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The Randomized Heston Model*

Antoine Jacquier’ and Fangwei Shif

Abstract. We propose a randomized version of the Heston model—a widely used stochastic volatility model in
mathematical finance—assuming that the starting point of the variance process is a random variable.
In such a system, we study the small- and large-time behaviors of the implied volatility and show
that the proposed randomization generates a short-maturity smile much steeper (“with explosion”)
than in the standard Heston model, thereby palliating the deficiency of classical stochastic volatility
models in short time. We precisely quantify the speed of explosion of the smile for short maturities
in terms of the right tail of the initial distribution, and in particular show that an explosion rate
of t7 (v € [0,1/2]) for the squared implied volatility—as observed on market data—can be obtained
by a suitable choice of randomization. The proofs are based on large deviations techniques and the
theory of regular variations.
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1. Introduction. Implied volatility is one of the most important observed data in financial
markets and represents the price of European options, reflecting market participants’ views.
Over the past two decades, a number of (stochastic) models have been proposed in order to
understand its dynamics and reproduce its features. In recent years, a lot of research has
been devoted to understanding the asymptotic behavior (large strikes [8, 9, 13], small/large
maturities [24, 25, 26, 49]) of the implied volatility in a large class of models in extreme cases;
these results not only provide closed-form expressions (usually unavailable) for the implied
volatility, but also shed light on the role of each model parameter and, ultimately, on the
efficiency of each model.

Continuous stochastic volatility models driven by Brownian motion effectively fit the
volatility smile (at least for indices); the widely used Heston model, for example, is able
to fit the volatility surface for almost all maturities [33, section 3], but becomes inaccurate for
small maturities. The fundamental reason is that small-maturity data is much steeper (for
small strikes)—the so-called short-time explosion—than the smile generated by these stochas-
tic volatility models (a detailed account of this phenomenon can be found in the volatility
bible [33, Chapters 3 and 5]). To palliate this issue, Gatheral (among others) comments
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that jumps should be added in the stock dynamics; the literature on the influence of the
jumps is vast, and we only mention here the clear review by Tankov [49] in the case of ex-
ponential Lévy models, where the short-time implied volatility explodes at a rate of |tlogt|
for small ¢. To observe nontrivial convergence (or divergence), Mijatovi¢ and Tankov [47]
introduced maturity-dependent strikes and studied the behavior of the smile in this regime.

As an alternative to jumps, a portion of the mathematical finance community has recently
been advocating the use of fractional Brownian motion (with Hurst parameter H < 1/2) as
driver of the volatility process. Alos, Leén, and Vives [2] first showed that such a model is
indeed capable of generating steep volatility smiles for small maturities (see also the recent
work by Fukasawa [31]), and Gatheral, Jaisson, and Rosenbaum [34] recently showed that
financial data exhibits strong evidence that volatility is “rough” (an estimate for SPX volatility
actually gives H ~ 0.14). Guennoun et al. [36] investigated a fractional version of the Heston
model and proved that as t tends to zero, the squared implied volatility explodes at a rate
of t=1/2_ This is currently a very active research area, and the reader is invited to consult [7,
21, 22, 23, 28] for further developments. This is, however, not the end of the story—yet—as
computational costs for simulation are a serious concern in fractional models.

We propose here a new class of models, namely standard stochastic volatility models
(driven by standard Brownian motion) where the initial value of the variance is randomized,
and we focus our attention on the Heston version. The motivation for this approach originates
from the analysis of forward-start smiles by Jacquier and Roome [39, 40], who proved that
the forward implied volatility explodes at a rate of t1/4 as t tends to zero. A simple version
of our current study is the “CEV-randomized Black—Scholes model” introduced in [41], where
the Black—Scholes volatility is randomized according to the distribution generated from an
independent CEV process; in this work, the authors proved that this simplified model gen-
erates the desired explosion of the smile. The Black—Scholes randomized setting where the
volatility has a discrete distribution corresponds to the lognormal mixture dynamics studied
in [11, 12]. We push the analysis further here; our intuition behind this new type of model is
that the starting point of the volatility process is actually not observed accurately, but only
to some degree of uncertainty. Traders, for example, might take it as the smallest (maturity-
wise) observed at-the-money implied volatility. Our initial randomization aims at capturing
this uncertainty. This approach was recently taken by Mechkov [46], considering the ergodic
distribution of the CIR process as starting distribution, who argues that randomizing the
starting point captures potential hidden variables. One could also potentially look at this
from the point of view of uncertain models, and we refer the reader to [29] for an interesting
related study. The main result of our paper is to provide a precise link between the explosion
rate of the implied volatility smile for short maturities and the choice of the (right tail of the)
initial distribution of the variance process. The following table (a more complete version with
more examples can be found in Table 1) gives an idea of the range of explosion rates that can
be achieved through our procedure; for each suggested distribution of the initial variance, we
indicate the asymptotic behavior (up to a constant multiplier) of the (square of the) out-of-
the-money implied volatility smile (in the first row, the function f will be determined precisely
later, but the absence of time dependence is synonymous with absence of explosion).
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Name Behaviors of o7(x) (x # 0) Reference
Uniform f(z) Equation 4.3
Exponential()) ||t =1/ Theorem 4.11
X-squared ||t =1/ Theorem 4.11
Rayleigh x?/3¢71/3 Theorem 4.5
Weibull (k > 1) (z%/t)t/(+F) Theorem 4.5

The rest of the paper is structured as follows: We introduce the randomized Heston
model in section 2 and discuss its main properties. Section 3 is a numerical appetizer to give
a taste of the quality of such a randomization. Section 4 is the main part of the paper, in
which we prove large deviations principles for the log-price process and translate them into
short- and large-time behaviors of the implied volatility. In particular, we prove the claimed
relation between the explosion rate of the small-time smile and the tail behavior of the initial
distribution. The small-time limit of the at-the-money implied volatility is, as usual in this
literature, treated separately in section 4.5. Section 5 includes a dynamic pricing framework:
based on the distribution at time zero and the evolution of the variance process, we discuss
how to reprice (or hedge) the option during the life of the contract. Finally, section 6 presents
numerical examples and examples of common initial distributions. The appendices gather
some reminders on large deviations and regular variations, as well as proofs of the main
theorems.

Notation. Throughout this paper, we denote by o,(x) the implied volatility of a European
Call or Put option with strike e” and time to maturity ¢. For a set S in a given topological
space we denote by §° and S its interior and closure. Let Ry := [0,00), R% := (0,00),
and R* := R\ {0}. For two functions f and g, and xzy € R, we write f ~ g as = tends to
xo if img_q, f(x)/g(x) = 1. If a function f is defined and locally bounded on [z(, c0), and
limg o0 f(2) = 00, define f(x) := inf {y > [x0,00) : f(y) > =} as its generalized inverse. Also
define the sign function as sgn(u) := 1g,>0} — l{u<o}- Finally, for a sequence (Z;);>o satisfying
a large deviations principle as ¢ tends to zero with speed ¢(t) and good rate function A7,
(Appendix B.1) we use the notation Z ~ LDPg(g(t),A}). If the large deviations principle
holds as t tends to infinity, we denote it by LDPo(- - -).

2. Model and main properties. On a filtered probability space (€2, F, (Ft)t>0,P) sup-
porting two independent Brownian motions W) and W), we consider a market with no
interest rates, and propose the following dynamics for the log-price process:

_ 1 1) | = 11172 _
2.1) dX; = 2Wdt+\/vt<pdwt + pdW; ) Xo =0,

AV, = k(0 — V)dt + £/ VidW, Y, =y,

where p € [-1,1], p := ﬂ, and k, 0, & are strictly positive real numbers. Here V is a
continuous random variable, independent of the filtration (F;);>0, for which the interior of
the support is of the form (v_,v;) for some 0 < v_ < vy < oo, with moment generating
function My(u) := E (e*V) for all u € Dy = {u € R : E(e*V) < o0} D (—00,0], and we
further assume that Dy contains at least an open neighborhood of the origin, namely, that
m := sup{u € R: My(u) < oo} belongs to (0,00]. Then clearly all positive moments of V
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exist. Existence and uniqueness of a solution to this stochastic system is guaranteed as soon
as V admits a second moment [44, Chapter 5, Theorem 2.9]. Notice that the process (X, V)
is not adapted to the filtration (F3)¢>0 due to the lack of information on V in F;. The process
is Markovian, however, with respect to the augmented filtration o(F; V o(V))¢>o0.

When V is a Dirac distribution (b_ = v4), system (2.1) corresponds to the standard
Heston model [37], and it is well known that the stock price process exp(X) is a P-martingale;
it is trivial to check that this is still the case for (2.1). Behavior [51], asymptotics [25, 26, 27],
and estimation and calibration [4, 51] of the Heston model have been treated at length in
several papers, and we refer the interested reader to this literature for more details; we shall
therefore always assume that v_ < v,.

Remark 2.1. For any t > 0, the tower property for conditional expectation yields
E(V;) =E[EVi[V)] =0 (1 —e ) + e "E(V),

2 20
V() = BV + VBWIV) = o2 (V) + £ @ - ) B0 )+ §7 (-,
Consider the standard Heston model (v_ = vy =: Vy) and construct V such that E(V) = Vj.
Then, for any time t > 0, both random variables Vi (in (2.1) and in the standard Heston
model) have the same expectation; however, the randomization of the initial variance increases
the variance by e 2"'V(V). As time tends to infinity, it is straightforward to show that the
randomization preserves the ergodicity of the variance process, with a Gamma distribution as
nvariant measure, with identical mean and variance:
€20

gg]E(V}) =0 and %%?OV(W) =

For any t > 0, let M(¢,u) denote the moment generating function (mgf) of X;:
(2.2) M(t, u) :=E (e"*) for all u € Dy := {u e R: E (") < o0} .
The tower property yields directly
(23)  M(t,u) =E (") = E (E ("X*|V)) = E (e0<tv“)+D(tv“>V) = CEONM,y, (D(t, ),
where the functions C and D arise directly from the (affine) representation of the mgf of the
standard Heston model, recalled in Appendix A.1.

3. Practical appetizer and relation to model uncertainty.

3.1. The bounded support case: A practical appetizer. Before diving into the tech-
nical statements and proofs of asymptotic results in section 4, let us provide a numerical
hors d’oeuvre, whetting the appetite of the reader regarding the practical relevance of the
randomization. As mentioned in the introduction, the main drawback of classical continuous-
path stochastic volatility models (without randomization and driven by standard Brownian
motions) is that the small-maturity smile they generate is not steep enough to reflect the
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Figure 1. Volatility surfaces of standard Heston (colored) and with randomization V (L;w)U(4%,8.2%).

reality of the market. The graph in Figure 1 represents a comparison of the implied volatility
surface generated by the standard Heston model with

k=21  6=005  Vy=006  p=-06, £=0.1

and that of the Heston model randomized by a uniform distribution with v_ = 0.04 and
vy = 0.082. From the trader’s point of view, this could be understood as uncertainty on the
actual value of V| (see also [29] for a related approach). Clearly, the randomization steepens
the smile for small maturities, while its effect fades away as maturity becomes large. This
numerical example intuitively yields the following informal conjecture.

Conjecture 3.1. Under randomization of the initial volatility, the smile “explodes” for small
maturities.

We shall provide a precise formulation—and exact statements—of this conjecture. Despite
appearances in Figure 1, the conjecture is actually false when the initial distribution has
bounded support, such as in the uniform case here. However, as will be detailed in section 6.1,
greater steepness of the smile (compared to the standard Heston model) does appear for a
wide range of strikes, but not in the far tails (this, as well as the at-the-money curvature in
the uncorrelated case, is quantified precisely in section 6.1). This leads us to believe that,
even if an “explosion” does not actually occur in the bounded support case, this assumption
may still be of practical relevance given the range of traded strikes.

