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1. (a) Define what it means for a real number to be
(i) rational
(ii) irrational
(b) Prove each of the following statements.
(i) If a is rational and b is irrational, then a + b is irrational.
(ii) If a # 0 is rational and b is irratibnal, then ab is irrational.

(iii) Between any two distinct rational numbers there is an irrational number.
(c) Explain briefly why there do not exist positive integers p and ¢ such that 10779 = 2,

(d) Let z be the real number whose decimal expansion is
=0 aa003...

where a,, = 1 if.-n ié‘(aaﬁherfect square and a, = 0 otherwise.
Say whether z is rational, justifying your answer briefly.

[Hint: There are 2m integers between m? and (m +1)%]

2. (a) Write the complex number (14 1) in polar form.
(b) Calculate (1+14)*.
(c) State the binomiai theorem (which works for both real and complex numbers).
(d) Deduce that
100 <~ (200 k
2 =;<2k>(—1) :

(e) Write down the fifth roots of unity, i.e. those z such that 2°> = 1, and draw them
in the complex plane.

(f) Prove that if 1 +w +w? + o’ +w* =0, then w is not a real number.

3. (a) State the principle of strong induction.
(b) Define what it means for an integer p > 2 to be prime.
(¢) Prove that every positive integer m > 2 is a product of prime numbers.
(d) Prove that there are infinitely many prime numbers.

(e) Suppose m = p...p,, where the p; are prime and p; < pygp fori=1,...,7r— 1L
Prove that p, > m!/". ‘
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4. (a) Define what it means to say that U € R is the least upper bound (LUB) for a
non-empty set S C R. (In lectures we wrote U = LUB(S).)

(b) Let S be the set of real numbers between 0 and 1 whose decimal expansion contains
no nines. What is LUB(S)? [No proof is required.]

(c) For each of the following statements, either prove that it is correct or give a

counterexample.

(1)
(ii)
(iii)
(iv)

(v)

Every non-empty subset of R has a least upper bound.
If S contains no rational numbers, then LUB(S) is irrational.
Every real number is least upper bound for some set of rational numbers.

Let S, T C R be non-empty subsets and assume that ¢ = LUB(S) and
d = LUB(T) exist. Define P = {s—t|s € S, t € T}. Then LUB(P) = c—d.
Let S ={z R | 22 < 2}. If LUB(T) = LUB(S), then T is either finite or

(b)

(d)

uncountable.

Prove that there do not exist positive integers n and m such that n? = m? + 2
mod 4.

Find a pair of integers A and g such that 21p + 13X = 1 with 100 < A < 150.

Use the fact that 1001 = 13 x 77 to work out the remainder when
8007004003005008 is divided by 13.

We define an equivalence relation on Z by n ~ m if m = n mod 7. Let S be the
set of equivalence classes of this relation. How many distinct maps are there from
the set {1,2,3} to .S? How many of these maps are injective (i.e. 1-to-1)? How
many are surjective (i.e. onto)?
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