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Notations and standard definitions

The notations below will be used throughout the notes. We also wish to emphasize some common

notational mistakes.

N strictly positive integer numbers {1,2,...}

R* non-zero real numbers: R\ {0}

R non-negative real numbers: [0, 4+00)

R strictly positive real numbers: (0, +00)

M., qa(R) space of n x d matrices with entries valued in R

Sn(R) space of symmetric n X n matrices with real entries

N cumulative distribution function of the standard Gaussian distribution

X =(Xt)z0 # Xy a process evolving in time, as opposed to X;, which represents the (random)

value of the process X at time ¢

Lizeay indicator function equal to 1 if x € A and zero otherwise
TAY min(z,y)

xVy max(z,y)

a.s. almost surely

(z—y); max(0, z — y)

52 (") Dirac measure at z

C.(R) space of real continuous functions with compact support



Chapter 1

Option pricing: from

super-replication to FTAP

1.1 Zoology of stochastic analysis

In these notes, we shall follow a utilitarian approach, and only introduce the tools we need when
we need them. Some of them, being core to everything else, shall be introduced right away. The
triple (2, F,P) will denote the ambient (given) probability space, where €2 is the sample space of
possible outcomes, F the set of events, and P a probability, namely a map from F to [0,1]. In
this introductory part, we shall let 7 denote a (time) index set, which can be either countable
(T = {t1,t2,...}) or uncountable (7 = R, ). We recall that a o-field on €2 is a non-empty collection
of subsets of €2, closed under countable unions and intersections, and closed under complementation.
A filtration (Fy)e7 is defined as a non-decreasing (in the sense of inclusion) family of o-fields in F;
we shall say that a process X = (X;)ie7 is adapted to the filtration if X; € F; for each t € T.
The following definition is standard in the stochastic analysis / mathematical finance literature,

and will always be taken for granted in these lecture notes.
Definition 1.1.1. A filtered probability space (2, F, (F;)¢>0,P) satisfies the usual hypotheses if
e F( contains all the P-null sets of F;

e the filtration is right-continuous: for any ¢t € T, F; = ﬂ Fu-
s>t

1.1.1 Stopping times

We introduce here stopping times, which are measurable random variables, and which will be

defining ingredients of local martingales, as we shall see later.
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Definition 1.1.2. A random variable 7 taking values in 7 U {sup 7} is called a stopping time
(resp. optional time) if the event {7 <t} (resp. {7 < t}) belongs to F; for all t € T.

Consider for instance 7 = [0,00), a continuous, adapted, real-valued process X (a standard
Brownian motion for example) and fix a point € R. Then the first hitting time of the level x,
7= inf{t > 0 : X; = z}, is a stopping time. However, the last hitting time of the level z,
7:=sup{t > 0: X; = x}, is not a stopping time. Intuitively, the information available at time ¢ is
not sufficient to determine whether the process will reach the level x at some point in the future.

The following properties of optional and stopping times are left as an exercise:
Proposition 1.1.3. The following assertions hold:

(i) Let T be a random variable in T U {sup T }; it is a stopping time if and only if {T >t} € F;
forallt € T;

(ii) every stopping time is optional;

(iii) an optional time is a stopping time if the filtration is right-continuous;

(iv) if T is an optional time and ty a strictly positive constant, then T + to is a stopping time;
(v) if 1 and T2 are stopping times, then so are Ty A Ta, 71 V To and 71 + To;

Proof. Statement (i) follows directly since {7 > ¢t} = {7 < t}¢. Regarding (ii), let 7 be a stopping
time, and assume that 7 = N. Then the event {7 < t} is equal to {7 <t -1} € F;_1 C F:.
Consider now the general case 7 = [0, 00) and fix some ¢ € 7. Let (,)nen be a strictly increasing
sequence in 7 converging to ¢ as n increases, so that
{r<t}=U{r<t}er
n>1

Indeed, for each n € N, the event {7 < ¢, } belongs to F,_, which is itself a subset of F;. Consider
now (iii): assume that the filtration is right-continuous and 7 a random time. For any ¢t € T,

consider a strictly decreasing sequence (¢,)nen converging to t; for any m > 0, we can write

{r <t} = ﬂ{7<tn};

n>m

now, for any n > m, {r < t,} € F,, C F,,. Therefore {r < t,} € Fir = F;. We leave (iv)

and (v) as exercises. O

For every (F;)ie7-stopping time 7, we can associate the o-field

Fr={BeF:Bn{r<t}eF,teT}.
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1.1.2 Non-negative local martingales

We now consider the filtered probability space (2, F, (Fi)ieT,P), for some index set 7. All the

processes in this section shall be consider as taking values in R?, for some d € N.

Definition 1.1.4. An R%valued, adapted process S on (2, F, (F¢)ie7, P) is called a martingale
(respectively supermartingale, submartingale) if, for all ¢t € T, E(|S;|) is finite (or S € L'(P)) and
E(S¢|Fu) = Sy (resp. E(S¢|Fu) < Sy, E(S¢|Fu) > Sy) for all w € 0,4 NT.

Example 1.1.5. Let W = (W,);>0 be a standard Brownian motion, (F}");>¢ its natural filtration,

ie. Fyi={o(Wy):s>t},and T = [0, 00).
e W is an (F;)-martingale;
e the processes (W3 — 3tW;)i>0 and (W)t — 6tW2 + 3t?):>¢ are true (F;)-martingales.

e the solution to the stochastic differential equation d.S; = ¢S;dW4, starting at Sy > 0, cor-
responds to the Black-Scholes model (see Section EZI), which is the canonical model in
mathematical finance. Then, for any 0 < u < t, S, = Sy exp (—30%(t —u) + o(W; — Wa,)),

and the process S is clearly a true martingale.

Unless otherwise specified, all processes here will be adapted to the filtration (F;):e7. The

following lemma shows how (sub/super) martingale properties are preserved under transformations:

Lemma 1.1.6. Let S be an F-martingale and f : R — R a conver function such that f(S) is
integrable (i.e. [q|f(s)[P(S € ds) < 00), then f(S) is a submartingale.

Useful examples in mathematical finance of such convex functions are f(x) = 22, f(z) = 7.

Proof. The proof follows directly from Jensen’s inequality: for any t € 7 and u < t,
f(Su) = fE(S:|Fu)) <E(f(SH)|Fu), almost surely.
O

Remark 1.1.7. One could naturally wonder whether the converse holds, namely whether any
submartingale can be generated from a true martingale via a convex function. This is not true in
general, but some results hold in particular cases: evey non-negative submartingale is the absolute

value of some martingale [7Z], see also [8] and [I24].

Definition 1.1.8. A process S on (Q, F, (F:)ieT, P) is a local martingale if there exists a sequence
of (Ft)teT-stopping times (7, )n>0 satisfying lim, 4o 7, = sup 7 almost surely, and such that the
stopped process (S{™)teT := (Star, )teT 1S a true martingale with respect to the filtration (F;)ter,

for any n > 0. Such a sequence of stopping times is called a localising sequence for the process S.
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The following space of processes is of primary importance in stochastic analysis, and we will

make use of it repeatedly. Of particular interest will be the cases n = 1 and n = 2.

Definition 1.1.9. For any n € N, the space L (9, (F1)t>0,P) denotes the space of progressively

loc

measurable (with respect to (F;)te7) processes o such that

t
]P’(/ gpu|”du<oo> =1, forallt € T,
0

while L™ (€2, (F¢)¢>0,P) denotes the space of progressively measurable processes ¢ such that

E (/ || du < oo) < 00.
0

The following proposition allows us to construct large classes of (local) martingales:

Proposition 1.1.10. For a given Brownian motion W, define pathwise the process (X)i>o0 by
t
X = / usdWs, for allt > 0.
0
o IfueL*(Q,(F)i>0,P), then X is a continuous square integrable martingale;

o ifueL? (Q(Fi)i>0,P), then X is a continuous local martingale.

The theory of local martingales is very profound, and we refer the avid reader to the excellent
monograph [G5]. True martingales are of course local martingales (take 7, = sup T for all n € N),
but the converse is not true in general. For instance (as first indicated in [G3]), if W is a three-
dimensional Brownian motion not starting at the origin, then the inverse Bessel process defined
by (|[Wel|~1)i>0 is a strict local martingale (e.g. a local martingale, but not a true martingale).

However, the following always holds:
Lemma 1.1.11. Every bounded local martingale (from below) is a true martingale.

Proof. Let X be a bounded local martingale, and (7, )nen a localising sequence of stopping times
for X. Pointwise in w € €, it is clear that the sequence (X;"(w))nen converges to Xy(w) for any

t € T. By dominated convergence, we obtain
E(X;|Fs)=E <1iTm X["|]-"u> = liTm E(X[|F.) = liTm X = X,,
for any 0 < u < ¢, and the lemma follows. O

We shall see some implications on option prices of the difference between strict local martingales

and true martingales in Chapter D.

Proposition 1.1.12. A non-negative local martingale S is a super-martingale and E(S;|F,,) is

finite for all 0 <w € [0,t]NT.



1.1. Zoology of stochastic analysis 10

Proof. For any localising sequence (7,,)n>0 for S, the proposition follows from Fatou’s lemma
(Appendix BT3):
E,(S:) = Eu(lin%inf Sim) < lirr%inf]Eu(StT”) = linql\inf Sy = Su.
O

In particular, the proposition implies that any non-negative local martingale is a supermartin-
gale. This will be the exact framework of Chapter B. A blind application of the reverse Fatou
lemma would yield

ntoo ntoo

E(S¢|Fu) =E <limsup Sy

]—'u> > limsupE (S["|F,) = 1iH%iIlf Su = Su,

which, in combination with Proposition TT2, would imply that a local martingale is always a
martingale. There is obviously a contradiction here, which comes from the fact the the reverse
Fatou lemma does not apply, since the sequence of functions f,(s) = s is not bounded above by

an integrable function.

Remark 1.1.13. This property in particular implies (see [86, Chapter III, Lemma 3.6]) that, for
any continuous non-negative martingale S, if there exists t* > 0 such that P(S= = 0) > 0, if
Sg+ = 0, then Sy = 0 almost surely for all ¢ > t*. This seemingly trivial property is fundamental
when considering discretisation schemes for stochastic differential equations. As a motivating
example, consider the CEV (Constant Elasticity of Volatility) process, defined as the unique strong
solution, starting at So = 1, to dS; = UStHﬁth, where W is a standard Brownian motion, o > 0
and § € R. We refer the reader to [B0, Chapter 6.4] for full details. The process (S¢);>0 is a local
martingale, and is a true martingale if and only if 5 < 0. Note that when # = 0, this is nothing
else than the Black-Scholes stochastic differential equation, and S; is strictly positive almost surely
for all t > 0. Computations involving Bessel processes show that, for any ¢ > 0, P(S; = 0) > 0
if and only if 8 € [-1/2,0). Consider now a simple Euler scheme for the CEV dynamics, along a

given partition 0 =t <t; <---<t, =T,as S, =1 and, forany ¢ =0,...,n—1,

Sivs = S + oS i =,

where 7 is a Gaussian random variable with mean zero and unit variance. Suppose that along
some simulated path, there exists i = 0,...,n — 1 such that Sy, > 0 and S;,,, < 0. Then, in order
for the simulated path to be a true approximation of the original one (the solution of the SDE),
the only possibility is to set S, ,, to zero and leave it there until time T'. Note that, economically

speaking, this absorption property also makes sense, as required by no-arbitrage arguments.

1.1.3 Brackets, uniform integrability and time changes

Uniform integrability is a key property in probability theory, and controls how much the tail of

the distribution of random variables accounts for the expectation.
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Definition 1.1.14. A family & of random variables is said to be uniformly integrable if
lim (sup E (|X|1|X2K)) =0.
Too \xex

The following result, the proof of which is omitted, provides an easy-to-check characterisation:

Proposition 1.1.15. The family X is uniformly integrable if and only if there exists a Borel
function ¢ : Ry — Ry satisfying liTm r71¢(z) = oo for which sup E (¢(X)) is finite.
xToo XeXx

Theorem 1.1.16. Let M be continuous local martingale starting from zero. Then there exists a
unique continuous increasing process (M), called the quadratic variation process, null at zero such
that M? — (M) is a continuous local martingale. If M and N are two continuous local martingales
starting from the origin, then there exists a unique unique continuous process (M, N, null at zero,

called the bracket process, such that MN — (M, N) is a (continuous) local martingale.
Remark 1.1.17. The bracket process satisfies the polsarisation identity

(M,N); =5 (M + N)y — (M) — (N)).

|~

Example 1.1.18.

e For a standard Brownian motion W, (W); =t for all t > 0;

o ([ p(s)AW,)y = [1 o(s)2ds for ¢ € L2 (2, (Ft)ez0, P).

Remark 1.1.19. Other versions exist, with stronger assumptions, and hence more precise results.
In particular, if M is a continuous square-integrable martingale starting from zero, then there
exists a unique continuous increasing process (M) null at zero such that M2 — (M) is a uniformly

integrable martingale. See for example [[34, Theorem 30.1, Chapter IV, Section 5].

Remark 1.1.20. A related process, the square bracket process [M], exists in the literature, and
is defined as [M]; = X? — X& — 2]3 X,-dXg; its construction follows from the Doob-Meyer
decomposition (see Theorem 58 below). In the case where the process M is continuous, the two

brackets (-) and [] however coincide.

The last technical tool we shall need in order to move on is the technique of time change. We

state the following fundamental result without proof:

Theorem 1.1.21 (Dubins-Schwarz). Every continuous local martingale (M;);>o can be written as

a time-changed Brownian motion (W, )t>0-

In particular, for any Brownian motion W and any independent, non-negative, cadlag pro-

cess (01)¢>0, the continuous local martingale M. := fo osdW, can be written as

Mt = Wj()t 02dW,» for all ¢ Z 0.
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This theorem, and the refined version by Monroe [IT¥], have been used extensively in mathematical
finance. One motivation, as detailed in [6], is that trading time and real time are not synchronised,

namely that more trading activities take place during the day, and none during the night.

1.1.4 A brief introduction to Itd6 processes and stochastic calculus

In Chapter BO below, we shall discuss in detail existence, uniqueness and properties of stochastic
differential equations. The objective of this section here is to quickly go through the main ingre-
dients of It6’s theory, as we shall need it in the next pages. Again, (Q,F, (Fi)t>0,P) is a given

filtered probability space, supporting an R%valued Brownian motion W.

Definition 1.1.22. An R"™-valued It6 process (X;):>0 is a stochastic process of the form

t t
X = Xy Jr/ psds +/ o - dW,, te[0,T], (1.1.1)
0 0

where X is an Fp-measurable random variable, p € L (R™ — R") and o € L2 _(R" — M,, 4(R)).

loc loc

The differential notation dX; = pdt + o - dW;, with Xy € R™ is a useful shortcut, even though
the noise term dW; should be handled with care.

Corollary 1.1.23. The quadratic variation of an Ito process of the form (1) is given by
(X', XY, :/ (0s -U;l—)ijds ::/ C¥ds.
0 0

For any ¢ € [0, T], the matrix C; € M,,(R) represents the covariance matrix of the n-dimensional

random variable X;.

Theorem 1.1.24 (Itd’s formula). Let X be an R™-valued Ité process of the form (1) and let
feCH (R x R* = R). Then the following formula holds almost surely for every t > 0:

t t 1t
f(tht):f0+/ 8s.fst#’/ <dX€7Vf9>+§/ (ng)Tququ
0 0 0
¢ 1 t
:f(X0)+/ {8st+(us,st>+QTr(U;r.AfS.oS)}ds—&—/ (s -dWs, V fs),
0 0
where we used the short-hand notation fs = f(s, Xs).

Here, the gradient operator V only acts on the space variable, and is a vector in R™: V f(-,x) =

(0, f(-,%));—1__,., and the angle bracket (-,-) is simply the Euclidean product in R".

.....

Remark 1.1.25. In coordinates, we can re-write It6’s formula as

t t n . 1 n . n d g .
f(taXt) :f0+/0 asfsd3+/0 ;Nsazifs+§ Z Osjaxiwjfs dS+ZZUSJaEszdWsj

ij=1 i=1j=1
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Remark 1.1.26. In the case X = W and f € C2(R?), 1t6’s formula reads, in differential form:
1
df (W) = (AW, VF(W)) + §Af(Wt)dt

The following corollary is left as a straightforward exercise.

Corollary 1.1.27. For two R™-valued Ité processes X and Y, the following product rule holds:
t t t
Xt-Yt:XoYO—F/ XS-dYS—F/ YS~dXS+/ dX; - dYs.
0 0 0
Note that rearranging the terms in the corollary yields
t t t
[ e ave == Xove) - [ veeax. - [ax.av.
0 0 0
which can be seen as a (stochastic) integration by parts formula.

Example 1.1.28. Prove the following representations:

(i) Show that the process Y defined by Y; := t>W}? satisfies

t 2Y. t
Y, = / ( + 3t4/3Y;/3> ds + 3/ (sYy)?/3dw.
0 s 0

(ii) For any a, o € R, show that X; := e™“¢ (Xo + Jfot eanVVS) satisfies
t
Xt = XO —Oé/ XSdS+UWt.
0

(iii) Consider the couple (X,Y); := (cos(W;),sin(W;)). Show that it satisfies

Xt_l—f/de—/YdWS,
:—f/Yds+/XdW

1.2 Fundamental probabilistic results for finance

We introduce in this section two key results from stochastic analysis that are used extensively in

mathematical finance, and in the rest of these notes: the martingale representation theorem and

Girsanov’s theorem.

1.2.1 Martingale representation theorem and hedging

Let (2, F, (Ft)1>0, P) be a probability space where the filtration (F%):>¢ is the standard filtration
generated by a Brownian motion W, i.e. for any t > 0, F; = 0 (W,,0 < s <t). Unless otherwise
stated, T' > 0 will be a fixed (finite) time horizon. We shall need the following space of admissible

integrands (in order for the Itd integral to make sense):
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Definition 1.2.1. We let V denote the space of functions f from [0, 00) x 2 — R that satisfy the

following conditions:
e the map (t,w) — f(t,w) is Bx F-measurable, with B being the Borel sigma-algebra on [0, c0);
e for any ¢t > 0, the function f(t,-) is Fr-adapted,;
o E (fOT f(t,w)zdt) is finite.

Theorem 1.2.2 (Martingale Representation Theorem). Let (My)i>o be a (Fi)-adapted squared

integrable martingale with respect to P. Then there exists a unique process (¢¢)i>0 € V such that

t
M, = E(My) —|—/ wsdWy almost surely for any t > 0. (1.2.1)
0
Remark 1.2.3.

e We have stated here the theorem in dimension one. A similar result holds in any (finite)

dimension, and we leave this extension to the keen reader.

e The theorem has a converse result, namely that the It6 integral (fot wsdWs)i>o0 is a (Fi)-

martingale whenever ¢ is adapted and square integrable.

e The financial consequence of this result is that the only source of uncertainty comes from the

Brownian motion, which can be removed by hedging.

e The theorem only asserts existence of a process ¢. Explicit representations thereof can be

determined using Malliavin calculus, but this falls outside the scope of these lectures.

The proof follows from the following lemmas. Recall that a subset D of F is dense if for every

X in F, then DN B # () for every neighbourhood B of X.

Lemma 1.2.4. Theorem 22 holds if the representation (IZ2) holds for any random wvariable
in some dense subset of L?(Q, Fr,P).

For some integer n, and some sequence 0 < t; < --- < t, < T, we consider the subset Dy of
L?(Q, Fr,P) consisting of all the random variables of the form h(Wy,,...,W;, ), where h is some

bounded continuous function from R" to R.
Lemma 1.2.5. The space Dr is dense in L*(Q, Fr,P).

Lemma 1.2.6. Let X and Y be two random variables on (Q, F,(Ft)i>0,P) taking values in R™
and R™. Let G be a sub-o-field of F such thatY is G-measurable and X independent of G. Then,
for any measurable function f:R"™™ — R such that E|f(X,Y)] is finite, the equality

E[f(X,Y)|g] = b(Y),

holds, where b(y) = [, f(z,y)P(X € dzx).
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Proof of Lemma [[.2Z4. Let X be arandom variable in L?(Q, Fr,P), and consider a sequence (X,,),>1
in a dense subset D C L?(Q, Fr,P), converging to X in L?. By assumption, there exists a sequence

of adapted and square integrable functions (g,) such that,

T
X, =E(X,) +/ gn(8)d Wy, for any n > 1.
0

Itd’s isometry applied to the centered random variables X,, := X,, — E(X,,) yields
~ ~ \2 T
E (X, - Xn) =E / [9n(5) = g ()] ds.
0

Being convergent, ()N(n)nzl is a Cauchy sequence, and hence the sequence (gn)n>1 is convergent
in L?(w x [0,7],dP x dt), which is a complete space by the Riesz-Fischer theorem. Therefore,
there exists a limiting function g such that the expectation E fOT (gn(s) — g(s))? tends to zero as n

becomes large, and the representation (I"Z) holds with this very function g. O

Proof of Lemma 2. Consider a sequence (t;);>1, which forms a dense subset of the closed
interval [0,7] and define the increasing sequence (F;);>1 as the sigma-algebras generated by
{W4,(-)}1<j<i, for each i > 1. The martingale convergence theorem (Theorem BAZ32) implies
that, for any ¢ € L2(Fr,P), the pointwise limit » = E(¢|Fr) = limitoo E(p|F;) holds P-
almost everywhere and in L?(F7,P). Doob-Dynkyn Lemma (Lemma BEZT) then yields E(¢|F;) =
0i(Wy,,...,Wy,) for some Borel measurable function ¢; : R? — R, which can be approximated

in L?(Fr,P) by smooth and bounded functions h;(Wy,, ..., Wy,), and the lemma follows. O

Proof of Lemma TZ4. The statement of the lemma is clearly equivalent to showing that the equal-
ity E[f(X,Y)Z] = E[Zb(Y)] holds for any G-measurable random variable Z. Let then pxyz de-
note the law of the triplet (X,Y, Z) (taking values in R»*™*1). By independence, we clearly have
pxyz(dx, dy, dz) = px (dz)py z(dy, dz), so that

B2 = | : ( f<x,y>ux<dx>) iy 2(dy, dz)
s

Rn+m+1

2f(x,y)pxyz(de,dy,dz) = /

Rm+1
= /R”+1 Zb(y)ﬂYZ(dy,dz) — E[Zb(Y)]
O

We now move on to the proof of the Martingale Representation theorem for Brownian motion:

Proof of Theorem IZ3. 1t is clear from the lemmas above that it is sufficient to show that the
random variable h(W;,,..., W, ) has the representation property (I"2) for any » > 1 and h :
R™ — R continuous and bounded. We prove the case n = 2, but the proof extends easily to the
general case. Let n(-;m,o?) denote the density of a Gaussian random variable with mean m and

variance o2:

oV 2T 202

1 _ 2
n(z;m,o?) = exp {_(zm)} , for all z € R,
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and introduce the function v : Ry x R™ x R™ as
v(t,x,y) = / h(z, 2)n(z;y, ts — t)dz, for all ¢t € [0,t3).
R

One can immediately check that it satisfies the partial differential equation

2

v 10%v
a(tvxay)+28 g(t Iay) 0

for all t € [0,t2), x,y € R, with boundary condition v(ts, z,y) = h(x,y). Itd’s formula then yields

t2 9y

h(thva) :'U(t%thaWtz) :U(thtthl) + 8
t1

(s, Wy, W) dW,
to

av (s, Wy, Wy) AW,
ty1

=E [h(th?Wtz)‘ftl] +

by Lemma 28, since B [h(Wy,, Wi, )| Fy,| = [z h(We,, 2)P(Wy, € dz). Consider now the func-
tion v : [0,%;] x R — R defined by

v(ty, x, ), if t =tq,
o(t,z) =
/v(thz,z)n(z;x,tl —t)dz, ifte(0,t1),
R

Note in particular that the equality 8;0(t,z) + 30,,0(t,z) = 0 holds for all ¢ € [0,¢;) and x € R.

1t6’s formula then yields
i 9
U(tl, th) = U(tl, th s th) = U(O, O) + / %(87 Ws)dWs,
0
and hence

2 v
h(Wt1aWt2) :U(t17Wt17Wt1> +\/ @(Sa Wt17W9) dW?

t1
2 9y
—U(tl,Wt1)+ a (S VVt17 ) W
t1
t1 to
—0(0,0) + gt’(s W,)dW, + 2” (5, We,, Wy) AW,
0 t

=1(0,0) +/0 W(s)dW,

with the obvious definition

Oyo(s, W), if s <1y,
P(s) == .
Oyv(s, Wy, , W), if t1 < s <ta.
The theorem then follows since v(0,0) = E [A(W;,, Ws,]. O

Example 1.2.7. Fix some time horizon 7" > 0 and consider the (F;)-martingale M defined
pathwise by M; := E (eWT \]—}). Now,

1
My =E ("7 W | F) = ME (") = exp (Wt +5(T = t)) =: f(t,Wy).
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On the other hand, It6’s lemma yields

t t 1 t
F6W0) = FO.Wo) + [ 0uf(u Wa)aW, o+ [ 0uf(u Waldu+ 5 [ Ol WIAOW.W),
0 0 0
t 1 t 1 t t
= f(0,Wy) +/ M, dW,, — 7/ M, du + 7/ Mudu:MoJr/ M, dW,,

0 2 Jo 2 Jo 0

which corresponds to the representation (I”Z). Note that the filtration generated by M is the

same as that from the Brownian motion W.

1.2.2 Change of measure and Girsanov Theorem

The second fundamental theorem in mathematical finance is the Girsanov® Theorem, which allows

to change probability measures, and often allows for neat simplifications.

Change of measure

We first introduce the concept of change of measure, which shall be used later in a dynamic version

to state Girsanov Theorem.

Theorem 1.2.8. Let (2, F,P) be a probability space and Z a non-negative (P-almost surely)
random variable satisfying B(Z) = 1. Define the probability measure P by

P(A) := /AZ(w)dIP’(w), for any A € F.
Then the following hold:
ePisa probability measure;
e if X is a non-negative random variable then E(X) = E(XZ);
o if Z >0 P-almost surely, then E(Y) = IE(Y/Z) for any mon-negative random variable Y.

Proof. We only prove the first statement in the theorem, the other two being straightforward. In
order to prove that Pis a probability measure, we need to show that I?P"(Q) = 1 and that it is
countably additive. By definition, P(Q) = Jo Z(w)dP(w) = E(Z) = 1. Now, let (Ax)r>1 be a

sequence of disjoint sets, and set, for any n > 0,

Bn = LnJ Ak
k=1

Hgor Vladimirovich Girsanov (1934-1967) was a Russian mathematician, who first worked in the group led
by Eugene B. Dynkyn at Moscow State University, and later became an advocate of quantitative methods in
mathematical economics, and of applications of optimal control to chemistry. He died of a hiking accident at the

age of 33.
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Since (B,,) is an increasing sequence, then 1p, < 1p, < ..., By = Ug>14j, and the monotone
convergence theorem implies

P(Bs) = /Q]l]_:;C>O (w)Z (w)dP(w) = TILlTrglo Q]an(w)Z(w)d]P’(w)

li ]P’A ]P’A
nar;;“ v) Z v)

which proves the statement. O

Exercise 1.2.9. Let X be a centred Gaussian random variable with unit variance under the

probability P, and, for # > 0, define Y := X + 0. Using the variable

92
7 = exp{@X 2},

and introducing the probability Q defined via its Radon-Nikodym derivative % := Z, show that Y

is a centred Gaussian random variable with unit variance under Q.

Solution. Define the random variable Z := exp {—9X — %02}, and a new probability measure P
as in Theorem ITZA, which is well defined since Z 1is strictly positive almost surely with unit

expectation. For any y € R, we can now write (considering the set A={w € Q:Y(w) <y} € F)

P(Y <y) =

/ Z(w)dP(w) = / Ly (o)< (@) Z()dP(w)
{we:Y (w)<y} Q

- / Lx (w)<y—oy (W) exp {—9X(w) — 2} dP(w)
Q
1 92 22
- /R]l{zﬁy—e}ﬁ exXp {—996 — 2} exp (—2 dx

/y‘9 1 9 02 x? d v=0 1 2 d
= exps —b0r— —rexp| —— |dz = exp | —— | d=.

Girsanov Theorem

We present the general multi-dimensional version of Girsanov theorem below, but will restrict the

proof-mainly for notational convenience-to the one-dimensional case.

Theorem 1.2.10 (Girsanov Theorem). Consider an n-dimensional Brownian motion W defined
on some filtered probability space (U, F,(Fi)i>0,P). Fiz a time horizon T > 0, introduce the
n-dimensional adapted process © := (O1,...,0O"), and define

¢ 1t - ¢
Zy = exp {—/ e, -dw, — 5/ HGUHQ du} and W, =W, +/ 0,du.
0 0 0

IfE (fOT 6.1 Zﬁdu) is finite, then B(Zr) = Zo = 1 and W is a P-Brownian motion, where

P(A) := /AZT(w)dIP(w), forany A e F.
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The other way of writing the new measure, which we shall always do here, is
dP

— = 7.
dP T

Fr

Remark 1.2.11. Novikov’s condition [IZ1] ensures that a given process is a martingale: let X is a
real-valued adapted process on some filtered probability space supporting a Brownian motion W;

if Eexp (% fot |Xs|2ds) is finite, then the Doléans-Dade exponential

& (/ Xde3> = exp (/ X, dW, — 1/ des)
0 0 2 Jo

is a true martingale. Other conditions exist in the literature, in particular Kazamaki’s condition,
but Novikov’s criterion is the most widely used. Recent (technical) developments can be found in

the works of Mijatovié and Urusov [I17] and of Ruf [T38].
Before proving the theorem, we need a few tools.

Theorem 1.2.12 (Lévy’s characterisation of Brownian motion). Let (M;);>o be a continuous

(Fi)e>o0-martingale such that My =0 and (M), =1t for all t > 0, then M is a Brownian motion.

Now, on the probability space (€2, F,P), if Z is a non-negative random variable with expectation

equal to one, then one can define a new probability measure P via
P(A) ::/ Z(w)dP(w),  forall Ae F. (1.2.2)
A

Adding a filtration (F;);>0 on [0,7], we can define a process (Z;)i>o0 as Z; := E(Z|F;) for all
t € [0,7]. This process is called the Radon-Nikodym derivatives process and it clearly a PP-

martingale. The following lemma then holds (see for instance [I44, Lemma 5.2.2]):

Lemma 1.2.13. For any 0 <u <t <T, and any Fi-measurable random variable Y,
ZuE(Y|F) =E(Y Zi| Fu) .