4. Asymptotic behavior of the randomized model. This section is the core of the paper
and relates the explosion of the implied volatility smile in small times to the tail behavior of
the randomized initial variance. Section 4.1 (Proposition 4.1) provides the short-time behavior
of the cumulant generating function (cgf) of the random sequence (X;):>0 and relates it to
the choice of the initial distribution V. This paves the way for a large deviations principle
for the sequence (Xi):>0. Section 4.2 concentrates on the case where both m and vy are
infinite: Theorem 4.5 indicates that the squared implied volatility has an explosion rate of t7
with v € (0,1/2). The case where m < v = 400 is covered in section 4.3, where an explosion
rate of v/* is obtained. Section 4.4 provides the large-time asymptotic behavior of the implied
volatility in our randomized setting; in particular, the long-term similarities between standard
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and randomized Heston models are present in this section. Finally, section 4.5 covers the
singular case of the small-time at-the-money implied volatility.

4.1. Preliminaries. As a first step in understanding the behavior of the implied volatility,
we analyze the short-time limit of the rescaled cgf of the sequence (X;);>0. To do so, let h :
R4+ — R4 be a smooth function, which can be extended at zero by continuity with h(0) :=
limy g A(t) = 0. In light of (2.3), for any ¢t > 0, we introduce the effective domain of the mgf
of the rescaled random variable X;/h(t),

Dt::{ueR:M<t,h1é)><oo},

as well as the following sets, for any ¢ > 0:

U N .
D{;::{UGR:MVOD<t,h(t)><OO}, D 3:11%(1)nthZUﬂDsa
t>0s<t
D¥ — limi to_ s
) lug(l)nf Dy, U ﬂDv
t>0 s<t

We now denote the pointwise limit Ay (u) := limy g Ap, (¢, u/h(t)), where

(4.1) A (t, h?t)) .= h(t)log M <t, h?(‘t)) .

The seemingly identical notation for the function and its pointwise limit should not create
any confusion in this paper. Introduce further the real numbers u_ < 0 and uy > 1 and the
function A : (u—,us) — R:

2 rctan (5] L = Ftipmy + 5 (avctan (2) )
u_ = —arctan | — | 1 ——1;_n+—larctan| =) —7 )1 ,
& <p {p<0} ¢ {p=0} & 0 {p>0}

2 D T 2 p)
Uy = — larctan| = | +7 |1 + -1y _v+ —arctan (= | 1 ,
- £p< (p> ) o0} T M= T ( {0}
U

p
Au) :=

(4.2)

&(peot (Epu/2) — p)

The following proposition, whose proof is postponed to Appendix D.1, summarizes the limiting
behavior of Ay(-,-) as ¢ tends to zero. In view of Remark 4.2(ii) below, we shall only consider
power functions of the type h(t) = ct?. It is clear that there is no loss of generality by
taking ¢ = 1, as it only acts as a space-scaling factor. We shall therefore replace the notation Ay
by A, to highlight the power exponent in action.

Proposition 4.1. Let h(t) = t7, with v € (0,1]. As t tends to zero, the following pointwise
limit holds:

0, u € R, if v €(0,1/2) for any V,
L uy )0, u € R, if y€[1/2,1), vy < o0,
AV(U) o ltll%IA7 (t’ tify) N A(U)U+, u € (u*7u+)’ Zf7 = 17 vy < o0,

Lily,_y omy, u€ [—V2m,v2m], if vy =1/2, vy = o0,m < 00,
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and is infinite elsewhere, where Ly € [0,00]. Whenever v > 1 (for any V), or m < oo
and vy > 1/2, the limit is infinite everywhere except at the origin.

We shall call the (pointwise) limit degenerate whenever it is either equal to zero everywhere
or zero at the origin and infinity everywhere else. In Proposition 4.1, only the last two cases
are not degenerate.

Remark 4.2.
(i) The case where v and m are both infinite is treated separately, in section 4.2, as more
assumptions are needed on the behavior of the distribution of V.

(ii) If h is not a power function, the proofs of Proposition 4.1 and Theorem 4.6 indicate
that we only need to compare the order of h with orders of t1/% and t. Any nonpower
function then yields degenerate limits.

(iii) In the last case, Ly depend on the explicit form of the mgf of V. Exzample 6.2 illustrates
this.

When the random initial distribution V has bounded support (b4 < co), Proposition 4.1
indicates that the only possible speed factor is v = 1, and a direct application of the Géartner—
Ellis theorem (Theorem B.2) implies a large deviation for the sequence (Xi);>0; adapting
directly the methodology from [24], we obtain the small-time behavior of the implied volatility.

Corollary 4.3. If by < oo, then X ~ LDPy(t, Ay, ) with Ay (x) := sup {uz — A(u)os 1 u e
(u—,uy)} and

1,‘2

(4.3) ltifél ol(z) = m for all x # 0.

Approximations, in particular around the at-the-money = = 0, of the rate function Ay_,
and hence of the small-time implied volatility, can also be found in [24, Theorem 3.2] and
apply here directly as well. Further, as discussed in detail in section 6.1, higher-order terms
in the small-time expansion of o2(x) can be obtained if the mgf of the initial randomization
is known in closed form.

4.2. The thin-tail case. In the case m = oo, Proposition 4.1 is not sufficient, as several
different behaviors can occur. In this case, which we naturally coin “thin-tail,” a more refined
analysis is needed, and the following assumption shall be of utmost importance.

Assumption 4.4 (thin-tail). v; = oo, and V admits a smooth density f with log f(v) ~
—11v"2 as v tends to infinity for some (I1,12) € R% x (1,00).

For notational convenience, we introduce the following two special rates of convergence,
% <7y < 1<%, and two positive constants, ¢, ¢

(44) yo= 2 g 2 ¢ = (2ly) T €= (2hlp) T
. v 115 v b1 c: 142 ) : 142 :
The following theorem is the main result of this thin-tail section and provides both a
large deviations principle for the log-stock price process as well as its implications on the
small-maturity behavior of the implied volatility. Define the function A* : R — R, by

(4.5) A (z) = 2T 1 for any = in R.
gl
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Theorem 4.5. Under Assumption 4.4, X ~ LDPy(tX, A*) with A* given in (4.5), and, for
any x # 0,
ltii%l 1202 (x) = 5_11x2(1_1).

In exponential Lévy models, the implied variance o?(x) for nonzero x explodes at a rate
of |tlogt| [49, Proposition 4]. Theorem 4.5 implies that in a thin-tail randomized Heston
model we have a much slower explosion rate of t” with n € (0,1/2). In [47] the authors
commented that market data suggests that implied volatility with decreasing maturity still
has a reasonable range of values and does not explode significantly, which might provide
empirical grounds justifying the potential value of this randomized model as an alternative to
the exponential Lévy models. The theorem relies on the study of the asymptotic behavior of
the rescaled mgf of X;.

Lemma 4.6. Under Assumption 4.4, the only nondegenerate speed factor is v = v, and

(4.6) Ay(u) = %uﬁ for any u in R.

Assumption 4.4 in particular implies that the function log f is regularly varying with
index lo (which we denote by |log f| € Ry,; see also Appendix B.2 for a review of and useful
results on regular variation). Without this slightly stronger assumption, however, the constant
in (4.6)—essential to compute precisely the rate function governing the corresponding large
deviations principle (Theorem 4.5)—would not be available. In order to prove the lemma and

hence the theorem, let us first state and prove the following result.
l

Lemma 4.7. If |log f| € Ry (I > 1), then logMy(z) ~ (I—1) (%)™ ¢(z) at infinity,

with ¥ € Rg defined as o
z L
o= () =

Proof. Since |log f| € R;, Bingham’s Lemma (Lemma B.4) implies logP(V > z) =
log f;o el fWdy ~ log f (), as x tends to infinity, and the result follows from Kasahara’s
Tauberian theorem [10, Theorem 4.12.7]. [ ]

Proof of Lemma 4.6 and of Theorem 4.5. By Lemma B.5, the mgf of V is well defined
on R;. Lemmas 4.7 and C.2 imply that as ¢ tends to zero,

9 _
u t"logMy, (u2tl_2“Y (1+(’) (tl_v)) NQéuﬂﬁ(l_Wl), when ye€(1/2,1),
MogMy (D (#,) ) = Aw) .

tlogMy (t (1+0(1)) NﬁQVA(u)th_V,When y=1.

For u # 0 the right-hand side is well defined with nonzero limit if and only if v = v € (1/2,1);
the case v = 1 does not yield any nondegenerate behavior, and the lemma follows.

The large deviations principle stated in Theorem 4.5 is a direct consequence of Lemma, 4.6
and the Gértner—Ellis theorem (Theorem B.2), noting that the function A, in (4.6) satisfies
all the required conditions and admits A* as the Fenchel-Legendre transform. The translation
of this asymptotic behavior into implied volatility follows along the same lines as in [24]. M
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4.3. The fat-tail case. If v, is infinite and m is finite, Proposition 4.1 states that the
only choice for the rescaling factor is h(t) = t1/2_ but the form of the limiting rescaled cgf does
not yield any immediate asymptotic estimates for the probabilities. In this case, we impose
the following assumption on the mgf of V in the vicinity of the upper bound m of its effective
domain.

Assumption 4.8. There exist (v0,71,72,w) € R* x R x R x N* | such that the following
asymptotics hold for the cgf of V as u tends to m from below:
(4.7)

Yolog(m—u) +~1+o0(1) for w=1,79<0,
logMy (u) = (m_v#{l—l—m(m—u)log(m—u)—i—fyg(m—u)—i—o(m—u)} for w>2,79>0
and
(4.8)

70l _

M) ) g (L) for w=1,7 <0,
My(w) | @—1

{I+a(m—u)logm —u)+b(m—u)+o(m—u)} forw>2v >0,

where a :=y1(w —2)(w —1)"! and b := [y2(w —2) — 7] (w—1)7L.

Remark 4.9. Condition (4.8) together with the expressions of a and b implies that the
asymptotics of (log(My))" can be derived by differentiating (4.7) term by term. This is of
course not always true; however, condition (4.8) is rather mild, and we shall check it directly
in several cases where My, is known in closed form.

Example 4.10.

e For the exponential distribution with parameter m, (vo,v1,w) = (—1,logm, 1).

e For the noncentral x-squared distribution as in Example 6.2, (vo0,71,72,w) = (
—2(1+ $log2),2).
For m € (0, 00), introduce the function A* : R — R as

(4.9) A*(z) == V2m|z],
c1(x)

as well as, for any ¢ > 0, the functions &,C; : R* — R by &(x) := 1,—1) +exp ( Ve )l{wzg}
and

|| 170l -1
(170l (2m)1+hol/2
N 2
dm / 2m/27w((x)
where the functions ¢; and ( are defined in Lemmas D.2 and D.3, respectively. Then the
following behavior, proved in section D.2, holds for European option prices.

exp #1=3hol for w =1,

1
(4.10)  Ci(z) == ploem+ Dt 71) r

1
exp (2(p§m + 1Dz +voy2 + (ETI0N for o = 2,

Theorem 4.11. Under Assumption 4.8, Furopean Call options with strike e* have the fol-
lowing expansion:

E(eXt —e$)+:(1—ex)+—|—exp (—Ai/(g:)> E(x)Ci(z)(1+0(1))  for any x#£0, as t tends to zero.
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Moreover, the small-time implied volatility behaves as follows whenever x # 0:

2(0) ] . hgl)(x)—i—hgl) log(t) + o(1) forw=1,
o;(z) =
! 2v/2mt (@) —i—h?)(m)—i—hg)log(t)—i—o(l) forw =2,
4mtl/4
where
Wy L [pEm 1 _(hol 1 -
10 @)= 3= { 2%+ (ol 5 ) ostel + 1 +1og(av/m) - (224 Y togom) —togT (o }.
2 1 [ pém 9 5 3 1 1
hg)(a:)::m{2x—i-”YO’Yz—i-4m+810g2—810gm+4logfyg—4log|x] ,
h(l)::L 1—\70\ h(2>::L 1—i-’}’O’Yl c1(z) defined as in Lemma D.2.
27 8m\2 ’ 27 16m \ 2 ’ '

A particular example of a randomization satisfying Assumption 4.8 is the noncentral x-
squared distribution. This case was the central focus of [39], where the small-time behavior
of the forward smile in the Heston model was analyzed. As a sanity check, our Theorem 4.11
corresponds to [39, Theorem 4.1].

