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ABSTRACT. We construct a moduli space Y*7 of Kisin modules with tame descent datum 7 and
with p-adic Hodge type < u, for some finite extension K/Q,. We show that this space is smoothly
equivalent to the local model for Resk /g, GLn, cocharacter {p}, and parahoric level structure. We
use this to construct the analogue of Kottwitz-Rapoport strata on the special fiber Y*7 indexed

by the p-admissible set. We also relate Y7 to potentially crystalline Galois deformation rings.

REsuME. Nous construisons un espace de modules Y*7 de modules de Kisin avec donné de des-
cente modérée 7 et type de Hodge p-adique p, pour une extension finie K/Qp. Nous démontrons
une équivalence lisse entre Y7 et le modele local pour la restriction de scalaires Resx/q, GLn,
co-charactére {u} et structure de niveau parahorique. Cette équivalence est ensuite utilisée pour
construire I'analogue de la stratification de Kottwitz-Rapoport sur la fibre spéciale de Y*'7 | para-
métrée par I'ensemble des éléments p-admissibles. Nous décrivons aussi la relation entre Y*7 et

I’espace de déformations galoisiennes potentiellement cristallines.
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1. INTRODUCTION

Let K/Q, be a finite extension. Kisin [Kis06] showed that the category of finite flat commutative
group schemes over O killed by a power of p is equivalent to the category of Breuil-Kisin modules
of height < 1. While the former do not naturally live in families, one can work with Breuil-Kisin
modules with coefficients and study their moduli. The landmark paper [Kis09a] uses moduli of
Breuil-Kisin modules to construct resolutions of flat deformation rings with stunning consequences
for modularity lifting theorems and applications to the Fontaine-Mazur conjecture. The main result
of [Kis09a] is a modularity lifting theorem in the potentially Barsotti-Tate case. One of the key
points is a rather surprising connection to the theory of local models of Shimura varieties. Kisin
showed that the singularities of the moduli space of Breuil-Kisin modules of rank n (with fixed
p-adic Hodge type) could be related to the singularities of local models for the group Resg 10,GLn
(with maximal parahoric level) which had been studied by [PRO5].

Kisin’s result is globalized in [PR09], where Pappas and Rapoport construct a global (formal)
moduli stack X*# of Kisin modules with p-adic Hodge type u € (Z")Hom(K Q). They link the space
XH via smooth maps with a (generalized) local model M (p). When p is non-minuscule, M (p) is
not related to any Shimura variety but is nevertheless known to have nice geometric properties by
work of Pappas-Zhu [PZ13] and of the second author [Lev16]. M (u) is constructed inside a mixed
characteristic version of the Beilinson-Drinfeld affine Grassmannian. As a result, the nice geometric
properties of M (p) transfer to the global moduli stack X*.

While the connection between moduli of Breuil-Kisin modules and local models suffices for prov-
ing modularity lifting theorems in the potentially Barsotti-Tate case, it doesn’t seem capture some
of the more subtle aspects of the geometry of local deformation rings. These more subtle aspects
are connected to the (geometric) Breuil-Mezard conjecture [BMO02, [EG14], to the weight part in
Serre’s conjecture [BDJ10, [GHS| and to questions about integral structures in completed cohomol-
ogy [Brel2l [EGSI5|. Therefore, there is considerable interest in generalizing the results of Kisin and
Pappas-Rapoport. This paper extends the relationship with local models to the case of Breuil-Kisin
modules equipped with tame descent data.

We explain the connection to integral structures in completed cohomology. One of the few
situations where we have explicit presentations of local deformation rings is the case of tamely
Barsotti-Tate deformations rings for GLg. Set G := Gal(K/K) and let Ixx C G be the inertia
subgroup. When K/Q, is unramified and 7 : Ix — GL2(A) is a (generic) tame inertial type,
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then [Brel2l BM14l [EGS15] explicitly describe the potentially Barsotti-Tate deformation ring R}; T
for any p : Gxg — GL2(F). These computations provided evidence for the Breuil-Mézard conjecture
and led Breuil to several important conjectures [Brel2|. Perhaps the most striking is the precise
conjecture about which lattices inside the smooth GLy(Of )-representation o(7) (determined by 7
via inertial local Langlands) can occur globally, in completed cohomology. Breuil’s conjectures were
proved by Emerton-Gee-Savitt [EGSI5| using the explicit presentations of tamely Barsotti-Tate
deformation rings.

In more general situations (K /Q, ramified or p non-generic), one cannot hope for such an explicit
presentation. In this paper, we construct for arbitrary K/Q, and GL,, resolutions of tamely
Barsotti-Tate deformation rings whose geometry is related to that of local models for Resg /g, GLn
with parahoric level structure. These resolutions are related to the moduli of Breuil-Kisin modules
with descent data. The level structure is determined by the tame inertial type 7. For example,
if 7 consists of distinct characters, then the local model will have Iwahori level structure, whereas
the local models of [Kis09al [PR09], which have trivial descent data, always have maximal parahoric
level.

Our perspective in this paper is largely global, in the spirit of [PR09]. Motivated by the moduli
stack of finite flat representations of G constructed by [EG], we study moduli stacks Y#7 of Kisin
modules with tame descent data and p-adic Hodge type p € (Z")Hom(K’@P). We can consider a
moduli stack of Kisin modules as above, but in addition equipped with an eigenbasis compatible

with the descent datum; we call this space YR,

Theorem 1.1. There exists a moduli stack Y7 of Kisin modules with tame descent data and p-adic

Hodge type u, which fits into the diagram

y T

>N
M(p)

where M (u) is the Pappas-Zhu local model [PZ13] [Lev16] for (Resg/q,GLn, i) at parahoric level

(determined by 7) and both 7 and ¥ are smooth maps.

Yl'l/77-

Remark 1.2. The key step in the construction of the local model diagram is encoded in diagram B.11
We decompose a Kisin module (9, ¢) according to the descent datum and then study the inter-
actions between the images of ¢ on different isotopic pieces. This is reminiscent of the classical

definition of local models which involves lattice chains.
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Remark 1.3. The main idea behind constructing the local model diagram in Theorem [Tl comes by
observing that there is a correspondence between having descent datum from the ramified extension
L down to K and having a parahoric level structure defined over K. This relationship also appears
in the theory of vector bundles over a curve, where a vector bundle with descent datum over a
ramified cover of a curve corresponds to a parahoric vector bundle over the curve.

For example, the paper [MS80] studies the case of vector bundles over smooth projective curves
X over C. Assume X has genus > 2. There exists a simply connected covering of X ramified at
a finite set of points (the points and their ramification indices can be prescribed in advance) and
this covering can be identified with the upper half space H. We can identify X = H/m, where 7
is a group of automorphisms of H which does not act freely on H. Giving a vector bundle of rank
n on H with descent datum to X amounts to giving the trivial rank n bundle on H together with
a homomorphism © — GL,(C) which induces an action of 7 on the trivial bundle. The invariant
direct image under the projection to X gives a vector bundle on X together with a so-called parabolic
structure. The parabolic structure consists of assigning a flag and a set of weights to the fibre at
every ramification point. This construction gives an equivalence between the category of vector
bundles on H with descent datum to X and the category of vector bundles on X with parabolic
structure and with rational weights.

We also note that the more recent paper [BSI5] extends the results of [MS80] to the case where

the structure group is a semisimple simply-connected algebraic group over C (rather than GLy,,).

In joint work in preparation with Emerton, Gee and Savitt [CEGS], the first author constructs a
moduli stack of two-dimensional, tamely potentially Barsotti-Tate Gi-representations and relates
its geometry to the weight part of Serre’s conjecture. In this case, the stack Y*7 will be a rel-
atively explicit, partial resolution of the moduli stack of Gi-representations. The nice geometric
properties that Y#7 inherits from the local model diagram turn out to be key for understanding
the geometry of the latter moduli stack. From this perspective, the present paper and the paper in
preparation [CEGS| clarify the geometry which underlies a possible generalization of Breuil’s lattice
conjecture in the ramified setting.

In another direction, the local model diagram above allows us to define the analogue of Kottwitz-
Rapoport strata inside the special fiber of Y#7. For example, if K = Q,, we get locally closed
substacks ?5}’7 of the moduli space of mod p Kisin modules with descent datum Y"" indexed by
certain elements w in the Iwahori-Weyl group of GL,,, the so-called p-admissible elements defined
by Kottwitz and Rapoport (cf. [PZ13] (9.17)]).

Definition 1.4. A Kisin module 9% € Y7 (F,) is said to have shape (or genre) w.
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This generalizes the notion of genre which is crucial in [Brel2] and more recently [CDMI6al in
describing tamely Barsotti-Tate deformation rings for GLo.

While Kisin’s resolution was most interesting when K/Q, was ramified, potentially Barsotti-Tate
deformation rings have interesting geometry even when K = Q,. In addition, when n > 2, there is
an advantage to replacing weight by level and considering potentially crystalline deformation rings in
questions related to Serre weight conjectures. This direction is considered in joint work in progress
of the second author with B. Le Hung, D. Le and S. Morra which computes tamely crystalline
deformations rings with Hodge-Tate weights (2,1,0) for K/Q, unramified with applications to
Serre weight conjectures for GL3 [LLHLMIT|. The results of [LLHLMIT| suggest close connections
between the strata defined by shapes and Serre weights.

1.1. Overview of the paper. In Section 2, we recall the definition of local models in the sense of
Pappas-Zhu, as well as the results of [PZ13| [LevI6] on the geometry of local models. In Section 3,
we define Kisin modules with decent data, construct the moduli space of Kisin modules with tame
descent data (without imposing any conditions related to p-adic Hodge type) and derive the key
diagram Bl In Section 4, we construct the local model diagram (again without imposing a p-adic
Hodge type p) and prove that both arrows are (formally) smooth. In Section 5, we construct the
stack Y#7, give a moduli-theoretic description of its generic fiber, describe the Kottwitz-Rapoport
stratification of its special fiber and relate it to tamely potentially Barsotti-Tate Galois deformation

rings.

