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1. (i) Consider lim
λ→∞

∫ λ

3

x−3/2dx = lim
λ→∞

[
−2 x−1/2

]λ

x=3
= lim

λ→∞

[
2(3)−

1
2 − 2 λ−

1
2

]
= 2 (3)−

1
2 .

(ii) Substsituting t = x− 1 , integral =
∫ 1

0

t−2/3 dt so consider

lim
ε→0

∫ 1

ε

t−2/3 dt = lim
ε→0

[
3 t1/3

]0

ε
= lim

ε→0

(
3 − 3 ε1/3

)
= 3 .

(iii) Consider lim
ε→0

∫ 1

ε

lnx dx = lim
ε→0

[x lnx − x]1ε = lim
ε→0

(ln 1− 1− ε ln ε + ε) = −1 .

(iv) Consider lim
λ→∞

∫ λ

1

lnx dx = lim
λ→∞

[x lnx − x]λ1 = lim
λ→∞

{λ(lnλ− 1)− ln 1− 1} ,

which does not exist finitely, so the integral diverges.

(v) Consider lim
λ→π/2

∫ λ

0

tanx dx = lim
λ→π/2

[− ln | cos x|]λ0 = lim
λ→π/2

{− ln | cos λ| + ln 1} ,

which does not exist finitely, so the integral diverges.

2. (i) 0 , since sinhx3 is an odd function.
(ii) 2

5 (1− e−15) . The integrand is even, so integral = 2
∫ 3

0
e−5x dx .

3. Length =
∫ 1

0

{
(dx)2 + (dy)2

}1/2 =
∫ 1

0

{
1 +

(
dy
dx

)2
}1/2

dx =
∫ 1

0

{
1 + sinh2 x

}1/2
dx

=
∫ 1

0
coshx dx = sinh 1 .

4. dy
dx = x

2 −
1
2x so length =

∫ 3

1

{
1 + x2

4 − 1
2 + 1

4x2

}1/2

dx =
∫ 3

1
1
2x

{
x4 + 2x2 + 1

}1/2
dx

=
∫ 3

1
1
2x

{
x2 + 1

}
dx =

[
x2

4 + 1
2 lnx

]3

1
= 2 + 1

2 ln 3 .

5. Length of the cable =
∫ 2L

0

{
1 + (y′)2

}1/2

dx . y′ = 2H
L2 x − 2H

L = 2H
L

(
x
L − 1

)
.

Hence length =
∫ 2L

0

{
1 + 4

(
H
L

)2 (
x
L − 1

)2
}1/2

dx .

Substitute sinh u = 2
(

H
L

) (
x
L − 1

)
so coshu du =

(
2H
L2

)
dx , giving length

=
L2

2H

∫ u0

−u0

cosh2 u du , where sinhu0 =
2H

L
,

=
L2

4H

∫ u0

−u0

(1 + cosh 2u) du =
L2

2H

[
u +

1
2

sinh 2u

]u0

−u0

=
L2

2H

{
sinh−1 2H

L
+

2H

L

(
1 +

4H2

L2

)1/2
}

=
L2

2H
sinh−1 2H

L
+ (L2 + 4H2)1/2 . P.T.O.



Putting ε = 2H/L , length

=
L

ε
sinh−1 ε + L (1 + ε2)1/2 =

L

ε

(
ε− ε3

3!
+ . . .

)
+ L

(
1 +

ε2

2
+ . . .

)
= 2L +

Lε2

3
+ . . . ≈ 2L

{
1 +

2
3

(
H

L

)2
}

.

6. Length =
∫

ds =
∫ {

(dx)2 + (dy)2
}1/2

=
∫ π

0

{(
dx

dθ

)2

+
(

dy

dθ

)2
}1/2

dθ

=
∫ π

0

{
(1 + cos θ)2 + (− sin θ)2

}1/2

dθ =
∫ π

0

21/2 (1 + cos θ)1/2
dθ

=
∫ π

0

2 cos(θ/2) dθ = 4 [ sin(θ/2) ]π0 = 4 .


