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ABSTRACT

We obtain an easy sufficient condition for the Brauer group of a diagonal quartic surface D over
Q to be algebraic. We also give an upper bound for the order of the quotient of the Brauer
group of D by the image of the Brauer group of Q. The proof is based on the isomorphism of
the Fermat quartic surface with a Kummer surface due to Mizukami.

Introduction

Let D C IP’(?@ be the quartic surface defined by the equation
ry + a1x] + asxs + azxz =0, (1)

where a1, a2,a3 € Q*. Let Hp C Q* be the subgroup generated by —1, 4, a1, as, ag and the
fourth powers Q**. We write D for the surface over an algebraic closure Q obtained from
D by extending the ground field to Q, and let Bry(D) = Ker [Br(D) — Br(D)]. Our first
main result (Corollary 3.3) states that if {2,3,5} N Hp = (), then Br(D) = Bry(D), that is,
the Brauer group of D has no transcendental elements. Note that Br(D) is known to be finite
modulo Bro(D) = Im [Br(Q) — Br(D)] by a general theorem proved in [20]. The complete list
of possible values of the finite abelian group Bry(D)/Brg(D) can be found in the thesis of
Bright [1].

Our proof is based on the crucial observation that the Fermat quartic surface X C ]P’%
given by

o+l +ay+az=0 (2)

is a Kummer surface, at least after an appropriate extension of the ground field. Over C
this was first observed with some surprise in 1971 by Shafarevich and Piatetskii-Shapiro as
an application of their global Torelli theorem for complex K3 surfaces [12]. In his thesis [9]
(see also [10]) Mizukami constructed an explicit isomorphism between X and the Kummer
surface Kum(A) associated with a certain abelian surface A over Q. The details of Mizukami’s
construction can be found in the Appendix to this paper written by Peter Swinnerton-Dyer.
There is a rational isogeny A — E x E of degree 2, where E is the elliptic curve y? = 2% — 4z.
The Kummer surface Kum(A) can be given by equation (A.1) of the Appendix. Note that
Mizukami’s isomorphism X -=Kum(A) is only defined over Q(v/—1,+v/2) = Q(usg). Using [21,
Proposition 1.4] we conclude that the Brauer groups Br(A4) and Br(X) are isomorphic as
modules under the Galois group Gal(Q/Q(ug)). This allows us to control torsion of odd order
in Br(D) (see Theorem 3.2). The 2-primary torsion subgroup of Br(D) was studied in the thesis
of the first named author. The result that concerns us here is [4, Theorem 5.2] which states
that if 2 ¢ Hp, then the 2-primary subgroup of Br(D)/Br; (D) is zero. This gives Corollary 3.3.

Received 15 December 2009; revised 1 July 2010; published online 16 March 2011.
2000 Mathematics Subject Classification 11D25, 14F22, 14J28.



660 E. IERONYMOU, A. N. SKOROBOGATOV AND Y. G. ZARHIN

Let us note in this connection that Bright listed many diagonal quartics D over Q that are
everywhere locally soluble, but have no rational point of height less than 10%, while Bry (D) =
Br(Q) (see [1, Appendices B and C]). An inspection of his tables reveals that in all cases we
have 2 € Hp. This hints at the possibility that a potential failure of the Hasse principle may
be explained by the Brauer—Manin obstruction attached to a transcendental element of Br(D).
See [2, Example 3.3] for another example of an everywhere locally soluble diagonal quartic
with no algebraic Brauer—-Manin obstruction and no known rational points.

As an application of Corollary 3.3 we exhibit diagonal quartic surfaces D over Q such
that Br(D) = Br(Q). Indeed, Bright’s computations (see [1, Appendix A, case A161 and its
subcases]) show that Bry(D) = Br(Q) for the following diagonal quartics D:

T + 4o + cxd — cxs = 0. (3)
By combining this with our Corollary 3.3 we see that Br(D)= Br(Q) for ¢=1,6,7,9,
10,11,.... The surfaces (3) have obvious Q-points, e.g. (0:0:1:1), and it is an interesting

question whether weak approximation holds for these surfaces.

An analysis of the Galois representations on points of order 3, 5 and 16 of the lemniscatic
elliptic curve E, together with Mizukami’s isomorphism and [21, Proposition 1.4], allows one
to obtain an upper bound on the size of the Brauer group of D. The second main result of
this paper, Corollary 4.6, says that Br(D)/Br;(D) C (Z/n)?, where n = 210 .3 .5. Combining
this with Bright’s computations [1] we obtain that the order of Br(D)/Bro(D) divides 22 -
32.52. By a recent theorem of Kresch and Tschinkel [7, Theorem 1], this implies that the
Brauer-Manin set D(Ag)P" is effectively computable (see Corollary 4.7).

1. Brauer group and finite morphisms

Let k be a field of characteristic 0 with an algebraic closure k and the absolute Galois group
Iy, = Gal(k/k). If A is an abelian group, we write A4,, for the kernel of the multiplication by n
map A — A.