Proof of Theorem IZZI0. We only prove Girsanov theorem in dimension one, the general case
being analogous, albeit with more involved notations. From Lévy characterisation theorem (Theo-
rem [C2ZT9), since the process W starts at zero and has quadratic variation equal to ¢, all is left to
prove is that it is a martingale under P. Itis easy to see, using [t0’s lemma, that dZ; = —©;Z,dW4,
so that ,
Zy=Zy — / 0, Z,dW,,
and Z is a martingale with E(Zr) = E(Zy) = 1. ONOW, the Ité product rule (Corollary II—21) and
simple manipulations yield
d (Wtzt) - (1 _ @tWt) Z,dW;,

so that WZ is also a martingale under P, which implies that

E (Wpfu) ) (WtZt\]-"u> = 2 WoZy = W,

by Lemma 213, and the theorem follows. O
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1.3 The super-replication paradigm and FTAP

The route we choose to follow in this first approach to mathematical finance may sound unortho-
dox at first sight, starting with a more abstract framework about sub/super-replication, before
venturing back into the realm of more ‘classical’ mathematical finance and option pricing. We
believe, however, that this logic, borrowed from [77], follows the practical intuition more closely.
Our aim is to answer the following question: what is the correct price the buyer or seller of an
option should pay?

We fix a priori a filtered probability space (€2, F, (F¢)t>0, P), where IP is the historical probability
measure. A market model is then defined as a pair process (B, S¢):>0 taking values in (0, 00) x
(0, 00)™, for some n € N. The first component denotes the money-market account and satisfies the
stochastic differential equation

dBt = ’I"tBtdt, BO = 1, (131)

where (r;)¢>0 > 0 denotes the instantaneous risk-free rate process. Note that this ordinary differ-
ential equation can be solved in closed form as B; = exp( fot rsds). The remaining n-asset vector

S =(S%,...,8") is the unique strong solution to the stochastic differential equation
dSt = b(t, St)dt + O'(t, St) . th, SO € (0, Oo)n,

with W a d-dimensional standard Brownian motion, and where the drift b : Ry x (0, c0)™ — (0, c0)™
and the diffusion o : Ry x (0,00)" — M,, 4(R?%) are assumed to be bounded and globally Lipschitz
continuous (this in particular guarantees existence and uniqueness of the solution, as we shall show

in Chapter B). Consider now a portfolio (II;);>¢ consisting of (invested) cash and the n assets:
Ht = F?Bt +7Tt . St,

where © = (71, ...,7") represents the vector of quantities of each asset in the portfolio, which can

be readjusted as time passes.

Definition 1.3.1. The portfolio II is self-financing if, for any ¢ > 0, dII, = 7dB; + m; - dS;; the
variation of the portfolio only comes from the evolution of (B, .S), and not from exogenous transfer

(in or out) of money.

Assuming that the portfolio II is self-financing and denoting by D, ; := B;B; ! the discount

factor between time s and time ¢ (in particular, Dy, = Bt_1 satisfies dDg, = —r Dy ¢dt), we have
dﬁt = d(Do,th) = d (F?DQ’tBt =+ Tt - D(),tst) = 7TtOd (D07tBt) =+ d (ﬂ't . Do,tst) = T¢ - dgt,
where the ~ notation denotes discounting (ﬁt := Dy I1;), and hence, for any ¢ > 0,

t
I, = 1, +/ Tw - dSy. (1.3.2)
0
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Consider an asset S with no drift (b(-) = 0), and volatility coefficient o, adapted to the filtration

of the Brownian motion W. We can rewrite the previous equation as
_ _ t
=T+ [ (Do o) - AW,
0
which is strongly reminiscent of the Martingale Representation Theorem 22 with ¢; = Dg ¢ - 0%.

Remark 1.3.2. Let Z denote the stochastic process defined pathwise as Z; := 79 By, for all t > 0.
Then, for any t > 0,

t t t
Ht:TgBt+7Tt'St:Zt—Fﬂ't'St:H()—'—/dH1L:H0+/7T2dBu+/TFu'dSu
0 0 0

t t
=1II, —|—/ ruZydu —|—/ Ty - Sy,
0 0
so that dZ; = dS; + 1. Z,dt, with S; := fg 7y - dSy, — ¢ - Sy, which we can solve (Example CITZ8(ii))
as Do 2y = )+ fot Do,udgu7 or equivalently, using integration by parts (Corollary [CI-24),

t t
Do Z; =) = m) +/ Do,dS,, = 70 + Do 4S; — Do oS0 — / SudDy .,
0 0

t
=TIy + Do +S; + / 74 DouSudu. (1.3.3)

0
This implies that the weight 7° is an It6 process that can be chosen such that II is self-financing.

Definition 1.3.3. A portfolio (7,7}, ..., m")te[o,r) is said to be admissible over the horizon [0, T’

if, for any ¢ € [0, T}, II; is bounded from below P-almost surely, e.g. there exists M € R such that

IP’( inf TI; > M) =1. (1.3.4)
0<t<T
We shall denote by A the space of admissible portfolios.
Definition 1.3.4. A self-financing admissible portfolio is called an arbitrage if
I[lh=0 and IIy >0, P-almost surely, and P(II; > 0) > 0.

In plain words, an arbitrage occurs if it is possible to obtain a strictly positive gain out of a
strategy with zero initial cost. Intuitively, absence of arbitrage in a market is related to the notion
of equilibrium, and mathematically, this is stated in terms of conditions on admissible portfolios.
One could wonder about the necessity of Condition (IZ34) in Definition I33. This condition

imposes a limit accepted by creditors. As the following example shows, one cannot do without it:

Example 1.3.5. Within a fixed time horizon [0, T'], consider a market without interest rate (B; = 1
for all ¢t € [0,T]) and consisting of one asset S satisfying dS; = dW;, with Sy = 0. Define now the
process Y as Y; := fg (T — 5)~'/2dW,. By time-change techniques (Theorem [CIZT), there exists
a Brownian motion W such that Y, = /W\<y>t, where

<Y>t:/0t(des) = —log(T —t), for all t € [0,T).
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Fix a constant M > 0, and define the stopping times 7y, := inf{t > 0 : /I/I?t = M} and T]\};[ =
inf{t >0:Y, = M}. As 7y is finite almost surely (Lemma 59 below) and equal to — log(T'—77;),

so that 73, < T almost surely. We now introduce the weight process
(T —t)~Y2, ifte[0,71)),
0, if t € [ry;,T],

and let ¥ be given by (IZ33) such that the corresponding portfolio IT has zero value at inception:
t
- / TldS, — 718, fort € [0,T].
0

Indeed, Iy = 7J + 4Sp = 0 if and only it 7§ = —x}. The value of the portfolio therefore reads

t 14 tATY aw,
H = e = 71"
t A Uu u 0 /;T —u

and in particular, at maturity 7', the portfolio is worth

™AW,
0 \/T—u

This implies that, starting from zero initial value, the porfolio thus constructed can reach any

Iy = = /V[Z& = M almost surely.

strictly positive value almost surely, leading to an arbitrage. Note, however, that, for any ¢ € [0, T],

I1; is not bounded below almost surely, thus violating Condition (I=34).
The following lemma, despite its simplicity, is a core result for option pricing.

Lemma 1.3.6. Assume that there exists a probability measure Q equivalent to P under which the

discounted asset prices S are Q-local martingales. Then the market does not admit arbitrage.

For two probability measures P and Q on (2, F), P is said to be absolutely continuous with
respect to Q, which is denoted by P <« Q, if for any A € F such that Q(A4) = 0, then P(4) = 0. In
particular, if P < Q, then there exists a random variable Z € L!(dP) such that dQ/dP = Z and
EP(Z) = 1. The two probability measures are said to be equivalent, and we write P ~ Q, if P < Q
and Q < P. In that case, they have the same null sets and dP/dQ = (dQ/dP)~!. This analysis is

reminiscent of Girsanov’s theorem (Theorem [CZ10).

Proof of Lemma 3 8. Assume there exists an arbitrageable strategy (7%, ..., 7"). By construc-
tion, the corresponding discounted portfolio is worth (see (IZ32)), at time ¢, I, = Iy + fot Ty dgu,
and hence is a Q-local martingale. Being bounded below (by zero), it is a Q-supermartingale (by
Proposition ITITT7), so that EQ(ﬁT) < IIy = 0. However, since II; > 0 P-almost surely, then it
is also non-negative Q-almost surely. Since its expectation is null, then Iy =0 Q-almost surely,

hence P-almost surely, which yields a contradiction. O

Definition 1.3.7. Any measure Q equivalent to P on (2, F) such that Sisa Q-local martingale

is called an Equivalent Local Martingale Measure (ELMM), or a risk-neutral measure.
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Remark 1.3.8. In the classical Black-Scholes framework, see also below in Section 2, there exists
a unique probability measure under which the discounted stock price (n = 1) is a true martingale.
However, there may be markets, as will be the case for stochastic volatility models for instance,

where an infinity number of such probability measures exist.

The last result we wish to state in this framework is a necessary and sufficient condition ensuring
that a market has no arbitrage. It also makes (absence of) arbitrage easier to check than the general

conditions above.
Theorem 1.3.9.
(i) Assume that there exists a process (ut)iefo,r) € V (Definition TZ1) such that
o(t,Se)ur = b(t,St) — eS¢ almost surely for all t € [0,T], (1.3.5)
and such that E (exp {% fOT ufdt}) s finite. Then the market does not admit any arbitrage.
(i) If the market has no arbitrage, there exists an (F;)-adapted process (u;) such that (IZ33) holds.

Proof. We only prove the sufficient condition (i) and assume for simplicity that r, = 0 almost

surely for all ¢ > 0. The probability measure Q on Fr, defined via the Radon-Nikodym derivative

dQ /T 1t
— =expy — udW—f/udt ,
P, { | 1dWe = 5 )

is equivalent to P and Girsanov’s theorem (Theorem [21M) ensures that the process W defined as
N t
Wt Z:/ usds+Wt,
0

is a Q-Brownian motion, and furthermore dS; = o(¢,S;) - dwt. Therefore S is a local Q-martingale

and the theorem follows from Lemma [Z38. O
Example 1.3.10.

e Consider the market given by B; = 1 almost surely for all ¢t > 0, and

2 1 0
dS; = dt + dW;.
-1 1 1

Show that the market does not admit arbitrage.

e Consider now the given by B; = 1 almost surely for all ¢ > 0, and

2 1 1
ds; = dt + dW,.
-1 -1 -1

Show that the market admits an arbitrage and explain what happens if one considers the

strategy m; = (1, 1).
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The above framework guarantees that market participants will be able to buy or sell derivatives
at a ‘fair’ price. That said, it is not clear what this price should be and, intuitively, there is no
reason why a buyer should be willing to pay the same price as a seller?. Assume that, at time ¢,
the buyer buys at price p, a European option with maturity 7' and payoff Pr (which may depend
on all the assets), and hedges it until maturity. At maturity, using (I=32), the discounted value of

its portfolio is worth
Ty = Do (fD;}p> +/ 7w - dS, + DorPr = — Do p +/ - dS, + DorPr.  (1.3.6)
¢ ¢
This yields the following natural definitions of the buyers and the seller’s price:

Definition 1.3.11. At time ¢, the buyer’s (B;) and the seller’s (S;) prices are defined by
~ T ~
By(Pr):=supqp € F:3Ine€ A:Ilp = —Dgp +/ 7y - dSy + Do Pr > 0,P-as p,
t

T
St(PT) =infdpeF:Ire A:Ilr = D07tp +/ Ty - dS, — DO,TPT >0,P-as;,
t
namely the buyer’s price (resp. seller’s price) is the largest (resp. smallest) initial amount to pay
in order to obtain a non-negative value of the portfolio at maturity.

The following theorem is a key result to determine bounds for these prices.

Theorem 1.3.12. If there exists a local martingale measure Q equivalent to P, then
Bi(Pr) < E® (Dyr Pr|F;) < Si(Pr).

Proof. Using the definition of the buyer’s price (Definition IZ2), there exists an admissible port-
folio 7 such that

T
—Do,ip +/ Ty - dSy + Do rPr >0, P-as.
t

By construction, the integral is a local martingale, which is bounded below (since the portfolio is
admissible), and therefore is a supermartingale, starting from zero at time zero, and hence, taking

Q-expectations conditional on F;, we obtain
Do,tp < E%(Do,rPr|F),

or p < E®(D; 1 Pr|F;). Taking the supremum over all p € F; yields one inequality in the theorem;

the proof for the seller’s price is analogous. O

This result provides arbitrage-free bounds for the price of any European option. However,

from a practical point of view, it might seem limited in the sense that (i) the equivalent local

2these are not mere theoretical considerations, and can be clearly observed through limit order books and bid-ask

spreads.
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martingale measure Q may not be unique, and (ii) the range of admissible prices might be very
wide. Uniqueness (or absence thereof) of Q is related to the notion of complete market, in which

these bounds collapse to a single arbitrage-free price.

Definition 1.3.13. A payoff Pr is said to be attainable if there exists a self-financing admissible

portfolio # € A and a real number p such that

(a) p+ fOT m:dS; — Do.rPp = 0, P-almost surely;

(b) the process (fot wtdgt) o is a true Q-martingale with Q ~ P.
t=>

Note as a comparison to (a), that Equation (IZ38) represents the value of the discounted

portfolios, from the seller’s point of view.
Definition 1.3.14. A market is said to be complete if every payoff is attainable.

Theorem 1.3.15. In a complete market, the double equality By(Pr) = EQ (D, 1 Pr|F;) = Si(Pr)

holds for any equivalent local martingale measure Q.

Proof. Since the market is complete, there exist p € R and an admissible portfolio 7 such that
T ~
DorPr=p+ / Ty - dSy, P-almost surely,
0

and therefore

T
Do rPr =Do+Z; + / Ty - dSy, Q-almost surely,
t

where Z; 1= Dy 3 (ﬁ + fot ﬂ'udgu> is an Fi-measurable random variable for any ¢ € [0,7]. The
integral is a Q-martingale, so that, taking Q-expectations (conditional on F;) on both sides yields
Zy = EQ(D, v Pr|F;), and, identifying Z;, = p, S;(Pr) < E®(D; rPr|F;) and the theorem follows
from the arbitrage-free bounds in Theorem IZ3TA. The same arguments apply to the buyer’s price,

and the theorem follows. O

The following theorem, the proof of which unfortunately® falls outside the scope of these notes,
provides a new characterisation of the buyer’s and the seller’s prices in terms of the equivalent

local martingale measures:

Theorem 1.3.16. Let My denotes the set of P-equivalent local martingale measures. Then

Bt(PT) = Qler}\f/‘le EQ (Dt,TPT|]:t) and St<PT) = QSEI.JAI/)IG ]EQ (Dt,TPT|]:t> ,
P P

The proof of the following corollary, however, is within reach and is left as a tedious exercise:

3The expression ‘unfortunately’ here refers to the fact that its proof is a beautiful, yet tedious, exercise in convex

duality. The hard-working interested reader can consult [32] for full details.
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Corollary 1.3.17. A market is complete if and only if there exists a unique equivalent local

martingale measure.

Similarly to Theorem =39, we provide—without proof-an easy to check criterion for market

completeness.
Theorem 1.3.18. The market is complete if and only if o admits a left inverse almost surely.

Note in particular that if o(+) is invertible (almost surely), then clearly the process w in Theo-
rem =39 is well defined, and hence the market is free of arbitrage. The converse does not hold in

general, though.

Example 1.3.19.

1 1 0
e Show that the market characterised by By =1 and dS; = |2 |dt+ |0 1 d(Wt(l), Wt(z))

3 1 1
is complete.

e The market given by B; =1 and dS; = th(l) + th(2) is incomplete.

In layman terms, the completeness of the market is due to the fact that the number of Brownian
motions driving the system, quantifying the randomness, is equal to the number of assets. The
Black-Scholes model is the obvious example of a complete model, as is Dupire’s local volatility
model, which we will study in Section BET. Stochastic volatility models, on the other hand, are
classical examples of incomplete market models (Section B3), since the system is driven by two
Brownian motions, but only one asset (the stock price) is tradable.

In a complete market, Corollary [Z3T4 ensures the existence of a unique equivalent local martin-
gale measure Q such that the unique arbitrage-free price reads B;(Pr) = S;(Pr) = E® (Dy, 0 Pr|Fy)
(see Theorem [31H). As an example, in the Black-Scholes model, there is one source of random-
ness only (one Brownian motion), driving a single asset. The market is then complete. We shall
see later some examples of incomplete markets, in particular stochastic volatility models, where

the number of Brownian motions driving the system is larger than the number of traded assets.

1.3.1 Overture on optimal transport problems and model-free hedging

1.4 Application to the Black-Scholes model

We now assume that a probability P is given, under which the stock price process is the (unique

strong) solution to the following stochastic differential equation:

ds; = St(pdt + O'th)7 So > 0, (141)
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where o is a strictly positive real number, and W a Brownian motion on (2, F, (F¢)t>0,P). We are
interested in evaluating, at inception, a derivative on S, with payoff Hy at maturity 7' > 0. The
(random) payoff Hr is assumed to be Fr-measurable and square integrable. Let now T denote

the following set of strategies:

T
T := {(Wt)te[O,T] adapted : / 72dt < oo almost surely} , (14.2)
0

and, for each m € T, let II denote the solution to the SDE dIl; = mdS; + Do ¢ (II; — m4S;) d By,
starting at Il = xg. Note that T is nothing else than the almost sure version of V from Defini-
tion 2. In the context of Section 3, the process II corresponds to the portfolio associated to

the strategies m and 7 = Dy (X; — mS;), which is clearly self-financing. The discounted process

.= (Do I1;)>0 satisfies the SDE
dﬁt = ’/TtDoytst ((‘LL - T)dt + O'th) = thgtdwt,

where S is the discounted stock price process and W a P-Brownian motion. The probability P

here is defined via the Girsanov transformation

1
| o (—272T + 'YWT> :

Fr

and W, == W, — ~t for t € [0,T], with v := (r — p)/o. Under ﬁ’, the stock price process S
satisfies dS; = Sy(rdt + det), and hence P is a risk-neutral probability measure. The Martingale

Representation Theorem implies that there exists an adapted square integrable process 5 such that
~ T ~ —_—~
DoirHy = (Dortr) + [ Gl
0

Letting m; = ggt/(aDO,tSt) and 7} as above, and ¢ = Eﬁ(DoﬁTHT), the trading strategy (m, 7°, z¢)
generates a portfolio IT such that II; = Hp almost surely, i.e. a replicating portfolio for the

contingent claim Hp, and therefore the option value at inception is equal to xg.

Theorem 1.4.1. If there exists a strictly positive constant A™ such that II; > —A™ almost surely

for all t € [0,T), then the set T does not contain any arbitrage opportunity.

Proof. Suppose there exists 7 € YT and that zg = 0. The discounted process II is a P-local
martingale bounded below, and therefore the process I+ A" isa supermartingale, and so is ﬁ; in
particular, for any ¢t > 0,

E° (1) < B (M) =o.
If II; > 0 P-almost surely for any ¢ > 0 and P(II; > 0) > 0 then ]Eﬁi(ﬁt) > 0 since P and P are

equivalent, which yields a contradiction. O

We can now derive the celebrated Black-Scholes formula:
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Theorem 1.4.2. Under the risk-neutral probability ]TD, the European Call price with strike K and
maturity T, with payoff Hy := (St — K)4 is worth, at any time t € [0,T],

CBS(S(),K,t, T, O') = ]Eﬁ [Dt,T(ST - K)+|.Ft] = StN (d+) - KDt,TN (d_) B

1 o ( S
oVT —1t & DyrK

Corollary 1.4.3. For a FEuropean Put price, we have the following:

1
where dy = > + 50\/T —t.
Pgs(So, K, t,T,0) := EF [Dy 7(K — St)4|Fi] = KDy o N (—d_) — SiN (—d4),
Proof. Under ﬁ, the stock price satisfies dS; = S (rdt + cdW}); hence 1td’s formula yields
1
St = S;exp { <r - 202> (T—1t)+oc(Wpr — Wt)} , forany 0 <t < T,

and the theorem follows by direct integration of the Gaussian random variable (Wr — W;). The

proof for the Put price is analogous. O

We now introduce some notations to simplify computations. Rewrite Theorem 22 as

KD
C’BS(S(),K,t,T,O') = E[Dt,T(ST — K)+|J—"t] = StBS <10g < St7T> 70'2(7_' — t)) s
t

for any t € [0,T], where the function BS : R x Ry — R is defined as

BS(k.v) = N(dy(k,v)) —e*N(d_(k,v)), ifv >0, (1.4.3)

(l—e’“)Jr7 ifv=0,

with dy(k,v) := —k/y/v £ v/v/2, where N denotes the cumulative distribution function of the
Gaussian distribution. The Black-Scholes model has independent and stationary increments, so
that the price of the Call option only depends on time through the remaining time to maturity
T — t; note that it also only depends on the volatility through the total variance: v := o?(T — t).
Therefore, from now on, we shall prefer the notation Cpg(k,T — t,0), or even Cps(k,v), to the

over-parameterised Cps(S, K, t,T, o), where k := S, /(D v K) is the log-forward moneyness.

Robustness of the Black-Scholes strategy

The way we proved the Black-Scholes formula in Theorem 472, via the martingale representation
theorem, does not follow the original proof of the authors [P0]. They assumed that there exists a
smooth function C : Rﬁ_ — R describing the value of the option, and such that C(¢,s) converges
to the option payoff h(-) as t approaches the maturity 7. This function satisfies the Black-Scholes

partial differential equation

2
(at +7S0s + %52855 - 7‘) C(t,S) =0, (1.4.4)
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for all ¢ € [0,T) and S > 0, with boundary condition C(7,S) = h(S). In the Black-Scholes
framework, assuming that we believe that o is the true volatility, then we hedge ourselves by
buying/selling an amount dsC(t,S) of the stock price. This is called delta hedging. Suppose now

that the true dynamics of the underlying stock price are in fact given by
dSt = St (Oltdt + Btth) 5

where « and 3 are two adapted processes. As seen in the previous section, we can construct a

self-financing replicating portfolio II satisfying
d]._.[t = 8SC(t, St)dSt + (Ht - BSC(t, St)St) rdt.

Now, using It0’s formula, the Call price function satisfies

BES?
2

dC(t, S;) = dsC(t, Sy)dS; + (at + ass> C(t, Sy)dt.

The hedging error £ := Il — C then satisfies

BL St
d(‘:t = T‘Ht — 3t + 9 835’ + TStaS C(t, St)dt
2 p2yQ2
= rII, — ((”f‘f)‘gtass - r) C(t, S,)dt,

1
=€, - 5(0% = B})S}9ssC(t, S,)dt,

where, in the second line, we used the fact that the Call price satisfies the Black-Scholes PDE (I24).

An application of It6’s formula yields, at maturity,
1 (T
er =3 /0 T 8212 (6 — §2) dt.

This formula is fundamental for hedging, and indicates that the error in the hedging strategy is due
to (i) the under/overestimation of the actual volatility (the sign of 5% — ¢2), and (ii) the amount
of (positive) convexity I'; of the option price with respect to the underlying. Taking derivatives of
the Call option price with respect to the parameters yields the so-called ‘Greeks’, which, as seen

above, are fundamental tools for hedging purposes:

OBS(k,v) = —e"N(d_(k,v)),
k
OuBS(k,v) = —?; z;/'(d))(k,v)) _ W — OuBS(k,0) + & ”(dwgk’”)),
9,BS(k,v) = ;T (1.4.5)
OvuBS(k,v) = % (4k2 — %= 411) ,
OeeBS(k,v) = —n(d (b, v))Bud_ (k) = —”(d+i’“’”)) 2’;72“,

where n = N/ denotes the Gaussian density. The proof of the equalities (IZ3) is left as an exercise.
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1.5 Beyond Vanilla options: a probabilistic approach

1.5.1 American options: stopping the Brownian motion

We follow here the notations and framework of Section 3. We consider an American option with
exercise price P; at time ¢, written on the underlying stock price S. For such an option, the buyer
(seller) can exercise the option at any time during the life of the contract, not only at maturity, as
is the case for European options. Mathematically, we can then define, in a very intuitive way, and

similarly to Definition 5, the buyer’s and seller’s price:
Definition 1.5.1. At time ¢, the buyer’s and the seller’s prices (B; and S;) are defined by
Bt(P) ‘= sup {p € ft : 3(7777—) € Ax 7;,T : ﬁ‘r = _l)O,tFj +/ Ty - dgu + DO,TPT > 07]P'a~s}7
t

t
8,5(P) = inf{pe]:tzﬂﬂeA:VtE [t,T], HT:DQ’ﬂJ—f—/ Wu'dsu—Do}tPtZO,P—a.S},
t

= inf {p ceFidne AVt eTyr, 1= Dgqp —|—/ Ty * dgu — Dy Pr > O,}P’—a.s}.

t

Namely the buyer’s price is the largest initial amount to pay in order to obtain a non-negative
value of the portfolio at some point between time ¢ and the maturity of the contract. The seller,
however, does not decide when the option is exercised, and hence has to hedge himself at any time
between inception ¢ and maturity 7. Here P denotes the payoff, which can be gained at any time
between ¢ and 7', so that it does not have any T-dependence, and 7; r represent the set of stopping
times with values in the closed interval [¢,T]. The following theorem is similar to the European case
and characterises the price of the American option: Before stating the main valuation theorem, let

us introduce several tools.
Definition 1.5.2. The process S defined pathwise by
St := Doy sess supTeTt,TEQ [Dy,r Pr|Fi]
is called the Snell envelope (corresponding to the American option with payoff P) under Q.

In general, the Snell? envelope of a stochastic process is the smallest supermartingale dominat-
ing it. In discrete time, an explicit construction (by recursion) is available, see for example [5Y,

Chapter 6].

Lemma 1.5.3. S is a Q-supermartingale.

Theorem 1.5.4. Assume that there exists an equivalent local martingale measure Q. Then
By(P) < esssup, ¢, ,E® (Dy, P|Fy) < Si(P);

if furthermore the market is complete, then all the inequalities become equalities, and the value of

the American option at time t € [0,T] is given by D(I,}St.

4James Laurie Snell (1925-2011), American mathematician, published this result in 1952, see [I4H].
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Part of the proof of the theorem is analogous to the European case studied above. However,
the seller’s price needs some more work, and requires the so-called Doob-Meyer decomposition.
The following theorem is a cornerstone in stochastic analysis, and was proved, albeit in a slightly
less general version, by Meyer [[T4, [[16]. Its proof is clearly outside the scope of these lectures,
but, in order to satiate the reader’s appetite for curiosity, we shall include a statement and a proof

of the discrete-time version, originally proposed by Doob.

Theorem 1.5.5 (Doob Decomposition). Let (£, (Fn)nen,P) be some discrete probability space,
and (Zp)nen a discrete-time (F,)-adapted process starting at zero such that B(Z,,) is finite for all
n € N. Then there exist a P-martingale (M, )nen and a previsible process (Ap)nen (An € Fn-1
for all n > 1) such that the decomposition Z, = Zy + M, + A, holds uniquely for allm € N. In

particular, Z is a submartingale if and only if A is increasing almost surely.

Proof. Assume that the Doob decomposition holds, then for any n > 1,
E(Zn - Zn71|-/__.n71) = E(Mn - Mnfl‘fnfl) + E(An - An71|fn71) = An - Anfla

therefore A,, = Y7 | E(Z; — Z;_1|F;_1) almost surely. We can use this definition for the process A,

and the theorem follows. The submartingale consequence is clear from this very definition. O

Theorem 1.5.6 (Doob-Meyer Decomposition). For any cadlag supermartingale Z, there ezist a
local martingale M and a predictable increasing process A starting from zero such that the decom-
position Z = Zy+ M — A holds uniquely. In particular, if limpoo E(Z;) > —o00, then A has finite

expectation.

Remark 1.5.7. A continuous-time stochastic process X is said to be predictable if it is measurable
with respect to the o-algebra generated by all left-continuous adapted processes. In particular,

every continuous-time left-continuous adapted process is predictable.

Proof of Theorem [[-54. Fix some F;-measurable random variable p and assume the existence of

a stopping time 7 € 7y and of an admissible portfolio 7 € A such that, P-almost surely,
T
7D0,tp + / Ty * dSu + DO;,—P-,— > 0.
t

The integral term is clearly a Q-supermartingale, and hence E [ ftT Ty d§u|ft] < 0, so that
p < EQ [D; . P;|F;]. Taking the supremum over all 7 € 7; ¢ and using the fact that this is valid
for any p € F; concludes the first assertion of the theorem.

If the market is complete, then for any stopping time 7 € T;p, the payoff ¥p := D;lTPT
is attainable, i.e. there exists a real number p and an admissible portfolio 7 € A such that

(fot T - dgu)te[O,T] is a Q-martingale with

T t T
—;3+/ Wu-dSu+D07T\IJT:O=—]3+/ wu-dSqu/ Ty - dSy + Do 7 Py (1.5.1)
0 0 t
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Taking Q-expectations conditional on F; then yields p — fot Ty - dgu =E® [Do - P-|Ft]. From the
definition of the buyer’s price and the right-hand side of (IZ5), letting q := p — fot Ty - dSy, and
identifying q = Dgp, we see that B,(P) > p = Da}q = EQ[D; , P;|F:], and therefore, from the
first part of the theorem, the equality holds. Similar arguments follow for the seller’s price.

The last part of the proof, for the seller’s price, is slightly more technical, as one still needs
to show that, letting p := ess supTeTt,T]EQ [Dy,+ P-|Fi], there exists a super-replicating admissible

portfolio 7 such that
t
Dop + / 7 dS, > Do(P,  forall te [t,T].
t

Using Lemma 23, the process S defined pathwise by S; := DO_,tless supTeTt’TIEQ [Dy - P-|Fi] is a
Q-supermartingale, so that Doob-Meyer’s Decomposition (Theorem IZ538) yields the existence of a
Q-local martingale M with M; = Dy .p and a non-decreasing process A starting at zero such that
S = M — A. Furthermore, the Martingale Representation Theorem 22 implies that there exists
an F-adapted process ¢ such that

t
Mi=Dop+ [ AWl
t
The market being complete, we can rewrite this as
t
Mg = Do +p +/ Ty, dSy, = S¢ + A > S¢ > Do (P,
t

and the theorem follows. O

A special case: American Call option in the Black-Scholes framework

We now specialise the above results to the Black-Scholes framework, and deduce some interesting
properties of American options, in particular of an American Call option, for which the exercise
price is equal to P, = (S; — K) 4, for some strike K > 0. In the Black-Scholes model, the stock price
process is the unique strong solution to the stochastic differential equation dS; = (r — ¢)S;dt +
0S;dWy, starting at Sy > 0, where r and ¢ are respectively the interest rate and (continuous)
dividend yield. The process W is a standard Brownian motion defined on (Q, F, (F;)¢>0,P),
where P is a given risk-neutral measure. Let C,(k,T,0) and P,(k,T, o) denote the American Call

and Put option prices. From Theorem T34, we can write

Co(k,T,0) = sup Cps(k,T,0),

TE€TT

P,(k,T,0) = sup Pgs(k,1,0).
TETT

Proposition 1.5.8. The American Put-Call symmetry Co(So, K, T,7,q) = Pa(K, So, T, q,7) holds.

