Civ. Eng. 2 Problem Sheet 5: Vector Calculus

1. Verify the relation
Vx (VxA)=V(V-A) - VA

for the vector field
A =2%yi—2z2j+ 2yzk.

(Use the definition VZA = 02A/0x2 + 02A/0y? + 02A/02?).
2. If A =2yzi—2%yj+ 222k, B=2%i+yzj— zyk and ¢ = 222y23, find:
() (A-V)g; (i) A-(V); (i) (B-V)A; (iv) A x (Vo) (v) (A x V)s.
Verify that the answers to (i) & (ii) and (iv) & (v) are the same.

3. Calculate the divergence and curl of the following vector fields:

(i) v = r, wherer=zi+yj+zk;

(i) v = ‘% with r as in (i);
(iii) v. = wkxr, wherer =2i+ yj and w is a constant;
(iv)v = wkx L with r and w as in (iii).
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4. Establish the identity
V- (¢G)=¢(V-G)+ (V) -G,

for a general scalar field ¢(z,y, z) and general vector field G = G111+ G2 j + Gs k. Hence evaluate

Y
V- ().
o
where r = (z,y,2) and r = |r]|.
5. f A=A;i+ Asj+ Ask is a vector and ¢ is a scalar, prove that

(i) Vx(V¢) = 0;
(i) V- (VxA) = 0.

Answers

1. Both right hand side and left hand side are equal to (2z + 2)j.

2. (i) 8xy?zt — 221y23 + 623y2?; (ii) same as (1); (iii) (2yz? — 22y?) i— (22yz +223y) j+ (2222 — 22%y2) k;
(iv)  — (6zy?22 + 2232°) i + (4ayz® — 122%y223) j + (4a?y2* + 423y?23) k; (v) same as (iv).

3. () V- v=3,Vxv=0;(i) V- v=2/r, Vxv=0; (ili) V- v=0, Vxv =2wk;
(iv) V-v=0,Vxv=(w/r)k.

4. V- (1) = 0.
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