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Lemma. If A(x) :=
∑

n≤x an, B(x) :=
∑

n≤x bn,∑
n≤x

(a ∗ b)(n) =
∑
jk≤x

ajbk =
∑
j≤x

ajB(x/j) =
∑
k≤x

bkA(x/k).

Proof.∑
n≤x

(a ∗ b)(n) =
∑
n≤x

∑
jk=n

ajbk =
∑
jk≤x

ajbk =
∑
j≤x

aj
∑

k≤x/j

bk =
∑
j≤x

ajB(x/j),

and symmetrically. //

Defn. Call a multiplicative if a(.) is not ≡ 0 and

a(mn) = a(m)a(n) for (m,n) = 1

((m,n) = gcd of m and n: (m,n) = 1 means m, n are coprime – have no
common factors.

Call a completely multiplicative if it is not ≡ 0 and

a(mn) = a(m)a(n) ∀ m,n.

Propn. (i) If a is multiplicative, a(1) = 1.
(ii) If a, b are multiplicative, so is a ∗ b.

Proof. (i) As (n, 1) = 1 for all n, a(n)a(1) = a(n). As a is not ≡ 0, a(n) ̸= 0
for some n. Then cancelling gives a(1) = 1.
(ii) Take m, n with (m,n) = 1. As m, n have no common factors, every
divisor r of mn is uniquely expressible as r = jk with j|m and k|n. Then
also j, k have no common factors, so (j, k) = 1. Similarly, (m/j, n/k) = 1.
So

(a∗b)(n) =
∑
r|mn

a(r)b(mn/r) =
∑
j|m

∑
k|n

a(jk)b(
m

j
,
n

k
) =

∑
j|m

∑
k|n

a(j)a(k)b(
m

j
)b(

n

k
)

(as both a and b are multiplicative)

= (a ∗ b)(m)(a ∗ b)(n). //
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Cor. If f is multiplicative, so is F := f ∗ u: F (n) =
∑

d|n f(d).

There is a converse: if F (n) =
∑

d|n f(d) is multiplicative, so is f (Prob-
lems 5, Q3).

§4. EULER PRODUCTS
Throughout, write p for a prime, P for the set of primes,

Theorem (Euler). If a is completely multiplicative with
∑∞

1 |an| < ∞,
then
(i)

∑∞
1 an ̸= 0;

(ii)
∑∞

1 an =
∏

p 1/(1− ap).

Proof. By I.5,
∏

p(1 − ap) converges to a non-zero value (as
∑ |an| < ∞);

thus so does
∏

p 1/(1− ap).
Fix N ; write P [N ] for the set of primes p ≤ N , EN for the set of integers

with all prime factors in P [N ], E∗
N for the remaining natural numbers,

TN :=
∏

p∈P [N ]

1/(1− ap) =
∏

p∈P [N ]

(1 + ap + a2p + . . .).

Multiply out. Each n ∈ EN appears on RHS exactly once, by FTA (I.1). So

TN =
∑

n∈EN

an.

As {1, 2, . . . , N} ⊂ EN , E
∗
N ⊂ {N + 1, N + 2, . . .}, so

|
∞∑
1

an − TN | = |
∑

n∈E∗
N

an| ≤
∑
n>N

|an| → 0 (N → ∞). //

The special case an ≡ 1/ns gives

Theorem (Euler). ζ(s) =
∏

p 1/(1− 1/ps) (Res > 1).
Proof.

RHS =
∏
p

(1+p−s+p−2s+. . .) =
∑

k,p1,...,pk

p−n1s
1 p−n2s

2 . . . p−nks
k =

∑
n

n−s = ζ(s)

by FTA, as each n = pn1
1 . . . pnk

k , uniquely. //
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