Proof. The proof follows from a simple application of Girsanov’s theorem applied to the new

probability measure Q defined via

dQ

L,
i - ‘= exp (—20 t+aWt> .
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Under this new probability measure, Girsanov’s theorem implied that the process B defined by

B, := W; — ot is a standard Q-Brownian motion. Therefore,

1
T (Soe(’”_q)T exp {—2027 + oW, } K) ]
+

sup E¥ [e7"7 (S, — K)4] = sup E"

TE€TT TETT
ap
= sup B¢ | —| e (Soe(T_Q)T exp {—a T+ O‘WT} K) 1
TETT
:sup]E@ (SQ—KGXP{((]—T)T+ —o%r — oW, )
T€TT +
:sup]EQ ( O—Kexp{(q—r)T—J T—O’Bt})
TETT +
= sup ]EQ (SO—Kexp{(q—r)T—cr T+O’Bt})
T€TT
where in the last line, we used the symmetry (in distribution) of the Brownian motion. O

1.5.2 Barrier options

A barrier option is a European option which depends on the path of the underlying stock price
between inception and the maturity 7" of the contract. For a given underlying stock price S, we
shall denote by S and S respectively the running infimum and running supremum of the process:

S,:= inf S, and S, = sup S. (1.5.2)
’U,E[O,t] ue[o,t]

A knock-out barrier Call option has the following payoff at maturity:

(57 — K)4+1(s,>x}li5, <Ry

i.e. it has the same payoff as a standard European option as long as the stock price has remained
within the interval (K, K) during the life of the contract. Different barrier options exist in practice,
namely knock-in options, where the payoff is only exercised if the stock price has hit a barrier,
and so on. We shall not list all the possible combinations here, but refer the reader to the many
books and papers on this. It is clear, however, that the structure of the solution will be similar in
all cases. For general processes, closed-form expressions are not available, and one has to resort to
numerical methods. We shall get back to this point later in Chapter B. In the Black-Scholes case,
however, one is able to compute such closed-form representations.

Let us therefore assume that the stock price process is the unique strong solution to the stochas-
tic differential equation dS; = S; (rdt + cdW;), starting at Sy = Sy > 0, and consider the case of

an up-and-out Call option with payoff
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for some knock-out level B. Obviously if K > B, the option is worthless, so we shall assume
otherwise from now on. It6’s formula applied to the Black-Scholes SDE yields
1
S = Sp exp { <7" - 202> t+ aWt} = Spexp (cWy),
where Wi* := at + W, defines a Brownian motion with drift, with o := ~ — Z. In particular, for

any t > 0, S; = Spexp (O'W? ) Therefore the payoff of the knock-out Call option reads

lp = (57 — K) Lgpa oy = (SOGJW% - K) Lpe <bwaskys (1.5.3)

with b := log(B/Sy)/o and k := log(K/Sp)/o. It therefore suffices to compute the joint density
of a (drifted) Brownian motion and its running supremum. We start with the zero-drift case, and,

for any w € R, denote 7, the first hitting time of the Brownian motion at level w:
inf{t >0: W; <w}, ifw>0,
Ty i=inf{t > 0: Wy =w} = inf{t >0: W, >w}, ifw<0, (1.5.4)
0, ifw=0.
The second equalities follow immediately from the continuity of the paths of the Brownian motion.

Lemma 1.5.9. For any w € R, 7, is finite almost surely.

Proof. Assume that w > 0. By continuity arguments, if the Brownian motion W hits some level
w > w almost surely, then it will also hit w almost surely. Since limsup;,, Wi = oo, the result

follows. The other cases are analogous. O

We can now state the following reflection property for the standard Brownian motion:
Proposition 1.5.10. For everya >0,y >0, P(W; > a,W; <a—y) =P(W; > a+vy).

Proof. By the total law of probability, we can write

ot (t—1a) — @ > YW > a)P(W; > a)

Wtt—r) — 0 < —y[W; > a)P(W; > a)

e e e e e

where we used the symmetry of the Brownian motion ‘restarted’ at level a at time 7. O
Setting m = a and w = a — y, we can rewrite the reflection property as
PW; <w, 7 < t) = P(Wy <w, Wy >m) =P(W; >2m —w). (1.5.5)

In passing, one can derive the distribution of the first hitting time:
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Exercise 1.5.11. For any m # 0,

2 [ 2
P(ry, <t) = \/>/ exp 2 ) da.
™ Jiml/ Ve 2

Lemma 1.5.12. For anyt > 0, the joint density of W; and W is equal to

2(2m — w) (2m — w)?
womt T { ot

Proof. From the reflection property (IC33), we can write

[e%e] w . 1 [e’e] 2’2
z,y)dedy = P(Wy <w, Wi >m) =P(W; >2m —w) = —— e —— | dz.
[ [ty =¥, < 0., 2 m) =07, == [ ew(-5)

Differentiating on both sides with respect to m and w, the claim follows from the computation

2%%@ . { m w)? } |

fw,m) := 0y mP (W <w, Wy <m) = } , for 0 < m,w € (—oo,m).

7f(w’m) = -
]

The idea now is to use Girsanov theorem to compute the transition density of the Brownian

motion with drift W< from that of the one without drift.

Theorem 1.5.13. For any o € R and t > 0, the joint density of W and W? reads

—a 2(2m — w) ot (2m—w)?
O (Wi < w0, W) <m) = 2202 et MWL b0 < myw € (—oo,m).
w.m S <w,W, <m o exp{aw 5 57 for 0 <m,w € (—oo, m)

Proof. The process Z% defined pathwise by

1 1
7y = exp (—aWt - 2a2t> = exp (—aWt‘)‘ + 2a2t>

dP«
is a P-martingale, and therefore we can define a new probability measure P via Fi Zg on Fr

such that W is a standard P%*-Brownian motion. Therefore
o —a po [ 1
P (Wt S w, Wt S m) =K (]l{WtQSw’W?Sm}) =K T%I{Wtagw7wygm}
o o 1
=EP [exp <aWt - 2a2t> 1{W{"§w,W?§m}j|

= / / exp (ozx — ;O&Qt) Sz, y)dady

where f(-,-) again is the joint density of a standard Brownian motion and its running supremum.

The theorem then follows from Lemma 512 O

From no-arbitrage arguments, using the payoff (I’53) and Theorem 513, we deduce, after

simple, yet long and tedious, computations, the price at inception of the Knock-out Call option:
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Proposition 1.5.14. At inception of the contract, the Knock-out Call option is worth

S () () () ()
) (8) (2)
v ()6 R

where 64 (x) 1= ﬁ {log(z) + (

1.5.3 Forward-start options

We consider here a new type of European option, namely forward-start calls and puts. Let (S;):>0
be the stock price process starting at some strictly positive value Sy. By no-arbitrage arguments,
the forward-start Call option Cf and Put option Pf with strike K > 0, forward-start date T > 0

and maturity T+ 7 > T are worth at inception

Cf(K,T7T) = e*T’(T+T)EO l<5g+7 _ K> ‘| and P‘f(K,T,T) — e,r(T+T)EO [(K— ST+7-) ‘| .
T + +

Clearly, it reduces to a standard European Call option whenever T = 0. In the Black-Scholes
model, under the risk-neutral probability measure P, the stock price process is the unique strong

solution to the SDE dS;/S; = rdt + odW4, so that

(S ) |

BS/(K,T,7,0) :=e "TT7E,

} =e "TBS(Sy) =1, K,7,0),
+

where we use the fact that the Brownian increments are stationary. In fact, this result holds for any
model with stationary increments, in particular any exponential Lévy process. We can therefore

define the forward implied volatility similarly to the standard implied volatility:

Definition 1.5.15. For any T > 0, 7, K > 0, the forward implied volatility or ,(K) is the unique
non-negative solution to the equation C/(K,T,7) = BS/ (K, T,7,07..(K)).

1.5.4 Variance and volatility swaps

Variance swaps are swaps written on the realised variance over a given period of time, i.e. have a
terminal payoff of the form N (0’%{ - K ), where N is the notional (in some given currency), K is
the strike of the contract (expressed in units of variance) and o} represents the realised variance

of S over the life of the contract. Being a swap, the strike is chosen such that the contract has no
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value at inception, i.e. K = Eg (0&.a50q)- The realised variance is calculated as follows:

2
JR—AZ—I (St >7

where A is an annualisation factor (usually 252 working days), to < t1 < ... < t, are sampling

dates, specified in the contract, and (S;):>0 denotes the stock price process under consideration.
In practice however, pricing of variance swaps, namely computing the expectation of the realised
variance, is performed by approximating the discrete sampling above by its continuous version.
More precisely take a partition 0 = tg < t; < ... < t, = T, then the following limit holds in

probability:

n 2
lim ng( St ) = (log(S),10g(S)) (1.5.6)

Computing the quadratic variation on the right is an easier exercise (from a stochastic calculus point
of view) and generally yields to simple closed-form expressions. Note however that the convergence
in (C5) is in probability and hence does not guarantee convergence of the expectations. We refer
the interested reader to [91] for more details on this issue.

Assume now that the stock price satisfies d.S;/S; = rdt + o,dW;, with Sy > 0, where (o4)1>0
is adapted to the Brownian filtration. Applying It6’s formula to the smooth function (on R )
s — log(s), we obtain dlog(S;) = (r — 07) dt + 0¢dW,, so that

e [ (e dm(3). o

Note that the first term on the right-hand side corresponds to a rebalanced hedge of the stock while
the second term represents a so-called log-contract. Apply now the replication formula (CT) to

the function f = log with F = S*:

Sr Sp— S UK -8), © (S —K)y
1 =— - ——dK — ———dK.
o8 < S+ ) S+ /0 K2 o K?
Taking expectations on both sides yields
S\ Spe'” r % P(K,T) r [ C(K,T)
Elo = —1-¢" ——dK —¢€" ——dK 1.5.
(S*) o e /0 e d e / o2 dK, (1.5.8)

where C(K,T) and P(K,T) are European Call and Put options written on S with strike K and
maturity 7. Therefore, combining (IC3R) and (IC577), we obtain

1 /7 2 T * ST P(K,T ~ (K, T
E (T/ U?d?ﬁ) = rT — (Soe — 1) log (S ) —|—erT/ MdK—i—erT/ Md[(
0 0 *

S* So K2 K2
Take for example S* = Spe””, namely the forward price, then the fair strike of the variance swap

17 2e'T (5" P(K,T) 2T [ C(K,T)
E| 2dt | = LK L 2dK. 1.5.
(T/O e ) T /0 K? 7 / K? (15.9)

Therefore the fair strike of a (continuously monitored) variance swap can be computed all the

reads

Furopean Call and Put options for all possible strikes for a fixed maturity.
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Remark 1.5.16. Note that we have assumed here that the stock price is a strictly positive
martingale. If, at time 7', St has a strictly positive mass at the origin, then by Lemma EZT8, we
have limg o w = P(St = 0), so that the first integral in (IC59) is infinite, and so is the fair

value of the variance swap.

Let us now try to understand the precise meaning of of the weighting factor 1/K?2. Consider
the portfolio IT := [ p(K)O(K)dK, where O(K) represents either a Call or a Put option, and
where p is a weighting scheme to be determined. In the Black-Scholes model, consider the total

variance v := 02T, and the derivative of the Call (or the Put) with respect to v reads

9,0(K) = 5—=n(d+(K/S)))-

3"
Therefore
[e%e) 52
ayr[:/o oK )2f n(d (K/Sy))dK = / plaSh) 5 (i ()i

where we used the change of variable x = K/Sy. Furthermore

s, (0,11) = 2\% /OOO [2p(2S0) + 2S0p' (250)] Son(d+ (z))dz.

The Vega 9,11 of the portfolio is then insensitive to the movement of the stock price if and only if
2p(xSp) + 2S0p’ (£S0) = 0. Solving the ordinary differential equation yields p(K) = 1/K?.



Chapter 2

Martingale theory and implied
volatility

2.1 Existence of implied volatility

In this section, we shall endeavour to answer the following question: given a probability space
(Q, F, (Ft)t>0,P) and a non-negative local martingale (S;);>0, how does one define the implied
volatility? The blunt answer is ‘the volatility parameter to plug into the Black-Scholes formula in
order to recover a given or observed European Call (or Put) option price’ (adapted from [IZ6]).
Let us try, though, to propose a more rigorous definition, and study the properties of this object.
In order to do so, we first start by recalling the basics of the Black-Scholes model, which shall also

serve to fix the notations.

2.1.1 Preliminaries: general properties of Call option prices

Before moving on to the implied volatility, let us first consider some general properties of Call

option prices in a local martingale model.

Proposition 2.1.1. Let S be a non-negative local martingale and let 0 < t < T. Define the map
Ci:Ry -5 R by Cy(K) :=E (S — K)y. Then the following properties hold:

(i) C; is convex and non-increasing on Ry ;
(#) limgroo Ct(K) =0 and limg o C(K) = C(0);
(iti) for any K >0, (C¢(0) — K)+ < Cy(K) < Ci(0);
(iv) on Ry, 05 Cy exists, is right-continuous, non-decreasing and satisfies —1 < 052Cy(+) < 0;

(v) for any K >0, we have —1 < [C(K) — C;(0)]/K < 05:Cy(K).

39
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Proof. Statement (i) follows by linearity of the expectation operator and the convexity of the
map K — (z — K)4. The large-and small-K limits in (ii) follow from Lebesgue’s Dominated

Convergence Theorem and Proposition [T T2:

Il(le B (St — K)4 = Eq { (St K)+} =0,

lim
K1oo

}%%Et(ST - K)+ = Et |: (ST - K)+:| = ]Et(ST)

The inequalities in (iii) are consequences of the following: for any z, K > 0, we have (x — K); <
x4 = z, and hence E;(St — K); < E(Sr) < S; by Proposition IIT12; the lower bound in (iii)
follows from Jensen’s inequality for convex functions. Regarding (iv), we know from (iii) that the
map C} is right-continuous at the origin, and hence statement (iv) follows from simple analytic

properties of extensions (from R* to Ry ) of convex functions. O

The following lemma provides a link between true martingales and bounds for European Call

option prices.

Lemma 2.1.2. If S is a non-negative F-adapted process on (0, F, (Fi)t>o0,P), then the following

statements are equivalent:
(i) S is a true martingale;

(ii) S is integrable and the inequality (S, — K)y < E,(S; — K)4 < Sy holds almost surely for all
0<u<tand K >0;

(i1i) S is a non-negative local martingale with the same inequalities as in (ii).

Proof. This lemma can be proved in the following way: assume that S is a true martingale (i),
then it is integrable and for any 0 < v <t and K > 0, since the map K — E,(S; — K)4 is convex
and strictly decreasing, Jensen’s inequality implies (S, — K)4 = (E,(S:) — K)y <E,(S; — K)4 <
E.(St)+ = Su. Clearly also S is a non-negative local martingale and so (iii) holds. Now assume (ii).

The lemma then follows by a direct application of dominated convergence:

Su = E%(Su - K); < }}%Eu(st - K); <E, Eﬂ%(st —K)y =E.(S)+ < S,.

2.1.2 Characterisation of European option price functions

Under absence of arbitrage and assuming that the underlying stock price process does not pay any

dividends, recall the (European) Put-Call parity:

CUT,K) — P(T,K) = S, — KB(t,T), (2.1.1)
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where B(t,T) represents the price at time ¢ of a zero-coupon bond paying one unit at time 7.

From this equality, the following bounds for the Call and the Put are immediate

(St = K)+ < (St — KB(t, 1))+ < C(T, K) < S,

(KB(t,T) — S;)4 < P(T,K) < KB(t,T).

Furthermore, a simple Call-spread arbitrage argument (buy a Call with strike K; and sell a Call
with strike K5) shows that for any ¢ < T, the Call price is a decreasing function of the strike.
Calls and Puts are convex function of the strike. This property follows directly from the so-called
butterfly strategy: buy a Call with strike K7, buy one with strike K5 and sell two Calls with strike
(K7 + K3)/2, where K1 < Ky. The calendar spread strategy (for a given strike, buy a Call with
maturity 75 and sell one with maturity T'1 < T5) implies that Calls are increasing functions of the
(remaining) maturity. This is not necessarily true, however, for European Put options. In the case
of dividends , the Put-Call parity (E1) does not hold any more since one does not need to invest
the amount Sy — KB(t,T') at time ¢ in order to obtain the difference between the Call and the Put
at maturity. Suppose for instance that the stock price pays fixed dividends Dy, ..., D, during the
period [t, T], then the Put-Call parity becomes

Ci(K,T) — Pu(K,T) =S, — Zn:DiB(t, t;) — KB(t,T).

i=1
In the case of a continuous dividend yield, say ¢ > 0 (i.e. the stock price pays continuously ¢S;dt),

the the Put-Call parity becomes
Ci{(K,T) — P,(K,T) = S T=Y — KB(t,T).

Suppose now that one observes some function C. It is natural to wonder (i) if it an actual Call
price function, and (ii) if there exists some (martingale) process generating these prices. In light

of Proposition I, we obtain the following theorem, in the case of true martingales:
Theorem 2.1.3. For s > 0, assume that there exists a map C : R} x Ry — R such that
1. C(-,T) is convex and non-increasing;
2. C(K,-) is non-decreasing;
3. limgpoo C(K,-) = 0;
4. (s—K)L <C(K,T)<s;
5 C(K,0)=(s— K)4;

then C can be continuously extended to Ry x Ry with limg o C(K,T) = s. Furthermore, there

exists a non-negative Markov martingale (Si)i>0 such that C(K,T) =E[(St — K)+|So = s].
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Proof. The proof of the extension of the function C' is fairly straightforward. Proving that there ex-
ists a Markov martingale satisfying the required properties is a more tricky exercise. In Lemma 2714
below, we first prove that for each T > 0, the map C(-,T") characterises a probability measure pr
on Ri. We are thus left to prove, with the help of Theorem PTT3 that the family M := (ur)r>0

is in balayage order. Fix two maturities 0 < 77 < T3 < oo; by monotonicity, we can write

[ o= K)sun,(d) = CUTy) < CUCT) = [ (2= K (),
R R

for all strikes K > 0, and the theorem follows from Theorem P14, noting that a submartingale

with constant finite expectation is a true martingale. O

Theorem T3 below is the key tool in order to prove Theorem P13, but requires first the

notion of balayage order for a family of probability measures.

Definition 2.1.4. Two measures u,v on (R, B(R)) are said to be in balayage order (or in convex

order), and we write p < v, if [ f(z)p(dz) < [; f(z)v(dx), for all real convex functions f on R.

Theorem 2.1.5 (Kellerer [97]). Let M = (ut)i>0 be a family of probability measures on (R, B(R))
with finite expectation for each t > 0. If M is in balayage order, then there exists a Markov

submartingale with marginals p; at time t, for all t > 0.

For notational simplicity, we shall from now on assume that there is no interest rate, so that

the risk-free bond is constant and equal to one.
Lemma 2.1.6. For any T > 0, there exists a unique measure p on Ry such that C(K,T) =

[(z = K)1p(dz). In particular [ zp(dz) = s.

Proof. Since the function C(-,T) is convex and decreasing, there exists a right-continuous decreas-
ing function” f : Ry — Ry such that C(K,T) = C(0,7) fo de = s — fo x)dz, and
therefore —f(K) = 0C(K, T). By linearity of the expectation operator, taking the limit as K
tends to infinity yields fo z)dz = s, so that necessarily lim,too f(2) = 0. We can thus define a
measure p on Ry through the 1dent1ty w(x,00) := f(x), for any x > 0. Applying Fubini’s theorem
then yields

[ a7 [T uanan= [T ([Car)uan = [ e -

cuety=s- [ [Tz =s- [ ( /OKI{MW) 4(d2)
-/ h ( / h / Kl{m}) dan(az) = [ (o Ky pld).
O

Lthis is a standard result in convex analysis, originally proved by Stolz [[48]. Please consult [20] for elementary

and

properties of (real) convex functions
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Remark 2.1.7. Define the family of functions Cy(K,T) := Sy — E[Sp A K|F;]. For any K,T,
the process (CN’t(K ,T))i>0 is a non-negative local martingale. It is not however necessarily a true

martingale. Indeed,
E[Cr(K,T)|F] = E[(St — K)|F,] = E[Sr — S7 A K|F] < S — E[Sr A K|F] = Ci(K,T),

and the equality holds if and only if S is a true martingale. In that case, we also have @(K ,T) =

E:(St — K)+. More details on related issues will be provided later.

Let us now come back to option prices, fix a maturity 7', a true martingale S, and recall that
C(K,T) and P(K,T) denote respectively Call and Put prices with strike K and maturity T, at
time zero. It is clear that there is a deep link between Call and Put prices and the distribution of

the stock price at time 7. The following lemma provides more precise details:
Lemma 2.1.8. For every K > 0, one has

0LP(K,T)=P(Sr < K), 07P(K,T)=P(Sr <K),

0LC(K,T) = —P(Sy > K), 0C(K,T)=—P(Sy > K).

In particular,

P(ET) o
Proof. The first part of the lemma is immediate and is left as an exercise; the second line follows
from the first by Call-Put parity. Using the equality P(K,T) = fOK 9% P(L,T)dL (by convex-
ity of the Put option price) and limy o 05 P(K,T) = P(Sz = 0), the limit then follows from

. _ K
}%K Yy 0% P(L,T)dL =P(Sr = 0). O

Remark 2.1.9. The last equality in the proposition above in particular implies that, at least in
theory, the observed small-strike European Put option prices provide information on whether the

underlying stock price can default or not.

Option prices in strict local martingale models

Let us consider the double inequality in Theorem PI3(iv), and let S be a non-negative strict
local martingale (i.e. a non-negative supermartingale which is not a martingale). In particular,
we know that E(S7|Fp) < So, so that the European Call price, defined as the map C(K,T) —
E((St — K)+|Fo) is not in the no-arbitrage bounds [(Sy — K)4,So] at the point K = 0. One
therefore needs to modify the definition of the European Call option price to account for this loss
of martingality. This loss has been dubbed ‘bubble’ in the mathematical finance literature, and we

shall appeal to the excellent review by Alex Cox and David Hobson [36] on the topic:
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Definition 2.1.10. The price process has a bubble if it is a strict local martingale under the

risk-neutral measure.

Examples of bubbles in history are legion: the Dutch tulip mania in the seventeenth century,
the South Sea Bubble around 1720, the Roaring Twenties, the Internet (Dot-Com) bubble, or more
recently the financial crash involving Lehman Brothers (see [T12] for more details). In Economics
terms, a bubble occurs when the traded value of an asset deviates from its intrinsic value. Math-
ematically, one can create bubbles simply out of stochastic models. Let T > 0, and consider the

stochastic differential equation

S,
dS; = ——=dW4, So=s5>0,
SRRV, e

where W is a standard Brownian motion. One can show that S; = sexp (BA,, — %At), where B is
another standard Brownian motion and A; = —log (1 — ¢/T"). The process S is a true martingale
over the interval [0,T), but clearly St = 0 almost surely. This example shows a simple case of a
strict local martingale, where of course the inequalities in Theorem ZT-3(iv) break down.

We shall consider the following running example, for which closed-form computations are pos-
sible: let S be the unique strong solution to dS; = S?dW;, Sy = s > 0. Lewis [I05] (among
others) showed that the process is a strict local martingale. It actually represents the reciprocal
of the radial part of a three-dimensional Brownian motion, and is furthermore bounded in L?. In
particular, the following formulae hold:

P(S, € dz) = ?83 \g% {exp (“/Z;tl/s)z) — exp (W) } :

sisisy == (1-2v (- 7))

and the martingale defect is precisely quantified from the second equation. Let us now try to pro-

vide a valid definition of a European option in this strict local martingale framework. Consider as
before a given probability space (Q, F, (F¢)i>0, P) and a complete market with a traded continuous
asset price process S. We are interested in evaluating the price, today, of a European option with

payoff, at some future time T > 0, H(ST).

Definition 2.1.11. An admissible wealth process is a self-financing process (Z;);>o of the form

Zy = ZOJrfOt 0,dS,,, where 0 is predictable?, S-integrable, such that liTm nlP < i[%f:r] 7y < n) =0.
nfoo telo,

We can now introduce the following definition:

Definition 2.1.12. The fair price of a financial instrument is the smallest initial capital required

to finance an admissible super-replicating wealth process.

2Recall that 6 is said to be predictable if it is measurable with respect to the o-algebra generated by all left-

continuous adapted processes.
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Armed with this definition, Cox and Hobson [36] proved the following representation:

Theorem 2.1.13. The fair price at inception of a European option with payoff H(St) at time T
is equal to E(H (ST)|Fo)-

When H(z) = (z — K)4 (resp. H(z) = (K — x)4), the corresponding value of the Call option
(resp. Put option) shall be denoted by C(K,T) (resp. P(K,T)). With this result, and keeping in

mind the Put-Call parity relation in true martingale models, let us consider the following result:
Theorem 2.1.14. The local martingale S has a bubble if and only if any of the following holds:
(i) S is a strict supermartingale;
(i) E(S¢|Fo) < So;

(i) C(K,T)— P(K,T) < Sy — K, for some K;

(iv) limsupnP | sup S¢>n| >0.
nToo te[0,T]

Note that Condition (iii) in particular implies that Put-Call parity breaks down for some strike,

while Condition (iv) means that the stock price is unbounded above almost surely.

Proof. Note that the following decomposition always holds:
(St —K)y — (K —-S7); =Sr— K.

This decomposition, together with Lebesgue Dominated convergence and basic properties of super-
martingales yield (i)-(ii)-(iii). Statement (iv) is more technical to prove and we refer the interested

reader to [{]. O
Exercise 2.1.15. Consider the first example above.

In the CEV example above, dS; = S2dW,, Sp > 0, the European Call option price has the

closed-form representation:

E(Sr — K). =So (N(/-@ —8) — N(=0) + N(8) - N (s + 5)) (2.1.2)

_K(./\/(li-i-(;)—j\/((‘)'_ﬁ)_,’_n(”+5)_n(ﬁ—5)),

0

where & := 1/(SoV/T) and r := 1/(KV/T).

Exercise 2.1.16. From (ZZ12), compute the limit of the Call option price as the initial stock price

tends to infinity, and comment.
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2.1.3 Implied volatility

We consider now a market model where the stock price S is a non-negative process on some proba-
bility space adapted to a given filtration (F;);>o. We further assume the existence of an equivalent
local martingale measure P under which S is a non-negative local martingale (namely a super-
martingale). In this market, we assume the existence of a family of European Call option prices
(Cy(K,T))e, k- We begin with a rigorous definition of the implied volatility, via the following
proposition:

Proposition 2.1.17. Let s > 0 and C be a map from (0,00) x [0,00) to R such that for any
K >0 and T > 0, the inequalities (s — K)y < C(K,T) < s hold. Then the equation C(K,T) =
Cps(K,T,0) has a unique non-negative solution, which is called the implied volatility.

Proof. In the Black-Scholes model starting at Sy = s, for any K > 0 and 7" > 0, the map

o — Cps(K,T,0) is strictly increasing, tends to (s — K); as o tends to zero and to s when o

tends to infinity. O

Remark 2.1.18. From Proposition 2711 and Theorem P13, as well as Theorem PZITT4, the
bounds in the proposition above, assumed to hold for all K > 0, are equivalent to saying that the
stock price process is a true martingale. By Put-Call parity, the proposition could be stated using

Put options, replacing the double inequality there by (K — s); < P(K,T) < K, for all K,T > 0.

Example 2.1.19. See the IPython notebook for an example based on (a particular case of) the
CEV model, using Formula (Z173).

Notation 2.1.20. Let ¥;(k,T) denote the implied volatility at log-moneyness k := log(K B(t,T)/S¢)
and maturity T, computing at time ¢ € [0,T]. We shall from now onwards denote the total implied

variance V;(k,T) = 3¢ (k, T)?(T — t). We may write V (k,T) in place of Vy(k,T) whenever t = 0.
Let us first look at some basic properties of the implied volatility.
Proposition 2.1.21. The distribution of St is fully characterised by the function k — V (k,T).

Proof. By definition of the implied volatility, knowledge of the function V' is equivalent to knowledge
of the Call price function C. But Fubini’s theorem implies 8} C(k,T) = —e*P(Sy > e*), from

which the proposition follows. O

Proposition 2.1.22. Let T > 0 and [k—, k] be the smallest interval containing the essential
support of log(St), with possibly k+ = +oo. Then V(k,T) > 0 if and only if k € (k_, k).

Proof. Note first that since S is a P-martingale, E(St) = Sy = 1, and necessarily k_ < 0 < k..
Let us now prove the identity BS(—k,V (k,T)) = E(1 — Spe *);. The Put-Call parity reads
BS(—k,v) =1 — e * + e *BS(k,v), which implies

BS(—k,V(k,T)) =1—e* e *E(Sr — "), =E(1 — Sre™™),. (2.1.3)
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Consider the case where k > 0. This identity yields that V(k,T) = 0 if and only if E(St —e*), =
(1 —ek),, which is clearly equal to zero, so that we have V (k,T) = 0 if and only if Sp < e* almost
surely, e.g. k > k4. Similarly, assume that k& < 0. Identity (B0=3) also implies that V(k,T) =0
if and only if E(1 — Spe™*), = (1 — e7%),, from which we obtain & < k_, and the proposition
follows. O

From Lemma and Proposition T4 above, it is then clear that the implied volatility is
uniquely well-defined for any given true martingale. We now investigate the case of strict (non-
negative) local martingale, i.e. local martingale which are not true martingales. As mentioned
before, in the case of strict local martingales, the Put price is well defined (since it is bounded
above as a function of the stock price), but the Call price is not. Should one define the latter via
Put-Call parity, the implied volatility is clearly well defined for all strikes, since the computed Call
price then lies within the no-arbitrage bounds from Proposition EZTT4. Suppose now that the Call
price is defined via expectation of the final payoff, then the following holds:

Lemma 2.1.23. Assume that S is a strict (non-negative) local martingale. If T > 0, then there
exists some strike K* € [So —Eo(St), So] such that the implied volatility is ill-defined for all strikes
in the interval [0, K*).

Proof. The strict local martingale property implies that for any ¢,7 > 0, E;(S¢4,) < S¢. Since the
map K — Cy(K) := E¢(St—K) is decreasing, continuous, non-negative on the whole positive real
line, and C(K) < Ei(St) < St, there exists K* € [S; — E¢(St), S¢] such that C;(K*) = Sy — K*.
Therefore, for any K> K*, we have (S; — K')+ < Ct(K) < S, which follows from the fact that C;
is non-negative with —1 < G}Ct(K) <0. O

Remark 2.1.24. For strict local martingales, the implied volatility is well defined for all K > S;.