1.2. Acknowledgements. The idea of constructing a moduli stack of Breuil-Kisin modules with
tame descent data originated in joint work of the first author with M. Emerton, T. Gee and D. Savitt,
where this is done for Breuil-Kisin modules corresponding to two-dimensional, tamely Barsotti-
Tate Galois representations. The idea that one should be able to relate this moduli stack to local
models of Shimura varieties was suggested to us by M. Emerton, whom we thank for many useful
conversations. The second author would like to thank B. Bhatt, B. Le Hung, D. Le, S. Morra
for many helpful conversations. We also thank the anonymous referees for their comments and
suggestions, which improved the paper. A. C. was partially supported by the NSF Postdoctoral
Fellowship DMS-1204465 and NSF Grant DMS-1501064.

1.3. Notation. Fix a finite extension K/Q, with K( the maximal unramified subextension. Let
f = [Ko: Q] and ey := [K : Kg]. Let k denote the residue field of K, of cardinality p/. Fix a
uniformizer mx of K. Let L/K be the totally tame extension of degree p/ — 1 obtained by adjoining
a (p/ — 1)st root of 7 which we denote by 7. Let W := W (k) be the ring of integers of K.
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Let E(u) € Zplu] be the minimal polynomial for 7wk over @, of degree e := f-ex = [K : Qp].
Note that P(v) := E(vpf_l) € Zp[v] is the minimal polynomial for 7y, over Q,,.

Set A := Gal(L/K), which is cyclic of order pf — 1. We take F' to be our coefficient field, a finite
extension of Q,, with ring of integers A and residue field F. Let A* := Hom(A, A*) be the character
group. Assume that Ky embeds into F' and fix such an embedding oy : Ky < F which induces an
embedding W — A and an embedding kg < F. We will abuse notation and denote these all by oy.

Let 7: A — GLy(A) be a tame principal series type, i.e., 7 = &' | x; with x; € A*. We will take

o(my)

wy : Gg — WX to be the fundamental character of niveau f given by ws(o) = =

2. LOCAL MODELS

In this section, we recall the definition and properties of local models for the group Resg /g, GLn,
at parahoric level and for general cocharacters. These local models are studied in more detail and
for more general groups in [Levl6]. We will review the relevant definitions and the results we will
need. One can think of this construction as a mixed characteristic version of the deformation of the
affine flag variety used by Gaitsgory in [Gai0I]. The strategy in mixed characteristic builds on the
work of Pappas and Zhu [PZ13|. For GL,,, the construction originates in work of Haines and Ngo
[HNO2].

Since Ky embeds into F', the local models for ResK/QpGLn decompose as products over the
different embeddings of K into @p. For now, it is convenient to fix an embedding o : Ky < F and let
Q(u) := o(E(u)), an Eisenstein polynomial over A. Later on, we will allow o = cgop ™/ : Ky < F,
where o is the embedding we have fixed above, ¢ is the lift of Frobenius on Ky and j € Z/fZ.

Fix a parabolic subgroup P of GL, over Spec A. P is the stabilizer of a filtration

on the free rank n A-module. For any A-algebra R and any rank n projective R-module M, a

P-filtration is a filtration {F?(M)}} which is (Zariski) locally isomorphic to {V; @ R}.
Definition 2.1. For any A-algebra R, define
Gr@W(R) := {isomorphism classes of pairs (L, 3)},

where L is a finitely generated projective R[u]-module of rank n, 5 : L[1/Q(u)] = (R[u|™)[1/Q(u)].
For any A-algebra R, define

Flg(u)(R) := {isomorphism classes of triples (L, 3,¢)},
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where (L, 8) € Gr®™(R) and ¢ is a P-filtration on L/uL. There is a natural forgetful morphism
pr: Flg(u) — Gl

We will also need some variations of these objects. There is a local version of Gro®).

—

Definition 2.2. Let R[u],) denote the Q(u)-adic completion of R[u]. For any A-algebra R,
define

o~

GrQ(u)(R) := {isomorphism classes of pairs (L, 3)},

loc

where L is a finitely generated projective ]?[E](Q(u))—module of rank n and B\ is a trivialization of
L[1/Q(u)].

Theorem 2.3. The natural map
Grl® GrQ(u)

loc

given by Q(u)-adic completion is an isomorphisms of functors.

Proof. The equivalence follows from the Beauville-Laszlo descent lemma (main theorem of [BLI5])
since Q(u) is a regular element of R[u| for an A-algeba R. A more general version of the descent

lemma appears as Lemma 6.1 of [PZ13] along with more details. O
(u)

Remark 2.4. There is a local version of Flg as well but it requires more machinery to define.
One has to work with “parahoric” group schemes over O[u| as in §4 of [PZ13] or §3 of [Lev16|. For
example, §6.2.1 of [PZ13] defines a local affine Grassmanian associated to any smooth affine group

scheme over O[u] which includes as a special case a local version of Flg(u).

We have in fact another description of Gr2™® and Flg(u) when p is nilpotent in R:

Definition 2.5. For any A/p"A-algebra R, define

GI‘Q(U)

St (R) == {isomorphism classes of pairs (L, 8')},
where L' is a finitely generated projective R[u]-module of rank n and (' is a trivialization of

L'[1/Q(u)]. We define Flg(;{g to include the additional data of a P-filtration &’ on L' /uL’.

Proposition 2.6. Let R be a A/p"A algebra, there are natural bijections

Gr2(R) = GrS{ (R) and FIZ™ (R) = FIZG(R).

Proof. When p is nilpotent, the u-adic and Q(u)-adic completions of R[u] are the same since Q(u) =
u® + pQ'(u) and so Grggu)(R) = Grgéu)(R). Thus, the first bijection follows from Theorem

If (L,B,¢e) € Flg(u)(R) maps to (L', 3',¢') € Flgg{g(R), then L/uL is canonically isomorphic to
L' JuL’ and so the data of ¢ is equivalent to the date of £’ O
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Theorem 2.7. The functors Gre™ and Flg(u) are represented by ind-schemes which are ind-

projective over Spec A.

Proof. This follows from Proposition 4.1.4 of [LevI6]. O

Let Lor = Rlu]” C (R[u]")[1/Q(w)]. In this situation, we can make the ind-structure very

concrete.

Definition 2.8. For any integers a,b with b > a, define
Cr@@(R) = {(L, 8) € Gr9™(R) | Q(u)Lo.g D A(L) > Q(u) Lo z.
Similarly, we define Flg(u)’[a’b} = Flg(u) X (3, Q) GrQ)la:b],

u),[a,b]

Proposition 2.9. The functors Grohlabl gnqd Flg( are represented by projective A-schemes.

Proof. See [Lev13| Proposition 10.1.15]. O

In order to describe the geometry of Flg(u)(R), we recall the definition of the affine Grassmannian

and affine flag varieties.

Definition 2.10. Let « be a field. Let Grgy,, be the affine Grassmannian of GL,, over k. Grgr,, is
the ind-scheme parametrizing, for any x-algebra R, finite projective R[t]-submodules Lg of R((t))"
(we will refer to such an Lr as an R[t]™-lattice in R((t))").

One can also define the affine Grassmannian Grg for a general connected reductive group G over
k. This is the fpqc quotient of group functors G((t))/G[t], where the loop group G((t)) sends a
k-algebra R to G(R((t))). The positive loop group G[t] sends a k-algebra R to G(R[t]). In the case
of GL,, this definition is equivalent to Definition 2ZT0l The fpqc quotient Gr¢ is representable by an
ind-projective ind-scheme over k. (For a general group G, the affine Grassmannian parametrizes G-
bundles on Spec R[t] together with a trivialization on Spec R((t)), where we can think of G-bundles
in the Tannakian sense as tensor functors from Rep, (G) to vector bundles. See, for example,
Proposition 5.2 of [PZ13].) In particular, one can consider GrReS(K@)QpF)/FGLn' Over F, we have a
product decomposition

(Res(kag, F)/rGln)p = H GLy.
K—F

The same then holds for the affine Grassmannian, namely,

(GrReS(K%pF)/FGLn)f = H (GreL, )7
K—F

and so GrReS( is a twisted form of [] k7 GraL, -

K®QPF)/FGLn
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Grgr, has a stratification by affine Schubert cells, as follows. Fix the diagonal torus 7" and the
upper triangular Borel B. This induces an Bruhat ordering on the set of dominant cocharacters
{(d1,da,...,dy) | di > dit1} of GLy,. Let u = (dy,da,...,d,) be a dominant cocharacter. The pos-
itive loop group GL, (k[t]) acts on the affine Grassmannian Grgr,,. By the Cartan decomposition
for GL,,(k((t))), the orbits of this GL,,(x[t])-action are indexed by conjugacy classes of cocharacters
of GL,,; the orbits are called the affine Schubert cells attached to the (conjugacy classes of) cochar-
acters. The affine Schubert variety S(u) is defined to be the closure of the open Schubert cell S°(u)
corresponding to the conjugacy class of p. It is a finite type closed subscheme of Grgy,,. Concretely,
S(p) parametrizes lattices whose position relative to the standard lattice are less than or equal to
w for the Bruhat-order. In particular, S(u)z is the union of the locally closed affine Schubert cells
for all 1/ < p (|Ric13l Proposition 2.8]).

For our chosen parabolic subgroup P C GL,,, we recall the definition of the affine flag variety over
IF; it will be an ind-projective scheme over F. It will depend on our chosen embedding ¢ : Ky — F/;

recall that we have defined Q(u) := o(E(u)).

