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L. If s=0+it and |s| = R (so s5 = R?),
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If 0 >0, as |B(z)]| < M/z, |z *B(x)| < M/2°, so
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So for |s| =R, o0 > 0 (as on C ),
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This holds also by continuity at iR (on Cy, but with ¢ = 0). So by ML
(M2PM3)
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L. Ifo <0, |gx(s)| < M [Xa=ode < MX~7/|o|. So for |[s| = R, 0 <0
(as on C_),

[L(X)] <

20| X7 MX~ 2M
< . =
[J(s)gx(s)l < =5 o] R

as with ;. As before, ML gives I, — 0.
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by the Riemann-Lebesgue Lemma (1.7).
Combining, gx(0) — 0 (X — o00), as required. //

Cor. 1. If in Theorem 1 gi(s) = [° Bi(z)dz/x*"' (Re s > 1) and ¢,
can be continued analytically to a region containing {s : Re s > 1} — then
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77 Bi(z)dz = gi(1).
Proof. Apply the Theorem to g(s) :=gi1(s+1). //

Cor. 2. If f(s) := [{° A(z)dz /25" (Re s > 1) can be continued analytically
to a region containing {s : Re s > 1} except possibly s = 1,

f(s)= 71 + g(s), g holomorphic at 1
and |[A(z)| < Mz (x > 1) — then

/ et Ay converges to g(1).

Proof. Put B(z) = (x)/x — a/z. Then |B(z)| < (M + |a|)/z (x > 1).
For Re s > 1,

/ :Ef_xl)d;v -/ (xs(fl) — 2 )dw = f(s) = o/(s = 1) = g(s)
(with g above), and the result follows by Cor. 1. //

Theorem 2. If (i) f(s) = Y7 a,/n® converges for Re s > 1, and f can be
continued analytically to a region containing {s : Re s > 1} except possibly
at s =1,
(ii) f(s) =a/(s — 1)+ ap+ (s — 1)h(s), h holomorphic at 1,
(iii’) |A(x)| < Mx (x > 1) — then

/ de converges to ayg — .
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Proof. For Re s > 1, 27*A(x) — 0 (z — o0) by (iii’). By Abel summation
(1.3, last Cor. — using (iii’) again with f(z) := 2~ in the notation of 1.3),

6 =sh(s) A= [T 2

So
. _@ _ a Qo (s — 1)h(s)
Jils) = s s(s—l)+ s+ s
- a<si1_i>+?+(8_i)h(8):sfl—{—g(s)’

with g holomorphic at 1 and ¢g(1) = o — . Apply Cor. 2. //