ProPOSITION 1.1. Let X and Y be geometrically irreducible smooth varieties over k, and
let f:Y — X be a dominant, generically finite morphism of degree d. Then the kernel of the
natural map f*:Br(X) — Br(Y) is killed by d. In particular, for any integer n > 1 coprime
to d, the map f*: Br(X), — Br(Y),, is injective.

Proof. By a general theorem of Grothendieck (see [8, Example II1.2.22, p. 107]) the
embedding of the generic point Spec (k(X)) in X induces an injective map Br(X) — Br(k(X)),
and similarly for Y. Since the composition of restriction and corestriction

COTES () /k(X) © TSk (v /k(x) * Br(k(X)) — Br(k(Y)) — Br(k(X))

is the multiplication by d, the kernel of the natural map f* : Br(X) — Br(Y) is killed by d, so
our statement follows. O

COROLLARY 1.2. A degree d isogeny of abelian varieties f : Ay — A induces a surjective
map of T'y-modules f*: Br(As) — Br(A;) such that dKer (f*) =0. In particular, this map
induces an isomorphism on the subgroups of elements of order coprime to d.

Proof. Ifg is an abelian variety over k, then the Néron-Severi group NS(A) is torsion free.
Let r = dim A and let p = rk NS(A). Then we have Br(A) ~ (Q/Z)™, where m = r(2r — 1) — p,
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and r(2r — 1) is the second Betti number of A (see [3, II and III, Corollary 3.4 and formula
(8.9), pp. 82, 146]). By Proposition 1.1 the map f* : Br(A;) — Br(A4;) is a homomorphism
(Q/Z)™ — (Q/Z)™ whose kernel is killed by d. Such a homomorphism is necessarily surjective,
as shows the following well-known lemma. |

LEMMA 1.3.  Any homomorphism (Q/Z)™ — (Q/Z)™ with finite kernel is surjective.

Proof. Letj: (Q/Z)™ — (Q/Z)™ be a homomorphism such that d Ker (j) = 0 for a positive
integer d. The group (Q/Z)™ is the union of finite subgroups F,. = ((1/r)Z/Z)™ for all positive
integers r. We have j(Fym,) C Fgm,, moreover, the index of j(Fym,) in Fym, divides d™.
This implies that j(Fym,) contains d™Fgm, = F,.. Since this holds for all r, the map j is
surjective. |

THEOREM 1.4. Let X and Y be geometrically irreducible smooth varieties over k. Let
f:Y — X be a finite flat morphism of degree d, such that k(Y') is a Galois extension of k(X)
with Galois group G. Then d*Br(Y)¢ C f*Br(X). In particular, for any integer n > 1 coprime
to d = |G| the natural map f* : Br(X),, — Br(Y)% is an isomorphism.

n

Proof. Let Ox and Oy be the structure sheaves. See [11, Lecture 10] for a construction of
a natural map of coherent sheaves f,Oy — Ox which induces the norm map on the generic
fibres k(Y) — k(X). The composition of the canonical map Ox — f.Oy with f.Oy — Ox
sends u to u?. The étale sheaf G,, x is defined by setting G,, x(U) = I'(U, Oy )* for any étale
morphism U — X, and similarly for G,,, y. We thus obtain natural morphisms of sheaves

Gm,X — f*Gm,Y — Gm,X7
whose composition sends u to u¢. Applying HZ (X, -) we define the maps

resy; x coresy; x

Br(X) HZ, (X, f.Gpy) Br(X),
whose composition is the multiplication by d. Note that f* : Br(X) — Br(Y) is the composition

of resy, x and the canonical map
HZ, (X, fGmy) — HE, (Y, Gm,y) (4)
from the Leray spectral sequence [8, Theorem 1.18(a)]
HE, (X, Rf.Gyy) = HE (Y, Gy y ).

We have R f.G,, y = 0 for all i > 0 because f is a finite morphism [8, Corollary I1.3.6]. Thus
the Leray spectral sequence shows that (4) is an isomorphism. Therefore, we obtain the maps

resy, x=f" coresy, x

Br(X Br(Y) Br(X).
As was mentioned above, the embedding of the generic point into X induces an injective
map Br(X) < Br(k(X)), and a similar map for Y. By functoriality we get the following

commutative diagram
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Br(X)—— Br(k(X))
lresw/)/k(m

)
) Br(k(Y)) ()
)

oy

coresy/ x

(Y
i \Lcoresk(y)/k()g
(

Br(X)&~—— Br(k(X)).
Let I'yx) = Gal(k(X)/k(X)) and Ty = Gal(k(X)/k(Y)), so that Iyx)/Try) = G, and
consider the Hochschild—Serre spectral sequence of Galois cohomology

HP (G, HY(Dy vy, k(X)) = HPFU(Tyx), k(X)) ).

By Hilbert’s theorem 90 we have Hl(Fk(y),k(X)*) = 0. We thus obtain the following exact
sequence

Br(k(X)) — (Br(k(Y)) — H*(G,k(Y)").

