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Abstract

We present a method for calculating the Brauer group of a surface given by
a diagonal equation in projective space. For diagonal quartic surfaces with
coefficients in Q we determine the Brauer groups over Q and Q(q).
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Introduction

Diagonal equations occupy a special place in number theory: due to separation of
variables many questions about such equations can be reduced to questions about
equations in one variable. This provided André Weil with a key example for the
Weil conjectures [Weid9, Wei52]. Diagonal hypersurfaces are a particular case of
varieties dominated by products of curves (DPC). The Tate conjecture is known
for DPC varieties defined over fields finitely generated over Q, see [Tat94, (5.5)].
Using the results of [SZ14] (based on the work of Faltings) it is easy to show that for
DPC varieties defined over such fields the Galois-invariant subgroup of the geometric
Brauer group is finite.

In this paper we use diagonal surfaces to test new techniques for computing the
Brauer group, a task motivated by the Brauer—Manin obstruction to the local-to-
global principle for rational points over number fields. To put this into perspective,
in characteristic zero, the Brauer group of any quadric X over any field k is trivial,
that is, equal to the image Bro(X) of the canonical map Br(k) — Br(X). The Brauer
group of a cubic surface X can be non-trivial, but it is equal to the algebraic Brauer
group, that is, to the kernel Br;(X) of the canonical map Br(X) — Br(X), where
X = X x;, k for an algebraic closure k of k. This simplifies matters considerably,
because Bri(X)/Brg(X) is a subgroup of H'(k, Pic(X)) and is equal to this group if
k is a number field. For diagonal cubic surfaces over Q all elements of Br(X) modulo
Bro(X) and the ensuing Brauer-Manin conditions were determined in [CKS87].

The arithmetic of diagonal quartic surfaces is a recurrent theme in the work of Pe-
ter Swinnerton-Dyer, from his first paper [SD43], revisited in [SD68, PSD91, SD00,
SD14], until his last published paper [SD16]. The algebraic Brauer groups Bri(X)
of diagonal quartic surfaces over arbitrary fields of characteristic zero were classified
by Bright in his thesis [Bri02, Bri06], though an explicit form of the elements of this
group is not known in general, cf. [Brill]. Ieronymou [ler10, Thm. 3.1] constructed
generators of Br(X)[2] and showed [ler10, Prop. 4.9] that they come from 4-torsion
clements of the Brauer group of the quartic Fermat surface over Q(i, v/2) (in fact,
they come from 2-torsion elements, see Corollary 3.5 below). He then obtained
sufficient conditions on the diagonal quartic surface X over Q under which the 2-
torsion subgroup of Br(X)/Br;(X) is trivial [Ier10, Thm. 5.2]. This, together with
Mizukami’s isomorphism between the quartic Fermat surface over Q(q, \/5) and a
certain Kummer surface, was used in [ISZ11] to deduce an explicit upper bound for
the size of Br(X)/Bro(X). Finally, the odd order torsion subgroup of Br(X) was
determined in [IS15] over Q and Q(7) using a different method; the elements of this
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group have an explicit description, enabling one to compute the associated Brauer—
Manin conditions. The complete determination of the 2-primary torsion subgroup
of Br(X) could not be done by previously known methods. We now describe a new
approach which allowed us to achieve this.

Let k be a number field and let ' = Gal(k/k). For a smooth and projective surface
X over k such that Pic(X) is torsion-free and Br(X)" is finite, the determination of
Br(X)/Bry(X) involves the following steps.

(a) Determine the action of I' on the geometric Brauer group Br(X), hence com-
pute Br(X)". For a K3 surface with complex multiplication this involves identi-
fying the Grossencharakter which describes the action of I' on the Tate module of

Br(X). For diagonal quartic surfaces, this has essentially been done by Pinch and
Swinnerton-Dyer in [PSD91] using work of Weil [Wei52].

(b) Determine the image of Br(X) — Br(X)", called the transcendental Brauer
group. The crucial fact is that when Pic(X) is torsion-free, the 2-term complex of
I'-modules

Hom(Pic(X¢),Z) — T(X¢) @ Q/Z (1)

is quasi-isomorphic to the truncated complex 7p; 5 Rp, Gy, x, where p : X' — Spec(k)
is the structure morphism. Here T'(X¢) is the transcendental lattice, and the map
in (1) comes from the cup-product bilinear form on H?*(X¢, Z(1)).

(¢) The group Br;(X)/Bro(X) = H!(k, Pic(X)) is finite; it can be determined if we
know an integral basis of Pic(X) and the action of I" on it. The group Br(X)/Bry(X),
an extension of finite abelian groups Br(X)/Bry(X) by Bry(X)/Bry(X), is computed

as the first Galois hypercohomology group with coefficients in the complex (1).

The methods in (b) and (c) are used for the first time in this paper to advance this
program for diagonal surfaces of arbitrary degree d in ;. We use the description of
the primitive complex cohomology of the Fermat hypersurface of degree d obtained
by Pham [Pha65] and further developed by Looijenga [Lol0]. The Galois repre-
sentation in the étale cohomology of the Fermat hypersurface was studied by Weil
[Weid9, Wei52], Katz, Shioda, and Ulmer, among others, see [Ulm02]. We work out
precise details in the case of diagonal quartic surfaces with coefficients in QQ over the
ground field Q(¢), which are then used to deal with the case of the ground field Q.

Our main result is the following theorem. We call two diagonal quartic surfaces
over a field K equivalent if one is obtained from another by permuting the variables
Xo, T1, Ta, T3, multiplying their coefficients by fourth powers in K*, and multiplying
all four coefficients by a common multiple in K*. It is clear that equivalent surfaces
are isomorphic.

Main theorem Let aq,as,a3 be non-zero rational numbers. Let X C IP’% be the
surface
a:é + alx‘f + a2x§ + agz)s;f =0.



(1) Let k = Q(i) and let Xy = X xq k. If Xj is equivalent to the diagonal quartic
surface with coefficients (a1, as, as) = (1,2, —2), then the 2-primary torsion subgroup
of Br(Xy)/Bri(Xy) is Z/2; otherwise this subgroup is 0.

(2) If X is equivalent to the diagonal quartic surface with coefficients (1,2, —2) or
(1,8,—8), then the 2-primary torsion subgroup of Br(X)/Bri(X) is Z/2; otherwise
this subgroup s 0.

The two exceptional surfaces in (2) are non-equivalent over Q but equivalent,
hence isomorphic over Q(i). We do not know whether they are isomorphic over Q.
Both have rational points over Q. In Proposition 4.7 we show that multiplying two
of the coefficients by —4 gives rise to surfaces with isomorphic Galois representations
with coefficients Q9 and Z, for any odd prime ¢. By analogy with the Tate module
of abelian varieties one may conjecture that these surfaces are related by an isogeny
whose degree is a power of 2.

By the main theorem, only finitely many diagonal quartic surfaces over Q or Q(7),
up to isomorphism, have non-zero 2-torsion in the transcendental Brauer group. In
contrast, there are infinitely many non-equivalent diagonal quartic surfaces over Q
with odd order torsion in the transcendental Brauer group. Indeed, by [IS15, Thm.
1.1] the odd torsion subgroup of Br(X)/Bri(X) is 0, unless —3ajasaz is a fourth
power or —4 times a fourth power in Q when this subgroup is Z/3, or 125a;asa3 is a
fourth power or —4 times a fourth power in Q when this subgroup is Z/5. (When Q
is replaced by Q(i) we have (Z/3)? and (Z/5)? instead of Z/3 and Z/5, respectively.)
Thus we now have a complete classification of the transcendental Brauer groups of
diagonal quartic surfaces with coefficients in Q over Q and Q(i¢). In particular,
we show the non-existence of a 2-primary Brauer—-Manin obstruction to the Hasse
principle alluded to in [ISZ11, p. 660].

Corollary Let X be a diagonal quartic surface over Q with coefficients ay,as,as
such that ayasas is a square in Q. Then Br(X) = Bry(X).

We can be even more precise: carrying out calculations of step (c¢) we describe
the structure of the extension

0 — Bry(X)/Bro(X) — Br(X)/Bro(X) — Br(X)/Br;(X) — 0. (2)

Supplement to the main theorem (1) Let X be the diagonal quartic surface
with coefficients (1,2, —2) over k = Q(i). Then the exact sequence (2) for Xy over
k is the extension

0 —Z/2 X Z/4 — (Z)4)* — Z]2 — 0.

(2) Let X be the diagonal quartic surface with coefficients (1,2,—2) or (1,8, —8)
over Q. Then the exact sequence (2) for X over Q is the extension

0—Z/4—7/8 — Z]2 — 0.
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Combined with Bright’s classification of algebraic Brauer groups of diagonal quar-
tic surfaces [Bri02], this completes the classification of the Brauer groups of diagonal
quartic surfaces with coefficients in Q over the ground fields Q and Q(z).

The supplement illustrates a difficulty in lifting Galois-invariant elements of Br(X)[2]
to Br(X) already apparent in work of Ieronymou [ler10]: an element in the image
of Br(X) — Br(X) may not lift to an element of Br(X) of the same order. This
difficulty does not arise for odd order elements because Bri(X)/Bro(X) is always a

2-group, as I' acts on Pic(X) via a finite 2-group.

The 2-primary torsion subgroup of Br(X) contains a unique non-zero element
invariant under the automorphisms of X which multiply the coordinates by 4-th
roots of unity. This element is Galois-invariant (Proposition 3.6, Corollary 3.11).
Our calculations in step (b) show that the map Br(X) — Br(X) is almost always
zero on the 2-primary torsion subgroups, but when Br(X)/Br;(X) is non-zero in
the exceptional cases above, it is generated by this element. This answers Question

1 raised at the end of [Skol7].

The first named author has successfully applied the methods developed in this
paper to diagonal surfaces of degrees 5 and 6. His results will be published elsewhere.

Let us outline the structure of the paper. In the preliminary Section 1 we develop
necessary cohomological machinery and prove a finiteness result for the Brauer group
of diagonal surfaces over fields finitely generated over Q. In Section 2 we recall a de-
scription of the primitive cohomology of the complex Fermat surface of degree d due
to Pham and Looijenga, including the cup-product bilinear form and Hodge decom-
position, and explain how to recover the full cohomology lattice from its primitive
sublattice. We also recall a known description of the associated representation of
the absolute Galois group of the cyclotomic field Q(14). In Section 3 we specialise to
the case d = 4 and compute the transcendental lattice of the quartic Fermat surface
and the associated representation of the absolute Galois group of Q. This allows us
to carry out step (a). Although our general methods do not rely on the assumption
that the geometric Picard group of the Fermat surface is integrally generated by
lines (which, by a theorem of Degtyarev [Degl5], holds if and only if d < 4 or d is
coprime to 6; for the case d = 4 see [PSD91]), our calculations in step (b) become
somewhat simpler if we use this fact. We prove the main theorem in Section 4 (The-
orems 4.2 and 4.6); the necessary computational details are collected in Appendix A.
The computational proof of the supplement can be found in Appendix B.

This paper owns its existence to many happy discussions of the second named
author with Peter Swinnerton-Dyer, and to Peter’s lifelong interest in diagonal quar-
tics. We dedicate this paper to his memory.

We are grateful to Martin Bright, Rachel Newton, Domenico Valloni, Olivier
Wittenberg and Yuri Zarhin for their questions and useful discussions. The integral
basis of lines on the Fermat quartic surface used in the appendix was kindly provided
to us by Peter Swinnerton-Dyer.



The final part of the work on this paper was done at the Institut Henri Poincaré
in Paris. We thank the IHP for hospitality and support.

1 Surfaces with torsion-free Picard group

1.1 Cohomological tools

We start by recalling some basic homological algebra from [CTS13, §3.1]. Let A, B
be abelian categories and let G : A — B be an additive functor. Let

0—A—B—C—0 (3)

be an exact sequence in A. Using injective resolutions one constructs a 2-term
complex & = [E° — E'] in B together with maps of complexes

(19G(B*)) [1] +— & — [(R'G)C — (R*G)A], (4)

where B* is an injective resolution of B and 7y g is the natural truncation. (See the
diagram in [CTS13], the proof of Lemma 3.2.) It satisfies the following properties.

(1) The leftward arrow induces an isomorphism of cohomology groups in degree 0.
In degree 1 it induces the natural map from Coker[(R'G)C' — (R?G)A] to (R*G)B.

(2) The rightward arrow induces an isomorphism in degree 1. In degree 0 it
induces the natural map from (R'G)B to Ker[(R'G)C — (R?*G)A].

Let k be a field of characteristic 0 with algebraic closure k, and let I' = Gal(k/k).
Let p : X — Spec(k) be a smooth, projective, geometrically integral variety over
k. We write X = X x; k. The structure morphism p defines the derived functor
Rp. from the derived category D(X) of bounded below complexes of étale abelian
sheaves on X to the derived category D(k) of bounded below complexes of continuous
discrete I'-modules.

Lemma 1.1 There is a natural map Br(X)/Bro(X) — H?(k, 71,9 Rp. Gy, x ), which
1s an isomorphism if k is a number field.