Definition 2.11. The affine flag variety Flp, associated to the pair (GL,, Pr) is the moduli space
of pairs (L, F*(L/tL)) where L is a lattice in R((¢))” and {F*(L/tL)} is a P-filtration on L/tL for
any F-algebra R.

We have a forgetful map Flp, — Grgr,, whose fibers are isomorphic to the flag variety GL,,/Pr.

Proposition 2.12. The functor Flg(u) is represented by an ind-projective scheme over Spec A.

Furthermore,

(1) The generic fiber Flg(u)[l/p] is isomorphic to the product GLy,/Pp x GrRes,
Spec F';

K® gy o F)/FCLn OVET

(2) The special fiber Flg(u) @AF is isomorphic to Flp,.
Proof. See [Lev16, Proposition 2.2.8|. O

We now want to consider a version of Flg(u) where the embedding of K into the coefficient field
F is allowed to vary. Recall that we fixed such an embedding o : Ky < F. Foreach 0 < j < f—1,
view K as a subfield of F' via 0; = 0g o 07 : Ky = F. (Recall that ¢ is the lift of Frobenius
to the unramified extension Ko/Q, and j € Z/fZ). Fix a geometric cocharacter y of Resg /g, GLy,
which we write as (1) where p; is geometric cocharacter of Resy i, GLy, for each embedding o;.

Furthermore, for each embedding o;, fix a parabolic subgroup P; of GL,. Define the following
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schemes over Spec A:
E(u) _ Ej(u)
Fl = ] Fip™
JEZ/fL
where F;(u) = 0j(E£(u)), and
[a,b,E(u) . [a,b],E;(u)
Fly = I m" .
JeZ/ {7
Remark 2.13. For now, the parabolic subgroups P; are arbitrary and they are allowed to be distinct.
In Section @] the "shape" of the descent datum on Kisin modules will impose additional conditions

on the P;, which will ensure that they determine conjugate parahoric subgroups of GL,,.

For the chosen cocharacter 1, we define the reflex field Fj, as the smallest subfield of F containing
F and over which the conjugacy class of y is defined. Let Aj, denote the ring of integers of F,.
Since we have chosen F' to contain a copy of K, this is the union of the corresponding fields for
each pj. We will now define the local model as a scheme over Spec A,j; a priori it could be defined
over the ring of integers in a smaller field (we just need the conjugacy class of p and the parabolic
subgroups P; to be defined over this field) but we will only need to consider the base change to
Spec A

Definition 2.14. Let S(u) C ((;‘:1"1;{65(1,@Q y/rGLn ) F,, be the closed affine Schubert variety asso-
P

ciated to {u}. For each j € Z/fZ, let 1gy, /p; denote the closed point of GL,,/P; correspond-

ing to P;. Then the local model M (p1) associated to p is defined to be the Zariski closure of

Hjez/fz lan,/p; X S(pj) in Flf((u). It is a flat projective scheme over Spec A(,).
The main theorem on the geometry of local models is:

Theorem 2.15. The local model M (p) is normal with reduced special fiber. All irreducible compo-
nents of M(u) @z F are normal and Cohen-Macaulay.

Proof. In this level of generality, this is Theorem 1.0.1 of [Levi6]. This builds on Theorem 1.1
of [PZ13], where the only restriction is that K/Q, must be tamely ramified. When g is minuscule
and P = G, the result goes back to Theorem B of [PR03]. O

Remark 2.16. The proof of Theorem P.15] uses the coherence conjecture of Pappas and Rapoport

proven by [Zhul4].

Remark 2.17. Xuhua He has shown in [Hel3| that the entire local model M (u) is Cohen-Macaulay
when the A; (which are defined below in (2IJ)) are all minuscule. The local model is also known
to be Cohen-Macaulay when n = 2 (via the argument sketched at the end of [Gor(OI], using the
Kottwitz-Rapoport stratification below).
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Remark 2.18. In the case when n = 2 and ;. = (1,0) for all j € Z/fZ and ¢ : K < F an embed-
ding extending o (which is the case corresponding to tamely Barsotti-Tate Galois representations),
it can be shown that the local model coincides with the standard model, defined in terms of a Kot-
twitz determinant condition. The key point is that the standard model at hyperspecial level is flat,
as shown in [PR03]; the same holds at parahoric level and therefore the standard model coincides
with the local model in the sense of [PZ13|, which is obtained by taking flat closure. The upshot
is that in this special case, the entire local model M (1) has a moduli interpretation. More details

on the moduli interpretation and its relationship with tamely Barsotti-Tate Galois representations

will appear in [CEGS].

Although there is no moduli interpretation for M (u) in general, we can describe its special fiber
in terms of affine Schubert varieties inside the affine flag variety. For each j € Z/fZ, view Ky as
a subfield of F' via o and write u; = (u;.), where ¥ runs over Ky-embeddings K — F. Assume
that each p; ., is a dominant cocharacter. Define
(2.1) N= D i

P: K F
We recall the definition of the \j-admissible set, which was introduced by Kottwitz and Rapoport;
we follow the notation and constructions of Section 2 of [Lev16].

Let Go be the connected reductive group scheme Reso, x Oy ) /AGLy over Spec A whose
generic fiber is G. Let G := Gy @ Afu] be the constant extension. If we set G’ = OF(u), then Grpy]

is a reductive model of Gp(,) and the parabolic P; determines a parahoric subgroup
Py i={g € G(F[u])l g mod u e Py(F)} C G

Let W be the Iwahori-Weyl group of the split group G%((u) , defined as N (F((w))/T?, where N is

the normalizer of a maximal torus 7” in G” and le is the kernel of the Kottwitz homomorphism for

T’ (see Section 4.1 of [PRSI3] for more details). W sits in an exact sequence
0= X (T") > W = W — 0,
where W is the absolute Weyl group of (G”,T”). Define
Adm(\)) == {w € W|w < ty,A € W - A\;}.

The order < used in the definition of Adm();) is the Bruhat order. Let Wp, C W be the subgroup

corresponding to the parahoric P;. Define

Admp, (\j) := Wp, Adm(\;)Wp,.
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Note that the Adm(\;) only depends on the geometric conjugacy class of A;.

Theorem 2.19. The geometric special fiber M (u)g can be identified with the reduced union of a

finite set of affine Schubert varieties in the affine flag variety Flf((]%f). Hence we have a stratification
M(p)g = U [Is°@))
(@;)€lTIZg Admp, (%)) 7
by locally closed reduced subschemes, where S°(wj) is an open affine Schubert cell and these are

indered by j and by the admissible set Admp, (\;).

Remark 2.20. The irreducible components of M(,u)F are indexed by the extremal elements of
Hf;ol Admp,(A;) which are in bijection with the orbit of (A;) under the Weyl group [[; Wp,.

Proof. This follows (by taking a product over the embeddings ;) from Theorem 8.3 of [PZ13] when
K/Q, is tamely ramified and Theorem 2.3.5 of [Lev16], when K/Q, is wildly ramified. O

Finally, we recall a generalization of the loop group which acts on M (y;) and on Flﬁ; ) Define

the pro-algebraic group LT (" GL,, over Spec A by

— —
T

L+’Ej(u)GLn(R) = lim GLn(R[u]/E] (u)r) =1i ReS(A[u]/Ej(u)f")/AGLn(R)-

We define a subgroup of LH¥i(WGL,, by

LTEWP(R) = {g e LTFWGL,(R) | g mod u e Pj(R)}.
Similarly, for any positive integer r, let

Pjr =19 € Res(aju)/E; (w)r)/AGLn(R) | g mod u € Pj(R)}.

Proposition 2.21. For any positive integer r, the functor P; , is represented by a smooth, geomet-
rically connected, group scheme of finite type over A. The functor L+’Eﬂ'(u)73j is represented by an

affine group scheme (not of finite type) over A which is formally smooth over A.

Proof. This is consequence of some general properties about Weil restriction along finite flat mor-
phisms. The fact that P, is smooth is a consequence of Proposition A.5.2(4) in [CGPI0]. The
group scheme P;, has geometrically connected fibers by Proposition A.5.9 in [CGP10]. O

Proposition 2.22. The group HjeZ/fZ L“‘vEJ(“)Pj acts on Flf((u), For any cocharacter p, M ()
is stable and the action of Hjez/fz LHEWP; on M(u) factors through Hjez/fz Pjn for some N
sufficiently large.
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Proof. Choose a,b such that M(u) C Jliez/z Flgj(u)’[a’b}. The action of [[;cz/ 7 LHEWP; on
ez 52 Flg;(u)’[a’b] is through the group scheme [[;c;/ 7 Pjr for r = b —a. Since [[;cz, 7 Pir
is flat (even smooth) over A by Proposition 2211 stability of M (u) follows from the fact that the

generic fiber S(u) is a union of orbits for the loop group of Resy /0, GLn. O

Remark 2.23. An action of pro-algebraic group on a ind-scheme which satisfies the property in

Proposition 222 is "nice” in the sense of [Gai(1].

3. KISIN MODULES WITH DESCENT DATUM

In this section, we will consider moduli of Kisin modules of finite height for the field K together
with tame descent datum for L/K. We work over the category Nilp, of A-algebras R on which
pV =0 for some N > 0.

If R is such an algebra, then (W ®z, R)[v] has an R-linear action of ¢, defined by (the lift of)
Frobenius on W and ¢(v) = vP.

Recall that A = Gal(L/K) is a cyclic group of order p/ — 1. For any g € A and any R € Nilp,,
we let g be the automorphism of (W ®z, R)[v] given by v — (g(7r)/7L ®1)v = (ws(g) ® 1)v, which
acts trivially on the coefficients.