The last term is an abelian group killed by |G| = d. This implies that for any a € Br(Y)¢ we
have da = resy(y)/x(x)(7) for some v € Br(k(X)). Then we have

dy = coresy(yy/k(x) © TeSk(y)/k(x) (V) = coresyy)/k(x)(da) = dcoresy, x () € Br(X),

where the last equality is due to commutativity of the lower square of (5). From the
commutativity of the upper square of (5) we finally obtain

o = dresyyy/e(x) (V) = resgyyk(x)(dy) = resy,x (dv) € f*Br(X).

For the last statement, the surjectivity is clear since Br(Y)¢ C d?Br(Y)Y. The injectivity
follows from Proposition 1.1. O

2. On torsion points of the lemniscata

Let E be the lemniscatic elliptic curve y? = 22 — x over Q. It has complex multiplication by

O = Z[i], where i = /=1 acts on E by sending (x,y) to (—x,iy). We denote by [a + bi] the
complex multiplication by a + bi € Z[i].

Let ¢ be a prime number, Oy = O ®z Z, and let T;(E) be the f-adic Tate module of E. For
a subfield K C Q we write I'x = Gal(Q/K). Let p, : g — Autg, (Ty(E)) be the f-adic Galois
representation attached to E/Q.

The action of O on E = E xg Q endows T;(E) with the natural structure of an Op-module;
it is known that this Og-module is free of rank 1 (see [17, Remark, p. 502]). The action of O
on E is defined over Q(i), and we have

pe(Dowy) € Of C Autg, (Ti(E))

[17, Corollary 2, p. 502], in particular, pg(I'g(;)) is abelian. In fact, by [15, p. 302], p¢(I'g(;) is
an open subgroup of Oj.

A prime p splits in O if and only if p =1 mod 4. Such a prime is uniquely written as
p = (a+ bi)(a — bi), where a & bi = 1 mod 2 + 2i. The principal ideals (a 4 bi) and (a — bi) of
O are complex conjugate, with residue fields isomorphic to IF),.

Assume that p # £. Since E has good reduction at p, the f-adic representation p, : I'g —
Autg, (Ty(E)) is unramified at p. A Frobenius element Fr,, € py(T'g) is the image of a Frobenius
automorphism at the prime p, and so Fr,, is well defined up to conjugation in p,(I'g) (see [16,
Chapter 1, Sections 1.2 and 2] for more details). The representation p; : gy — Autz, (Ty(E))
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is unramified at (a + bi) and (a — bi), and the corresponding Frobenii are well-defined elements
of the abelian group p¢(I'g(;)). In p¢(I'g) these two elements are conjugate by pe(c), where
c € I'g is the complex conjugation, so they are precisely the elements of the conjugacy class of
Fr, in p¢(Tg).

A well-known fact going back to the last entry of Gauss’s mathematical diary (via Deuring’s
interpretation on Hecke characters) is that the Frobenius element in p,(I'g;)) C O attached
to the prime ideal (a + bi) equals a + bi (and similarly for a — bi, see [5, Theorem 5, p. 307] or
(14, Proposition 4.1 and its proof, Theorem 5.6]). In what follows, Fr,, stands for either a + bi
or a — bi, for example, Frs5 = —1 + 24 and Fri7; = 1 4 44.

We choose a basis of the free Zy,-module Ty(E) of rank 2 so that the image of [i] € O in
Endy, (T;(E)) is represented by the matrix

0 -1

1 0)°
Then Oy C Endg, (T;(E)) consists of the matrices

a —b

b a

for all a,b € Z,.

PROPOSITION 2.1. Let k be a Galois extension of Q(i).

(a) If the exponent of Gal(k/Q(i)) divides 4, then Endr, (E;) = O/{ for any prime { > 7.
(b) We have

0/5 if /5 ¢k,
End(E5) otherwise;

0/3 if /=3 ¢k,

Endr, (Es5) =
ndr, (E5) { End(E3) otherwise.

Endpk_ (Eg) = {

Proof. Let p,:T) — Auty,(E;) ~ GL(2,Fy) be the Galois representation modulo /¢
attached to E/k. Define A C T, as ﬁ[l(F}f), and let M = @A. If M # k, then there exists
v € T, such that p,(v) has two distinct eigenvalues in Fy. The centralizer of p,(7) in End(E))
is an Fy-vector space of dimension 2 which contains O /¢ and so is equal to it. Hence in this case
Endr, (E¢) = O/C. If M = k, then the image of 'y, in GL(2,F;) is the group of scalar matrices,
so that Endr, (E;) = End(Ey).

To prove (a) we note that the prime 5 splits in Q(¢) and hence Frs = —1 + 2i € O} belongs
to p¢(Dg(i)). Our assumption implies that Fry belongs to pe(I'y). Since Fry = —7 4 24i is not
congruent to an element of F; modulo ¢, we see that 5,(I'y) ¢ F} so that Endp, (E¢) = O/L.

To prove (b) it suffices to show that when k = Q(i), then M = k(v/5) for £ =5, and M =
k(v/=3) for £ = 3.

