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1. (a) Use the Mean Value Theorem to show that 1 > log 2 > 1
2
.

(b) Evaluate the integral ∫ π

0

dx

1 + sin x
.

(c) Find the inverse of the function

f(x) =
x

x2 − 1
for |x| < 1.

(d) Find y(x) satisfying the ODE

y′ cos2 x+ y = 1

together with the boundary condition y(0) = 0.

(e) Evaluate the limit

lim
x→∞

[

e−x log(x) + (x2 + tanh x) log(1 + x−3) + cos

(
1 + πx

π + x

)]

.

2. (a) By considering the effect of very small increases in the polar coordinates (r, θ) to

(r+ δr, θ + δθ), obtain expressions for the area element dA and the arc-length element

ds in terms of dr and dθ. Deduce that the curve defined by r = f(θ) for 0 < θ < 2π

has an area

A =

∫ 2π

0

1
2
f 2 dθ,

and give a corresponding formula for L, the total length of the curve.

(b) Sketch the curve defined by r = 1 + sin 2θ for 0 < θ < 2π. [Do not try to do this in

Cartesian coordinates.] Identify the points furthest from the origin and the intersections

with the x- and y-axes.

(c) Calculate the area, A, enclosed by the curve.

Show also, that the curve length L can be written

L =

∫ 2π

0

(
5 + 2s− 3s2

)1/2
dθ where s = sin 2θ.

Do not attempt to evaluate the integral, but show that L < 8π/
√
3.

(d) Find dy/dx for the curve in part (b) as a function of θ and show that it takes the value

2 when the curve crosses the positive y-axis.



3. (a) The function y(x) is given by

y(x) = log
[√
x2 + 1− x

]
.

Find the derivative y′, and show that

(1 + x2)y′′ = −xy′.

Deduce that

n2y(n)(0) + y(n+2)(0) = 0,

where y(n) denotes the n’th derivative.

Hence find the Taylor series for y(x) about x = 0, giving terms up to x8.

(b) Calculate the radius of convergence of the series in part (a). Explain, without proof, why

this value is to be expected.

(c) Does your series suggest that y(x) is even, odd or neither? Prove that result, directly

from the definition of y(x).

4. (a) The function C(θ) is defined by the infinite series

C(θ) = 1− 1
2
cos θ + 1

4
cos 2θ − . . . =

∞∑

n=0

(
−1
2

)n
cos(nθ)

By writing C as the real part of a complex function, or otherwise, show that

C =
1 + 1

2
cos θ

5
4
+ cos θ

≡
1 + 1

2
μ

5
4
+ μ
, writing μ = cos θ.

(b) Find all (complex) values of θ such that cos θ = −5
4
.

Hence infer what the radius of convergence would be if C were expanded as a power

series in θ. [N.B. Experiment on a computer suggests it is between 3 and 4.]

(c) Writing μ = cos θ, find all complex values of μ for which |C| = 1, and sketch them in
the complex μ-plane.
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Solutions [ALL UNSEEN, except where explicitly stated]

1. (a) Consider f(x) = log x in [1, 2]. Then f ′ = 1/x, and by the MVT, there exists a ξ in

1 < ξ < 2 (or 1
2
< ξ−1 < 1) such that

log 2− log 1
2− 1

=
1

ξ
=⇒ 1

2
< log 2 < 1. [3]

(Alternatively, use [1/2, 1]. Proofs not using the MVT will not earn full credit.)

(b) Substituting t = tan 1
2
x, we have

∫ π

0

dx

1 + sin x
=

∫ ∞

0

2dt/(1 + t2)

1 + 2t/(1 + t2)
=

∫ ∞

0

2dt

(1 + t)2
=

[
−2
1 + t

]∞

0

= 2. [4]

(c) Solving y = f(x) for x, we have yx2 − x− y = 0 or x = (1±
√
1 + 4y2)/(2y). [2]

For |x| < 1 we must take the − sign (e.g. consider what happens for small y). Thus
the inverse function is

f−1(y) =
1−

√
1 + 4y2

2y
. [2]

(d) The integrating factor for this linear 1st order ODE is exp(
∫
sec2 x) = exp(tan x). [1]

Thus [
etanxy

]′
= sec2 x etanx

or

yetanx = etanx + A =⇒ y = 1 + Ae− tanx, [3]

where A is a constant. Imposing y(0) = 0 gives A = −1, and

y = 1− e− tanx. [2]

(e) As x→∞, ex � log(x) and so the first term tends to zero. We have tanh x→ 1 and
log(1 + x−3) ∼ x−3, so that the second term is approximately (x2 + 1)/x3 → 0. The
third term tends to cos(π) = −1. So the limit is −1. [3]
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2. (a) [SEEN] A small change in θ corresponds to a length rδθ, which is perpendicular to the

radial line. Thus the area corresponding to small changes in both r and θ is roughly

rectangular with area rδrδθ. We therefore expect that the area inside the closed curve

r = f(θ) will be the sum of all these infinitesimal rectangles or

A =

∫ 2π

0

∫ f(θ)

0

rdr dθ =

∫ 2π

0

1
2
f 2 dθ. [2]

Similarly the arc length is approximately the hypotenuse of a right-angled triangle, with

δs2 = r2δθ2 + δr2. Thus the total length L, is

L =

∫ 2π

0

ds

dθ
dθ =

∫ 2π

0

[

f 2 +

(
df

dθ

)2]1/2

dθ. [2]