Proof. Applying the derived functor of H(k, -) to the exact triangle
T Rp:Gr x — 102 RPGr x — 712 RpGin x
gives an exact sequence
0 — Br(X)/Bro(X) — H*(k, 71,9 RpGm x) — H?(k, k).

If k is a number field, then H3(k, k*) = 0. O



Let n be a positive integer and let (3) be the Kummer exact sequence
1 — uy — G, —G,, — 1.

If H(X,G,,x) = k* and Pic(X) is torsion-free, then this sequence shows that
R'p,A =HY (X, uu,) = 0 for any n > 1. Thus in this case the rightward arrow in (4)
is a quasi-isomorphism. In the derived category D(k) we obtain a morphism

[Pic(X) = H*(X, tn)] — (1,2 Rp:Gin x)[1] (5)

inducing the isomorphism nPic(X)—=Pic(X), nxz — z, in degree 0 and the natural
inclusion Br(X)[n] — Br(X) in degree 1. If £ is a prime and m is a positive integer,
then setting n = ¢ and passing to the inductive limit as m — oo we obtain a

morphism

[Pic(X) ® Z[(] = H*(X, Qu/Z(1))] — (12 Rp:Gin,x)[1]. (6)

In degree 0 it induces the identity on Pic(X) and in degree 1 the natural inclusion
Br(X){¢} — Br(X), where Br(X){¢} is the {-primary torsion subgroup, see [Gro68,
II, Thm. 3.1]. Summing over all primes ¢ we obtain a quasi-isomorphism

[Pic(X) ® Q — H*(X, Q/Z(1))]— (719 Rp: G x)[1]. (7)

Let X be a smooth, projective, geometrically integral surface over a field k C C
such that Pic(Xc) is torsion-free. Then H?(X¢,Z(1)) is a torsion-free abelian
group and the first Chern class identifies Pic(X¢) with a saturated subgroup of
H%(Xc,Z(1)) (that is, the quotient is torsion-free). The cup-product defines a uni-
modular symmetric bilinear pairing

U: H*(X¢, Z(1)) x H*(Xe, Z(1)) — H*(X¢, Z(2)) = Z.
Since H?(X¢, Z(1)) is torsion-free, the cup-product induces an isomorphism
H?(X¢, Z(1))——Hom(H*(X¢, Z(1)), Z).

The Hodge index theorem implies that the restriction of the cup-product to Pic(X¢),
which coincides with the intersection pairing on Pic(X¢), has non-zero discriminant.
Define the transcendental lattice T(X¢) as the orthogonal complement to Pic(X¢)
in H?(X¢,Z(1)) with respect to the cup-product. Thus Pic(X¢) N T(Xc) = 0,
and Pic(X¢) @ T(Xc) has finite index in H?(X¢,Z(1)). Since Pic(X¢) is a saturated
subgroup of H?(X¢, Z(1)), it is the orthogonal complement to T'(X¢). Using the uni-
modularity of the cup-product on H?(X¢,Z(1)) we obtain canonical isomorphisms
of finite abelian groups

Hom(Pic(X(c),Z): H?(Xc, Z(1)) :Hom(T(X@),Z)
Pic(X¢) Pic(X¢) @ T(Xc) T(Xc)
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Let us call this group Ax, or simply A, if there is no confusion. We write A = @©,A,,
where the order of A, is a power of a prime number /. We deduce an exact sequence
of abelian groups

0— Ag — (PlC(X(j)@Q[/Z[)EB(T(X(C)(X)@K/ZE) — HQ(Xc,Z(l))(X)@g/ZZ — 0.

The group of connected components of the Picard scheme of X x; K, where K is an
algebraically closed field extension of k, does not depend on the choice of K. Thus,
under the assumption that Pic(X¢) is torsion-free, the groups Pic(X) and Pic(X¢)
are canonically isomorphic. By the comparison theorem between classical and étale
cohomology we have an isomorphism H?(X¢, Z(1)) ® Z, = H?(X, Z(1)), compatible
with the cycle class map and the cup-product. Thus the previous exact sequence is
canonically identified with the exact sequence of I'-modules

0— Ag — (PIC(Y)Q@QK/ZZ) @(T(Y)g@QZ/Zg) — H2(7, Zg(l))@@g/Zg — 0,
where T(X), C H?(X,Z(1)) is defined as the orthogonal complement to the (in-

jective) image of Pic(X) under the class map. This gives rise to the commutative
diagram of I'-modules

AC T(X)e®Q/Zy

| -

Pic(X) ® Qp/Zf—H*(X,Z(1)) @ Qu/Z,
Summing over all primes ¢ we obtain a commutative diagram of I'-modules

AC T(Xc)®Q/Z

| 2
Pic(Xc) ® Q/Z—— H2(X¢, Z(1)) ® Q/Z

Using the non-degeneracy of the intersection pairing on Pic(X) we identify the

['-modules Pic(X) ® Q and Hom(Pic(X),Q). This gives rise to the commutative
diagram of I'-modules

Hom(Pic(Xc¢),Z) T
PiC(X(c) ® Q PiC(Xc) ® @/Z

Finally, we compose horizontal arrows in the two last diagrams to obtain a commu-
tative diagram of I'-modules

Hom(Pic(X¢), Z) T(Xc)®Q/Z (8)

| 2

Pic(Xc) ® Q H?(Xc, Z(1)) ® Q/Z




Since X is a surface, by Poincaré duality H2(X, Z¢)ors = 0 implies H3(X, Zy)tors =
0, for all £. By the Kummer sequence this implies that Br(X) = Br(X¢) is divisible
and the (-primary torsion subgroup Br(X){/} is the quotient of H2(X, Z;(1))®Q/Z
by Pic(X) ® Q¢/Zs, see [CTS13], diagram (26), p. 157. Taking the direct sum over
all primes ¢ we obtain a canonical isomorphism of ['-modules

Homy(T'(X¢),Q/Z)——Br(X). 9)

Proposition 1.2 Let X be a smooth, projective, geometrically integral surface over
a subfield k C C such that Pic(Xc¢) is torsion-free. Then the map of horizontal 2-
term complexes of I'-modules in (8) is a quasi-isomorphism. Each of these complexes
concentrated in degrees 0 and 1 represents (1p g Rp.Gy x)[1] in D().

Proof. The first statement follows from the construction of (8). Indeed, the induced

map in degree 0 is the identity on Pic(X¢) = Pic(X). The induced map in degree 1
is the canonical isomorphism (9).

Since H*(X¢, Z)iors = 0, the exact sequence
0—-7Z—Q—Q/Z—0
gives a natural isomorphism
H*(Xc, Z(1)) ® Q/Z——H*(Xc, Q/Z(1)).
Now the quasi-isomorphism (7) gives that the bottom complex of (8) is quasi-

isomorphic to (771,9Rp«Gm x)[1]. O

Remark 1.3 There is a similar statement for the truncated complex 70 ;) Rp. Gy, x:
it is represented by the complex of I-modules div : k(X)* — Div(X), where div
sends a function to its divisor. We omit the proof, as this fact will not be used in
the paper.

Corollary 1.4 Let X be a smooth, projective, geometrically integral surface over a

number field k such that Pic(X) is torsion-free. Then the group Br(X)/Bro(X) is
canonically isomorphic to the Galois hypercohomology group

H'(k, [Hom(Pic(X),Z) — T(X¢) ® Q/Z]).
Proof. This follows from Proposition 1.2 in view of Lemma 1.1. [J
Recall that we have exact sequences of I'-modules
0— A — T(Xc)®,Q/Z — Br(X) — 0 (10)

and
0 — Pic(X) — Homg(Pic(X),Z) — A — 0. (11)



Corollary 1.5 Let X be a smooth, projective, geometrically integral surface over a

number field k such that Pic(X) is torsion-free. Then the image of the natural map

Br(X) — Br(X) is equal to the kernel of the composition
Br(X)" -2 H'(k, A) -2 H2(k, Pic(X)),
where 0y is defined by (10) and Oy is defined by (11).

Proof. This follows from Proposition 1.2 using that H3(k, k) = 0 for a number field
k. See also [CTS13, Prop. 4.1]. O

Corollary 1.6 Let X be a smooth, projective, geometrically integral surface over a
number field k such that Pic(X) is torsion-free. Assume that Br(X)" is annihilated
by a positive integer n. Let T, C T(X¢) ® Q/7Z be the inverse image of Br(X)[n] in
(10). Let I' be the kernel of the natural map

I — Aut(Pic(X)) x Aut(T},),

and let K = (k)'%, G = Gal(K/k). We have the following statements.

(a) The image of the natural map Br(X) — Br(X) is equal to the kernel of the
composition

Br(X)[n]¢ -2 HY(G, A) -2 H2(G, Pic(X)).

(b) The group Br(X)/Bro(X) is canonically isomorphic to the hypercohomology

group
H' (G, [Hom(Pic(X¢), Z) — T,]). (12)

Proof. (a) It is clear that the action of I' on the terms of (11) and on the terms of

0— A —T,— Br(X)[n] —0

factors through an action of G. We have Pic(X)'* = Pic(X), which is a finitely gen-
erated torsion-free abelian group. Hence H' (K, Pic(X)) = 0. From the Hochschild-
Serre spectral sequence we deduce the injectivity of the inflation map

H?(G, Pic(X)) — H?(k, Pic(X)).

Now (a) follows from Corollary 1.5.

(b) It is a consequence of Proposition 1.2 that (12) is canonically isomorphic to
the inverse image of Br(X)[n]" under the natural map Br(X)/Bro(X) — Br(X)!.
Since Br(X)I' = Br(X)[n]", it coincides with Br(X)/Br(X). O
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1.2 Brauer group of varieties dominated by products of
curves

A smooth, projective and geometrically integral variety X over a field k is called a
variety dominated by a product of curves (DPC) if there is a dominant rational map
from a product of geometrically integral curves to X.

Proposition 1.7 Let k be a field finitely generated over Q. If X is a DPC variety
over k, then Br(X)" is finite.

Proof. If V-and W are smooth, projective and geometrically integral varieties over
a field k which is finitely generated over QQ, then the cokernel of the natural map
Br(V)'' @ Br(W)' — Br(V x W)T is finite by [SZ14, Thm. A]. The Brauer group of
a smooth, projective, integral curve over an algebraically closed field is zero. Thus if
Z is a product of smooth, projective and geometrically integral curves over k, then
Br(Z)" is finite.

Since char(k) = 0, we can assume that there is a smooth, projective and geo-
metrically integral variety Y over k, a birational morphism Y — Z, where Z is a
product of smooth, projective and geometrically integral curves, and a dominant,
generically finite morphism f : Y — X. By the birational invariance of the Brauer
group we have Br(Y)I' = Br(Z)'. A general theorem of Grothendieck says that the

natural map Br(X) < Br(k(X)) is injective. The standard restriction-corestriction

argument then gives that the kernel of f* : Br(X) — Br(Y) is killed by the degree

[E(Y) : E(X)]. Since Br(X) is a torsion group of cofinite type, this kernel is finite.
Hence Br(X)! is finite. [J

Corollary 1.8 Let k be a field finitely generated over Q. Let f(t) and g(t) be
separable polynomials of degree d > 2. Let F(x,y) and G(x,y) be homogeneous
forms of degree d such that f(t) = F(t,1) and g(t) = G(t,1). Let X C P} be the
surface with equation F(x,y) = G(z,w), for example, a diagonal surface. Then the
Brauer group Br(X) is finite modulo Br(k).

Proof. Consider the smooth plane curves C' and D given by z¢ = F(z,y) and
u? = G(v,w), respectively. Passing to the quotient by the action of yy on C' x D,
which multiplies z and u by the same root of unity, gives a dominant rational map
from C' x D to X. Thus X is a DPC surface. Since Pic(X) is torsion-free [SGA7,
XI.1.8], the group Br;(X)/Brg(X) is finite. The finiteness of Br(X)! follows from

Proposition 1.7. [J
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2 Cohomology of Fermat surfaces

2.1 Primitive cohomology and the cup-product
Let ' C P}, be the Fermat surface
rd+ o+ 28+ 2§ = 0.

By Poincaré duality, the cup-product defines a unimodular symmetric bilinear form
on H?(Fg,Z(1)). Let P = P*(F¢,Z(1)) C H*(F¢,Z(1)) be the orthogonal comple-
ment to the hyperplane section class. We note that the discriminant group of P is
P*/P = 7Z/d, where we write P* = Hom(P,Z).

Let G the group Q-scheme (14). The choice of a primitive d-th root & of unity
defines an isomorphism of groups G ~ (Z/d)3. Let

Uy = (8, ]_, 1)7 Ug = (178, 1)7 Uz = (17 1,6).

The elements of G are monomials udubug, where (a,b,c) € (Z/d)3.

The group G acts on F¢ so that w; multiplies z; by € and leaves the other co-
ordinates unaltered. Thus G acts on H?(Fg,Z(1)) fixing the hyperplane class, and
hence acts on P.

