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Abstract

The class number problem of Gauss asks for a complete list of imaginary quadratic fields with a
given class number. In this project we will give a proof of the class number one problem, which
states that there are exactly nine imaginary quadratic fields with class number one. We will
follow Stark’s presentation of Heegner’s approach to the problem, which uses modular functions.
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Introduction

In 1801, Gauss posed the following problems in his book Disquisitiones Arithmeticae:

1. The class number h(D) — oo as D — —oo.
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2. There are exactly 9 imaginary quadratic fields with class number one, namely: Q(v/—1),

Q(\/j)) Q(\/j3)7 Q(\/j?)7 Q(V - 1): Q(V - 9)7 Q(V - 3)} Q(V _67) and Q(V _163)

8. There are infinitely many real quadratic fields with class number one.

The second problem is known as the class number one problem, and was settled independently by
Heegner [9] in 1952, Baker [2] in 1966, and Stark [16] in 1967. Heegner was the first to prove this
theorem, but sadly his proof was not accepted partly because it contained some minor mistakes.
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Heegner died before anyone really noticed what he had achieved. Stark formally filled in the gap in
Heegner’s proof in 1969. The general class number problem, as usually understood, asks for each
n > 1 a complete list of imaginary quadratic fields with class number n.

The class number problem has a long and interesting history. Perhaps the subject goes back to
Fermat, who stated in 1964 that for an odd prime p,

p=2>+2° z,yc€Z < p=1,3mod8
p=2>+3y% z,ycZ < p=3or p=1mod3.

These were first proved by Euler in 1761 and 1763. Many other problems of similar form were solved
in the 18" century, and in 1773 Lagrange developed a general theory of binary quadratic forms

az? + bxy + cy? (a,b,c € 7) (0.1)

with discriminant
D =b* — dac (0.2)

to handle the general problem of when an integer m can be written in the form
m = az? + bxy + cy>.

Legendre simplified Lagrange’s work in his book of 1798. He proved the law of quadratic reciprocity
assuming Dirichlet’s theorem on primes in arithmetic progression, introduced the composition of
two forms, and defined the well-known Legendre symbol. In 1801, Gauss published his Disquitiones
arithmeticae, in which he defines the composition of two quadratic forms and proves that the equiv-
alence classes of quadratic forms with a given discriminant form a finite group with composition as
the group law. We should point out at this point that Gauss’ definition of quadratic form is slightly
different from Lagrange’s in the sense that he considers the form

az® + 2bzy + cy? (0.3)

and defines the discriminant as
D =b* — ac. (0.4)

In article 303 of the Disquitiones, he gives lists of discriminants with a given low class number and
conjectures that his lists are complete. For the moment, let us stick to Gauss’ notation and let
h(D) denotes the number of inequivalent forms of type (0.3). It is not widely known that with this
notation, the class number one problem was first proved by Landau in 1902. This is due to the fact
that Gauss’ definitions (0.3) and (0.4) only deal with even discriminants in terms of the modern
definitions (0.1) and (0.2).

Theorem 1.1 (Landau). Let D denote Gauss’ discriminant. Then for D = b — ac < —7 we have
h(D) > 1.

This theorem is proved in Section 1. Now let us return to Lagrange’s definitions (0.1) and (0.2),
which are better suited to the modern theory of binary quadratic fields. Given a binary quadratic
form ax? + by + cy? of discriminant D, we can associate to it an ideal

[Q,W _{aH(—bz@)y:x’yeZ}
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in the quadratic field K = Q(\/B) Two ideals a and b are equivalent if they belong to the same
class in the ideal class group of K (i.e. if there exists a principal fractional ideal (A) of Ok such that




a = b(A\)). We will see in Section 2 that equivalent ideals correspond to equivalent forms of type
(0.1). Moreover, we will define orders in a quadratic field and find a formula which relates h(m?d)
and h(d) given a negative discriminant d and a positive integer m.

To go further requires class field theory, which is discussed in Sections 3 and 4. In Section 3 we will
give only a classical formulation of class field theory. At the end of this section we introduce the ring
class field of an order in an imaginary quadratic field K, a special case being the Hilbert class field
of K. We have a short section to introduce a more modern treatment of class field theory (in terms
of adeles and ideles) in Section 4, which is not strictly necessary for the purpose of this project,
but provides us with a very nice alternative way of looking at the results discussed in Section 3.
In Section 5 we will study elliptic functions and the theory of complex multiplications, and then
define the j-invariant which is a modular function and is one of the most important tools used in
Heegner’s proof. A crucial property of the the j-invariant which accounts for its name is that this
value characterizes the lattices up to homothety, which is an equivalence relation on the lattices. An
important consequence is that if we consider the ring of integers of an imaginary quadratic field as a
lattice, then the j-invariant of Ok determines K uniquely. Another property of j is that if O be an
order in an imaginary quadratic field K, then j(Q) is an algebraic integer and it generates the ring
class field of O over K. In Section 6, we introduce the Weber functions, which are special modular
functions Heegner used to prove the class number one problem.

We will give a very brief outline of Heegner’s proof here. What we want to prove is that if dx is a
field discriminant such that h(dgx) = 1 then dg = —3,—4,—7,—-8,—11,—19,—43, —67 or —163. So
assume dg is a field discriminant such that h(dg) = 1. Then we may also assume dx = 1 mod 4,
because the case dxg = 0 mod 4 is dealt by Landau’s theorem. Now, in this case, genus theory gives
that the form class group Cl(dx) has 2#~! elements of order < 2, where y is the number of primes
dividing dg. But since h(dx) = 1 the form class group is trivial, so this tells us that p = 1, that
is, dxg = —p for a prime number p. There are two cases to consider, when dx = 1 mod 8 and when
dr = 5mod 8. When dx = 1 mod 8, then by applying the formula which relates h(m?d) and h(d)
with d = dg and m = 2 gives h(4dx) = h(dx) = 1. But using Landau’s theorem again, we find
that dg must be —7. When dx = 5 mod 8, then the same method gives us h(4dx) = 3h(dx) = 3.
Using the relation between the class number of an order and the degree of the ring class field, we
get that j(v/d) generates a cubic extension of Q. On the other hand, using the Weber modular
functions we can find a real number o which generates the same cubic extension, such that o* has

the minimal polynomial
2 — 3/4(m0) — 16,

where 75 = ?’J“T Vdr and the cube root is chosen appropriately and is an integer. Note also that a*
generates the same cubic extension, so by manipulating the minimal polynomial of oz and comparing
coefficients, the problem reduces to solvind the Diophantine equation

2X(X3+1)=Y2

This has exactly 6 solutions, each of which gives rise to a value of j(7p). It turns out that these
values correspond to the 6 imaginary quadratic fields we are left with. The idea is we calculate the
j-invariant for the 6 imaginary quadratic fields. Then we find that the j(70)’s corresponding to the
6 solutions of the Diophantine equation are among the j-invariants corresponding to the 6 fields.
Then using the fact that j(Ok) determines K uniquely, it follows that we now know all imaginary
quadratic fields of class number one, and the proof is complete.



1 Quadratic Forms and the Form Class Group

Let us begin by giving basic definitions. It is well-known that a quadratic form over a ring R is a
homogeneous polynomial of degree 2 in a number of variables with coefficients in R. In this project,
by a quadratic form we shall mean a quadratic form in two variables z and y over Z. We say that
a form f(z,y) = az? + bry + xy? is primitive if ged(a,b,c) = 1. An integer m is represented by a
form f(x,y) if the equation

m = f(,y) (L1)

has integer solutions for x and y. In particular, if z and y in (1.1) are coprime, we say that m is
properly represented by f(x,y). Given two forms f(z,y) and g(z,y), say they are equivalent if there
exist integers p, q,r and s such that

9(z,y) = f(px + qy,7v + sy) and ps — qr = +1. (1.2)

If ps — gr =1 in (1.2), we say that f(x,y) and g(x,y) are properly equivalent.

Let K be a quadratic field. Then K = Q(v/N) for a unique squarefree integer N # 0, 1. Recall that
the discriminant dx of K is defined to be

de — N i N=1mod4
K=\ 4N  otherwise.

When K is an imaginary quadratic field of discriminant dx < 0, h(dg) is equal to the number of
reduced forms of primitive positive definite quadratic forms of discriminant dx (see Section 2).

We first show that if n is a positive integer and h(—4n) = 1, then —4n = —4, -8, —12, —16 or —28.
It follows that if dx = 0 mod 4 is a field discriminant and A(dx) = 1 then, dx = —4 or —8.

A primitive positive definite quadratic form (a,b,c¢) = ax? + bxy + cy? is said to be reduced if
|b] < a < ¢ and b > 0 if either |b] = a or a = ¢. The discriminant of the form (a, b, ¢) is defined to
be b? — 4ac.

Given a discriminant d, we have —d = 4ac — b* > 3ac since for a reduced form (a,b,c) we have
b2 < ac. Hence %\d| > ac > a? > b2 (note d < 0), and a > 1 since a is positive and a,b,c € Z so it
follows that c is bounded above by £|d| and a and [b| are bounded above by +/|d|/3. Clearly a and

¢ are bounded below by 1 and —a < b < a < ¢ implies that b in bounded below by —+/|d|/3.

A procedure to list all the reduced forms with a given discriminant is as follows. d is congruent to
0 or 1 modulo 4, so let b = d mod 2. Then d — b*> = 0 mod 4 so let ¢ = (b> — d)/4 and a = 1. Then
(a,b,c) is a reduced form. So there is always at least one reduced form for a given discriminant. To
find the rest, we can follow the procedure listed below.

Step 1. Set b +— d mod 2 and B = |/|d|/3].

Step 2. Set q + (b —d)/4 , a + max{2,b}.

Step 3. If a | ¢ then if a = b or a? = q or b = 0, let ¢ = g/a then (a,b,c) is a reduced form. If a | q
but non of the above applies, then similarly letting ¢ = g/a we have two reduced forms (a, b, ¢) and
(a,—b,c).

Step 4. Set a + a + 1. If a® < ¢ go to step 3.

Step 5. Set b < b+ 2. If b < B go to step 2, otherwise we have found all the reduced forms.

When the discriminant is even, the class number one problem can be solved using elementary
methods. We now restate Theorem 1.1. The following argument is similar to the one due to
Landau.

Theorem 1.1. Let n be a positive integer. Then h(—4n) =1<n=1,2,3,4 or 7.



Proof. We have n > 1, hence 2% + ny? is a reduced form. We will show that if n ¢ {1,2,3,4,7}
then h(—4n) > 1. Suppose first that n is not a prime power. Then n can be written n = ac
where 1 < a < ¢ and ged(a,c) = 1, so ax? + cy? is another reduced form with discriminant —4n.
Hence h(—4n) > 1 when n is not a prime power. Suppose next that n = 2. If » > 4 then
42% + 4y + (2772 4+ 1)y? is a reduced form since 4 < 2772 + 1 and is of discriminant —4n. Thus
h(—4n) > 1 in this case. When r = 3, —4n = —32 and this has two reduced forms namely x2 + 8y
and 322 4 2zy + 3y?. Thus h(—4n) > 1 for n = 2", r > 3. This leaves us with the cases n = 2 and 4.
Finally assume n = p” where p is an odd prime. If n + 1 is not a prime power, we can write
n+1 = ac where 2 < a < ¢ and ged(a,¢) = 1. Then az? + 22y + cy? is a reduced form of
discriminant 2% — 4ac = 4 —4(n+ 1) = —4n so h(—4n) > 1. So suppose n + 1 is also a prime power.
But n = p" is odd so n+1 is even. Hence n+1 = 2° for some s. If s > 6, then 822 +6xy+ (2573 +1)y?
is primitive and reduced of discriminant —4n so h(—4n) > 1 when s > 6. The cases s = 1,2,3,4 and
5 correspond ton = 1,3,7,15 and 31 respectively. Now n = 15 is not a prime power so by the earlier
argument h(—4n) > 1. When n = 31, —4n = —124 and this has a reduced forms 522 4 22y + 7y? so
h(—4n) > 1. This leaves us with the cases n = 1,3,7. Let us check that when n = 1,2,3,4,7 then

h(—=4n) = 1. When n = 1,2, |b| < Ifg"‘ < 1sob=0mod 2 = b=0 and n is not composite so

22 +ny? is the only reduced form. When n = 3,4,7, |b| < 1/ ‘_;m‘ <3s0b=0mod 2= b=0or+2.

When b = 0, 3 and 7 are prime and although 4 = 2 -2, 222 + 2y? is not a reduced form so z2? + ny?
is the only reduced form. So suppose now |b| = 2. If n = 3, then this means 4ac = 4 -3 + 22 = 16
so ac=4. But a < ¢ = (a,b,c) = (1,4+2,4) or (2,+2,2), none of which is a reduced form. If n = 4,
then 4ac = 4 -4+ 22 =20, i.e.ac=5. Soa < c= a = 1,c =5 but then |b| > a. If n = 7 then
dac=4-7T+22=32s0ac=28. Then |b| <a=a#1so0oa=2c=4. But(2,2,4) is not primitive.
Hence h(—4n) =1 if n =1,2,3,4 or 7, and this proves the theorem. O

We will show that the set CI(D) of equivalence classes of primitive positive definite forms of dis-
criminant d forms an abelian group. In order to define multiplication of two classes, we need the
following lemma, which is proved in [6] page 48.

Lemma 1.2. Let f(z,y) = az? + bay + cy? and g(x,y) = a’2® + 'xy + 'y? be quadratic forms of
discriminant D < 0 such that ged(a,a’, (b+b)/2) =1 (note b and b’ have the same parity since f
and g have the same discriminant and the parity of the discriminant of f (resp. g) only depends on
b (resp. V') so (b+1')/2 is an integer). Then there exists an integer B such that

B =b mod 2a

B =10 mod 2d
B? = D mod 4ad’

which is unique mod 2aa’. a

a'x? + bzy + y? be primitive

Definition 1.3. Let f(z,y) = ax? + bxy + cy? and g(z,y) =
a',(b+0')/2) = 1. Then the Dirichlet

positive definite forms of discriminant D < 0 such that ged(a,
composition of f(x,y) amd g(z,y) is the form

B?-D
F(z,y) = ad’z?® + Bxy + ———/*

4daa’
where B is the integer detemined in Lemma 1.2.