Case = 5. Since 5 splits in O, the I'y-module Fj is the direct sum of characters y1 & x2
with values in FZ. Then M is the fixed field of Ker (x1x5 ).

The duplication formula gives the z-coordinate of the double of a point (x,y) on E as
(22 +1)?/4x(2? — 1) (see [18, Chapter X, Section 6, pp. 309-310]). Using this it is easy to
see that a point (z1,y;) such that 27 = (14 2i)~! generates Ker [1 — 2i], and that a point
(w2,y2) such that 23 = (1 — 2i)~! generates Ker [1 + 24]. This implies that y{ = —4(1 + 2i)~3,
ys = —4(1 —2i)73. Then M; = k(y1) and My = k(yz) are cyclic extensions of k of degree 4
which are linearly disjoint since M is totally ramified at the principal prime ideal (1 + 2i) and
unramified at (1 — 2i), while My is totally ramified at (1 — 2¢) and unramified at (1 + 2i). We
can therefore identify Gal(M; Mz /k) with Gal(M; /k) x Gal(Mz/k). Let g1 denote the generator
of Gal(M; /k) ~ Z/4 such that g1(y1) = iy1. We define g2 similarly. From the above it is clear
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that M is the fixed subfield of glg2 . Note that fylyg is fixed by g195 ! and (%y1y2)4 =5.
Since [M : k] = 4 we conclude that M = Q(v/—1, \[)

Case ¢ = 3. Since 3 is inert in O, it follows that I‘k acts on E3 by a character x with values
in Fj. Recall that A C Ty, is x~*(&1), and M = Q

Applying the duplication formula we immediately see that if P = (z,y) is a point of order
3 in E, then z is a root of the polynomial f(t) =% —2t> —1/3. By Eisenstein’s criterion
2* 4+ 622 — 3 is irreducible over Q, and even over k since 3 is an irreducible element of the unique
factorization domain Z[i]. The polynomial z* + 622 — 3 completely splits in k(v/—3) since it has
aroot (1+1i)a(a® —i)/2, where a = v/—3, and k(v/—3) is a Galois extension of k. Hence f(t)
is irreducible over k with splitting field M; = Q(i, v/—3). Let My = M;(y) = My (v/2® — x).
Since P has order 3, the points P and [i]P span the Fs-vector space Fs, so that E3 C E(Ms).
It is clear that [Ms : k] is 8 or 4. The prime 17 splits in Q(i) = k, and hence 1+ 4i € O3
belongs to p3(T'y). Since 1+ 4i modulo 3 has multiplicative order 8, the order of the Galois
group Gal(k(Es3)/k) is divisible by 8. Therefore, My = k(Es3) is an extension of k of degree 8,
[Ms : My] =2, and Gal(k(E3)/k) = (Z[i]/3)* = F§ is a cyclic group of order 8.

The M;-linear automorphism of Ms which maps y to —y corresponds to the multiplication
by —1 in E3 and so belongs to A. Therefore M = @A C M, and in fact M = M; since 5 has
index 4 in F. Thus M = Q(i, v/—3). O

3. A sufficient condition for the Brauer group of D to be algebraic

We need an easy lemma from Galois theory.

LEMMA 3.1. Let b;,d € Q*, and let F = Q(v/—1, /b1, ..., Vb,). Then t* — d splits in F if
and only if d belongs to the subgroup of Q*/Q** generated by the classes of —4 and the b,
i1=1,....n

Proof. This is [4, Lemma 5.4]; we reproduce the proof for the convenience of the reader.
The field F is a 4-Kummer extension of Q(y/—1), so d is a fourth power in F if and only if d
belongs to the subgroup of Q(v/—1)*/Q(yv/—1)** generated by the b;, i = 1,...,n. Moreover,
the kernel of the natural map

Q*/Q* — Q(V-1)*/Q(v-1)**

is a subgroup of order 2 generated by the class of —4. |

From now on let k= Q(v/-1,v2) and F = k(¥ar, {/az, {/az), understood as normal
subfields of Q.

THEOREM 3.2. Let D C P} be the diagonal quartic surface (1). Then for any prime { >
we have Br(D) =0. Moreover if 5 (resp. 3) does not belong to the subgroup of Q* /Q*4
generated by the classes of —1,4,ay, a2, as, then Br(D)g@ =0 (resp. Br(D)FQ =0).

Proof. Let X be the surface (2), and let A be the abelian surface defined in Theorem A.1.
Since D xg F ~ X xqg F the I'r-modules Br(D) and Br(X) are isomorphic. By Mizukami’s
isomorphism (Theorem A.1) the Fermat quartic X is isomorphic to Kum(A) over k, so
that Br(X) and Br(A) are isomorphic as I';-modules [21, Proposition 1.4]. Since ¢ is odd,
Corollary 1.2 now implies that Br(D)s~ and Br(E x E)s~ are isomorphic as I'z-modules,
so it is enough to prove that Br(E x F)gF = 0. The I';-module HZ (E x E, uy) is naturally
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isomorphic to Z/¢ ® Z/¢ ® End(Ey) (see, for example, [21, formula (17)]). The Kummer exact
sequence gives rise to the well-known exact sequence of I'p-modules

0 — NS(E x E)/t — H%(E x E,uy) — Br(E x E); — 0,

where NS(E x E) is the Néron—Severi group, which is isomorphic to Z & Z @ O as a I'j-module.
The action of I'y, on this module is trivial because the complex multiplication on E is defined
over k. The image of NS(E x E)/¢ in H,(E x E, ) is Z/{ ® Z/l ® O)L.