Let us recall a description of the G-module P together with its cup-product sym-
metric bilinear form due to Pham and Looijenga, see [Pha65, Lol0, ABB13]. Let
U C F be the complement to the hyperplane section zy = 0. Then Z = F'\ U is
the Fermat curve, and U C A? is the affine Fermat surface given by

d d d

Pham shows in [Pha65, Thm. 1] that the homology group Hy(Uc,Z) is a cyclic
Z|G]-module, isomorphic to the following quotient ring of Z[G]:

d—1
R = Z[uy, uy, us)/ (Zui, i= 1,2,3) :
=0

Let S C R? be the standard 2-dimensional simplex z; + 25 + 23 = 1, 2; > 0, for
1 =1,2,3. Consider the map e : S — F¢ given by

e(z1, 22, 23) = (Czdzi/dﬂzdzé/d, ngzé/d> ;
where (o4 is a 2d-root of unity such that (3, = . Then
e=(1—u (1 —uy")(1—uz')e € Hy(Uc,7Z)

is a cycle generating Hy(Uc,Z) as a Z[G]-module. (This differs from the generator
used in [Pha65] by an invertible element of Z[G].) We thus have Hy(Uc,Z) = Re.
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In addition, we note that the complex conjugation is an involution of the real man-
ifold F'(C). We denote by 7 the induced involutions of the homology and cohomology
groups of F¢ and Ug. Then 7g = g7 17 for any g € G. From 7(e) = (ujusus) ‘e we
deduce that 7 sends e to —e.

The Gysin exact sequence for homology gives rise to the short exact sequence of
Z|G]-modules

0 — Hy(Z¢,Z) — Hy(Uc, Z) — Ho(Fe, Z) — Z, (13)

where the last arrow is the cup-product with the hyperplane section class in Hy(F¢, Z).
Looijenga shows in [Lo10, Cor. 2.2] that the kernel of the last map in (13), considered
as a Z|G]-module, is isomorphic to the quotient R/Rv, where v = Z?;é(ulmu?,)j is
understood as an element of R. Let ¢’ € Ho(F¢,Z) be the image of e € Hyo(Ug, Z).
We note that the maps in (13) respect the action of 7, thus 7(¢’) = —e’. The
cap-product with the fundamental class (which generates Hy(F,Z) = Z) gives an

isomorphism of lattices (Poincaré duality)
H?(F¢, Z)—H,(Fc, Z),

see [ABB13, Lemma 2.3]. Since the fundamental class is fixed by the action of G,
this is an isomorphism of Z[G]-modules. The complex conjugation 7 preserves the
orientation of F-, which has complex dimension 2, hence preserves the fundamental
class, so this isomorphism respects the action of 7.

Consider the twisted cohomology group H?(F¢,Z(1)). By definition, there is an
isomorphism

H?(Fe, Z)—H?(F¢, 7Z(1))

sending z to 2miz. Thus H?(Fg,Z(1)) with the twisted action of 7 is a subgroup of
the complex vector space H(F¢, C) where the complex conjugation is the product of
7, which is induced by the conjugation acting on F'(C), and the complex conjugation

in C. Let us denote by 7(1) this twisted action on H?*(Fg¢,Z(1)). In particular, for
2mie’ € H?(F¢,Z(1)) we have

7(1)(2mie’) = 2mwie’. (14)
Thus we have an isomorphism of Z[G]-modules P = Z[G]/I, where I is the ideal
I=14w+...+ul" i=1,23 1+wuuz+...+ (wuuz)’™") C Z[G].

This isomorphism identifies 27ie’ with the image of 1 € Z[G] and is compatible with
the action of 7(1) which comes from the action on G sending each g € G to g~ '.

The cup-product symmetric bilinear form on P has the following description. Let
¢ : pta — 7Z be the function ¢(1) =1, ¢(e) = —1, and ¢(e') =0 for i = 2,...,d — 1.
Define a function A : G x G — Z by the rule

A(ufuius, utuyui) = o(e)p(e")p(e ).
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Extending by bilinearity we obtain a G-invariant (non-symmetric) bilinear form
A Z|G] x Z|G] — Z. Finally, define the symmetrisation of A as

(v,wy = Av,w) + Aw, v).

One checks that the ideal I is contained in the kernel of (v, w), so (v, w) descends
to a symmetric bilinear form on P = Z[G]/I, which we denote by the same symbol.

Lemma 2.1 The isomorphism of G-modules P = Z|G|/I identifies the cup-product
form on P = P*(F¢,Z(1)) with —(v, w).

Proof. This follows from [Lo10, Cor. 2.2], [ABB13, Lemma 2.3, Prop. 2.5]. O

We write £ = Q(uq). It is well known that Gal(E/Q) = (Z/d)*.
Let G = Hom(G,C*) = (Z/d)? be the group of characters. Write y(ufubus) =

glatmbine ‘where [, m, n are elements of {0,...,d — 1}. Then
E[G] = Eluy, ug, us)/(ul — 1) = @VX
xe@

is a direct sum of 1-dimensional eigenspaces V), generated by the orthogonal idem-
potents

d—1

1 o

ay = oq(ur)om (uz)om(us) € EG],  where  a(u) = 7 g e .
J=0

Thus «, is an eigenvector with eigenvalue x:

lg]ay = x(9)c,, for any g € G, (15)
where we write [g] for the natural action of G on E[G]. We note that Ip = [ ® E
is the direct sum of the spaces V, such that x restricts trivially to any of the three
coordinates g C G (that is, [ = 0 or m = 0 or n = 0) or to the diagonal gy C G
(that is, [ +m + n is divisible by d). Let us denote by S the complement to this
set in G. In other words, S is the set of triples (I,m,n) € {1,...,d — 1}3 such that
[ +m + n is not divisible by d. Then

PoE=EPV,
XES

so that the rank of P is |S|. For d = 2,3, 4 we have |S| = 1,6, 21, respectively.

The group Gal(E/Q) = (Z/d)* acts on G = Hom(G, E*) via its natural action
on E, which raises ¢ to powers coprime to d. Note that this action preserves S C G.
For o € Gal(E/Q) we have (o, ag) = (Qo(x)s Qo (e))-

An explicit expression of the cup-product in terms of the o, is as follows.

Lemma 2.2 We have (o, ay) =0 if ¢ # x~ ', and
2 m n
(ay, 0p-1) = (o, 1) = e Re (1—-€)(1—e™)(1—¢€"). (16)
Proof. This is a direct calculation from the definition of (v, w). O
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2.2 Hodge decomposition

The Hodge decomposition P@C = P11 @ P%° @ P11 can be described as follows.
Let g be the function S — {—1,0,1} given by ¢(x) = L””‘%J — 1. Note that ¢
depends on the choice of .

Lemma 2.3 The Hodge subspace PP C P® C = P*(Fg,C(1)) is the direct sum of
Vi, ®g C for x € S such that q(x) = q.

Proof. See [ABB13, Prop. 2.7] which refers to [Lo10]. O

In particular, the C-vector space PP? comes from the E-vector space @g(y)—qVy-

Let Sy C S be the union of the Gal(£/Q)-orbits in S that contain an element
x with g(x) # 0. Since Gal(E£/Q) contains complex conjugation, this condition is
equivalent to the existence of x such that ¢(x) = 1.

The transcendental lattice T'(F¢) is the smallest saturated sublattice of P such
that P11 C T(F¢) ® C. Thus T'(Fc) = PN (T(Fc) ® Q), where T'(Fr) ® Q is the
smallest Q-vector space V' such that @,,)=1Vy, C V ® E. It is clear that T'(F¢) ® E
is the direct sum of V, for x € Sj.

Lemma 2.4 The action of 7(1) on the E-vector space P ® E is anti-linear and
preserves the Hodge decomposition. We have T(1)(cv,) = o, for every x € G.

Proof. We have seen that the action of 7(1) on H?(F,C(1)) is anti-linear, hence
the action on P ® E C H(F¢,C(1)) is also anti-linear. The generator 2mie’ of P is
fixed by 7(1), see (14). We have 7(1)[g] = [¢7!]7(1) for g € G and 7(1)e = e~'7(1),
thus 7(a,) = a,. O

That 7(1) is anti-linear and preserves the Hodge decomposition is a general fact.
In Deligne’s notation 7 = Fi,, but F(H”?) = H%” by [Del79, 0.2.5]. Our 7(1) is
the composition of F,, with the complex conjugation of the coefficients C, hence
7(1)(HP9) = HP, see [Del79, Prop. 1.4, Cor. 1.6].

2.3 Recovering full cohomology from primitive cohomology

The cohomology group H = H?*(Fg,Z(1)) is a G-module with a unimodular G-
invariant cup-product bilinear form. Let L € H2(Fg,Z(1))¢ be the hyperplane
section class, (L,L) = d. Then P = L* so that both P and ZL are saturated
subgroups of H. Since H is unimodular, the map H — H* given by the bilinear
form is an isomorphism. Hence we have surjective maps of G-modules H — (ZL)*
and H — P*, which give rise to canonical isomorphisms of trivial G-modules

P*/P=H/(P®ZL) = (ZL)*|ZL = 7./d. (17)
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The linear form (L, ) is a generator of (ZL)*/ZL. Thus H/(ZL®P) is generated by
%(L + z), for some = € P such that (z, P) C dP; here z is uniquely defined modulo
dP. The group P*/P = 7Z/d is generated by (2, -) modulo homomorphisms P — Z
of the form (z,-) for z € P.

The G-module P*/P is trivial, hence gr — xz € dP for any ¢ € G. The map
g é(ga: —x) is a 1l-cocycle G — P. The class of this cocyle is the image of 1 € Z

in H'(G, P) under the connecting map defined by the exact sequence of G-modules
0—P—H—7Z—0, (18)

where the third map is the cup-product with L.

There are many ways to lift the canonical element £ mod dP to an element x € P.
One natural choice is to take x = dA— L, where A is the class of a line on X¢. Indeed,
(A, L) =1, so A generates H modulo P. By adjunction we have (A, A) = —(d — 2),
hence (dA — L,dA — L) = —d(d —1)2. Thus, in order to recover the full cohomology
group H = H?*(Fg,Z(1)) as a G-module together with its unimodular G-invariant
cup-product bilinear form from the G-module P and the restriction of the cup-
product to P, it is enough to find a formula for dA — L. This has been done in
[DS14]. Following the notation of this paper, set

¢(I) I:]_—I—JZ—I—I'Q—f----—{—td_l, ,O(JU,y) = Z sz,j

0<i<j<d—2
It is immediate to check that in Z[z,y]/(z? — 1,y% — 1) we have the identity [DS14,
Lemma 4.5]
(1 =y)o(ry) = (1 = 2)(1 = y)p(z,y).
In the ring Z[z]/ (320 %) we have (1 — z)p(1,z) = d.

Proposition 2.5 Write ug = (ujusu3)®! so that uguyusuz = 1. Then

¢ = (1 —u) " ¢(ugur) - (1 — ua) "' d(uguz) = p(ug, ur)p(uz, uz) € P.

Moreover, 41'1<L — ¢) is the class of the line A C F¢ given by xo = (g1, To = (2qT3.

Proof. The lattice H is non-degenerate, so it suffices to show that the images of

(L —¢) and A in H* coincide. By [DS14, Proof of Claim 4.2], the image of the

class of A under the map
ev: H— Z[G], zw~ Z(m,g)g
geG

is ¥ := (1 —uy)(1 — us)P(ugus). We have (L, P) = 0, hence in particular (L,1) =0,
so ev(A) = 0. It remains to show that ev(c) = —dip. For h € G, we find using the
G-invariance of the cup-product pairing that

ev(h) = (h.g)g=> (Lgh™)g=> (1,9)gh = ev(1)h.

geG geG geG
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Extending by bilinearity, the same holds for any h € P. By [Lol0, Cor. 2.2] we
have ev(1) = —(1 — uo)(1 — u1)(1 — ug)(1 — u3). Hence, we get

—ev(c)

(1 — o) (1 — ur)(1 — u2)(1 — uz)p(uo, ur)p(uz, us)
(1 — up)(1 — uz)p(uguy)p(usus)
( ) )
( ) )

1 — Uy 1'—'U3 ¢(U2U3)
1-— Uy 1-— Us d(b(UgUg) = di/} [

2.4 Galois representation over the cyclotomic field

Let £ be a prime number. Using the comparison theorem of classical and ¢-adic étale
cohomology, we obtain a G-module isomorphism

Py =P ®Z= P*(F,Z(1)) = ZJG) /(I ® Zy),

where P%(F,Z,(1)) € H2,(F,Z(1)) is the orthogonal complement to the hyperplane
section class. Since Ty := T'(Ft) ® Z, is the orthogonal complement to the subgroup
generated by the classes of divisors in Py, the Galois group I' acts on Tj.

Let us assume that the ground field k& contains E' = Q(ug). Then the action of
I' = Gal(k/k) on P?(F,Z,(1)) commutes with the action of G.

Let A be a prime of E above £. Let O, be the ring of integers of E\. The E\-vector
space P ® Ej is the direct sum of the 1-dimensional G-eigenspaces V) ®g E\, where
X € S, which are therefore preserved by the Galois group I'. We have

T(Fc) ® Ex = @ Vi ®5 E.

