 1 mark
The statement is true: for example z = 5 is > 2 and z is not of the form n? + 2:

indeed 3 = 5 — 2 is not the square of an integer. 2 mark
(b) Negation: 3z € N such that Va,b,c € Z, v # a* + b* + 2. 1 mark

The negation of the statement is true: indeed x = 7 is not the sum of three
integer squares. For the proof we may assume (after re-ordering) that 0 < a <b <c¢
and then ¢? < 7 implies ¢ < 2 so we need to go through all cases 0 < a < b < ¢ < 2:

02 +02+0* =0#7
024+024+1> =147
02402422 =447
0 +124+12 =247
02 +12+2% =5#7
02+22+2%2 =8+47
PP+12412 =347
PP+17422 =6#£7
12422422 =947
22422422 =1247

3 marks

(c) Negation: 3¢ > 0, 3N € N such that Vn > N, n > 1/e. 1 mark
The negation of the statement is true: take e = 1, N = 1: then it is true that:

If n>1, thenn > 1. 2 marks