In Theorem P13, we exhibited necessary properties for a given two-dimensional map to define
a genuine Call price function, arising as the conditional expectation of the payoff of a European
Call option written on a true martingale. We now translate these conditions into conditions on a

given map to define a proper implied volatility surface.

Theorem 2.1.25. If the two-dimensional map w : R x Ry — R satisfies
(i) w(:,T) is of class C%;
(i) wk,T) >0 for all (k,T) € R x Ry;

(iii) w(k,-) is non-decreasing;

(iv) for all (k,T) € R x Ry,

(5 )

(2.1.4)
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(v) w(k,0) =0 for all k € R;
(vi) limgpoo d4 (K, w(k,T)) = —o0;

then the corresponding Call price surface defined by (k,T) — Cgs(k,T,w(k,T)) satisfies the as-
sumptions of Theorem Z1-3.

Remark 2.1.26. Let pr denote the probability density function of the log stock price at time T
(the maturity). Then, by twice differentiating the Call price function, we obtain

() = o GQC(K,T)‘ . 9°Ces(K, /w(log(K),T))
br = OK2 K—Soek - OK?2 s
gk T) Ak TP

Proof. In view of Theorem PTI23, it is clear that is it enough to check that items (i)-(v) are satisfied
for the Call option surface R x Ry > (k,T) — Cgs(k,w(k,T)). Since the option price is convex
and of class C?, we can write O xC(K,T) > 0 for all (K,T) € Ry x Ry. Let us write w’ and w”
for the first and second derivatives of w with respect to k. Using the fact that dxk = 1/K, we
obtain 0xC = Ok - D;,BS = % [0k + w0y, BS and

1
OxrC = *ﬁ [ak + w’@w] BS

1 1 / ]' 12 / !
+ ?{— (Okk + W' Okw) + I [w Ow + W' (Opw +w aww)} }BS
_ { Bl — W'y + Opse + W Oy + WDy + W' (T + ' D) }Bs
= K—{(‘?kk — O + (W' — W) Oy + 2w Oy + (w’)28ww}BS
_ 1 "o n(dy (k,w)) T, n(dy (k, w)) 2k —w
_ { ﬁ D 4w = w) s e 2
+(w')? (d+(li/éu)) (4k* — w* — 4w)}
_ n(dy (k,w)) w’ W N2k —w o 4k? —w? — 4w
“ ke Utz e W W) 16w? ’
using the Black-Scholes Greeks in (IZ3), as well as the simple identities n'(z) = —zn(z) and

n(dy(k,w)) = e*n(d_(k,w)). The term outside the bracket is clearly strictly positive for all
(K,T) € Ry x Ry, so that the convexity condition on the Call price reads off from the bracket

being non-negative, which is precisely item (iv) in the theorem. O

Remark 2.1.27. There are some interesting symmetries appearing with the functions d_ and d .

Recall that d (k,w) = —k/y/w £+ v/w/2. Then for any real positive function w, we have

lim d_ (k, w(k)) = —oc0 and kﬁim dy (k,w(k)) = 4o0.

kToo
. . _ A . . - k w(k)
Indeed, the arithmetic mean-geometric inequality reads —d_ (k,w(k)) = Tl + Y- > V2k,
w
when k > 0, which implies the first limit, and the second one follows using d (k,w(k)) = \/_IZT) +

#vw(k) > vV—2k, when k < 0.
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Arbitrage with American options

We assume here that the stock price does not give dividends. In the case of American options, the
holder of the option has the right to exercise it at any time before the maturity 7', so that clearly
the price of an American option is always at least worth its European counterpart, the difference
between the two being called the ‘early exercise premium’. In the case of a Call, it can be shown
(exercise) that both prices are equal, since it is never optimal to exercise before maturity. This is

no longer true in the case of the Put, for which the bound
PAK,T)— PP(K,T) < K (1-B(0,T)),

holds, under the assumption of deterministic interest rates, where P4 denotes the American Put
price value at time zero. It is standard that Put-Call parity is violated in the American case.

However, it is easy to show (exercise) that
e for any fixed maturity, the American Put is an increasing and convex function of the strike;

e for any fixed strike, the American Put is a non-decreasing function of the maturity.

2.1.4 A new look at variance swaps

In Section B3, we showed that variance swaps could be replicated exactly using FEuropean Call

and Put options. We show here how to recast this result in terms of the implied volatility.

Proposition 2.1.28. For a given maturity T > 0, let w denote the implied total variance. Then

the fair strike of the variance swap reads

E (; /OT a?dt) = 711/_—:0 n(2)a?(z)dz,

where G(z) == y/w (dZ'(z)).
Proof. Let Fr := Spe"™ denote the forward price, and recall the price of the Call option:
C = e Fr {N(dy (2) — "N (d_ ()},

where z := log(K/Fr) is the log forward moneyness, dy(z) := —x/y/w + y/w/2, and where w
stands for the total variance. Differentiating the Call price function with respect to the strike K,

we obtain
erT
e ToC = ?8350 =e 7 {n(d+(x))d’_~_(;z:) —e"N(d_(z)) —e"n(d_(z))d" (x)}

= (o7 [d.(2) + Bu /(@) m(dy () = n(d—(2))d" () ) = N(d- ()
— n(d_ ()0 v/w(x) — N(d—(2)) = n(d_(x))o’ () — N(d_(x)),
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where we use the fact that d/, (z) = d’_(x) + 0, /w(x) and e™*n(dy(z)) = n(d_(x)). We also use
the simplified notations d/, (z) := 9,dy(z) and o’ (x) := 9, +/w(x). Likewise,

e TP =n(d_(2))o' (z) + N(—d_(x)).

Let us define

Fr p(K,T) * C(K,T)
I=e¢" ———dK + e [ ——dK
e /0 K2 +e /FT K2 )

i.e. a rescaled version of the fair price of (IZ39). An integration by parts yields

[T (/FT OkP(KT) o [©OkCIET) o PK) Pr oK)

K

0 K K K |,

“+oo

Fr .
By Put-Call parity, we have C(Fp,T) = P(Fp,T). Furthermore since the stock price is strictly
positive, we have limg o P(K,T)/K = 0, and hence the boundary terms above vanish. Using the

derivatives of the Calls and Puts derived above and changing the variable from K to x, we obtain

0 [e%s)
I= [ @) @) + M@)o + [ @)’ (@) M@)o

— 00

0 +o0

400 0
- / n(d_(x))o"(z)dz + /  Nl=d(@)dr + / n(d_(2)o' (@) — [ N(d_(x))de

—o00 0

- /+OO n(d_(z))o' (z)dz + {/+<><> zd_(z)n(—d_(z))dz + 2N (—d_ (x))‘o

—0o0 —00 -

- x/\/(d(x)))+°°}

0
From Roger Lee’s moment formula, it is then sufficient that there exists ¢ > 0 such that E(S1")
and E(S7°) are both finite in order for the two boundary terms above to vanish. If we now integrate

by parts the first integral we obtain

+00 Foo
I:/_O<> d (x)d_(z)n(d_(z))o(z)dx — J(:c)n(d,(x))|R+/_oo zd_(z)n(—d_(z))dx

+o0 +oo

:/_ dl(m)d,(:v)n(d,(x))a(x)dx+/_ xd_(z)n(d_(z))dz
+oo

:/_ d (x)n(d_(z))[d_(z)o(x) + x| dx

e o* (@)
:7/7 d_(z)n(d—(x)) 5 dz

since the boundary terms vanish, where we used the fact that the function n is symmetric, and the
last line follows from the definition of d_. With the change of variables z := d_(z), the integral

becomes

+oo
I= %/ n(2)a%(z)dz,

— 00

2.2 No-arbitrage properties of the implied volatility surface

In this section, we shall endeavour to determine the properties of the implied volatility surface in a

model-independent martingale framework. In Theorem EZT28 above, we found sufficient conditions
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on a given volatility surface that allowed for the generated option prices to be valid (in the sense
of Theorem 2T3) We first start with the definition of static arbitrage for a given volatility surface

in the following way, which is consistent with the framework of Theorem ZT73.

Definition 2.2.1. A volatility surface is free of static arbitrage if and only if the following condi-

tions hold: (i) it is free of calendar spread arbitrage; (ii) each time slice is free of buttery arbitrage.

In particular, absence of buttery arbitrage ensures the existence of a (non-negative) probabil-
ity density, and absence of calendar spread arbitrage implies monotonicity of option prices with
respect to the maturity. In light of Theorem 123, butterfly arbitrage is guaranteed as soon as

Conditions (iv)-(v) are satisfied, whereas calendar spread corresponds to Condition (iii).

2.2.1 Slope of the implied volatility

We shall again fix some ¢ > 0, and recall that [k_, k4] denotes the smallest interval containing the
essential support of log(S;), possibly with k+ = to0. The following proposition derives lower and

upper bounds for the derivative of the total implied variance.

Proposition 2.2.2. The right-derivative ;" V (k,t) (resp. left derivative O, V (k,t)) exists for all
k # k_ (resp. for all k # ki) and

_ AV (k, t)
<o <——1r <4 >
O, V(k,t) <OV (k,t) < Vi + 2k = b for all k >0,
AV (k, t) -
Y < - < < oF <0
< Vb ok VD SOV(RD, orall k<0

Proof. The proposition is obvious whenever k is not in the essential support of log(St). From the
implicit equation defining the implied variance C'(k,t) = BS(k, V(k,t)), we obtain by differentiation
O C(k,t) = 0 V(k,t)ovBS(k, V(k,t)) + 0 BS(k, V (k,t)), and hence

8 C(k,t) — 0,BS(k, V (k, 1))
Ay BS(k, V (k. 1))

N(d_(k,V(k,t))) —P(
n(d_(k,V(k,t))
N(d_(k,V(k,t))) —P(
n(d_(k,V(k,t))

k
OV (kt) = Si> <)

— 2 /V (k1)

)
> 2/ V(k,1) “)qt > )

=9, V(k,1),
where we used the Black-Scholes Greeks (IZ3H) as well as Proposition ZTR. Using the standard

bounds on the Gaussian Mills ratio N'(—z)/n(—z) < z~1, for z > 0, we obtain

2/ V(kt)  4V(kt) 4
AV D S )~ Vi 2k TRV S

for any k € [0,ky). Differentiating the identity BS(—k,V(k,t)) = E(1 — S;e™%), (proved in
Proposition ZT22) yields —9, BS(—k, V(k,t)) + 9, V (k,t)0vBS(—k, V(k,t)) = e *E(Srlg, ccx ),
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which also reads

e FE(Silg, <ot ) + O BS(—k, V (k. 1))

O Vik.t) = Oy BS(—E, V(£ 1)
_ E(Silg, cor) — N(—=dy(k,V(k,t)))
=2V 0= V)
VD V(D
Cdy (b, V(K ) V(kt) =2k 7
whenever k € (k_,0]. O

Remark 2.2.3. Recall the standard arithmetic / geometric mean inequality = +y > 2,/xy, for

any two non-negative real numbers. This in particular implies

4V (k,t) Vik,t
oV (k,t) < Vnt) ok _\/ - rk >0,

4V (k,t)
kt—2k*

O V(k,t) > ) for k < 0,

T

and hence, by integration, we finally obtain \/V k,t) \/V 0,t)+v2k when k > 0 and \/V (k,t)
VvV (0,t) + vV—2k when k <0.

2.2.2 Time asymptotics

Consider a stock price process (St)>0, assumed to be a non-negative martingale on some probabil-
ity space (Q, F, (Ft)t>0,P). The core of this section is the following result (recall Notations
for V(-) and X(+)):

Theorem 2.2.4. For any M > 0, the following holds:

lim  sup =0.

3 1/2
Y(k,t) — (— log E(1 A St)>
100 ke [— M, M) t

Before proving the theorem, we need a few preliminary elementary results.

Lemma 2.2.5. Let S be a true martingale starting at Sy = 1 on a given filtered probability space.

Then the following are equivalent as t tends to infinity:
e S; converges to zero in distribution;
e S; converges to zero almost surely;
E(S; — ), converges to 1 from below for all k € R;
o for any k € R, V(k,t) tends to infinity as t tends to infinity.

Recall the following fundamental theorem:
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Theorem 2.2.6 (Martingale Convergence Theorem). If X is a non-negative supermartingale on

(U F, (F)t>0,P), then the limit Xoo := limyroo Xt exists P-almost everywhere and X € L (P).

Proof. The martingale convergence theorem yields the existence of a random variable Sy, € L (PP)
to which S; converges almost surely, so that the first two items are clearly equivalent. The re-
mainder of the lemma follows directly from the identity E(S; A eF) = 1 — E(S; — e*), and the
Black-Scholes formula. O

The following corollary is an immediate consequence of the Lemma 23, and will be used in

the proof of Theorem P"Z4.
Corollary 2.2.7. IfP (}%m St > 0> > 0 then gm Y(k,t) =0 for all k € R.

Proof of Theorem Z-Z4. Clearly on the set {P(lim} S; = 0) < 1}, the lemma holds since in that
case limyoo X(k,t) = 0 by Corollary 2270 and limyqo E(1AS;) > 0. Assume now that S; converges
to zero almost surely as t tends to infinity, so that, for any fixed k, V(k,t) diverges to infinity
as t becomes large by Lemma ZZZH. Let us define the function ¢ (z) = 1 — z(1 — N (2))/n(z),
where we recall that n(-) and N(-) denote respectively the Gaussian pdf and cdf. The bounds
0 < (z) < (1 + 2?)~! can be proved by a simple integration by parts, and therefore, for any

v > 2k, we can write

E(e*AS) =1-E(S; —e)y =1-N(dy) +e"N(d_) =1—N(dy) + e [1 — N(—d_)]

— 1= N(dy) + 555 = M=)

=n(d) { ! _;i(d” + ! _ib((lidf) }
_ 32 Y(dy)  Y(=do)
= nld+) {v2/4— K2 d: I }

Fix now some M > 0, then inf|,j<as V(k,t) tends to infinity as ¢ tends to infinity. Indeed, from
Lemma 221, V' converges pointwise to infinity, so that there exists ¢* > 0 for which both P(S;- <
e M) and P(S;- > e=M) are strictly positive (since the martingale cannot be bounded). Therefore,
for any t > t*, the function V'(-,¢)~! is positive, continuous on [~M, M| and converges pointwise
monotonically to zero, so that Dini’s theorem proves the claim®. Now, fix some M > 0; for ¢ large

enough, V(k,t) is greater than 2M, and hence, for any k € [—M, M],

Y(d4) <21 < and Y(—d-) < 32,
d; —d_

where ¢ is a strictly positive constant that can change from line to line. Indeed, it is easy to see

that 1 (z) < 2/2? for any x # 0, and, on [2M, 00), the map v — v3/2d, (v)~3 is strictly decreasing

3Recall that Dini’s theorem states that a monotone sequence of functions converging on a compact space also

converges uniformly.
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and continuous from (2M)3/2d (2M)~% down to 8, in particular is bounded above by some strictly
positive constant. Therefore

(v — 2k)?

—8logE(1 A Sy) = + 4log(v) + 6(v) + ¢ = v + n(v),

where § a function decreasing to zero at infinity, and |n(v)| < A + Blog(v) for ¢ large enough, for

some real (positive) A and B. This therefore proves

lim  sup =0.

8 1/2
Y(k,t) — (— log E(S; A ek)>
100 ke[ M, M] t

Applying the double inequality 1 A (a/b) < 224 < 1V (a/b) to * = S;, a = 1 and b = &*

concludes the proof of the theorem. O

Remark 2.2.8. Consider the Black-Scholes model:

St = So exp (-202t + UWt) = Spexp { (—202 + Utt> t} )

which clearly converges to zero as ¢ tends to zero as soon as o > 0. The stock price process is a
non-negative supermartingale, hence as an almost sure limit S,, = 0 as ¢ tends to infinity. This
provides a simple example to Corollary Z274. Consider now the case where, for each ¢ > 0, S
is Black-Scholes (with ¢ = 1) with probability 1/2 and is equal to 1 with probability 1/2. Then
clearly (S¢)i>o converges to 1/2 almost surely as t tends to infinity, and the implied volatility
converges to zero. We refer the interested reader to the paper by David Hobson [83] for examples

of stochastic volatility models in which So, might or might not tend to zero.
We finish this section with the following result, due to Chris Rogers and Mike Tehranchi [I33]:

Theorem 2.2.9. If S, is strictly positive almost surely for all T > 0, then for any ky,ke € R and
any 0 < s <t
lim sup (Z¢(k1,7) — Xs(k2, 7)) = 0.

7100
Proof. Without loss of generality, let s = 0. Define the process (M(7))i>0 by Mi(7) :=E,(1AS;),
so that clearly (M(7)/Mo(7)),>, is a martingale. Applying Lemma 222710 to M;(7), we obtain
. 8 8
limsup ¢ — = log(M(7)) + = log(Mo(7)) p > 0,
TToo T T
and therefore, Theorem 224 implies that limsup, o, {¢(k1,7 —t) — X¢(ko, 7 — )} > 0 for any

k1, ke € R. Since the map 7 +— V.(-,7) is increasing under absence of arbitrage, then

T—t
Sk = | T ),

and the theorem follows. O

Lemma 2.2.10 (see [84]). If (X,)n>0 is a family of non-negative random variables with finite

mean, then liminf,1 XY™ < lim inf 100 B(X,)Y™.
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2.2.3 Wing properties

Let us first start with some crude asymptotic behaviour for the implied volatility when the strike
becomes very large or very small: We first start with the following simple model-independent

result, which gives us the leading behaviour of the total implied variance for large (log) strikes:

Proposition 2.2.11. For any t > 0, the following equalities hold:

Jim (\/V(lat) - \/%) = —o0, (2.2.1)
Jim (\/ V (k1) \/—Qk) = N1 (P[(S; = 0)]). (2.2.2)

Note that in the case where the stock price process is a strictly positive martingale, then

P(S; = 0) = 0 and the right-hand side of (ZZ23) is equal to —oo

Proof. Let us first prove (E221). For k£ > 0, the arithmetic-geometric inequality reads k/+/v +
Vv/2 > \/2k, whenever v > 0. Therefore

ek/\/(d_(k,V(k,t))):ek]\/(— V’zk - Vék’t))ge’w(—\/ﬁ),

which converges to zero (see also a similar computation in the proof of Lemma PZ2ZT3 using
L’Hopital’s rule). Since the Call price tends to zero as k tends to infinity, we therefore deduce that
N(d4(k,V(k,t))) converges to zero as well, so that di(k,V(k,t)) = —k/\/V(k,t) + 1

converges to —oo, and (2221) follows.

We now prove (22232), and recall that }yf(l) w = P(S; = 0). Let us prove the following claim:
lim d_(k,V(k,t)) =400, it P(S; =0) =0;

k=00 (2.2.3)
lim d_(k,V(k,t)) = —N"1P(S; = 0)], it P(S; =0) > 0.

kl—o0
Recall the identity BS(—k,V(k,t)) = E(1 — S;e *);. Since E(1 — S;e ™)t = P(S, = 0) +
E [(1— Sie™®)*1s,501], then BS(—k, V(k,t)) tends to P(S; = 0) as k tends to —oo by domi-

nated convergence. Therefore, for every k < 0,

N(di (=K, V (k1)) = BS(=k, V(k,t)) + e "N (d_(=Fk, V (k, 1))
< BS(—k, V(k,t)) + e *N(—/2]k]), (2.2.4)

and the right-hand side converges to P(S; = 0) as k tends to —oo. The second line above follows

k| VV (k1)

from the arithmetic-geometric inequality d_(—k, V (k,t)) = BV R < —/2|k| (see
also Remark Z23) and the fact that 2N (—2) tends to zero for large z. The claim (ZZ223) then
follows from the identity di(—k, V(k,t)) = —d_(k,V (k,t)).

Let now p := N 1(P(S; = 0)), and assume first that p = —oo. The estimate (2224) implies

that for every M > 0 we have dy(—k,V(k,t)) = \/ﬁ + 24/ V(k,t) < =M for k small enough,
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or yet /V(k,t) < —M + /M? + 2|k|. Therefore,
lim sup (\/V(k,t) - \/2|k|) < —M + limsup(\/DM2 + 2[k] — /2[k]) = —
kl—o0 kl—o0

for every M > 0, which proves (E2277).
Now assume p > —oco. Then for fixed € > 0, we have p — e < dy(—k,V(k,t)) < p+e for k
small enough. It follows that:

p—e+ 2kl </V(k,t) =dy(—k,V(k,t)) —d_(—k,V(k,t)) <p+e++(p+e)+ 2|kl

The lower bound again follows from the arithmetic-geometric inequality for d_, and the upper
bound from the identity d_(—k,v)? = d; (—k,v)? + 2|k|. Hence limy| o (\/V (k,t) — \/2|k]) = p,
and (E223) is proved. O

Roger Lee’s moment formula

Roger Lee’s moment formula establishes a precise link between the tails (small and large strike)
of the implied volatility smile and the tail behaviour of the stock price process. The underlying
process (S;)¢>0 is assumed to be a true non-negative martingale with respect to a given filtered
probability space. Let V (-, t) denote the total implied variance of the underlying stock price at
maturity ¢, and define the function Vz(k) = 5lk|.

Theorem 2.2.12 (Lee’s Moment Formula [[02]). Fiz some time t > 0. Let p* := sup{p > 0 :
E(S; ") < 0o} and fg = limsupy,o, (V(k,t)/k) Then

* 1 BR_

1 *
= % 3 or 63—2—4(p(1+p)—p),

and Br € [0,2]. Similarly, for low strikes, let ¢* = sup{q > 0 : E(S; ?) < oo} and B =
limsupy, ., (V(k,t)/|k]) Then

or L :2—4( q*(1+Q*)—q*),
and B, € 10,2].

The proof of this theorem requires a few tools.
Lemma 2.2.13. There exists k* > 0 such that V(k,t) < Va(k) for all k > k*.

Proof. We consider the case k > 0. Since the Black-Scholes Call price is an increasing function of
the volatility, the lemma follows directly from the inequality BS(k, V(k,t)) < BS(k, Va(k)) for k

large enough. Note that, since the stock price is in L', dominated convergence yields

%ITI;IO BS(k,V(k,t)) = %#I?OIE (S¢—e )Jr =E [%lgglo (Sp—e )4 =0.
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Now,

ktToo kToo

limBS(k,VQ(k))lim[N< k., "2(’“)>ew< ko Vz(k)ﬂ

— lim [N (0) - N (~V2R)| = % - lim A (—V2R).

As k tends to infinity, the second term is ambiguous, but L'Hopital’s rule yields

(N (=V2k))  n(—v2k)e"
e ™) ok

which clearly converges to zero as k tends to infinity and hence BS(k, Va(k)) tends to 1/2. Since

the Call price associated with the implied variance V (-, t) tends to zero as k tends to infinity (see
Theorem 2173(iii)), the lemma follows. Note in particular that the function V3 is not a valid

implied volatility surface. O

For each p > 0, the following moment inequality holds for all £ € R:

ESP (o N
< —— | —— L 2.
Clhp < =~ (25 ) e (2.2.5)

Indeed, the inequality S —e* < ‘j:: (#)p e~ Pk is a simple analysis exercise, and letting S = Sy,
the claim follows by taking expectation on both sides. As a corollary of the moment inequality, if
E(SP*!) is finite for some p > 0 (recall that, S being a martingale, it is clearly finite for p = 0),
then C(k,t) = O(e PF) as k tends to infinity. The last technical result we shall need is the following

lemma, describing the large-strike behaviour of Call prices:

Lemma 2.2.14. Define the functions f_, f1 by f+(z) == 271 +2/44+1. For any a > 0, 8 € (0,2],

0, ifa>f (B2

lim ——————— =

ktoo BS(k, Vs (k)) +oo, ifa< f_(B)/2.

Proof. The asymptotic N (—z) ~ e~*/2/(zy/27) holds for the Gaussian cumulative distribution

function as z tends to infinity, so that, for any 5 € (0, 2], as k tends to infinity,

BS(k, Va(k)) = N (—V/I-(Bk) — "N (= /I (B)F)
1 (exp(;kf_(m) ek exp(;kf_w)))
Var \ VI (B)k VI-(Bk
:exp(ékf-(ﬂ))< L )_Vexp(;kf-w»
var VI-Bk  VI(B)k Vi o

for some v > 0, where we used the identity fi(8) = f—(8) + 2, and therefore

tmn BS (6, V5(09) = fim £ 2exp (17-9))

The lemma then follows immediately. O
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We can now move on to the proof of Theorem PZ2T2.

Proof of Theorem ZZZ13. We start with the right wing of the smile. Since V' (k,t) € (0,2k) (for
large k, by Lemma PZ213), clearly S € [0, 2] and we only need to show that p* = f_(5r)/2.

We first prove that p* < f_(8gr)/2. The function f_ is strictly decreasing from (0, 2) to (0, c0),
and therefore it suffices to show that for any g € (0,2) such that f_(8)/2 < p*, we have Sr < 3.
Choose p € (f-(B)/2,p*); then the corollary of (ZZZ3) yields

BS(k,V(k,t)) O(e™PF)

BS(k, Va(k)) — BS(k, Vs(k))’

which clearly tends to zero as k tends to infinity by Lemma EZZT4. Therefore, there exists k* > 0
such that for all k > k*, BS(k, V(k,t)) < BS(k, V3(k)), and hence V' (k,t) < Vg(k), so that 5 is an
eventual upper bound and thus fr < 5.

We now prove that p* > f_(8r)/2; it is clear that it is enough to show that E(S; ) is finite
for all p € (0, f-(8)/2). Choose now S such that v := f_(8)/2 € (p, f—(Br)/2), so that, for k

sufficiently large,
BS(k, V(kv t)) < BS(]C, Vﬁ(k))

e~k - ek

)

which tends to zero as k tends to infinity, and hence C(k,t) < e~7* for k large enough. Then, for

any K* >0,

E (Stlﬂ’) =plp+ 1)/000 K*'C(K)dK < p(p+1)

K* o
/ KP1C(K)dK + Kp_l_WdK] :
0 K*

Now, it is easy to show that the two integrals on the right-hand side are finite:
/ * KP1C(K)dK < /K KPldK = (G808 and h KP~ 174K = w,
0 0 p K* Y—D
which proves the statement.
The left wing of the smile can be proved by symmetry. Note first that, if P(S; = 0) > 0, then
obviously ¢* = 0 and hence 3;, = 2. Suppose now that P(S; = 0) = 0. Then, since S is a true

martingale, we can define a new probability measure Q via dQ/dP = S; so that

EP (5 — 5), =E2[5; (¢ = 81), | ="BQ (Ui —e7¥)

where Uy := S;'. Therefore, the change of measure expresses the k > 0 Put price into a —k Call

price. Lee’s left wing formula therefore follows immediately. O

Examples

Note that of course, p* and ¢* in general depend on the time ¢. The first example to look at is the
Black-Scholes model, where the stock price follows—under the risk-neutral measure— dS;/S; =

rdt + odW,, with Sy > 0. We can then compute, for any ¢ > 0,

2 2
E(Stu) = SoE exp (u (7" — (;) t+ u(th) = Spexp (urt + %tu(u — 1)) ,
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which is well defined for any uw € R. Therefore p* = oo and ¢* = oo, and we deduce that
Br = Br = 0, which is not surprising since the implied volatility in the Black-Scholes model is flat
(i.e. does not depend on the strike).

Let us now have a look at some more advanced model, namely exponential Lévy processes. In
the Kou model, the log-stock price process X := log(S) satisfies the following dynamics:

N
Xe=qt+oWe+) Yo,

n=1
where v € R, ¢ > 0, W is a standard Brownian motion, N is a Poisson process with intensity

A > 0 and the (Y},), forms a family of independent random variables with common distribution
(dz) = pAre M s opdz + (1 — p)A_e 1, gydz,

so that is S experiences both positive and negative jumps. Here we assume that A, and A_ are
both strictly positive and p € [0,1]. The constant 7 is chosen so that the stock price process
remains a true martingale. For any fixed ¢ > 0, we can then compute

o?u?

E(e“X”)ZeXP(U’yt—i- t+At{E(e”Y1)—1}>v with E (e"") = p (1)

>\+ — U
the latter expression being well defined only for u € (—A_, A\;). Therefore ¢* = A_ and p* = Ay —1.

Note that since exponential Lévy processes have the property that there exists some function ¢

such that E (e“Xt) = e?®t the upper and lower moments p* and ¢* will never depend on ¢.

Example 2.2.15. See the IPython notebook for an example.

2.2.4 The SVI parameterisation

As mentioned previously, the implied volatility is defined as the unique non-negative solution of
some highly non-linear equation. It is therefore not available in closed form in most models used

in practice. In Sections P22, =22 and P°X3, we provided some general results on its behaviour,

either in a fully model-free framework, or for some large classes of models. We consider here
an alternative, not based on some stochastic dynamics, but on a given parameterisation. For a
fixed maturity slice T' > 0, consider the following parameterisation of the (square of) the implied
volatility:

odvi(k) =a+b {(k —m) + p\/m} ,  forallkeR, (2.2.6)

with p € [-1,1], a,b,§ > 0, m € R.
Example 2.2.16. See the IPython notebook for an example.

Exercise 2.2.17. Using the results from this chapter, find necessary conditions on the parameters

a,b, p,m, € ensuring absence of arbitrage.
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Remark 2.2.18. As can be seen from the exercise, it is not at all easy—and virtually impossible—
to find necessary and sufficient conditions on the SVI parameters ensuring that the resulting
volatility surface is free of arbitrage. In [70], Gatheral and Jacquier determined sufficient and
almost necessary conditions on an extended family of SVI-type surfaces (depending on both strike

and maturity) preventing arbitrage.



Chapter 3

From SDEs to PDEs

3.1 Stochastic differential equations: existence and unique-
ness

In this chapter, we shall investigate the existence and uniqueness of real-valued stochastic differen-
tial equations (SDEs). For a fixed time horizon T' > 0, we define the functions b : [0,7] x R™ — R"
and o : [0, T]xR"™ — M,, ,,(R) as the drift and diffusion coeflicients (where m and n are two strictly
positive integers). Unless otherwise stated, (Q, F, (F:),P) will denote a given filtered probability
space, with the usual hypotheses, supporting a m-dimensional standard Brownian motion W. We

will consider in this chapter the following equation, for any ¢t € [0, T:

¢ ¢
X =Xo +/ b(s, Xs)ds +/ o(s, Xs) - dWs, (3.1.1)
0 0

or, written in a differential form:
dX; = b(t, Xe)dt + o(t, Xy) - AW,  Xo € R™ (3.1.2)

Note that a solution to (B or (B12) depends on the smoothness of the coefficients and is

relative to a given Brownian motion on (€, F, (F¢)icpo, 17, P)-
Definition 3.1.1.

e A solution to (BII) is an (F)-adapted process such that b is locally integrable and o is

locally square integrable;

e the SDE (BI2) admits a weak solution if the latter depends on the probability space (2, F, (F¢):>o0, P)

and on the Brownian motion W;

e a strong solution to (B12) does not depend on the choice of the driving Brownian motion.