XESu

Let Oy be the ring of integers of k. Let p C Oy be a prime ideal coprime to d¢,
and let F, = Oy /p. Let p = char(F,). For x € F let ¢)(z) be the unique d-th root
of unity in E' C k whose reduction in F, equals z(N® =D/ wwhere N(p) = |F,|. Thus
Y Y — pq is a multiplicative character of order d. The Gauss sum g(r) € Q(¢, ()
is

=) () (el r=0,...,d—1,

xGFX

where ( is a primitive p-th root of unity in C. We have g(0) = 0, g(r) = ¥(—1)g(—r)
and |g(r)|> = |N(p)|. Note that ¥(—1) = 1 if d is odd or both d and (N(p) —1)/d
are even; if d is even and (N(p) — 1)/d is odd, then ¢(—1) = —1, see [LN97, §5.2]
or [IR90, §10.3].

The Jacobi sum J(x) is an element of the ring of integers O = Z[e| defined by

g(l)g(m)g(n)
g(l+m+n)

JO) = > tlan)d(w) (xs)" =

r1+ro+a3=1
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where 1, 29, x5 € F,. The integer r satisfies [+m +n+7r = [Hm%w d. The second
equality here is [LN97, Thm. 5.21], and the third one follows from the properties of
Gauss sums discussed above, cf. [IR90, Ch. 8, Thm. 3].

The following proposition can be found in D. Ulmer’s paper [Ulm02], but it goes
back to N. Katz and T. Shioda. We give a simpler proof using the Fourier transform
on the finite abelian group G.

Proposition 2.6 Let A be a prime of E = Q(uq) above €. Let p be a prime of k
not dividing dl. Then Frob, acts on V, ®g E\, where x € S, as multiplication by

Y(=1)N(p)~'J(x) € N(p)'Op C E.

Before giving a proof we explain how the Galois representation attached to an
arbitrary diagonal surface can be obtained from the Galois representation attached
to the Fermat surface.

Remark 2.7 Let K be a subfield of C. For a = (a1, as,a3) € (K*)? we write
X = X, for the surface in P given by

d d d d
Ty + a12] + axy + azry = 0.

In particular, the Fermat surface F' = X(;1). The surface X, is obtained by
twisting I over K by a 1-cocycle of Gal(K /K) with values in the group K-scheme
G = (pa)?, whose class in HY(K,G) = (K*/K*%)? is the image of a = (a4, az, a3)
under the natural coordinate-wise map (K*)?® — (K*/K*?)3. The Gal(K/K)-
modules Pic(X,) and T;(X, c) are obtained from the Gal(K /K )-modules Pic(F) and
Ty(Ft), respectively, by twisting them by this cocycle with respect to the relevant
induced actions of G. If E C K, then the action of Gal(K/K) commutes with the
action of G, so Gal(K /K) preserves the eigenspaces Vi ®p Ey. In the case of X,
the action of Gal(K/K) on V, ®g E, is the same as the action in the case of F
followed by multiplication by the inverse of the d-power character Gal(K/K) — 14
associated to alaay, where x = (I,m,n).

Proof of Proposition 2.6. Let h(x) € E\ be the eigenvalue of Frob, on V, ® E,. If
x = (l,m,n) € G does not satisfy the condition of the lemma we define h(x) = 0.

Let a = (a1, as,a3) € G. The multiplicative character ¢ defines an isomorphism
Fy /F;d%ud. Pick any lifting a; € F, of a;, for = 1,2, 3, and consider the surface
in X, C P%p with equation

d |~ .d |~ d  ~ d
% 4+ a1y + aswy + azrg = 0.

Since G acts on V, via x, the twisted action of Frob, on V, ® Ej, i.e., the action
defined by the action of the Galois group I' on P?(X,, Ex(1)), is via multiplica-
tion by h(x)/v(ay)"(as)™p(as)™. Hence, by the Lefschetz trace formula, we have

18



|Xu(Fy)| = [B(F,)| + f(a)N(p), where
= Y w@aya) hoo = 3 v(—a)h(x).

XGG xX€G

Weil’s classical calculation with exponential sums [Weid9], [LN97] gives that this also
holds when h(y) is replaced by g(x) = ¥(—1)J(x)N(p)~'. Thus f is the Fourier
transform of either h or g. The inverse Fourier transform now gives

=d*Y x(a)f(a) = g(x). O

acG

3 The Fermat quartic surface

From now on let d = 4. In this section we let k = E = Q(i) and O = Z[i]. For a
number field K C Q we write ['x = Gal(Q/K).

3.1 Explicit transcendental lattice

By definition, the transcendental lattice T'(F¢) is the smallest saturated Z-submodule
of P whose complexification contains P»~!. Thus we have

T(Fc) = PN (Vaiy ® Visss) C PRk,
Lemma 3.1 We have T'(F¢) = Zw; & Zws, where

wy; = 8(04(1,1,1) + 04(3,3,3))7 Wy = 81‘<04(1,1,1) - 04(3,3,3))~

We have
(wl,w1> = <w2,w2> = 8, <w1,w2> =0. (19)

Proof. 1t is clear that wy,wy is a basis of T'(Fr) ® Q. One immediately obtains
(19) from (16). Recall that 2%a 11y is the sum of i~(@*+)ygubus, where a,b,c €
{0,1,2,3}. We calculate

<26a(171,1)’u(1xu§ug> = Z i_(a+b+c)<u? g By 1) = 42'—(a+/5+7)7

hence (wy, ufubul) = Re(i~ @A) and (ws, u¢ulul) = —Im(i~(@+F+7). This im-
ples that if swy; + twy € H for some s,t € Q, then s,t € Z. This also implies
(w;, P) = Z. Recall that H = AZ & P, where A € H is the class of a line. Thus
(wi,¢) = 0 for ¢ = 1,2, hence (w;, H) = Z. This implies w; € H* = H by the
unimodularity of H. This finishes the proof that T'(F¢) = Zw, & Zw,. O
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This lemma implies that A ~ (Z/8)?, as was already discovered in [PS71].

Let py be one of the factors of G = (uy4)3. In other words, we choose one of
x1,Ta, T3, say x3, and consider the multiplication of x3 by the fourth roots of unity.
Let us write the induced action of u € ug4 on P as [u]. Extending the coefficients,
this gives rise to a k-linear action of 1y on P ® k. By (15) we then have [i]agmn) =
i"Qmmy- In particular, [ilaq 1) = ioq11) and [fogsss) = —iosss), hence we
obtain that [i] acts on T'(F¢) by the rule

[z]wl = W2, [Z]wg = —Wj.

Thus we can identify T'(F¢) with O = Z[i] as O-modules. The isomorphism is unique
up to the multiplication by an element of y4; we fix the isomorphism by identifying
1 € O with wy. The bilinear form on T'(F¢) then becomes 4Try q(2y). The dual
lattice T'(Fg)* is §T(Xc), hence (10) becomes the exact sequence of O-modules

0—0/8 — 0®;,Q/Z 2 0%,Q/Z — 0. (20)

It will be convenient to rewrite the same sequence as

0 — Br(F)[8] — Br(F) % Br(F) — 0. (21)

3.2 Explicit Galois representation

Let ¢ be a prime number and let A be a prime of k = Q(¢) above £. Let p be a prime
of k£ not dividing 2¢. The principal ideal p C O has a unique generator 7 which is a
primary prime m = 1 mod (1 + 7). (Note that this works both in the split and the
inert cases.)

Pinch and Swinnerton-Dyer [PSD91], using Weil [Weid9, Wei52] who relied on
Stickelberger, computed the eigenvalues of Frob, acting on P2(F,ky(1)) = P ® ky,
where F'is the quartic Fermat surface. The Galois group I'y, commutes with G, hence
the representation of I', in P ® k) attached to F' is a direct sum of 1-dimensional
representations V) ® ky described in Proposition 2.6. For d = 4 the multiplicative
character v (z) is the biquadratic residue (f—r) "

Below, for symmetry reasons, we represent characters xy € G by 4-tuples of integers
(I,m,n,r) € {1,2,3}* with sum divisible by 4.

e x = (1,1,1,1). By Lemma 2.3 we have P11 = Vi, @k C. By Propo-
sition 2.6 and the quartic Jacobi sum calculation [IR90, Prop. 9.9.5], the
representation of I'y in V(11,11) @ kx sends Frob, to /7. (In the inert case
this equals 1.)

o x =(3,3,3,3). We have P~1! = PL—1 = V{3534 ®), C, so the representation
of I'y, in V{3 3,3.3) ®¢ Ky is conjugate to the representation of I'y in V{y 1,1,1) ®x k.
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e The spaces V,, for all other characters belong to P*°. The space Viga29) is
defined over Q. There are six spaces like V{1133 (obtained by permuting the
coordinates of x) that come in conjugate pairs. The action of I'y on all of
these spaces is trivial. Finally, there are twelve spaces like V{1 22 3); the action
of Frob, on them is via multiplication by ¢(—1). In particular, we recover the

known fact that g, acts trivially on Pic(F).

It is more delicate to make explicit the Galois representation over Q. In the case
d = 4 we use the fact that I'g is the semi-direct product of I'y and Gal(C/R) =

Gal(@/(@NR)) 2 Z/2.

Lemma 3.2 The representation of I'g = 'y, x Gal(Q/QNR) in T(Fo)®7Z; = OR7Z,
15 as follows:

if p is coprime to 2¢, then Frob, € I'y acts as multiplication by 7 /T where 7 is a
primary generator of p;

the generator of Gal(Q/Q N R) acts on T(Fc) as 7(1), namely, 7(1)(w;) = wy,
T(1)(wq) = —ws.

Proof. Recall that T'(Fc) = Zw, & Zwy was made into an O-module using the
action of [i] which sends wy to w, and ws to —wy. We know that on (O ® Zg)o1,1,1)
the Frobenius element Frob,, where p is coprime to 2¢, acts as multiplication by
/7 € (O ® Zy)*. One then immediately checks that Frob, acts on T(X¢) ® Zy =
Zywy @ Zyws as the (2 x 2)-matrix given by multiplication by 7/7 on O ® Z;.

Let us prove the second statement. We have comparison isomorphisms

H*(F(C), Z/0")—Hg, (Fe, 2/ ") —HE (F, Z/(")

which are functorial with respect to the action of Gal(C/R) = Gal(Q/(Q N R)).
Thus the action of Gal(C/R) on H?(F(C),Z) induced by the complex conjugation
of F(C), that is, the action sending the generator of Gal(C/R) to 7, is compatible
with the representation of Gal(Q/(QNR)) in HZ (F,Z,), cf. [Del79, 0.3]. It follows
that the representation of Gal(Q/(Q NR)) in H2 (F,Z,(1)) sends the generator to
7(1). The representation of Gal(Q/(QNR)) in T(Fr) ® Z; C H2,(F,Z,(1)) extends
to T(Fc) ® ky C HZ(F, kx(1)). The k-vector space T'(F¢) ® k has basis a1 1,1y and
(3,3,3), Which are fixed by 7(1), see Lemma 2.4. From this we obtain the action of
7(1) on wy and wy. O

Proposition 3.3 (i) The I'y-invariant subgroup of Br(F){2} is Br(F)[4].
(i) The 'y -invariant subgroup of Br(F){2} is Br(F)[8].
(iii) We have k(~/2) = k(v/=2). The L'y y=s)-tnvariant subgroup of Br(F){2} is
Br(F)[16].
(iv) The Ty g=-invariant subgroup of Br(F){2} is Br(F)[32].
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Proof. (i) By (9) for m > 1 we have an isomorphism of I'y-modules Br(F)[2™] =
O/2™. We have m = a + bi, where a is odd and b is even. Hence 7 = 7 mod 4.
From the explicit description of the Galois action we see that I'j, acts trivially on
Br(F)[4]. To finish the proof of (i) it is enough to show that each element of 0/8
fixed by I'y is divisible by 2. One easily checks that if x + 1y € O is fixed modulo 8

by Frob,, where m = —1 4 24, then = and y are even.

(ii) A supplement to the quadratic reciprocity law states that 2 is a square modulo
a prime p = 1 mod 4 precisely when p = 1 mod 8. Write p = N(7), where 7 is a
primary prime in O. Since Z/p——O/m, we see that 2 is a square modulo 7 if
and only if p = 1 mod 8, that is, if and only if 4 divides b, that is, if and only
if # = 7mod8. This shows that I'y 5 acts trivially on Br(F)[8]. The same
calculation as in (i) shows that if x 4+ iy € O is fixed modulo 16 by Frob,, where
m =1+ 44, then z and y are even.

(iii) A supplement to the biquadratic reciprocity law [Cox89, Thm. 4.23], [Lem00,
Thm. 6.9] states that 2 is the fourth power modulo 7 if and only if 8 divides b, that is,
if and only if 7 = 7 mod 16. The same calculation as in (i) shows that if z 4+ iy € O
is fixed modulo 32 by Frob,, where m = 5 + 8i, then x and y are even.