We refer the reader to [6] page 50 for the proof of the following theorem, which shows that CI(D)
indeed forms a group.



Theorem 1.4. Let D = 0,1 mod 4 be negative and let Cl(D) be the set of all equivalence classes
of primitive positive definite forms of discriminant D, where two forms are in the same class if and
only if they are properly equivalent. Then CU(D) is a finite abelian group with multiplication induced
by Dirichlet composition, called the form class group. Furthermore, the identity element is the class
containing the form

D
z? — Zy2 if D=0 mod 4 (1.3)
1-D
J:2—|—xy—|—Ty2 if D=1 mod 4,
and the inverse of the class containing the form ax® + bxy + cy? is the class containing the form
ax® — bxy + cy?. O

Remark 1.5. Alternatively, if dxg < 0 is a field discriminant then we can associate ideals of K =
Q(v/dk) with quadratic forms of discriminant d. Explicitly, given an ideal a = [«, ] of Ok,

N(ax + By)

N = az? + bzy + cy?

is a quadratic form of discriminant dx. Conversely, given a quadratic form (a,b,c) of discrimi-
nant dg, the ideal [a, (—=b + /df)/2] is an ideal in Ok. Therefore we can define two forms to be
equivalent if and only the ideals accociated with the forms are equivalent. This way, we can avoid
defining the Dirichlet composition, c.f. Theorem 2.7.

Definition 1.6. Two quadratic forms of discriminant D are in the same genus if they represent the
same values in (Z/DZ)*. Given D, the form described in (1.3) above is called the principal form.
The genus containing the principal form is called the principal genus.

The following theorem draws attention to how genus theory is related to the theory of the form class
group CI(D).

Theorem 1.7. Let D <0, D =0,1 mod 4. Let r be the number of odd primes dividing D. Define
w as follows: if D=1 mod 4, then let p=r. If D =0 mod 4, write D = —4n for n > 0, and:

e ifn=1,2mod4, let p=r—+1
e ifn=3 mod4, letu=r
e ifn=0mod8, let pu=7r+2
e ifn=4mod8, let u=r+1.

Then:

(i) The form class group CI(D) has exactly 2#~' elements of order < 2.

(ii) There are exactly 2"~ genera of forms of discriminant D.

(iii) The principal genus consists of the classes in C1(D)?, the subgroup of squares in Cl(D).

Proof. (sketch) The proof of (i) requires considering different cases all of which are similar and can
be found in [12] pages 171-173. The idea of the proof of (ii) is the following: Let Cly(D) denote the
subgroup of CI(D) of elements of order < 2. Given D, we define p assigned characters which give
rise to a homomorphism ¢ : (Z/DZ)* — {£1}*. This map ¢ is surjective and its kernel turns out to
be the subgroup H of values represented by the principal form. If we define x : (Z/DZ)* — {£1} by

sending [p] to (%) for p4 D prime and [—1] to 1 (resp. —1) when D > 0 (resp. D < 0), this extends



to give a homomorphism such that kery has index 2 in (Z/DZ)*. So kerx/H has order 2+~ 1.
Furthermore, sending a class to the coset of H defines a homomorphism ¢ : CI(D) — ker x/H and
we see that the order of ¢(CIl(D)) is the number of genera (¢ sends a class to the coset of values
it represents), so it suffices to prove ¢(CIl(D)) = ker x/H. This can be done by showing that every
congruence class in ker y contains a number represented by a form of discriminant D, which follows
from Dirichlet’s theorem on primes in arithmetic progression.

To prove (iii), notice that the squaring map gives a short exact sequence

0 — Cly(D) — CI(D) — Cl(D)?

so the index [C1(D) : CI(D)?] equals the order of Cly(D) and the map Cl(D)/Cl(D)? — {£1}+~!
induced by ¢ is an isomorphism. Hence CI(D)? = ker ¢ which consists of the classes in the principal
genus, hence the result follows. O

2 Orders in Imaginary Quadratic Fields
Notation. For a number field K and its ring of integers O, we often say “a prime of Og” or “a
prime of K” to mean “a nonzero prime ideal of O”. From now on, K and L denote number fields.

I(Ok) denotes the group of all fractional ideals of Ok, P(Og) denotes the subgroup of I(Ok)

consisting of principal fractional ideals and Cl(Ok) = }I:,((%I; )) is the ideal class group.

We now introduce the concept of orders in a quadratic field K. We will see that in the case of
imaginary quadratic fields, there is a nice relation between ideals in orders and quadratic forms. We
will show that if O is an order then we can define the ideal class group CI(O), and it is isomorphic
to the form class group CI(D) for D < 0 if O is chosen suitably. We begin with the definition:

Definition 2.1. An order O in a number field K is a subring O C K which is a finitely generated
Z-module of rank [K : Q.

It follows that Ok is an order in K and more importantly, any order O of K is contained in Og
(given a € O, multiplication by « gives a Z-linear map, so it satisfies its characteristic polynomial
by Cayley-Hamilton theorem, which shows that a € Ok ). Hence we call Ok the mazimal order of K.

Note that if K is a quadratic field of discriminant dx then we can write

Ox = {17 dr + vdx VdK} )
2
Since O and Ok are free Z-modules of rank 2, it follows that [Of : O] < co. Hence we obtain the

following lemma which gives a full description of orders in quadratic fields.

Lemma 2.2. Let O be an order in a quadratic field K of discriminant dg. Then we have

O=7+ fOx = {1,de+2¢@}

where f =[O : O).

Proof. We have fOx C O since f = [Ok : O], so Z + fOx C O follows. On the other hand,
1, f%] has index f in O = [1, %], hence the result follows. O

Definition 2.3. Given an order O in a quadratic field K, f = [Ok : O] is called the conductor of O.
Also, given a non-trivial automorphism o of K and an order O = [, 8], we define the discriminant

of O to be the number )
a B
D = det .
© <a<a> U(ﬁ))



The discriminant is independent of the integral basis used and hence depends only on O. The proof
of this elementary fact is proved in the same way we prove that the discriminant of a number field
is independent of the choice of integral basis, see [1] page 132. If we compute the discriminant D of

O using the basis {1, f%}, we get
2
1 dx+vVdi
D = det <1 ;dk—Qm = (—fVdg)? = fldk. (2.1)
2

Thus dg = 0,1 mod 4 implies that D = 0,1 mod 4. Also, since % € Q and K = Q(Vdk), we see

that K = Q(\/ﬁ), so the sign of D determines whether K is real or imaginary. In fact, D determines
O uniquely and any nonsquare integer D = 0,1 mod 4 is the discriminant of an order in a quadratic
field ; given D = 0,1 mod 4, write D = f2d where f is a positive integer and d = 0,1 mod 4 is a
squarefree integer. Then D is the discriminant of the order O = [1, f d"'—ﬁ] in the quadratic field

Q(Vd).
Example 2.4. The order Z[y/—n] in K = Q(v/—n) has discriminant

D = det G _\7%)2 — —dn

so equation (2.1) shows that
—4n = deK.

Now we study the ideals of an order O. The proofs of the results for O adapts easily to show that
given a nonzero ideal a in O, the norm defined by N(a) = |O/a| is finite, O is Noetherian and has
Krull dimension 1. It is also clear that if the conductor f of O is greater than 1, then O is not
integrally closed, so that O is not a Dedekind domain. Hence the ideals of © may not have unique
factorisation. To fix the situation, we introduce the concept of a proper ideal:

Definition 2.5. As of Ok, a fractional ideal of O is a subset of K of the form aa where a € K*
and a is an ideal of O, and a fractional ideal a is invertible if there exists another fractional ideal b
such that ab = O. We say that a fractional ideal a is proper if

O={fe€K:BacCua}l.

The basic properties that we shall use later are that for a € O, a # 0 and proper ideals a, b C O,
we have:
N(aO) = N(a) (2.2)

N(ab) = N(a)N(b) (2.3)
The proofs of these properties can be found in [6] page 140. For quadratic fields, we have a nice

result saying that the notions of proper and invertible coincide:

Proposition 2.6. Let K be a quadratic field and let O be an order of K. Then a fractional ideal a
of O is proper if and only if it is invertible.

Proof. Let a be invertible, then ab = O for some fractional ideal b of O. Since O C {f € K : fa C a}
always holds (a is an ideal), we need only show the other inclusion. Let 8 € K be such that Sa C a.
Then we have

BO = B(ab) = (Ba)b C ab = O,

and g € O follows. So a is proper. Now let a be a proper fractional ideal of O. Note that a = b
for some § € K* and an ideal b of O hence O/b is finite implies that a is a free Z-module of rank 2.



Hence we can write a = [v,d] = [1,h] for some 7,6 € K and h = §/7. Let ax® + bx + ¢ be the
minimal polynomial of i, where a, b, and ¢ are coprime integers.

Claim. O = [1, ah].

Proof of Claim. Note (ah)? + b(ah) + c(ah) = 0 so ah is an algebraic integer. Also for 3 € K, see
that

BI1,h) C [1,h] & B € [1,h] and Bh € [1, h)
& f=m+nh,m,n €Z and Bh:mh2+nh:mh+ﬁ(fbhfc)
a

Since ged(a, b, ¢) = 1, it follows that Sh € [1,h] if and only if a | n. Hence O = {b € K : 8[1,h] C
[1,h]} = [1, ah] and thus the claim is proved.
Now let o be a non-trivial automorphism of K. Then o(h) is the other root of az?+bx+c, and by the

same argument as above, o(a) = o(a)[1,o(h)] is a proper fractional ideal for [1, ac(h)] = [1,ah] = O.
Then:
aao(a) = aao(a)[l, h|[1,0(h)] = N(a)[a, ah,ac(h),aho(h)]
= N(«)la,ah,—b, ¢ (using h 4+ o(h) = —b/a, ho(h) = c¢/a)
= N(«)[1, ah] (since ged(a, b, c) = 1)
= N(w)O
So we have a (ﬁa(a)) = O, proving that a is invertible. O

Given an order O, let I(O) denote the set of all proper fractional ideals of O. Then Proposition 2.6
shows that I(Q) forms a group under multiplication. Let P(QO) C I(O) denote the subgroup of all
principal fractional ideals. As for Ok, we call the quotient

Ci(0) = 1(0)/P(0)

the ideal class group of the order O. The ideal class group CI(O) relates to the form class group
Cl(D) as follows:

Theorem 2.7. Let O be the order of discriminant D in an imaginary quadratic field K, and let
f(z,y) = ax® + by + cy? be a primitive positive definite quadratic form of discriminant D. Then:

(i) [a,(=b++/D)/2] is a proper ideal of O.

(ii) The map
f(1'7y) = [aa (_b+ \/5)/2]

induces an isomorphism Cl(D) = CI(O).

(i1i) A positive integer m is represented by f(x,y) if and only if m is the norm of some ideal a in
the ideal class [a, (—b+v/D)/2] + P(O) in C1(O). O

The proof can be found [6] pages 137-141.
Remark 2.8. In particular, the theorem above shows that h(O) = h(D) where h(O) = |CI(O)].

Example 2.9. Here is an example to show that Theorem 2.7 does not necessarily hold for real
quadratic fields. It is possible to define the form class group Cl(dk) for discriminants dg > 0,
although there will in general not exist only one reduced form per equivalence class. This can be
fixed by changing the notion of reduced for positive discriminants. See [5] Chapter 5.6 for more



details. To show that Theorem 2.7 does not hold in general for positive discriminants, consider
K = Q(+/3) and its maximal order Ox = Z[/3]. Then Ok is a Euclidean field so a UFD, hence
Cl(Ok) is trivial. On the other hand, we show that +x? — 3y?, both of discriminant dx = 12,
are not properly equivalent, so that Cl(dx) # {1}. To prove this, write f(z,y) = 22 — 332,
g(z,y) = —2% + 3y? and suppose that these are properly equivalent. Then there exist p,q,r,s € Z
such that g(z,y) = f(pz + qy,rx + sy) and comparing the coefficients of 22 on both sides yields
p? — 3r2 = —1, which has no solution mod 3 hence has no solution in Z, a contradiction. Hence

Cl(Ok) ECl(dk).

Remark 2.10. There are ways to fix the situation above. We list two such ways below, for more
details, see for example [5] Chapter 5.6.

1. Change the notion of equivalence of ideals. Replace the principal ideals P(O) by PT(O)
consisting of all principal ideals of positive norm. Define the narrow ideal class group CIT(0) =
I(0)/PT(0). Tt can then be shown that Cl(D) = CI*(O) for any order of discriminant D
in any quadratic field K, real or imaginary. In particular, if K is imaginary then we have
Clt(0) = Cl(0), and the same is true for a real quadratic field K if O has a unit with norm
—1. Otherwise, we have |CIT(O)| = 2|C1(0)].

2. Change the notion of equivalence of quadratic forms. Instead of proper equivalence, use signed
equivalence, where two forms f(z,y) and g(z,y) are signed equivalent if there exists a matrix
(1) € GL2(Z) such that

g(x,y) = det (ff z) o(pr + qy, 7T + 5Y).

The set of signed equivalence classes forms a group which we denote by Clg(D), then it can
be shown that Clg(D) = CI(O).

It will be useful to find a way to relate proper ideals of an order O to ideals of the maximal order
Ok, since class field theory is almost always stated in terms of Ok. In order to do this without
encountering too much difficulty, we study ideals of O coprime to the conductor, which relate nicely
to ideals of Ok as we will discover in Lemma 2.14:

Definition 2.11. Let O be an order of conductor f. We say that a nonzero ideal a of O is prime
to fifa+ fO=0.

Here are some basic properties of ideals of O coprime to the conductor:

Proposition 2.12. Let O be an order of conductor f, and let a be an ideal of O. Then:
(i) a is coprime to f < gcd(N(a), f) = 1.
(ii) a is coprime to f = a is proper.

Proof. To prove (i), consider the map m : O/a +— O/a which is multiplication by f. Then a+ fO =
O < my is an isomorphim < N(a) = |O/a| and f are coprime.
To show (ii), let a be coprime to f and let g € K satisfy fa C a.We want to show 5 € O. Now,

BO =p(a+ fO)Ca+ fOk
since fa C a and O C Ok and certainly 8 € Og. However f is the conductor so fOx C O, which
means that 5O Ca+ O = O. Thus § € O, so a is proper. O

It follows from Proposition 2.12 that ideals of O coprime to f lie in I(O) and are closed under
multiplication (if a and b are ideals of O coprime to f, then N(ab) = N(a)N(b) (2.3) and f are
coprime), hence the fractional ideals they generate form a subgroup. This subgroup is denoted
I(O, f) C 1(O). We also have the subgroup P(O, f) C I(O, f) generated by the principal ideals in
I(O, f), i.e. of the form aO where N(aO) = N(«) (2.2) is coprime to f.

