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Dirichlet Test for Convergence: If a,, have bounded partial sums A, =
> 1 a., and v, — 0, then 3" a,v, converges.

Proof: 1If |A,| < K, |Apv,| < Kv, — 0.

In S0t A (v — v 1), [Ar (v —v)| < K(vp—vp1). As v, — 0, S0, — 0,4
is a convergent telescoping series, so > A.(v, — v,_1) is convergent by the
Comparison Test.

Combining, > a,v, is convergent by Abel’s Lemma. //

Abel’s Test for Convergence. If > a, convergent and v, is real, mono-
tonic and convergent, then Y a,v, converges.

Proof: A, is convergent, v,, is convergent, so A,v, is convergent. A, is also
bounded, A, < K. > (v,—wv,_1) is a convergent telescoping series. The result
follows as above by the Comparison Test. //

Abel’s Summation Formula. If y < x and f has a continuous derivative
on [y, z] (i.e. f € Cly,x]), then

xT

> afy = AW@)f(@) — A f) — [ A Wt

y<r<x Y

Proof. Let m = [y],x = [n], with [-] denoting the integer part. Then

Sy<r<n G fr = X1 G fre As A(w) i =3, <, ap, A(t) = A(r) forr <t < r4-1.
So

n—1 n—1 r+1
> A= fr) = =X AW [ F(0d
m+1 m+1 po
n—1 "1
= - Y / A(t)f'(t)dt  as A is constant on (r,r + 1)
m+1
- " Anf .
m~+1



Similarly, for n <t <z A(t) = A(n), so

and for m <t <y A(t) = A(m), so

m+1

A(m) f(m +1) = A(y)f(y) = Am)[f(m + 1) = f(y)] = / A(t) f(t)dt.

Yy

Finally, substituting into () in the proof of Abel’s Lemma for A,, f,, — A frns1
gives the result. //

Corollary 1. (i) ¥, arf, = A(z) f(z) — _fA(t) F()dt.

(i) o 0, (f(2) = £() = [ A (B)d.

Corollary 2. If f € C'[2,a] and a(1) = 0, then ¥ a,f, = A2)f(x) -
fA(t) F(t)dt. o

Proof: Take y = 2 and use A(2) = a, + as = az. //

Corollary 3. If f € C'[1,00], and A(z)f(z) — 0 as & — oo, then
% a,f, = — [ A(t)f/(£)dt, and then

Yosqarfr = —A() f(z) = ;7 AQ) [/ (t)dt.

Proof: Take y = 1 and let & — co. //

84. The Integral Test and Euler’s Constant

The Integral Test: If f > 0 and is monotonic decreasing on [1, o], then:

(i) i)fo f(z)dz and ioj f(n) converge or diverge together;
1 1
(i) 32 F(r) — [P f(z)dz — L€ [0, F(1)] as n — oo.
1
Proof: As f is monotonic, it is integrable on each [1,z]. If n — 1 < x < mn,

fn=1) = f(z) = f(n).



Integrate from n — 1 to n:

Sum from 1 to n — 1:
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If >° f(r) < oo, the LH inequality gives Tf(x)dx < 00.
1

If [7° f(x)dx < oo, the RH inequality gives >7° f(r) < co. Combining, this
gives (i). For (ii),

F0) 2 0n) =3 f0) [ 52 fl) 20
Then by (x),

Bn) —oln—1) = f) ~ [* f@)dz <0, 0<6n) < F1),

n—1

So ¢(n) is bounded and decreasing, so it is convergent: ¢(n) | 1 € [0, f(1)]. //

Corollary (Euler’s Constant).

1+ ! + ! + ...+ ! logn — (n — 00)
s tg Tt —lgn—y n — 00),
where 7y is Euler’s constant.

Proof. Take f(x) = 1/x in the Integral Test. Note that

N
1
0<Z——logN<1
—n

and that
1 1
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