(iv) A supplement to the octic reciprocity law [Wesl11, I1.12] states that for 7 =
p = 1 mod 8 with 8 | b, 2 is an eighth power modulo 7 if and only if b=p —1 =
0 mod 16 or b= p—1 = 8 mod 16 and —1 is an eighth power modulo 7 if and only if
p—1=0mod 16. Thus —2 is an eighth power modulo 7 if and only if b = 0 mod 16,
that is 7 = 7 mod 32. The same calculation as in (i) shows that if x + iy € O is
fixed modulo 64 by Frob,, where m = 1 + 164, then = and y are even. [J
Remark 3.4 The invariant subfield of the kernel of the Galois action on Br(F)[2"]
is the ring class field of k = Q(i) of conductor 2"~!. This follows from the definition:
K /K is the abelian extension of K corresponding to the class group Ik (c)/ Pk z;
in other words, precisely the primes congruent to an element of Z modulo ¢ split
in K.. Indeed, Frob, acts on O/2" trivially if and only if 7 = 7 mod 2", which is
equivalent to the divisibility of b by 2”71, See [Cox89, p. 179]. For the calculation
Q(i)s = Q(i, v2), see [Cox89, Prop. 9.5].

We now reprove a result of leronymou [ler10, Thm. 4.2]. Recall that if K; C Kj
are algebraically closed fields of characteristic zero, and X is a smooth and proper
variety over K, then the induced map Br(X) — Br(X xg, K3) is an isomorphism.

Thus we can use the notation Br(F') without specifying the underlying algebraically
close field.

Since F' is defined over Q, from the exact sequence (20) we obtain the exact
sequence of I'g-modules

0— 0/82 0/16 — 0/2 = Br(F)[2] — 0. (22)
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The following corollary should be compared to leronymou’s results [ler10, Thm.
3.1, Prop. 4.9].

Corollary 3.5 Let F' be the Fermat quartic surface. Let K be a field extension of
Q(i,v/2). Then the natural map Br(Fg)[2] — Br(F)[2] is surjective.

Proof. 1t is enough to prove this for K = Q(, \4/5) The Fermat quartic surface
has obvious rational points over Q(usg); pick one of them and call it P. We can
write Br(Fk) = Br(K) @ Br(Fk)p, where Br(Fx)p C Br(Fk) consists of the classes
vanishing at P. Since 'y = Gal(Q/K) acts trivially on Pic(F) ~ Z*», we have
H'(K,Pic(F)) = 0. The standard spectral sequence then shows that the canonical

map Br(Fx) — Br(F) restricted to Br(Fk)p is an injective map Br(Fx)p < Br(F).
It follows that an element of Br(F)[2] which can be lifted to an element of Br(Fy),
can also be lifted to an element of Br(F)[2]p C Br(Fg)[2].

It remains to show that Br(F)[2] is contained in the image of Br(Fx) in Br(F).
By Proposition 3.3 (iii) the abelian groups in (22) are trivial I'x-modules. It follows

that 9 (Br(F)[2]) = 0, so we can conclude by applying Corollary 1.5. [J

3.3 Diagonal quartic surfaces

We start with a general observation about arbitrary diagonal quartic surfaces (proved
in [Skol7, Prop. 4.8] by a different method).

Proposition 3.6 Let X = X, be a diagonal quartic surface over a field K of char-
acteristic zero. We have Ax[2]CME/K) £ 0, hence Br(X)[2]K/K) £ (.

Proof. Without loss of generality we assume that K = Q(ay, as, a3); in particular, K

can be embedded into C. Then we have a canonical isomorphism Pic(X) = Pic(X¢).

We construct an explicit Gal(K /K )-invariant 2-torsion element in Ay using the
canonical isomorphism of Gal(K /K )-modules Ax = Pic(X)*/Pic(X). The snake
lemma shows that the Gal(K/K)-module Ax[2] is canonically isomorphic to the
kernel of the map Pic(X)/2 — Pic(X)*/2 given by the intersection pairing. Thus it

is enough to exhibit a divisor class D € Pic(X) with the following properties:
(a) (D, z) € 27 for every x € Pic(X);
(b) the class of D in Pic(X)/2 is Gal(K /K )-invariant;
(c) the class of D in Pic(X)/2 is not zero.

Consider the surjective morphism s : X — (), where () is the diagonal quadric

Yo + ary; + asy; + azyz =0,
and s((zo : 1 : @p : @3)) = (xf : 2 : 2} : 23). There are two families of lines
on @ defined over an algebraic closure of K. Let fi. € Pic(Q) be the classes of
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these families, and let Dy = s*(f1). It is clear that the set {D,, D_} C Pic(X) is
Gal(K /K )-invariant.

Let us show that we can take D to be either of D, and D_. Indeed, the inverse
images of the two families of lines in () are pencils of genus 1 curves on F' such that
D, + D_ = 2L. It is well known and easy to check that each of the 48 lines on X is
a component of a degenerate fibre of one of these families. Thus for any line ¢ C X

we have either (¢, D,) = 0 or (¢, D,) = 2. Since Pic(X) is generated by lines, we

get (D, x) € 2Z for every x € Pic(X). By the formula D, + D_ = 2L, the same
holds for D_. This gives (a) and (b).

The class of an integral curve of arithmetic genus 1 on a complex K3 surface X¢

is primitive in Pic(X¢) = Pic(X) [Huy16, Ch. 2, Rem. 3.13 (i)]. This gives (c). O

Definition 3.7 Let X be a diagonal surface over a field K. We say that X is split
by a field extension L/K if Xy = Fp.

Theorem 3.8 Let X be a diagonal quartic surface over a field K containing k =
Q(4), which is split by a field extension of K not containing v/2. Then

Br(X)[2] N Im[Br(X) — Br(X)] = 0.

Proof. To prove that this intersection is zero we can enlarge the field K. So we
can assume that K contains Q(ug) = k(v/2) but does not contain v/2, and that
X = Fy. The group Gal(K /K) acts on the terms of the exact sequence (22) via the
map Cal(K/K) — Gal(Q/k(v/2)) = I'y(va)- By Proposition 3.3 (iii), I'y ) acts via
the surjective map I'y 5 — Gal(k(v/2)/k(v/2)). Since K and k(v/2) are linearly
disjoint over k(1/2), the following map is surjective:

Gal(K/K) — Gal(K(v2)/K) = Gal(k(v/2)/k(V2)) = Z/2.

Proposition 3.3 (ii) says that the I'  5)-invariant subgroup of O/16 is 20/16, which
is exactly the kernel of ©/16 — /2. Hence this is also the Gal(K /K )-invariant
subgroup of @/16. This implies that 0; induces an injective map

O : Br(F)[2]'s = 0/2 — H'(K,Ap) = H(K,0/8).

We claim that in our situation 9, : H'(K, Ap) — H2(K,Pic(F)) is injective. In-
deed, since k(v/2) = Q(us) is contained in K, and Tg.,) acts trivially on Pic(F),
the group Gal(K/K) acts trivially on Pic(F), and hence also on Pic(F)*. Thus
H'(K,Pic(F)*) = 0, so that 0, is indeed injective. We have proved that 9,0, is

injective on Br(£7)[2], so by Corollary 1.5 the intersection of Br(£#)[2] and the image

of Br(Fk) in Br(F') is zero. O

The following result shows that for any diagonal quartic surface over Q or k = Q(7)

the Galois-invariant subgroup of Br(X) is annihilated by 4.
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Proposition 3.9 Let X = X, be a diagonal quartic surface over Q.
(i) If ayazas € k**, then the T'y-invariant subgroup of Br(X){2} is Br(X)[4].
(ii) If a1azsas € Q*4, then the Dg-invariant subgroup of Br(X){2} is 1(Z+2iZ)/O.
If ajasaz € —4Q**, then the Tg-invariant subgroup of Br(X){2} is (1 —i)Z/Z.
(iil) If a1asas € k*? but ajasas ¢ k**, then the T'-invariant subgroup of Br(X){2}

is Br(X)[2]. The same holds if k is replaced by Q.
(iv) If ayasas & k*2, then the I'y-invariant subgroup of Br(X){2} is Z/2 generated
by the class of 1+ in %O/O.

Remark 3.10 Let us recall the description of the twisted Galois representation
from Remark 2.7 in the case d = 4. The group scheme G = (yu4)® acts on Q(1,1,1)
via the product character (uy)® — py. If K is a subfield of C and a = (ay, as, a3) €
(K>*)3, then the action of Gal(K/K) on T(X,c) ® Z, is obtained by twisting the
action of Gal(K/K) on T(F¢) ® Z¢ by the 1-cocycle Gal(K/K) — 4 with class
arasaz € K*/K** = HY(K, py). For example, if ajasas € K**, then the action of
Gal(K/K) on T(X, ) ®Z is the same as the action of Gal(K/K) on T(F¢)®Z,. In
general, if K contains k, the twisted action is obtained by composing the untwisted
action with the inverse of the quartic character given by ajasas. The value of this
character on Frob, is (%);1

Proof of Proposition 3.9. (i) By Remark 3.10, in this case the action of Ty, is the same
as for the Fermat surface over k, so we read off the result from Proposition 3.3 (i).

(ii) By the same remark, the action I'gp is the same as for the Fermat surface, so
compared to (a) we only need to take into account the action of 7(1). As explained
in Lemma 3.2, it acts on O as the usual conjugation, hence the first formula. If
arazaz € —4Q**, then 7(1) acts on O as the usual complex conjugation followed by
multiplication by (1+14)/(1 — i), which the value on the complex conjugation of the
1-cocycle given by —4. Thus the twisted action of 7(1) sends a + bi to b+ ai, hence
the result.

(iii) Recall that Frob, € ' acts on Br(X)[2™] = O/2™, m > 1, as multiplication
by (%);1%. Here (#242), is 1 if a1azas is a fourth power modulo p, and —1 oth-
erwise. One easily checks that, whatever the sign, the Frob_;,o;-invariant subgroup
of /2™ is killed by 4. But Frob,, for any p coprime to 2, acts on O/4 as multi-
plication by (992) 1 Since ajasas is not a fourth power in k, by the Chebotarev

p
density theorem we can find a prime ideal p such that Frob, acts as —1. This proves

(iii) for k.
The kernel of the natural map Q* /Q** — k> /k** is the group of order 2 generated
by —4. Hence a square in Q which is not a fourth power in Q cannot become a fourth

power in k. The action of 7(1) on O/2 = Br(F)[2] is trivial, so the action of 7(1)

on O/2 = Br(X)[2] is by multiplication by the inverse of the value of the 1-cocycle
given by ajasas evaluated at the complex conjugation. This is an element of {£1},
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so it acts trivially on O/2. Thus the statement (iii) for Q follows from the same
statement for .

(iv) In this case Frob_i o acts on O/2™ as =772 = 1 4 4i multiplied by +1 or
+i. One checks that in all cases the Frob_;o;-invariant subgroup of O/2™ is killed
by 4. By the same argument as in (iii), for any odd prime ideal p C O, the action
of Frob, on O/4 is by multiplication by £1 or #i. Since ajaqas is not a square in
k, by the Chebotarev density theorem we can find a prime ideal p such that Frob,
acts on O/4 as multiplication by 4i. Then the Frob,-invariant subgroup of O/4 is

Z]2 generated by 2(1 +4). This subgroup is 'y-invariant, which proves (iv). O

The following statement answers Question 2 raised at the end of [Skol7] and gives
a different proof of Proposition 3.6.

Corollary 3.11 Let K be a field of characteristic zero, a = (ay,as,a3) € (K*)3,
and let X = X,. Then the action of Gal(K/K) on Br(X)[2] fizes the unique non-
zero g-invariant element; the other two non-zero 2-torsion elements are permuted

by Gal(K (y/araza;)/K).

Proof. The Galois group Gal(K/K) acts on Br(F) via I' = Gal(Q/Q), but I acts
trivially on Br(F)[2] by the proof of (ii) above. Thus Gal(K/K) acts on Br(X)[2]
via the inverse of the quartic character associated to ajasas. The action of s on

0/20 fixes the class of 1 + ¢ and permutes the classes of 1 and ¢, hence the result.
O

Another result of leronymou [ler10, Thm. 5.2] is a corollary of Theorem 3.8.

Proposition 3.12 (Ieronymou) Let X = X, be a diagonal quartic surface over
Q such that 2 does not belong to the subgroup of Q* generated by —4, ay,as, a3 and
Q**. Then Br(X)[2] N Im[Br(X) — Br(X)] =0, so that Br(X)[2] C Bri(X).

Proof. The surface X is split by the field K = k(/a1, /a2, \/az), where k = Q(3).
The kernel of Q*/Q** — k> /k** is generated by the class of —4, so the kernel of
Q*/Q** — K*/K** is generated by the classes of —4, ay, as, az. Hence 2 ¢ K*4,
so the statement follows from Theorem 3.8. [

Proposition 3.13 Let X = X, be a diagonal quartic surface over a field K contain-
ing k = Q). If ayazaz € K** and 2 € K**, then Br(X)[2] C Im[Br(X) — Br(X)].