61
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In the weak sense, the Brownian motion and the probability space are part of the problem,
whereas they are fixed and given in the strong framework. A strong solution is always a weak
solution, but the converse does not hold in general. An example of this is the ‘Tanaka equation’
dX; = sgn(X;)dW;, starting at Xo = 0. For a given R™-valued process X and any 0 < tg < 1, we
shall denote by p(to, t1,-,-) its transition density, namely the unique non-negative function such
that, for any continuous function h, the following holds:

E [h(X,)| Xy, = 2] = / h(y)plto trs 2, y)dy,  for all y € B",

n

Remark 3.1.2. We have assumed above that the starting point Xy = x( of the SDE was fixed.
This can be extended to the case where X is an Fp-measurable random variable. This is important,

for instance, when considering forward-start options in stochastic volatility models.

Our definition of a diffusion follows Itd’s construction, i.e. as a (continuous) map of Brownian
paths: (X;) = f(t, X¢, W:). Following Rogers and Williams [I34], though, the introduction of a

Brownian motion is not necessary, and the following alternative definition is possible:

Ts is a continuous

Definition 3.1.3. An R"™-valued diffusion with drift b and covariance a := o
semimartingale X = (Xi,...,X,) (on some probability space satisfying the usual assumptions),
such that M} := X} — X§ — fg b'(X,)ds is a continuous local martingale satisfying [M*, M7], =

f(; (Iij(Xs)dS.

Of course, in the case where (M;);>¢ is a standard Brownian motion, this definition matches
up with Definition BTT. Let us state and prove the main result of this section, before looking at

examples, counterexamples and curiosities.

Theorem 3.1.4. Assume that the drift and diffusion coefficients are measurable and satisfy

[b(t, 2)| + |o(t, 2)| < Co(1 + =), (3.1.3)

b(t,2) — bt )| + |o(t.2) — o(t,y)| < Cile — yl, (3.1.4)

for some constants Cy,C; > 0 and all x € R™, t € [0,T]. If Xo is independent of the o-algebra
o(Ws, s > 0) and E(|Xo|?) is finite, then the stochastic differential equation (B12) admits a unique
continuous solution on [0,T], adapted to the filtration (.Ff(o)te[o’T] generated by Xo and (W), such

that the expectation E (fOT |Xs|2ds) is finite.

Remark 3.1.5. The linear growth and Lipschitz assumptions on the drift and diffusions are
natural. Consider indeed the ordinary differential equation dX; = X?2dt, starting at Xo = 1. The
unique solution is X; = (1 —¢)~! for all ¢ € [0,1), but is not defined after the point ¢t = 1. Note

here that b(z) = 22 violates the linear growth condition.
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Exercise 3.1.6 (Absence of uniqueness). Consider the one-dimensional stochastic differential
equation dX; = 3th/3dt + 3Xt2/3th, starting from Xy = 0. Show that both W3 and the null

process are solutions. Compare this observation with the hypotheses of Theorem BT4.

Exercise 3.1.7. Consider the one-dimensional stochastic differential equation dX; = b(¢, X;)dt +
o(X:dW,), starting at Xo =z € R.

1. Ifb(t,z) = p € Rand o(x) =0 > 0, then Xy = x + ut + oWy,

2. If b(t, ) = pw and o(x) = ox, then X; = zexp {(n — 502) t + oW, };

3. If b(t,r) = — Az and o(x) = 0 > 0, then X; = e~ + O’fg exp {—A(t — s)} dWs.
Compute the transition density P(X; € dy|Xo = z) of each of the above processes.

Remark 3.1.8. In Example BIZ4 above, the first one corresponds to the standard arithmetic
Brownian motion with drift (Bachelier model), the second one to the geometric Brownian motion
(Black-Scholes model). the last one is called the Ornstein-Uhlenbeck model™. The model describes
the velocity of a Brownian particle in a medium with friction. This is also the standard model for

the dynamics of a spring.
Before proving Theorem BT, let us recall the following simple but useful lemma:

Lemma 3.1.9 (Gronwall?). Let 3 :[0,00) — R be a continuous, mtegmble non-negative function,

and u, o : [0,00) = R continuous functions such that u(t )+ fo s)ds. Then

u(t) < a(t)+ | " u()B(s) exp { / t B(U)dU} ds.

In particular, if a is non-decreasing, then

utt) < altyesp | tﬁ(S)d8> |

Proof. We only provide some hints. Consider the simple case where the functions « and (8 are
constant. Define the functions v and w by v( 0) + fo s)ds, and w(t) = v(t) exp(—pt); it is

easy to show the inequality v(t) < 5 (ePt — 1), from which the lemma follows. O

Proof of Theorem B-I-4. Let us first prove uniqueness. To do so, consider two solutions of (BI)

ILeonard Ornstein (1880-1941) and George Eugene Uhlenbeck (1900-1988) were Dutch physicists. They did not

define the process via the stochastic differential equation though, since that very concept did not exist at the time.
2Thomas Hakon Grénwall (1877-1932) was a Swedish mathematician
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(or (B1)), (Y2)e>0 and (Z;)¢>0, starting from Y, and Zy. We can compute, for any ¢t > 0,

YO—Z0+/O [b(s,Ys)—b(s,Zs)]ds+/0 (0(5,Y2) — o (s, Z,)] - AW, }

(f (s, ) — bls. Z)] as) (f o5, Y) — (s, 2] ~dwsﬂ

<3E (Yo — Zo|*) + 3tE (/Ot [b(s,Ys) — b(s, Z)]? ds> +3E (/Ot [0(s,Ys) —o(s, Zs)]* - ds>

E(|Y; — Z,/?) :E{

2

< 3E(|Yo — Zo|*) + 3E + 3E

< 3E (|Y0 — Z0|2) +3(1+t)CHE (/t (Y, — ZS)Q d5> )
0

where the second line follows from Cauchy-Schwartz, the third line from It6’s isometry and Cauchy-
Schwartz, and the last one from the Lipschitz assumption (B14). The function u : t — E|Y; — Z;|?
therefore satisfies the inequality u(t) < o + 5fg u(s)ds, where f = 0, a := 3E (|Yp — Z|?) and
B :=3(1+T)C;. Gronwall’s Lemma BT therefore yields the inequality

E (|Y; — Z:|*) < 3E (|Yo — Zo|?) exp {3C1 (1 + T)t}.

When Yy = Z, almost surely, then E (|Y; — Z;|?) = 0 for all ¢ € [0,7], and hence V; = Z,
almost surely for all ¢ € [0,7]. Pathwise uniqueness then follows from the continuity of the map
t— |Y: — Zy.

To prove existence of the solution, we follow similar steps to the proof for standard ordinary

differential equations, using Picard’s iteration scheme: defining Y,;(O) := X almost surely, and then
t t
vt = X +/ b(s, Y.M)ds + / o(s, Y™) . dW,, (3.1.5)
0 0
almost surely for n > 0,¢ € [0, T], we can write, by a computation similar to the one above,
2 t 2
) < 3(1 +T)D2/ E (‘Ys(n-‘rl) _ Ys(n) ) ds
0

whenever n > 1, and E (\Yt(l) - Y;(O)\Q) < 20?12 (1 + E(]X0|?)) < Ct. Induction therefore yields,

B <‘Yt("“) _y

for any n > 0.
Cn+1tn+1

NrEEI (3.1.6)

o (IY;("“) _ th>|2) <

Now, we can write

sup Y;(TH’D _ Y;(”)
te[0,7)

t
[ [otsv) = ats o) aw.

T
< [ Pps. v = bis v ) s sup
0 0

te[0,T
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Doob’s Martingale Inequality® together with Markov’s inequality therefore imply

> 2n>

2
T
<P {/ ‘b(&YS("))—b(s,YS(”_l))‘ds} > g~2n2
0

+P| sup
t€[0,T]

<z [ IE(\b<s,n<">>—b<s,1;<”-l>>])ds+z2<n+l> / E(\a<s,n<”>>—o<s,n<”-”>\)ds
0

P( sup ‘Yi(”*‘l) _ Y;(")
t€[0,T]

t
/ {O’(S, Ys(”)) —o(s, Ys(”fl))} dWS‘ > 22"1>
0

0
T 1
ngn (4eT)™+
< 22+ (1 T/ Clat<
= A+T) ) =

if c > C?(1+T). Borel-Cantelli lemma therefore implies that
P | sup ’Yt(nﬂ) - Y;(n) > 27" for infinitely many n | =0,
te[0,T]
which implies that the sequence (Y;*(w))n>0 is a uniformly Cauchy sequence, and therefore is
uniformly convergent to, say Y, for almost all w € Q. The limit therefore exists and is continuous

and adapted to (ft)co)te[oj]. If A is the Lebesgue measure on [0, 7], for any m,n > 0, we can then

write

L2(AXP) L2(AxP)

mz_l (Yt(kﬂ) _ Y;(k)) < mz: H (Y(k+1 Yt(k))‘
) 2(AXP)

E (/T’)/S(k-‘rl) ’ d8>‘|
0
m— T Ok+1 gh+1 Ck+1Tk+2 1/2
: K/o (k+ 1) ds)] =k;< (k+2)! ) ’

which clearly tends to zero as m and n tend to infinity, so that (Y("))nzo is a Cauchy sequence

in L?(\ x P), and therefore a convergent sequence, the limit of which (in L?(\ x P)) is adapted
to FXo, and we denote it Y. Being convergent in L? implies almost everywhere (w-pointwise)
convergence along a subsequence, and hence Y =Y. Let us now prove that Y satisfies (B12).
In (BTH), Holder’s inequality implies that f; b(s, Ys(n))ds converges to fot b(s,Ys)ds in L?(P) as n
tends to infinity, and [t6’s isometry yields the convergence of fot o (s, YA™)-dw, to fot o(s,Ys) -dW,
also in L?(P), which concludes the proof. O

Exercise 3.1.10. Consider the stochastic differential equation dX; = xX;(0 — log(X;))dt +

o XdWy, starting at Xo > 0, where W is a standard Brownian motion.

3The following result is due to J.L. Doob [E5]: if M is a martingale with continuous paths, then,

P ( sup |M¢| > )\> < ATPE(|M7|P), forallp>1,7>0,\> 0.
te[0,T]
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1. Show that the SDE admits a unique strong solution.

2. Prove that the solution reads
o? ¢
X; =exp {e_“t log(z) + (9 — %) (1 — e“t) + Ue_"t/ e“deS} .
0

3. Compute the expectation E(X}).
Exercise 3.1.11 (Removing stochasticity — importance of the assumptions).

1. Assume that the diffusion coefficient o is null everywhere, and consider the ordinary differ-
ential equation dX; = | X;|*dt, starting from Xy = 0.
e If @ > 1, the equation has a unique solution. What is it?

e However, when « € (0, 1), check that the family (Xt(S))te[O,T] defined by

0, ift €10, ],

X =4 s\ M-
(1—@) , ifte[s,T],

satisfies the equation. What do you conclude?

2. Consider the equation X; = + fot X2ds for some x # 0. Show that X; := z/(1 — zt) is a
solution (actually the only one). What happens at ¢ approaches x=1?

3.1.1 Properties of solutions of SDEs

We state the following result about estimates of moments of solutions to stochastic differential
equations without proof, but refer the interested reader to [99, Theorem 4.5.4]. These types of

results are fundamental in the construction of accurate simulation schemes (Euler or else) for SDEs.

3.1.2 Moment estimates

Proposition 3.1.12. Consider the stochastic differential equation (B12), and the assumptions of
Theorem B1.4. Assume further that E(|Xo|?P) is finite for some p > 1. Then there exists a strictly
positive constant C', depending on p,T, K such that, for any 0 <ty <t; <T,

]E< sup |Xt|2p) <O (1+E (|1 X4 |?)) eCtr=to)) (3.1.7)

to<t<ti

E ( sup | X; — Xt0|2p) < C(1+E(|X¢ 7)) (t1 — to)*P. (3.1.8)
to<t<ty
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3.1.3 Ito diffusions and the Markov property
Definition 3.1.13. An It6 diffusion is a stochastic process X.(w) satisfying
dXt = b(t, Xt)dt + O'(t, Xt) . th7 Xo =x € Rn7 (319)

where the drift b : R” — R™ and diffusion ¢ : R™ — R™ coeflicients are Lipschitz continuous, i.e.

there exists C > 0 such that
b(t, @) — b(t,y)| + ot 2) — o(t,y)| < Cla—yl,  for any 2,y € R",¢ >0,

and W is an R™-valued standard Brownian motion. The diffusion is time-homogeneous if the

coefficients b and o do not depend on time.

Remark 3.1.14. An It6 diffusion is in general not a martingale. However, as soon as the drift b(-) is
null everywhere (almost surely), it is a local martingale. Indeed, suppose that b(-) is not everywhere

null, and that X is a local martingale. Then, clearly, the process

t t
/ b(u, X)du = X — Xo — / o(u, Xy) - dW,
0 0

is also a local martingale. Being a Lebesgue integral, however, it has bounded variation on any

compact, which contradicts its local martingale behaviour.

Denote by (X;*);>s, the solution to (BI) starting at X, = z at some time s > 0. The time
homogeneity property precisely means that, for any ¢ > 0, the processes (Xffh) and (Xg’w)hzo

have the same law. The following theorem, the proof of which we shall skip, is fundamental:

Theorem 3.1.15 (Markov property for 1td diffusions). Let X be a time-homogeneous diffusion
and f :R™ — R a Borel bounded function. Then, for any s,t > 0,

E(f(Xirs)|Ft) = E(f(Xtq5)|Xt)  almost surely.

Remark 3.1.16. Computing both sides for every bounded Borel function f is in general not very
tractable. One can however use Dynkyn’s lemma, which implies that it is enough to check the

equality E(Xy4s € A|F;) = E(Xi4s € A|Xy), for all s,¢ > 0 for every Borel set A.
Example 3.1.17. The Brownian motion has the Markov property.

The following tool is a key concept in the study of It6 diffusions, and will allow us to bridge the
gap between stochastic differential equations and partial differential equations. In particular, as we

shall see, it provides an alternative—and efficient—path to (numerically) compute expectations.

Definition 3.1.18. Let (X¢);>¢ be an It6 diffusion on R™. The infinitesimal generator A of X is

the linear operator defined as

B(f (X)) Xo = 2) — f(z)

(At ) = lim ;

We shall further denote D4 the space of functions such that the limit exists for all z € R”.
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The following theorem characterises completely the infinitesimal generator of an It6 diffusion,

and its proof is left as an exercise using It6’s formula.

Theorem 3.1.19. Let X be an Ité diffusion as in Definition @II3. Then C2(R™) C D4 and®
1
Af =B,V + (a o TAf), for any f € C2(R™).

Pointwise in R™, this can also be written, for any f € C2(R"),x € R",t >0, as

n

= b(t,2:)0, f(t,7) + ;Z(a(t,x)a(t,x)T)mawjf(t,x).
=1

ij=1
Proof. Let us consider, for notational simplicity, the case where the function f does not depend

on time. For f € C2(R"), Itd’s formula yields

A7) = (X, VF(X)) + 5 (X)) AF(X) - dX,
= (b(Xy), Vf(Xy)) dt + (o(Xe)dWy, V f(Xy)) dt + 5 (dXt) CAf(Xy) - dX

= Zam f(Xt)dXt( )dt + 5 Z awi,zj f(Xt)dXng)dXt(])

i=1 i5=1

_Za F(X)bi(X)dt + = Zaw“% (X0)(o(X)dWy)i(o(X)dWy); + Y On, f(Xe) (0(Xy)dWy);
1,j=1 i=1

n

= Z%f Xo)bi(Xo)dt + 5 LS (X0 (X)) )i, FXAE S Oy F(X)ip (X)W

i,j=1 i,k=1

Integrating both sides between 0 and ¢, and taking expectations yield

B0~ o) = B [ D000 (XX + 5 2 (000X )0, FX.) | s
i=1 ig—1
and the lemma follows. O

Exercise 3.1.20. Write the infinitesimal generator of the following It6 diffusions:
1. Black-Scholes model: dX; = r X;dt + o X;dW;
2. the n-dimensional Brownian motion (it is half of the Laplace operator on R");
3. Ornstein-Uhlenbeck: dX; = kX;dt + odWy;
4. d(XE X2)T = (1,X2)7dt + (0,eX)TdW,, where W is a one-dimensional Brownian motion;

If 7 is a stopping time with finite expectation, adapted to the filtration of the Brownian motion,
then, by a localisation argument, the computation in the proof of Theorem BTTY holds, and

Dynkyn’s formula [g8] reads:

4Here, (-,+) denotes the standard Euclidean inner product in R™, so that for any vector a,b € R", we have

(a,by =bTa=3" ab;.
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Theorem 3.1.21. Let f € C3(R") and X an R"-valued It6 diffusion. For any stopping time T
such that B(7|Xy) is finite,

17 X0 = S+ [ Af(s,Xs>ds> .

3.1.4 More results in the one-dimensional case

Existence and strong uniqueness of stochastic differential equations usually hold (see Theorem BT4)
under Lipschitz continuity of the coefficients. In the one-dimensional case, these assumptions can

be relaxed. One underlying motivation is the study of the following two processes:

dX; = k(0 — Xy)dt + &/ X dWy, CIR Process, (3.1.10)

dX; = pXedt + EXP AW, CEV Process. (3.1.11)

The first one was originally proposed by Cox-Ingersoll-Ross model [87] describing the evolution
of the short rate, and has been later implemented—and widely used since—for stochastic volatility
modelling by Heston [8T]. The second model is the Constant Elasticity of Variance, proposed by
Cox [B35], has been used for equity and commodities modelling, and is able to capture the leverage
effect between the stock price and its instantaneous volatility. Existence of these processes rely on
the notion of weak solutions, and we shall not delve into this here. The main uniqueness results,

however, is the following:

Theorem 3.1.22 (Yamada-Watanabe [[55]). Let the two functions b,o : Ry x R — R satisfy
b(t,z) = b(t,y)| < K|z —y|  and  |o(t,x) —o(t,y)| < h(|z —yl),

forallt >0, x,y € R, where K is a strictly positive constant and h : Ry — Ry a strictly increasing

function satisfying
du

h(0) =0 and / =0
© (0,6) M(u)?

foranye > 0. Then the one-dimensional real stochastic differential equation Xy = Xo—l—f(;s b(s, Xs)ds+

fot o(s, Xs)dW, admits a strong unique solution.

Example 3.1.23. Any function of the form h(u) = u® with o > 1/2 satisfies the conditions. In
particular, taking h(u) = /u ensures that the CIR process in (B110) admits a unique strong

solution.

Example 3.1.24. In Exercise BT, we saw that the deterministic ODE X, = | X,|* admitted an
infinite number of solutions when « € (0, 1). In light of Theorem BT239, however, the addition of
a Brownian noise regularises the equation and ensures uniqueness of the solution, at least in the

case « € [1/2,1).
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The drift and diffusion coefficients of a (one-dimensional) stochastic differential equation have a
physical meaning. However, it is not a priori obvious how to estimate the behaviour of the solution
depending on them. The following result is a first step in this direction, and in particular allows

to compare the solutions to two different SDEs.

Theorem 3.1.25. Let p, po : Ry xR — R be Lipschitz continuous functions, and o : Ry xR — R
satisfy the assumptions of Theorem BT 23. Let X and Y be the (adapted) solutions to

t t
X=X+ [ (s Xas+ [ ols, Xoaw,
0 0
t t
Yt:YO—i—/ ug(s,Ys)ds—i—/ o(s,Ys)dWs.
0 0

If pi(v) < pe(v) and Xo <Yy almost surely, then X <Y almost surely.

3.2 The PDE counterpart

3.2.1 From Kolmogorov to Feynman-Ka¢; from SDEs to PDEs

In this section, the process (X;);>o shall denote an It6 diffusion, in the sense of Definition BT T3,

whose infinitesimal generator is given by Theorem BTTY, with domain D 4.

Theorem 3.2.1 (Kolmogorov’s backward equation). Let f belong to C3(R™). For anyt > 0, the
function u(t, z) = E(f(X:)|Xo = z) (x € R™) belongs to D4, and satisfies the equation

Opu(t, x) = (Au)(t, x), for any (t,z) € (0,00) x R",

with boundary condition w(0,z) = f(x). Conversely, any C1?(Ry x R™) solution of the equation

(together with the boundary condition) is equal to w.

Remark 3.2.2. A fundamental corollary is that, under the assumptions of the theorem, the
process (f(t,X¢))e>0 is a local martingale if and only if the function f satisfies the backward
Kolmogorov equation. The proof of this fact simply follows by applying It6’s Lemma to the

function f.

Proof. Note that, since f € CZ(R™), the function u(-,z) is differentiable for any x by Dynkyn’s
formula (Theorem BT21). Let ¢ be the function defined as ¥ (z) = u(t, x) (for some fixed ¢ > 0).
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Since the map ¢ — u(t,-) is differentiable, we can write, for any ¢t > 0 and x € R™,

E* W)(Xs)] — ¢($) E* [u(tv Xs)] — u(t7 l‘)

(Au)(t,7) = (Av) (z) = lim / ~ lim /
= 1;&)1 B [EXS [f(Xt)s]] - [f(Xt)], by the law of iterated expectations
— lim E* [EXS [f(Xe)] — f(Xt)]
sl0 S
o B P (X )IR] = F(X0)
sl0 S
=ty S IS g ) Opu(t, x).
sl0 S sl0 S

In order to prove uniqueness, assume that there exists a function v satisfying Av = (=0 +A)v =0,
together with the appropriate boundary conditions. For any fixed (s,x) € R4 x R™, define then
the extended process X pathwise by X, = (s —t, Xto’x) Since its generator is j, we can apply
Dynkyn’s formula (Theorem BITZ1):

E (U(S(W)I)?s = x) =u(s,z) +E (/Otm(jv)()?r)dﬂ)zs = x) = (s, z),

since Av = 0, and where 7 represents the first exit time (and hence is a stopping time) from a
large ball. Letting the radius of the ball tend to infinity, we obtain v(s,z) = E (v(;(t)p?s = x),

and hence
v(s,2) =E (v()?s)p?s - m) = E (v(0, X07)) = E (f(X27)) = E (f(X4)| Xo = 7).
0

Remark 3.2.3. By reversing time, setting 7 := T'—{, for some time horizon T', and v(7, -) = u(t, ),

then v(r,2) = E(f(X7-+)| X0 = x), and the Kolmogorov backward equation can be rewritten as
(0r + A)v(r,z) =0, for all (1,2) € [0,T) x R",
with boundary condition v(T,xz) = f(z), since the operator A does not act on the time variable.

Remark 3.2.4. The Kolmogorov backward equation in Theorem B2 can be slightly generalised
as follows: if f belongs to C3(R") and r : R™ — R" is a continuous function bounded below, then

the function .
v(t,z) == E* [exp </0 r(Xs)ds> f(Xt)]

satisfies the equation
o(t,x) = (Av)(t, z) — r(z)v(t, z), for all (t,z) € (0,00)x € R",

with boundary condition v(0,z) = f(z), for all x € R™. And the converse holds as well.
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Exercise 3.2.5. Consider the one-dimensional drifted Brownian motion dX; = udt + odWy,
starting at Xo = z, with g € R and o > 0. Denote its transition density from time zero to time ¢

by p(t; z,-). From Exercise B174, we know that

1 ly = (z+ pt)”
p(t;x,y) = P exp (—20% , for any (¢,z,y) € (0,00) x R x R.

Prove by differentiation that it satisfies the ordinary differential equation
1
Dup(t; z,y) = (ﬂax n 20—2amp) . forany (t,4,9) € (0,00) xR X R,

with boundary condition p(0;-,y) = dy(-). Note that the space derivatives are taken with respect

to z (the backward variable), and not with respect to y.

The backward equation above admits a dual version, called the Kolmogorov forward equation.

Recall that, if A is some (differential) operator, then its adjoint A* is the unique operator satisfying
(Af,g) = (f,A%9), for all f € C,g € C?.

In particular, if A is of the same form (say in one dimension) as in Theorem BT TU, then straight-

forward computations yield

AN ==Y 0ub) W)+ 5 D By, (007 )isf) () for any f € CHR™),y € R

ij=1
Theorem 3.2.6 (Kolmogorov’s forward equation). Let X be an R™-valued Ité process with in-
finitesimal generator A. If, for any t > 0, the transition measure of Xy admits a density pq, i.e.
E*[f(X0)] = Jan fW)pe(x,y)dy, for any f € C§, such that y — py(x,y) is smooth. Then it satisfies

the Kolmogorov forward equation
Ope(x,y) = Ape(z,y), forallt >0,z,y € R,

with boundary condition po(x,y) = 6,(y), where A* denotes the adjoint of A.

3.2.2 Parabolic PDEs: existence, uniqueness and properties

See Guyon-Labordeére: Lions’ argument about parabolic PDEs

3.2.3 The PDE approach to path-dependent options
Asian options: chasing the average

Feynman-Ka¢’s Theorem is clearly suitable to deriving a partial differential equation for the value
function corresponding to a European option, with underlying following an It6 diffusion. Suppose

that one wishes to evaluate the price of an Asian option, with payoff, at maturity

1 [T
7 = (/ Sidt — K) .
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There is no closed-form expression in general for the price of this option, and it is not clear how
Feynman-Kaé¢ applies here. Consider the Black-Scholes model dS; = S; (rdt + cdW;). Under
the risk-neutral measure, the price of the Asian option, at inception, is worth E (e_TTHT). Let
now (Y;);>o denote the integrated stock price process Y, := fot Sydu, which clearly satisfies the
stochastic differential equation

dY; = S,dt, Yy =0.

Now, the pair (S;, Y;)i>0 is a two-dimensional Markov process satisfying It6 SDEs, so that Feynman-

Kaé (with a bit of additional work) implies the following result:

Theorem 3.2.7. The function

u(t,z,y) =E

e (@Y (YT - K) |ft] .
T +

satisfies the partial differential equation
1
(at + rad, + 2y + 202x28m> u(ta,y) = rultyz,y),  forallt e [0,T),z >0,y € R,

with boundary conditions
u(t,0,y) = e (Tt (E - K) , t€]0,7),y €R,
+

0, tel0,7),z >0,
w(T,x,y) :(E—K) , x>0,y €R.
T +
3.3 Overture to non-linear PDEs and control theory
Let T > 0 be a fixed time horizon, and consider here the stochastic differential equation

dXy = b(X), ap)dt + o(X[Y, ap)dWr, Xy=xz€R" (3.3.1)

where (ay);>0 is an (F;)-adapted control process valued in some domain A C R™, and W a d-
dimensional standard Brownian motion. We shall assume that the coefficients b : R™ x A — R"

and 0 : R™ x A — M, 4(R) are uniformly Lipschitz, i.e. there exists a constant C' > 0 such that
|b(x,a) —bly,a)| + |o(x,a) —o(y,a)] < Clx —yl, for all z,y € R".a € A.

We now define the set A of control processes as

T
A= {a : (F¢) — adapted, such that E [/ (16(0, o) > + |0(0, o) |?) dt} < oo} .
0

Restricting the controls in A ensures, together with the uniform Lipschitz assumption, that the

controlled SDE (BZXd) admits a unique strong solution. Let us now consider two functions f :
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[0,7] xR™ x A — R and g : R™ — R such that either g is bounded below or there exists C' > 0 for
which |g(z) < C(1 + |z|?) for all z € R™; We finally introduce our gain/cost function

T
J(t,z,a) :=E l/ f(s, X5 a,)ds —i—g(X%gC)] .
t
Our objective is finally to determine the associated value function

u(t,z) = sup J(t, z, ), for any ¢t € [0, T],z € R, (3.3.2)
acA(t,x)

where A(t, ) denotes the set of admissible controls:
T
Alt,z) ==qac A: ]E/ |f(s, X57, a)|ds < 00 p .
t

3.3.1 Bellman’s principle and dynamic programming

Let 7;r denote the set of stopping times valued in the closed interval [¢t,T]. The following result,

known as dynamic programming principle, is key tool in (stochastic) control theory.

Theorem 3.3.1. For any (t,z) € [0,T] x R™, the value function (B332) satisfies

u(t,z) = sup sup E [/ f(s, X" ag)ds + u(r, Xﬁx)}
a€A(t,x) TE€ET:, T t

sup inf E [/ f(s, X" ag)ds + u(r, Xﬁx)} .
acA(t,z) TETLT t

Proof. The proof consists of squeezing the value function between the supsup and the supinf
terms. We first start with the upper bound. Fix an admissible control a € A(t, z). The Markovian
stucture of the stochastic differential equation (B=3) implies that, for any stopping time 7 € Ty 7,

ta
X7
s

the equality X/* = X holds almost surely for all s > 7. Applying the tower property for

3l

T T t,x t,x
:IE{/ f(s, X% a,)ds+E (/ Fls, X7 ,as)ds+g<X;XT )
t T

ZE{/ [ (s, X% ay) dS—FJ(T,Xf_’m,Oz)}.
t

expectations, conditioning on F,, we obtain

T
J(t,v,0) = E {E ( | s, s 4 g(x5)
t

3l

By definition of the value function as a supremum over the control, u(-,-) > J(-,-, ), and, since 7
is chosen arbitrarily in 7; 7, we can write

J(t,z,a) < inf E [/ (s, X" ag)ds + u(r, Xi’”)]
t

TET:, T

< sup inf E {/ f(s, X507, ag)ds + u(r, Xﬁw)} ,
a€A(t,x) TE€ETL,T t
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and the upper bound in the second line of the theorem follows. We now prove the lower bound:
fix some control a € A(t,x) and a stopping time 7 € T¢ 7. The definition of the value function

implies that for any € > 0 and any w € Q, there exists a control a(e,w) € A(r(w), X"" y(@)):

T(w

u(r, X5 (W) —e < J (ﬂ@,xj@ (), OZW) .

It can be shown that the process a(w), defined as

O[S(OJ) = as(w)]l-{se[O,T(w)}} + ai’w(w)l{SG[T(w),T]}

is progressively measurable® and belongs to A(t, z). Therefore

u(t,z) > J(t,z,a) = E [/ (s, X" ag)ds + J(T, Xﬁ’x,as)] >E [/ (s, X" ag)ds + u(r, XE%) | —e.
t t

Since the control and the stopping time are arbitrary, the upper lower bound follows by taking the

supremum on the left-hand side, which concludes the proof.