Corollary 4.12. Under Assumption 4.8, for w < 2, X ~ LDPq(\/t, A*).

Remark 4.13. Ewven though the leading order in the expansion is symmetric, Theorem 4.11
explains how the asymmetry in the volatility smile is generated. In particular, the term p€x/8
immediately shows how the leverage effect can be produced with p < 0.

4.4. Large-time asymptotics. As observed in Figure 1, the effect of initial randomness
decays when the maturity becomes large, so that the large-time behavior of the random-
ized Heston model should be similar to that of the standard Heston model, which has been
discussed in detail in [25, 27, 38]. In the particular example of the forward Heston model—
which coincides with randomizing with a noncentral y-squared distribution—such a large-time
behavior was analyzed in [40]. Throughout this section we assume |p| < 1 and & > p¢ (this
condition usually holds on equity markets, where the instantaneous correlation p is negative—
the so-called leverage effect), which guarantees the essential smoothness of the limiting cgf in
a standard Heston as ¢ tends to infinity, and define the function £ on R by

(4.11) L(u) = /229 (k= p€u —d(u)) for u € [u_,uy],
+00 foru € R\ [u—,u4],

where U4 = ﬁ (§—2rp+ V(€ —2kp)? + 4k%p?), and where the function d is given in (A.1).
We further denote £*(x) := sup,cr {uz — £(u)}, the convex conjugate of £. Forde and
Jacquier [25, Theorem 2.1] proved that u— < 0 and uwy > 1. Consider now the following
assumption.

Assumption 4.14. max{u_(u_ — 1),y (uy — 1)} < m&? < oo.

Remark 4.15. Assumption 4.14 is a technical one, needed to ensure that the limiting cgf of
the randomized model is essentially smooth. Should it break down, a more refined analysis,
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similar to the one in [40], could be carried out to prove large deviations, but we leave this for
future research.

Theorem 4.16. Under Assumption 4.14, (t7'X;) ~ LDPo(t71, £*) and

2(28*(:5)—30—}—2\/2*(;5)(2*(;10)—a:)) forxé( 4 9),

lim o (xt) = _2’20 0
ttoo 2(22*(x)—$—2\/2*($)(2*($)_$)) forx e R\ [—2,2} )

where 0 = miig >0. Ifx € { — g, g}, then limypoo af(%) =60 and limypoo Utz( — @) =0.

Remark 4.17.

o As proved in [25], the map x — £*(x) — x is smooth and strictly convez, it attains its
minimum at the point 6/2, and £*(0/2) — 0/2 = £5(0/2)' — 1 = 0.

e Theorem 4.16 has the same form as [25, Corollary 2.4], confirming the similar large-time
behaviors of the classical and the randomized Heston models.

e Higher-order terms can be derived using the saddle point method described in detail in [27]
(see also [40, Proposition 2.12]).

Theorem 4.16 provides the large-time behavior of the implied volatility smile with a time-
dependent strike. For fixed strike, the initial randomization has no effect, and we recover the
flattening effect of the smile.

Corollary 4.18 (fixed strike). Under Assumption 4.14,

g]glo o?(z) = 8£*(0) = 8(;1&_0{)2) <—2:‘<L + € + /€2 + 42 — 4/£p§> for all z € R.

4.5. At-the-money case. All our small-maturity results above hold in the out-of-the-
money case ¢ # 0. As usual in the literature on implied volatility asymptotics, the at-
the-money case exhibits radically different behavior, and a separate analysis is needed. We
first recall in Lemma 4.19 the at-the-money asymptotics in the classical Heston model [26].
To differentiate between standard and randomized Heston models, denoting by o(z,vg) the
implied volatility in the standard Heston model with fixed initial condition V) = vg > 0.

Lemma 4.19 (see [26, Corollary 4.4]). In the standard Heston model with Vo = vg > 0,
assume that there exists ¢ > 0 such that the map (t,z) — oZ(z,vo) is of class C11([0,€) x
(—¢,€)). Then o}(0,v0) = vo+a(ve)t+o(t), where a(vo) := — 7562 (1 — 1p%) + Tvopé + $K(0—
’U(]).

Theorem 4.20. In a randomized Heston model, o;(0) = E(v/V) 4 o(1) holds as time tends
to zero.

Proof. Since m € (0, 00], then E(v/V) is finite. Denote by Cps(t,z,¥) the European Call
option price in the Black—Scholes model with maturity ¢, strike e*, and volatility 3, and denote
by Cy(t, z,v) its price in the standard Heston model with V{; = v. Using the tower property,

(4.12) E(X-1)"=E (IE (X —1)* yv) — E(Cu(t,0,V)),
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and Lemma 4.19 and [26, Corollary 4.5] imply that the equation CH(t,O,V) = Cpsg (t,O,
V +a(V)t) (1+o0(1)) holds P-almost surely. Also for any ¢ € R, [26, Proposition 3.4] implies

that
4
Chs (t, 0,V/%2 + ct) - \/12? <Et1/2 n 126/;43225”/2 +0 (t5/2)> .

Plugging these equations back into (4.12) and equating (4.12) with Cgs (¢,0,04(0)), the the-
orem follows from

1R { <\7V+Wt+(9 (t2)) (1+0(1))} _ (at(O)—Ug(O)HO (t2)) . u

27 24y 27 24

Remark 4.21. If E(V_1/2) s finite, then following a similar procedure we obtain higher-
order terms of 04(0),

74(0) = E(VV) + {clE(V_l/Q) L OEWY) + o (E(\FV)3 - E(v3/2)) } t+o(t),

where ¢ := (kO +E2(p* —4)/24), ¢2 := $(p€ —2k), and c3 := 5;. In the noncentral x-squared
case we recover the result of [39, Theorem 4.4].

5. A dynamic pricing framework. The model proposed in this paper has so far only
been studied in a static way, namely, from the inception time of the (European contract),
with a view towards calibration of the implied volatility surface. Although it provides a
better fit to short-maturity options by steepening the skew, it is not obvious how to use the
model dynamically; in particular, it is unclear how to choose the random initial value of the
volatility process during the life of the contract, should one wish to sell or buy the option, or
for hedging purposes. Mathematically, assume that at time zero the trader chooses an initial
randomization V (or classically a Dirac mass at some positive point), and suppose that at some
later time £ > 0 she needs to reprice the option (with retaining the maturity 7). How should
she choose the new initial random variable V;? Since the variance process has continuous
paths, a suitable choice of Vy, consistent with the dynamics of the variance, is obviously V%,
the solution of the SDE (2.1), after running it from time zero to time f. With an initial
guess V at time zero, then, at time ¢, conditional on V, Vy is distributed as 6;)(2 (g, \), where
By = &1 — e_“f)/(4/€), and x2(g, \) is a noncentral y-squared distribution with q := 4r60/¢2
degrees of freedom and noncentrality parameter A := 4xV/(£2(e! — 1)). From the tower
property, the moment generating function of Vy then reads

&-1) My, (u) = E [E (e"1[V)] = (1 = 260)™"* My <w>

1-2Bu
for all u € Df = {u € R: My, (u) < oo}. Setting b; := 1/(25;), we have
DH — (—o0, by) ﬂ ueR: 7exp(—m§)u eD
LT T1-28u Y

(—00, by) if m = oo,

(—00, b)) <—oo, m) — (—o00,b7) ifm < o0,

e_’“f + 255111
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where b;f = — ™% We now discuss the impact of different choices of V at time zero
m+-by exp(—~t)

on the distribution of V; and on the implied variance o2(z,f) at time f (for a remaining

maturity 7). We keep here the terminology introduced in section 4 regarding the tail behavior

of V.

Before diving into the detailed analysis, we argue that V; chosen this way should only
serve as a candidate for the initial distribution at time ¢ and in practice should be recalibrated
according to updated (noisy) market observations at time f. Market noises explain how the
distribution of Vy can deviate from the ergodic distribution: the impact of the (instantaneous)
noises can change the shape and parameterization of the randomization. We further comment
that understanding the choice of V; is also useful from a model risk point of view: at time
zero, it is important to understand and simulate the behaviors of model parameters at a
given future time. We show in this section, in our setting, that Vy can in fact only be fat
tailed, and therefore, for consistency, one should probably start with V in the class of fat-tail
distributions.

5.1. The bounded-support case. In this case, Df = (—o00, by); the proof of Proposi-
tion 4.1 showed that lim, u~log My(u) = vy. Combining this with (5.1), we obtain, as u
tends to by from below,

e "o, u

2. (14 o(1))

log My, (u) = —% log(1 — 28zu) +

ki —rt 2
q b{ e KtU.;.be € U-&-bf
=14 1+0(1)) = ——L (1401

so that, at leading order, V; behaves asymptotically as a fat-tail distribution as in Assump-
tion 4.8 with w = 2. In the particular case of a uniform distribution on [v_,v4] C [0,00), as u
tends to by from below, we obtain

log My, (u)
q by > ki ( by > 1 —exp{(v_ — U+)6_HE[’EU/([’£_U)}
=-lo +boe —1]+lo > by—u
2 g(bf—u A by—u & e "bu(vy —v_) (b~ )
e 2o, | erl(2—g) T L by~
t q e t Py
= b“_ 1 b“_ 1 _1 b“_
b;—u 2670, (b ) loa(oy w4 q g los | 5y o, 0

Hence in a uniform randomization environment, at future time ¢, the shape of the distribution
of V;y depends both on V and on the parameters x, 8, that control the dynamics of the variance
process. Moreover, from Theorem 4.11, the implied variance at time £, denoted by o2(x, ),
has an explosion rate of \/7:

. -2 e
o2(z,f) = i + tm (2657')_1/4 +o (7_1/4) for all x # 0, as T tends to zero.
2,/2b;  2ert/2
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5.2. The thin-tail case (Assumption 4.4). Here again, D{H = (—00,by), and applying
Lemma 4.7 with log f ~ —I1v"2, we have

lo

q by 1\ 2T (e kip2\ 2
log My, (u) = =1 L e L 1 1
o8 My, (1) = F1og (2 ) + 1t~ 1) () (b{_u> (1 +0(1)

. -1z e_”fg 7
(5.2) —glog< bi >+2c< bt) (1+0(1)),

by —u o7 by —u

as u tends to by from below, so that a thin-tail initial randomization generates a fat-tail
distribution for V; at time t. In light of (5.2), Assumption 4.8 does not hold, and hence V;
is neither of Gamma nor of noncentral y-squared type. A case-by-case analysis depending on
the distribution of V is therefore needed in order to make the o(-) term in (5.2) more precise.