Proof. By Remark 3.10, the action of Gal(K/K) on Br(X) is the same as the action
of Gal(K/K) on Br(F), so the arguments from the second part of the proof of
Corollary 3.5 still work. [

The proof of Corollary 3.5 shows that in this situation each element of Br(X)[2]
can be lifted to an element of Br(X)/Bro(X) of order 2.
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4 Main theorem

4.1 Reduction to finite group cohomology

Let X, be a diagonal quartic surface over Q with rational coefficients ay, as, az. To
X, and a number field L we attach a finite Galois extension L, and its Galois group

La = L(Z7 \4757 \4/Cl—1, \4/0_2, \4/61_3), Ga,L = Gal(La/L)

We shall also consider a bigger Galois extension L, and its Galois group

.Za = L(Za VS _2a \4/&_1, \‘l/a—Qa \4/a’_3>’ éa,L = Gal(ia/L)

Note that L, splits X, and contains Q(ug). We see that Pic(X), and hence also
Pic(X)* and Ay, are trivial Gal(Q/L,)-modules. By Proposition 3.3 (iii), Br(X)[16]
is a trivial Gal(Q/L,)-module too. Thus I';, = Gal(Q/L) acts on these modules via
G..r. By Proposition 3.3 (iv), Br(X)[32] is a trivial Gal(Q/L,)-module, so T';, acts
on it via C?a,L.

The exact sequence (10) in our particular case takes the form (21). From it we
obtain exact sequences of I',-modules

0 — Ax — Br(X)[16] -2 Br(X)[2] — 0, (23)

0 — Ax — Br(X)[32] % Br(X)[4] — 0. (24)

The sequence (23) is thus an exact sequence of G, j-modules, and so defines a
boundary map H%(G, r,Br(X)[2]) — HY(G,r,Ax). Similarly, the sequence (24)

defines a boundary map H(G, 1, Br(X)[4]) = H(G..r, Ax).

Lemma 4.1 Suppose that the image of the natural map G, — Gal(k(v/2)/Q)
contains the subgroup Gal(k(v/2)/k) ~ Z/4. Then

(a) the group Br(X)[2]NIm[Br(X ) — Br(X)] is the intersection of images of the
following maps:
H'(G,.1, Pic(X)*) — H'(G,.p, Ax) +— H°(G,.1, Br(X)[2]);

(b) the group Br(X){2} NIm[Br(X.) — Br(X)] is the intersection of images of
the following maps:

HY(G, 1, Pic(X)*) — HY(G,1, Ax) +— HY(G, 1, Br(X)[4]).

Proof. Let us show that Br(X){2}'* is killed by 4. For this it is enough to show that
Br(X)[8]"* is killed by 4. Let us first assume that ajasas is a fourth power in L. In
this case, I';-modules Br(X){2} and Br(F){2} are isomorphic. By Proposition 3.3
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(i), the group I'z, acts on Br(F)[8] via its image Gal(L(i,v/2)/L). By assumption,
the subgroup Gal(L(i,+/2)/L(i)) is isomorphic to Gal(k(v/2)/k) ~ Z/2. As in the
proof of Proposition 3.3 (i), the non-trivial element of Gal(k(+/2)/k) can be taken to
be Frob,, where 7 = —1+42:. If z+iy € O is fixed modulo 8 under the multiplication
by Z, then x and y are even. Thus 4 kills Br(X){2}'* in this case. In general, the

Galois representation on Br(X)[8] is obtained by twisting the representation on

Br(£7)[8] by the inverse of the quartic character of ajasas, so I is multiplied by +1
or £4. An easy check shows that 4 kills Br(X){2}"* in all cases.

In view of the exact sequence (23) this implies that the boundary maps
Br(X)[2]'* — H'(L,Ay),  H%G,r,Br(X)[2]) — H'(Gar, Ax)

are injective. We have a commutative diagram

H'(L, Pic(X)*) HY(L, Ax) ~—2——Br(X)[2]"™

L -

HY(G, 1, Pic(X)*) —=HY (G, 1, Ax) =<—H°(G, 1, Br(X)[2])

where the vertical arrows are inflation maps. Claim (a) follows from this diagram.
Similarly, the boundary maps definded by the exact sequence (24)

Br(X){2}"* = Br(X)[4]"* — HY(L,Ax), H*(G,r,Br(X)[4]) — H'(Gar,Ax)
are injective. We have a similar commutative diagram

HY(L, Pic(X)") H(L, Ax) ~——2—Br(X)[4]"

e -

HY(G,. 1, Pic(X)*) —= H' (G, Ax) =<—H(Gor, Br(X)[4]).

It immediately implies (b). O

4.2 The case of Qi)

The main result of this section is the following description of the 2-primary torsion
subgroup of the transcendental Brauer group of X over the field £ = Q(i).

Theorem 4.2 Let X = X, be a diagonal quartic surface with ay,as,a3 € Q*. Then
(Br(Xy)/Bri(X)) {2} is Z/2 if Xy is equivalent to X128 Xqg k, and 0 otherwise.

We will apply Lemma 4.1 to a field extension L = K of k not containing k(\/§)
and such that K, = K(v/2). Then

Gox = Gal(K(V2)/K) = Gal(k(V2)/k),
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Garx = Gal(K (¥/—=2)/K) = Gal(k(¥/—=2)/k).

In particular, the condition of Lemma 4.1 is satisfied.

Lemma 4.3 Let K be a field extension of k not containing k(v/2) such that K, =
K(v/2). Then the cardinality of the image of H (G, x, Pic(X)*) — HY(Gux, Ax) is
equal to the cardinality of the cokernel of H*(G, i, Pic(X)*) — H(Gar, Ax). The
same 1s true if Gk s replaced by CNJa,K.

Proof. By the duality theorem for Tate cohomology groups [Bro82, Exercise IV.7.3]
we have an isomorphism

H (G, x, Pic(X)*) = Hom(H' (G, k, Pic(X)), Z/4).
Since Gk is cyclic, we have a canonical isomorphism
H (G, k, Pic(X)*) = H (G, k, Pic(X)").

Thus HNI(Ga,K,PiC(Y)*) is (non-canonically) isomorphic to H*(G, k, Pic(X)). The
group G, x is also cyclic, so the same argument applies with Z/4 replaced by Z/8.

We have an exact sequence of abelian groups
H°(G .k, Pic(X)*) — H(Gux, Ax) — H(Gax, Pic(X)) — HY (G, x, Pic(X)*),

and a similar sequence for é& k- The cardinalities of the third and fourth groups
are equal, and our statement follows. [J

Lemma 4.4 Let K be a field extension of k not containing k(v/2). Let X = X, be
a diagonal quartic surface where (a1, as,a3) is in the following list:

(1,1,2), (1,1,4), (1,1,8), (1,2,2), (1,2,4), (1,4,4), (1,4,8), (2,4,8).

Then Br(X)[2] N Im[Br(Xg) — Br(X)] = 0.

Proof. In the proof of the statement, we can replace K by a finite extension. In the
cases (1,1,4) and (1,4,4) we go over to K (1v/2) which splits X but does not contain
v/2, so the result follows from Theorem 3.8.

We identify (1, 1,2) and (1, 1,8) as case B59, while (2,4, 8) is case B46 in [Bri02,
Table B]. In these cases H'(G, i, Pic(X)) = 0, hence H(G, x, Pic(X)*) = 0, so we
conclude by Lemma 4.1 (a).

It remains to consider the cases (1,2,2), (1,2,4), and (1,4, 8). Using a computer
we check that the map H(G, x, Pic(X)*) — H(G..x,Ax) is surjective in these
three cases (see Lemma A.1). By Lemma 4.3 it follows that H(G, x, Pic(X)*) —
HY(G,.x, Ax) is the zero map. We conclude by applying Lemma 4.1 (a). [J
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Proof of Theorem 4.2. Since —4 is a fourth power in £ = Q(7) we can multiply
the coefficients ay, as, as by —4 and fourth powers of their denominators if necessary
and so assume that they are positive integers. Write

a; = 2%, ay=2°b, ay3=2%,
where a, b, ¢ are positive odd integers. The triviality of the intersection of Br(X)[2]
with the image of Br(X}) in Br(X) can be proved over a finite extension of k. The
field K = k(/a, v/b, \/c) satisfies the assumptions of Lemma 4.4, so we conclude the
proof by replacing k£ with K, except in the case when Xy is equivalent to X o g X K

which is not covered by Lemma 4.4.

In the rest of the proof we deal with this exceptional case and assume a; = a,
as = 2b, az = 8¢, where a, b, c are positive odd integers.

The main case. Let us first deal with the case (a1, as,a3) = (1,2,8). We observe
that the product of the coefficients is a fourth power in Q, so the I'g-modules Br(X)
and Br(F) are isomorphic. We work over K = k and apply Lemma 4.1 (a). The
action of Gy = Gal(k(v/2)/k) on O/8 factors through a group of order 2 whose
generator acts as multiplication by 14 4. By the standard formula for the first co-
homology group of a cyclic group we obtain H (G, x, Ax) ~ (Z/2)?. The injective
map HY(G, r,Br(X)[2]) = O/2 — HY (G, x, Ax) is therefore an isomorphism. By
Lemma 4.3 the image of H' (G, k, Pic(X)*) — H*(G,.x, Ax) has the same cardinal-
ity as the cokernel of H°(G, i, Pic(X)*) — H°(G,.x,Ax). It can be checked on a
computer (cf. Lemma A.2) that this cardinality is 2.

To prove that (Br(Xy)/Bri(Xx)) {2} = Z/2 we show that this group does not
have an element of order 4. By Lemma 4.3 the image of the homomorphism
HY (G, x,Pic(X)*) — HY(G.x,Ax) has the same cardinality as the cokernel of

HO(G,. 1, Pic(X)*) — HY(Gax,Ax). But this cokernel is the same as the cokernel
of HY(G,x, Pic(X)*) — H%(G4x, Ax), because the action of Gy i factors through
the action of G, k. By Lemma 4.1 (b) we conclude that the 2-primary torsion
subgroup of Br(Xy)/Br(Xy) is Z/2.

The remaining cases. Having dealt with the main case we need to show that in all
other cases Br(X)[2] intersects trivially with the image of Br(X}) — Br(X). There
is a prime p dividing the positive odd integer abc. Let L be the field obtained by
adjoining to k the fourth roots of all the prime factors of abc other than p. Then
X, is equivalent to a diagonal quartic surface of one of the following types.

(p",2,8), where n = 1,2,3. Let K be the extension of L obtained by adjoining
the fourth root of p/4, p/2, p/4, respectively. We note that 2 is not a square in K
and K, = K({L/i) As X is equivalent to X545 X K considered in Lemma 4.4, we
conclude by this lemma.

(1,2p™,8p"), where m > 0 or n > 0. Let K = L(y/p/2). A tedious but easy
verification shows that X is equivalent to one of the surfaces considered in Lemma
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4.4, except in the case (1,2p? 8p?). In this case we let M = L(W) Note that 2
is a square in M, so 8p? is a fourth power in M, hence M splits X. But 2 is not a
fourth power in M, so we conclude by Theorem 3.8.

(p?,2p™, 8p™). Another tedious but easy verification shows that extending L to
K = L(f/ﬁ) reduces all cases, except those equivalent over K to (p* 2p?%, 8), to
the cases covered in Lemma 4.4.

(p,2p™, 8p"). Let Ky = L(r), where 7% = p, and let K = Ky({/m/2). We note
that 2 is not a square in K and K, = K(+v/2). The surface Xg is equivalent to one
of the cases treated before, unless it is equivalent to (72,272, 8).

It remains to show that for the diagonal quartic surface X with coefficients
(r?,2r2,8) over a field K D k such that [K(v/2,/r) : K] = 4 we have Br(X){2} =
Bri(X){2}. The proof uses the following lemma.

Lemma 4.5 Let AXx B be a product of two groups. Let M be a B-module. Consider
M as an A X B-module with trivial action of A. Then the inflation-restriction
sequence with respect to the subgroup A C A X B is a split exact sequence, so we
have a canonical isomorphism

HY(A x B, M) =H" (A, M)? @ HY(B, M),
where H'(A, M)B = Hom(A, M?).

Proof. We have H'(A, M) = Hom(A, M), and since A and B commute, we have
Hom(A, M)® = Hom(A, MP).

The restriction map H'(A x B, M) — H'(A, M)? = Hom(A, M?) has a section
given by the inflation map Hom(A, MP) — HY(A x B, M). Thus H'(A x B, M) is
the direct sum of H'(A, M)? and HY(B, M*) = H'(B, M). [

End of proof of Theorem 4.2. The product of the coefficients (r?, 2r?, 8) is a fourth
power in K, so the Gal(K /K)-modules Br(X) and Br(F) are isomorphic. We have
K, = K(/2,y/r) and G, x = G x H, where

G = Gal(K(V2)/K) = Gal(k(v/2)/k) ~ Z/4,  H = Gal(K(v/r)/K) ~1Z/2,

and H acts trivially on Br(X)[16]. The condition of Lemma 4.1 is satisfied.

We can apply Lemma 4.5 to M = Ax, A = H, B = G. Note that the inclu-
sion (Ayx)Y — Ay is the natural map O/4 — O/8; it induces an isomorphism
HY(H, (Ax)%)——H!(H,Ax) as both groups are O/2. By Lemma 4.5 we obtain

HY(G x H,Ax) = H(G, Ax) @ Hom(H, (Ax)®) = HY(G, Ax) @ O/2.

