Civil Engineering 2 Maths Sheet 5 Solutions
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1. Vx A=|9/0x 0/dy 08/0z | = 2z +22)i— (2% +22) k.
22y  —2zz  2yz

i j K
SoVx(Vx A)y=| 9/ox 0/0y  0/0z =(2z+2)j.
2z + 2z 0 —x? -2z

Now, V- A = 2 (a%y) + 2 ( 222) + 2 (2yz) = 2zy + 2y.

Then V(V - A) = 1%(23334 +2y) +,]6%(21‘y +2y) + k2 22y + 2y) = 2yi+ (22 +2) j.
Also, VZA = 9%2A/0z? + 02A/0y? + 9> A /02% = 2yi.

Thus, V(V-A) — VZA =2yi+ (22 +2)j—2yi= (22 +2)j=V x (V x A), as required.

2. (i) (A-V)=2yz0/0z — 2%y d/0y + 2220/ 0x.

Then (A - V)¢ = 2yz8%(2m2yz3) — ny%@x?yz?’) + 3322%(23321/23) = 8xy?2* — 22%y23 + 623yz?;

(ii) V¢ = iZ (22%yz?) —|—j6%(2x2yz3) + k2 (22%y2°) = dayz® i+ 22%2%) + 62y2%k.

Then A - (Vo) = (2yz)(dxyz3) — (z2y)(22223) + ( 22)(62%y2?) = 8xy?zt — 2xty23 + 623yz2.

(iii) (B-V)A =2 8I(2yz1 —2?yj+ 22°k) + yz - (2yz1 — 2%y j+ x2%k) — my%@yzi — 2%y j+ 12%k)
== (2yz? — 22y?) i — (2%yz + 223y) j + (2222 —237 2yz) k;
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(iv) Ax (Vo) =| 2yz -2y x2°
dryz®  2x%2%  62%yz?

= (—6xty?2% — 2232°) i — (12229223 — 42?y2®) j + (4a?y2* + 4239?23 k;

i j K
(V) AxV=| 2yz —2% 22° :1(xy$—xz2gy)—.](2yz —zz az)+k(2yzay+xyam)

0/0x 9/0y 98/0z
Thus, (A X V)p=1i(— nygf xz? gi) (2yz o — xz2 gf) +k (Qyz'% 2ygfz)

== (=62ty?2? — 22325)i — (12229223 — 42%y2°) j + (42%y2* + 423922 k.
Note that the answers to (1)&(ii), and (iv)&(v) are the same - this is always true.

3. ) V-v=F@+ 4y + &k =1+1+1=3

i j k
Vxv=|0/0x 0/0y 9/0z |=0i+0j+0k=0.
x y z

(ii) Note that if 72 = 22 + y2 + 22 then Or/dz = z/r,0r /0y = y/r and r/dz = z/r.
SoV-v= a%(az/r) + 8%(y/r‘) + %(z/r)



(1/r) = (z/r?) (9r/dx) + (1/r) — (y/r?) (Or/dy) + (1/r) — (2/7?) (Or/0z)
(3/r) = (x® + 9> + 2°)/r* = 2/r.

i j k
0/0x 0/0y 0/0z
x/r y/r z/r
= i(—(2/r*)(r/0y) + (y/r?)(0r/0z)) — j(=(2/r*)(Or/0z) + (x/r?)(0r/0z)) + k(—(y/r?)(Or/dx) +

(z/r?)(0r/0y))
=i(—yz/r3 +yz/r®) —j(—zz/r3 + 22 /r3) + k (—zy/r® + 2y/r3) = 0.

VXxv=

(iii) v=wk x (zi+ yj) = = —wyi+wzj.
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Then V- v = 2 (-wy) + 8%(0):8) =0.
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Vxv=|0/0x B/JGy 0/0z |=0i—-0j+ (w+w)k=2wk.
—wy Wz 0
i j k
(iv) v=wkx(r/r)=] 0 0 w|=—(wy/r)i+ (wx/r)].
z/r y/r 0
Then V- v = %(—wy/r) + a%(wa:/r) = (wy/r?) (8r/0z) — (wz/r?) (Or/0y) = way/r® — wzy/r3 = 0.
i j k

Vxv=| 9/0x 0/0y 0/0z

—wy/r wz/r 0
=k (2w/r —wz?/r3 —wy?/r?) = (w/r) k.

=k (w/r — (wz/r?)(0r/0z) + w/r — (wy/r?)(Or/yY))

4. V- (6G) = 5:(¢G1) + 3, (¢G2) + 5 (¢Gs)
= (0¢/0z) G1 + ¢(0G1/0z) + (9¢/9y) G2 + $(0G2/0y) + (04/0z) G5 + $(0G3/0z)
=¢(V-G)+ (Vo) - G, as required.

Using this result V - ((y/zr3)r) = (y/zr3)V -r 4+ V(y/zr3) -r. Now V - r = 3 (fromQ3(i)), and
V(y/or®) =1i(-y/a*r® — (3y/2r*)(0r/0x)) +§ (1/2r® — (3y/2r®)(9r/0y)) + k ((=3y/zr?)(0r/0z)).
Use Or/0zx = x/r, Or/0y = y/r, Or/0z = z/r to get

V(y/zr3) v = —y/or® + y/zrd — (3y/zr®)(z? + y* + 2%) = —3y/ar3.

Thus V - ((y/xr®)r) = 3y/zr® — 3y/zr® = 0.
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0/0x 0/0y 0/0z
0¢/0x 0¢/dy 0Op/0z
i j K
0/0x 0/0y 0/0z
Ay Ay As

Then V - (V X A) = %(Agy — AQZ) — %(Agw — Alz) + %(Agw — Aly)
= A3yw - A2zm - A3a:y + Alzy + A2xz - Alyz = 0.

5. (1) V x (V¢) = = i((z)zy - ¢yz) _j (d)zw - ¢zz) + k (¢yw - ¢a:y) =0.

(11) VxA= :i(Agyngz)7j(A317A1Z)+k(A2m7A1y).