We have a decomposition W @z, A ~ @f;olA, where 0; = 0g o @7 : W < A corresponds to
the projection onto the jth factor in the direct sum decomposition. We will generally consider j

modulo f. For any R € Nilp,, we get an induced decomposition
(W @z, R)[v] = @z 2 R[v]-

Under this isomorphism, we have g(v) = (0g o ws(g), 01 o ws(g), 02 0 ws(g), ..., 0r-1 0wg(g))v.
Similarly, for any (W ®z, R)[v]-module M, we write

M = &jez/pz2MY).
for the induced decomposition of M. Each M) is an R[v]-direct summand of M.

Definition 3.1. Let 9 be an (W ®z, R)[v]-module. A semilinear action of A on Mg is collection

of g-semilinear bijections g : Mpr — My for each g € A such that

Goh=gh
for all g,h € A.

Note that P(v), the minimal polynomial for 7z, is fixed by g for all g. Thus, (W®z,R)[v])[1/P(v)]

inherits a semilinear action of A for any R € Nilp,.
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Definition 3.2. Let R be any A-algebra. A Kisin module (with bounded height) over R is a
finitely generated projective (W ®z, R)[v]-module Mg, which is Zariski locally on Spec R finite
free of constant rank over (W ®z, R)[v], together with an isomorphism ¢on,, : ¢*(9Mg)[1/P(v)] =
Mp[1/P(v)].
We say that (Mg, pon,,) has height in [a, b] if
P(0)" Mg D damg (" (Mr)) O P(v)' Mg
as submodules of Mp[1/P(v)].

Definition 3.3. A Kisin module with descent datum over R is a Kisin module (Mg, o, ) together

with a semilinear action of A given by {g}sea which commutes with ¢gy,,, i.e., for all g € A,
©*(9) © damy, = Pz 07
Fix integers [a,b] with a < b and a positive integer n. We take X8 to be the fpqe stack over
Nilp, such that X [“’b}(R) is the category of Kisin modules over R of rank n with height in [a, ],
with pullback defined in the obvious way (see §2.a in [PR09]). Similarly, we define the fpqc stack

ylathA where Y[“’b}’A(R) is the category of Kisin modules of rank n with descent datum over R

and height in [a, b]. We will need some auxiliary spaces as well.

Definition 3.4. Fix N > b — a. Let X% be the fpqc stack over Nilp, given by
X(R) = {(Mr, ar) | Mg € X“N(R), ap : Mz = Rv]" mod P(v)}.
There is also an infinite version:
XIhON(R) = {(Mp, ar) | Mp € XI“Y(R), ap : Mp = R[v]"}.

We leave out N from the notation X [@.8] " though of course the stack does depend on N. The

natural maps Xlabl _y xlab] (resp. Xlabl,(c0) X[“’b}) are formally smooth. For any r > 1, set
Xr[.ayb} = X[a,b} ®A A/pr and }/Tr[alﬂvA = Y[(l,b],A ®A A/pr

Theorem 3.5. For anyr > 1, X,[a’b] is representable by an Artin stack of finite type over Spec A/p".
Furthermore, )Z}[ﬂa’b] is represented by a scheme of finite type over Spec A/p"A.

Proof. The first statement follows from [PR09, Theorem 2.1] as does the fact that )Z'l[a’b] is repre-

sented by a finite type scheme. Since the inclusion )Z'l[a’b] C )Z}[a’b] is a nilpotent thickening, )Z}[a’b]
is also a represented by a scheme by Lemma 87.3.8 of [Stacks| based on the corresponding fact for
algebraic spaces and on the fact that a thickening of a scheme in the category of algebraic spaces is

a scheme, which is Corollary 8.2 of [Ryd15]. 0
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We will return to this theorem with descent datum in Theorem 7 First, we discuss the Galois
type or tame type of a Kisin module with descent datum. Let 2r be a Kisin module with descent
datum over R. Write

mr= P my.
JEL/ f7.

We get a semilinear A-action on S)ﬁg), on the Frobenius pullback ¢* (S)ﬁg)) as well as on the reduction
o () fve* ().

Definition 3.6. Let Mp € YA (R) and set Dg) = mtg)/vi)ﬁg). Then we say that 9y has type
T =& xi, with x; € A%, if for all j € Z/f7Z

Dg) =
as linear representations of A.

Remark 3.7. In Definition 3.0 we require that the type be the same for all j € {0,..., f — 1}. If
R = A, the fact that ¢ commutes with the descent datum implies that the type must be the same
on each component Dg).

However, this need not always hold if R = [F. For example, take f = 2, Ko = K = Q,2; L will be a
ramified extension of K obtained by adjoining a (p? —1)st root of p. Let I = M @M@ be a rank
1 Kisin module over F, with e a generator for M® for i = 1,2. In F[v], we have P(v) = P’ .
Then we can have Gal(L/K) act on ¢ by wj and we can simply take ¢p(e()) = vP* 2. e? and
dr(e®) =v-e). Then 9 is a rank 1 Kisin module with height in [0, 1].

Since we are ultimately interested in relating the Kisin modules with tame descent data to Galois

representations over F' (see Section [0.3]), we do not lose anything from imposing this condition.

Proposition 3.8. If Mg is a Kisin module with descent datum of type T, then
?D) = " (M) fog (mP) = 7

Proof. The natural R-linear injection im%’ — pF (zmg')) given by m +— 1 ® m is A-equivariant and

induces an isomorphism modulo v. ]

Proposition 3.9. Let Mp € Y[@UA(R). Consider
DY = sreae DY,
)

Y s a finite projective R-module and hence the rank

where Dl('%)x 1s the x-isotypic piece. Then Dg

of ng)x 1s locally constant on Spec R.
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Definition 3.10. Let Y8 be fpqc stack of Kisin modules with height in [a,b] and descent datum
of type 7 over Nilp,.

Corollary 3.11. The inclusion Y1®0h7 < YIabLA s 4 relatively representable open and closed

IMMErsion.

Proof. This follows from Proposition 3.9 which says that the type of a Kisin module with descent

is Zariski locally constant. O

Define Yr[a’b]’T = YlabhT « A/p"A. In the next section, we will construct a smooth cover of
Yr[a’b]’T and show that it is representable by an Artin stack of finite type (Theorem ET). We will
also relate these moduli spaces of Kisin modules with descent datum to the local models from the
previous section.

First, we will need a few preliminaries. Recall that 7 = @] x;. We can write x; uniquely as
Xi = (00 0o wy)®
where a; = a;0 +a;1p+ ... + amc_lpf_l.

Definition 3.12. Let a; be as above. For j € Z/fZ define

-1
az(]) = Z aifjrkp"
k=0
where the subscript f — j + k is taken modulo f.

We have chosen a global ordering on the characters x1, x2, ..., xn. However, it will be useful to

choose a possibly different ordering at each place j € Z/ f7Z.

Definition 3.13. An orientation of the type 7 is a set of elements (s; € Sy);ecz/f7 such that

<...<a¥

Sj (n)*

G) G) G)
A1) < A5z < A3

In other words, if we set AS{ )= (ai(j)) € 7" thought of as a cocharacter of the diagonal torus of GL,,,
then s; is a permutation such that sj_l()\;(ij )) is anti-dominant with respect to the upper triangular

Borel subgroup.

Remark 3.14. (1) If the characters x; are pairwise distinct, then there is a unique orientation for

T.

(2) For a different choice of global ordering, the set of possible orientations changes by diagonal

conjugation by 9.
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(3) One may also be interested in studying the case when 7 is an inertial type over Q, which
does not correspond to a principal series type (in the sense of Bushnell and Kutzko) under the
inertial local Langlands correspondence. (See Theorem of for a general statement

of inertial local Langlands, originally due to Henniart in the 2-dimensional case.)

For such an inertial type 7 over Qp, one can consider the base change 7’ to Q,r where
the type corresponding to 7 (in the sense of Bushnell and Kutzko) becomes a principal series
representation. Then 7/ decomposes as a direct sum of characters, so it is a type in the sense
of Definition The orientations for 7/ reflect what sort of type 7 was (see Example
below).

Example 3.15. Here we give the example of 2-dimensional principal series and cuspidal tame types
over Q. (These correspond to types in principal series, and respectively supercuspidal represen-
tations, of GL2(Q)p) under inertial local Langlands.) Let 0 < a < b < p — 1. Consider the two
dimensional tame types over @, given by 7 = w{ ® wl and 7o = Ind(wy atp b) The base changes to

Q2 are

b+bp a+pb

b
and 75 = wj tap

= wit? ® w, ® wy

respectively. The unique orientation for 71 is (id,id), and the unique orientation for 75 is (s,id)

where s is the non-trivial transposition in Ss.

Pl 1f Mp is a Kisin module over R with

Consider the map R[u] — R[v] given by u — v
descent datum, then for each j, ,’mg) considered as an R[u]-module has a linear A-action and so

for any y € A*, we can consider the submodules
g, = {m € M | §(m) = x(g)m}

for all ¢ € A. Note that my) — EBXEA*SDTg)X as R[u]-modules, since the order of A is prime to p.

Similarly, we can define

PP = {m € p*(MP)) | G(m) = x(g)m}.

Since the descent datum commutes with the Frobenius action, we get linear maps
¢j D gﬁ(] n_ gﬁ(])

Remark 3.16. The y-isotypic piece of ¢ (931(])) is not isomorphic to ¢ (DJI(J) ). Thus, QS%) does
)

not define a semilinear Frobenius from S)ﬁg% Xl) to S)ﬁgx
component by 9"9)?%))(.