The map 9, : (0/2)¢ — HY(G,Ax) was already computed in the previous case
(1,2,8), and was found to be an isomorphism. The inflation-restriction sequence
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with respect to the subgroup H C G x H gives rise to the following commutative
diagram, where the middle column is a split exact sequence of Lemma 4.5:

H'(H, Pic(X)*) 0/2

res T res T

HY(G x H,Pic(X)*) — HY(G, Ay) ® 0/2 <2 (0/2)6xH

I

~

HY(G, Ax) ~———(0/2)¢

By Lemma 4.1 (a), if the intersection of images of the maps in the middle row is
zero, then Br(Xg){2} = Bri(Xg){2}. The commutativity of this diagram implies
that Im(9;) coincides with the direct summand H'(G,Ax) of HY(G,Ax) & O/2.
Thus we need to show that the image of H'(G x H,Pic(X)*) intersects H'(G, Ax)
trivially. The cardinality of the image of H'(G x H,Pic(X)*) is 4. This can be
checked using the exact sequence in the proof of Lemma 4.3 using the fact that each
of the groups HY(G x H,Pic(X)) and HY(G x H,Pic(X)*) has 16 elements. Since
(Ax)9*H ~ (Z/4)%, one needs to check that the image of (Pic(X)*)¥*H — (Ax)&*H
is 4. Furthermore, the composition of the left upward arrow and the top horizontal
arrow is surjective; see Lemma A.3 for all these facts. The commutativity of the
diagram now implies the desired result. This finishes the proof of Theorem 4.2. [

4.3 The case of Q

The following is the main result of the paper.

Theorem 4.6 Let X = X, be a diagonal quartic surface with ay,as,a3 € Q*. Then
(Br(X)/Br1(X)) {2} is Z/2 if X is equivalent to Xy _o or X1 _g, and 0 otherwise.

Proof. By Theorem 4.2 we need to deal with the following cases:
(1,2,8), (1,-2,-8), (2,-2,—4), (-2,4,8), (1,2,—2), (1,8,—8). (25)

Each of these surfaces satisfies Q, = Q(i, v/2) = k(v/2). By Lemma 4.1, in order
to conclude that Br(X){2} = Br;(X){2} it is enough to show that the images of
H(G 0, Br(X)[2]) and HY(G, g, Pic(X)*) in HY(G, 0, Ax) intersect trivially.

In the first three cases the product of coefficients is in Q**, so the I'g-modules
Br(X) and Br(F) are isomorphic. Proposition 3.9 (ii) implies that Br(X){2}'e ~
Z)2 x Z./4, hence H(G, g, Br(X)[2]) & O/2. Thus in all three cases H' (G4, Ax)
is isomorphic to HY (G0, Ar). Then a computer calculation (cf. Lemma A.4) shows
that this group is isomorphic to (Z/2)* and in each case the image of H (G, g, Pic(X)*)
has trivial intersection with the image of H’(G, g, Br(X)[2]).
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In the last three cases, where the product is in —4Q**, we have Br(X){2}'e ~
Z/4, hence H(G, o, Br(X)[2]) & Z/2. One checks that in all three cases the group
HY(Ga0,Ax) is Z/2. Then a computer calculation (cf. Lemma A.4) shows that in
the case (—2,4,8) the image of H'(G,.q, Pic(X)*) — H*(Gaq, Ax) is 0. In contrast,
in the last two cases the map H*(G, g, Pic(X)*) — H' (G, 0, Ax) turns out to be
the surjective map Z/4 — Z/2. Thus (Br(X)/Br(X)) [2] = Z/2.

It remains to prove that there is no element of order 4 in (Br(X)/Bri(X)) {2}.
To do this, consider G,o = Gal(k(¥/—2)/Q). By Lemma 4.1 it is enough to

show that the intersection of the image of H(G, g, Br(X)[4]) with the image of

HY (G, Pic(X)*) in HY (G, 0, Ax) is killed by 2. We have a commutative diagram

H' (G0, Pic(X)*) —= HY(Guq, Ax)

E

HY(G,.q, Pic(X)*) —= H (G40, Ax)

which shows that the image of the upper horizontal arrow is isomorphic to the image
of lower horizontal arrow, which is Z/2. This finishes the proof. [J

Proposition 4.7 Let X be a diagonal quartic surface over Q. Let X' be the di-
agonal quartic surface obtained by multiplying any two coefficients of X with —4.
Then the D-modules H2,(X, Qs) and HZ (X ,Qy) are isomorphic, and the T-modules
H2.(X,Z) and Hgt(yl,Zg) are isomorphic for all odd primes €. In particular,
| X(F,)| = |X"(F,)| for all prime powers q coprime to ajasas.

Proof. Twisting both surfaces we can assume that X = F is the Fermat surface
and X' = F' = X(;,_4,—4). Since the degree of the polarisation is 4, it is enough
to construct an isomorphism between primitive cohomology I'-modules Py(F’) and
Py(F’), and also between P(F) ® Q, and P(F’) ® Q. Since —4 € (k*)*, we have
F, = F and thus the representations of I'; are isomorphic. It remains to show that
this isomorphism extends to complex conjugation.

Recall that the action of 7(1) on P(F) fixes the generator: 7(1)(2mie’) = 2mie/,
see (14). Thus for P(F") we have 7(1)(27ie’) = uguz(2mwie’). In Z[z] /(23 + 2> +x+1)
we have 4(1 — z)~! = 2% + 2z + 3. Hence (1 — z)(1 — y) is an invertible element of
Qalx, y)/ (P + 2+ x+1, 3 +y*+y+1) and of Zy[z, y| /(23 +2* +x+ 1, +y° +y+1),
where £ is odd. It follows that multiplication by (1—us)(1—wu3) defines isomorphisms
P(F)® Qe = P(F') ® Qq and Py(F) = Py(F') where £ is odd. Since 'y commutes
with G, these isomorphisms respect the action of I'y,. As one immediately checks,
they also respect the action of 7(1). O
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A Computations for the main theorem

This appendix collects a few computational facts about diagonal quartic surfaces
that were used in the proof of the Main Theorem. While we point out that these
are not too demanding as to be unachievable by hand, it is more realistic to check
them with the help of a computer algebra system. Magma [Magma| code to this
effect is available at https://github.com/dgvirtz/diagonalquartics.

Consider the universal family of diagonal quartic surfaces over Q parametrised
by P, minus the coordinate planes. The generic point 7 : Spec(Q(t1,ts,t3)) — P
corresponds to the diagonal quartic surface X; with coefficients tq, t9,t3. Let

G, = Gal(Q(4, V2, V/t1, Vb2, V/13) /Q(t1, T2, 13)).
Then the exact sequences
0 — Pic(X;) — Pic(X;)* — Ax, =+ 0, 0— Ax, — Br(X;)[16] — Br(X;)[2] — 0
are exact sequences of G,-modules. We denote the generators of G, by
(i) = —i, o(V2) = iV2, 51(Vt) = iV, s2(Vt) = iv/ly, s3(Vts) = iv/ls,

with the understandning that 7 acts trivially on v/2, /&1, /%2, \/T3, o acts trivially
on i, \/ti, /ty, /t3, and similarly for s;, s, s3. The action for a diagonal quartic
surface X, over a number field K is obtained by restricting this generic action to
Gax C Gy. We will describe G, = G, k explicitly for each computation.

In order to assist an independent verification, we give intermediate steps and
details. Fix fourth roots (/ar, /as, \/a3) of the coefficients and a primitive eighth
root of unity ¢. Let G = Gal(k(v/2)/k).

Recall that the abelian group Pic(X) is generated by 48 lines of the form

Ak s o = CMVais, fagey = C"aga,
where (i, j, k) is a permutation of (1,2,3) and m,n € {1,3,5,7}. A basis B of 20
lines, which Swinnerton-Dyer kindly provided to the authors, is given by
L1 aL3  A15  A1,7 431 433 35 51 53 55
Ava g Mg, Ao Ao g Ao, A1 Ao g Alas, A3, Al s,
L1 AL3  A15  A31 33 435
Ags1, Agl31 M3 1, Aysa, Aol 1y Aol
L1 AL3  A15 A3l
Ay 0 A3 2, A3 00 A o

We will write elements of Pic(X) and its dual lattice in this basis.

The description in terms of lines can be identified with the one in the main text

by first matching one line to (L + ¢) and then all others using the actions of (j4)?
and S; on X. The image of (wl, wy) in Ay is then expressed in B by

(11001470736642240404),

1
8
127321611544664224444)
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We will always write elements of Br(X)[16] and Br(.X)[2] in the basis (w;, ws) and

elements of Ax = Br(X)[8] in either (w;,ws) or as images of elements in Pic(X)*
using B.

1-cocycles in group cohomology will be explicitly described as maps from G, to
the coefficient module.

Lemma A.1 Assume k = Q(i) and a € {(1,2,2),(1,2,4),(1,4,8)}. Then the map
(Pic(X)*)% — (Ax)Y is surjective.

Proof. In the first case, one has G, = (0s3s3). Two elements of (Pic(X)*)“ whose
images generate (Ax)¢ = Ax[2] are

(

(_
In the last two cases, one has G, = (0s252) and G, = (0s3s3), respectively, and

(Ax)¥ 22 Z/2 is generated by

Mo b et
CI=JC

o Nl
= O

$-2-20000000000)
0 3

$0000000000)

o =
|- =

2
— 0 —

(-2 -1—-3-11013020000000000). O

Lemma A.2 Assume k = Q(i) and a = (1,2,8). Then the cokernel of the map
(Pic(X)*)¢ — (Ax)Y has cardinality 2.

Proof. One has G, = (0s2s3) and (Ax)¥ = Ax[4]. The cokernel is generated by
(
Lemma A.3 Let K be an extenion of k = Qi) and let a = (r?,2r% 8), where

r € K* is such that [K(\/2,/7) : K] = 4. Let H = Gal(k(y/r)/k). Then the image
of (Pic(X)*)H — (Ax)9*H has cardinality 4,

189271 _15_7_1_9_

N[
NSy
RN
N =
ot
N3

520-10-1). O

1
2

=
N[ =
=

|H' (G x H,Pic(X)*)| = [HY(G x H,Pic(X))| = 16
and the composition of the following maps is surjective:
HY(G x H,Pic(X)*) = H'(H, Pic(X)*) — H'(H, Ax) = Ax[2].

Proof. One has G, = (05552, 5252). A basis of (Pic(X)*)“*H is given by the elements

1 241 31 12 1 0-1-1 0-1-1 00000),
(3 00 0 0 0 5 0 3 0 0 0 0 0 00000),
(-3 -200-1-1—-5 0-1-12 1 1 0 1 1 00000),
¢ f11 L 0-4 1L 1 0-1-1 0-1-10000).

o
ot



The image of their span in Ay is Ax[2].

The cohomology of Pic(X) was already computed in [Bri02, Table B] in case B37.
Let g (resp. h) be a generator G (resp. of H). A basis of H(G x H,Pic(X)*) =
7)2 x ]2 x Z./4 is given by three 1-cocycles which are uniquely determined by the

images of ¢ and h:

g—(G3-10-12212 23 -2-2-2-1-1001-10)
h—(0-10-10110-11-2-1-1 1 1200 00)
g— 0
h—(3051000-3-1-20000000000)
g (-30-3-f-to 0-3-1-311341 Loo10)
he— (03 3 1-3-1-4-3-3-111100-10000)
The last two cocycles map to nontrivial generators of H' (H, Ax) = Ax[2]. O

Lemmas A.1-A.3 only rely on facts about Pic(X), Pic(X)* and Ax. In particular,
no computational input about the transcendental lattice and its interplay with the
algebraic cycles is necessary. Thus the verification of the computational facts up to
this point can be achieved using solely the description in terms of lines. This is not
so for the next lemma used in the proof of Theorem 4.6.

Lemma A.4 Assume k = Q and a is in the list (25). Then the intersection of
images of the following maps

HY(G,, Pic(X)*) -2 HY(G., Ax) <2 Br(X)[2)%
is trivial in the first four cases and is Z./2 in the last two cases.

Proof. In all cases G, is generated by two elements (g1, go), which we specify. We
then describe 1-cocycles by their images on ¢g; and gs.