10



Definition 2.13. For a positive integer m and an ideal a of Ok, say a is coprime to m if a+mOg =
Ok.

This is equivalent to ged(N(a), m) = 1 (recall Proposition 2.12), so the set I C I(Ok) of fractional
ideals generated by ideals of Ok coprime to m forms a subgroup in I(Of). We are now ready to
see how the ideals coprime to the conductor of O relate to ideals of Ok:

Lemma 2.14. Let O be an order of conductor f in an imaginary quadratic field K.
(i) For an ideal a of O coprime to f, anN O is an ideal of O coprime to f of the same norm.

(i) For an ideal a of O coprime to f, aOk is an ideal of Ok coprime to [ of the same norm.

(iii) I}; is tsomorphic to I(O, f) via the isomorphism a — aNQO whose inverse is given by a — aOk .

We refer the reader to [6] page 144 for the proof. We can now describe CI(O) in terms of the
maximal order.

Proposition 2.15. Let K be an imaginary quadratic field, and let O be an order of conductor f in
K. Then there are natural isomorphisms

Cl(O) = 1(0, f)/P(O, f) = I}, /P,

where P};Z is the subgroup of P(Ok) generated by ideals of the form aOk, where « € O satisfies
a =a mod fOk for some integer a coprime to f.

Proof. For the first isomorphism, consider the canonical map I(O, f) — CI(O). This map is sur-
jective, since any primitive form represents numbers coprime to f so by Theorem 2.7 (iii) every
ideal class in Cl(O) contains a proper ideal whose norm is coprime to f. The kernel of this map is
I1(O, f)N P(O), and we claim that this is equal to P(O, f). It is clear that I(O, f) N P(O) contains
P(O, f). To prove the converse, notice that an element of (O, f) N P(O) is of the form a® = ab™*,
where a = § € K*, a,b € O (note Frac(O) = K by definition of an order) and a = aO,b = bO. Let
n = N(b) and let b denotes the conjugate of b, so that N(b)O = nO = bb. Then

naO =a(nb~ ') =abc O

and N(na®) = N(ab) = N(a)N(b) = N(a)N(b) is coprime to n so na@ is an ideal of O coprime
to f. Also clearly nO € P(O, f) so aO = naO(n0O)~t € P(O, f), proving that 1(O, f) N P(0) =
P(O, f) and now the first isomorphism follows from the first isomorphism theorem.

To prove the second isomorphism, note that Lemma 2.14 (iii) tells us that the map a — aOg gives
an isomorphism I(O, f) = I};. Let P C I[f< denote the image of P(O, f) under this map. It
remains to prove P = PIJ;_Z. We know P(O, f) is generated by the ideals «O where @ € O and
gcd(N(a), f) = 1. Hence P is generated by the ideals aOx with a € O and ged(N(a), f) = 1.
Hence to show P = PI’;Z it suffices to prove that for o € Ok,

a=mmod fOx,m € Z, ged(m, f) =1 (2.4)
S a€ 0, ged(N(a), f) =1.

If a = m mod fOg for m € Z coprime to f, then « = m+ f~ for some v € O. Hence @ = m+ 7,
and ¥ € Ok so we also have @ = m mod fOk. So a@ = m? mod mOg, so that a@ — m? = f§ for
some § € O . But the LHS is an integer and so is f, hence § € Q. It follows that § € Z = QN Ok,
which gives N(a) = m? mod f. Hence ged(N (o), f) =ged(a?, f) = 1. But f is the conductor so we
have fOx C O, soa—m= fvy,7y€ O givesa=m+ fy e Z + fOxg = O, giving a € O.

Conversely, let @ € O have norm coprime to f. Then O = Z + fOg gives a« = m + f for some
m € Z,s0 a = m mod fOg. Then N(a) = m? mod f as before, so the assumption ged(N (), f) = 1
implies ged(a, f) = 1 as required. O

11



Now we state one of the nicest applications of Proposition 2.15 which gives a formula for the class
number h(O) in terms of its conductor f and the class number of the maximal order h(Ok).

Theorem 2.16. Let O be an order of conductor f in an imaginary quadratic field K. Then
h(Ok)f ( (dK) 1)
h(O0) = —7F— 1—(— =1, 2.5
=01 10 (5); (25)

where p runs through the primes which divide f, (dTK) denotes the Legendre symbol for an odd prime
p and the Kronecker symbol for p = 2:

0 if2|dx
di .
(2>= 1 ifdx =1 mod8
—1 ifdg =5 mod 8.
Moreover, h(Ok) always divides h(O).

The following corollary is due to Gauss, and it gives a relation between the class numbers h(m?D)
and h(D):

Corollary 2.17. Let D be a negative, D = 0,1 mod 4, and let m be a positive integer. Suppose O
and O' are orders of discriminant D and m?D respectably, and O’ has index m in O. Then,

- 2811 ()

Proof. Suppose O has conductor f, then O' C O of index m has conductor mf. Then we can get
the formula for h(O) = h(D) and h(0’) = h(m?D) using Theorem 2.16. Dividing h(m?D) by h(D)

gives
oy~ oo 1L (- (7)1):

and the corollary follows. O

Theorem 2.16 also enables us to reduce the computation of h(D) for D < 0, D = 0,1 mod 4 to the
computation of h(dg). For h(dx) we have the classic formula

|drc|—1

)= > (%),

n=1

where (dTK) denotes the Jacobi symbol. This formula is proved using analytic methods in [4] Chapter

5, Section 4.

Determining which orders have class number i remains a difficult problem even when h is small.
The case h = 1 is what we call the class number one problem, and it is formulated in the following
theorem:

Theorem 2.18. (i) Let K be an imaginary quadratic field of discriminant dr. Then
hdg)=1<dx = —-3,—4,—7,-8,—11,-19, —43, —67, —163.

(i) Let D =0,1 mod 4, D < 0. Then

WD)=1& D=-3-4,-7,-8,—11,-12, 19, —27, —28, —43, —67, —163.

12



Remark 2.19. Here we only prove (i)=-(ii). The proof of (i) is dealt with in Section 6.

Proof of (i) = (ii). To see this, suppose h(D) = 1 where D = f2dy. Then Theorem 2.16 and
Remark 2.8 tells us h(dk) | h(D), giving h(dg) = 1. Then (i) gives all the possibilities for dx but
we still need to find which conductors f > 1 can occur.

Case 1. Of; = {£1}.

If f> 2, then (2.5) gives

- (e (%))

plf
>p11...pn” ]__i e 1_7 (Wheref:pll...pn")
b1 Pn
=pi T e = 1) (e — 1)
>1

since h(Ok) = 1 and [0} : O*] = 1, which contradicts the assumption h(D) = 1. One can check
directly using (i) and Theorem 2.16 that f = 2 only happens when dg = —7, i.e., D = —28.
Case 2. O3 # {£1}.

In the list (i), this case only happens if dx = —3 or —4, in which case we have O} = {£1, %‘/3}

and {£1,+i} respectably. Hence when dx = —3 we can have [0} : O*] = 1,3, then a similar
argument as above yields D = —27. Similarly when dxg = —4, we can have [0} : O*] = 1,2, then
direct calculation yields D = —12. Hence we have (i) = (ii) as we claimed.

The proof of (i) was covered when the discriminant is even in Theorem 1.1, but when the discriminant
is odd, the proof is much more difficult. In Section 4, we will study modular functions to give a
complete proof of (i). O

3 Ring Class Fields

In this section, we will study abelian extension, i.e. a finite extension whose Galois group is abelian.
The Caboterev density theorem says, roughly speaking, that infinitely many primes gives the same
Frobenius element; see Definition 3.3. This result is needed to prove that the Artin map is surjective.
Other results proved by analytic technique include the famous Dirichlet’s theorem on primes in
arithmetic progressions. We will also see that it can be used to prove that a primitive positive
definite quadratic form represents infinitely many prime numbers.

Definition 3.1. Let L/K be a Galois extention. Let B be a prime of Or. Then define the
decomposition group and inertia group of B by

Dy ={o € Gal(L/K): 0(B) =B}
Iy = {0 € Gal(L/K) : 0(a) = a mod B for all a € O }.

Prime ideals of Ok are sometimes called finite primes to dinstinguish them from infinite primes
which refer to the embeddings K — C . A real embedding is called a real infinite prime and a pair
of complex conjugate embeddings is called a complex infinite prime. Given an extension L/K, let p
be a finite prime of K and let 28; be a prime of L lying over p. We can write

p@L — %?1 ...%;g

where e; € Z~o and is called the ramification index of B;. We say p is ramified if e; > 1 for some
1 and is unramified otherwise. If there is a unique prime 9 lying over p and with inertial degree 1,

13



then we say p ramifies totally in L. Given an extension L/K, an infinite prime of K is ramified in L
if it is real but it has an extension to L which is complex. It is unramified otherwise. An extension
L/K is called unramified if it is unramified at all primes, finite or infinite.

Lemma 3.2. Let L/K be a Galois extension, and let p be a prime of Ok unramified in L. Let ‘B
be a prime of Or, lying over p. Then there exists a unique element o € Gal(L/K) such that

o(a) = a™¥® mod B
for all a € Or, where N(p) = |Ok/p| is the norm of p. O
Definition 3.3. The unique such ¢ in Lemma 3.2 is denote it by (L/TK)
Hence we have

(%f) (a) = a™® mod B

where p = B N Ok is a prime which is unramified in L. Some basic and useful properties of the of
(L/TK) are as follows:

Corollary 3.4. Let L/K be a Galois extension and let p be a prime of Ok which is unramified in
L. Then for a prime B of O, containing p and o € Gal(L/K), we have

(58 ()

Proof. Let o € Gal(L/K) and a € Or. Then

(L/%K) (07" (a)) = (07" (a))N® mod B

so applying o on the left gives

o (L/%K) o' = aV® mod o(B),

. L/K\ 1 _ (L/K
sowehaveU(T)a 1—( (%)>. O

q

It follows that (L/TK) is defined up to conjugacy by a knowledge of p. We write Frob, for this

conjugacy class. Moreover, if L/K is an abelian extension then Frob, is a conjugacy class of size 1
(as (f(/,é()) = (L/TK) for all o € Gal(L/K) and for any two primes B’ and B lying over p, there

exists 0 € Gal(L/K) such that o(B) = B’), so in this case we can consider Frob, as an element of
Gal(L/K), and we call it the Frobenius element.

When L/K is an abelian extension, Frob, is defined for all primes p of Ok unramified in L/K.
Then by multiplication, we can define the Frobenius element for any fractional ideal a of Og. Let
a=T]_, pi® be a prime factorisation of a. Then define the Frobenius element for a by

T

Frob, = H (Froby, )*:.

i=1

To discuss more general results, we introduce the notion of a modulus in a number field:

14



Definition 3.5. A modulus for a number field K is a formal product
m= H pre
p

taken over all primes p of K, finite or infinite, in which n, is a non-negative integer and n, = 0 for
for almost all primes p. Furthermore, n, = 0 or 1 when p is a real infinite prime and n, = 0 when
p is a complex infinite prime.

A modulus may be considered as a product moms,, where my is the product of the finite primes
appearing with positive exponent (i.e. an ideal of Ok ) and my, the product of distinct real infinite
primes of K. Note that in a imaginary quadratic field, a modulus is just an ideal of Ok.

Given a modulus m, let I}¢ denote the group of all fractional ideals of Ok coprime to m (this means
coprime to my), and let P, denote subgroup of I} generated by the principal ideals aOg, where
a € O satisfies:

a =1 mod mg and for every infinite prime ¢ such that o | mo, we have o(a) > 0.

A basic result is that Py has finite index in I ([10] Chapter IV.1). A subgroup H of I(Of) is
called a congruence subgroup if there is a modulus m such that

Pg, CHCIg,

and the quotient
IR/H
is called a generalised ideal class group for m.
The basic idea of class field theory is that the generalised ideal class groups are the Gaois groups of

all abelian extensions of K, and the correspondence between these are provided by the Artin map
of an abelian extension L/K.

Let L/K be an abelian extension, and let m be a modulus which is a product of all primes of K
ramified in L/K. Given a prime p of K such that p t m (i.e. p is a prime of K unramified in
L/K), we have the Frobenius element Frob, € Gal(L/K). This extends by multiplicativity to give
a homomorphism

Dy : If — Gal(L/K)
p — Frob, .
This is called the Artin map for L/K and m.

The first theorem of class field theory states that Gal(L/K) is a generalised ideal class group for
some modulus:

Theorem 3.6 (Artin reciprocity thorem). Let L/K be an abelian extension, and let m be a
modulus divisible at least by all ramified primes of K. Then:

(i) The Artin map ®,, is surjective.

(ii) When the exponents of the prime divisors of m are sufficiently large, ker(®y,) s a congruence
subgroup for m, and consequently the isomorphism

I/ ker ®,, = Gal(L/K)

shows that Gal(L/K) is a generalised ideal class group for the modulus m.
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Proof. See [10], Chapter V, Theorem 5.7. O

Example 3.7. Let us consider the cyclotomic extension Q((,,)/Q, where m > 1 is an integer and
Cm = €2™/™ is the primitive m th root of unity. Let m be the modulus moo, where oo is the real
infinite prime of Q. Then all finite ramified primes of this extension divide m (this can be proved
by by induction on the number of primes dividing m, see [13], Chapter 6, Theorem 6.4 for more
details) so any prime not dividing m is unramified in Q(¢,,) and the Artin map

Ot Iy — Gal(Q(Cm)/Q) = (Z/mZ)*
p — Frob,

is defined. We can describe ®,, as follows: given (%Z) € Ig, where a,b € Z, § > 0 and ged(a,m) =
ged(b,m) = 1, we have

By (%Z) = [d][b]"! € (Z/mZ)*.

To see this, recall that Frob, must satisfy the condition
Frob,(¢m) = ¢F, mod B
where B is a prime of Ogc,,) containing p, so Frob, corresponds to p in (Z/mZ)*. It follows that
ker &, = Fy.

