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1. You may assume standard properties of e* in this question, and you need not check too

carefully whether an appropriate stationary value is a mazimum or minimum.

(a)

(d)

Some non-mathematicians find the concept of variables confusing, and prefer to treat
all functions as constants. Thus, for example, they approximate e over the domain
(0, 1) by a constant, A. One way to choose the optimal A is to minimise the
“root-mean-square error,” FE;, where

(E1)? = /01 (e — A) d.

Find the minimising value of A and the corresponding minimum error E;.

Another way to define the “best” constant approximation is to approximate the curve
y = €” by y = B, where B minimises the modulus error, E, given by

1
EQZ/ le® — Bl dz.
0

Find the optimal B and minimum value of E, (you may assume that ¢® < B < e!).
A third approximation chooses a point C'in 0 < C' < 1. Write down the linear
function, fo(x), formed by the first two terms in the Taylor series of e” about z = C'.

One can then define the error

B | (& — fole) do

Calculate the value of C' which minimises E3 and also the minimum value.

“This is ridiculous!” you cry. “The curve y = €” is not a straight line. It has curvature,
K, given by

y// ,
[T+ ()7

What is the maximum value taken by the curvature over the domain 0 < x < 17

Find all complex numbers z such that both |z| =1 and |e*| = 1.
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2. (a) Find the general solution y(z) of the ODE
y'+2y + (L+ 6%y =0

where b is a positive constant.
(b)  Find the solution to part (a) which also satisfies the conditions y(0) = 1 and ¢'(0) = 1.

(c) Take the limit of the solution in part (b) as b — 0. Verify that the limiting function
you obtain satisfies the ODE when b = 0.

(d) Sketch the curve y = (1 4 2x)e™* identifying any stationary points and points of
inflexion.
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Solutions
1. (a) Minimising the positive function E;(A) is the same as minimising E7. Now

(e2—1)—2A(e—1)+ A% = [A—(e—1)]*—1e*+2e—3.

1
2

1
E? = / (e** — 24" + A?) dz =
0

Thus the minimum occurs when A =e — 1 [3 marks]
and the minimum value is By = \/2e —€2/2 —3/2 = /(e — 1)(3 — €) /2. [1 mark]

(b) Splitting the integral into two ranges where e* > B and e* < B, we have

log B 1
Ey = / (B—e") dgg—|—/ (e*—B)dx = Blog B—(B—1)+(e—B)—B(1-log B)
0 log B
=3B+ (1+e)+2BlogB.

Differentiating w.r.t B, we have

E
% =2logB—-1=0  when B=+/e. [3 marks]
At this value, By = —2y/e+1+e= (/e —1)% [1 mark]

(c) The Taylor series of f(z) about x = cis f(z) = f(c) + f'(¢c)(x —¢) + ... Thus
fo(z) = e[l + (xz — O)). [1 mark]

Egz/ol(e“t—ec(l—C—f—x)) dr = (e—1) —e%(1—C) — L.

2

E5 is minimum when

dE;
0:%260[0—%] or C=1. [3 marks]
The B3 =e—1—4/e. [1 mark]
(d) We have
dK e’ 3e3” (1 —2e*)
dr (14 e2)3/2 (14 e2)5/2 B (14 e2)5/2”
Thus the stationary curvature is when z = —% log 2 and takes the value

K =1/v2(2/3)%? = 21/3/9.

However, the question is only interested in the interval [0,1], when dK/dx < 0. It
follows that the maximum value occurs at z = 0, and takes the value 1/(2\/5) = ;11\/5
[4 marks] — for giving instead the correct global maximum award 2 marks.

(e) If |z| = 1, then we can write z = € = cos® + isinf. Then |e*| = e“? = 1 when
cos = 0, which means sinf = 4+1. Thus the only complex numbers with these
properties are x = =i. [3 marks]



(b)

Seeking solutions y = €™*, we obtain the auxiliary equation
m? +2m+ (1 +b%) =0 — m=—1+ib.
Thus the general solution is

y = Ae1H0T 4 Be(1=®0)T — o=@ [ cos by + D sin ba] .

Imposing y(0) = 1, we have C' = 1. Differentiating, we have

Yy =e " [—Ccosbr — Dsinbx — bC sin bx + bD cos bz] .

Imposing 3/(0) = 1, we have
1=—-C+bD — D =2/b.
Thus we have the particular solution

2
y=e"* {cos br + 7 sin bx] )

As b — 0, we have sinbx ~ bx, and so

y— e °(1+2z).

[5 marks]

[5 marks]

[3 marks]

With y = e *(1 + 2x), we have ¢/ = e *(1 — 2z) and 3y’ = e *(2z — 3). So

V' +2y +y=e"20 —3+2(1—2z)+1+22] =0.

So this satisfies the ODE as required.

[1 mark]

From above, ¥’ = 0 when = = 1/2 at which point ¢y’ < 0 giving a maximum at
(1/2, 2¢71/2). Furthermore, y” = 0 when z = 3/2, so we expect a point of inflexion
at (3/2, 4e73/2). We know that y(0) = 1 = ¢/(0), y(—1/2) = 0 and also that y — 0
as © — 00, while y — —oo very rapidly as z — —oo. The graph follows. [6 marks]