Example 5.1 (folded-Gaussian randomization). When f(v) = ce 1V straightforward com-
putations yield

v 2 i
q by 1 efntbt“u ™ 1 eiﬁtbfu
log My () = 41 — 1 ) log s+t
0g My, () 2 8 <bz—U> - 411 ( by —u s L Teela V21(by — u)

€0 C1 q
=: —=1 v — 1).
(6, — u)? + btv—u—i_cg 5 og(by — u) + o(1)

We can obtain the small-time asymptotic expansion of the option price using an approach
similar to the proof of Theorem 4.11. Specifically, only Lemma D.3 needs to be adjusted, and
the rescaling factor is now V(1) = 7Y/6: the main contribution to the asymptotics of out-of-
the-money option prices is still given in Lemma D.2. Translating this into the asymptotics of
the implied variance, we obtain, for small T,

o ol e (-
t) =

) ~1/3
BENC A CT DT + o(r7 7).

5.3. The fat-tail case. In this case, Df = (—o0, b;‘i) Here we only discuss two special
cases for V: the Gamma distribution, and the (scaled) noncentral y-squared distribution.

(Law) I(

Example 5.2 (Gamma randomization). If V a,m), then from (5.1) we have

q by ) B e rtub; o mb; — (m + exp(—rt)b;)u
log My, (u) = 5 log <btv—u> alog (1 7m(bf—u) = —alog m (b, — u)

b, — b,
:—alog(b%‘—u)+alog< m(b; —v) >+glog<t>.

m + exp(—xt)by by —u

Consequently Vy is still a fat-tail distribution satisfying Assumption 4.8 with w =1, vo = —a,
while the upper bound of the support of the mgf now depends on both the initial distribution V
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and the evolution of the process (through b;f) A direct application of Theorem 4.11 further
suggests that, for small enough T > 0,

o2(wd) = 2L
2, /2b;57'

Example 5.3 (noncentral x? randomization). If V

by
logMV{(u):glog< L )—i—( abz Elog(l 2az)>

hgl)(a;) + hgl) log(7) + o(1), with hgl), hél) given in Theorem 4.11.

(faw) ax?(a,b), then m = 1/(2a), and

1—-2az

2 z=exp(—rt)u/(1-28;u)

ae by g b (b7 —u) b
S S S VA i Sl B 31 i
b7 —u Og(b*( w2 Og(bf—a)

ae”"pbr? g —a by a ;
:ﬁ—flog( zf—u)thlog t +§logb:—ae_“tbb§+(9( F—u),

b;—b?

which satisfies (4.7) in Assumption 4.8 with w = 2 as u tends to b;’f, with b;ﬁ playing the
role of the boundary m, and vy = abb?e‘“g. As a result, the implied variance UZ(m,f) has
an explosion rate of \/T as T tends to zero, and its full asymptotic expansion is provided in

Theorem 4.11.

This analysis shows that a suitable choice for V;, consistent with the dynamics of the
variance process, can actually depend on the initial randomization at time zero, as well as the
evolution of the variance. Even though all three types of initial randomization imply a fat-tail
initial distribution at future time, the generated small remaining-maturity implied volatility
smiles are very different. The folded-Gaussian (thin tail) generates a steeper smile compared
to the bounded support case; a fat-tail distribution for V generates an even steeper volatility
smile at 7, since the coefficient of the leading order is b;f, which is strictly less than by.

Remark 5.4. All distributions discussed in section 4 generate a fat-tail distribution for V;.
However, should the assumptions in section 4 break down, this may no longer be true: Equa-
tion (5.1) suggests that the mgf of Vy can be ill-defined whenever that of V does not exist—in
the case of a Cauchy distribution, for example. That said, the study of the effective domain
below (5.1) indicates that, in our setting, only fat-tail distributions for Vy are possible.

Remark 5.5. As i tends to zero, By also converges to zero, by diverges to infinity, and b;f
tends to m (defined on Page 101). Plugging these into the asymptotic behavior developed in
section 5, we recover the moment generating functions from section 4 as well as the asymptotics
of the implied variance.

6. Examples and numerics. We now choose some common distributions supported on a
subset of [0,00) for the initial randomization to illustrate the results in section 4. We first
start with the bounded support case and provide rigorous justification for the statements in
section 3. In section 6.1, we consider a uniformly distributed initial variance, with v finite,
and provide full asymptotics of European Call prices. The remaining sections are devoted
to the unbounded support case; specifically, sections 6.2—6.4 correspond to the fat-tail case,
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so that Theorem 4.11 can be applied. The thin-tail environment is illustrated in section 6.3,
where the initial distribution satisfies Assumption 4.4 with Iy = 2.

6.1. Uniform randomization. Assume that V is uniformly distributed on [v_, v ] with
0 < v_ < vy < oco. Then Corollary 4.3 provides the leading term of short-time implied
volatility. However, as will be shown in section 6.6, the true volatility smile for small ¢ is
much steeper compared with the leading term, so that higher-order terms shall be considered.
For any z # 0, denote by uy () the unique solution in (u—,u+) to the equation = A'(u)v,
with A described in (4.2). From [26, Remark 2.1], existence and uniqueness of such a solution
are straightforward, and uy () # 0 holds for any nonzero x. Introduce the function U : R* —
R% by

(6.1) U, (2) i= exp {Df(u, (2))v4 + Colus, () + 7}

where the functions DY and Cy are provided in (C.1)-(C.2). From [26, Remark 3.2], the
function U is well defined on R*. The following theorem is the main result of this section and
provides a detailed asymptotic behavior of call option prices as the maturity becomes small.

Theorem 6.1. Under uniform randomization, as t decreases to zero, European Call option
prices behave as

As, <x>> Us, (2)t”2 (1 4 0(1))
P (or =00 )A (g, (@), (@) 270, A (5, ()
for any x # 0,

E (eX — e“"z)Jr =(1—-e")" +exp (—

where the function Ay, was introduced in Corollary 4.3.

Remark 6.2.

o The remainder is of order t>2, instead of t3/%, as in both standard Heston and Black-
Scholes models [26]. This can also be seen at the level of the (asymptotic behavior of)
corresponding densities, as noted in Remark 6.3 below.

e The asymptotics holds locally for any fired log-strike x # 0. The numerics indicate that
for small t > 0, as x tends to zero, the asymptotics of option prices and volatility smile
explode to infinity. This is in contrast with the standard Heston case [26, section 5].

e Since the function A is strictly positive and strictly convex on (u—,us)\{0} and uy, (x) €
(u—,uy) \ {0} for any x # 0, the quotient on the right-hand side is well defined.

e In a Black—Scholes model we have (see [26, Corollary 3.5])

N * 1 x2 x
E (eXt —e )+ = (1 —e )+ + \/ﬂfﬁ exp (22% + 2> (EZt)3/2(1 + O(t))'

Comparing it with Theorem 6.1, we then obtain the higher-order term in the expansion of
the implied variance, as t tends to zero:

) 72 224 Uy, (z)exp(—/2)(2A;, (z))3/%t
205, (@) 205, (o (01 =0 ) A, (), (0)7 /0 A7 (., ()22

+o(t).

o ()



THE RANDOMIZED HESTON MODEL 105

Proof. The procedure is essentially the same as that of the proof of Theorem 4.11. Apply-
ing Lemmas C.2 and C.4, the rescaled cgf of X, for each t is given by (with the same notation
as in (4.1))

A(u) := Ay (t, %) =tC (t’ %) +tlog (MV oD (t’ %))

v+ D(tu/t) _ o_D(tu/t)
(6.2) (™Y 4 ree [ € e
1€ (1,7) + tog (05 — 0D, u/i)

= v A(u) +t (Co(u) + v:Df(u) — log (v — v_)A(u))) +tlogt + O (¢?) .

For fixed z > 0 and small enough ¢ > 0, introduce the time-dependent probability measure Q;
by

% — exp (UL (2) X —tAt(UL(fC))) .

Changing the measure, plugging in (6.2), and rearranging terms yield the following expression
for the call option price with strike e®:

E (eXt — em)+

= e (_AL (a:)) Us. (x)( t(1+0(t)) (x))EQt {exp (—u;;+ () (X: — g;)) (e 1)+} |

t by — o )A(uf, t

Xt;x ) converges weakly

It is easy to show that, for fixed ¢ > 0, under QQ; the random variable (

to a Gaussian distribution. The rest of the proof is similar to that of section D.2, so we omit
the details. ]

We now explain the steepness of the volatility smile in the uncorrelated case p = 0.
Using the at-the-money curvature formula for the implied volatility (in uncorrelated stochastic
volatility models) proved by De Marco and Martini [17, Equation (2.9)], we can write, for any
t>0,

2 t,0)%t
(6.3) 8§J(t,x)2}m:0 =7 {a(t, 0)V2rt exp <a(,8)> pe(0) — 1} ,
where p; is the density of the log-price process at time ¢. In the standard Heston model with
initial condition Vy = vy € (b, v, ), such that E(v/V) = /vy, the small-time asymptotics of
the density reads [30, section 5.3]

A% (w)> Uy, (2)

=121+ o(1 for any x # 0,
; o (2] (1+o0(1)) y x #

pe(z) = exp (—

with the function U defined in (6.1). Applying the saddle point method similar to the proof
of [26, Theorem 3.1], the small-time asymptotics of the density in a randomized setting,
denoted by p¢, has the expression

Ay, (x)) Uy, (2) +1/2 (1+o0(1))
t 210 A () (04 — v-)A(ug, (2))

Pilx) = exp (— 0
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090 045 100 105 110
Strike

Figure 2. Uniform randomization with (v—,v4) = (0,0.135). Blue squares represent the implied volatility
obtained from the standard Heston model, with maturity t = 0.005. Blue, yellow, red, green, and black triangles
represent the implied volatilities computed from the randomized Heston model by FF'T, with the maturities equal
to 0.005, 0.01, 0.05, 0.1, and 0.2. The graph illustrates the increase of steepness in a randomized Heston setting
as the maturity tends to zero.

Remark 6.3. Note the difference between the powers t/2 and t=/2 in the expressions for py
and p; above. FEven if, in the bounded support case, the leading-order term is not affected by
the randomization, the latter does act at higher order. We leave a precise study of this issue
to further research.

The ratio p;(x)/pi(x) then reads

s (x A;jox—A;erm 3 vo (T *
gt2$§ B %exp <_ = t ( )) <t:0“> IIJJn ((w)) (04 =0 )A(up, (2)) (1 +0(1)), 2 #0.

It is easy to verify that limg o Uy, (2) = limgjo Uy, (z) = 1 and limg o A(ug, (z)) = 0. More-
over, for any fixed = # 0,
ou;,

W
o A(uy(x)) = —=A(uy(z)) < 0.

Ouly () = Oy [uy () — vA(u(2))] = [z — vA (uj(2))]

Combining these results, assume that the density at zero can be approximated by p;(x) for
small enough x > 0. Then there exists ¢* > 0 small enough such that p,(z)/p:(x) < 1
for all t € (0,t*). Plugging it back into (6.3), and noticing that (see section 4.5) o(t,0) ~
E[VV] = \/vg ~ 0+(0,vp) holds as ¢ tends to zero, then the small-time curvature in a uniformly
randomized Heston is much larger compared with that of a standard Heston, implying a much
steeper smile around the at-the-money. Figure 2 provides some visual help.