Case a = (1,2,8). We have g; = 05555 and go = 7. The group H*(G,, Pic(X)*) =
(Z/2)? is generated by the cocycles

11 9 7 15 7 11 17 5 5 75 3 1 1

(5502555 " 1gs —7 172113231 -3)

g2 — 0

43 15 29 7 7 23 19 3 11 27 29 25 9 5 3
G (=% T % 17371 "dis 17s 1 27 32 0-51-31-33)

1 3 1 3 9 5 5 1 5 5 5 1 3
2= (3 1 1732 1 2 11 1 23-3-3-23 3 00 00).
The group H(G,, Ax) = (Z/2)* is generated by

=02 g (=40  g~— (=20 g~ 0

g2 0 g2 0 g2 — (01) g2 — (=4 0).
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Written in the above bases, the maps 0y and p are represented by
1100 0000
, and :
1110 0100

Case a = (1, -2, —8). We have g; = 05253 and g = s9537. Then H' (G, Pic(X)*) =
(Z/2)? is generated by the cocycles

O NI
~—

7 11 _11 _17 11 13 19 23 31 1 _15 2 _3 _1 753 1
g (1% % "% s iy ss 0T T4 1 34 423 3
9 _1 _5 1 _1 5 3 _15 5 1 _3 5 3 3 _11 1
2= (=5 =2 = 171125 075 173 1 1 212073
31311 1 513 1 3 _3 1
= (315352 151550-5-5-2-30000)
g — 0
The group H'(G,, Ax) = (Z/2)* is generated by
=44 g= (=20 g 0 g (22
g2 — 0 g2~ 0 g2+ (4 4) g2 — (=1 0).
Written in the above bases, the maps 0; and p are represented by
1101 1010
, and :
0001 0000
Case a = (2,—2,—4). We have g; = 05,53 and gy = s3537. Then HY(G,, Pic(X)*) =
(Z/2)? is generated by the cocycles
R R T
go — 0
1 _3 13511 117 _9 _5_3_7135¢3 1
(-5 5235350551172 11223523
g — 0
g~ (O 3 -2-1 3-1-4 5 6 33-3-5-5—-6 111 00)
23 5 _21 1 3 5 _15 _1 _15 15 179 5 1 1
o= (=% —1-% 17271 1% 1 51 L3 1 1-130-310)
The group HY(G,, Ax) = (Z/2)* is generated by the same cocycles as for (1, —2, —8).

Written in the above bases, the map 0; and p are represented by
0000

1101
,and {1000

0001
0010
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Case a = (—2,4,8). We have g; = 0s3s2s3 and g, = s;7. Then H'(G,, Pic(X)*) =
(Z/2)? is generated by the cocycles

735 3 1 3 3 3 31113 1 3 1 1
= (5522-% 275 375 s1i21 1203 -13)
g2'—>0

35 5 _.139_5_9 7 _¢_.3 1 _7_3_1_1535 _3
o= (15 §-1 3513555 1-3% 1-1-35-1"13323 —32)
53 _1 113 _3 21 1 _3 _ 7 _5_9_9 _1 3 _1

g (—55-1-1F35-5% 1% §-7-1-35—7-1"333%2—3)

which map to 0 in H(G,, Ax).

Case (1,2,—2) (resp. (1,8,—8)). We have g; = osys3 (resp. g1 = os3s3) and
g2 = s37. The group H(G,, Pic(X)*) = Z/4 is generated by the cocycle

15 23 13 23 61 25 19 21 17 _ 3 1 35 1 _ 5
g =5 -35-5-35 % 60 5-F-%-%5-1-1 53137 4 3 3 2-3)
_9 17 7 5 5 9 11 _ 19 5 _o _1 _11 3 11 7 _1_3_5
resp. = (0 —g 3 1 8 4 8 B8 3 1 S -1-7 27 7 3727 3 —3)
_47T 9 39 3 17 21 o 13 9 _ 43 43 9 4v 17 1 3 _ 11 3
g2 = (=% —2 =5 171 4 2% 5 ~% 4 3 21 3 1-=2 0 35 2

which maps surjectively onto HY(G,, Ax) = Z/2, which is generated by the cocycle
sending ¢; to (—2,2) and g, to 0. O

B Computations for the supplement

We carry over notation from Appendix A. Let a = (1,2,-2) or (1,8, —8). The

task is to compute the first hypercohomology of the complex Pic(X)* LN Br(X)[16]
for K = Q and Q(i). Hypercohomology functionality is currently not available in
Magma and had to be added. Code to this effect is available at
https://github.com/dgvirtz/diagonalquartics.

Our concrete implementation partially constructs the Cartan—FEilenberg resolution
of the above complex and computes its first total cohomology. More precisely, let

Z'(M) denote the space of 1-cocycles for a group module M. Then we construct
the complex

0

T

71 (Pic(X)*) —2% 71(Br(X)[16])

UOOT 'UIOT

Pic(X)* —— Br(X)[16] —= 0

where hg; is the map induced by ¢ and the vertical maps are the differentials of the
standard resolution. Details of the calculations are as follows.
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08953, Then Z!(Pic(X)*) =

Q(i), the group G, is generated by g

Z'* is generated by 14 cocycles which map g to

In the case k&

TN TN N N N N N N N N N N N N
O = A O - O O = ™ ™ = = — O
| ot
— o O 4 O 4 AN 4 M - AN 4 N AN
- = O = O = = —~ N —~ N —~ AN
— HA MmN AN O HAama—Ha N O O O O O
_
[a) ‘I_* — O O O 4 O N O o o o O
— NN AN AN O HAamana AN — AN — AN AN
I _ [ N
S NN AN A Aamana N O —H O — A
|
N 1N AN AN O AN HN—HN - O O O O O
L [
T AT A AN HF AW O O O O _I_A [a)
— N O AN O O H HeH H O OO
[
— NS AT O MFEdFENF AN — O O O O
AN N H NN~ AN AN e A~ AN
M MmN nN AN O mAavaLa ) AN M — AN AN
N —H MmN Ao~ N AN — AN AN
<t mlavAana H v~ D~ AN MM — AN M
N e L e A
D ol I ol - o] el e E N ™ — A M
e I R L L0
AN =N AN = AN AN o~ OO
e e A B B _
[aN] ™M» A AN ™

M NI NI~ < 1_4 1_4 1O AN
— —

S N N N N

N~ N N N —
~— ~—

9

|

—-22-4-44 6 00000
39

-1103 3 -1-200000

01
0-2 4

|

(Br(X)[16]) is generated by two cocycles which map g to (4,4) and to (—4,0).
Using B, (wy,ws), and the bases for cohomology above, one checks that hgp is

represented by

and Z!



vgo is represented by

-10 0 -1-12 0 1 0 0-11 0 0]
1 00 1-1-20-101 0-2-12
-10 01 1.0 0 1 0 0 1 1 0 —2
1 0 0 —11 0 -10-10 0 1 0
-10 0-1-12 01 0-211 0 -1
1 00 1-1-20-101-20-13
-10 01 1.0 01 0 0 1 -12 =3
1 001 1-20-1001-=100
-10 0-112 01 0-10 2 1 -2
1 00-1-100-1020-1-10 2
0 1 -1 2 -1-2-1-12 2 —2-1-11
0 -11-1-1110 2 -1-201 1 0
01 -1-10 1 1-10 0 0 1 0 -1
00 0-10 01 0-1020010
000 001 0-=10200 0-=-11
000 0 1—-1-101000 0 0
-11 0 0-10 1 0 0 0 0 0 —10
0 -10-211 00 0001 0 0
1 101 0-1-10201-1-11 0
001 2 0-2-10010-10 1

and vyq is represented by

-1 -3

-2 9|
Computing the total cohomology of the complex given by these maps (and not
forgetting the sign change for vg;) one gets that the first hypercohomology is (Z/4).

In the case k = Q and a = (1,2, —2), the group G, is generated by g, = osy53
and go = s37.

40



Z'7 is generated by 17 cocycles

Then Z'(Pic(X)*)

I o I R e S A e S A S S S A B S S
Q_u o Q_u o T o< o 1_. o 1_4 o @ o 1_‘ o 1_. o @ o<« o 1_. o _I_A o o<« o
AN NN = N HN O O O HN O H O O O HN O HN O O ‘I_* @] 1_‘ (a] ‘I_L o O o o O
_
N = =~ - - O O - - O O - - O O - A O O O O O o o o o O
— N O BN DO AN H H O HNH N O O H NN O Ha—H H H O O O O O O O o O
_
eIl H_4 — N_4 it o H AW NN~ O ANt O —HFnanama O — O —H O O O —a O
_ _ _ [ e I I L _ _ _

AN © O - O MNH AN N O NN N MmO 4 N 4 OO o a0+ 00 o0 oA o
_ _ o [ I o _ _ _
ool O :lu_4 S ot = H Aot =N O Aot O HFolama - O O O O O O O —Ha o
_ _ [ [ I [ _
=N ol M_4 — It o H AN NN WF O AN NANWF T A AN MmANa O N O —w O O O ~Ha O

[ _ O O e _ _ _
N O N O O N 4 N -4 4 O N O 4 4 N4 O 4 4 NN 4 O O O o o o o o o
_ _ L _ _ I ([
A=< B_4 T O AN A AN O AN AN O ol A s H O O O O O O~ O
I A | ! | | | |
b~I<t -l B_S AN oo AN oIt 100 Ml b=]00 It | zlu_8 N ~lo Wi ot O HIN O N O A O it O
_ _
A ol =l ] Rl e AN AN O ;o AN Sl D aFmawFEvavanca O — O — O O O —Ha O
_ _ _
It D00 M M0 NN D0 ™ NI 00 =t -0 O I It -l O oo A = HIF O HIN O HN O HN O It O
[ _ _ _ _ _ _
AN A D N O I AN O N H NN AN AN HN O O O H O O O O
_ _ _ _ _
WA~ — ol — ol AN AN = < 0~ < | 5_2H4 AN A —HNa O H O O O —H O Ha O
_ _ _
MN N ~AN M NN o o HN o AN O O HANH HN o O H —H O -H O -H O - O O O
_ _ _ _ _ _ |
Sl M_4 ) N_4 <f It O HANWLIF AN O T DA AN o AN AN O —H O O O e O
_ _ _ _ [ [ _
I B oo I Rop I N0 QY 1 I M0 = M0 v ol ol Do — oo RIS el ol O ma O O Ha O = O
— [a\] i —
_ _ b [ R O N _ _ [ _
S ol ;i 10| I I S O Nt O HIF O ot H Ao AN AN H O O O O O O Ha O
[ [ 0 _
IS0 0 = Qeo N =l — O I D0 It 100 ™ I I D00 —N D0 DH I I O A O —HN O —HlN O I O
~—r ~— ~— ~— S~ N T N N N N
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0 00 0 0
0 00 0 0),
0 00 0 0
0 00 0 0

0
0
0
0

0
0
0
0

0
0

0
0

0
0
0

2

0
2 0 0
41
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1
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g (=1 -1 -1 -1
g~ (0 0
g (=1 -1 -1 —1
g~ (0 0



and Z'(Br(X)[16]) is generated by two cocycles

g1+ (40) g1 — (—4 4)
g — (—11) g2 — 0

Using B, (wy,ws), and the bases for cohomology above, one checks that hgp is
represented by

T
-2-6202-24 -2-2-40000000
-5 -2605-7-4-78 -7T7666100

)

Voo is represented by

(22 1 0-22 1 0 1 -3-100-10 0 0
1 -10-11-1000 21001 0 1 -1
0 0-12 00 0-100=-1020120 0 0
1 -10-11-1-11-111 0 0-10 -11
0 -10-20 2-3011-100-10 -23
1 0-11-1-11-1-111 00 1 0 1 0
-21 2 0 2 0 0 3 0-4-10 01 0 0 -3
01 0 2 0-230-1-11001 0 0 -2
-10 1 -111-22 0-2-10 0-10-11
2 -1-20-20 0-30 41 0 0-10 0 2
01 -12-1-12-201201-12-12 -1
0 -11-201-41200-11-10-22
01 -11-202-1-10201-1-11 0 1
00 0-10001-102000=-110 0
000 001 0-=102002020°00 0 0
0000 1-100010000=10 0
-22 1 1 -101-22-1-1100 1 0 =2
0 -10-312-30210-10-20 0 2
01 0 3-1-2320-2-111201-11 -2
|1 -10 0 1 -1-11-110 0 1 2 11 —1

and vyq is represented by

|

Putting everything together, one gets that the first hypercohomology is Z/8. The
calculations in the case (1,8, —8) over Q are the same except that in the above list
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of cocycles for Z'(Pic(X)*) the images of g; have be to replaced by
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the matrix representing hg; by

T

|

-2-6202-24-2-2-400 0 00060
-7-3-12000-3-1-20-3-1-11060

|
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and the matrix representing vgg by

22 1 0 22 1 0 1 -3-100-1-10 4]
1 -10-11-10020 2100 1 11 -3
0 0-12000-100-10011200
1 -10-11-1-11-1110 0-11 —1-1
0 -10 -20 2 -3011-100-1-1-24
1 0 -11-1-11-1-1110 0 111 —1
21 2 02 00 3 0-4-10201 1 0 =2
0102 0-2320-1-1102011 0 -3
10 1 -111-220-2-100-11 —12
2 -1-20 -20 0 -30 410 0-1-10 1
0 1 -12-1-12-2011000 2 0 2 -3
0 -11-201-41 200 0 0 ~10 1
01 -11-202-1-1010200-1-1-24
00 0-1000T1-1001--10-20 1
000O0O0T1UO0-10010-11-21-23
0000 T1-10020T1T0T1--111 2 —4
22 1 1-101-22-1-10 1 1-10 1
0-10-312-3021100-1-20 —13
01 0 3 -1-230-2-1-10110 2 1 -2
1 -10 0 1 -1-11-1110-10 0 1 0 —1]
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