This is why we denote the y-isotypic
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Proposition 3.17. Let Mg be a Kisin module over R of rank n with descent datum. For any
JEZ/fZ and x € A* the modules W%)X are finite projective Rlu]-modules of rank n. Furthermore
()

multiplication by v on My’ induces an injective R[u]-module homomorphism

(4) v (4)
’sml%x = Sml’%,(ajow)><'

Proof. The module E)JT{QX is finite projective R[u]-module because it is a direct summand of the
finite projective module el ; this also implies that multiplication by v on 9)?% is injective. By
the discussion before Definition B multiplication by v sends the y-isotypic piece of 9)?3,% to the

(0j o wyr)x-isotypic piece. The rank computation is immediate. ]

Lemma 3.18. Let Mg be a Kisin module with descent datum. Let E;(u) := o;(E(u)). For each
X € A*, the Frobenius on Mp induces an isomorphism qﬁ(] Ve S)ﬁ(] 2 [1/E (u)] — g?x[l/Ej (u)]
such that
a 1 1 ‘
Ej(w)'m), > o P emE V) 5 B
whenever Mg has P(v)-height in [a,b].

Proof. For each j, the map ¢(]_ : Lp*(,’mg_l))[l/aj(P(v))] = S)ﬁg)[l/aj(P(v))] is a A-equivariant
isomorphism. Using that P(v) = E(vpf_l) = E(u), we see that multiplication by E(u) respects the

decomposition into isotypic pieces. The height condition is easy to verify. ]

Choose an orientation (s;) for 7 as in Definition B.I3l We then have the following commutative

diagram for each j:

(3.1)
eomU—1) eomU—1) ean(i—1) - ... _ payi—1) (-1
mtR7ij (n) 9thvaj(l) mRvaj (2) mthXs -(nfl) mtR ij (n)
(3-1) (3-1) (—-1) (G—1) (G-1)
l O, () l PR, () l ¢R7XS¢<2> l On Xsj(n—1) l ¢R”‘Sj(n)
R,ij (n) R Xs (1) R Xs (2) R,ij (n—1) R Xs (n)

All the maps in the diagram are injective. The composition across each row is multiplication by u.
f_1—aW +a (6]
The first horizontal arrow in each row is induced by multiplication v %55 The other
a

horizontal arrows are induced by multiplication by v syt ) ™ (J')(k) for each 1 < k <n — 1. If some
of the {x;} are equal, some of the maps will be the identity.

The diagram should remind one of the diagrams that appear in the classical definition of local
models for GL,, with parahoric level structure, which involve lattice chains (see [PR0O5| as well as
Section 2 of [PRS13]). Once we have chosen an appropriate trivialization of ,’mg?xsj(n) in the next

section the above diagram will determine an R-point of an appropriate local model.
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4. SMOOTH MODIFICATION

We maintain the conventions from the previous section. In particular, we fix an ordering {x;}I"
of the characters appearing in 7. We would like to package the data of diagram (B in a different
way so that the relationship to the local models from §2 becomes clearer. If D is an R-module,
then by a filtration on D, we always mean by submodules which are direct summands of D. We
will work with increasing filtrations.

We continue to work over the category Nilp, of A-algebra on which p is nilpotent. We make the

following definition:

Definition 4.1. Let X, X’ be fpqc stacks on Nilp,. A morphism f : X — X' is smooth if f
mod p¥ is smooth for all N > 1.

Definition 4.2. Let My € Y@ 7(R). An eigenbasis for Mg is a collection of bases fU7) =
{fl(j), f2(j), .. ,f,sj)} for each zmg) such that fi(j) - W%)Xi. An eigenbasis modulo P(v)" is a col-
lection of bases { ](\J,)}

datum.

- for each m?%)/aj(P(v))Ni)ﬁg) compatible, as above, with the descent
j€

An eigenbasis exists whenever Dg) is free over R since one can lift a basis for Dg) to 9)?%). In

particular, such a basis exists Zariski locally on Spec R for any Mg € Y[“’b]’T(R).
Definition 4.3. Fix N > b — a. Let Y97 be the fpqc stack over Nilp, given by
v (r) = { (mg, 87 | Mg € YOO (R), 80 M) = R)" mod o;(P(0)™ }
where ( ](\J,)) is an eigenbasis. We also have an infinite version given by
vl n(R) = { (Mg, B9)) | Mg € YI7(R), 80 D) = Ro]" }
where (8U)) is an eigenbasis.

We leave out N from the notation }7[‘“’}’7, though of course the stack does depend on N. See

Proposition below for a precise statement.

Proposition 4.4. Let Mp € Y[“’b}’T(R). An eigenbasis {ﬂ(j)} for Mp induces a trivialization
m%’x = Rlu]™ for any x € A*. In particular, we have

'y(j) : ,’m%)xsj(n) = Rfu]™.

Similarly, an eigenbasis modulo P(v)N induces trivializations of Dﬁg)x modulo E(u).
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Proof. An eigenbasis for MMz induces a A-equivariant trivialization
S)ﬁg) = R[[v]]fl(j) ®--- D R[[v]]f,(f) > R[v] ®a 7.

We can identify the y-isotypic component on the right side and see that it is naturally isomor-

phic to Ru]™. To get the explicit basis for the x-isotypic component, translate the elements of

eigenbasis into the y-isotypic component by multiplying by the smallest non-negative power of v

which is compatible with the descent datum. For example, for Xs;(n), the basis ~7) will be given
) , :

. sj(n) sj(nfl) . f(j) f(j) |:|

sj(n=1)77s;(n)’

RONN) ,
sjm "3 )
by v % i -fsj(l),.
Let (s;) ez, ¢z be an orientation of 7 (Definition B.13]). Furthermore, define a filtration on A™ := 7
by

Fﬂk(An) = Z (An)XSj(i)'

1<i<k
Let P; C GL, be the parabolic which is the stabilizer of {Fil*(A™)}. For example, if all the
characters are distinct then P; is a Borel subgroup for all j € Z/ fZ.

Remark 4.5. In Definition B.I3] we define Aﬁ{ ) € 7" which express the characters of 7 in terms of the
fundamental character wy in embedding o;. An orientation is a collection of permutations (s;) such
that s}l(Ag )) is anti-dominant. Then P; is the unique parabolic subgroup containing the diagonal
torus and the root groups U, for all « satisfying («, sj_l()\;(i] ))> < 0. In particular, P; contains the

upper triangular Borel B.

Recall the group schemes L1 (“)Pj and P;j, defined before Proposition 21l with P; the para-
bolic as above. When p is nilpotent in R, the F;(u)-adic completion and u-adic completions of R[u]

coincide and so
(4.1) LTEWP(R) = {g € GL,(R[u]) | ¢ mod u e Pj(R)}.

Proposition 4.6. The map 7> : ylablm(eo) _y ylablr (resp. ) . ylatlr Y[“’b]’T) is a
torsor (for the Zariski topology) for HjeZ/fZ L+’Ef(u)73j (resp. HjeZ/fZ Pjn). In particular, )

is smooth and 7(°°) is formally smooth.

Proof. We observed after Definition that an eigenbasis (resp. eigenbasis mod P(v)") always
exists Zariski locally on Spec R. We focus on the case of 7(°) since the other case is similar. We
want to show that for a given module 9z with descent datum of type 7 the set of eigenbases at an
embedding o; is a torsor for L+’Ej(“)73j (R).

An eigenbasis AU) : 90 = R[v]" induces, by taking A-invariants, a trivialization S04 :

om)A=1 o~ R[u]™. Thus, for any two eigenbases ) and 8, there is BU) € GL,,(R[v]) such that B =
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BUWAW and AY) e GL,(R[u]) such that 502 = AU BGLA - Concretely, let Ay = (agj))l- ez
as in Definition B.I3l Then the relationship between B\ and AU) is that

) —1 .
A6 — <vs;1(xéf>>> BO) <vs;1(w))>
(4)

109 . . . - : al’),
a /) is the diagonal matrix with the (¢,7)th entry given by v %,

where v%

The claim is that
Sfl()\(]')) -1 Sfl(A(j)) +E( )
pt s GL,(R[v]) (v* a7 ) N GLy(R[u]) = LT P;(R).

This can be checked by a direct computation with root groups which we include below.
For the entries below the diagonal, we have
)

. (€) j .
A;J]L — i m T3 gli)

mk

for m > k and with our choice of ordering ag )(m) — ag )(k) > 0 with equality if and only if X (m) =
Xs;(k)- Thus, whenever X, (m) 7 Xs,(k), we see that Agﬁg mod w = 0. This is exactly the condition
AY) mod u € P;(R). The converse is also true. O

Theorem 4.7. For any r > 1, Yr[a’b]’T = YT @, A/p" A is representable by an Artin stack of

finite type over Spec A/p"A. Furthermore, ylebhr

of finite type over Spec A/p"A.

= YT @\ A/pA is represented by a scheme

Proof. 1t suffices to prove the second statement, for which we will use a strategy originally employed

in [CEGS]|. Consider the map
¢ ?’T[a,b},T N )’Zia,b]

given by forgetting the descent datum. It suffices to show that £ is relatively representable and
finite type by Theorem

Given (Mg, ¢r, Pr) € )ﬂa’b] (R) we see that the data of the additive bijections g : Mpr — Mg
for all g € A, which have to commute with ¢, satisfy g1 o go = gi o g2, be R[v]-semilinear and
compatible with Sg is representable by a scheme of finite type over R. Indeed, such a bijection
g has to induce an R((u))-linear automorphism of Mp[1/v] (which can be thought of as an étale
¢-module over R of rank n - (p/ — 1)). By the proof of Theorem 2.5(b) of [PR09], the data of an
R((w))-linear automorphism of M pz[1/v] which commutes with ¢p is representable by a scheme of
finite type over R. Further imposing the relationships gy o g2 = §i © g2 and the R[v]-semilinearity

cuts out a closed subscheme. Finally, the requirement that the descent datum preserve the lattice

Mpr C Mpr[1/v] and the compatibility with Sr are also closed conditions.
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We conclude then that ffr[a’b}’T — )Z}[a’b]
Theorem ﬁ[a’b}’T is a scheme of finite type over Spec A/p"A. Since ?r[a’b]’T — Yr[a’b]’T is a smooth

cover we deduce that Yr[a’b]’T

is relatively representable and finite type and so by

is an Artin stack of finite type. O

We are now ready to construct the local model diagram for Kisin modules with descent data:

F710.h,7,(00)

Y[O,h],T FIE(U)

To define ¥, we need to associate to any (Mg, ér, {79}, Br) € ?[a’b}’T’(w)(R) and each embedding
j, a triple (LU, al) £0)) € FIE ) (R). The pair (LY, al9)) is straightforward to define and is
given by the ‘image’ of Frobemus.