Finally, we mention that the tail behavior of the implied volatility in a uniformly ran-
domized Heston model is similar to that of the standard Heston. To see this, notice that the
moment explosion property in the standard Heston setting is described in [3, Proposition 3.1].
Specifically, the explosion of the mgf of X; is equivalent to the explosion of the function D
provided in (A.1). Moreover, (2.3) suggests that this is still the case in the uniform random-
ized setting, since m is infinity. Then the similarity of the tail behaviors follows from [45] (see
also [9, 13]).
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6.2. Noncentral x-squared distribution. Assume that ) is noncentral y-squared dis-
tributed with ¢ > 0 degrees of freedom and noncentrality parameter A > 0, so that its mgf
reads

1 Au
My (u) = (1= 20y exp (1 — 2U) for all u € Dy = (—o0,1/2).

Then v, is infinite and m = 1/2. By Proposition 4.1, the only suitable scale function is

h(t) = V't, which corresponds exactly to the forward-start Heston model, the asymptotics

of which have been studied thoroughly in [39]. Applying (D.3) and L’Hopital’s rule with

M, (u) = My (u) (A1 — 2u) "2 + ¢(1 — 2u) ') implies that, at the right endpoint v = v/2m =

1, as t tends to zero, the pointwise limit

, 1 4 sPMY(1/2—s) A
iy Az (Wi) T2 pEal My(1j2—s) 2 pé

can be either finite or infinite. In particular, since A > 0, the pointwise limiting rescaled
cgf is not continuous at the right boundary of its effective domain. The cgf of V satisfies
Assumption 4.8 with w = 2. Then Theorem 4.11 implies that we can recover [39, Theorem 4.1]

Az
ol(z) = k;’t_lﬂ + 2’|t_1/4 +o (t_1/4) , ast tends to zero.

6.3. Folded Gaussian distribution. Assume that V"2 IN(0,1)]. Then the density of V

reads
2 1,
f(w) =1/ —exp —5v for all v € Dy = Ry,
s

which satisfies Assumption 4.4. Simple computations yield My (z) = 2exp (2%/2) ®(z) for
any z € R, where ® denotes the Gaussian cumulative distribution function. Therefore,
Lemma C.2 implies that for v € (0,1),

4 5 3
£1log My (D (1,55 ) ) = T + pr“tf”—‘” - o) v o).

If v = 1, then My(zA(u)) = 2exp (3A%(u)2?) ®(xA(u)), and hence

tlog My, <D (t, %)) = A22(tu) + DJ(u) + O(t).

The limit is therefore nondegenerate if and only if h(t) = ¢2/3, in which case A, s3(u) = Tut

for all u € R, and Theorem 4.5 implies

(22)%/3

lim t'/30%(z) =

i for all x # 0.
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6.4. Starting from the ergodic distribution. Remark 2.1 shows that the stationary dis-
tribution of a randomized Heston model has the density

b

fool(v) = F(Eb) v~ le™ ™ for v > 0,

where a := 2—’; and b := af. Assume now that f., is the density of V, so that the cgf of V
is given by logMy(u) = —blog (a — u) + bloga, with u < a = m. Then Assumption 4.8 is
satisfied with w = 1. A direct application of Theorem 4.11 implies that

2 £lz| ( —1/2)
oi(r) = —=+o(t for any x # 0.

6.5. Other distributions. Table 1 (a more refined version of the table in section 1) presents
some common continuous distributions for the initial variance, together with the corresponding
parameters v, m,ly. In each case, we indicate (up to a constant multiplier) the short-time
behavior of the smile.

Table 1
Some continuous distributions with support in R4.

Name (U m I Behavior of o7 (z) (z # 0) Reference
Beta 1 00 2 /A5 (z) Equation (4.3)
Exponential(A) oo A<oo 1 ||t =1/2 Theorem 4.11
x-squared 00 1/2 1 ||t /2 Theorem 4.11
Rayleigh 00 0 2 /313 Theorem 4.5
Weibull (k> 1) oo 00 k (/1) R Theorem 4.5

6.6. Numerics. We present numerical results for the implied volatility surface for three
types of initial randomization: uniform (v; < oco), exponential (m < v, = o0), and folded-
Gaussian (m = vy = o0). To generate these surfaces, we apply fast Fourier transform
(FFT) methods [14] to derive a matrix of option prices, and then we compute the corre-
sponding implied volatilities using a root-finding algorithm. The Heston parameters are given
by (k,0,&, Vo, p) = (2.1,0.05,0.1,0.06, —0.6), which corresponds to a realistic data set cali-
brated on the S&P options data. In view of Theorem 4.20, parameters of V are chosen to
satisfy E(vV) = vV, so that results of standard and randomized Heston models can be
compared.

The numerics show that the randomized Heston model provides a much steeper short-time
volatility smile compared with the standard Heston model, but this difference tends to fade
away as maturity increases. In the uniform case, Figure 3 and (4.3) may seem contradictory
at first, since the former indicates steepness and the latter excludes explosion. There is no
issue here, and in fact this suggests that even though there is no proper explosion, it is still
possible to generate steep short-time volatility smiles in a randomized setting. In Figure 4, we
show the impact of a random distribution following a folded Gaussian on the implied volatility
smile, leaving the Heston parameters unchanged. In Figure 5 we test higher-order terms in a
Gamma randomization scheme while the Heston parameters remain unchanged.
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Figure 3. Uniform randomization with (v—,04) = (0,0.135). Time to maturity is represented in years.
Left: volatility surfaces of randomized and standard Heston calculated with the FFT method. Right: triangles,
squares, and circles represent implied volatility by FFT, leading-, and second-order asymptotics. Time to
maturity is t = 1/24. Higher-order terms are obtained by inverting the asymptotic formula in Theorem 6.1 (see

also Remark 6.2).
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Figure 4. V (faw) folded-Gaussian. Left: implied volatility surfaces of folded-Gaussian randomization and
standard Heston, calculated using FFT. Middle: implied volatility by FFT (triangles) and the leading order
(squares) in Theorem 4.5, t = 1/24. Right: triangles, squares, and circles represent \/Vo, at-the-money implied
volatility 0+(0) by FFT, and large-time limit. The parameter 11 in Assumption 4.4 is 63.46.
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Blue and cyan squares are first- and second-order asymptotics, and yellow triangles are true smiles by FFT.
From left to right, maturities are one week, two weeks, and one month.

Figure 5. V (Liw)F(oz, B) with (a, 8) = (0.4,3.868). Here we preset a and calculate 8 using Theorem 4.20.
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Figure 6. Numerical examples for the dynamic pricing framework. We price the option at t = 1/12 in
three different randomization schemes: Gamma (T'(0.4,3.868), top), noncentral x-squared (0.07x?(0.23,1.25),
middle), and folded-Gaussian (l2 = 2, l1 = 63.46, bottom). Time to maturity T is one week, one month, two
months (left to right). Blue and cyan squares are first- and second-order asymptotics, red squares (in the second
row) are third-order asymptotics, and yellow triangles are true implied volatilities computed by FFT.

In Figure 6 we illustrate the results in section 5. We price the option in three different
randomization schemes after one month (f = 1/12) into the life of the contract. To compare
different schemes, we again match the parameters of V (at time zero) with different distri-
butions according to Theorem 4.20. We see that the higher-order term in Theorem 4.11 is
quite accurate even for relatively large time to maturity. Not surprisingly (especially in the
folded-Gaussian case) the leading order is insufficient, and higher orders are needed for reliable
approximations.

6.7. USD/JPY FX options. We test the calibration accuracy of the randomized Heston
model using the USD/JPY FX market (ask) prices on January 20th, 2017. In the FX market
the implied volatility still has the small-time explosion feature: Figure 7 shows that the volatil-
ity smile generated by a standard Heston model is too flat compared with the market data
with small maturities. This finding agrees with the existing literature. For instance, in [42]
the authors fixed £ and vy and calibrated the remaining 3 parameters (6,&, p) in a standard
Heston environment to the EUR/USD market data. They selected maturities ranging from
one week to two years, then calibrated the Heston model for each fixed maturity. Even with
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Figure 7. Calibration results of the randomized Heston model with Gamma (yellow) and uniform (red)
randomizations, compared to the standard Heston model (cyan,).

this “slice-by-slice” calibration procedure, they observed poor fit of Heston to the market
data for small maturities. Unsurprisingly, they commented that time-dependent parameters,
or “stochastic volatility plus jumps,” as appeared in [5, 6], are needed to improve the calibra-
tion accuracy. We use the same initial guess for both the standard and the randomized Heston
models, then calibrate the parameter sets using the market data. The results are presented
in Figure 7 and Table 2. Both randomization schemes show a substantial improvement over
the standard Heston model.

Table 2
The root-mean-square deviation (RMSD) of standard and randomized Heston models (x1072). Small ma-
turities are those less than one month; the total RMSD is calculated over all maturities including extrapolations
up to seven years.

Model Small maturities Less than one year Total
Standard Heston 11.91 8.22 7.34
Gamma randomization 5.86 5.02 5.32
Uniform randomization 6.86 5.13 5.51

Appendix A. Notation from the Heston model. In the Heston model, the log stock price
satisfies the SDE (2.1), where the initial distribution V is a Dirac mass at some point vy > 0.
As proved in [1], the mgf (2.2) admits the closed-form representation M(¢,u) = exp (C(t,u) +
D(¢t,u)vo) for any u € D}, where

(

. — a(u)e—dwt
C(t,u) := fg (k — péu — d(u))t — 2log 119(—5)7(u) )
(A.1) 0 oo B pEu—d(w) 1 —exp (=d(u)t)
D(t, ) & T-g(w)exp(—du))’
du) = (k= pu)® + u(l =) and  g(u) = 'ZiZEZlZEZi
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In the proof of [26, Lemma 6.1], the authors showed that the functions d and g have the
following behavior as t tends to zero:

d
(A.2) d <%) - i%u tdi+O®#) and g (%) = go — i%t + O,
 2pt ip—psgn(u) (26—pE)sen(u)  rppo

and g1 =

with dy := &psgn(u), di = 1ngn(u), 90 = Tprpean(u) = Boripsen())?"

pointwise limit of the (rescaled) cgf of X; then reads
lgfgtlogM (t, %) = A(u)vo for any u € (u—,u4),

where u_,u, and A are introduced in (4.2). From [26, section 2], the function A is well
defined, smooth, and strictly convex on (u_,u4), and is infinite elsewhere.

Appendix B. Reminder on large deviations and regular variations.

B.1. Large deviations and the Gartner—Ellis theorem. In this appendix, we briefly recall
the main definitions and results from large deviations theory, which we need in this paper.
For full details, the interested reader is advised to look at the excellent monograph by Dembo
and Zeitouni [19]. Let (Y,),>0 denote a sequence of real-valued random variables. A map
I: R — R, is said to be a good rate function if it is lower semicontinuous and if the set
{y : I(y) < a} is compact in R for each a > 0.

Definition B.1. Let h: R — R be a continuous function that tends to zero at infinity. The
sequence (Yy,)n>0 satisfies a large deviations principle as n tends to infinity with speed h(n) and
rate function I (in our notation, Y ~ LDPy (h(n), 1)) if for each Borel measurable set S C R
the following inequalities hold:

— inf I(y) <liminfh(n)logP(Y, € S) <limsuph(n)logP(Y, € S) < —inf I(y).
yeS° ntoo ntoo yes

Now let Aj, be the pointwise limit—whenever the limit exists—of the rescaled cgf of Y:

Ap(u) := limytoo h(n) log E| exp(uYy /h(n))], and denote by Dy := {u € R : [Ay(u)| < oo} its

effective domain. Then Ay is said to be essentially smooth if the interior Df is nonempty, Ay

is differentiable on DY, and limy ., |A},(u)| = co for any ug € OD,. Finally, for any y € R,
define A} (y) := sup,ep, {uy — An(u)} to be the convex conjugate of function Ay,.

Theorem B.2 (Gartner—Ellis theorem, Theorem 2.3.6 in [19]). If the function Ay is lower
semicontinuous on Dy and essentially smooth, and 0 € DY, then (Y, )n>0 ~ LDP(h(n), A}).

B.2. Regular variations. We recall here some notions on regular variations, following the
monograph [10].

Definition B.3. Let a > 0. A function f : (a,00) = R is said to be regularly varying with
index | € R (and we write f € Ry) if limgqoo f(Ax)/f(x) = A for any A > 0. Whenl =0, the
function f is called slowly varying.

