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1. Let y1 = x
2. Then y′′1 + (1/x)y

′
1 − (4/x

2)y1 = 2 + 2− 4 = 0, as required.
Now let y = y1u. Then y

′′ = 2u+ x2u′′ + 4xu′, y′ = x2u′ + 2xu.
So y′′ + (1/x)y′ − (4/x2)y = x2u′′ + 5xu′ = 1⇒ u′′ + (5/x)u′ = 1/x2.
Solve using integrating factor x5 ⇒

(
x5u′

)′
= x3 ⇒ x5u′ = x4/4+A⇒ u = (1/4) lnx+C/x4+D

⇒ y = x2u = (1/4)x2 lnx+ C/x2 +Dx2.

2. Let y1 = cosx. Then y
′′
1 + tanx y

′
1 + sec

2 x y1 = − cosx− sinx tanx+ sec2 x cosx
=
(
1− (cos2 x+ sin2 x)

)
/ cosx = 0, as required.

Let y = y1u. Then y
′′ = −u cosx+ u′′ cosx− 2u′ sinx, y′ = u′ cosx− u sinx.

Therefore y′′ + tanx y′ + sec2 x y = u′′ cosx− u′ sinx = cosx.
Integrating factor is exp(−

∫
tanx dx) = cosx.

Then (u′ cosx)
′
= cosx⇒ u′ cosx = sinx+ C ⇒ u′ = tanx+ C secx

⇒ u = − ln(cosx) + C ln(secx+ tanx) +D
⇒ y = u cosx⇒ y = − cosx ln(cosx) + C cosx ln(secx+ tanx) +D cosx.

b.c’s: x = 0, y = D = 1. x = π/3 : y = −(1/2) ln(1/2) + (C/2) ln(2 +
√
3) + (1/2)

= (1/2)(1 + ln 2) + (C/2) ln(2 +
√
3) = (1/2)(1 + ln 2)⇒ C = 0.

So solution is y = (1− ln(cosx)) cosx.

3. Let y1 = x
λ. Then y′′1 − y

′
1 − (6/x

2 + 2/x)y1 = λ(λ− 1)xλ−2 − λxλ−1 − 6xλ−2 − 2xλ−1 = 0.
Equate coefficients of xλ−2 ⇒ λ2 − λ− 6 = 0⇒ λ = 3 or λ = −2.
Coefficients of xλ−1 ⇒ λ+ 2 = 0⇒ λ = −2. So λ = −2 is the only possible value.

4. If x = t2 then dy/dt = (dx/dt) (dy/dx) = 2tdy/dx = 2x1/2dy/dx.

Then d2y/dt2 = 2x1/2 d
dx

(
2x1/2 dy

dx

)
= 4xd2y/dx2 + 2dy/dx.

Therefore the ode becomes d2y/dt2 + y = 0, as required.
General solution is y = A cos t+B sin t⇒ in terms of x, y = A cos(

√
x) +B sin (

√
x).

5. If t = coshx, then dy/dt = (dx/dt) (dy/dx) = (1/ sinhx)(dy/dx).
Then d2y/dt2 = (1/ sinhx) d

dx
((1/ sinhx) dy

dx
) = (1/ sinh2 x)d2y/dx2 − (coshx/ sinh3 x)dy/dx

⇒ (sinh2 x)d2y/dt2 = d2y/dx2 − (cothx) dy/dx.
Therefore the ode becomes

(
sinh2 x

)
d2y/dt2 +

(
4 sinh2 x

)
y = 0⇒ d2y/dt2 + 4y = 0

⇒ y = A cos 2t+B sin 2t. In terms of x, the solution is thus y = A cos(2 coshx) +B sin(2 cosh x).

6. Let x = sin t. Then dy/dt = (dx/dt)(dy/dx) = (cos t) dy/dx = (1− x2)1/2dy/dx.
So, d2y/dt2 = (1− x2)1/2 d

dx
((1− x2)1/2dy/dx) = (1− x2)d2y/dx2 − xdy/dx.

Thus: (1− x2)d2y/dx2 − xdy/dx+ 2(1− x2)1/2dy/dx = d2y/dt2 + 2dy/dt.
The ode therefore becomes d2y/dt2 + 2dy/dt+ y = sin−1(x) = t.
We have a constant coefficient 2nd order ode. Solve in the normal way by seeking homogeneous
(yH) and particular (yP ) solutions. For yH look for solution ∝ exp(λt)⇒ λ2 + 2λ+ 1 = 0
⇒ (λ+ 1)2 = 0⇒ λ = −1⇒ yH = (A+Bt) exp(−t).
For particular solution try yP = Ct+D.
Substitute into ode to get 2C + Ct+D = t⇒ C = 1, D = −2⇒ yP = t− 2.
So the general solution in terms of t is y = yH + yP = (A+Bt) exp(−t) + t− 2.
Writing back in terms of x we have y = (A+B sin−1(x)) exp(− sin−1(x)) + sin−1(x)− 2.