3.3.2 Hamilton-Jacobi-Bellman equation

The Hamilton-Jacobi-Bellman equation allows us to write the value function (B=32) as the solution
of a non-linear partial differential equation. This can be thought of as a non-linear version of the
Feynman-Ka¢ formula. Before stating the main result, let us introduce the so-called Hamiltonian
of the problem, namely the operator H : [0,T) x R” x R™ x S,,(R) defined as
1
H(t, z,p,z) := sup {b(a:,a) -p+ §Tr(a(a:,a) co(z,a)’ -2) + f(t,x, a)} .
acA

Theorem 3.3.2. The value function (B2332) satisfies the PDE
— Owu(t,x) — H(t,z, Vu(t, x), Au(t,z)) = 0, for all (t,z) € [0,T) x R", (3.3.3)
with boundary condition u(T,-) = g(-), where the derivatives V and A are taken with respect to x.

Proof. Fix a constant control o € A and let 7 =t + €. Since the value function is a supremum of
expectations over all controls and stopping times, it is in particular greater than the expectations
at 7 and a:

t+e

u(t,r) > E [ (s, X0" a)ds +u(t +e, X[0)| . (3.3.4)
t

If u € C2([0,T) x R™), 1t6’s formula yields

t+e
u(t+e XIE) = ultin) + [ (@t £00) (5, X07)ds + 2,
t

5The term ‘progressively measurable’ and ‘adapted’ are not equivalent in general; however, when the process
has at least left-or right-continuous paths, they denote the same property, see [IZR8, Proposition 4.8] for the related

technical details.
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where Z is some local martingale (non-deterministic) term with zero expectation, and £ is the

infinitesimal generator of (BZ3l) with constant control a:
a 1 T
L% = b(z,a) - Vu + iTr(o(x, a)-o(z,a)’ - Au).

Inserting this into (B234), dividing by e, taking the limit as e tends to zero and using the mean-value
theorem implies that Oyu(t, ) + LYu(t, z) + f(¢,x,«) <0, and therefore
— Owu(t, ) — sup {LY(t, x) + f(t,z,a)} > 0. (3.3.5)
acA
Assume now that « is an optimal control, i.e. one for which the supremum, in the definition of the
value function, is attained. Note first that the dynamic programming principle in Theorem B=3T

is equivalent to

u(t,z) = sup E [/ (s, X" ag)ds +u(r, X% .
a€A(t,x) t

Using this formulation with the optimal control and the corresponding solution to (B=3l), we can

use similar arguments as above to show that
—owu(t,x) — LY (t, x) + f(t,z,a) =0,

and therefore, together with (B333), we obtain that the inequality (B333) is in fact an equality for

all (t,z) € [0,T) x R™ whenever the supremum is finite, and the theorem follows. O

We end this theoretical part with the so-called Verification theorem. Theorem BZ332 proved
that the value function (8=33), defined as the maximal cost, solves a non-linear partial differential
equation. We now show, albeit without proof, that, under some smoothness assumptions, the

solution to the HJB PDE is in fact equal to the value function.

Theorem 3.3.3 (Verification Theorem). Let w € C2([0,T) x R™) N C°([0,T] x R™) be such that
there exists a constant C' > 0 for which |w(t,z)| < C(1 + |z|?) for all (t,z) € [0,T] x R™.

o if —Oyw(t,x) — H(t,z,Vw,Aw) > 0 for all (t,z) € [0,T) x R™ with boundary condition
w(T,-) > g(-), then w > u on [0,T] x R™.

o if w(T, ) = g(-) and if there exists an A-valued measurable function « such that
—Ow(t, ) — H(t, z, Vw, Aw) = —dyw(t, ) — LYXCDw(t, x) — f(t,z, alt,z)),

then the SDE (8231) controlled by o admits a unique solution X% starting at X; = x, and
(a(s, XE®)seper) € A(t, ). In that case, w is equal to the value function (B3332) and « is an

optimal control.
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3.3.3 Financial examples
American options

As seen in Section IH, and in particular Theorem [H4, once an equivalent local martin-
gale Q has been chosen, the price at time ¢ of an American option expiring at T is given by
sup, ¢, . E(f(S7)|S¢ = z), for some payoff function f.

The uncertain volatility model

In this model, which we will study later in more details, the underlying stock price follows Black-
Scholes dynamics, apart from the fact that the volatility parameter o is a process adapted to the
ambient Brownian filtration, and allowed to moved between two bounds o and &. Therefore the

value of the option reads

sup {E(g(S7))|F: : (6¢)t>0F — adapted, and o € [g,7]}.
Models with transaction costs

3.4 A rough introduction to PIDEs

All the models considered so far had continuous paths. However, many phenomena observed on
financial markets, such as dividends, policy announcements, unexpected profit or loss, political
events, induce a sudden discontinuity—upward or downward jump—in the dynamics of financial

assets.

3.4.1 Preamble on semimartingales

Let D denote the space of right-continuous with left limit (cadlag) processes. Similarly to stochastic
integration with continuous integrators, we would like to make sense of an expression of the form
J wdS;, when S € D, for some (simple) predictable process u. This is however not trivial, and the

right class of processes to consider is the class of semimartingales.

Definition 3.4.1. A process X € D is called a semimartingale if there exist (M;);>0 and (Z;);>0,
both starting from zero, such that the decomposition X; = Xy + M; + Z; holds almost surely for

all t > 0, where M is a local martingale and Z has bounded variation.
Example 3.4.2.

e A Brownian motion is a semimartingale;

e every square integrable martingale in D is a semimartingale;

e every Lévy process is a semimartingale;
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e every process of bounded variation is a semimartingale.

In the course of these notes, we shall not use this level of generality, and will restrict ourselves

to a very tractable subset of semimartingales, namely (exponential) Lévy processes.

3.4.2 Introduction to Lévy processes

Lévy processes are a wide class of semimartingales with very tractable properties. They have been
used extensively in the mathematical finance literature, and we shall introduce them here together
with some of their properties. Again, the filtered probability space (2, F, (F¢)i>0,P) is assumed

to be granted a priori.

Definition 3.4.3. An R"-valued Lévy process X is an adapted process on (£, F, (F¢)¢>0, P) with

Xy = 0 almost surely satisfying the following properties:
(i) independent increments: for any 0 < s < t, X; — X, is independent of F;

(ii) stationary increments: for any 0 < s < t, the random variables X;_¢ and (X; — X;) have the
same distributions;
(iii) X is stochastically continuous, namely for all e > 0 and ¢ > 0, limp o P (| X¢yp — X¢| > €) = 0.

The following theorem provides a useful and tractable representation for its characteristic func-

tion, and in particular highlights the singular time dependence of the distribution of the process.

Theorem 3.4.4. If X is a Lévy process in R™, there exists a unique function ¢x € C(R™ — C),
called the Lévy exponent, with ¢x(0) =0 such that

E(eX6X0) = exp (t9x()),  for allt >0, € R"

Example 3.4.5 (Brownian motion). The simplest example of a Lévy process is the (one-dimensional)
Brownian motion with drift: W} = ut + cW;. Clearly, for any ¢ > 0, X; is a Gaussian random

variable with mean X, + pt and variance o2t; therefore

5 (eigw) — exp (i€t E (eifrTWt) = exp (iuft - 025215) .

Example 3.4.6 (Poisson process). A Poisson process (IVy),s, is a counting process, in the sense
that at time ¢ > 0, N; represents the number of events that have happened up to time ¢. Such
a process has independent increments and is such that for each t > 0, the random variable NV, is

Poisson distributed with parameter At for A > 0 (the intensity), i.e.

At)"
P(Ny=n) = %e*”, for any n = 0,1, ...

Its characteristic function can be computed as
iEN (A" i ien i€
(e t)zzie e :exp()\t(e —1)), for any £ € R.

n!
n>0
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Note that the paths of a Poisson process are non-decreasing and discontinuous.

Example 3.4.7 (Compound Poisson processes). A compound Poisson process (J;),s is defined
as J; = Zf,\f;l Zn, where N is a Poisson process with parameter At and (Zj),~, a family of
independent and identically distributed random variables with common law F'. Therefore, for any

eR,

€Tt} — ex i S )) — et X1 Zn
E (ei67) IE( p<gnzlzn E(E( )
_ Z E (eigz;":lzn) ();Z)!me”\t _ Z (/R ei.sz(dZ))m ();i)!mei)\t

m>0 m>0

= exp <)\t/R (e —1)F (dz)) :

From now on, for simplicity and in order to avoid technical difficulties, we shall restrict ourselves

to Compound Poisson processes (CPP), namely to processes with the following representation:

Ny
=Y Zn, (3.4.1)
n=1

where N is a Poisson process with intensity A and the (Zj)r>o are iid random variables with
common distribution 7. We shall denote by (77 Jn>1 denote the sequence of jump times. The

jump measure J of J, defined as

J(Ix A)=>"61(r) for any (I x A) € B([0,00) x R"),

n>1

counts the expected number of jumps of amplitude A occurring in the time period I.

Lemma 3.4.8. For any t > 0, E(J([0,t] x A)) = tAn(A), for any A C R™. In particular,
E(J([0,] x 4)) = tE (J([0,1] x A)).

Proof. For I =0,t], the jump measure simplifies to J([0,¢] x A) := Zg;l 84(Zy), so that
Ny
E[J([0,] x A)] lzcsA E<Z5A(z ) Nt>]
= ZE(Z (Zy) LN, = n}> Z]P’ N, =n Z (Zr € A)
k=1

n>1 k=1 n>1

= Z n! e*Mmy(A) = Mn(A).

n>1

O

Definition 3.4.9. The map v : A — E (J([0,1] x A)) is a finite measure on B(R™) with v(R™) = A,

and is called the Lévy measure of the process J.
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With this definition of the Lévy measure, Lemma B8 can be rewritten as v(A) = An(A) for

any A C R™, and the characteristic function of a Compound Poisson process can be rewritten as

E (ei<§"7f>> = exp {t/n (ei<§’””> - 1) V(d:z:)} , for any & € R™.

The following theorem proves a pathwise decomposition of a compound Poisson process, and will

be a crucial element in deriving a partial differential equation for pricing purposes.

Theorem 3.4.10 (Lévy-1t6 decomposition for CPP). Let J be a R™-valued CPP of the form (BZ)

with jump measure J and Lévy measure v. Then, for any function f :[0,00) x R™,

> f(s,AXS):/O Rnf(s,a:)J(dx,ds).

0<s<t,AX,#0

Let J(dt,dx) = J(dt,dx) — dtv(dx) denote the compensated jump measure. If furthermore the

function f is integrable with respect to the product measure ds ® v, then the process M defined as

t
M ::/ f(s,z)J(dx,ds)
o Jrn
is a martingale with zero expectation.

Corollary 3.4.11. The following expressions hold for the process J and its quadratic varia-

tion (J):
t
T =/ / xJ(dx,ds),
o, N, (3.4.2)
D =[] lePatanas = 1z,
0 " n=1
Proof. The corollary follows from Theorem BZT10 applied to f(z) = z and f(z) = |z|*. O
Example 3.4.12.
e Merton model [I14]: n = N (m,§?), so that
A (x — m)2>
v(dx) = exp | ———=—— | dx;
(@) = 5= (-5
here the jumps are symmetric around a constant m.
e Kou model [I01]: n(dz) = (pAre *"Lizsoy + (1 — p)A_e "L, 0y) dz, with Ay > 1 and

A_ > 0; here the jumps are not symmetric.

Quadratic variation

In order to write down an Itd formula for Jump diffusion processes, we first need to extend the

notion of quadratic variation to this class of discontinuous processes.



3.4. A rough introduction to PIDEs 81

Definition 3.4.13. The quadratic variation process of a semimartingale (X;);>o is defined as
t
(X)) = X7 — 2/ X,-dX,, forallt>o0.
0

Example 3.4.14.
e The quadratic variation of a Brownian motion W is (W); = t;
e For a Poisson process N, the quadratic variation is (N); = N; (see Exercise sheet);

t
e For a Compound Poisson process J, we have (J); = ot +/ / z2J(ds, dx).
0o Jr

It6 formula for jump diffusions

We finish this section with an It6 formula for a one-dimensional jump diffusion model, namely the

unique solution (under growth and smoothness conditions on the coefficients) to the equation
t t
X: = Xo —|—/ ps(Xe-)ds —|—/ os(Xe-)dWs + Tz, (3.4.3)
0 0

where J represents the discontinuous part of the process, which we assume to be a compound

Poisson process as in (B20). In differential form, we can rewrite (B2=3) as
dX; = pe( Xy )dt + oo (Xy- )dW, + AT, Xo €R. (3.4.4)

We shall denote by (X)¢ the quadratic variation of the continuous part of X (i.e. drift and
Brownian motion). Let A€ := ud, + %o%m denote the infinitesimal generator of the continuous

part of the jump diffusion X.

Theorem 3.4.15 (It6 formula for jump diffusions). Let X be the unique strong solution to (B223),
and let f € CY2((0,00),R™). Then the infinitesimal generator of X reads

Af(t,x) = A°f(t, z) +/

R

[F(t.2+y) = () = y0uf(t.2) | v(dy), (3.4.5)
and the following Ité formula holds
t
f(t7Xt) = f(ou XO) + U(tht—)axf(t7Xt—)th +/ (as + A) f(87 Xs—)ds
0
- — 2) —yd.f(s, X )| T (ds,d
[ [ X ) = 5. X0) = w0 X T )
t
= f(0,Xo) + o(t, X¢- )0 f(t, Xi— )dW, +/ (0s + A°) f(s, Xs-)ds
0

+/Ot/R[f(s,Xs+y)—f(s,xs)—yaxf(s,xs)}ﬂds,dy).
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3.4.3 PIDES for compound Poisson processes

We terminate this section with an option pricing formulation in the context of Lévy processes.
This can be seen as an analogue (and is actually an extension) of the Feynman-Kaé¢ formula in

Theorem B=Z. for Ito diffusions.

Definition 3.4.16. Let A be the infinitesimal generator in (82H) and ¢ a bounded continuous
function. A bounded function u € C2([0,T) x R) N C([0,T] x R) is called a classical solution to
the Cauchy problem for (A + 9;) with initial datum ¢ if

(A+d)u(t,z) =wu(t,z), forall (t,z)€[0,T) x R,
uw(T,z) =(x), forallzeR.

(3.4.6)

Theorem 3.4.17 (Feynman-Kaé for jumps). If a classical solution u exists for (828) such that
w,d,u € L®((0,T) x R), then u(t,x) = Ep(X5"), for all (t,x) € [0,T) x R.



Chapter 4

Volatility modelling

We previously introduced the notion of implied volatility, and saw how it is characterised through
absence of arbitrage and the Black-Scholes formula. This was done in a completely model-
independent framework, Black-Scholes only being used as a quoting mechanism. By definition,
the implied volatility in the Black-Scholes model is a strictly positive constant parameter, which
does not depend on the strike or the maturity of the option. Therefore, the implied volatility is
also constant. This is clearly unrealistic, and we shall now introduce several classes of models that

exhibit non-constant implied volatility surfaces.

4.1 Local volatility

A local volatility model for the stock price process (S¢)¢>o is defined as follows:
dSt/St = utdtJra(t,St)th, S() > 0. (411)

Again here W is a standard Brownian motion adapted to the given filtration, and r represents
the risk-free interest rate assumed to be constant. Note now that the diffusion component o(-)
depends on both time and space, and that the market is complete, since there is a unique source of
randomness. The drift u; is again assumed to be adapted. The same argument as in the standard
Black-Scholes model applies, and the value (at time zero) of a European option with payoff h(St)

at some future time 7' > 0 satisfies the PDE
1
8tC + rtS8s + 50'2(t, 3)528530 — th = 0,

for all t € [0,T], S > 0, with boundary condition C(S,T) = h(S). Recall that by Girsanov

theorem, we can define a new probability measure Q by the Radon-Nikodym derivative
d t s t — I's 2
Qoo _/ " Tdes_/ (s = 79)7 1Y
dP F, 0 Og 0 20—3

83
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under which the stock price satisfies

d?St = ’I"tdt + O'(t, St)thQ, S() > 0. (412)
t

The probability Q is well defined if and only if the Radon-Nikodym derivative is a uniformly

integrable martingale. Using Novikov’s criterion, let v := (us — 7¢)/0¢; then

dQ K 1t
™ . ‘= exp (—/0 s dWys — 5/0 vsds
1T,
Elexp| = vsds | | < oo.
2 Jo

By absence of arbitrage, the option price therefore reads

defines a true martingale if

O(S,t) = EQ (e* S redsp (5|8, = 5) .

From a practical point of view, assume that one consider the model (B2T1) under some historical
probability P, and calibrate p and o to some historical data. Then, by construction of the Radon-
Nikodym derivative, the new (risk-neutral) probability measure Q is fully characterised, so that
nothing is left to determine. In particular this makes it impossible to calibrate it to currently
quoted option prices. The standard way to deal with this is to consider directly the model under

the (unique) risk-neutral measure Q, satisfying the SDE (212).

4.1.1 Bruno Dupire’s framework

Consider a stock price process S satisfying (under the risk-neutral measure) the stochastic differ-
ential equation
dsS;

? =rdt + O'(St, t)th, So > 0, (413)
t

where W is a standard Brownian motion, » > 0 the instantaneous risk-free interest rate, and
o: Ry xRy — Ry the state-dependent diffusion coefficient. The question raised by Bruno Dupire
(1994)" was whether given a smooth surface (K,T) — C(K,T) of European Call prices, there
exists such a function o able to match these prices exactly. The answer turns out to be positive,

as outlined below.

Definition 4.1.1. A function o : Ry x Ry — R such that the prices of Call / Put options for
all strikes and maturities generated by model (E13) correspond exactly to a given Vanilla price

surface is called the local volatility.

Example 4.1.2. If the given option price surface (in strike and maturity) is flat, then the local
volatility is simply equal to a constant, and (E13) is nothing else than the standard Black-Scholes

model.

Lsimultaneously, Derman and Kani came up with a similar concept, but in discrete time.
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Theorem 4.1.3. Assume that E(fot |Suo(u, Sy)|2du) is finite for all t > 0, that S; admits a
continuous density p; on (0,00), and that the mapping o is continuous on (0,00) x (0,00). Then
the Call price function C(K,T) := e "TE(St — K), satisfies the so-called Dupire Equation:

2
orC(K,T) = #’T)K%KKC(K? T) — rKoxC(K,T),

for all (K,T) € (0,00) x (0,00), with boundary condition C(K,0) = (So — K)+.

Remark 4.1.4. For a given smooth surface (K,T) — C(K,T), Dupire’s equation implies that
there exists a unique continuous function oj,. defined by

OrC(K.T) +rKogC(K,T)
s 414
oo (K, T) ITK20kxC(K,T) ) ( )

for all (K,T) € (0,00) x (0,00), such that the solution to the stochastic differential equation
dSy/S; = rdt + o(t, S;)dW; exactly generates the European Call option prices C(-,T) for every
maturity T > 0.

Remark 4.1.5. The condition o(0,Sp) > 0 is a sufficient condition ensuring that the random

variable S; admits a density which is continuous with respect to the Lebesgue measure.

Remark 4.1.6. From Remark 271728, the local volatility involves the density of the stock price.
Given a model, it is not, however, guaranteed that such a density exists. Consider the example
in [B5], of the asymmetric Variance Gamma, in which the log stock price Xr, at time T', admits
the following characteristic function:

02VU2

—-T/v
E (eiuXT) — <1 — i0pu + > , for all u € R,

for some parameters v, 0,6 > 0. As u tends to infinity, a simple series expansion yields
2 —-T/v
E (eiuXT) _ <‘7 > W 2T/ Lo (u7172T/u)
3 .
Therefore, when 27'/v > 1, the characteristic function is integrable and hence X admits a con-
tinuous density. When 27/v < 1, however, the density—given explicitly in [26, Page 82]-has a

singularity at the origin, and therefore the Call price is not twice continuously differentiable.

Note that Dupire’s framework applies to continuous It6 processes of the form (E213). However,
a lot of research has been devoted to processes with jumps, and it therefore makes sense to try
and extend this definition to the discontinuous case. This is not that simple, though, and we refer

the interested reader to [25, 65, [74].

Proof. Note first that the function K ~ e~ "7(S — K), is not twice differentiable, so that 1t6’s
formula does not apply. We use here a smoothing argument to prove the Dupire equation. Let
f:R> 2+ ., and for any € > 0, define the C?>(R) function f. : R — R by

(z +¢/2)?
fe(x) = 5 MHislge/2y T tHasey2y-
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Note that f.(z) = f(x) as soon as |z| > /2, that f. converges pointwise to f as ¢ tends to zero

and that
r+e/2 1
flz) = 5 / Ljoj<e/2y + Yaseyoy  and  fl(z) = “ai<e/2y-
For 7 > 0, applying Itd’s formula to the function (¢,S;) — e " f.(S; — K) between T and T + 7
yields:
T+
¢TI Sy — ) e T L(Sr ) == [ e (S - KOs
T
TH41 1
+/ e—’rt (fgl(St — K)dSt + 502(St,t)5t2f!(5t — K)dt) .
T
Taking expectation (conditional on Fy) on both sides yields
T+t
e T TIIES, (Spyy — K) — e TES(Sp — K) = / e T (ES(S) — K) — EfL(S, — K)) dt
T

1 T —rt 2 2 ¢l
+5 e "E (02(Se, t)SEFL(S: — K)) dt,
T

where we used the fact that E (f(S; — K)o (t, S;)S:dW;) = 0. Note now that the last integral on

the right-hand side of the above equality can be rewritten as

1 [T+ 1 T+ e/2
5 / E (0%(t, S¢)SEfL (S — K)) e "dt = 5 e "t / o (t, K 4 8)(K + s)*p: (K + s)ds | dt.
T eJr —e/2

Take now the limit as € tends to zero from above in the equality, and we obtain

C<K’ T+ T) - C(K7 T) = IEIJ%I (e_T(TJ’_T)Efs(STJrT - K) - e_rTEfé(ST - K))
T+ 1 [THT
- _T/T (C(K,t) + e "E(Sls,>k)) dt + 5/T e "o (K, t)K?py(K)dt.
We have here used the fact that, for a function g, with left derivative F’ (0) and right deriva-
tive I, (0) at the origin, the following equality holds:
F(e/2) — F(—¢/2)  F.(0)+ F(0)

lim
el0 £ 2
Therefore
1 T+T1 T+T
C(K,T+71)—C(K,T)= 5/ e "o (t, K)K?py(K)dt — r/ e "B (St — K) 4 + Selgs,> k1) dt
T T
1 T+t T+t
- 5/ e "o (K, t)K?py(K)dt +/ e "'KP((S; > K)dt.
T T
Since e "P(S; > K) = -0 C(K,t) and e "'p;(K) = Ok C(K, t), the theorem follows. O

Note that Dupire’s original proof is different and relies on the fact that the density satisfies the

forward Kolmogorov (or Fokker-Planck) equation. We outline his proof below.

+oo
C(K,T) = e TE[(Sp — K)4] = e='T /K (s — K)pr(s)ds

—er [ - (br) [[av)as=e [ +°° ( / +°O pris)ds ) du
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where we used Fubini’s theorem to interchange the two integrals. Therefore

+oo
xC(K,T) = —e~'T /

—+oo
pr(s)ds = —e_TT/ Lis> kypr(s)ds.
K 0

and Ox g C(K,T) = e "I'pr(K). From this equality, we immediately deduce
orpr(K) = 0r (" 0xkC(K,T)) = re"" 0k C(K,T) + e O krC(K, T). (4.1.5)
Since pr satisfies the forward Kolmogorov equation
Orpr — %31(1( (K*0®pr) 4 0k (rKpr) =0,
where all the functions are evaluated at the point (K,T"), Equation (E1-3) then becomes
%8;(;( (KQUQGKKC’) — 0g (rKoxkC) =10k C + Org i C.
Rearranging this equation yields

1
8TKKC’ = §8KK (KQO'QGKKC) — 27‘8}{}{0 — ’I“K@KKKC

2K2
= (’9KK (0 B GKKC—TK8K0> .

Integrating both sides twice with respect to the strike K yields

02K?
2

OrC +rKogC = OkrC + arK + B,

and the boundary conditions imposed by no-arbitrage conclude the proof.

4.1.2 Local volatility via local times

The proof of Theorem B3 above followed the original Dupire approach. We now present a
different proof, using the theory of local times. Before doing so, though, we shall need a few results
on local times for continuous semimartingales. Let us first prove the occupation time formula,

which provides good intuition about the meaning of local times.

Proposition 4.1.7. Let W be a standard Brownian motion on the real line. For any x € R,
there exists an increasing family of local times (LY)¢>0 such that, for every bounded measurable

function f, we have
t
/ f(Ws)ds = / L7 f(z)de, for any t > 0. (4.1.6)
0 R

Remark 4.1.8. This proposition implies the following;:

(i) let A be a Borel subset of the real line, and let f = 14. Then the occupation time for the

Brownian motion reads

¢
/]l{WseA}ds:/]lA(x)Lfdxz/Lfdx;
0 R A
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(ii) From (E1M), we can write

1

Proof. Let f be a continuous function with compact support on R, and denote

F(z) = /_; dZ/_; fy)dy = /R(x—yﬂf(y)dy-

Clearly F belongs to C*(R) with F'(z) = [; f(y)L{z>yydy and F”(z) = f(x), and hence combining

1t6’s formula and the stochastic version of Fubini yields

F00) = [ W sdn= [ o tars [ ([ topans) s [ rovaas

which we can rearrange as

;/Ot f(Ws)ds = /Rdyf(y) ((Wt —y)+ — Wo—y)+ — /Ot 1{W.e>y}dWs> :

Setting
t

1
§L? =W =y — (Wo—y)y — / Liw, >y dWs
0

proves (E18). From this formula, one can then easily deduce the expression in Remark BTR(ii),

which in particular shows that the family (L7 );>¢ is increasing, and the proposition follows. O
This definition of local times immediately yields Tanaka’s formula for the Brownian motion:

Proposition 4.1.9 (Tanaka formula). Let W be a standard Brownian motion and LT be its local

time between O and t at the level x. Then,
! 1
Wi =)y = (Wo—a)s + | VowomdW.+ 517,
K 1
(Wt - a:)_ = (WO — .Z‘)_ - / I{ngw}dWs + §Ltz7
0
t
Wy — x| = |Wy — x| +/ sgn(Wy — 2)dW, + LY,
0
with sgn(z) =1 if > 0 and —1 if x < 0.

We can actually extend the definition and properties of local times to general semimartingales.

In the following, we let X denote a one-dimensional continuous semimartingale.

Proposition 4.1.10. For any x € R, there exists an increasing family of local times (L¥)¢>o such

that, for every bounded measurable function f, we have

/t f(X)d(X, X)), = / LY f(z)dex, for any t > 0. (4.1.7)
0 R
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As in the Brownian case, this proposition implies

1t
I =tim o /0 Voo (X2)dA(X, X,

This definition of local times immediately yields the Tanaka-Meyer formulae for continuous semi-

martingales:

Proposition 4.1.11 (Tanaka formula). Let X be a one-dimensional continuous semimartingale,

and L7 its local time between 0 and t at the level x. Then,

t
1
(Xt — J,‘)+ = (XO — JZ‘)+ —|—/ 1{X5>$}dXs + iLtm7
0

(Xe —x)- = (Xo—7)- — /Ot Iix, <o3dXs + %Lfa
| X: — x| =|Xo— x| + /Ot sgn(Xs —x)dX, + LY,
with sgn(z) =1 if £ > 0 and —1 if z < 0.
We are now able to give a rigorous proof of Theorem B3 using the machinery of local times.

Proof of Theorem F-1.3. Tanaka-Meyer’s formula applied to the semimartingale S reads

T 1 T
(St — K)y = (So— K)+ +/ Lis,>x}3dSy + 5/ ALy (5),
0 0

and integration by parts yields
T 1 /T
e—?”“]l{Su>K}dSu + 5 / e—rudLi{ (S)
0
(4.1.8)

T
e T(Sp—K), = (SO—K)+—7“/ e_"“(Su—K)+du+/
0 0

By definition of local times,

1 T T
E (2 / oTudLK (S)) - / e~ p. (K) K202 (K, u)du,
0 0

so that taking expectations (at time zero) on both sides of (ECI8), we obtain
T T
C’(I(7 T) = (SO — K)+ — 7"/ e "™E ((S’u — K)l{SuZK}) du + 7"/ e "™E (Su]l.{su>K}) du
0 0
1 T K
+3E / e THALK (8)
0
T 1 (T
=(So—K); +rK / e "P(S, > K)du + 3 / e "p, (K) K20 (K, u)du.
0 0
Differentiating with respect to the maturity 7" implies
1
orC(K,T) =rKe "TP(Sy > K) + 5e—TTpT(K)K%Q(K, 1),

and the theorem follows.
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4.1.3 Implied volatility in local volatility models

We study here how the local volatility (defined in (E14)) can be expressed in terms of the implied
volatility. As before, we let w(k,T) := o2(k,T)T denote the total implied variance at time T,
where k represents the log-moneyness. The following theorem shows a one-to-one mapping between

the Dupire local volatility and the implied volatility.

Theorem 4.1.12. If the map (k,T) — w(k,T) belongs to C*'(R,R%), then

drw(k,T)

Ufoc(kaT): g(k T) )

(4.1.9)

where the function g was defined in (Z14).

Proof. For ease of notation, we shall consider that interest rates are null, i.e. 7 = 0. For a
given (observed or computed) Call price C, by definition of the implied volatility o, the equality
C(K,T) = BS(K,T,o(K,T)) holds for all (K,T) € R} x R%. Changing the variables, we use
the notations C(k,w) = C(K,T) and the slight abuse BS(k,w) = BS(K,T,s). In these new

coordinates, the Dupire equation reads
2
~ T ~ ~
00k, 1) = P D) (9, 6k 1)~ 0,0k, 7)).

for all (k,T) € R x R% with boundary condition C(k,T") at maturity. The following identities
between the Black-Scholes Greeks are straightforward to check using (I23):

1 1 k2
8waS - —g - % + sz) 8wBS7
OrwBS = 1 k) 0,BS, (4.1.10)
2w

(Okk — Ox) BS = 20,,BS,

where of course BS and all its derivatives are evaluated at the point (k,w). Using the total rule of

differentiation, we further have

9xC = 0iBS + dpw - 9 BS,
OerC = 0k BS + 204w - O BS + (8w)” By BS + Ippw - 3 BS, (4.1.11)
drC = OrBS + Opw - 9,BS = dpw - 0, BS.