Lemma B.4 (Bingham's lemma, Theorem 4.12.10 in [10]). Let f be a regularly varying func-

tion with index 1 > 0; then, as x tends to infinity, the asymptotic equivalence — log fzoo e~ fWdy
~ f(x) holds.
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Let Y be a random variable supported on [0, 00) with a smooth density f. The following
lemma ensures that its mgf has unbounded support.

Lemma B.5. If there ewists | > 1 such that |log f| € Ry, then sup{u € R: E(e"Y) < oo} =
~+00.

Proof. Karamata’s characterization theorem [10, Theorem 1.4.1] implies that |log f(v)| =
vlg(v) for any v > 0, where the function g is slowly varying, and Karamata’s representation
theorem [10, Theorem 1.3.1] provides the following expression:

o) =ctwyesp ([ e ).

where the functions ¢ and e satisfy limypoo c(v) = ¢ > 0, limypoo e(v) = 0, and a is a fixed
positive number. Then there exists v; > a such that c(v) > ¢/2 for all v > v;. Additionally,
for any small enough fixed gg satisfying that [ > 1 4+ g9, there exists v > a such that
f;; e(y)dy/y > —eglog(v/vy) for any v > vy. Denote d := exp ([ 5(y)%9) Then for any
v > max(vy,v2), and any u > 0,

v d d v d d
u — C(’U) exp </ 6(y)y> Q]l_l < u— i exp </ é—(y)y> ’Ul_l < u— ivgovl—l—ao'
a Yy 2 vg Yy 2

Thus there exists vz large enough so that u — %cdvgovl_l_ao < —1 for v > vg. With v* =
max(vy,va, v3),

*

E (") = /0 " i (v)dv + /

o0 v [e.o]

e f(v)dv +/ e 'dv<oco. W

v*

ev(u—vl_lg(v))dv < /

0

*

Appendix C. Preliminary computations. In view of (2.3), short-time asymptotic expan-
sions of the functions C and D are necessary in order to derive the pointwise limit of the
rescaled cgf of (X¢);>0. In this appendix we provide these expansions.

C.1. Components of the mgf. We start by investigating the short-time behavior of the
function D(¢,u/h(t)). For any g € R, define the function Dg s (u—,uy) — R by

(C.1)
] — ¢—idou igi(p€ +idg) 1 —etov
Dﬁ — : . N . idou
o () £2(1 — goe—idou) [(p€ + ido)Bu + Kk — di] + e2 1- goe—ldou)2e
B (,Of + ido)u dy — idouf (1— go) e—idou’

& (- goo oy
where the functions dy, di, go, g1 are defined below (A.2).

Remark C.1. The function DO'B 1s well defined; to see this, we only need to check that the
B terms sum up to a real number, and the rest follows from [26, Remark 3.2]. The first term

in (C.1) reads
1— e—ido’u,

E2(1— goo37)

(p€ + ido)Bu = —BA(u),
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which is a real number, and the sum of the remaining terms with B reads (taking out the
prefactor idouf3)

(p€ + idg)ue 1% (1 — gq) (go — 1)e~douA (u) B ipsgn(u)A(u)

€2(1 — goexp(—idou))? (1 — goe—idou)(1 —e~idou) — pcos(dou) + psgn(u)sin(dou) — p’

which is purely imaginary, so that the whole term is a real number.

The following lemma makes the effective domain of Dg precise and shows that it arises as
the second order of the short-time expansion of a rescaled version of the function D in (A.1).

Lemma C.2. Let p € R. Ast tends to zero, the map t — D (t,u/h(t)) behaves as

0, if u=0, for any function h,
undefined, u#0, if h(t)=o(t),
D<t, u ): t*ll\(u)—&-Dg(u)—&—o(l)7 we (u_,uy), if h(t)=t+pBt>+o(t?),
" Wt [ O L st o (2 R if t=o(h(t
2h2(t){ BRSO <+ ()+h?(t)>}’ e i 1=o(h(f))
Remark C.3.

(1) If h(t) =t + o(t) without further information on higher-order terms (third case in the
lemma), then only the leading order is available: D(t,u/h(t)) =t~ A(u)(1 + o(1)).
(ii) As in Remark 4.2(ii), one can consider h(t) = ct + Bt% + o(t?), but by dilation, setting
c =1 is inconsequential.
(ili) When h(t) = t¥/2, D(t, %) = L2 4+ 1 (ptu? = 2) ut!/? + O(t), which is consistent
with [39, Lemma 6.2].

The function Cp : (u—,uy) — R defined as

0 _ —id
(C.2) Colu) := _% (p€ + ido)u + 2log <1 gofX_p(gol ou))}

is clearly real-valued [26, Remark 6.2] and determines the asymptotic behavior of the func-
tion C as follows.

Lemma C.4. The map t — C (t,u/h(t)) has the following asymptotic behavior as t tends
to zero:

undefined, u#0, h(t)=o(t),
C(t u>: Co(u)+0(t), we (u_,uy), h(t)=t+0O(t?),

hlt) o(m(t)+h3(t>)+”i“2 <hft)>2 {HO(h(tHhEt))} ueR, t=o(h(t)).
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Proof of Lemma C.2. Obviously D (¢,0) = 0, so we assume from now on that v # 0. From
(A.2), we have

(C.3) d<h1é)> = :f((ﬂ;—l—lerO(h( ) and g(h?t)> :gg—i%h(t)+(9(h2(t)).

Plugging these back into the expression of the function D in (A.1), we obtain
(C.4)
u [F»dl - W+O(h(t))] 1—exp{ — st — -+ O(th(s N
(et )= 2
h(t) 3 1— [go—i‘%h(t)—i—(')(hQ (t))] e_ ,L(t) —d1t4+O(th(t))

If h(t) = o(t), dp is a real number, and d; is purely imaginary, then as t/h(t) goes to infinity
the term exp (—iudot/h(t) — dit) oscillates on the unit circle in the complex plane; thus no

asymptotic can be derived.
Assume now that h(t) =t + Bt? + o(t?). Then th=1(t) = 1 — Bt + o(t), and (C.4) yields

D (15 ) =g |- o) 000

[ 1—exp(—idout/h(t) —dit+O(th(t))) ]
1—(go—1itg1/u+O(t?))exp(—idout/h(t) — dit+O(th(t)))

_1 (—Wido)u(1—6t+0(t))+(/<a—d1)+(’)(t)> (1-e7%% (1 dyt+ () (1-+ 18dout + o(1)))

&2 t
1 (—igl/u+go(id0uﬁ—dl))e_idou
- 1 - t t
1— gpe—tdou ( * 1— goe—idou +o(t)
e~idov 1 (p€+idy)u 1 —e~idou ~ (p&+ido)u (di —ifdou)e o

F1 L-goo s (1 goe ) (PRI T
(p€+idp) (1915_2 ?fii(giicfﬁo;;ﬁ) (1—e o) oidou (1)
Au)

:T‘FDg(U)—FO(l).

The form of the effective domain is straightforward from these expressions.

If h(t) = t+o(t) without further information on higher-order terms, then ¢/h(t) = 140(1).
Following the same procedure as above, then only the leading order can be derived, i.e.,
D (t,u/h(t)) = t 1 A(u)[1 + o(1)].

Finally in the case t = o(h(t)),

. __dgih(t)  idogout 2 t2
idout—dlt-i—O(th(t)):| F ) T T eh® “9(75”‘ (t)+h2<t>>

1= (=20 +002() ) 1_%

—1i idou u22 2
1—exp< h?t) — i+ O(th(t ))) :?>t+d1t+;ih2(;+O<ht(t)>+0(th(t)).

i
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Plugging these results into (C.4) yields

(1)
1 [_ (p€+ido)u

. o M d2 2 2 t2
= E1=g0) 0 +( d1)+(9(h(t))] [ 0 +d1t+2h2( )+O<h(t)+th(t)>}

B igi1h(t) B idpgout 9 t?

e T O (0 g )

1 (do—ip€)dou®t [idou(k—dy)—dyu(pé+ido)]t dau(p€+ido)t? t2
‘ea—%>[ n2(t) h(t) BT *OG+h%wﬂ

_ igih(t) B idpgout 9 t?
P u(l—g0) u—ywhaf“90+h(“+h%w>]

u?t h(t) pEut t2
=30 [1— ” +2h(t)+0<h2(t)+h2(t)+t>},

where we used the identity

(do —1ip€)do _ (psgn(u) — ip§)épsgn(u) _ 1 m
(1— g0)€2 ¢ (1 - &g“(“)) 2

ip+psgn(u)

Proof of Lemma C.4. Assume that u # 0. Expanding d(u/h(t)) and g(u/h(t)) to the third
order,

d (“) =i k() + O (h2(t))

o n(t)) = h)
| <1L>— —1%h(t) - 155 0%(0) + O (B¥(1))
I\n) ~* " Tu2 |

where dy i= (2 — d2)/(2dgu) and g3 i= [(x% — d2)p€ /dy + (i — dy) (€ — 3do)1] (p€ — o) 2
Combining these expansions with (C.3) implies

(C.6)

°(s0)

2,{91 <1 _ (90 _ iglh(t)/u _ igghz(t)/UQ + O(h?’( )) —idout/h(t)— d1t+id2th(t)+(9(th2(t))>
= — — Og
t

Z I = go + 1g:h(D)/u + 1927 (1) [ + O (3(0))
K0 (p€ + idp)ut
+§[m—mn—h@+oumm-

If h(t) = o(t), no short-time asymptotics can be derived since t/h(t) tends to infinity. For
the proof of the case where h(t) =t + O(t?) we refer the reader to [26, Lemma 6.1]. Assume
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now that ¢ = o(h(t)). Then the following asymptotic expansions hold:

ih(t)gr | ih2(t)ge 3 g igih(t)  gsh?() .
(1—90+ w + ) +0(h (t))> - <1_U(1—go)_u2(1_go)2+o(h (t))>,
o (_igé);)w ~dit+1dsth(t)+0 (thz(t))> - % _% (%) —dyt+1idath(t)+0O (%%ﬂﬂ%) ’

where g3 := g7 + iga(1 — go). Consequently,

1—(go—1igih(t)/u—igoh®(t)/u®+O(h3(t))) e~ tdout/MH=dit+O(A(L)
1—go+igih(t)/u+igeh?(t)/u?+O(h3(t))

idou ut\ 2 2
[ - Izl?t)t_;<cll10(t;> —d1t+id2th(t)—|—(’)(thQ(t)—i—]ilf))]

1 igih(t)  gsh®(t)
1—90( ‘u<1l—go>‘u2<1—go>2+0<h3“”>

. . B 2 2,,242 2
_ (1 igodout igih(t) d1go+d091t+ igah?(t) godgu~t ) <th(t)+h3(t) t >)

(1=go)h(t)  u(l—go) 1—go u?(1—go)  2(1—go)h3(t)
_igih(t)  gsh?(t) 3 >
(1t vOU )
igodou t u?d3 got? <d190-|-dog1+ dogog1
L1—go h(t) 2(1—go)h?(t) 1—go (1—g0)*

=1+

)t+(9<th(t)+h3(t)+,i))7

and therefore

o (1= (90— 5h()gr /u—3h3(0)gs uP+- Ok (1)) ] e~ 2dowt/H)-dat-O0M0)

& 1—go+1h(t)g1 fu+1h2(t)gs/u+O(h3 (1))

igodou t u’digy  t? (d190+d091 dogog1) < 3 t? t3 >
= + t+Olth(t)+h’(t)+——+——— ).

=90 7D 2090 20 T\ 1o (1-g0)? OO+ 50 w30

Plugging this into (C.6), the result follows by noticing that the coefficients of % and t are

both zero. [ |

Appendix D. Proofs of the main results.

