5. Reduce the partial differential equation

Hence, or otherwise, show that the particular solution with |
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12 = ez+4'y
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to its canonical form.

Solve the resulting equation and hence express the general solution of the original -i.
equation in terms of the variables {

z + 3y and T + 4y.

S

u(z,0) = z(1-2)e®; u(0,y) = 3y(l—4y)e®

' u(z,y) = (c+3y) (1 -z —4y) e+ .

The fanction f (é) is defined by‘

Filz) = 2{l—2).

Over the range 0 < £ < 1 the function can be represented by either a half-range
Fourier cosine series:

1 =]
500 + Z an cos(nmz)

n=1

or a half-range Fourier sine series:
o0
E bn sin(nmz) .
n=1

Show that'® ag = % and determine the coefficients a, and b, for n > 1, distin-

guishing in your answer between odd and even values of n.

Use Parseval’s theorem to deduce the value of

= 1
; (2n—1)8 °
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1. The matrix A is given by

4 i
A = 4 4]
40 16 4

By using Gaussian elimination, or otherwise, obtain the matrices L and U in the
LU-factorisation: A = LU, where L is a lower triangular matrix with 1’s along
the main diagonal and U is an upper triangular matrix.

Hence obtain the inverse matrix A~! and check that AA~! = I, where I is the
identity matrix.

2. Show that for a suitable value of n, the homogeneous ODE
:rzy” -~z +y=0
has the solution y = 2.
Hence find the solution to the inhomogeneous problem
zly" — oy + 3= 2lhsg

with y(1) = 0 and y(2) = 0.

PLEASE TURN OVER
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3. The Trapezium Method for solving the ODE v’ = f (z, y) on the regular
grid z, = nh for some steplength h and n =0, 1, 2, ... is

Yntl = Yn + ‘;‘h[f(mn, yn) + f(m'n-{-}r yﬂ-lrl)] .

Define the local truncation error for this scheme, E,, and show that
E, = — LBy (z,) + ORY) .

Use this method with a steplength h = 0.25 to find an approximation to y(1) for the
problem

Yy =1-y  y(0) = 2.

Find the exact solution to this problem and show that

y(1) — yq4 ~ 0.00193 to three significant figures.

4. A clarinet can be considered as a vibrating thin pipe of length L, open at one end
and closed at the other. Air flow in a clarinet is governed by the equation for u(z, t)

2 Ou O

ox2 ~ 02’

where ¢ is the constant sound speed, t is time and = denotes distance from the closed
end.
The boundary conditions on u are

u(0,t) =0 and g—z— b} =4

Use the method of separation of variables to find the general solution for u.

The vibration frequencies are the positive values of w such that a possible solution
is u = f(z) cos(wt). Show that the second smallest vibration frequency is 3 times
the smallest.

Find the particular solution satisfying the initial conditions

u(z,0) = 0 and % (z,0) = sin (S—E) :



[II(CE) 2009]

5. The f1mction f(z) has period 27, and over the range —7 <z <7 itis defined
by

Fla] o= i = —?;152:3.

The Fourier Series expansion of f (z) is of the form

f(x) = 3a0 + Z [an cos(nz) + by sin(nz)] .

n=1

Calculate the coefficients a,, and b, of the Fourier series.

By using Parseval’s theorem deduce the value of the infinite sum

|
S:Zm?

6. Let f(2) = u+iv be an analytic function of the complex variable z = z +iy. Its real
and imaginary parts, u and v, satisfy linear relations called Cauchy-Riemann equa-
tions. Derive these equations by exploiting the fact that the value of the derivative

/ . f(z+Az)-—f(z)
i AI;IB{] Az

does not depend on the way Az approaches zero .
Hint: UselAz = Az and Az = il
Deduce that both u and v satisfy the Laplace equation.

Find the (positive) value of the parameter A such that

w{aE, y) = = v cos(Azy)
could be the real part of an analytic function f(z).

Using the Euler formula obtain the respective imaginary part v and reconstruct the
function f(z).