To be precise, we take LU) =% mg;l)

(1)

and define the trivialization o9) by the composition

G-1) _
(1.2) e D /B ) — 2 DB () s (R E ()]

where v is induced by 31) as in Proposition @4l Notice that we are using the alternative descrip-
tion of FlEj @) from Definition

Next, we have to define a filtration @) on LY mod u. Let

“"Dgs (171)) =¥ 93?% Xl)( : mod v = LY mod u.

The filtration is essentially given by the diagram (B1]). Namely for each 1 <i < n, let

P mt(ﬂ 1) N mt(jfl)
7Xs (2) R7ij(n)

be the injective map induced by composition along the upper row of ([3I]). Then we get the inclusions

(-1 (-1 (-1 (-1
u <lme7Xer(n)> C w1 <L’09ﬁR Yo (1)> C ... Wp—1 <L’09ﬁR Xe. (n1)> c® mRQ(sj(n).

We can then define the filtration @) by

7 1) 1
(4.3) Fil <“"D(J (U)) = w; <@zmng M) /u< éxj(n))

It is not hard to see that the filtration eU) is a Pj-filtration for P; defined after Proposition 4.4l

In summary, we have

(M, or. {5}, B9) = (zm() Vool {Fw (rpgn )} )

]EZ/fZ
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Example 4.8. Let K = Ky = Q, (so f = 1) and L be the ramified extension of Q, of degree
p — 1, such that F(u) = v+ p and P(v) = vP~1 +p. Let 0 < a < b < p—1 and consider the two
dimensional tame type over Q, given by 71 = w{ @ w}. This is a continuation of Example

We define My to be the rank 2 Kisin module over F given by Mp = e1F[v] @ eoF[v] with ¢ given
by:

¢(e1) = e1, pe2) = vP ey
and with descent datum 7y given by:

gler) = wi(g)er, glea) = wi(g)es
for every g € Gal(L/Q,).

Then (e1,ep) is an eigenbasis for Mp and induces the bases (eq,vP~ 7% bey) of YMp o and
(vP~ %, e9) of PMy o as Flu]-modules, as in Proposition L4l The matrix of the trivialization of
Wi)ﬁszl, is (§9). The map wy :¥ Mp o —% E)JTszl, is multiplication by v*~. Therefore, the induced
filtration on *"Dwzl) has Fil' generated by the image of the basis element v*~%; modulo . (Fil0 is
everything and Fil* = {0}.)

We leave the case of the base change to Q2 of the cuspidal type 7 as an exercise.
We now come to the main theorem:
Theorem 4.9. The morphism V¥ is formally smooth.

Proof. Roughly, the idea is that the image under ¥ gives the descent datum and the image of
Frobenius. What is left is to choose an isomorphism between ¢*(9tr) and its image which is
compatible with descent datum. By using the diagram (B.), we show that it is enough to choose
the isomorphism on the X (,)th isotypic pieces and that any choice works, giving formal smoothness.
We now give the details.

We can twist to reduce the case where [a,b] = [0, h] so that the Frobenius is an honest endomor-
phism of Mg. Let R € Nilp, and let I be a square-zero ideal of R. Choose (Mp/1, ¢r/15 {9}, B9) e
y0RLm(0)(R/T). Assume we are given a lift (Lg), a) {Fil"(LY) mod v)}) of V(Mp/;) to R.

Let Mg be a free (W ®z, R)[[v]]-module of rank n and choose an isomorphism Mpr @ R/1 =

Mg, By Proposition E.4] ﬁg/)j induces a trivialization 7}(%/)[ : Wg}lx o = (R/I)[u]™. We can
) S]' n
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then choose trivializations g(j ) of img) for each j such that the diagram

36

'y

l B8

my), —— (R/D)[]]"

R[[0])"

commutes. Let f U ) be the preimage of the ith standard basis element under B(j). We define a
semilinear A- actlon of type 7 on 9Mp by demanding that A act on f through the character
Xs;(i)- This clearly makes 5 into an eigenbasis for this descent datum.

The eigenbasis 3¢) induces a filtration on ‘PDQS) ny = < R X (m) > Ju < R X (m) ) as in ([L3)
(compatible with reduction modulo 7). Choose an isomorphism gl » 9)?% X )( : = Lg) compatible
with the filtrations on WDS;)j(n) and L 1%) JuL 1%) and such that the diagram

G-1 09 ()
R?XSj(n) LR

pomG-1) 09 )
WR/17XSj (n) LR/I

commutes. (The isomorphism 0 is already compatible with the filtrations on the reductions
modulo u by our assumption that W(9p,;) equals L%} ; together with the induced extra data.)

Define ¢g;1)( : to be the composition
) S]' n

P 11/ G0) £ 10/ ] £ Rl /B ) T o) /B ),

Observe that the only map which not an isomorphism without inverting £;(u) is al). The “image”
of Frobenius is then determined by the image of &/,

If Mp € YIOM7.(>)(R) then the Frobenius qﬁ(jf is unlquely determined by qﬁg Xl o by diagram
BI). Indeed, to construct ¢ R 1t suffices to construct ¢ Rox. )(, for each 1 <7 < n — 1 such that

the diagram
(-1 Y eapl—b)

R,ij (i) R,ij (n)
(G-1) (G-1)
l (bR’ij(i) l ¢R,ij(n)
/
() “ o)

RvaJ' (2) R7Xs]~ (n)
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NOBNNCY
commutes. The horizontal arrows are induced by multiplication by v %™ "5 o they are in-
jections by Proposition BI7l The fact that 6\9) was chosen to respect filtrations implies that the

1)

composition (ﬁg; (o O Wi lies in the image of the bottom horizontal map w; and so there exists a
gl Sj n

unique qﬁg;?(i) which completes the diagram. O
J

We can refine ¥ to a morphism of finite type.

Proposition 4.10. Let N > b — a. The map V factors through the finite type closed subscheme
Fl[;’b]’E(u). Furthermore, there exists a smooth map ¥N : ylablr Fl[;?b}’E(u) such that U is the
composition of

?[avb]77—7( ) Y[a b} 1[a b} ( ) .

Proof. Lemma, says that image of ¥ factors through FIEZJ_”’}’EJ' ()

through Fl[I(é’b}’E(u).
To show that W factors as ¥V, we have to show that for any (Mg, ¢, {7}, B) € ?[a’b]’T’(oo)(R)
the image under ¥ only depends on 8 modulo P(v)". The image under V¥ is the tuple

<soimg X?w’7 ¢g Xi (n)’ {Fﬂl <SOD§<]S (1”))>}z 1)

From the construction of the map W, we see that the eigenbases B only affect the construction

on each factor and hence

JELZ/ L

of trivializations vU) in ([@Z). The eigenbasis 3U) has no effect on wzmg;”( , oron the filtration
gl Sj n

on *"D)(gs (173) Furthermore, as we saw in the proof of Proposition FL6, changing the eigenbasis 3()

amounts to composing 7V) m%)x . (R[u])™ with an element of g € LTFi(WP,(R). On
’ S]' n

Fl[a bLEj(w) , this corresponds to the natural left action of L1-Fi (”)Pj defined in Proposition
If BU) and B'U) are congruent modulo o;(P(v))N, then 4) = g.~'0) for g € LTFi(WP;(R)
with ¢ =1d mod E(u)N . If g is congruent to the identity modulo £} (u)™, then g acts trivially on

Fl[a bLEj(w) (for example, by identifying Fl[a Ei(®) with lattices as in Definition 2.3). O
Corollary 4.11. There is a diagram
[a,b],T
ylablr Fl%b},E(u),

where both ™™ and UV are smooth.
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5. p-ADIC HODGE TYPE

In this section, we define and study a closed substack Y7 C Y1@07 which is related to the
notion of p-adic Hodge type. A similar construction but without descent data was carried out in
[PR09, §3]. When n = 2 and p € ({0,1}")Hom(E-Q) (e ;i minuscule), Y7 and the local model
diagram are studied in forthcoming work of the first author with Emerton, Gee and Savitt [CEGS].

Let p be a geometric cocharacter of Resg/q,GLy,. For each embedding o; : Ko — F', we get a
geometric cocharacter yi; of Resg i, GLy, such that p = (p5),,. Assume that F' = A[1/p] contains
the reflex field of the conjugacy class [, i.e., A = Ay,

In §2, we defined the local model

M(py= [ M@)c [ mp™ =r.
JEL/f7 JEL]fL
By Theorem [ZT8 M (p) is flat and projective over A with reduced special fiber. Also, M (u) is
stable for the action of the “loop group” [] jez)fz LHFi (”)Pj by Proposition

Assume that a, b are integers with a < b such that M (1) C [L;ez/42 FIEZJ_’“’EJ'(“). For any N > a—b,

we saw in Proposition [2Z22]that the action of ] jez) sz L+’Ef(“)79j on M (p) factors through the action

of the smooth connected group scheme [] jez)§z PjnN-

Definition 5.1. Define the closed subscheme
ymt . yladlr XFI%’M’E(“)&N M (p).
We have an induced smooth map
T YT s M(p).
We would like to show that Y7 descends to a closed substack Y7 C Y1t

Proposition 5.2. For anyr > 1, there exists a closed substack Y!"™ C Yr[a’b]’T such that the diagram

f/r;m N f/r[a,b]ﬁ

W”l lﬂ(N)

YT > Yol
is Cartesian. Furthermore, Y!"T Xz.00 Z/p" V2 =2 YT

Proof. By Proposition Eg, =) : ffr[a’b}’T — Yr[a’b]’T is a torsor for the smooth group G, :=
- PinN)apra- Any G.-stable closed subscheme of ?r[a’b]’T descends by faithfully flat descent
JEZ/fZ 73NN /p

to a closed substack of Yr[a’b}’T.
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Since (M (p1))a/pra is stable under G, so is Y™ and we define the desired " by descent. This

construction is clearly compatible with reduction modulo p" . O

1

Since the Y," are compatible with reduction modulo p"~!, we can define a stack Y»7 on Nilp,

whose reduction modulo p” is Y;/"".