D.1. Proof of Proposition 4.1. In [39, section 6] the authors proved that D* = R when-
ever v < 1, and D* = (u_,uy) if v = 1. Throughout the proof we keep the notation h,
emphasizing that the statement still holds for function A with a general form, not only poly-
nomials.

Case v € (0,1/2). We need to analyze the behavior of log M(z) as z approaches zero.
Since m is strictly positive, by continuity of the mgf around the origin, My (u?t(2h2(¢))~*(1 +
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O(h(t)))) converges to My (0) = 1 as ¢ tends to zero for any u in R, which implies that D, = R.
For small ¢, a Taylor expansion indicates that

o (o)) oo (325 st o]

:log{l—i-u;f::?(z))t [1_h(t)+(f) t+h2(t))}+m+(’)< e >}

—_

- “2252((];))’5 (1 +0 (h(t) + h;(t)) .

Since h(t)C(t,u/h(t)) is of order O (t*/h(t) + h*(t)), then

)= s {10 (0 +10) )

and therefore limy o Ay (¢, u/h(t)) = 0 for all u € R.

(D.1) A, (t, -

Case v € (1/2,1]. We need to evaluate My at infinity. If m is finite, for ¢ sufficiently
small, the term My (3u?th=2(¢) (1 + O (t/h(t)))) is infinite for any nonzero u; hence D}, = {0},
and A, (u) is null at v = 0, and is infinite elsewhere. If m is infinite, then obviously D5, = R.
Assume first that v, is finite; we claim that lim,qeo (b4u) "t log My (u) = 1. In fact, let F), be
the cumulative distribution function of V. Then

My(u) =E (e“v) < exp(un+)/ Fy(dv) = exp(uvy).
[D_,U+]
For any small € > 0, fix § € (0,eb,/2), so that

log M 1 O+
og V(U) > log </ equv(dU))
+ 0

uv 4 uv =6
1
uv

_ d  logP(V >0y —0)
1 u(n+ 5)]P> > _ =1- — +
og (e (V>oy 5)) or + aog

>

)

since v is the upper bound of the support; therefore P(V > v, —¢) is strictly positive, and the
result follows. If v € (1/2,1), notice that h(t)C(t,u/h(t)) is of order t>=7 from Lemma C.4,
and hence

2,1—2y
. U 1 2—~y gy t 1—
ltlﬁ)lA7 (t, h(t)) ltlg)lO (=) +lgf61t log My ( (1+0@¢'™)
2
_ Yo limt!™ =0 for any u in R.
2 t0

When v =1, A(u) is positive whenever u € (u_,uy) \ {0}. Therefore,

. L _ 1 . U"!‘A(u) _ *
ltlfél A, <t, h(t)) = ltlfél (’)(t)—l—lt%w <t (1+ (’)(t))> = A(u)oy  for any u € D* = (u_,uy).
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Case v = 1/2. If v, is finite, then the pointwise limit is null on the whole real line.
Assume now that v is infinite and m is finite. Following Remark C.3(iii), “72 + (@4“3 - %)tl/ 24
O(t) < m implies DY = (—m, m) C Dy, C limsupyg D@ C [—\/ﬁ, om| = Dii'; For
sufficiently small ¢,

u KOU? 30 2 1/2 u? pu’ w1
A1/2<t,\/i>:4t/ + 0O () + % 1og My, Sa Gty 2+ 0t ) .

For any fixed u in Dj7, by definition there exists a positive ¢y such that u is in ij for all ¢
less than tg. Then the mgf of V is infinitely differentiable around the point u?/2, and the

nth order derivative at this point is ngn) (3u?) = E [V"exp (3u?V)]. Denote now ay,(u) :=
Mg;n) (%u2) M;l (%u2) for n € N4, and ap(u) := log My (%UQ) A Taylor expansion of the
function My, around the point %uz yields

Ay (t, %) = Vtlog {MV <u22) [1 +ay(u) <p§2“2 - 1) u;ﬁ + O(t)} } + 'w:zt?’/? +0 (%)

2
t
(D.2) = ao(u) Vi + ay () (”52“ - 1) % + O/,
Letting t tend to zero, we finally obtain

|0 when u € D5?,
Aya(u) = { oo when u € R\ Dj,.

However, the limit of A/, (t,i\/2m/t) depends on the explicit form of My. To see this,
assume that pém < 1, which is guaranteed in particular when p < 0, and compute the limit
when u = v/2m. L’Ho6pital’s rule implies

1 MY, (m —

(D3) limt'/?log My <m + \/f (pém — 1) /2 ¢ O(t)) = \/z e SMVV(S‘_ ;).

D.2. Proof of Theorem 4.11. The systematic procedure is similar to the proof of [39,
Theorem 3.1]. To simplify notation, write Kt(u) = Ay (t, u/ﬁ), ét(u) .= C(t,u/V/t), and
Dy (u) := D(t,u//?) whenever these quantities are well defined. We shall prove the theorem
in several steps: In Lemma D.1 we show that a saddle point analysis is feasible; by taking
the expectation under a new probability measure, the main contribution of the option price
arises, and its asymptotic expansion is provided in Lemma D.2; in Lemma D.3 we prove the
convergence (with rescaling) of the sequence (X; — x);>¢ under this new measure; finally, the
full asymptotics of the call option price is obtained via inverse Fourier transform.

Lemma D.1. Under Assumption 4.8, for any v # 0, t > 0 small enough, the equa-
tion OyA¢(u) = x admits a unique solution u}(x) such that Dy(uj(z)) € DY, and the following
holds as t tends to zero:

sgn(x)v2m + by (m)tﬁ +o (ti) forw=1,
sgn(x)v2m + by (a:)ti + bg(l‘)t% logt + bg(x)t% +o (t%> forw > 2,

uy () =
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where

oyt ((Yemuhol + Loy — D0\ 1 - pem
baa) = —sgn(a)(am) =)/ (Mot DOzl 0 ) T LS

bo() = —sgn(x)#bf(x),

bs(x) := sgn(x) { 3%2%30 (1 — % — 2amlog (\/%|b1(x)\> - 2bm>} + %1{‘0:2}.

If £ = 0, then u}(0) defined as the solution to d,Ay(u) = 0 satisfies u}(0) = VE+o(V1).

Proof of Lemma D.1. Assume that x > 0, the case when z < 0 being analogous. Equa-
tion (2.3) implies that for any u € R, the equation 9,A:(u) = = reads

The existence and uniqueness of the solution to (D.4) are guaranteed by the strict convexity

of the rescaled cgf A, for each ¢ [43, Theorem 2.3] and (4.8), in which the denominator tends

to zero as u tends to the boundary of DY,. Denote now the unique solution by u;(z). Applying

Lemmas C.2 and C.4 with h(t) = t1/2,

2

Cl(u) = “7’””97: +O (t) and Di(u) = u + <3”i“ - ;) Vi + O(t).
We first prove that limy o u}(z) = v2m. If limg o uf (z) # v/2m, there exist a sequence {t,, }>°,
and (small enough) g9 > 0 satisfying lim, oo t, = 0 and |uf (z) — v2m| > &g for any n > 1.
In section D.1 it is proved that lim oD}, C limsup, oD} C Dj = [-v2m,v2m]. Also
notice that for any fixed ¢ small enough, the map 8u1~Xt : D@ — R is continuous and strictly
increasing. Hence for fixed positive g there are at most finitely many ¢; in the sequence such
that uf (z) > v2m + &.

Equation (D.4) implies that for fixed 2 > 0 the limit of t~1/29,A,(u}(z)) is infinity as ¢
tends to zero. Taking a subsequence of {t,},>1 if necessary, assume now that u; (z) <
V2m — g for any n > 1. Since Dy(v2m — &) = m — v/2me + £2/2 + O(V/1), then for any £ > 0
there exists N(e) € N such that |]5tn(\/% —¢) —m+ v2me — £2/2| < v/2me/2 holds for
any n > N(g). Fix 0 < 1 < min(gg, v/2m) small enough so that m—3+/2me1 /2+¢%/2 > m—dy,
where d9 > 0 is chosen such that, for any m — dp < u < m, the higher-order term in (4.8)
is bounded above by one. Then for such ¢; and for any n > N(g1) we have m — §y <
Dy, (vV2m—e1) < m—+/2me; /2+¢2/2 < m. The function 9, A, is strictly increasing, implying

hm M < hm aUKtn (\/%_ 81) < 2w+161

ntoo Vin ~ ntoo Vin T e (V2m — gq )t

where 01 := 1y,—13|70| + Lw>2y(w — 1)70, hence the contradiction. Therefore limy g uy(x) =

< 00,

v2m. Analogously we can prove that lim; o u;(0) = 0.
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Case w = 1. Assume that uj(z) = v2m + hy(t), where hy(t) = o(1). Equation (D.4)
implies that h,(t) = O (v/t), and hence all the terms of order O(v/?) in the expansion of

D, (u}(z)) should be included. More specifically,

B (1 () = V2 (6) + Y2 (o — 1) Vi + o( V).

Plugging this back into (D.4) and solving at the leading order yields the desired result.
Case w > 2. In this case h,(t) = O(t'/(**)). Equation (D.4) now reads
(D.5)

Vi [sovam, w0 - o1+o(1) _
x{ it 2thx(t)+(’)(t )+((—\/ﬁhz(t)+o(h§+\/i))“> (x/%+hx(t)+(9(\/i)>}_1.

Denote by h! the leading order of the function h,. Solving (D 5) at the leading order, we
obtain §ov/2mt = x (—\/ﬁh;(t))w , from which A% (t) = — (2m) £ (0o/x)w "t Higher orders
in the expansion of u; (x) can be derived similarly, simply by replacing the little-o term in (D.5)
with precise higher-order terms provided in (4.8). We omit the details.

Finally, when x = 0, write u;(0) = h(t) with h(t) = o(1). As t tends to zero, My (u;(0)) ~
1, M}, (uf (0)) ~ E(V), and D} (u}(0)) = h(t)—3Vt+0 (t + h2(t)V/t). Plugging these into (D.4)
with = = 0 proves the lemma. [ ]

Lemma D.2.
1. When v9 >0 and w > 2, as t tends to zero,

- (m(@ = Mu:(x))) = o (- oy o (1)

for any = # 0, where c¢i(z) = wyé/w(%)l_l/w, and the function A* is defined
n (4.9).

2. If v0 <0 and w =1, then for any x # 0, as t tends to zero,

exp (—xuf(x) +/~Xt(u;{(l“))> — exp (_A*(ﬂf) Feoa) +V1> <|$|>70| (1+o(1)),

Vi Vi 70l v/2mt

where cy(z) := 5 (pém — 1)z — 7.
Proof of Lemma D.2.

Case w > 2. Assumption 4.8 and Lemma D.1 imply

. <_acu\f/(;)> :exp{ j{[ m o+ by (z t2w+o(tzw)”

:exp{ Ai/(i)_bl( Yot +o<tlz>f)},

ex M — exp  Cy(u 0 D, (u* =ex 0 N
p( > p (Cilu7) + log My (D (1)) ) p{(m‘bl(x)’)w_lt ot )}
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Using the expression of b1 (-) provided in Lemma D.1, the coefficient of the term of order e
is given by

~bi(e)r+ W%T;\) = {ltw ~ Dol + 0l - Dyl =} (Vam) T faf 3
1

; kd

b () et

Case w = 1. This case follows by straightforward computations after noticing that

exp {Kt("jtﬁ(“’))} = exp {O() + 7o log (m — Da(ui (1)) +71 + o(1)}

|z

) (14 0(1)). [ |

For each = # 0 and t > 0 small enough, define the time-dependent measure Q; by

dQ, _ fui (@) Xe — Ay(ui (x))
dip = exp ( t1/2 .
Lemma D.1 implies that A;(u}(z)) is finite for small ¢. Also, by definition it is obvious that
E[dQ;/dP] = 1; then Q; is a well-defined probability measure for each ¢.

