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I1. If s = σ + it and |s| = R (so ss = R2),
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If σ > 0, as |B(x)| ≤ M/x, |x−sB(x)| ≤ M/xσ+1, so

|g(s)− gX(s)| ≤
∫ ∞

X

M

xσ+1
dx =

M

σXσ
.

So for |s| = R, σ > 0 (as on C+),

|J(s)(g(s)− gX(s))| ≤
2σXσ

R2
.
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σXσ
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2M

R2
.

This holds also by continuity at ±iR (on C+, but with σ = 0). So by ML
(M2PM3)

|I1(X)| ≤ πR

2π
.
2M

R2
=

M

R
→ 0 (R → ∞).

I2. If σ < 0, |gX(s)| ≤ M
∫X
1 x−σ−1dx < MX−σ/|σ|. So for |s| = R, σ < 0

(as on C−),

|J(s)gX(s)| ≤
2|σ|Xσ

R2
.
MX−σ

|σ|
=

2M

R2

as with I1. As before, ML gives I2 → 0.
I3.

I3(X) =
1

2π

∫ R
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)
X itdt

=
1
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∫ R

−R

g(it)

it

(
1− t2
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)
eiλtdt (λ := logX)

→ 0 (X,λ → ∞)

by the Riemann-Lebesgue Lemma (I.7).
Combining, gX(0) → 0 (X → ∞), as required. //

Cor. 1. If in Theorem 1 g1(s) =
∫∞
1 B1(x)dx/x

s−1 (Re s > 1) and g1
can be continued analytically to a region containing {s : Re s ≥ 1} – then
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∫∞
1 B1(x)dx = g1(1).

Proof. Apply the Theorem to g(s) := g1(s+ 1). //

Cor. 2. If f(s) :=
∫∞
1 A(x)dx/xs+1 (Re s > 1) can be continued analytically

to a region containing {s : Re s ≥ 1} except possibly s = 1,

f(s) =
σ

s− 1
+ g(s), g holomorphic at 1

and |A(x)| ≤ Mx (x ≥ 1) – then∫ ∞

1

A(x)− αx

x2
dx converges to g(1).

Proof. Put B(x) := A(x)/x2 − α/x. Then |B(x)| ≤ (M + |α|)/x (x ≥ 1).
For Re s > 1,∫ ∞

1

B(x)

xs−1
dx =

∫ ∞

1

(A(x)
xs+1

− α

xs

)
dx = f(s)− σ/(s− 1) = g(s)

(with g above), and the result follows by Cor. 1. //

Theorem 2. If (i) f(s) =
∑∞

1 an/n
s converges for Re s > 1, and f can be

continued analytically to a region containing {s : Re s ≥ 1} except possibly
at s = 1,
(ii) f(s) = α/(s− 1) + α0 + (s− 1)h(s), h holomorphic at 1,
(iii’) |A(x)| ≤ Mx (x ≥ 1) – then∫ ∞

1

A(x)− αx

x2
dx converges to α0 − α.

Proof. For Re s > 1, x−sA(x) → 0 (x → ∞) by (iii’). By Abel summation
(I.3, last Cor. – using (iii’) again with f(x) := x−s in the notation of I.3),

f(s) = sf1(s), f1(s) :=
∫ ∞

1

A(x)

xs+1
dx.

So

f1(s) =
f(s)

s
=

α

s(s− 1)
+

α0

s
+

(s− 1)h(s)

s

= α(
1

s− 1
− 1

s
) +

α0

s
+

(s− 1)h(s)

s
=

α

s− 1
+ g(s),

with g holomorphic at 1 and g(1) = α− α0. Apply Cor. 2. //
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