PLEASE TURN OVER
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7. The temperature T'(z, ¢) of a metal rod of length 2L satisfies the heat conduction
equation

or _ 8T

B B = . b S VRS P I

T
with insulating boundary conditions i =0 o0 & =k

Ox

The rod has an initial temperature distribution

0, —L &£ g =< L2,
T, 0y = § Ty, ~Lj2 = 5 < B2
0, L2 < &g 3,

where T is a constant.

Use the method of separation of variables to obtain the temperature distribution
T'(z, t) at all times in the form of a Fourier series expansion.

Hint: the initial temperature distribution is even and it remains so at all times.

Hence deduce the limiting value tlj+m T (=, 1)
o0
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The region § is the sector of a disc lying between the lines y=z, y=—x and
the circle 22 + y? = a2 with y > 0. :

Find the coordinates (%, 7) of the centroid of S and the value I,, of the moment
of inertia about the z-axis of S.

Note: The coordinates of the centroid are given by

1
f/ ydzdy ,
S

w2
Il
|-

where A is the area of S.

The moment of inertia is given by
Iy, = /i/(;ﬁ + y¥)dzdy .
S

The integral [[,(z* — y*)dz dy is to be evaluated over the region R bounded
by the four hyperbolae zy = 1, 2y = 2, 22 —3y? =1 and 2% - ¢ = —1
with >0 and y > 0.

Sketch the region R and find the values of the new variables u = zy and
v = z% — y? on each part of the boundary of R.

Evaluate the integral by first changing to the new variables, and using the
Jacobian for the transformation.

PLEASE TURN OVER
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9. Show for any twice differentiable scalar field ¢ (z, y, 2) and any twice differentiable
vector field E(z, y, z) that

curl grad ¢ = 0 and divcurl E = 0.

Suppose that the vector field E(z, y, z) is given by
E = (z* — ¥)i + (azy + 2%)j + (byz + 2)k.

Find the values of the constants a and b that make curl E = 0.
For these values of a and b find the potential ¢(z, y, z) that satisfies

E = grad¢ .

Note: grad¢ = V¢, curlE =V x E, divE =V -E.

10. Write the ordinary differential equation

Z 4+ 28 + 5z = 0

in the matrix form

where

By calculating eigenvalues and eigenvectors of the matrix A find a solution X (t)
that satisfies the initial condition

X(0) = (2)
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Section B

11. The continuous random variable Y has density function f(y) = ky(2 + y) with
0 € y £ 5, where k is a constant,.
(i) Show that k = 52 and calculate the mean and variance of Y.

(ii) Calculate the probabilities of the events 4 = {0.5 < Y < 1} and
B={08<Y <12}

(ii) Calculate the probability P(A|B)

Calculate all answers to 3 decimal places.

12. The table below gives the discrete bivariate distribution of X; and X».
(i) Write down the marginal probability distributions of X; and Xs, a.nd calculate
E(X;) and var(X;).
(if) What is the conditional distribution of X3 given that X; = 2?
(iii) What is the conditional distribution of X, given that X, # 27
(iv) Calculate P(X; > X3), P(X; < X3) and P(X; = X, | X; < X,).

Ky=177"2 3

11 Blo- 0.08 0,14
2| 0.10 0.04 0.06
3| 0.20 0.10 0.20

Xo=

13. (i) Slippage tests are carried out on five supplied specimens for a paving surface,
resulting in the following observed values in arbitrary units: 4.4, 4.7, 5.2, 5.0,
4.7. Assuming that the observations form a random sample from a normal
distribution, test the supplier’s claim that the underlying mean value is 5.0.

(i) Two types of tiling are supplied for a walkway and some breaking-strength tests
yield the following data in arbitrary units.
Type Ar 3.7 42 40 21 4.0
Type B: 3.5 3T 386 86 8§83 40

Perform a test of the hypothesis that the underlying mean breaking-strengths
are equal for Types A and B.

State the assumptions required for validity of your test.
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