Note that £ is unramified in O, thus O/ is either F, @ Fy or the field Fy2. In either case £ does
not divide |(O/€)*|. Since the image G, of T'y, in Aut(Ey) belongs to (O/€)*, we see that |Gy
is not divisible by ¢. It follows from Maschke’s theorem that Ey, End(E;) and H%, (E x E, 1)
are semisimple I'p-modules. Therefore, we have an isomorphism of I'p-modules

End(Eg) = O/f S5 BI‘(E X E)g,

where O/f carries trivial [y-action. We conclude that Br(E x E),” can be identified with
Endr,. (E;)/(O/f). Now the desired statements follow from Proposition 2.1 by Lemma 3.1. [

COROLLARY 3.3. Let Hp C Q" be the subgroup generated by —1,4,a1,a2,a3 and the
fourth powers Q**. If {2,3,5} N Hp = 0, then Br(D) = Bry(D).

Proof. Since Br(D) is a torsion group, any element o € Br(D) can be written as a = 3 + =y
where 2™3 =0 and ny =0 for some m,n € Z>g, n odd. Theorem 5.2 of [4] states that if
2 ¢ Hp, then the 2-primary subgroup of Br( Dll/ Bry(D) is zero. Thus our condition implies
that 8 € Bri(D). Also, v € Bry(D) since Br(D)," = 0 by Theorem 3.2. O

4. An upper bound for |Br(D)/Bry(D)|
We start with the analysis of torsion of odd order in Br(D)/Bry (D).

PROPOSITION 4.1.  Let D C P} be the diagonal quartic surface (1). Then for any odd prime

¢ we have Br(ﬁ)go’% = Br(ﬁ)gg.

Proof. In the beginning of the proof of Theorem 3.2 we have seen that the groups Br(D) e
and Br(E x E)y~ are isomorphic as I' -modules. Also in the proof of Theorem 3.2 we showed
that Br(E x E),” = 0 for £ > 7. Thus it is enough to prove that Br(E x E)e2 = 0 is killed by
{, where £ = 3 or £ = 5.

Recall that O C Autz, (T;(E)). Consider Endz, (T;(E)) ~ Mats(Z,) as an O;-module under
conjugation. Since £ is odd, we can decompose this module into a direct sum of Oj-submodules

Oy @ Oy, where
— 0 1 a b
05205(1 0>:{<b a),a,bEZg}.

We note that [i] acts on O, by —1. Now the exact sequence of [Cg(i)-modules
0 — Oy/t? — End(Ep2) — Br(E x E)pp — 0
implies that the I'g(;-module Br(E x E)2 is obtained from the O;-module O/¢? via the map
Lo — OF.
Since 17 splits in O, by Gauss’s result 1 4 4i € O} is contained in p;(I'g;)). The exponent of

Gal(F/Q(i)) divides 4, so we see that (1 + 4i)* = 161 — 240i belongs to p(T'r). Let € O,/¢?
be an element invariant under the action of I'p. Then z commutes with [161 — 240i]. Since
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240 is divisible by ¢ but not by ¢? we see that fz is invariant under the action of [i], hence
{x = —{lx. Since ¢ is odd we conclude that fz = 0. U

To estimate 2-primary torsion in Br(D)/Bri (D) we need some preparations.

LEMMA 4.2. Let G be a group of order |G| = 2", and let M be a torsion abelian 2-primary
group which is a G-module. If M€ is killed by 2™, and My C M, then M is killed by 2"+™.

Proof. The proof is by induction on n. For n =1 let g be the non-trivial element of G. If
M contains an element x of exact order 2™%2 then 2™x has order 4 and so 2"g(x) = 2™x.
This implies that 2™ (z + g(z)) = 2™z # 0. However, x + g(z) € MY and by assumption
2™ (x 4 g(x)) = 0 which is a contradiction.

When n > 1, the group G has a proper normal subgroup G; C G. Applying the induction
hypothesis two times, first to (G//G1, M), and then to (G1, M), we prove the induction step. []

PROPOSITION 4.3. The exponent of Br(E x E)s% divides 8, and that of Br(E x E)5%
divides 23|Gal(F/k)|.

Proof. The prime 17 is congruent to 1 modulo 8, hence it splits completely in the cyclotomic
field & = Q(us). Thus Friz = 14 4¢ is contained in py(I'y) C Oj. In our basis of T»(E) the
complex multiplication [1 + 4i] is given by the matrix

(1 —4
S = 4 1 .
I'r

For the first claim it is clearly enough to prove that for any o € Br(E x E);{ we have 8 = 0.
Consider the exact sequence of I'y-modules

0 — /16 — End(Es) — Br(E x E)1s — 0.