Theorem 5.3. We have a local model diagram:

(5.1) YT

YT M(p)

where both " and W are smooth maps.

5.1. Special fiber: Kottwitz-Rapoport strata. In addition to imposing the p-adic Hodge type
u via the local model diagram (B.]), we can also stratify the special fiber of Y7 by pulling back
the stratification in Theorem This is the analogue of the Kottwitz-Rapoport stratification in
the Shimura variety setting.

Let Y™ denote the special fiber of Y#7. As in the discussion before Theorem ZI9] we can write
pj = (@) where 1 runs over embeddings ¢ : K — F that extend oj and where each p;, is
dominant. We define

A=) i
P: K F
Proposition 5.4. For each w = (w;) € H{;S Admp, (Aj), there is a locally closed substack 7%’T C
YY" such that

(@) (757) = ) ( T[s°@))

Furthermore, the closure ?’é; of Y'2" is the union of the strata for all (w}) € H;-:é Admp, (1))

such that wj; < w; for all j.

Proof. We would like to define Y by faithfully flat descent from (W#)~! <H ;S 0(@j)> . To descend
along 7", we need (WH)~1 <HJ SO(@j)> or equivalently [[; S%(w;) to be stable under the action of
(LHEiWP)p. The group scheme (LTF3(P;)p is the parahoric group scheme P; corresponding
to P; defined before Theorem whose orbits are exactly the open affine Schubert cells S%(1w;).
Since M (y) is union of II; S9%(w;) for w; € Admp, (X;) (Theorem 2ZTJ), the same is true for YT

The closure relations follow from smoothness of 7# and W#. OJ
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We now introduce the notion of shape (or genre in French). The genre of Kisin/Breuil module
of rank 2 was first introduced in [Brel2| where it is connected to Serre weights for GLg over an
unramified extension of Q,. It also plays an important role in [BMI4, [EGS15] in computing tamely
Barsotti-Tate deformation rings as well as in the recent work of [CDM16al [CDM16b]. The notion
of shape for a rank 3 Kisin modules with p-adic Hodge type (2,1,0) and K/Q, unramified will be
used in forthcoming joint work of the second author [LLHLMIT7| to compute potentially crystalline

deformation rings for GLj3.
Definition 5.5. A Kisin module 9% € Y= (F,) is said to have shape .

Remark 5.6. The shape of Kisin module M € Y7 (F) has a more concrete interpretation as well.

M has shape (wj) if the matrix for the Frobenius qﬁ% ; with respect to any basis compatible
. ’ Sj(n)_

with the filtration lies in the double coset L*P;(F)w;L"P;(F).

5.2. Generic fiber. We would now like to characterize Y#7 so that we can relate it back to
potentially crystalline representations and Hodge-Tate weights in the next section. Since M (u) is
defined by flat closure, this has to be done by working over the “generic” fiber in some suitable
sense.

For any complete local Noetherian A-algebra R with finite residue field and maximal ideal mp,

we define the R-points of Y1487 as the inverse limit category
VIO (R) = (M, 1) | My € VIO (R/mBR), 1 - 0 @ R/mbTIR 2 90y ).

Similarly, we can define Y#7(R).
Given (My, 1) € YI7(R), the inverse limit Mp = Hm My is a module over (W ®z, R)[v]

equipped with a semilinear Frobenius
Or : ¢"(MR)[1/P(v)] = Mg[1/P(v)]

and descent datum of type .
We now introduce the notion p-adic Hodge type first for @p—points and then more generally. Let

F'/F be a finite extension with ring of integers A’.

Proposition 5.7. For any Kisin module My € YIOUT(AY), let Mpr = Mpr[1/p]. Then the

specialization
Dpr = " (Mpr) | P(0)g™ (M)

is a finitely generated projective L ®q, F'-module with a semilinear action of A.
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Proof. This follows from the fact that (W ®z, A')[v])[1/p]/P(v) = L ®q, F' and that Mp is
finitely generated and projective over ((W @z, A")[v])[1/p]. O

We can define a filtration on Dpr as in [Kis08)].
Definition 5.8. Define
Fil'(¢*(Mp1)) := {m € ¢*(Mpr) | do,., (M) € P(v)' M}
Define L ®q, F'-submodules
Fil'(Dpr) := Fil' (¢" (M) / (FIL' (0% (M) 0 P(0)" (Mpr)) € Dper.

Remark 5.9. If Mg has height in [a, b] then it is a decreasing filtration with Fil*(Dp/) = Dpr and
Fil>*(Dp/) = 0.

For Mg as in Proposition 0.7 and x € A*, we can define Dl(‘z’)x =9 mg,_;)/Ej(u)ng,_;)
together with a filtration defined in an analogous way using qﬁgt;/l)x and Ej;(u) in place of ¢y, and

P(v).

Lemma 5.10. Let 9y be as in Proposition [L74. Let Dg, be the L Q@ 0, F'-submodule of D
corresponding to oj : Ko — F'. There is a natural isomorphism

(4) ~ )
DF’ - DF’,xsj(n) ®K L

of filtered L ®k,,o; F'-modules.
Proof. First, note that we have the isotypic decomposition Dg,) = ®ye A*Dg’)x

modules, which gives an isomorphism DY) ~ Dg,) o @ L of K ®f o, F'-modules, since mul-
’ S]' n
tiplication by v when p is inverted and P(v) = 0 induces (1i0m0rp?;sms D = DF’,(ajowf)x
-7 ) -]
~ D

F'-modules. This can be upgraded to an isomorphism Dy, = F' X (m) ®k L of L ®kqy,0; F-
SJ’ n

as K ®kyo; F'-
as

modules, because multiplication by oP 1 s multiplication by u, which is identified with 7x ® 1
under the isomorphism (W ®xq,0; A')[u])[1/p]/Ej(u) = K ®k,0; F'. This means that v is iden-
tified with 7, ® 1 € L ® Koo; F ’. The fact that the isomorphism Dg,) = Dg’),xsj(n) ®x L respects
the filtrations on the two sides follows from the commutative diagram B.I], where all the horizontal

maps are now isomorphisms. ]

Recall that we assume the conjugacy class of y is defined over F, i.e., F' = Fj,). Associated to p,

we then have a Z-graded K ®q, F-module V}, of rank n. See for example [Kis08, (2.6)].
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Definition 5.11. Let F’/F be a finite extension with ring of integers A’. We say that My €
Y1@bhT(A) has p-adic Hodge type p if

gr*(Dpr) = gr*(V, QK g, F (L ®q, F"))

as graded L ®g, F'-modules.
We say 9Ma: has p-adic Hodge type < p if My, has p-adic Hodge type p/, for some p’ such that
[/] < [u] in the Bruhat ordering.

Corollary 5.12. Let F'/F be a finite extension and let Mps be as above. Write p = (115) ez, 5z,
where each pj is a geometric cocharacter of ResgpoGLn. Given j, let V,,; be the fillered K Q, o;
F-module of rank n corresponding to it as above. Then Mys has p-adic Hodge type = (1) ez, sz
if and only if

gr. (DF’,ij(n)) = gr.(vltj)
for every 0 < j < f—1.
Proof. This follows directly from Lemma 5101 O

Let Mp € YI4UT(R). For any finite extension F’/F, any homomorphism z : R — F’ factors
through the ring of integers A’. We can consider the base change M, = (Mr @p A')[1/p] for
which we have defined the notion of p-adic Hodge type.

We would now like to characterize when My € Y17 (R) lies in Y7 (R).

Theorem 5.13. Let R be a complete local Noetherian A-algebra with finite residue field. Assume
R is A-flat and reduced. Then Mp € Y[“’b]’T(R) lies in YT if and only if for all finite extensions
F'/F and all homomorphisms x : R — F' the base change M, has p-adic Hodge type < pu.

Proof. Let N > a—b. Choose an eigenbasis 21 := <B(j)>jez/fz for Mp1 € Y7 (R/mpg). Since the
morphism 7 : ylablr s ylablr i smooth, we can find a compatible system of points z := (%),
with z, € ?[“’bLT’(N)(R/mTR) such that V) (Z,) = Mg,

We see then that Mg is in YA7(R) if and only if UV(Z,.) € M(u)(R/m}) for all r > 1. The

compatible system W% (Z,) defines a map

a,bl,E(u
\I’N(E):SpecR—>Fl[K} @



KISIN MODULES WITH DESCENT DATA AND PARAHORIC LOCAL MODELS 31

Since M (u) is a A-flat closed subscheme of Fl[;’b]’E(u), we see that UV (Z) factors through M (u) if
and only if we have a factorization
U (Z)[1/p] (a,b],E(u)
Spec R[1/p] Fl ™

M(p)[1/p] = H(chn/Pj x S(p))-

J

Since R[1/p] is reduced and Jacobson, it suffices to show that we have a factorization at the level
of @p—points.