Therefore, we can rewrite the Dupire equation as

2
O0wBS - Oyw = M [6kkBS + 20w - OpwBS + (8kw)28waS + Okrpw - 0,BS — 0,.BS — 0w - 8kBS]
UZOC(]C, T) 1 k 1 1 k2 2
= IT [2 — 0w + 2 <2 - w) Opw + (8 ~ 5 + 11)2) (Opw)” + akkw} O0wBS
UIQOC(k7 T)

k 1/ 1 1 K , 1
= o n =t [1 — Ot ( -+ w2> (Opw)? + 28kkw] 9uBS,

and the theorem follows. O
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The following remarks are in order here:

e Whenever the total variance is null, we know that we are outside the support of the stock

price, so that the definition of the local volatility should obviously be taken as null as well.

e The conditions in Theorem PZ-T23 make even more sense now, as they ensure that the local

volatility is well defined and strictly positive.

e For any time ¢, the implied volatility, as seen previously, provides information about the
marginal law of the process at time ¢, but does not provide any information about transition
probabilities between two different times. Therefore given an arbitrage-free implied volatility
surface (or equivalently collection of all European Call and Put option prices), it is not
clear how one can price more exotic options, such as path-dependent ones. Using (E19),
one can compute the equivalent local volatility, and run Monte Carlo simulations. Though
very promising in theory, the local volatility map is in general difficult very sensitive to

interpolation and extrapolation of the implied volatility.

Let us draw some immediate consequences of the relation (B2I9). Suppose for instance that the
total implied variance w does not depend on the strike. Then g = 1 and the local variance reads
o2 (k,T) = orw(k,T), so that w(k,T) = OT ot (k,s)ds. From a financial perspective, this
equality means that, in the absence of skew (9yw = 0), the total implied variance is the average of
local variances. We can actually prove that for short maturity, the implied volatility is a harmonic

average of the local volatility:

Proposition 4.1.13. As the maturity T tends to zero, the implied volatility is the harmonic

-2
k
dy
w(k,T) ~ k2T /7 .
( ) ( 0 Jloc(va)>

Proof. Let X(+) denote the implied volatility, so that w(k,T) = %(k)?T. Therefore Orw = %2 +
2TY0rY, and (1) reads

average of the local volatility:

D(k)? + 2TS(k)drS (k)

2
0'1 (k, T) = 3
o¢ ko, O w)? d
(1= 508)" = 2 (G + ) + 2
Y (k)?
~ #, as T tends to zero
(1 _ k(’?kw)z
2w
2
_ ( S(k) )
- kops? |
1= 555
which is now a simple ordinary differential equation; solving it yields the required result. O

We terminate this theoretical introduction to local volatility by the following result, due to

Istvan Gyongy, which provides the theoretical background of the existence of such a framework.
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Theorem 4.1.14. Let X be an Ité process on the real line satisfying the SDE d X; = cpdt+ B dW,
where W is a standard one-dimensional Brownian motion, and « and § two adapted processes.
Then there exists a Markov process Y satisfying dY; = a(t, Yy)dt + b(t, Y;)dWs, such that X and Y

have the same marginals. Furthermore, Y can be constructed as follows:
a(t,y) = E(aw| X = y) and b (t,y) = E(B|X: = y),
for allt > 0 and all y in the support of X;.

If X is a given model, say a stochastic volatility model, then Y can be seen as the corresponding
local volatility model, which will generate the exact same European (Call and Put) option prices
for all strikes and maturities. That said, the two expectations describing a(-) and b(-) are in general

difficult to compute.

4.1.4 A special example: the CEV model

The Constant Elasticity of Volatility (CEV) model, first proposed by J. Cox [34], is a local volatility

model, in the sense that the stock price process is the unique solution
48, = oS PAw,, Sy > so. (4.1.12)

The process (S¢)i>0 is a true martingale if and only if 5 < 0, see [92, Chapter 6.4] and Theo-
rem BT T8 below. When 8 = 0, the SDE (B119) reduces to the Black-Scholes SDE, and the stock
price remains strictly positive almost surely for all ¢ > 0. Let 7 := inf{¢t > 0: S; = 0} be the first
time the process S hits the origin, and define a new process X by X; := S, 2 /(6232 (pathwisc) up
to 7. Ito formula yields dX; = ddt + 2/ X, dW;, with Xo = 29 = sazﬂ/(rﬂﬁ?) >0and § =2+1/0.
The process X is a Bessel process with ¢ degrees of freedom (and index v :=0/2 — 1 = 1/(23)),

and the Feller classification yields the following:

e If 3 =0, .5 is a geometric Brownian motion started at some strictly positive value, and hence

is always strictly positive almost surely..

e if 6 <0, ie B €[-1/2,0), the origin is an attainable and absorbing boundary. For every
t > 0, the distribution p; of X; on [0,00) has a positive mass at zero and admits a density

on the positive real line:

pe(dy) = P(X¢ = 0)do(dy) + f+(Xo, y)dy,

with

v/2
_ ! <y> exp (“””0 + y) I, (@) . forally >0, (4.1.13)
X
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where I_, is the modified Bessel function of the first kind. Note that fooo fe(Xo,y)dy =
T (71/, %) < 1, where T" is the normalised lower incomplete Gamma function I'(v,z) :=

L(v)~* foz u’~ e “du, therefore

P(X;=0)=1-T <71/, z—g) > 0. (4.1.14)

o If § > 2 (B8 > 0), the origin is not attainable and P(X; = 0) = 0 for all ¢, and

v/2
1 \/
fe(xo,9) ( Y ) exp (_mo - y) I, ( xoy> , for all y > 0, (4.1.15)

“ 2t \ 2 2t t

which integrates to one.

e If § € (0,2) (8 < —1/2), the origin is attainable, and can be specified as either absorbing
or reflecting. In order to preserve the martingale property of the process, however, only
absorption is possible (see [88, Chapter III, Lemma 3.6] for technical details about this). In
that case, the density is given by (ET13), is norm defective (does not integrate to one) and
mass at the origin is present and equal to (BEI1d). If reflection is specified, the process S is

not a martingale any longer, its density is given by (EI13) and the mass at the zero is null.

We can recast these results in terms of the original process S. Let us define the functions ¢

and v by (note the sign differences)

1 o S—Qﬁ + y—ZB S—ﬁy—,@
(p(y) = _02Btsé/2y 28—-3/2 exp (_O ,[71/ 0 ,

20232t o232t
L 172 _2p-3/2 5526 +y So’ﬂy‘ﬁ

= (N T I (= N
¥(y) 02,(%50 Y eXp 20232¢ o232t

In the CEV model, the density has the following expression ([B0, Section 6.4.1] and [27]):

»(y)dy, if € [-1/2,0) or B < —% with aborption,
2
R y ) [1og (%) + %0'21{| -
=< ——exp|—= , if =0,
rea yo/2mt P 2 ot
¥ (y)dy, if8>0o0r @< —% with reflection,

and, in the case § € [—-1/2,0) or 8 < —% with aborption specification,

P(S7=0)=1-T - so”
== 28’ 20232T )

It can be proved that, as z tends to zero, we have I,(z) ~ I'(a + 1)71(2/2)® for positive a; since
—v = 1/(2|8]), the density behaves like const x y?/#I=! as y tends to zero. Therefore the density of
the stock price explodes at the origin when 8 € (—1/2,0), and tends to a constant when 8 = —1/2,

in contrast to the previous examples (where the density vanishes at the origin).
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Remark 4.1.15. The modified Bessel functions of the first kind are the two solutions I, and K,

of the Bessel equation with parameter v:
2f(2) + 2f'(2) = (22 +v*) f(2) = 0.

They can be written explicitly as

2n

(Y z ol (2) = L(2)
L(z) = (5) 7;] 22npll(v +n + 1) and - K(z)= 2 sin(m)

X _a—1

where we recall the definition of the Gamma function I'(z) := [, 2 te™*dz, for any z > 0.

0

Remark 4.1.16. European Put option prices maturing at time T" > 0 and with strike K > 0 are
worth at inception
P(K.T) = E(K — $7)2] = KPSy =0)+ [ (1 = 5)* fa (5)ds.
(0,4-00)
Using perturbation expansions, Hagan et al. proved in [78] that the corresponding implied
volatility reads as follows:

2o | B+BB (0K 2+ 228 3252
(80+K)_5 6 so+ K 24(80+K)_2f3

o(K,T) = + O(T2)} . (4.1.16)

Exercise 4.1.17. Plot the approximation (BI18) for the implied volatility, as well as the corre-
sponding density, and discuss any arbitrage that may occur.

Theorem 4.1.18. If 3 € (—1,0], the process S is a square integrable martingale.

Proof. We only need to show here that E (fOT Sf(1+5)dt) is finite for all 7" > 0. By a localisation
argument, let us define the hitting time at level n: 7, := inf{t > 0: S; > n}. Clearly, (Siar,)i>0

is a square-integrable martingale for each n > 0, and It6’s lemma implies

TNATn TNATn T
E(S?,,. ) = si+0’E ( /0 53“*‘”&) < ’E ( /0 (1+57) dt) < o’E ( /O (1+SE.) dt) )

Recall now Gronwall’s lemma: if a function u satisfies u(t) < a(t) + fot B(s)u(s)ds and « is

increasing, then u(t) < a(t) exp (fot 5(s)ds). Therefore, with a(t) = 0%t and B(t) = o2,

TATy,
o°E ( / Sf(1+5)dt> —E(S3,, ) — 52 <?Te” T — 2,
0

and the result follows by the monotone convergence theorem. O

4.2 Stochastic volatility models

It is by now clear that the assumption of constant volatility in the Black-Scholes model is not

suitable to account for the observed implied volatility. One is therefore led to consider a more
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refined approach. We shall consider here a given filtered probability space (2, F, (F¢)i>0,P), and

we start with a time-dependent, though deterministic, volatility:
dSt/St = Tdt+0tth, S() > 0, (421)

where again r is the risk-free interest rate and W a (F;);>o-adapted standard standard Brownian
motion. By It6’s formula and integration, we immediately obtain

1/t ¢
log(S;) = log(Sp) + rt — 3 / o2ds + / o, dWs,
0 0

for any ¢ > 0. Denoting 0[20,t] =1 fot o2ds, we observe that log(S;/Sp) is a Gaussian random
variable with mean (7" — %0—[20,t]>t and variance Ufoyt]t. Therefore the price of a European Call
option with maturity 7" > 0 and log-strike x in (B2 is equal to CPS(J?,O'[OJ]). For any given
maturity, this clearly yields a flat implied volatility smile, again unable to cope with the skew

observed on the market.

4.2.1 Pricing PDE and market price of volatility risk

Consider a general stochastic volatility model (S, V') satisfying the following system of stochastic

differential equations:

dS;/S; = pedt + /VidWy, So > 0,
d‘/f = a(Stv‘/tat)dt+IB(SI‘7‘/f7t)\/Vdef7 VO > 07 (422)

where the correlation parameter p lies in (—1,1), W and Z are two Brownian motions, and the
coefficients o and (8 are such that a unique strong solution exists. In the Black-Scholes model, there
is only one source of randomness, so that one is able to replicate a given option with a dynamic
rebalancing of stocks. Here, we have two sources of randomness, so that the same argument clearly
does not apply. Consider therefore a portfolio IT := C' — AS — vV, consisting of a given option C,
some amount A of the stock price and some quantity v of another product ¥ which depends on

the variance V. It6 formula therefore implies
dll; = (LC —yLY) dt + (0;C — v0:, ¥ — A)dS; + (0,C — 70, ¥) dV4, (4.2.3)
where we define the differential operator
L= 0y JViSH0hs + pB(S1 Vi VS0 + 3 Vi (S0, Vi )00

The only sources of randomness appear in the dSt and the dV; terms in (E2233). The portfolio II
is therefore instantaneously risk-free if and only if (9;C — v9,¥ — A) = (9,C — 79, ¥) =0, e.g.

_0,C
9,0

A = 0,C — 70, ¥ and . (4.2.4)
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Under these two conditions, the risk-freeness of the portfolio is then equivalent to
dIl; = rIlidt = r (C — AS; —4¥) dt = (LC — vLT) dt,

where the last equality follows from (B=233). We can rewrite this as

(L—r+rS0)C (L—r+1rS0)V
= . 4.2.
0,C 0, U (42.5)

The only way the equality (E=23) can hold is that both sides are equal to some function —®
which depends on S,V and t. Without loss of generality, assume that this function has the form
D(s,v,t) = a(s,v,t) — ¢(s,v,t)8(s,v,t)y/v. The quantity ¢ is called the market price of volatility
risk. To understand why, consider a delta-hedged portfolio Il := C — AS, where A := 9,C. Itd’s
lemma, yields dﬁt = LCdt+ (0;C — A) dS; + 9,CdV;, and the portfolio is instantaneously risk free
if and only if

0 = dIl, — rIl,dt = £LCdt + (8,C — A)dS, + 8,CdV, — r (C — S9,C) dt
= (=®(S;, Vi, £)8,C + rC — 15,0,C) dt + 8,CdV; — r (C — S9,C) dt
= —&(5,,V,,1)9,Cdt + 9,CdV;
=— [a(s,v,t) - qb(s,ut)ﬁ(s,ut)\/ﬂ 0,C + 0,CdV;
= B(Si, Vi, )0V Va0 C (¢S, Vi, t)dt + dZy)

where, in the fourth line, we used the representation of ®, and, in the third line, the stochastic
differential equation (E=22). Therefore, ¢ represents the extra return per unit of volatility risk
dZ;. Had we started with a drift equal to @ = a — 3¢y/V; in (E222), we would have obtained the
same result but without any price of volatility risk, which explains why this new drift is called the

risk-neutral drift.

4.2.2 Arbitrage and Equivalent Local Martingale Measures

Before looking at the properties of stochastic volatility models, their pricing equations, and the
implied volatility smile they generate, let us step back temporarily and wonder about arbitrage.
We saw, in the Black-Scholes model, with the help of the Girsanov transform, how to switch from
the historical measure to the risk-neutral one, essentially by changing the drift of the stock price
process. In the case of stochastic volatility models, there are two sources of randomness—the
two driving Brownian motions—and, unless these are fully (un)correlated, this implies market
incompleteness, and the equivalent local martingale measure, if it exists, may not be unique any
longer. Consider the stochastic differential equations (B222). We are looking for two ‘market prices

of risk’ processes, v1(-) and ~2(+) such that the new probability measure Q can be written as

L= 2 _=ew {— / )z, - / a(sdzt 1 / C(n s + () ds} (4.2.6)
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and where Z1 is a Brownian motion independent of Z so that the Brownian motion W can
be written as W = pZ + pZ*, with p := ﬂ As proved by Freddy Delbaen and Walter
Schachermayer (see their recent monograph [41] for a gentle introduction as well as a collection of
the original papers), existence of a local martingale measure is equivalent to ‘No Free Lunch with
vanishing risk’. We discuss below, through two examples, whether arbitrage, in this sense, can be

taken for granted or not.

Stein-Stein model

The Stein-Stein model corresponds to the following stochastic differential equation for the stock

price process:
s,
St
do; =k(0 —oy)dt +&dZy, o >0,

= /U,tdt + O'tth, S() > 07

where k,0,& > 0, and where the two Brownian motions are uncorrelated. Using Girsanov trans-
form, let us define a new probability measure Q and a new Brownian motion W* := W + fo ~Y2(s)ds
(in the context of (B=2M), this precisely corresponds to the p = 0 case). The SDE for the stock

price then reads

ds,
?t = Mtdt + oy (th — ’VQ(t)dt) = (/J,t — ’YQ(t)O't)dt + O'tth.
t

In order to satisfy absence of arbitrage, let r; denote the instantaneous risk-free rate, then one

needs to set py — y1(t)or = 1y, €.g.
_ Ht — T
Ot '

71(2)

However, for any ¢ > 0, the support of the random variable o, is the whole real line, and hence 1 (¢)
may be undefined, meaning that no Equivalent Local Martingale Measure exists in general, leading

to immediate arbitrage.

Heston model

Let us now consider the Heston model, given by the following set of stochastic differential equations:

s,

g pedt + Ve dWy, So > 0,
t
dV, =k(0—-V,)dt +&VVidZ,, Vo= >0,
d(W,Z); = pdt,
where k,0,6 > 0, p € (—1,1). Let us now introduce two new Brownian motions Z* = Z +

Jom(s)ds and Z17 == Z+ + [ yo(s)ds, and set W* := pZ* +pZL", so that the SDE for the stock

price becomes

dsS;

5, ~udt+ VVi (pdZ, +pdZi) = (ut — (pn(t) + P2(t)) \/‘Z) dt + /V,dWy.
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In order to ensure that the discounted stock price process is a local martingale, we therefore need
to set g —ry = (py1(t) + py2(t)) VVi. Note that the Feller condition (see below in Section E=23)
ensures that the process V remains strictly positive almost surely. Heston, in his seminal paper [81],
proposes the restrication v;(t) = A/V;, for some A > 0. Under Q, the stochastic differential

equation satisfied by the variance process then reads
dV; =k (0 = V) dt + £/ Vi (dZ] — i ()de),
= (kO — (k + X)) Vi) dt 4 £/ V,d 2,

— (5_ v;) dt + &/V,dZ;, (4.2.7)

where we set K := k + A and 6 := k0/k. Regarding the second market price of risk, we obtain

1(t) = % <Hi/‘7trt — pA\/‘7t> :

In order for the Equivalent Local martingale Measure (ELMM) to exist, we need the process L

defined in (B21) to be a true martingale, e.g. E(L;) = 1 for all t > 0. Note that we can decompose

it as L = L'L?, where, for any ¢t > 0,

t 1 t
L} :=exp {/ v (s)dZs — 5/ ’Y%(S)ds} )
0 0

t 1 t
L7 :=exp {—/ Yo(s)dZE — 5 / Wg(s)ds} .
0 0

Since the variance process and the Brownian motion Z+ are independent, then clearly E(L?) = 1
and E(L;) = E(L}) for all t > 0. The proof of the existence of the ELMM rests on the following

results, which we shall prove later, albeit under a slightly different form:
Lemma 4.2.1. For any a >0, 3> —r/(262), E (exp {—th — ﬂfg Vsds}> is finite for allt > 0.

As a corollary, taking o = 0, any 3 € [—r/(2£2),0], the lemma, combined with Novikov’s
condition implies that for any |A\| < /&, E(L}) =1, and an ELMM exists.

Proposition 4.2.2. For any A >0, ¢t >0, E(L}) = 1.

Proof. Rearranging the stochastic differential equation satisfied by the variance process, we can

write, for any ¢ > 0,

t t t
/\/ \/VSdZs:2<Vt—V0+fi9/ dS—li/ Vsd$>7
0 0 0

E(L}) = exp{2 (Vo —|—/<9t)}IE <exp{_>‘€Vt _ ()\; N )\22> /Ot VSdS}) |
A

and the result follows from Lemma B2 with e = A/€ and 8 = % +

so that
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Note that we have only determined here whether there exist (at least) an Equivalent Local
Martingale Measure. The underlying stock price is a non-negative martingale, and hence a super-

martingale, but is not necessarily a true martingale under this ELMM.

Proposition 4.2.3. Assume that an equivalent local martingale measure Q exists. Then the

discounted stock price is a Q-martingale if k + A& > p€.

Proof. Let Q be such an equivalent local martingale measure, and recall that, under Q, the variance
process satisfies the stochastic differential equation (B=21). It is clear that it is enough to prove

that EQ(e™"*S;) = 1 for all t > 0. The SDE for the stock price process can be rewritten as

1 t t t .
S; = Spexp {rt 5/ Vsds+p/ VVdZ? +p/ VVedzZt }
0 0 0

Conditioning on the filtration generated by the Brownian motion Z+, we obtain

2 t t
E(S,) :Soertexp{_g/o Vsds—f—p/o \/Vst;*},

and the proposition follows directly from the analysis above. O

4.2.3 The Heston model

We now introduce the Heston stochastic volatility model, which is among the most widely used
models in mathematical finance. We shall explain later some of the reasons for this success, but

let us first describe some properties. The SDE satisfied by the log stock process X := log(S) reads

dx, = —%tht + ViAW, Xo =z €R,
AV, =k (0 —V)dt +&V/V,dZy, Vo =g >0, (4.2.8)
AW, Z), = pdt,

where k,0,£ > 0, p € [—1,1]. For ease of notation, we shall write X ~ H(k, 8, p,£,v9). We have
assumed here that interest rates are null, and fixed a priori a given equivalent local martingale mea-
sure under which the (discounted) stock price is a true martingale. The Feller SDE for the variance
process has a unique strong solution by the Yamada-Watanabe conditions (see [95, Proposition
2.13, page 291] or Theorem B123 in Chapter B). The X process is a stochastic integral of the V
process and is therefore well-defined. The Feller condition 2x6 > &2 ensures that the origin is an
unattainable boundary for the variance process. If this condition is violated, then the origin is an
attainable, regular and reflecting boundary (see [@6, Chapter 15] for the classification of boundary
points of one-dimensional diffusions). For any 0 < s < ¢, we can compute the conditional (at

time s) expectation and variance of the variance process at time ¢:

E.(V:) = Vi +E, (/:dvu) — V. +E, (/t [K(e—vu)dwg\/ﬁdzu])
=V, + k0t — 5) — KE, </:Vudu>.
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Differentiating this equation in time, we obtain

dE, (V)

S = w0 = REL(V0),

which is a simple ordinary differential equation with boundary condition E,(Vs) = Vj, so that
Eo(V;) = 0+ (Vi — f)e (=),

In particular, note that lim;so, Es(V;) = 6, so that 6 represents the long-term mean of the variance.

Regarding the conditional variance, we first apply It6’s formula to obtain
AVE = 2VidVi + d(V, V), = i (8= Vi) Vadt + £V;*%az,,
where we set 0 := 20 + €2 /K. Taking conditional expectation, we obtain

t t
E,(V?) = V2 +E, (/ quQ) = V2 +E, (/ [ﬁ (5— Vu> Vodu + gvj/Z‘dzuD

t t
= V2 + kOE, ( / Vudu> — KEq ( / Vfdu> .
S S

Differentiating in time, we obtain

dE, (V")

= KOE(V,) — KE4(V2),

u

which is again a simple ordinary differential equation whose explicit solution reads

Vo (V) = 527‘/8 (e—ﬁ(t—s) _ e—2f€(t—s)) i g (1 3 e—n(t—s))Q_

In the Heston model, the stock price is a Doléans-Dade exponential S. = SoE(V o W)., where

t 1 t
E(Vo W) :=exp </ \/ VedW, — 5/ Vsds> .
0 0

Before using the model for modelling purposes, we first need to check whether S is a true martingale.
It is a positive local martingale, hence a supermartingale, so we only need to show that E(S;) = 1

for all t > 0. The Novikov condition ensures that this is the case (see [U5, Section 3.5.D]):

Proposition 4.2.4. Let M be a (F;)-continuous local martingale and Z; := exp (M, — (M, M),),
forallt >0. IfE (exp (%(M7 M)t)) is finite, then E(Z;) =1 for all t > 0.

In the Heston case, we therefore simply need to show that E (exp(% fot Vsds)) is finite for all

t > 0; in fact, the following theorem immediately follows from Proposition B223 setting A = 0.
Theorem 4.2.5. In the Heston model, the stock price is a true martingale.

The theorem follows from the following representation of the characteristic function of the
process: for any t > 0, define the characteristic function of X; by ¢¢(u) :=E (eiuxt)7 u € R. Then
the following holds:
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Proposition 4.2.6. For any real number u, ¢:(u) = exp (iuxo + C(u,t) + D(u, t)vo) , where

. sl _
C(u’ t) = %g ((Xiu + ’Yiu)t — 210g (W)) ,

Ciu -
. . Yiut _ ]
D(u, t) := Xiut Y ( ° ) ,

62 Ciue’ym t—1

u + u
Yu =V X% - §2u(u - ]-), Qu = X i Xu =k — p&u.

Xu = Yu’
Remark 4.2.7. This representation of the characteristic function is special since its logarithm
is a linear function of the state variable xg and vg. This turns out to be more than a simple
mathematical curiosity, and falls into the realm of so-called affine models, as introduced by Duffie,
Filipovic and Schachermayer [A7]). This constitutes a large class of (multi-dimensional) Markov
models (with or without jumps), for which the characteristic function can be computed via a
system of (generalised) Riccati equations. Martin Keller-Ressel [0%] studied the behaviour of a
subclass of these, namely the affine stochastic volatility models, which are essentially the Heston
model with additional state-dependent and state-independent jumps, both in the stock price and

in the variance dynamics.

Proof. Forany £ € R,0<t < T,z € R, v > 0, define the function (¢, z,v) = E (e***7|X, = 2, V, = v).
Then Feynman-Kaé¢ lemma yields

&

v
787""5 am;
(2 wo + PEVOzy + 75

am) - gar + 5(0 - U)av + af> 1/) = 0, (429)

with boundary conditions (T, z,v) = e'“®. Let us consider a solution of the form (¢, z,v) =

O (7,v)et"®, with 7 := T — t. Equation (E229) then becomes

£ . Voo .

75‘% + (iupbv + k(0 —v)) 0, — 5 (v +iu) — 0. | @ =0,
with boundary condition ®(0,v) = 1. Assuming that there exist two functions C' and D such that
®(7,v) = exp (C(1) + vD(1)), we obtain the following system of Riccati [I29]2 equations:

u? +iu

Dlr) =S D) + (tupt — )D(r) — 5,

) 2
C(r) =&OD(1),

with boundary conditions C'(0) = D(0) = 0. It turns out that this system admits a closed-form
solution, which proves the proposition. O
A special case: the Heston-Nandi model

On Equity markets, the observed implied volatility smile is essentially decreasing, with very little

uplift on the large-strike side. Heston and Nandi [87] therefore suggested to consider a (discrete

2The original paper by Jacopo Riccati (1724), in latin, and its English translation are available at

http://www.17centurymaths.com/contents/euler/rictr.pdf
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time version of) the anticorrelated version of the Heston model, i.e. considering p = —1. In this

case, it is easy to show that the stock price is bounded above almost surely:
Proposition 4.2.8. For anyt >0, X; < xg+ %(Vo + k0t) almost surely.

Remark 4.2.9. As a corollary, the implied volatility is null above the upper bound (see Proposi-
tion ZT22 in Chapter D).

Proof. Since the correlation parameter is equal to —1, we can rewrite the Heston stochastic differ-
ential equations (A-ZH) as
1
dX; = 75‘/,5(175 “+ v/ ‘/tth, Xo=1x9 € R,
dVy =k (0 = V) dt — &V, dWy, Vo =g > 0,

so that, for any ¢ > 0,

1/t 1/t Vo + KOt tr1 ok Vi
= - _ _ _ Yo T Mt .o _ 1t
X = xo 2/0 Vsds+§/0 (k(0 — Vy)ds — dVy) = a0 + ¢ /0 (2 + £> Vids ¢

Since V; is non-negative almost surely, the proposition follows. O

Multivariate Heston model

A straightforward extension of the Heston model consists of adding several layers of volatility

processes, as follows: let n € N, and consider the unique strong solution to the following SDE:
X, =23 Va3 v Paw?, Xo =10 €R,
2 i=1

v =i (0 -V Y at-g/vPazi=1 o0 VP =) >0, (210)

dW®, 2D - = pl_jdt, i,j=1,...
d(WO, WO =d(zW,z9) =o, i,j=1,...,n,

where k = (K1,...,kn) € (0,00)", p€ (—1,1)", 0 € (0,00)", & € (0,00)", vg € (0,00)". Because

of the special structure of the correlation matrix of the Brownian motions, it can be shown that the

characteristic function E(eiuX;) can be represented as the product of standard Heston models:
n .
E (%) = [[E ("),
i=1
for any t > 0, u € R, where X ~ H(k;, 0;, p;, &, véi)), with initial condition X(()i) = 0.

Uncorrelated displaced Heston model

The uncorrelated displaced Heston stochastic volatility model is a slight modification of the un-

correlated Heston model, where the stock price process satisfies the following SDE:

dSt = (5515 + (]. — 5)50) \/thWt, S() > 0,
AV = k(0 - V,)dt + EVVdZy, Vo >0,
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where the two Brownian motions W and Z are uncorrelated, and where 8 € [0, 1] represents the
displacement parameter. Pricing under this model is equivalent to pricing under a rescaled Heston
model. Indeed, let S, = BS: + (1 — B)Sp for all ¢ > 0; then log(g) ~ H(k, %0, p, BE, Bvo).

Therefore, the price of a European Call on S with strike e® reads

E(S; —e"), = %E <§t — (1= p8)So — 5e$>+ = %E <§t - e5)+ ,

where 7 :=log ((8 — 1)Sp — fBe”).

4.2.4 Other popular stochastic volatility models
The 3/2 model
Consider the following stochastic volatility model for the logarithmic stock price process (Xt)tZO’

AX, = —%tht + Ve dW, Xo =0 >0,
AV, = kV, (0—V,)dt +¢V,*2dz,, Vo= >0, (4.2.11)
d(W,2), = pdt,
with K > 0, 0 >0, £ > 0, |p| < 1. Let us first assume that the variance process (V;);>0 never hits

the origin almost surely, and define its inverse Z; := \/rl for all ¢ > 0. By It6’s lemma, we obtain

. 2
A7, = (k+ & — k02, dt — £2}/2dW,, with Zy = vy '. Define now 7 := 6 and 0 := + & Then

the process (Z;);>0 is equal in law to the Feller diffusion defining the variance in the Heston model.

The Feller condition, s + %52 > 0, is always satisfied when x > 0. Define now the functions

294 Vo ;g
Hu :1+ r};a Bt ::70(691‘,_1)’
5 7% 6 1 " (4.2.12)
Oy 1= = 52 uv Xu = X(U) + 5527 Yu = (5‘(’121, - £2u (u - 1)) )

with y defined in Proposition ZZ@. Recall the Kummer—confluent hypergeometric—function:

M (e, p, 2) == Z (a)n£7

|
7>0 (1)n !

where the Pochhammer symbol is defined by («)g = 1 and (), :=a(a+1)---(a+n—1),n > 1.

Remark 4.2.10. If ®(x) > 0 and R(«) > 0 then M admits the following representation:

i L'(p) ' —1 —a—1
M(a, p1,iz) = B (et*Y 27/ e (1 — )P da,
(001032 =E () = 5ipt—a) /. (1-a)
where Y is a Beta-distributed random variable with parameters o and p — «.
The following lemma can be found in [27].
Lemma 4.2.11. For anyt > 0,
St () (o )
E GUXt = e“zo M Qs Huy 575 | s
(") ' () Bi&? Bi&?

for all uw € R such that the right-hand side is a well-defined real number.




4.2. Stochastic volatility models 104

The Schobel-Zhu model

Introduced in [I42], the Schobel-Zhu stochastic volatility model is an extension to non zero spot-
volatility correlation of the Stein & Stein [I47] model in which the logarithmic spot price process

(Xt);>0 satisfies the following system of SDEs

1
dX; = —gafdt + o dW, Xo=1z0 €R,
doy k(0 — o) dt + £€d 7y, oo >0, (4.2.13)
d(W,Z), = pdt,

where &, 0 and £ are strictly positive real numbers, p € [—1, 1] and W, Z are two correlated standard
Brownian motions. The volatility process (o), is Gaussian and hence the SDE is well defined.
The process (Xt)t20 is simply the integrated volatility process and hence is well defined as well.