The following theorem is a fundamental result in class field theory which asserts that every gener-
alised ideal class group is the Galois group of some abelian extension L/K.

Theorem 3.8 (Takagi Existence Theorem). Let m be a modulus of a number field K, and let
H be a congruence subgroup for m, i.e., Pg C H C Ig. Then there is a unique abelian extension
L/K all of whose ramified primes divide m, such that if

By 1 I — Gal(L/K)
is the Artin map of L/K, then H = ker(®y,).
Proof. See [10], Chapter V, Theorem 9.16. O

We can finally define the Hilbert class field. Let us apply the Existence Theorem 3.8 to the modulus
m = 1, and note that Py, = P(Ok) and I} = I(Ok). Then we can take H = P(Ok) to be a
congruence group. Then Theorem 3.8 gives us a unique abelian unramified (since m = 1) extension
L/K, such that the Artin map induces an isomorphism

Cl(Ok) = I(Ok)/P(Ok) = Gal(L/K).
This unique field L is the Hilbert class field of K. Its main property is the following:
Theorem 3.9. The Hilbert class field L is the maximal unramified abelian extension of K.
Proof. We leave the proof to [6] Chapter 8, Theorem 8.10. O
We will state some immediate consequences of Theorem 3.9.
Corollary 3.10. Given a number field K, there exists a finite Galois extension L/K such that:
(i) L/K is an unramified abelian extension.

(i) Any unramified abelian extension of K lies in L.
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Proof. Let L be the Hilbert class field of K and apply Theorem 3.9. O

Theorem 3.11 (Artin reciprocity thorem for the Hilbert class field). Let L be the Hilbert
class field of K. Then the Artin map

o I(Og) — Gal(L/K)

o~

is a surjective homomorphism and its kernel is exactly the principal ideals P(Ok), i.e. Cl(Ok)
Gal(L/K).

Proof. This is just Theorem 3.6 applied to the Hilbert class field.

O

From this we obtain the following corollary which is one of the main themes of class field theory:

Corollary 3.12 (The Classification Theorem for unramified abelian extensions). Given a
number field K, there is a bijection between unramified abelian extensions M /K and subgroups H
of Cl(Ok). Furthermore, if the extension M /K corresponds to the subgroup H C Cl(Ok), then the
Artin map induces an isomorphism

Cl(Okg)/H = Gal(M/K).

Recall from Theorem 2.7 that if dx < 0, then there is a natural isomorphism between the form class
group Cl(dg) and the ideal class group Cl(Ok). Hence by Theorem 3.11 we get that the Galois
group Gal(L/K) of the Hilbert class field of an imaginary quadratic field K is isomorphic to the
form class group Cl(dg).

Let us now talk about the Cebotarev density theorem which will help us prove that the Artin map
is surjective in a very strong sense. But first, we need to define the Dirichlet density:

Definition 3.13. Let S be a set of finite primes of an algebraic number field K. Then the Dirichlet
density of S is defined to be the real number

2, Np)™
5(S) = lim 2&2
(5) Ryt —log(s —1)
provided that the limit exists.

A basic property of the Dirichlet density is that if S has 6(5) # 0 then S is an infinite set.

Now let L/K be a Galois extension, not necessarily abelian. In this case, given an unramified prime
L/K
B 9’

conjugate by Corollary 3.4. In fact they form a conjugacy class in Gavl(L/K). Thus we can define
Frob, to be this conjugacy class in Gal(L/K). We can now state the Cebotarev density theorem:

p of K, different primes B of L such that 9B | p may give us different ( all of which are

Theorem 3.14 (Cebotarev Density Theorem). Let L/K be a Galois extension, and let o €
Gal(L/K) have conjugacy class [o] of size c. Define S to be the set of finite primes p of K unramified
in L/ K satisfying Frob, = [0]. Then

" [Gal(L/K)|’

Proof. See [10] Chapter V, Theorem 10.4. O

5(8)

Notice that we have §(S) > 0 in Theorem 3.14 which tells us S must be an infinite set by the basic
property of the Dirichlet density. In particular, we get the following corollary for abelian extension.
Note that if L/K is an abelian extension, given any o € Gal(L/K) we have [0] = {¢} by Corollary
3.4.
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Corollary 3.15. Let L/K be an abelian extension, and let p be a modulus divisible by all primes of
K ramified in L/K. Then given any o € Gal(L/K), the set S of primes p not dividing m such that

Frob, = o has density
1

o8) = [L: K]

Proof. Immediate from Theorem 3.14, since we have |[o]| = 1 and |Gal(L/K)| = [L : K] for any
Galois extension L/K. O

In particular, this corollary shows that the set S in Corollary 3.15 is infinite since S has posi-
tive density, proving that the Artin map ®y : IR — Gal(L/K) is not only surjective, but given
o € Gal(L/K) there are infinitely many p € I} which map to o via ®y,.

We conclude this section by introducing the ring class field. To define it, let O be an order of
conductor f in an imaginary quadratic field K. Then we know

CluO) =1 /P, (3.1)

and that

Pl C Pl,cI.
Hence CI(O) is a generalised ideal class group for the modulus fOg. By the Existence Theorem
3.8, this determines a unique abelian extension L /K. We call this L the ring class field of the order O.

The basic properties of the ring class field L are the following:

1. All primes of K ramified in L must divide fOg.

2. The Artin map and the isomorphism (3.1) gived us
Cl(O) = I}/ P}, = Gal(L/K).
In particular, we get that the degree of L over K is the class number, i.e.

[L: K] = h(O). (3.2)

As an example of a ring class field, note that the ring class field for the maximal order Ok is the
Hilbert class field of K.

4 Global Class Field Theory

Modern presentation of class field theory is given in terms of ideles. In this section, we will give
the reader a sence of the important topics which have been left out in our discussion of class field
theory, and restate some important results from the previous section in the modern language. The
idelic approach has some distinct advantages, as we will discover below.

Let K be a number field. A place of K is a class of equivalent valuations of K. There is a place
for every non-zero prime ideal p C O and for every equivalence class of embeddings K — C. The
former is called a finite place and the latter is called an infinite place. The infinite places fall into two
classes, the real and the complex ones. The real places are in bijection with the distinct embeddings
K — R, and the complex places are in bijection with the pairs of conjugate non-real embeddings
K — C. We write v { oo if v is finite and v | 0o if v is infinite, and we set So = {v | 00}.
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If v ¢ Soo, let p be the associated prime of O and let v = v, denote the corresponding valuation
of K, i.e. for x € K*, let

v(x) = powers of p in the factorisation of Ok as fractional ideals.

Then define | - |, in the following way.
If v ¢ S, then
]y = { '@ if e K*
v 0 if x =0.
for a suitable o where 0 < a < 1 (we often take a = N(p) = |Ox/p|~!, where p is the prime
of Ok associated with v). If v is real infinite and ¢ : K — R is the corresponding embedding,

then |z|, = |o(z)| for z € K. If v is complex infinite and o : K — R is one of the corresponding
embeddings, then |z|, = |o(z)]? for z € K.

Having normalised | - |, in this way then |z|, = 1 for almost all p and z € K*. For each p, we also
have the completion K, of K with respect to |- |,. If p ¢ So, then K, is a p-adic number field, i.e.
[Kp : Qp] < 00. We write O, for Ok, .

In place of ideals of a field, we will now study the ideles, originally known as ideal elements: a
concept originated by Chevalley.

Definition 4.1. Let K be a number field. An adéle of K is a family = = (x,) of elements z,, € K,
where v runs over all places of K such that |z,|, < 1 for almost all v. The adeles form a ring,
denoted by

AK C H .[(U7

v places of K

where addition and multiplication are defined componentwise. An idéle is a unit in this ring, i.e. an
element in A%

Hence we have A% = (A% ) x (A%) ™ where (A%) = [['K¥ D [] O, where [[' means the product
vfoo vfoo
consists of (x,) such that |z,|, = 1 for almost all z,,, and (A% )™ = [ K;. The quotient group
v|oco
Cr = (Ax)/K”

is called the idéle class group.

Definition 4.2. Given a finite extension L/K, we can define a norm map Ny ,x : A} — Aj
as follows: Let M/K be the normal closure of L/K. Then A} is the fixed module of A%, under
Gal(M/L) (i.e. A% = (A%,)GM/L)) and

Np k(o) = Ha(a) for o € A}

where o runs over a system of representatives of Gal(M/K) /Gal(M/L) . Then we have 7(Np/k (a)) =
Np k() for every 7 € Gal(M/K), hence Ny, k() € Aj.

We can now restate Theorem 3.6 using ideéles.

Theorem 4.3. Let L/K be an abelian extension. Then there is a map
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which is surjective, with ker(Fr ) = N1,k (CL), i.e.

Gal(L/K) = (A3)/K7) [Ny e ((83)/27))
Thus the subgroups of Ck of finite index are precisely the norm groups Ny, x(CL).

The following theorem is a restatement of Theorem 3.8. In the ideéle class group Ck, we consider
the natural topology induced by the valuations of the completions K, of K (an element of A% has

the form a = (a,) where ||, = 1 for almost all places v. A sequence of ideles a(™ = (045)")) is
said to converge to « if it converges componentwise and if there exists an integer N > 0 such that
|y, 1a§”)|v =1 for n > N and for all v). The idele group is a locally compact topological group in
this topology.

Theorem 4.4 (The Existence Theorem for Global Class Field Theory). Let K be a number
field. Then there is a bijection between the finite abelian extensions L/K and the closed subgroups
of finite index in Cx given by the map

L~ Npg(Cp).
If L/K 1is associated to the subgroup N of Ck, then L is called the class field of N.
For each finite prime p of a number field K, let
Uy ={r €Op:2z=1modp"}

for n > 0 and let Ug = U, = O;. In addition, for a infinite prime p define Up1 = Ry, the positive
reals, and Ug = R* if p is real infinite, and Ug = C* if p is complex infinite.

If m = [[p™ is a modulus, then for every idele a = (o) € A}, we write
p

a=1modm & a, =1 mod p™* for all p

and we consider the groups

(Aj)™ ={a €Ak :a=1modm} =[] Up".
p

Definition 4.5. Given a modulus m, the group
Cg=AK)"K"/K* C Cg

is called the congruence subgroup mod m of Cx. The factor group Cx/CR is called the ray class
group mod m. The ray class field mod 1, Cx/C} is isomorphic to the ideal class group I(Ok).

Theorem 4.6. The closed subgroups N of Cx of finite index (called the norm groups) are precisely
the subgroups of Ci containing a congruence subgroup C.

Proof. See [14] Theorem 7.3. O

The class field K™ of the congruence subgroup C} is called the ray class field mod m. Its Galois
group is isomorphic to the ray class group,

Gal(K™/K) = Ck/CE.
In particular, the ray class field mod 1 is the Hilbert class field of K, and indeed we have
Gal(K'/K) = Ok /O = I(Ok).
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5 Modular Functions and Complex Multiplication

In this section we will study the j-function and complex multiplication. A key role is played by the
j-invariant of a lattice A C C, and we will see that if O is an imaginary quadratic field, then its
j-invariant j(QO) is an algebraic integer which generates the ring class field of O over K. This is
often called the “First Main Theorem” of complex multiplication. But before we can get to the real
depth of the subject, we need to learn about modular functions.

A lattice is an additive subgroup A of C generated by two elements w;,ws € C linearly independent
over R; we write A = [w1,ws]|. Given a lattice, we can define an elliptic function:

Definition 5.1. An elliptic function for a lattice A is a function f(z) defined on all of C except for
isolated singularities, which satisfies

(i) f(2) is meromorphic on C.
(ii) f(z+w) = f(z) for all w € A.
Note that if A = [wy,ws], (i) is equivalent to saying
f(z4+wi) = f(z +wz) = f(z) for all z € C.

Thus an elliptic function is a doubly periodic meromorphic function, and elements of A are referred
to as periods.

Elliptic functions depend on the lattice used, but sometimes different lattices can give basically
the same elliptic functions. We say that the two lattices A and A’ are homothetic if there exists
a nonzero complex number A such that A’ = AA. We note that homothety is an equivalence relation.

Before we can go further, we need to introduce the most important elliptic function, the Weierstrass
p-function p(z; A), which is defined as follows: given a lattice A and z € C — A, set

1 1 1
SCORE SV (=R
weA—{0}

When it is clear which lattice we are using, we write p(z) for p(z;A). Subtracting 1/w? from
1/(2 — w)? makes the summand roughly z/w3 (cf. [7] proof of Proposition 1.4.1), so the sum
converges absolutely and uniformly on compact subsets of C away from A. Correcting the sum this
way prevents the terms of the sum from being permuted when z is translated by a lattice element
w € A, so p does not obviously have periods A. However, the derivative

' (2) = —2 Z ﬁ

clearly does have periods A, and combining this with the fact that g is an even function shows that
in fact p has periods A as well. For k > 2 even, we can define functions of variable lattice,

Gr(A) = Z %

weA—{0}
When A = [1,7], 7 € H, we write A = A,. Then we have
/ 1
Gr(A,) = —_—
k(Ar) (zd:) (e + d)*

where >’ means to sum over nonzero integer pairs (c,d) € Z*> — {(0,0)}.
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Proposition 5.2. Let p(z) be the Weierstrass p-function for the lattice A. Then
(i) p(2) satisfies the differential equation
9'(2)* = 4p(2)° — g2(M)p(2) — g3(A),
where ga(A) = 60G4(A) and g3(A) = 140Gg(A).
(i) p(z) satisfies the addition law

1

oz 4+ w) = —p(z) — plw) + (

: ¥ (z) = p’(w))2

p(z) — p(w)
for z,w and z+w ¢ A.
(111) Let A = [wy,ws] and let w3 = wy + ws. Then the cubic equation in (i) satisfied by p and @' is
y* =4(z —e1)(x — e2)(z — e3), e; = p(w;i/2) fori=1,2,3.
Moreover, the right side has distinct roots.