We represent a by a matrix

A= <‘CL 3) € End(B) ~ Mats(Z/16).
Then sAs™! — A € O/16, so that sA — As € 0/16, which immediately implies that 8(a — d) =
8(c+b) =0. Thus 84 = 8(a + ci) € O/16, so that 8« = 0.

To prove the second claim we note that Ey C E(k). Indeed, it is well known that for an elliptic
curve y? = (v — ¢1)(z — c2)(x — c3) over Q the field Q(FE,) is an extension of Q obtained by
joining the square roots of —1 and ¢; — ¢; for all i # j (see, for example, [6, Theorem 4.2, p.
85]). In our case Q(E4) = Q(us) = k. This implies that End(Fy) is a trivial I'y-module, hence

Br(E x E)4 = End(E4)/(0/4) is also a trivial I'y-module. Thus we can apply Lemma 4.2 to
G = Gal(F/k) and M = Br(E x E)5%. This completes the proof. O

PROPOSITION 4.4. Let D C P}, be the quartic surface (1). Then the exponent of Br(D)5:
divides 2*|Gal(F/k)|.

Proof. Let X be the Fermat quartic surface (2), and let A be the abelian surface defined
in Theorem A.l. Because of the isomorphism X X F'= D xj F' we can replace D by X. By

[21, Proposition 1.4] the I' m-modules Br(X)a~ and Br(A)s~ are isomorphic. There is a degree
2 isogeny A — F x E, so by Corollary 1.2 we have an exact sequence of I'-modules

0 — (Z/2)" — Br(E x E)gec — Br(A)ze — 0.
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It gives rise to the exact sequence
Br(E x E)y2 — Br(A)52 — HY(Tp, (Z/2)™).

The last term is killed by 2. On the other hand, by Proposition 4.3 the exponent of Br(E x E)y%
divides 2%|Gal(F/k)|. Hence Br(A)5% is killed by 2*|Gal(F/k)|. O

COROLLARY 4.5. Let D C P{, be the quartic surface (1). Then the exponent of Br(D)52
divides 21°.

Proof. In the notation of Proposition 4.4 the Galois group Gal(F'/k) is a quotient of
(Z/4)?, and so Br(D)5% is killed by 2'°. Now the statement follows from the obvious inclusion
Br(D)y% C Br(D)LE. O

COROLLARY 4.6. Let D C IP%) be the quartic surface (1). Then:
(i) the exponent of the group Br(D)/Bry(D) divides 2'° -3 - 5;
(ii) the order of Br(D)/Bri(D) divides 220 - 3% - 52;

(iii) the order of Br(D)/Bro(D) divides 225 - 32 . 52.

Proof. (i) The case of ¢-primary torsion, where ¢ is an odd prime, follows from Theorem 3.2
combined with Proposition 4.1. The case of 2-primary torsion is dealt with in Corollary 4.5.

(i) It is well known that Pic(D) = NS(D) ~ Z?° (see, for example, [13, Lemma 1]). Since
the second Betti number of D is 22, we conclude that Br(D) ~ (Q/Z)? (using [3, IT and III,
Corollary 3.4 and formula (8.12), pp. 82, 147]). Thus (ii) follows from (i).

(iii) This statement follows from Bright’s computations that the order of Bri(D)/Brg(D)
divides 2° (see [1]). O

We refer the reader to [19, Section 5.2], for the definition of the Brauer-Manin set D(Ag)E.

COROLLARY 4.7. Let D C P} be the quartic surface (1). Then the Brauer-Manin set
D(Ag)PBr is effectively computable.

Proof. According to [7, Theorem 1] for a family of smooth projective surfaces Z over Q
defined by explicit equations, such that Pic(Z) is torsion free and generated by finitely many
explicitly given divisors, the Brauer—Manin set Z(Ay)P" is effectively computable whenever one
has a uniform bound on the order of Br(Z)/Brg(Z). The geometric Picard group Pic(D) ~ Z?°
of a diagonal quartic surface is generated by the obvious 48 lines on it [13, Lemma 1]. Thus

the statement follows from Corollary 4.6. O

Appendix A. The Fermat quartic as a Kummer surface (after Mizukami)
by Sir Peter Swinnerton-Dyer

Let k be a field of characteristic different from 2. Let C' be the elliptic curve over k which is a
smooth projective model of the affine curve v? = (u? — 1)(u? — 1/2). The base point O of C' is
that point at infinity at which v/u? = 1.
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THEOREM A.1 (Mizukami [9]). Let k be a field of characteristic not equal to 2 that contains
the eighth roots of unity. Let 7 : C'— C' be the fixed-point free involution changing the signs of
v and u. Let A be the abelian surface obtained as the quotient of C x C' by the simultaneous
action of T on both factors. Then there is an isomorphism X = K = Kum(A), where X is the
Fermat quartic surface (2).