The cumulant generating function Agz(-,t) of the process (X;);>o reads (see [94])
Asz(u,t) = Ag(u,t) + A(u,t) + B(u,t)oo, (4.2.14)
where T (k,0,p,&v9) :=H (2#;, %, p,2€, v0>. Furthermore

"‘igXu —Yu (1 —exp (_VUt))Q

B(’U,, t) = )
62 Yu 1—(uexp (_2'Yut)
2 902
,‘{,292 2X’M+ Yu v e Yu
A t) = ——= (Xu — Yu w (Yt — 2 w (Yt — 1 e Yut Xu+Yu
(u,t) 27iE (Xu =) | Xu (¥ )+ (v )+ 2e T Coo ot

where the functions x, 7, ¢ are the same as in the Heston model (Proposition E=28). It is clear from
the form of the Laplace transform that this model is not affine in the same sense as the Heston

model, but is affine on the extended state space (Xt, o?, 0t)t>0'

The ExpOU model

In the ExpOU model the variance is driven by the exponential of an Ornstein-Uhlenbeck process. It
was first introduced by Scott [143] without correlation between the stock price and its instantaneous

variance. The generalised version of it—with correlation—satisfies the following system of SDEs:

1
dXt = —ieYtdt + @th, XO = 07
dY; = k(0 —Y:)dt + wédZ;, Y, =0, (4.2.15)

with k > 0, § € R, and w > 0. However, the characteristic function is not available in closed form,

and hence the only pricing methods are numerical simulation (Monte Carlo) and finite differences.
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Linear approximation of the ExpOU model

In [21], the authors give a closed-form expression for the characteristic function, under the risk-

neutral measure, of a linear approximation of the ExpOU process (E-Z13):

1
dX; = ~3 (2L; — 14+ M) dt + Ly dWt, Xy =0,
dL; =r(y— Ly)dt +£dZ,, Lo = lo, (4.2.16)

where M is a deterministic factor ensuring that the stock price process is a true martingale and

the other parameters are as in (B2213). The characteristic function is given in [Z1, Equation 2.8].

4.2.5 Fractional stochastic volatility models

One of the key assumptions among all the stochastic (volatility) models we have seen above is that
the drivers are standard Brownian motions. As irregular as the paths might look like, Brownian
motion is a Markov process, and hence has no memory. It has long been observed, by the economet-
rics community, that the instantaneous volatility exhibits long memory, which is not compatible
with the Brownian framework (see for example the discrete-time literature on ARCH, GARCH,
FIGARCH,....). We shall briefly show here how to relax the Brownian assumption in order to allow

for more general drivers.

Fractional Brownian motion

Definition 4.2.12. A fractional Brownian motion (W;);>¢ with Hurst exponent H € (0,1) is a

Gaussian process with covariance function

Ry (s, t) = EWHWEH) = - (27 + 27 — |t — s*H).

DN | =

This process was introduced by Kolmogorov [I00] and originally studied by Mandelbrot and
Van Ness [I13]. The Hurst exponent got its name from the climatologist Hurst [85], who used it

the yearly water run-offs of the Nile river. It possesses the following interesting properties:
e there exists a version of the fractional Brownian motion with continuous trajectories.
e The paths of the fBm are Holder continuous of order H — ¢, for any ¢ > 0.

e Self-similarity: For any o > 0, ¢ > 0, the random variables a~# W and W/ have the same

distributions.

e Stationary increments: for any 0 < s < ¢, the increment W/ — WH is Gaussian with mean

zero and variance |t — s|?H.
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e When H = 1/2, the covariance function reads Ry (s,t) = min(s, ), so that W is a standard

Brownian motion. However, whenever H # 1/2, the increments are not independent.

e The sequence {WH — WH | 'n > 1} is a Gaussian stationary sequence with variance equal

to one and covariance

pu(n) = E[W{ (W — W )] = E(WHWH) —E (WHW!,) = Ru(L,n) — Ru(Lin—1)

(nQH _ |n _ 1|2H _ (n _ 1)2H + |’I’L _ 2|2H)

=H2H - 1)n*" 2+ 0 (n*" %), as n tends to infinity,

which converges to zero. In particular, if H > 1/2, the series } -, pu(n) diverges to
infinity, and the sequence {W — WH | 'n > 1} is said to have long-range dependence. On

the contrary, when H < 1/2, the series converges absolutely, and the sequence has short-range

dependence.

e The fractional Brownian motion is the only self-similar Gaussian process with stationary

increments.

Rough volatility

In [37], Comte and Renault proposed the following fractional stochastic volatility model:

dX, = ——e*dt+ e’*dB;,  Xo=0,

2 (4.2.17)

doy = k(0 —op)dt + &AW, 09 >0,

where B is a standard Brownian motion and W a fractional Brownian motion with Hurst expo-
nent H. The two Brownian motions can exhibit a correlation structure. Instead of following this
path, one could start with the simple Black-Scholes model, where the driving Brownian motion is
replaced by a fractional one. However, as proved by Rogers [I31], the process W# (and hence the
solution to the fractional SDE d.S; = S;dW/}T) is not a semimartingale whenever H # 1/2. As dis-
cussed in Chapter 0, the whole pricing framework, developed by Delbaen and Schachermayer [41]
is based on the semimartingale assumption. In fact, when the latter fails, no-arbitrage theory
essentially breaks down, thus giving no hope for a fractional version of Black-Scholes. Here, in the
fractional stochastic volatility model, the stock price remains a semimartingale, and no-arbitrage
theory carries over. Left aside for a decade, these models have recently been dug out from their
temporary graves, and Gatheral, Jaisson and Rosenbaum [71] have calibrated the model to the
S&P 500, showing that the Hurst parameter should be close to 0.11. This indicates extremely rough
paths for the volatility process, much more irregular than those of standard stochastic volatility
models, and short memory. The main drawback, at least for now, of these rough models, is the

actual pricing side, for which numerical methods are currently not efficient enough.
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4.2.6 The Uncertain Volatility Model

We have so far assumed that the instantaneous volatility of the stock price process was either
stochastic or depended directly on the asset price. In 1995, Avellaneda, Levy and Paras [G] and
Lyons [IT1] suggested a different route, later refined by Denis and Martini [#4]. Consider the

diffusion, on a given probability space (£, F, (F¢)t>o0, P),
dSt = O'tStth, S() = 1, (4218)

where W is a standard F-adapted Brownian motion. The stochastic process (o¢)i>0 is assumed
to be progressively measurable and valued in some interval A = [g,7] C [0, 00]. Let now T > 0 be
a fixed time horizon, ¢ : Ry — R, a payoff with at most linear growth, and define the following
value function:

V(t,s) := sup E [o(S7)|St = s], for allt € [0,7],s > 0. (4.2.19)
oA

From the point of view of an option seller, V() corresponds to a worst-case scenario, and clearly
super-replicates the European option with payoff ¢. Since S is a non-negative supermartingale, the
value function V inherits the growth property of ¢ and is locally bounded. This super-replicating
problem can be seen as a stochastic control problem, where the Hamiltonian reads

H(s,M):= sup {1a252M}, for all (s, M) € (0,00) x R.
]

a€la,@
We follow here the excellent book on stochastic control with financial applications by Pham [IZ3],
and in particular Section 4.6 therein. Consider first the case where the upper bound & is finite.
In that case, the Hamiltonian is finite everywhere, and clearly H(s, M) = $5(M)s*M, where
(M) := Gl{ar>0y + dlgar<oy, and the following holds.

Theorem 4.2.13. If 7 is finite, then the value function V is continuous on [0,T) x (0,00) and is

the unique viscosity solution with linear growth of the Black-Scholes-Barenblatt equation
1.
iV (s,t) + 502 (05sV (5,1)) 82055V (5,1) = 0, on (t,s) €[0,T) x (0,00), (4.2.20)
with boundary condition V (s, T) = @(s) for all s > 0.

Remark 4.2.14. When ¢ is strictly positive, existence and uniqueness of a smooth solution
to (BZ220) is guaranteed under the Cauchy boundary condition (see for instance [39] or [68] for

general results on viscosity solutions of partial differential equations).

Let us now consider the case where 7 is infinite, so that the instantaneous volatility is unbounded

above. In that case, the Hamiltonian of the control problem reads
o%s?M, if M <0,

1
H(s,M)={ *7
00, if M > 0.
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The value function defined in (E22T9) is then the viscosity solution to the following variational
inequality:

1
max {@V + §g2328SSV, BSSV} 0, for (t,s) € [0,T) x (0,0),

together with the boundary condition V (T, s) = @(s) on (0, 00), where @ is the smallest function

dominating ¢ and satisfying 9ss(s) > 0 on (0, 00) in the viscosity sense.

Theorem 4.2.15. If 7 = oo, then the value function satisfies
Vi(t,s)=E [‘5 <§T> 1S = 5} )

for all (t,s) € [0,T] x (0,00), where S is the unique strong solution to the stochastic differential
equation dgt = ggtth, starting at §0 > 0.

4.2.7 The ‘new’ generation
Local-stochastic volatility models
Variance curve models

In a series of papers, Lorenzo Bergomi proposed the following model for the dynamics of the log

stock price process:

AXf = &)+ VEDIZ,  X5=0
de(u) =eA(t,u, &) - AW,

(4.2.21)

where we normalised the initial value of the stock price and assumed no interest rate or dividend;
W a d-dimensional Brownian motion, and (Z;);>¢ is a standard Brownian motion, which may be

correlated with the components of W. The forward variance curve &.(-) is defined as

§i(u) == E [€u(u)|F] .

As e becomes small, Bergomi and Guyon showed that the price of a European option on exp(X¢)

had the following expansion:
1 1 1
P = {1 + gcmam (0p — 1) +¢* {8055 (0, — 1) + 5 (C””E)2 (0, — 1) + 50“63 (0 — 1)] } BS.

The covariance functions are given by

ot / / EXAE(),,
ot _/ dt/ / B (360,

e [l [ ”553
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Application to the Heston model

Introducing jumps

4.3 Hedging: which volatility to choose?

We have so far studied different notions of volatility. We would now like to revisit the standard
Black-Scholes Delta hedging theory in light of the following question: suppose an investor buys
an option V; (with maturity T > 0) today and delta-hedges it with some stock. The Delta
hedge quantity is computed via the Delta of the option, using the Black-Scholes formula, with
some volatility parameter. However which volatility parameter should one choose for the hedge?
Clearly, the option is bought at the implied volatility 3. We assume that the stock price process

(St)¢>0 is the unique strong solution to the following stochastic differential equation:
dSt/St :Mdt+Jth, S() >O,

where o represents the actual realised volatility, and u the actual realised drift. Let us first assume
that the hedge is performed using the realised volatility o. At inception of the contract, the investor
buys the option, sells a quantity Ag of the stock, having a cash position worth —V; + AgrS, where
we denote by Ag (resp. A;) the Black-Scholes Delta computed with the realised volatility o (resp.
with the implied volatility ). Over a short period of time, the dynamics of the P&L reads

dP&L = dV; — ApdS — 7 (Vi — ARS) dt, (4.3.1)

where r represents the risk-free interest rate over the period. Note that, had the investor bought the
option at the volatility price o, then d P& L would be null, namely dVg — ArdS —r (Vg — ARrS) dt.

Plugging this expression in the P&L equation, we obtain
dP&L = dV; — dVg — r(V; — Vg5)dt = e"'d [e_”(Vi — VR)] ,
so that the present value of the P&L reads
T
PV(P&L) = / e "dP&L = Vi - V;. (4.3.2)
0

This in particular implies that the final P&L is known and deterministic as soon as we know the
realised volatility o.

Let us now consider a more dynamic version of this result. It6’s lemma reads
1
dP&L = (@dt + A;dS; + 202Fi5t2dt) — ARdS; —r(V; — AgS;)dt

- (91- + ;JQFfo) dt + (A; — Ag)dS; — r(V; — AgSy)dt

%r?sf (0% =) dt + (A; — Ag) [(1 — 7)Sedt + 05, dW]
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where 6; and I'; respectively represent the Theta and the Gamma of the option computed in the
Black-Scholes model with the implied volatility 3. The third line follows from the Black-Scholes
equation ¢; = —3%2S?T; + rV; — rSiA;. Note that, even though (Equation (E232)) the final P&L
is deterministic, its differential increments are random.

Let us now assume, in this dynamic framework, that the hedging is performed using the implied
volatility ¥ rather than the realised volatility . The dynamic equation (E=31) then reads dP&L =
dV; — A;dS — r (V; — A;S) dt. Applying It6’s formula again, we obtain

1
dP&L = <9idt + A;dS; + 202FiSfdt> — AdS; —r(V; — A;Sy)dt
1
- irisf (0% — %) dt,

where we, again, used the Black-Scholes partial differential equation satisfied by V;. Therefore the
present value of the P&L is worth

T

PV (P&L) = % / TS (0% — $2) dt.
0

4.3.1 Application to volatility arbitrage

See for example the report and slides of the Mid-term project ‘Volatility Arbitrage in Delta Hedging’

(available on the course webpage).

4.4 Put-Call symmetry

We are interested here in the symmetry arising between European Put options and European Call
options. Note that this is different from the standard Put-Call parity. We will in particular see

how this symmetry property informs us about the properties of the implied volatility smile.

4.4.1 Black-Scholes

Consider the Black-Scholes model dS;/S; = rdt + odW; with Sy > 0. Since the discounted process
(e7"S})t>0 is a true martingale, then we can define—via the Radon-Nikodym derivative—a new

probability measure P* by

dp* S, o2
= = ——t W ).
aP |, = Seert eXp( gt te t>

Using the Girsanov change of measure and the fact that W;* := W, — ot is a standard Brownian

. . S2 _ * 1 2
motion under P*, we obtain that eQTtS—i = Spe= Wi +(r=399t hag the same law under P* as S,
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under PP. Therefore

B B K S (SoerT)Q (SoerT)Q
BS(K,T,0) :=¢ ""E(S7 — K)y =e " T _
S( ) 70) e (ST )+ € SoerT SoerT ( K St N
_ K (SoeTT)z 1.2 *
_ rT E* o (r—50°)T+oWr
e SoorT ( 7 Soe N
K (SoerT)Q
= P T .
SoeTT BS ( K 4,0

Using the change of coordinates z := log(K/Sy) — rT', the above expression reduces to

Cps(z,T,0) = " Pag(—x, T, o). (4.4.1)

4.4.2 Stochastic volatility models

We now look at the implications of the above symmetry in the framework of stochastic volatility
models. Let us therefore assume that the discounted stock price (e7"*S}),~, is a true martingale
under a given risk-neutral measure P. This process is no longer restricted to the Black-Scholes

framework and follows the dynamics

dSt/St = rdt —+ Etth, S() > 0,
dgi = b(t, Xo)dt + a(t, X1)dBs, & >0, (4.4.2)
d(W,B), = pdt,

where W and B are two correlated Brownian motions (p € (—1,1)), and the coefficients b and a
are such that a unique strong solution exists. A similar analysis holds, but the process (S} )i>0
defined pathwise by S} := e?"!S2/S;, which is a true martingale under P* does not necessarily have
the same law as S under P. Still, the equality é(x,T) = eIJB*(—x,T) holds. Since the implied

volatility or(z) satisfies the equation C(z,T) = Cps(z, T, or(z)), using (EZ), we also obtain the

~. 5262rT - 5262rT
P ( OK ,T)PBs( OK ,T,O’T(K)>.

equality

The Put-Call parity therefore implies

. 2.2rT - 2.2rT
C* < O;( aT> = CBS (SOE( aTvo—T(K)> )

and hence op(K) is also the implied volatility corresponding to a (European) Call option with

ﬁ in the transformed model under P*: 5(z,T) = ¢*(—=z,T).

strike

This analysis, developed in [I27], is particularly revealing when one consider the case of an
uncorrelated stochastic volatility model, where p = 0. Indeed, in that case, the law of the stochastic
volatility process £ remains unchanged under P*,| so that the law of S* under P* is the same as
that of S under P. In particular this implies that o(x,T) = o(—=z,T) for any x € R and T > 0,

i.e. the smile is symmetric.
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4.5 Link with the Skorokhod embedding problem

Consider the diffusion process dS; = 05;dWy, starting at Sy > 0, on some given probability
space (Q, F, (Ft)i>0,P), where (0¢)>0 is F-adapted. Denote by V; := (S); the quadratic variation
process of S and let M; := S; — Sy. We assume that ¢ is such that S is a true P-martingale, so

that the Dambis-Dubins-Schwartz theorem implies that the process (B;);>o defined pathwise by

By := Mint{u:(M). >t}

is a Brownian motion such that M; = Bp), = Bs), and hence S; = Sy + By, -

¢

Consider now an option written on both the stock price and the realised variance, with pay-
off ®(Sp,Vr) at some maturity 7' > 0. Given that no assumption has been made no the pro-
cess (0¢)t>0, it is in general not possible to determine an exact price; however, bounds can be
determined as follows.

sup E®(Sp, V) = supED ((S)T, So + B<M>t) = sup E® (1,50 + B;) .
- o 7,F B —stopping time

A similar statement obviously holds for the infimum. However, these bounds are usually too large
to be useful (in the case of the variance swap, for instance, they yield the interval (0, 00)). In order
to refine this approach, one can add market constraints, namely that, at maturity 7', the law of
the underlying S — Sy is known, say pr. Note that this law is fully determined by the knowledge
of all European Call and Put options maturing at 7. The new problem then reads

sup Eq)(Ta SO + BT)7
7,F B —stopping time (451)

subject to B, ~ pir.
This is reminiscent of the original Skorokhod Embedding Problem:
Given a measure p such that [ xp(dz) =0 and fac2u(dx) < 00, find a stopping time T

with E(T)oo, such that B, ~ p, where B is a standard Brownian motion.

This was first proposed by Skorokhod in 1964 (see [145] for an English translation), and many
solutions, with different properties, have been proposed since. We refer the reader to the excellent
survey paper [[22] for details about these solutions. One of the simplest solutions is that of

Hall [i79]: let U and V denote two random variables with joint law p given by

ul+v
ot dv) = " (@)oo,

where a = fooo zp(dz) is well defined by assumption. We now show that the stopping time
T:=1inf{t > 0: B, ¢ (U,V)} satisfies the Skorokhod embedding problem. For u < 0, we have

P(B; € du) = /

P(U € du,V € dv)P(B; € du|U € du,V € dv) = / ,o(du,dv)L = p(du).
[0,00)

[0,00) lul +v
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Furthermore,

E(r) = E[E(r(U, V)] = /_ OOO /0 h p(du,dv)( wo | vt ): /R 2 p(du),

luf +v Jul +v

which is finite by assumption; we have used here the martingale stopping theorem applied to the
martingale process (B? — t);>0. Note that this solution satisfies indeed Skorokhod embedding
problem, but may not solve our optimisation problem (EZ5).

Rost [137] proposed a different solution, with nicer optimality properties.



Appendix A

Miscellaneous tools

A.1 Essentials of probability theory

We provide here a brief overview of standard results in probability theory and convergence of
random variables needed in these lecture notes. The reader is invited to consult [[53] for instance

for a more thorough treatment of the subject.

A.1.1 PDF, CDF and characteristic functions

In the following, (2, F,P) shall denote a probability space and X a random variable defined on it.
We define the cumulative distribution function F : R — [0,1] of S by

F(z) =P(X <x), for all x € R.

The function F is increasing and right-continuous and satisfies the identities IEr_noo F(z) =0 and
xll)n;o F(z) = 1. If the function F is absolutely continuous, then the random variable X has a
probability density function f : R — R, defined by f(x) = F’'(z), for all real number . Note that
this in particular implies the equality F'(x) = ffoo f(w)du. Recall that a function F': D C R — R

is said to be absolutely continuous if for any € > 0, there exists é > 0 such that the implication
S bn—an <6 = > |F(by) — Flan)| <6

holds for any sequence of pairwise disjoint intervals (a,,b,) C D. Define now the characteristic

function ¢ : R — C of the random variable X by
p(u) :=E (e*X).

Note that it is well defined for all real number w and that we always have |¢(u)| < 1. Extending
it to the complex plane (u € C) is more subtle and shall be dealt with in Chapter ??, along with

some properties of characteristic functions.

114
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A.1.2 Gaussian distribution

A random variable X is said to have a Gaussian distribution (or Normal distribution) with mean

1 € R and variance 02 > 0, and we write X ~ N (,u, 02) if and only if its density reads

1 1
f(x) = exp (— (x— u)2> , for all z € R.
oV 2T 2

For such a random variable, the following identities are obvious:
iuX . 1 2 2 uX 1 2 2
E (e ) =exp | ipu — iu o, and E (e ) =exp | pu + iu o),

for all u € R. The first quantity is the characteristic function whereas the second one is the Laplace
transform or the random variable. If X € N (,u,aQ), then the random variable Y := exp(X) is

said to be lognormal and

E(Y) = exp (,U + ;02) and E (YQ) = exp (2,u + 202) .

A.1.3 Miscellaneous tools

Lemma A.1.1 (Fatou’s lemma in analysis). Let (fn)nen be a sequence of non-negative mea-
surable functions on a given measure space (S,%, ), and define the pointwise limit f(x) =

liminf, 4o fru(x) for allx € S. Then f is also measurable and

/f <hm1nf/fn

Lemma A.1.2 (Fatou’s lemma in probability). For a given family of non-negative random vari-
ables (Xp)nen defined on a probability space (Q, F, (Fi)e>o0,P), the following inequality holds, for
any sub o-algebra G C F:

E (Hrr%iann

) < lirr%inf]E (X,1G).

Lemma A.1.3 (Reverse Fatou’s lemma). Let (fn)nen be a sequence of non-negative measurable
functions on a given measure space (S,3, ). If there exists an integrable function g such that
|fr(2)| < g(z) for alln € N and all x € S, then
limsup/ fr(x)pu(dx) S/limsup fr(x)p(dr).
ntoo JS S nfoo

Lemma A.1.4 (Dominated convergence). Let (f,)nen and (gn)nen be two sequences of measurable
functions on a given measure space (S, u), such that |fn| < gn. Assume that there exist two
measurable functions f and g such that, for all x € S,

}LiTrgo fn(x) = f(2), lim g,(z) = g(=), lim [ g, (z)p(dz) = / g(z)pu(dz),

ntoo ntoo Jg S

then hm fn p(dz) / fz
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A.2 Convergence of random variables

We recall here the different types of convergence for family of random variables (X,,), -, defined
on a probability space (Q, F,P). We shall denote F,, : R — [0,1] the corresponding cumulative
distribution functions and f, : R — R, their densities whenever they exist. We start with a

definition of convergence for functions, which we shall use repeatedly.

Definition A.2.1. Let (hy),>; be a family of functions from R to R. We say that the family
converges pointwise to a function » : R — R if and only if the equality liTm hn(z) = h(z) holds for
n|Too

all real number x.

Convergence in distribution
This is the weakest form of convergence, and is the one appearing in the central limit theorem.

Definition A.2.2. The family (X,),., converges in distribution—or weakly or in law—to a
random variable X if and only if the family (£7,), -, converges pointwise to a function F' : R — [0, 1],
i.e. the equality

lim F,,(z) = F(z),

ntoo
holds for all real number z where F' is continuous. Furthermore, the function F' is the CDF of the

random variable X.

Example A.2.3. Consider the family (X,,) n>1 such that each X, is uniformly distributed on the
interval [O,n_l]. We then have F,(x) = nal{zcp,1/n)y + L{z>1/n}- It is clear that the family of
random variable converges weakly to the degenerate random variable X = 0. However, for any
n > 1, we have F},(0) = 0 and F'(0) = 1. The function F' is not continuous at 1, but the definition
still holds.

Example A.2.4. Weak convergence does not imply convergence of the densities, even when they

exist. Consider the family such that f,(z) = (1 — cos (2mnz) )]l{xe(O,l)}~

Even though convergence in law is a weak form of convergence, it has a number of fundamental
consequences for applications. We list them here without proof and refer the interested reader

to 9] for details

Corollary A.2.5. Assume that the family (Xn)nzl converges weakly to the random variable X.
Then the following statements hold

o lim, 100 E (R(X,,)) = E (h(X)) for all bounded and continuous function h.
o lim, 100 E (R(X,,)) = E (h(X)) for all Lipschitz function h.

o lim, oo P (X, € A) =P (X € A) for all continuity sets A of X.
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e (Continous mapping theorem). The sequence (h(Xy)),~, converges in law to h(X) for every

continuous function h.

The following theorem shall be of fundamental importance in many applications, and we there-

fore state it separately.

Theorem A.2.6 (Lévy’s continuity theorem). The family (Xn)p>1 converges weakly to the random
variable X if and only if the sequence of characteristic functions ¢, converges pointwise to the
characteristic function ¢ of X and ¢ is is continuous at the origin.

Convergence in probability

Definition A.2.7. The family (X,,), -, converges in probability to the random variable X if, for
all € > 0, we have

lim P (| X, — X| >¢)=0.

ntoo
Remark A.2.8. The continuous mapping theorem still holds under this form of convergence.
Almost sure convergence

This form of convergence is the strongest form of convergence and can be seen as an analogue for

random variables of the pointwise convergence for functions.

Definition A.2.9. The family (Xn)n21 converges almost surely to the random variable X if

P(lian:X> =1.

ntoo
Convergence in mean

Definition A.2.10. Let r € N*. The family (X,),>, converges in the L" norm to the random

variable X if the r-th absolute moments of X,, and X exist for all n > 1 and if

lim E (| X, — X|") =0.

ntoo
Properties
e Almost sure convergence implies convergence in probability.
e Convergence in probability implies weak convergence.
e Convergence in the L" norm implies convergence in probability.

e For any r > s > 1, convergence in the L” norm implies convergence in the L® norm.
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A.2.1 Central limit theorem and Berry-Esséen inequality

Let (X;)i=1....n form a sequence of independent and identically distributed random variables with
finite mean y and finite variance 0 > 0, and define the sequences of random variables (Yn)nzl

and (Z,)n>1 by

X, = ZXi and Ly 1= for each n > 1. (A.2.1)

Recall now the central limit theorem:

Theorem A.2.11 (Central limit theorem). The family (Zy),~, converges in distribution to a

Gaussian distribution with zero mean and unit variance. In particular for any a < b, we have

iiTrglOIP’(Zn € [a,b]) = N(b) — N(a).

The central limit theorem provides information about the limiting behaviour of the probabilities,
but does not tell anything aboug the rate of convergence or the error made when approximating
the Gaussian distribution by the distribution of Z,, for n > 1 fixed. The following theorem, proved

by Berry [[7] and Esséen [bZ] gives such estimates

Theorem A.2.12. Assume that E (| X|®) < co. Then there exists a strictly positive universal (i.e.

independent of n) constant C such that

sup [P (Z, < z) = N(2)] < NG

Xy — ul?
where p :=E <|13H|>
o

A.3 Uniformly integrable random variables

Definition A.3.1. The family of random variables (X, ),en is said to be uniformly integrable if
Il(lggosglp]E(anllanl > K)=0.

The motivation underlying this notion can be seen through the following example: consider
a random walk (Sy,)n>0 with So = 1, Sp41 = S, + &, where (&,),, is a family of independent
Bernoulli trials taking values in {—1,1} with equal probability. Define now the stopping time
7 := inf{n : S, = 0} and the family (X,,), by X,, := Sran. Then (X,,),>0 is a non-negative
martingale which converges almost surely to a finite limit X; in particular, P(X,, = 0) = 1.
However, E(X,,) = E(Xy) = 1 for all n > 0, so that the family (X,,),>0 cannot converge in L.
Uniform integrability turns out to be the precise notion needed to ensure such convergence, as

outlined in the following theorem.

Theorem A.3.2. If the family (X, )n>0 converges in probability to the random variable X o, then

the following are equivalent:
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(i) the family (X, )n is uniformly integrable;
(ii) (Xpn)n converges to Xo in L;

(i) Timptoo B|X,| = E|Xoo| < 0o.

A.4 Other stochastic analysis results

Lemma A.4.1 (Doob-Dynkyn Lemma). For any two random variables X,Y : @ — R", Y is

o(X)-measurable if and only if there exists a Borel measurable function f : R™ — R™ such that
y=f(X).
Theorem A.4.2 ((Version of the) Martingale Convergence Theorem). If X € LY(P) and (Gpn)n>1

an increasing family of o-algebra in F, then

liTm E(X|G,) =E | X| \/ Gn |, P-almost everywhere and in L*(P).
ntoo n>1



Appendix B

Kolmogorov equations

Consider a one-dimensional diffusion (Xy);>o defined on a given probability space (2, (F;)i>o0,P),
and satisfying the stochastic differential equation dX; = b(t, X;)dt 4+ o (t, X;)dW;, where Xo =z €
R and W is a standard (F;);>o-adapted Brownian motion. The coefficients b and o are such that a
unique strong solution exists. For any 0 < s < t and any (z,y) € R?, we let its probability density

function p(s,z;t,y) be defined as
P, (X € dy) = p(s, z;t,y)dy.
Then p satisfies the backward Kolmogorov equation

Osp + %02(5, 2)0pzp + b(s,2)0xp = 0,

(B.0.1)
liglp(s, z;t,y)dy = 0,(dy).
and the forward Kolmogorov equation
3ip — 30yy (0 (t,y)p) + 8y (b(t,y)p) = 0,
2 yy( ) Y (B.0.2)

ligtlp(s, z;t,y)dy = 0, (dy).
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Appendix C

Spanning European payofts

Consider a C? function f : R — R and some constant F' > 0. By the fundamental theorem of

calculus, we have
s F
£5) = $F) + Lsory [ Flw)du = Ysery [
F s
S u F F
= f(F) +]l{5>p}/F {f’(F) Jr/F f”(v)dv} du—]l{S<F}/S —/u f"(v)dv] du

S S F v
= F(F) + ' (F)(S — F) + Lsop /F / F@)dudy + Lisop /S /S £ (v)dvdu

S F
= F(F) + [ (F)(S — F) + 1sorm /F F@)(S —v)dv + Lsopy /S (@) — S)dv

= F(F) + ' (F)(S — F) + Lsop /F T ) —v)pdv + Lgser / F(w) (v — 8)+dv
(C.0.1)

The following two cases are of particular financial importance:

e if ' =0, then the expression above reduces to

£(8) = £(0) + S0 / F'@)(S — v)4dv,

which means that the option with payoff f(S) can be replicated by f(0) invested in bonds,
£/(0) shares and an infinite strip of call options, each with strike v and in quantity f”(v);

o if ' =S5, then the formula above reads

f(S) = [f(So) — Sof'(So)]+Sf’ (50)+1{S>So}/ [ (v)(S— U)+dv+1{s<50} f”( )(v=>S) 4 dvdu,

so that the option with payoff f(.S) can be replicated with bonds, stocks and European Calls
and Puts.
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