In the case A = [1, 7], we write ¢;(7) for g;(A) for i = 1,2. If we specialise to the case z = w in (ii),
then L’Hopital’s rule gives the following duplication formula:

0(22) = —20(2) + i (gl((j))) . (5.1)

However, the differential equation in (i) gives that
0'(2)? = 4p(2)" = g20(2) — g3
9"(2) = 6p(2)* — (1/2)g2
and substitution then gives

(12p(2)? — g2)?
16(49(2)* — g2(2) — g3)
Thus p(2z) is a rational function in @(z). In fact, one of the reasons why the p-functions are so
important can be seen in the following:

0(22) = —2p(2) +

Lemma 5.3. Let A be a lattice. Then any elliptic function for A can be written as rational functions
in p(z) and ©'(2).
Proof. See [6] page 218. O

Now, let us study how homothety affects elliptic curves. It is easy to see that if f(z) is an ellip-
tic function for A, then f(\z) is an elliptic function for AA for any nonzero complex number .
Furthermore, the p-function transforms as follows:

P(Az; M) = A72p(z; A).

Given a lattice A, we set

A(A) = g2(A)? — 27g3(A)?.

Notice that this is closely related to the discriminant Az of the polynomial F(z) = 423 — go(A)x —
g3(A) that appear in the differential equation for p(z). In fact we have

A(A) = 16Ap. (5.2)

Here is an important fact about A(A):
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Proposition 5.4. A(A) # 0 for any lattice A C C.

Proof. 1t suffices to prove this for the case when A = A, for some 7 € H, since any lattice is
homothetic to the one of that form, and it is easy to check using the definition of A and the
homogeneity of g, and g3 that A(MA) = A7'2A(A). By part (iii) of Proposition 5.2, the cubic
polynomial p,(z) = 42® — ga(7)z — g3(7) has distinct roots. So by (5.2), we have A(1) # 0. O

Definition 5.5. The j-invariant j(A) of the lattice A is the complex number defined by

g2 (A)? _ g2(A)?
(AP 27 (07 AR

G(A) = 1728 (5.3)

Note that j(A) is always defined since A(A) # 0 by Proposition 5.4. Remarkably, as we see in the
following theorem, the j-invariant characterises the lattice A up to homothety:

Theorem 5.6. Let A and A’ be two lattices. Then j(A) = j(A') if and only if A and A’ are
homothetic.

Proof. By the definition of g5 and g3, it is clear that for any A € C* we have

g2(AA) = A %ga(A) (5.4)
g3(AN) = ACg3(A)

and j(AA) = j(A) follows. The other direction is slightly longer, and is left to [6] pages 207-208. [

There is another way to think of the j-invariant which will be useful when we study modular
functions:

Definition 5.7. Let H = {7 € C: Im(7) > 0} denote the upper half plane and let 7 € H. Then
define the j-function j(7) by
J(7) = j(Ar).

The j-function plays an important role in the theory of complex multiplication. We begin with the
observation that orders in imaginary quadratic fields give rise to a class of lattices: let O be an order
in an imaginary quadratic field K, and let a be a proper fractional ideal of O. Then we know that
we can write a = [w,ws] for some wy,wy € K. Also, w; and we are linearly independent over R
since K is imaginary quadratic (O contains a Q-basis of K, hence an R-basis of C, since K is not
contained in R). It follows that a = [wy,ws] is a lattice in C, and consequently j(a) is defined. These
complex numbers j(a) are called singular moduli and their properties will be explored later.

In order to simplify our discussion of complex multiplication, let us fix a lattice A. Recall that
from Proposition 5.2 we could deduce that ©(2z) is a rational function in p(z). It can be shown
by induction that in general p(nz) is a rational function in p(z) for any positive integer n. Then
the natural question to ask would be: are there any other complex numbers « for which p(az) is a
rational function in p(z)? The answer turns out to be rather surprising:

Theorem 5.8. Let A be a lattice and let p(2) be the p-function for A. Then for a complex number
a € C—1Z, the following are equivalent:

(i) p(az) is a rational function in p(z).
(i) oA C A.

(i4i) There is an order O in an imaginary quadratic field K such that o € O and A is homothetic
to a proper fractional ideal of O.
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Moreover, if these conditions hold, then we can write

Alp(2))
B(p(2))

where A(x) and B(x) are coprime polynomials satisfying
degA=degB+1=[A:aA] =N(a).
Proof. (i) = (ii). If (i) holds then there exist polynomials A(z) and B(x) such that

plaz) =

B(p(2))p(az) = A(p(2))- (5:5)
Since p(z) and p(az) both have double poles at the origin, (5.5) gives us
deg(A(z)) = deg(B(x)) + 1. (5.6)

Now take w € A. Then since the poles of p(z) are exactly the periods, it follows from (5.5) that
p(az) has a pole at w, which then tells us that p(z) has a pole at az. This implies that aw € A, so
that oA C A.

(ii) = (i). If aA C A, then we have that p(az) is an elliptic function for L then (i) follows
immediately from Lemma 5.3.

(ii) = (iil). We may assume wlog (by multiplying by a suitable A € C) that L = [1,7]. Then oA C A
means that a = a + br, 7 = ¢ + d7 for some a,b,c,d € Z. This gives us

_c+dr
a+br’

so T satisfies the quadratic equation
brl+(a—d)r—c=0

and b # 0 since 7 is non-real. Hence K = Q(7) is a quadratic field and
O={BeK:BACA}

is an order of K for which A is a proper fractional ideal of A, and clearly a € O so we are done.
(iii) = (ii). This is clear.
For the last statement of the theorem, refer to [6] pages 210-211. O

This theorem together with Lemma 5.3 shows that if an elliptic function has multiplication by some
a € C—R (i.e. a satisfies conditions (i)-(iii) in Theorem 5.8), then it has multiplication by all elements
in an order O in an imaginary quadratic field. Note that all elements in O — Z are nonreal, which
accounts for the name complex multiplication. Theorem 5.8 also tells us that complex multiplication
is an intrinsic property of homothety classes of the lattices rather than elliptic functions. We can
relate homothety classes of lattices and ideals class groups of orders in an imaginary quadratic field
as follows:

Corollary 5.9. Let O be an order in an imaginary quadratic field K. Then there is a bijection
between the ideal class group Cl(O) and the homothety classes which have O as their full ring of
complex multiplications. In particular, the class number h(Q) is the number of homothety classes of
lattices having O as their full ring of complex multiplications.

Proof. Let A C C be a lattice which has O as its full ring of complex multiplications. Then Theorem
5.8 implies that we can assume A is a proper fractional ideal of @. Furthermore, two proper fractional
ideals of O are homothetic if and only if they determine the same class in the C1(O) : suppose a and
b are two proper fractional ideals of O. If they are homothetic, then b = Ab for some A\ € C* so we
must have A € K* and hence [a] = [b] in CI(O). Conversely, if [a] = [b] in CI(O) then there exists
a principal ideal AO € P(O), A € K* C C such that b = (AO)a = Aa, hence a and b are homothetic
as lattices in C. This proves the corollary. O
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Example 5.10. Consider all lattices which have complex multiplication by +/—5. This means we
are dealing with an order O containing v/—5 in the field K = Q(y/—5). But the only such order
is the maximal order O = Z[y/=5] and the class number of O is h(O) = 2. Hence the only
lattices with complex multiplication by v/—5 are Ox = [1,1/=5] and [2,1 + +/=5] up to homothety.

We also indicate how complex multiplication affects the j-invariant, since our ultimate goal involves
j-invariant of the lattices.

Example 5.11. Let us consider the simplest cases. First consider the complex multiplication by 3.
Up to homothety, the only possible lattice which has complex multiplication by ¢ is A = [1,]. Note
that we have A = [i, —1] = A. Hence the homogeneity of gs(A) (5.4) gives

g3(A) = g3(iA) =i %g3(A) = —g3(A)

which implies g3(A) = 0. Then the formula for j(A) tells us j(A) = j(¢) = 1728. Similarly, if
2mi

3, then again wA = A and the homogeneity of go(A) (5.4) gives

g2(A) = g2 (wA) = w ™ ga(A) = w g2 (A)

A =[1,w] where w = e

s0 g2(A) = 0. Then the formula for j(A) gives us j(w) = 0.

Let us now study the j-function in detail. The properties of j(7) are closely related to the action
of the group SLs(Z) on the upper half plane H which is defined as follows: given 7 € H and
v=(2}%) € SLa(Z), then

at +b

ct+d

Note that yv7 € H since an easy computation shows

ar +b\ a b )
Im (CT+d)—det (C d) ler + d|~“Im(7)

and det (2 %) = 1. This shows that the map defined above does define an action of SLy(Z) on H,
and we say that y7 and 7 are SLo(Z)-equivalent. The j-function has the following properties:

T =

Theorem 5.12. (i) j(7) is a holomorphic function on H.
(ii) Given 7,7 € H, we have j(1) = j(7') if and only if 7" = ~v1 for some v € SLy(Z).
(i1i) j: H — C is surjective.
Proof. See [6] pages 221-225. O

One can define modular functions for any subgroup of SLy(Z), but we concentrate on the subgroup

Io(m) = {(2 Z) € SLy(Z) : ¢ = 0 mod m}
where m € Z>1. Note that I'g(1) = SLy(Z).
Given B > 0, let Hp denote the set of complex numbers with Imz > B. Then map
2miT

Te =q(71)

defines a holomorphic map from Hp to the punctured open disc of radius e=>"B. Furthermore, if
Hp/T denotes the quotient space of Hp modulo translations by integers, then ¢ induces an analytic
isomorphism between Hp /T and the punctured open disc. Hence a meromorphic function f on Hp
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which has period 1, i.e. is invariant under 7', induces a meromorphic function f* on the punctured
disc. Then we have that f* is meromorphic at 0 if and only if there exists a positive integer N such
that f*(q)¢" is bounded near 0. In this case, f* has a Laurent expansion

@)=Y cag™
n=—N

By abuse of notation in this case, we also write

flo)= > cug™
n=—N

and say that f is meromorphic at inifinity.

For geometric reasons, a I'o(m)-equivalence class of the projective line P!(Q) (viewed as the rational
numbers Q together with the limit point co of H) is called a cusp of T'g(m). The geometry motivating
the term “cusp” is explained in [7] Chapter 2. When m = 1, i.e. when I'g(m) = SL2(Z), all rational
numbers are Ig(m)-equivalent to oo and so SLo(Z) has only one cusp. However, if m # 1 then
T'o(m) is a proper subgroup of SLz(Z) and fewer points are I'g(m)-equivalent, meaning that I'g(m)
will have other cusps, represented by rational numbers. Notice that each s € QQ can be written
s = 7y(00) for some o € SLy(Z), the number of cusps is at most the number of cosets I'o(m)y in
SLy(Z). It is also finite since I'g(m) has a finite index in SLy(Z). To see this notice that we have
To(m) D T(m) := {(Z Z) €SLy(Z):a=d=1modm, b=c=0mod m}, which is the kernel
of the canonical homomorphism
SLo(Z) — SLa(Z/mZ).

Since SLy(Z/mZ) is finite, I'(m) is a normal subgroup of SLy(Z) of finite index. Hence it follows
that T'g(m) has a finite index in SLy(Z).

Definition 5.13. A modular function for I'y(m) is a function meromorphic on #, invariant under
T'o(m) and meromorphic at all cusps.

Note that if f is a meromorphic function on H which is I'g(m)-invariant, and if v € SLy(Z), then
f(y7) has period m. To see this, notice that 7 +m = Ur where U = (} ") by the action of
SL2(Z) on H. An easy calculation shows that yU~y~! has the (2,2)-entry —c?>m = 0 mod m, hence
yUy~t € Ty(m). So

fOy(r+m)) = fF(yUT) = f(YU~ 7)) = f(97)

where the last equality uses the I'g(m)-invariance of f. It follows that if ¢ = ¢(7) = €*™", then
f(y7) is a holomorphic function in ¢'/™, defined for 0 < |¢/™| < 1.

The basic example of a modular function is the j-function. By Theorem 5.12 j(7) is holomorphic
on H, invariant under SL2(Z) = I'g(1) and the following shows that it has a g-expansion at infinity:

Theorem 5.14. The g-expansion of j(7) is

1 1 =
J(T) ==+ T44+196884g + - = = + > cng"
q ¢ =

where ¢, € Z for allm > 0.

Proof. See [11] 4.1. O
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This theorem is the reason that the factor 1728 appears in the definition of the j-invariant: it is
exactly the factor needed to guarantee that all of the coefficients of the g-expansion are integers
without any common divisors. The remarkable fact is that modular functions for I'g(m) are easily
described in terms of the j-functions:

Theorem 5.15. Let m be a positive integer. Then j(7) and j(m7) are modular functions for I'o(m),
and every modular function for To(m) is a rational function of j(7) and j(m).

In particular, the above theorem tells us that j(7) is a modular function of SLs(Z), and every mod-
ular function for SLy(Z) is a rational function in j(7). See [6] pages 226-231 for the proof of this
theorem. We state a special case. Say that a modular function is holomorphic at infinity if its
g-expansion does not involve any negative powers of q.

Lemma 5.16. (i) A holomorphic modular function for SLa(Z) which is holomorphic at infinity
15 constant.

(ii) A holomorphic modular function for SLa(Z) is a polynomial in j(T).

The next step is to introduce the modular polynomial ®,,(X,Y). We first relate I'g(m) to the set
of matrices

C(m) = {(8 2) tad=m,a>0,0<b<d, gcd(a,b,c)zl}.
The matrix o9 = (7 (1)) € C(m) has two properties of interest: first, co7 = m7, and second, given
o € C(m), the set

(05! SLy(Z)o) N SLy(Z)

is a right coset of I'g(m) in SLg(Z). This induces a bijection between the right cosets of I'g(m) and
elements of C(m). In the case o = og, we get the coset I'g(m) itself. Moreover, this implies that
[SL2(Z) : To(m)] = |C(m)|. Let the right coset of T'g(m) in SLa(Z) be T'y(m)y;, i = 1,...,|C(m)].
Then consider the following polynomial with a variable X:

()
O (X,7) = [ (X = j(myr)).

i=1

We claim that this is a polynomial in X and j(7). To see this, notice that the coefficients of ®,, (X, 7)
are symmetric polynomials in the j(m~;7)’s, so they are certainly holomorphic. To check invariance
under SLy(Z), pick v € SLa(Z). Then the cosets I'g(m)~;y are a permutation of the cosets I'g(m)y;,
and since j(m7) is invariant under I'g(m), the j(m~;7)’s are a permutation of the j(m~y;7)’s. Hence
the coefficients of ®,, (X, ) are SLy(Z)-invariant.