The curves C' and C' = C/7 considered as elliptic curves over Q have Cremona labels 64a2
and 64al, respectively; these curves have good reduction away from 2. The short Weierstrass
equation of C’ is y? = 2® — 4, so over Q(ug) = Q(v/—1,v/2) the curve C’ is isomorphic to
the elliptic curve E with equation 32 = z3 — 2. Thus there is a degree 2 isogeny A — E x F
defined over Q(pus).

Proof of Theorem A.1. Let T be that point at infinity at which v/u? = —1. We shall need
to consider two copies of C'; we distinguish these and the associated variables by the subscripts
1 and 2. The involution on C7 x Cy, which reverses the signs of all four variables uy, v, ug, vo,
has no fixed points; so it is a translation by 77 x Ty (which is the image of O; x O3) and
Ty x Ty, must be a 2-division point. Now

A= Ol X 02/{01 X OQ,Tl X TQ}

is an abelian surface equipped with a map C; x Cy — A of degree 2. Its function field is the
field of functions even in the four variables uy,us, v1,v9 collectively. The involution P +— —P
reverses the signs of u; and wus; so the function field of K over a field k can be written as
k(wy,ws,y, z) where
vi(we — 1
wy = ul, wy=u3, Y= M, z=us/uy.

(The reason for the unnatural-looking choice for y will appear at (A.4).) Thus up to birational
transformation we can take K to be given by

y* = (w1 = D(wy = 1)/ (w1 = §) (w2 — 3),  2° = wa/wr. (A1)
In particular [k(K) : k(wi,ws)] = 4.
In all that follows we take € to be a fixed solution of e* = —1.

We need a notation for the lines and some of the conics on the Fermat quartic surface X.
(There are actually two types of conic on X, but only one of them concerns us.) Let p and v
be odd residue classes mod 8; then the 48 lines on X can be written as

L,y cxg=€'w, wxo=€"w3;
M,y cxg = €'zy, x1 = €"w3;
N#l, Xy — 6”1’3, Tr1 = 6”302.
(The rejection of symmetry here is deliberate, because cyclic symmetry plays no part in what
follows. Note also that the notation is different to Mizukami’s, and also to that of Segre.) We
shall use A to denote any one of the three letters L, M, N. Then A,g meets A,s if and only
if « =+ or =6 but not both. Conditions for A,z and Aﬁyé to meet, where A and A’ are
different, are as follows:
Lo meets Mys if and only if « — 8 —v+6 =0,
L.p meets Nys if and only if a + 3 —~v+6 =0,
M,z meets N5 if and only if a + 3 —~v—6 =0.
Now suppose that Ayg and A’7 5 are two lines which meet, where A and A’ are different; then
the plane containing A,s and A'wS meets X residually in a conic, which we shall denote by
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[AapAls]. The lines Aqg and AL ; meet this conic twice. The lines which meet it once are those
which meet neither Ayg nor A;a. Any other conic meets the plane of [AQQA%] twice, and using
the previous sentences one can work out its intersection with [AngAls].

If we write

A
f)\,uu =20+ €x + 6M‘r2 + 6U$37

then the equations of [LogMys] can be written as

a a+d _ _
o — €y — €'ra + € w3 = fordrtdats =0,

22+ gy 4 202042 4 202 4 P Vgiay 4+ €22 = 0.

Thus the intersection of X with fo44~+4,046 = 0 is
Lap + Mys + [LagMys),
where § = o — v+ 4. Similarly, the equations of [L,gN,s| can be written as

5
zo — € m1 + € Puy — x5 = faraatsyra =0,

T2+ €@ T0p0xy 4+ 2072022 4 2992 L Vg a4 + 122 = 0.
Thus the intersection of X with fo44,a+45+4 =0 is
Lop + Nys + [LapNys,

where 3 =~v —a — 4.
We shall need some further intersections. If we write

e, = zor3 £ 1172, € = T0T2 £ X173,
then the intersections of X with the corresponding quadrics are as follows:
e/ =0: Ly + Lsg + Lss + L7 + M1 + Mg + Mss + Mz,
e/, =0: L5+ L37r + Ls1 + L73 + M5 + M7 + Msy + Mzs,
e’ =0: Li7 + Las + Lss + L7y + N11 + N33 4+ Ns5 + Noz,
ey =0: Lig+ L3y + Ls7 + L7s + N15 + N3z + N51 + Nrs.

Again, if we write

ro_ 2 200,.2 23,2 20+283 .2
aB = To— € x] —€7Ty +€ T3,
"o 2 2002 23,2 20+283 .2
af =Ty —€ ] —e w3 t+e T5,

which only depend on «, 8 mod 4, then the intersection of X with h;ﬁ =0is
Loo + Layata + Layaa + Lataara + Mpg + Mg gra+ Mpiapg + Mpyagia
and the intersection of X with hl,; =0 is
Lo —a+Lag—a~+Laya,—a+ Loatas—a~+ Ngg+ Ngpgya+ Nayap+ Nayagya
Moreover, on X we have
"an "oan

/ / A ! ! I no_n
hishsy = —hi hss = 2€+€—7 137031 = —I11Ml33 = 2€+€—- (A.2)

There are a number of sets of sixteen mutually skew curves of genus 0 on X, of which a
typical one is

Ms1, Mss, Mis, M7z, [LssMi1), [LasMss], [LisMsz], [L15Mz73),
Ni1, N3z, Nss, N73, [Ls7Nis), [Ls7Ns1), [L71 Nas), [L71 N77).