Lemma D.3. For any x # 0, let Z; := (X; — x)/9(t), where 9(t) := 1y—1y + l{wZQ}tl/g.
Under Assumption 4.8, as t tends to zero, the characteristic function of Zy under Qy is

Yo
e iUt <1 — 1ux> (I1+o0(1)) forw=1,
70l

Wy (u) == E¥ (e*44t) = S22
exp <g()> (14+o0(1))  forw=2,

where ((x) := \/5(3—’(2:‘)1/8|x|3/4.

Remark D.4. Lemma D.3 and Lévy’s convergence theorem [50, Theorem 18.1] imply that
under Qy the process (Zi)i>o converges weakly to a Gamma distribution (or a Gamma dis-
tribution mirrored to the negative real half line) if x > 0 (or x < 0) minus the constant x
when w =1, and to a Gaussian distribution when w = 2.

Remark D.5. Intuitively, the case w > 3 should be similar to the case w = 2, so that
a suitable candidate for the function ¥ can be found. However, in such a scenario more
information on the asymptotics of log My, and its derivative are required in order to obtain the
suitable (nonconstant) characteristic function. These extra assumptions turn out to be very
restrictive and of little practical use, and are thus omitted.
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Proof of Lemma D.3. Assume that x > 0, with z < 0 being analogous. Function log ¥y
can be written as

(D.6) log ¥;(u) = logE [exp <1u(f9((tt)— x) n uf () Xy ?/EAt(u;‘f (33)))]
_dux (1uv/t/9(t) + uf (z)) X - Ae(ut(2))
= m—l—logE exp( 7i ) 7

iux 1

-3 + 7 ([N\t (uf(x) + iux/{f/ﬁ(t)) — &y (Uf($))) :

Case w = 1. Lemma D.1 implies that

D1 (u) := Dy <u§f(x) + igt(t)t> =m+ 70\2% + iuv2mt + o(V1),

By o= Dl (@) = m+ 22 (),

Ci(u) :=C <u,f(a:) + ig(j;) — m;&t Lo (t3/2> ’

~ ~ mkot
Oy = O(ul(z)) = ;" +(’)<t3/2>.

As a result, the lemma follows in this case from the following computations:

log W, (u) = —iuz + Cy(u) — Cy + log My, (ﬁl(u)> — log My, (ﬁg)

= —iux + o log (m—Dﬁu)) +o(1)

m—D2

iux
= —iux + yolog <1 - —
70l

Case w = 2. Denote 6 :=1/8. Then 1 — 6 > 1 = ;L. Lemma D.1 implies

. 2

Di(u) = m + v2mb t/4 + 1uy/2mt/270 4 ([)21 +V/2mbs + ,/%(mpf - 1)) tY2 4 o(V1),
. 2
Dy = m + v2mb /% + (l;l +V2mbs + ,/%(mpg - 1)> Y2 + o(V1),

~ ot 0+/2mb ~ ot 0+/2mb
Cl(u) _ m; + K 21’[1 1t5/4 +0 <t11/8> ., and Cy = m; + K 2m 1t5/4 +0 <t3/2) )
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Consequently,

A (uf + iut!/29) — Ay (uf)
Vit

B 70 (51(U) - ]52)

N (m — 151(u)> (m ~ D,

= Ci(u) — C + log My (D1 () — log My(D2)

) + Y11 (log (m - ]51(U)> — log (m - 52)) +o(1)

o o 1/2-0 . 11/4—6 . 1/4—0
_ o (fuv2mt 0 4 o(VD) | V0, () |+ oo
2mb%t1/2 b1 b1
: 2
170U g You
= t 4+ o(1),
V2mb? V2mb3 @
and the proof follows by noticing that b < 0 and g = zv/2mb? from Lemma D.1. |

We finally prove the main theorem, when x > 0. The price of a European Call option
with strike e” is

EP (eXt B ex)"‘ — @ [(eXt _ ea:)+ d]P)] — EQ exp <_u;€k($)Xt + Kt(u;(x))> (eXt _ ex)+]

dQ t1/2
- <—xur<sc> ‘- Muz‘(m))) s {exp (—u;@)&? - @) (e ﬂ
- (—xum 3% Kt<uz<m>>> R [exp ( W ) (900 - ﬂ _

Case w = 2. The proof is identical to [39, Theorem 3.1] and is therefore omitted.

u;?(r)Zt) (eZt . 1)+

Case w = 1. The Fourier transform of the modified payoff exp ( R

under Q; is

e(l—l—iu—u;‘ (z)t=1/2)2

> e(iu—u;‘(r)t_l/Z)z >

1+ iu—uf(z)t—1/2 o - [iu — uz‘(m)t_lﬂl o
1 1

iu—up ()12 1+ du— ()t 12

t

(uj(z) — (1 + iw)V1) (uf (z) — iu/t) ’

where in the second line we use the fact that lim; o u} (2)t~1/2 = 400. Recall that the Gamma
distribution with shape |yo| and scale || has density fr € L*(R) given by

LX 10 = fp e (12 (3)™ oo
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Applying [35, Theorem 13.E] and Lemma D.3,

2 o (0% ) =50 [ e ad (e v

_ L > e—iuac _iﬂ " o u = tfr(.%') 0
(D.5) _4m/_oo <1 W) (1 +o(1) du= T (14 o(1)),

where the last line follows from Fourier inversion. Combining Lemma D.2 and (D.8), the call
price reads

*(p T 1ol gl
E(eXf—em)Jr:eXp(—A\/%)—Fﬂcjtcz(x)%—%) <W> fgl(u)tl 2 (14o(1)) for z>0.

Assuming now that x < 0, the price of a European Put option with strike e” is

B (e — X" = oxp (_m::(x) + Mu:(x))) s [exp (—U(:J:)Z> (- ezﬂ |

Vit Vi

and the Fourier transform of the modified payoff function exp (71‘{(/?%) (1 — er/)Jr is

0
Uy (x)z) Z2\ jiuz t
exp [ — (1 —-¢*)e'*dz = : - .
/_oo < Vit (uj(z) — (1 + iw)V1) (uf(z) — iuV't)
Following a similar procedure, and noticing that (eXt)tZO is a P-martingale, the put-call parity
implies

A*(z)
Vit

2] )'%'fruxn Bl 4 o))

E(eXt —e® +:(1—em)+exp <
( ) [70lv2m 2m

+93+02(93)+’Y1> (

for £ <0.

In the standard Black—Scholes model with Volatlhty > > 0, the short-time asymptotlcs of the
call option price reads [26, Corollary 3.5] E( - eg”)Jr =(1-e")" + \ﬁz exp( 22% +

) (%% £)3/2(1 4 O(t)). Then the asymptotics of implied volatility can be derived following the
systematic approach provided in [32].

D.3. Proof of Theorem 4.16. We first prove the large deviations statement, which we
then translate into the large-maturity behavior of the implied volatility. Andersen and Piter-
barg [3, Proposition 3.1] analyzed moment explosions in the standard Heston model and
proved that for any u > 1 the quantity E(e“X*t) always exists as long as

(D.9) Kk > p&u and d(u) > 0.

Moreover, the assumption x > p& implies (see [25]) that (D.9) holds for any u € [u_,u], so
that E(e“~t) is well defined for v € [G_,%.] and any (large) ¢ in the standard Heston model.
The tower property then yields

M(t,u) = E [E(e"¥|V)] = C(t,u) (My o D(t,u)).
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Consequently, for any large ¢, M(¢,u) is well defined for v € § := [a_,u] N Sy, where the
set Sy is defined by

Sy ::Uﬂ{u:D(s,u)<m}.

t>0 s>t

Using the expressions of functions C and D in (A.1), the rescaled cgf of the process (t71X;)¢>0
reads

1 1 1
E(t,u) = ElogJE (e"Xi) = EC(t,u) + n log My (D(¢,u))

N

D.10 = _ 2
(D-10) £ A ()
1 K —péu —d(u) 1 —e Wt
—log M .
+ : og My ( 62 1— g(u)e_d(u)t
For any u € (u_,u ), since the quantity d(u) is strictly positive, then
(D.11)
.1 1 — g(u)e 4wt . k—péu—d(u) 1—e 4wt Kk — péu — d(u)
lim — 1 — | = d 1 = .
thoo t ©8 ( 1—g(u) 0 an Hoo &2 1 — g(u)e—dwt £2

Since u +— E(t,u) is continuous for each ¢ > 0, L’Hopital’s rule implies that limyoo Z(t, Ut ) =
KO(k — p€uis) /€2

Case m = oco. Obviously Sy = R, implying that S = [u_,u]. Equation (D.10) shows
that

E(u) == lmE(t,u) = £(u) for any u € R,
tToo

with £ provided in (4.11). In [25, Theorem 2.1}, it is proved that the limiting function = and
its effective domain S satisfy all the assumptions of the Gartner—Ellis theorem (Theorem B.2),
and hence the large deviations principle for the sequence (t_lXt)tZO follows.

Case m < oco. Equation (D.11) implies that

{H:Wm}csﬂ{uﬂwgm}.
As a result, the essential smoothness of function Z is guaranteed if
[a_,us] C {u : W < m} = {u Dk — plu < E2m 4 /(k — pEu)? + E2u(l —u)} )
Since k — p&u > 0 holds for any v € [u_,u4],
(D.12)

k—plu<€2m+/(rn—ptu)2 +2u(l—u) <= 0<u(l—u)+&m>+2my/(k—pu)? +E2u(l—u)

U(Za_l) <m2+2§?\/(/<—p§u)2+5%(1—u)-
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Since [0,1] C (u—,u4 ), condition (D.12) holds for any u € [0,1]. Whenever v > 1 or u < 0,
as functions of u, the left-hand side is strictly increasing while the right-hand side is strictly
decreasing. Therefore, (D.12) holds for any u € [u_,uy| if and only if max{u_ (u_—1), w4 (us—
1)} < m2¢2. Consequently, Assumption 4.14 ensures that S = [u_, %], and the proof follows
from the Gértner-Ellis theorem (Theorem B.2).

We now prove the asymptotic behavior for the implied volatility. We claim that in a
randomized Heston setting the European option price has the following limiting behavior:

_gg % log (E (et — ext)+> =L%x) -z for x > g,
—limllog(l—E(eXt—emt)+):)3*(x)—m for —Q<m<§
ttoo t 2 -7 -2
—%iTgilog (E (ext—ext)+) =L%x) -z for x < —g.

The proof is covered in detail in [40, section 5.2.2], and we therefore highlight the main ideas
for completeness. From Theorem 4.16, define a time-dependent probability measure Q;:

L = exp {u ()Xo 2 (1,0 () 1)
where u*(x) is the solution to the equation z = Z'(u). The option price is then expressed
as the expectation under Q; of a modified payoff and can be computed by (inverse) Fourier
transform with the main contribution equal to exp {— (£*(x) — ) t}. It is also known (see [24,
Corollary 2.12], for instance) that in the Black—Scholes model with volatility 3 the asymptotics
of European option prices with strike e** are given by

- limllog (E (et — ext)Jr) = Apg (2,%) —x for x > >
ttoo t BS 1 - 27
1 »? »?
—%i%noglog (1 —E (eX’S - ext)Jr) =Agg(z,X) —x for — - <z< -
1 ¥?
—}/inglog (E (emt—eXt)Jr) =Agg (z,X) —x for x < —5
. (z+52/2)? : L . .
where Ajg (7,%) := 57— Then the leading order of the large-time implied variance is
obtained by solving
2
. . —x +¥2/2

We omit the details of the proof, which can be found in [25, 27].
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