Next, we show that the coefficients are meromorphic at infinity. To see this, it suffices to expand
in terms of ¢'/™ = €2™7/™ and show that there are only finitely many negative exponents. Given
vi € SLa(Z), choose o € C(m) corresponding to the right coset I'g(m)~;. This means ogy; = yo for
some v € SLy(Z), and hence j(m~;7) = j(oov:7) = j(yor) = j(oT) since j(7) is SLg(Z)-invariant.
Hence

=€

j(myiT) = j(o).

We know the g-expansion of j(7) from Theorem 5.14, and if o = (&%) then o7 = (ar + b)/d, so it
follows that

q(UT) — e?ﬂ'i(a'r-‘rb)/d _ eZTrib/dqa/d'
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Note also that if we set (,, = €2™/™ we can write ¢(o7) = (2(¢*/™)*" since ad = m. This together
with Theorem 5.14 gives the g-expansion

C—ab >
__m

J(myT) = j(O'T) = (ql/m)a2 + Z%Cﬁfn(ql/m)a "
n=0

where ¢, € Z. This shows that the g-expansion of j(m~;7) has only finitely many negative expo-
nents. Since the coefficients of ®,,(X, 7) are polynomials in the j(m~;7)’s, they are meromorphic at
infinity as required.

This proves that the coefficients of ®,,, (X, 7) are holomorphic modular functions, and thus by Lemma
5.16, they are polynomials in j(7). This means that there is a polynomial

®,,(X,Y) € C[X,Y]

such that
[C(m)]

(X, 5() = [ (X =i(muir)). (5.7)

i=1

Definition 5.17. Let ®,,(X,Y) be as above. The equation ®,,(X,Y) = 0 is called the modular
equation, and we will call the polynomial ®,,(X,Y") the modular polynomial.

We showed above that each j(m~;7) can be written j(o7) for a unique o € C(m), so we can also
write the modular polynomial in the form

¢ (X, i) = T[ (X —j(om). (5:8)

oceC(m)

Some very important arithmetic properties of the modular polynomial ®,,(X,Y") are given in the
following theorem:

Theorem 5.18. Let m be a positive integer.
(i) ®m(X,Y) € Z[X,Y].
(ii) ®,,(X,Y) is irreducible as a polynomial in X.
(iii) ®m(X,Y) = B (Y, X) if m > 1.
() If p is a prime number, then ®,(X,Y) = (X? —Y)(X —Y?) mod pZ[X,Y].

Proof. These properties are straightforward consequences of the properties of the j-function, and
the proof is left to [6] pages 231-234. O

Before we can apply the modular polynomial to complex multiplication, we need to understand the
modular polynomial in terms of j-invariants of lattices.

Definition 5.19. Let A be a lattice. Then a cyclic sublattice of A of index m is a sublattice A’ C A
such that [A : A’] =m and the quotient A/A’ is a cyclic group.

The basic idea is given in the following:

Theorem 5.20. Let m be a positive integer, and let u,v € C. Then ®@,,(u,v) = 0 if and only if
there is a lattice A and a cyclic sublattice A’ of index m such that j(A') = u and j(A) = v.
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We will apply the modular polynomial to lattices with complex multiplication. It turns out that
such lattices have some particularly interesting cyclic sublattices. To construct these, we introduce
the notion of a primitive ideal.

Definition 5.21. Let O be an order. Then a proper ideal of O is primitive if it is not of the form da
where d > 1 is an integer and a is a proper ideal of O. Similarly, say an element « € O is primitive
if o is not of the form df where d > 1 and 8 € O.

Then primitive ideals are related to cyclic sublattices as follows:

Lemma 5.22. Let O be an imaginary quadratic field, and let b be a proper fractional ideal of O.
Then, given a proper ideal a of O, ab is a sublattice of b of index N(a). Moreover, ab is a cyclic
sublattice if and only if a is a primitive ideal.

Proof. We can assume that b C O after replacing b by a multiple. We have an exact sequence
0—b/ab— O/ab— O/b =0

which implies that |b/ab||O/b] = |O/ab|, i.e., [b : ab]N(b) = N(ab) = N(ab). Hence we have
[b: ab] = N(a) as claimed.

Now suppose b/ab is not cyclic. Then by the structure theorem for finite abelian groups, it follows
that b/ab contains a subgroup isomorphic to (Z/dZ)? for some d > 1. Hence there is a sublattice
b’ C b containing ab such that b’/ab = (Z/dZ)?. But b’ is a Z-module of rank 2, so we must have
ab = db’, so that a = db’b~!. But b6~ C bb™* = O since b’ C b, so b’b~! is a proper ideal of O.
This shows that a is not primitive. The converse is even easier and is left to the reader. See [6] page
237 for the details. O

If we apply this lemma in the case a is a principal ideal a = O, a € O, we get that aO is a primitive
ideal of O if and only if « is a primitive element of O. In particular, since we have N(aO) = N(a),
we immediately get that if O and b are as in Lemma 5.22, then given a € O, ab is a sublattice of
index N(«a) and ab is a cyclic sublattice if and only if « is a primitive element of O.

We can now state the main result of this section which unravels the strong connection between the
j-invariant j(a) of a proper fractional ideal of O and the ring class field introduced at the end of
section 3.

Theorem 5.23 (The First Main Theorem of Complex Multiplication). Let O be an order
in an imaginary quadratic field K, and let a be a proper fractional ideal of O. Then the j-invariant
j(a) is an algebraic integer and K (j(a)) is the ring class field of O.

This theorem tells us a lot about the abelian extensions of an imaginary quadratic field:

Corollary 5.24. Let K be an imaginary quadratic field. Then K(j(Ok)) is the Hilbert class field
of K.

Proof. We know from section 3 that the Hilbert class field is the ring class field of O, so we are
done by Theorem 5.23. O

We will finish our discussion of ring class field and complex multiplication with the computation of
the Frobenius element of a ring class field using j-invariants:

Theorem 5.25. Let O be an order of an imaginary quadratic field K, and let L be the ring class
field of O. Then, given a proper fractional ideal a of O and a prime ideal p of Ok, we have

Frob, (j(a)) = j(p N Oa).
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It should be pointed out at this point that Theorem 5.25 can be restated in terms of ideal class
group as follows:

Corollary 5.26. Let O be an order in an imaginary quadratic field K, and let L be the ring class
field of O. Then the map

Cl(0) = Gal(L/K)
a— o4 :j(b) — j(ab)

is an isomorphism.

6 Heegner’s Proof of the Class Number One Problem

In this section, we will present Heegner’s proof of the class number one problem.

Put

3/ g2 (T)
V2 (T) ](T) 12 m?
where we choose the unique cube root of A(7) which is holomorphic and real-valued on the imaginary
axis. The existence of such a root follows from the fact that A(7) is nonvanishing and holomorphic
on the simply connected domain H, and it is real on the imaginary axis since we have g;(7) = ¢;(7)
for i = 2, 3. Tt follows that v2(7) is the unique cube root of j(7) which is real on the imaginary axis.
The property of v5(7) which is important for our purpose is given in the following theorem:

Theorem 6.1. Let 31 D be the discriminant of an order O = [1,79] in an imaginary quadratic field
K, where
B v-m if D=—4m =0mod 4
OT R D= —m=1mod 4.

Then v2(19) is an algebraic integer and K (v2(19)) is the ring class field corresponding to O. More-
over, Q(72(70)) = Q(ji(70))-

We refer the readers to [6] pages 249-255 for the proof of this theorem. We now introduce the Weber
modular functions f, fi1 and fo, studied by Heinrich Martin Weber (1842-1913). They are defined
as follows.

f(T) — q71/48 ﬁ(l _|_qn71/2)

n=1

fl('r) _ q71/48 H(l - qn71/2)
n=1

falr) = Va2 T (1 4 ¢7)

n=1

where ¢'/2 := ™7, These functions are derived from the Dedekind 7-function, which is defined by

n(r)=¢"* =g,
n=1
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In fact we have f(T) = CZ;W, fl(T) = 775]7(—4)2) and f2(7-) = \/>7i]((2:))’ where C48 = 627”'/48.

Furthermore, the product expansions for the Weber functions give the following useful identities:
@) f(r) fa(m) = V2
h@n)f(r) = V2. (6.1)
There are deeper relations between f(7), f1(7), f2(7),n(7),72(7) and A(7) as we see in the following:
Theorem 6.2. Given T € H, we have

Yo () = f(r)*t — 16 _ fi(r)* +16 _ fo(T)?* + 16
f(r)? fi(7)3 fa(r)B

and
A(r) = (2m)n(r)*".

Note that since j(7) = 72(7)?, this gives some remarkable formulae for computing the j-function.
Furthermore, using these formulae it can be shown that the g-expansions of ~»2(7) and j(7) have
integer coefficients, and we can prove Theorem 5.14.

We will make use of the following transformation properties of n(7) and the Weber functions later
on:

Proposition 6.3. Let ¢, = €*™/™ be a primitive n'* root of unity for a positive integer n, and let
T € H. Then we have

n(T+1) = Caan(7)
n(=1/7) = V—irn(r),

where the square root is chosen to be positive on the imaginary azxis. Moreover, we have

fr+1) = A0
AT +1) = (e ()
Ja(T 4+ 1) = Caa fo(T)

and

f(=1/t) = f(7)
fi(=1/t) = f>
fa(—=1/t) 7).
Proof. We only prove the proposition for 7(7), as the behavior of the Weber functions under the
transformations are consequences of their definitions and the transformation properties of 7(7).

Turning to n(7), the formula for n(7+1) is clear from its definition. For the transformation 7 +— —1/7,
recall from the proof of Proposition 5.4 that

AMT) = AT2A(T).

I
=

Therefore,

A(=1/7) = A([1,=1/7]) = A(r 71, 7)) = T2A(7).
Using the formula A(7) = (27)'25(7)?* obtained in Theorem 6.2 and taking the 24" root gives
n(=1/7) = ev—irn(r)

for some root of unity €, where the square root is chosen to be positive on the imaginary axis.
By taking 7 = i and noting 7(i) # 0 since A(7) = (27)2n(7)?* and A(7) # 0 for all T € H by
Proposition 5.4, we see that € = 1. O
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A key fact we will use is that one can generate ring class fields using small powers of the Weber
functions. Weber gave a long list of such theorems in [15], and Birch gave a modern proof in [3].
For our purpose, we will only state a special case of such results:

Theorem 6.4. Let m be a positive integer such that 31m and m =3 mod 4, and let O = [1,/—m

be an order in K = Q(v/—m). Then f(/—m)? is an algebraic integer and K (f(v/—m)?) is the ring
class field of O.

We are now ready to determinine completely all the imaginary quadratic fields with class number
one, which turns out to be an application of the Weber functions:

Theorem 6.5 (Class Number One Problem). Let K be an imaginary quadratic field of discrimi-
nantdg. Then K has class number h(dy) = 1 if and only if dgg = —3,—4,—7,—8,—11,—19, —43, —67
or —163.

Recall that one consequence of this theorem is that it enables us to make a complete list of all
discriminants D with h(D) = 1, as we found in Theorem 2.18.

Proof. We will follow Stark’s presentation [16] of Heegner’s argument. The case when dk is even
was proved using elementary methods in Theorem 1.1: we proved that if n is a positive integer, then
h(—4n) =1ifand only if n = 1, 2, 3, 4 or 7, which tells us that if dx is a field discriminant such that
drx = 0 mod 4 then h(dg) = 1 if and only if dx = —4 or —8. Hence, we may assume dx = 1 mod 4.
Then Theorem 1.7 tells us that there are 2#~! genera of discriminant dg, where y is the number of
primes dividing dx, and that the class group Cl(dx) has exactly 2#~1 elements of order < 2. Since
h(dk) = 1, we have exactly one element of order < 2 and this forces u = 1, i.e. dx = —p for some
prime p such that p = 3 mod 4 (since dx = 1 mod 4 by assumption).

If dx =1 mod 8, i.e. p =7 mod 8, then applying Corollary 2.17 with m = 2 gives us

h(—4p) = 2h(—p) (1 - (—219) ;) = h(-p) = 1.

Using Theorem 1.1 again, we find that the only prime number p = 7 mod 8 such that h(—4p) =1 is
p = 7. Hence we are reduced to the case dxg = 5 mod 8, i.e. p = 3 mod 8, and we may assume p # 3.
Then Corollary 2.17 again gives us

—p\ 1
h(—4p) = 2h(—p) (1 - <2> 2) = 3h(—p) =3. (6.2)
We know by Theorem 5.23 that L = K(j(y/—p)) is the ring class field of the order O = [1,/—p].
To compute the degree of extension [L : Q], recall from (3.2) that the class number of an order
is the degree of the corresponding ring class field over K. Also we have by Remark 2.8 h(O) =
h(disc(0)) = h(—4p) and h(Ok) = h(disc([1, TY=2])) = h(—p). Furthermore, h(—p) = 1 by
assumption so the Hilbert Class Field of K is itself. Hence equation (6.2) gives us
hO) _ h(=4p)

L K= 500 = () =2

This implies that L = K(j(v/—p)) = Q (v/—p, j(v/—p)) has degree 3 over K, hence Q (v/—p, j(~/—p))

is a degree 6 extension over Q. We know that [Q(v/=p) : Q] = 2 and [Q(v/=p,i(v/=p)) :
Q(v/=p))] < 2. But we know that j is real on the imaginary axis since g and A are, so

Q(/=p) ¢ Q(i(v/—p)). Hence it follows that Q(j(v/—p)) is a cubic extension of Q. Moreover,
Theorem 6.4 implies f(y/—p)? € K(j(y/—p)) and since f(,/—p)? is real (the product formula for
f(7) tells us that f is real on the imaginary axis), it generates the same cubic extension of Q.

32



Set 70 = Y2 and let a = (g fa(9)2. This relates to f(,/—p)? as follows. Recall from Theorem
6.1 that
F1(270) fa(10) = V2

and by 6.3 we also have
f1(2m0) = LB+ V=p) = (&’ F(V=D) = Ci6 F(V=D).

These formulae give W\/f) = (6 f(V/=p), from which we obtain a = ﬁ.
Q(f(v/=p)?) = Q(a). Note also that a* also generates the same cubic extension, since we have
Q c Q(a*) C Q(a) where [Q(c) : Q] is a prime number, and clearly a* ¢ Q as « has a minimal
polynomial of degree 3 over Q.