(b) See attached sketch. r is maximum when f ′ ≡ 2 cos 2θ = 0. Clearly the maximum is
when sin 2θ = +1 and the minimum when sin 2θ = −1. [for sketch, 5]

(c) The area is

A = 1
2

∫ 2π

0

(1 + sin 2θ)2dθ = 3
2
π. [1]

Now

r2 +

(
dr

dθ

)2
= (1 + sin 2θ)2 + (2 cos 2θ)2 = 1 + 2 sin 2θ + sin2 2θ + 4(1− sin2 2θ)

So

L =

∫ 2π

0

[
5 + 2 sin 2θ − 3 sin2 2θ

]1/2
dθ [2]

Now 5 + 2s− 3s2 = 5− 3(s− 1/3)2 + 1/3 6 16/3. Thus

L <

∫ 2π

0

(16/3)1/2dθ = 8π/
√
3. [3]

(d) We have x = r cos θ = cos θ(1 + sin 2θ) Thus

dx

dθ
= − sin(θ)(1 + sin 2θ) + 2 cos θ cos 2θ

Similarly
dy

dθ
= cos(θ)(1 + sin 2θ) + 2 sin θ cos 2θ

Thus
dy

dx
=
cos(θ)(1 + sin 2θ) + 2 sin θ cos 2θ

− sin(θ)(1 + sin 2θ) + 2 cos θ cos 2θ
[4]

or equivalent forms. The curve crosses the positive y-axis when θ = 1
2
π giving

dy

dx
=
−2
−1
= 2. [1]
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3. (a) We have

y′ =

(
1

√
x2 + 1− x

)(
x

√
x2 + 1

− 1

)

=
−1

√
x2 + 1

[1]

Thus

y′′ =
+x

(x2 + 1)3/2
=⇒ (x2 + 1)y′′ = −xy′ [2]

as required. Using Leibniz’ rule, we have

(x2 + 1)y(n+2) + n2xy(n+1) + 1
2
n(n− 1)2y(n) = −xy(n+1) − ny(n).

Evaluating this at x = 0, we have

y(n+2)(0) = y(n)(0) [−n− n(n− 1)] = −n2y(n)(0), [4]

as required.

Now y(0) = log(1) = 0, and y′(0) = −1 as above. It follows that y(2k)(0) = 0 for
integers k, by repeated use of the above equation. Similarly, we have

y(3)(0) = (−1)(−1) = 1, y(5)(0) = −32, y(7)(0) = (32)(52).

Now

y(x) =
∞∑

n=0

y(n)(0)

n!
xn = −x+

x3

3!
−
32

5!
x5+
3252

7!
x7+. . . = −x+1

6
x3− 3

40
x5+ 5

112
x7+O(x9).

[4]

(b) Since the even terms in the series are zero, the ratio of adjacent terms in the series can

be written as
∣
∣
∣
∣
y(n+2)(0)/(n+ 2)! xn+2

y(n)(0)/n! xn

∣
∣
∣
∣ =

∣
∣
∣
∣

−n2x2

(n+ 2)(n+ 1)

∣
∣
∣
∣→ |x

2| as n→∞.

By the ratio test, the series converges if |x| < 1 and diverges if |x| > 1. The radius of
convergence is 1. [4]

This is to be expected because the derivatives become infinite as x→ ±i in the complex
x-plane. So the circle of convergence cannot have radius larger than unity. [2]

(c) The series only has odd terms, so it seems that y(x) is odd. From the definition, we

have

y(x) + y(−x) = log
[√
x2 + 1− x

]
+ log

[√
x2 + 1 + x

]

= log
[(√
x2 + 1− x

)(√
x2 + 1 + x

)]
= log(x2 + 1− x2) = 0

It follows that y(−x) = −y(x) and y(x) is odd. [3]
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4. (a) Writing z = eiθ, we have cosnθ = <e[zn], so that

C = <e
[
1− 1

2
z + 1

4
z2 + . . .

]
= <e

[
1

1 + 1
2
z

]

= <e

[
1 + 1

2
e−iθ

(1 + 1
4
+ 1
2
eiθ + 1

2
e−iθ)

]

.

The denominator is now real, so we deduce that

C =
1 + 1

2
cos θ

5
4
+ cos θ

, as required. [6]

[Another method: consider (cos θ)C and use cosA cosB formula.]

(b) If cos θ = −5/4 then

−5
2
= eiθ + e−iθ =⇒ eiθ = −5

4
± 1
2

√
25
4
− 4 = −2 or − 1

2
.

Thus as log(−1) = (2n+ 1)iπ for integers n, we have

iθ = ± log(−2) = ±[log 2 + i(2n+ 1)π]. [6]

Or θ = ±i log 2 ± (2n + 1)π. At each of these values of θ, C becomes infinite.
Those nearest to the origin are θ = ±i log 2 ± π. Each of these 4 values is a distance
R =

√
(log 2)2 + π2 from the origin, so we expect this to be the Radius of Convergence

of the series for C(θ). [3]

(c) If |C| = 1, then |1 + 1
2
μ| = |5

4
+ μ| and letting μ = x+ iy, we have

(1 + 1
2
x)2 + 1

4
y2 = (5

4
+ x)2 + y2 =⇒ 3

4
x2 + 3

2
x+ 3

4
y2 + 9

16
= 0.

Rearranging, we have

(x+ 1)2 + y2 = 1
4
, a circle of radius 1

2
with centre μ = −1 . [5]

Total : 20