The map X — K which we shall exhibit identifies these sixteen curves with the sixteen disjoint
lines on K = Kum(A) that correspond to the points of order 2 on A.



670 E. IERONYMOU, A. N. SKOROBOGATOV AND Y. G. ZARHIN

Now write
D" = 2Ly15 + M7 4 Mys + [L31 Na7] 4 [Ls1 N3]
and consider those principal divisors on X of degree 16 which contain D’. Four examples of
them are given in the following list, which also names the associated functions of xg, ..., x3
which give rise to them. The list is followed by rational expressions for these functions; they
can of course also be written as polynomials, but the resulting formulae are unhelpful:
Fy: D'+ 2L3 + M5 + Ms1 + [Ls7N1s) + [Ls7Ns1),
Fy : D'+ 2L55 + Mssg + M7z + [L71 Nas] + [L71 N7,
F3: D'+ 2L31 + N3y + Nzs + [L15 Ms7] + [L15 Mzs),
Fy: D' +2L17 + N1y + Nss + [LasMy1] + [LasMss).
Here we can take
Jror fresfizs frer€ (w0 — ex1)(zo — €7 21)
el (xy — exs)(wy — €"x3)
fro7 fr63 f327 fa63his (T2 — €2 x3)
his(z2 — €x3)
F3 = fr27 f163 f534.f570,
fro7 fr6s frsafrio€” Wy (o — exy)(xo — €7 21)
e’ hYs(xe — ex3)(zy — 323) ’
The divisors residual to D’ in the list of divisors associated with the F; have self-intersection 0
and are linearly equivalent, so they lie in a pencil, which we denote by P’. Hence the restrictions
of any three of the F;/F3 to X are linearly dependent. To find their linear dependence relations,

it is enough to consider, for example, their restrictions to M3, and in this way we find that
on X

=

b

Fy =

9

Fy =

Fy = €2F, — e(l1+ 62)F1, Fy=—¢(1+ 62)F2 +EF.
Let us also write
D" = 2L33 + Mi1 + Mss + [L75Na7] + [Lr5N7s)

and consider those principal divisors on X of degree 16 which contain D”. The list which
follows and the associated formulae correspond to the ones given above for the Fj:

G1: D" + 2Ly + M3z + M7z + [Ls7N1s) + [Ls7 Ns1),
Gy : D" +2L37 + Mys + Msy + [L71N33) + [L71 N77
G3: D" + 2L75 + N3z + Nyg + [Lg3 M) + [LasMss

Gy : D" 4 2Ls3 + N1y + Nss + [L15Msz7] + [L15Mrs

)

]
],
]
J-
Here we can take
f367 f323 f125 fre1€ (w0 — €x1)(z0 — €321)
Gi = 17 5 7 )
€+($2 — € 1‘3)( Tg — € .’Eg)

G f367f323f327f363h31($0 - 63%1)
- h// T
43(z0 — €771)

)

= fae7 fa23 frsafrio,

f367 323 f534 f570€” Ny (22 — €x3) (w2 — €223)

G
1T e/ hifs(xo — ex1)(wo — €7x1)

The divisors residual to D’ in the list of divisors associated with the G; have self-intersection 0
and are linearly equivalent, so they lie in a pencil, which we denote by P”. Hence the restrictions
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of any three of the G;/G3 to X are again linearly dependent. To find their linear dependence
relations, it is enough to consider, for example, their restrictions to M3, and in this way we
find that on X

Gz =¢€(l+ 52)G1 — Gy, Gy = —e(1+ 62)G2 + Gy,

The restrictions to X of F1G2/F>G;y and F3G3/F,G4 both have divisors divisible by 2, so
up to multiplication by a constant they are squares in k(X). Making use of (A.2) we find that

F1G2:2(€,+>2 F3G3:2<6/J/r)2
Gy 13/ FaGa T

€ Fy € G2
[ —— Wy = ——— + —,
1+e2 F° 2 1+e &y

Thus if we write

(A.3)

w1

then we have

F3/F = €e(1+€)(wy — 1), Fy/Fy = —26*(w; — 3),
G3/Gr = —e(1+ ) (wy = 1), Ga/G1 = —26*(ws — 3).

In particular, we have a rational map X — K given by the equation (A.3) for wi,ws
together with

e/ e//
z=(1+6e) -, y=2E. (A.4)
13 11

But the curves w; = constant and wsy = constant on X are elements of P’ and P”,
respectively, so that their intersection has degree 4. In other words, if k& contains ¢ then
[£(X) : k(wy,wz)] = 4; and from this it follows that the map X — K is actually birational.
Since both X and K are minimal models in their birational equivalence class, any birational
map X — K is a biregular isomorphism. |
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