Hence we have

Let us now study the minimal polynomial of a*. Let O = [1,79]. Then h(Q) = h(—p) = 1 and since
j(O) = j(70) is an algebraic integer, this implies that j(7y) is an integer. Then by Theorem 6.1,
v2(70) is also an integer. But we have from Theorem 6.2

416
i) = 2

so it follows that a* = ((sf2(70)?)* = — f2(70)® is a root of the cubic equation
23 — y5(19)x — 16 = 0. (6.3)

Since this is a monic cubic polynomial satisfied by o, and a* generates a cubic extension over Q,
it follows that this is the minimal polynomial of a* over Q.

However, « also generates a cubic extension over Q and it is an algebraic integer (since a* satisfies
23 — y2(70)z — 16 = 0, o satisfies 212 — 42(79)z* — 16 = 0) hence it satisfies an equation of the form

22 +ar?+br+c=0,

where a, b, c € Z. The idea is that this equation puts some very strong conditions that the equation
for a* must satisfy. Moving the even degree terms to the right and squaring both sides gives

(23 + bx)? = (—azx — ¢)?,
which means that o must satisfy
25 + (2b — a®)z* + (b* — 2ac)2® — 2 = 0.
Hence o? satisfies the cubic equation
2 +ex? + fx+g,

where e = 2b — a?, f = b®> — 2ac and g = —c®. Repeating the process, we see that o* satisfies the
cubic equation
23+ (2f —eH)a? + (2 — 2eg)r — g* = 0.

By the uniqueness of the minimal polynomial, this equation must equal (6.3). Comparing coefficients,
we obtain

2f —e*=0
f? = 2eg = —y2(m0) (6.4)
g% = 16.
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The third equation of (6.4) gives g = +4, and we also have g = —c?, hence g = —4 and ¢ = +2.
Moreover, changing a to —a leaves a* unchanged but takes a, b, ¢ to —a, b, —c. Thus we may assume

¢ = 2. Hence we have
Ya(70) = —f? + 8e = —(b? — 4a)?® — 8(2b — a?).

It remains to determine the possibilities for a and b.
Note that first equation of (6.4) may be written

2(b* — 4a) = (2b — a?)%. (6.5)

Expanding the bracket, we get 2b%> —8a = 4b? — 4a?b+a* and reducing this mod 2 gives a = 0 mod 2.
Then we have a* = 0 mod 4 so reducing the equation mod 4 gives 2b> = 0 mod 4, i.e. b = 0 mod 2.
Hence we have that a and b are even. Now set X = —a/2 and Y = (b — a?)/2. Then (6.5) gives

—8a + a* = 2(b — a*)?,
so dividing through by 8 we obtain that X and Y satisfy the Diophantine equation
2X(X3+1)=Y2 (6.6)

This equation has exactly six integer solutions, corresponding to p = 3,11,19, 43,67 and 163:

Proposition 6.6. The only integer solutions of the Diophantine equation 2X (X3 + 1) = Y2 are
(va) = (070)? (—1,0), (17:l:2) and (27:l:6)

Proof. Let (a,3) be an integer solution. Since o and o® + 1 are coprime and « and 3 satisfy
2a(a® +1) = B2, we must have £(a® +1) = 42 or 242 for some 7 € Z. Hence, (c, ) gives an integer
solution to one of the following four Diophantine equations:

(i
(ii
(ii
(iv

We deal with the cases (ii)—(iv) first, which are relatively elementary.

)x3+1:y2
) 234+ 1=—y2
) a® 4+ 1 =2y?
)

23 +1=-2y°

Case (ii) We work in Z[i]. We know Z[i] is a UFD, and i is a unit in Z[i]. If 23 = —(1 + y?) then
2 must be odd, for if x is even then reducing the equation mod 8 gives y? + 1 = 0 mod 8 which
yields no solution. Hence y + ¢ and y — i are coprime, since if a non-unit z € Z[i] divides y + 4
and y — i then z | 2i so N(z) | 4, so N(z) is even, which contradicts z | 3. By the fundamental
theorem of algebra, y + 4 and y — 4 are both cubes in Z[i]. Putting y +i = (a + bi)* and compar-
ing coefficients gives b(3a?—b?) = 1, hence a = 0 and b = —1. So (z,y) = (—1,0) is the only solution.

Case (iii) We work in Z[w], w = €*™/3 which is again a UFD. Note that if o,y € Z satisfy o® +1 =
292 then 2a(a?® + 1) = 32 gives a = 62 for some §. So replacing = with 22, let us look instead
at the equation 2% + 1 = 2y?. Since the right hand side of the equation is even, it is easy to see
that  must be odd. Note also that z6 + 1 = (22 + 1)(2? + w)(2? + w?). Given a,b € Z we have
N(a+bw) = a®>—ab+b?so N(2%2+1) = 2*+22%+1 and N (22 +w) = N(2?+w?) = 2* —22+1. If there
exists a non-unit a+bw € Z[w] dividing both 22 +1 and 224w, then a+bw | (224+1)— (22 +w) = 1 —w
so N(a+bw) | N(1 —w) = 3. But 2* + 222 + 1 = 0 mod 3 has no solution, which is a contradiction.
Hence 22 + 1 and 22 4 w, and similarly 22 + 1 and 22 4+ w? are coprime. Furthermore, 2 is prime in
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Z[w] since there is no element in Z[w] of norm 2 (note a® —ab+b* = 2 has no solution mod 2). Also,
22 +w and z? 4+ w? are coprime because any divisor of these must also divide w —w? = 1 + 2w which
has norm 3, but N (22 +w) = 2* — 22 +1 = 0 mod 3 has no solution. Therefore, by the fundamental
theorem of algebra, one of the factors in (2% + 1)(2? 4+ w)(2? +w?) must be +twice a square and the
other two factors must be +squares in Z[w]. But 22 + 1 = +22, 2 € Z[w] implies z € Z since = € Z,
then 2 +1 = —22 clearly has no solution and 2%+ 1 = 22 has no solution other than (x, z) = (0, £1),
which is no good since x must be odd. Hence 22 4 1 must be twice a square, and so we must have
22 +w = +(a + bw)? for some a,b € Z. If 22 + w = (a + bw)?, comparing coefficients gives

a® - =1
b(2a —b) =1

The second equation gives (a,b) = (1,1) as the only solution, but this does not satisfy the first
equation, hence we get a contradiction. If 22 + w = —(a + bw)?, comparing coefficients gives

a? -0 =-1
b(2a —b) = -1
and it is easy to see that (a,b) = (0,4£1) are the only solutions. Hence 2% + w = —w?, which yields

(z,y) = (£1,£1). Hence going back to the original equation, we see that the only solutions of
23+ 1 =2y? are (z,y) = (1,£1).

Case (iv) We work in Z[y/—2], which is a UFD. If 2° + 1 = —242, then the right hand side is even
so x must be odd. We can write

2= —(142%) = —(1+vV=2y)(1 — V—=2y),

where the factors are coprime: if r € Z[v/—2] is a non-unit which divides 1+ /2y and 1 — /—2y
then 7 | (1 ++v—2y) + (1 — vV/=2y) = 2 = —(v/=2)%2. But v/—2 is a prime in Z[/—2], so it follows
that 2 | N(«) which is a contradiction since x is odd. Hence it follows by the fundamental theorem
of algebra that 1 + /=2y and 1 — /=2y are both cubes. Solving 1 + /=2y = (a + by/—2)? for

a,b € 7 yields
a(a? — 6b%) =1
b(3a? — 2b%) =y

The first equation tells us that (a,b) = (1,0) is the only solution, then the second equation together
with the relation ® + 1 = —2y? give us (z,y) = (1,0).

Case (1) Now we turn to (i). It is easy to spot that (z,y) = (—1,0), (0, £1) and (2, £3) are solutions
of 23 +1 = y?. We will show that they are the only solutions. Let (x,%) be a rational solution, and
write © = a/b, where b > 0 and gcd(a,b) = 1. Assume also that  # —1,0 or 2, and set ¢ = a + b.
Since ged(a, b) = 1, we have ged(a,b,¢) = 1. We will derive a contradiction from this. Since (z,y)
is a solution, we have
a\3 102
(5) +1="

b(a® + b%) = (b%y)>.

hence

Also, note that we have
b(a® 4 b®) = be(c? — 3be + 3b%).

Hence be(c? — 3be + 3b?) is a square. Moreover, a # 0 by assumption so b # ¢, and if we assume
¢ < 0 then b > 0 implies bc < 0, and ¢ — 3bc + 3> = > +3b(b—c) > 0 as 2,b—c > 0. So
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be(c? — 3be + 3b%) < 0, which is a contradiction since be(c? — 3be + 3b?) is a square. Hence b, ¢ > 0.

Claim Let b, ¢ be coprime positive integers such that be(c? — 3bc + 3b%) is a square. Then we have
either b=—cor 3| c.

Assume for now that the claim is true. Then we must have 3 | ¢, so we can write ¢ = 3d and 3t b.
Substituting this, we obtain

be(c? — 3be + 3b%) = 3%bd(b? — 3bd + 3d?),

and since the left hand side is a square, bd(b*> — 3bd + 3d?) is also a square. Since 3 { b, the claim
implies b = d. But ged(b,¢) = 1 and thus ged(b,d) = 1, so this implies b = d = 1, and hence ¢ = 3.
Therefore = a/b = 2, which contradicts our assumption.

Thus it remains to prove the claim.

Proof of Claim. This follows Euler’s argument, which uses infinite descent. Suppose, for a contra-
diction, that b,c > 0 are coprime integers such that b # ¢, 3 ¢ and be(c? — 3be + 3b?) is a square.
Then b and ¢ — 3bc + 3b? are coprime, for if r € Z~; divides b and ¢ — 3bc + 3b? then r | ¢, which
contradicts ged(b,c¢) = 1. Noting 3 t ¢, we also see that ¢ and ¢? — 3bc + 3b? are coprime. Since
b,c > 0, by the fundamental theorem of algebra we can conclude that each of b, ¢ and ¢? — 3bc + 3b>
is a square. Write ¢ — 3bc + 3b? = a? for a > 0 and let m,n > 0 be such that ged(b,c) = 1 and
7b —c = a. Then we have c® —3bc+ 3b? = (2b — ¢)?. Then expanding the brackets gives
b 2mn — 3n?

¢ m2—3n2" (6.7)

We consider two cases:

Case (a): 31 m. In this case, we have that 2mn—3n? = n(2m—3n) and m? —3n? are coprime, for if r

is a prime common factor then 7 | n and r | m? — 3n? implies r | m which contradicts ged(m,n) = 1,
so we must have 7 t n and 7 | 2m — 3n. Then r | (2m — 3n)? — 4(m? — 3n?) = 3n(4m — Tn) so
r{3,n implies r | 4m — Tn. Hence r | 4(2m — 3n) — (4m — Tn) = n, which is a contradiction. Hence
we have either (2mn — 3n% m? — 3n?) = (b,c) or (=b, —c). But if m? — 3n? = —¢, then we have
m? =2 mod 3 as ¢ is a square such that 3 { ¢, which yields no solution. Hence we have

2mn —3n®> =b and m? —3n%=c. (6.8)

Then 3 m implies 3 1 c¢. Also we can write m? — 3n? = (%n - m)2 for p,q > 0 and ged(p, q) = 1.
Note that we have sn = +4/c+ m and we can choose the sign of 1/c so that 3 does not divide the
right hand side (if 3 divides both £+/c+m then 3 | 2m, so 3 | m, a contradiction) so we may assume
31 p. Expanding the brackets gives n? (Z—z + 3) = 2mn®, so

2 2
3
m_ u (6.9)
n 2pq
Moreover, dividing b = 2mn — 3n? by n? and substituting the equation above, we obtain
b p®—3pg+3¢°
n? pq '
Hence pq(p? — 3pq +3¢%) = b(fl—'i)z, so that pq(p? — 3pq+ 3¢?) is a square. If p = ¢, then o= % =2

by (6.9) so -5 =3~ (%)2 = —1 by (6.8), which is a contradiction since the left hand side is positive.
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So p # ¢. Thus p and ¢ satisfy the same conditions as b and ¢. Note that ¢ | n by definition so ¢ | b.
Hence ¢ < b unless ¢ = b, in which case we also have ¢ = n. But substituting this into (6.9) and

2 242
using second equation of (6.8) gives 7 = %

— 3, so
p*(4e — p*) = 3¢°(3 — 2p%).

So p must divide the right hand side, but ged(p,3) = 1 and ged(p, q) = 1 so p | 3 — 2p?, which gives
p | 3, a contradiction. Hence g < b.

Case (b): 3| m. Then we can write m = 3k, so that (6.7) gives

b 6nk—3n? n2 — 2nk
¢ Ok2—3n2  n2-3k2 (6.10)

Then n? —2nk and n? — 3k? are coprime, since if r is a prime factor then the argument of (a) implies
r | n—2k and n? — 3k%, and 7 { n. But then r | (n? — 3k?) — (n — 2k)(n + 2k) = k% so r | k, then
this implies r | n which is a contradiction. Then as in (a), reducing mod 3 implies that n? — 3k? and
n? — 2nk are positive. Hence we have

b=n?—2nk and c=n?— 3k (6.11)

2
Since ¢ is a square, we can write n? — 3k? = (%kz - n) , where p,q > 0 and ged(p,q) = 1. Then as

in (a), we may assume 3t p. Also, expanding the brackets gives k (p2;r§q2) = 2n§, so we have
2 2
n  p*+3q
-—= . 6.12
k 2pq ( )
Then dividing the first equation in (6.11) by n? and substituting (6.12), we obtain
b p?— 4dpg + 3¢2 —q)(p—3
b _p—dpg+3¢  (p—9)p—39) (6.13)

n2 p2 + 3q2 p2 _|_3q2
Therefore (p — q)(p — 3¢)(p? + 3¢%) = b(”ﬁﬁ is a square.

Let t = |p — q| and u = |p — 3¢q|. Note that p*> + 3¢*> > 0 and (p — q)(p — 3¢)(p? + 3¢®) > 0, so
t and u have the same sign. Hence we have tu = (p — q)(p — 3q). Therefore, u? — 3tu + 3t =
(p—39)%2—3(p—q)(p—3q) + 3(p — q)? = p*> — 3¢* and it follows that

(p—q)(p — 3q)(p* + 3¢%) = tu(u® — 3tu + 3t%). (6.14)

But u = £p mod 3 and 3t p so 34 u. Also t # u, otherwise p—q = p—3q, i.e. ¢ = 0. Moreover, ¢t and
u are positive by definition. It follows from (6.14) that ¢ and w divided by their greatest common
factor satisfy the same conditions as b and c. It remains to show that ¢ < b. We consider the cases
t =q—p and t = p — q separately.

If t = ¢ — p, since q | k by definition, we have k 2 ¢g=t+p>t. Butb=n(n—2k) >n>ksob>t
as required.

Ift:p—q,Wehavep>tandu:p—3q>050p>3q,Hen063k<p(§> =n=++vn? — 3k2. But

D (E> = n—+/n? — 3k? implies n—3k > v/n? — 3k, then squaring both sides gives 3k(1—2n)+9k2 > 0

q
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so 2n — 1 < 3k. But we also have b = n(n — 2k) > 0 so n > 2k. Hence k = 4k — 3k < 2n — 3k < 1,
which is a contradiction. Hence we must have

p(k> =n+vn?— 3k2.
q

Write % =1>1. If | = 1, substituting k = ¢ in (6.12) gives p*> + 3¢> = 2pn, so p | p* + 3¢>. This
implies p | 3¢%, which contradicts 3 { p. Hence [ > 2, that is, k = ¢l > 2q. Now let r be any prime
dividing p. Then r { p? + 3¢, so (6.12) together with ged(n, k) = 1 implies ged(p? + 3¢2,2pq) = 1.
Hence k& = 2pq > p > t, then as in the case t = ¢ — p, b > k implies b > t as required.

Thus, given b and c satisfying the above condition, we can always find a pair of positive integers
satisfying the same conditions, but with strictly smaller b. By infinite descent, no such b and ¢ exist.
This concludes the proof of claim, and hence the proof of proposition. O

Now that we know the solutions of (6.6), we can compute a = —2X,b = 4X? + 2Y and therefore
v2(10) = —(b? — 2ac)? — 8(2b — a?). The values are listed in the following table:

X Y a b ")/2(’1'0)

0 0 0 0 0

-1] 0 2 4 —96

1| 2 | -2]8 | =520 (6.15)
1 | -2]-2]0 -32

2 6 | —4 | 28 | —640320

2 | -6 | -4 4 —960

By Theorem 5.6, given imaginary quadratic fields K and K’, we have j(Og) = j(Og-) if and only if

Ok and O are homothetic as lattices. But Ox = [1, wg] and Ok = [1, wg/] where wx = ‘h‘% Vi

hence we have [1,wg] = A[l,wg] for some A € C so A = a + fwg and Awg: = v+ dwg for some

a, B,7,0 € Z. So we obtain wy, = Zig@”}’; € K = Q(wg). Hence K’ C K, but K and K’ have the

same degree over QQ so this implies K = K'. In particular, j(Of) determines K uniquely. Therefore,
it remains to compute the j-invariants (or s, which is the cube root of j) for the six values of p and
check that the values coincide with the those listed above in 6.15.

When p = 3, we have j(Ok) = j(70) where 79 = (=1 + v/—3)/2 = w and we computed j(w) =0 in
Example 5.11. Turning to the cases p = 11,19,43,67 or 163, let 70 = (3 + /—p)/2 as before. We
want to compute y2(79), which we can write in terms of Weber function fo(79):

16
Ja(70)®"

Y2(70) = fa(70)"® +

From (6.1), we know that
V2
f1(2m0)”

and then the transformation properties (6.3) imply

f2(70) =

f1(2m0) = fiIB+vV=p) = (s F(2+ VD)
=G f1(1+V=p)
= (i f(V=D).
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Combining these equations gives

and thus we obtain

(r0) = 256
Vel

- f(V/=p)*. (6.16)

Now set ¢ = e 2"V ~P = ¢=27VP_ Then the product expansion for the Weber function gives us

FW=p) =g VB T+ ).

n=1

To estimate the infinite product, we use the inequality 1 4+ z < e* for & > 0. This yields

1 < H(1+qn71/2

n=1

)< [Le ™ = evat-a,
n=1

We can simplify the exponent by noting that \/g/(1—¢) < /g/(1—e?") < 1.002,/q since ¢ < e~ 7.
Thus we have the following inequality for f(\/—p):

q—1/4s < f(v/=D) <q—1/48€1.002ﬁ_

Applying this to (6.16), we get the bounds for v, (7):

256ql/3 _ q—1/6€8.016\/§ < ya(m0) < 256(]1/36—16.032\/6 _ q—1/6 (6.17)

To see how sharp these bounds are, consider the difference

E = 256(]1/3(8—16.032\/6 —1)— q—1/6(1 _ 68.016\/6).

Then q < e~2™ implies that E < 0.25. Therefore we obtain the formula

12((3+v=p)/2) = [-q/® + 256¢"/]

for p =11,19,43,67 and 163, where [ ] denotes the nearest integer function. Using a calculator, we

can now compute the table for v, (79):

¥2(70)

dx P

-3 3

—11 11
—19 19
—43 43
—67 67
—163 | 163

3+

—163)/2

0
~32
—96 (6.18)
—960
—5280
—640320

Notice that the values of 5 (79) coinside with those computed in (6.15). It follows that we now know
all imaginary quadratic fields of class number one. This proves the theorem. O



7 Beyond the Class Number One Problem

To conclude, let us see briefly the work that has been done on class numbers. We begin by restating
the problems proposed by Gauss in his Disquisitiones Arithmeticae:

Conjecture 7.1 (Gauss). 1. The class number h(D) — oo as D — —o0.

2. Given a small positive integer n, Gauss gives lists of imaginary quadratic fields with class
number n and believes them to be complete.

3. There are infinitely many real quadratic fields with class number one.

Very little progress was made on these conjectures until the 20" century. Gauss’ conjecture 1 was
the first to be settled in 1934 by Heilbronn. In order to get a taste of how this was solved, we first
need a few definitions. Given k, we can define Dirichlet characters, which are group characters

X : (Z/KZ)* — C*

satisfying x(n + k) = x(n) Vn € Z, x(mn) = x(m)x(n) Ym,n € Z and x(n) = 0 for ged(n,q) > 1.
There are ¢(k) such characters x mod k. We can now define the Dirichlet L-function:

-1
- T1(22)
defined for Re(s) > 1.

A remarkable connection between the Dirichlet L-function and the class number is illustrated in the
following class number formula proved by Dirichlet in 1832.

Theorem 7.2 (Dirichlet). Let D < 0 be a fundamental discriminant and let x mod D be a real,
odd, primitive (i.e. not induced by any character of smaller modulus) Dirichlet character. Then

L(1,x) = 2wh(D)/w+/|D],
where w =2 for D < —4, w =4 for D = —4 and w =6 for D = —3.

Now, the classical Riemann hypothesis asserts that the only nontrivial zeros of the Riemann zeta

o0
function ¢(s) = > - lie on the line Re(s) = 1/2. Furthermore, if we replace ((s) by the formally
n=1
similar, but much more general Dirichlet L-function L(s, x) in the statement of the classical Riemann
hypothesis, we get the generalised Riemann hypothesis. In 1918, a theorem was published which

solves Gauss’ conjecture 1 given the generalised Riemann hypothesis is true.

Theorem 7.3 (Hecke). Let D < 0, and let x mod D be an odd, real and primitive Dirichlet
character. If L(s,x) # 0 for s real and s > 1 — ¢/log|D|, then

h(D) > c14/|D|/log | D],
where c,c1 > 0 are constants.

Hence, if the generalised Riemann hypothesis is true, the above theorem tells us that h(D) grows
with |D|, hence proves Gauss’ conjecture 1. In 1933, Deuring proved the following unexpected and
surprising result which supports Gauss’ conjecture 1 but assumes the falsity of the classical Riemann
hypothesis.
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Theorem 7.4 (Deuring). If the classical Riemann hypothesis is false, then h(D) > 2 for —D
sufficiently large.

This result was improved by Mordell in 1934, who showed that in fact h(D) — oo as D — —oo if the
classical Riemann hypothesis is false. In the same year, Heilbronn went a step further and proved:

Theorem 7.5 (Heilbronn). If the generalised Riemann hypothesis is false, then h(D) — oo as
D — —oo0.

When combined with Hecke’s theorem, we obtain an unconditional proof of Gauss’ conjecture 1.
Theorem 7.6 (Hecke-Deuring—Heilbronn). h(D) — o0 as D — —c0.

This is one of the first instance of proof which first assumed that the generalised Riemann hypothesis
was true and then that it was false, giving the same result in both cases!

On the other hand, Gauss’ conjecture 3 which states that there are infinitely many real quadratic
fields with class number one remains open. In fact, it is not even known whether there are infinitely
many algebraic number fields with class number one. One way to approach this problem related to
the theory of cyclotomic fields. Let iy denote the group of all p-power roots of unity. Then it can
be shown that

Gal(Q(y~)/Q) = A x T

where A 2 Z/2Zif p = 2 and A = (Z/pZ)* otherwise, and I = Z,,, the p-adic integers. Furthermore,
if we let Q¥P be the fixed field of A in Q(upe-), then we have

Gal(QV°P/Q) =T 2 Z,,.

More generally, given a number field F, a Z,-extension of F is a Galois extension F,,/F with
Gal(Fs/F) = Z,. Let Ty, := p"T = p"Z,, and let F,, C Fy be the fixed field of I';,. Then we
have Gal(F,,/F) = Z/p"Z. In 2009, Fukuda and Komatsu showed that the in the case F' = Q and
p = 2, h(F,) has no prime factor less than 1.1 x 10%. In this case we have F,, = Q(2 cos(2r/2"*2)),
a cyclotomic extension of QQ of degree 2™ over Q. Notice that to prove Gauss’ conjecture 3, it suffices
to prove h(F,) =1 for infinitely many n in the case F' = Q and p = 2, so the above result is very
promising. In fact, in 2010 the following question was posed:

Conjecture 7.7 (Coates). For F = Q and p an arbitrary prime number, h(Op,) =1 for alln > 1.

Now let us go back to Gauss’ conjecture 2, and the general class number problem. First we mention
that the class number two problem was also solved by Baker and Stark in 1971, and the class number
h problems for i up to 100 were solved by 2004. In 1976 Goldfeld realised that the problem could
be connected with the arithmetic of elliptic curves; if there is an elliptic curve of rank 3 and the
Hasse—Weil L-function with zero of order 3 at s = 1 (which should be true, by the conjecture of
Birch and Swinnerton-Dyer), then it yields an effective lower bound for h(D).

To explain this in more detail, let us first define the Hasse—~Weil L-function. To do this, let

E:y*=42®—ax —b (7.1)

be an elliptic curve over Q with discriminant a3 — 27b%. Let E(Q) denote, as usual, the group of
rational points on E. Associated to F, we can define an integer N called the conductor of E, which
is defined to be the product of all prime numbers dividing the discriminant A, and the powers of
such a prime depends on the reduction of E at that prime. We can define the Hasse—Weil L-function
associated with E:

L(E,s) =[] —tpp) " [ = tpp* +p" )71, (7.2)
pIN ptN
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where
N, = Card{(z,y) mod p : y* = 42 — ax — bmod p}
and
b p—N, ifptN
P71l £lor0 ifp|N

We can now state
Conjecture 7.8 (Birch and Swinnerton-Dyer). If rankz(F(Q)) = g, then
L(E,s) ~cg(s—1)9,

where cg # is a constant. In particular, the rank of E(Q) is equal to the order of the zero of L(E, s)
at s =1.

Goldfeld found in 1976 an effective lower bound for h(D), provided the Birch and Swinnerton-Dyer
conjecture holds for a suitable elliptic curve of rank 3. Notice that finiding a lower bound for h(D)
is an effective way of solving the general class number problem: given a positive integer h, if we can
show that h(D) > h for D > m, say, then we only need to compute h(D) for D < m to solve the
class number h problem.

Theorem 7.9 (Goldfeld). Let E be an elliptic curve over Q with Hasse—Weil L-function L(E,s).
Let rankz (E(Q)) = g and let N be the conductor of E. Let D < 0 be a squarefree discriminant such
that gcd(D, N) = 1, and let x mod D be the real, odd, primitive Dirichlet character associated to the
imaginary quadratic field Q(v/D). Choose pn = 1,2 so that x(—N) = (=1)97*. If L(E, s) ~ cg(s—1)9
for a constant cg # 0 then

C — i —
h(D) > W(longl)g #~1exp{—21+/gloglog D[}

where ¢ > 0 is a constant independent of E.

Remark 7.10. There is a similar result for the case ged(D, N) > 1. This theorem reduces Gauss’
conjecture 1 to finding an elliptic curve of rank 3 whose Hasse-Weil L-function has a triple zero at
s = 1, as in this case the right hand side of the inequality diverges to infinity.

In 1983 Gross and Zagier proved that, for certain curves where the Hasse—Weil L-function has an odd
order zero at s = 1, the first-order coefficient is related to Heegner points on the curve. Using this
result, it can be shown that Lz, (s) has a triple zero at s = 1 where Eg : —139y? = 23 +42% — 482 +80
is an elliptic curve of rank 3. A better bound was found by Oesterlé in 1984:

Theorem 7.11 (Oesterlé).

h(D) > C(log|D]) ] (1 - M) .

p|D, p#D ptl

where [2,/p] denotes the greatest integer smaller than or equal to 2./p, C = 1/55 if 5077 1 D, and
C =1/7000 otherwise.

Oesterlé obtained this bound by computing the constant in Theorem 7.9 first by using the elliptic
curve Fj, and then by using the elliptic curve of conductor 5077 found by Brumer and Kramer. To
see concretely what this means, let us apply it to the class number three problem. For h(D) = 3,
the above bound gives us
|D| < e'% < 1072
Combined with the bounds of Montgomery-Weinberger that
h(D) # 3 for 907 < —D < 10%°%°

it remains to check h(D) for D > —907, and thus the class number three problem is solved. If the
reader is interested, Serre [15] and Goldfeld [8] have pleasant articles summarising the work on the
size of h(D).
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