Every eigenbasis modulo P(v)" lifts to an eigenbasis, so we can switch from considering W'V :
ylatlt Fl[l?b]’E(u) to considering W : ylablm(eo) _y Fl[;’b]’E(u). We are reduced then to showing
that for any x : R — F’, 9, has p-adic Hodge type < u if and only if for any choice of eigenbasis
(8Y)) the corresponding F’-point W(z) of Fl[Ii’b}’E(u) lies in [[;(1ar,/p; % S(nj)). We can enlarge
the field if necessary so that F” contains a splitting field for K/Q,. This ensures that the generic
fiber of F1L%-#()

We first show that the projection to GL,,/P; is the identity point. Consider the Frobenius map

becomes a product over the embeddings v : K < F’.

09D PG [/ Ej(w)] - MY 11/Ej(w)]

vasj(n) : vasj(n) vaSj(n)

which is a map of modules over (A'[u])[1/p,1/E;(u)]. Since p is inverted, reduction mod u induces

an isomorphism

eomnli—1) ~y o)
m?x,xsj(n) mod u — mt$7xsj(n) mod u.

For a choice of eigenbasis A1) = ( fl-(j )), we would like to show that the image of the filtration on

9"9)?;(,3]; ;81_)(71) mod u is the canonical filtration on 9)?;(,3], 2@ o mod u induced by the trivialization (i.e.,
J J

induced by the eigenbasis). Concretely, this comes down to the fact that

)

(j—1) ag)(n)*“sjr(i) (4) i o
10) (u j i ® fs](z)) € Fil (?J)tx

od u
7Xs]~(n) )

which is equivalent to the commutativity of the (B.I). This shows that ¥(z) € [[; lgL,/p; ¥
GrReS(K®KO py/pGLn ().

By twisting by some power of F(u), we can now reduce to the case of [a,b] = [0,h]. Fix an
embedding o; : Ko — F'. We have that S(uj) = [[,.5c,r S(ijy), where the product is over all

embeddings ¢ : K — F’ which extend ;. Fix such an embedding ¢ and let my = 9(7x). We
write F'[u — my] for the completion of (A'[u])[1/p] at u — my,.
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Let W(x), denote the projection onto the Grgr, factor corresponding to the embedding 1. We
let Lo be the standard F”[u — my]-lattice in (F'((u — my)))" corresponding to the image of zmg{lcs ()
J
under the trivialization ¥). Then ¥(z), € S(u;y) if and only if the lattice £ given by the

(u — my)-adic completion of

W ol 0 (PMED ) € (WRDL/p)"
has relative position less than or equal to p relative to £y. (We note that £ is contained in the
standard lattice £y by our assumption that [a,b] = [0, h].)

The question is essentially reduced to one about open Schubert cells in the affine Grassmannian
of F'[u — my]-lattices in (F'((u — my)))". We identify an element in Grgy,, with such a lattice via
the standard lattice Ly. For a cocharacter A of GL,,, the Bialynicki-Birula decomposition [BBT3|
gives a retraction from the open Schubert cell S°(\) C Grgy, to the flag variety GL,,/ Py, where

P, = {g € GL,| (ufl;lrfsﬁo(u — ) M g(u — ) exists } .
More precisely, the retraction S°(\) — GL,,/Pj is induced by the evaluation at (u—my) = 0 on any
element of the G L, [u — my]-orbit of (u — my)*. The fact that the evaluation at 0 map sends S°(\)
to GL, /Py can be deduced from Lemma 2.3 of [NPOI], where the isotropy group for the orbit of
(u—ﬂ@)A in the affine Grassmannian is expressed as a semidirect product of Py and a pro-unipotent

algebraic group. Moreover, sending a lattice £ to the fitration on £/(u — my)L defined by
Fill(£/(u — 7)) i= (£ (u =)' - £0)/ (1 — 1)L

corresponds to the evaluation at 0 map which sends the open Schubert cell S°()\) to the flag variety

GL, /Py parametrizing filtrations of type A. This can be checked by a direct computation. In

particular, if £ corresponds to a point on S°(X), then the filtration Fil'(£/(u — my)L) is of type A.
Let £ be the lattice corresponding to W(x),. Since

S(tj)Fr = Ungpy S (A Frs

as we have assumed that F’ is large enough, the statement that W(z), € S(ij) is equivalent
to the filtration Fil'(£/(u — my)L) being of type < pj,. Indeed, W(z)y € S(uj,y) if and only if
U(x)y € S°(A) for some cocharacter A < p. Then W(x), € S°(A) for some cocharacter A if and
only if Fil (£/(u — my)L) is of type A. (The if part follows after knowing the only if part for every
cocharacter A, since the Cartan decomposition tells us that ¥(x), belongs to some open Schubert
cell. The only if part is explained above.)

We are now ready to conclude. Recall that we’ve set D,

Then D,
J

i1 i1
=7 M /B P

z,55(n)’

is isomorphic to the product over those 9 extending j of (£/(u — my)L). This is an

7X5j(n)

(n)



KISIN MODULES WITH DESCENT DATA AND PARAHORIC LOCAL MODELS 33

isomorphism of filtered K ®k, ; F'-modules. We see then that ¥(x) € [[; lar,/p; x S(y) if and

only if gr'(DLXS,(n)) =V, QF F’ for some ,u;» < pj. By Corollary .12 this is equivalent to 91,
J J

having p-adic Hodge type < p. O

Remark 5.14. When working with the moduli of Kisin modules, one is forced to impose the condition
< prather than asking for a constant p-adic Hodge type . On the other hand, Kisin shows in [Kis08|
Corollary 2.6.2] that, for the family of Kisin modules living over the generic fiber of a semistable
Galois deformation ring, the p-adic Hodge type is locally constant. However, Kisin’s proof that
the p-adic Hodge type is locally constant uses the comparison with Dqgr (see also [Kis09bl (A.4)],
where the proof of [KisO8, Corollary 2.6.2| is corrected). In particular, the proof relies on the fact
that the family of Kisin modules comes from a family of Gi-representations, rather than G -
representations. For general families of finite height Kisin modules over a complete local ring R as

above, the p-adic Hodge type need not be locally constant on Spec R[1/p].

5.3. Connections to Galois representations. In this subsection, we record two connections to
Galois representations in the spirit of [Kis08] and [Kis09a]. This essentially comes down to adding
descent datum to the constructions of Kisin in loc. cit.

1

1
Let R be a complete local Z,-algebra. Fix a compatible system of p-power roots {71'5,71’52 .
1 1

and let Lo, denote the completion of L(WE,WEQ ,...). We define K to be the completion of the

field obtained by adjoining the compatible system of p-power roots of mx given by {ﬂg,ﬂf, .
Note that Lo is Galois over Ko with Gal(Leo/Kx) = Gal(L/K) = A.

Definition 5.15. Let Og 1, be the p-adic completion of (W [v])[1/v] equipped with Frobenius and
an action of A in the natural way. An étale p-module over R with descent datum is a finite free
R@ZP Og¢ 1, module M equipped with an Frobenius isomorphism ¢ : ¢*(M) = M and a semilinear
action {g} of A such that ¢ and g commute for all g € A.

Proposition 5.16. There is a functor Mg, from the category of continuous representations of
Gk, = Gal(K/Ku) on finite free R-modules to the category of étale p-modules over R with

descent datum. This functor is an equivalence of categories with quasi-inverse Tyq.

Proof. The main content is the equivalence given by the theory of norm fields over L., due to
Fontaine-Wintenberger (with coefficients [Kis09al Lemma 1.2.7]). The addition of descent datum is
straightforward (see [CDMIG6al, §2.1.3| for details). O

Let F’ be a finite extension of F' with ring of integers A’. Let Vp be a potentially semistable
representation of G with Galois type 7 and p-adic Hodge type pu.
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Proposition 5.17. Let T): denote a G -stable lattice in Vp:. Then there exists My € YHT(A)
such that

Mpr Qi) Oe.r = Mgy(Tarlog.,)

Proof. Without descent datum, this is due to Kisin (see Corollary 1.3.15 and Proposition 2.1.5
in [Kis06]). We briefly explain how to extend the result to include decent datum. Let My, =
Ma(Tulcy ).

Applying Kisin’s results to Ty |g,, we get a finite height lattice Myr C Mps. The fact that Dy
inherits a semilinear action of A from My, follows from the uniqueness of My, (JKis06, Lemma
2.1.6]). The fact that 9y, has type 7 follows from the Gal(L/K)-equivariance of the identification

(D pr /vINAr)[1/p] = Dy (Tar[1/pl)

from [KisO8| §2.5(1)].

Finally, 9t5/[1/p] has p-adic Hodge type p via the identification
@ (M [1/p])/ P(v)e™ (Ma[1/p]) = Dar (V)
from the proof of [Kis08, Corollary 2.6.2]. O

Let p : Gal(K/K) — GL,(A’) be a lattice in a potentially crystalline representation of Gal(K /K)
with Galois type 7 and p-adic Hodge type u. Let p: Gal(K/K) — GL,(F’) denote the reduction

of p modulo the maximal ideal of A’.

Corollary 5.18. Let p be as above. Then there exists MM € Y7 (F') such that

T4a(D) 2 Pl qaii /-

We end by considering resolutions of potentially crystalline deformations rings as in [KisO8|. Let
p:Gal(K/K) — GL,(F) be a continuous representation. Let p € (Z")Hom(K’@P) be a cocharacter.
Let Rg’T’CriS be the framed potentially crystalline deformation ring with p-adic Hodge type p and
Galois type 7, as constructed by Kisin.

Let mp denote the maximal ideal of R%’T’Cris and let pi"" : Gal(K/K) — G‘:Ln(R%’T’CIris /m4) be
the reduction of the universal deformation. Set My := M ;,(p3™"). Define Yp" "’ to be the functor

on R%’T’Cris / de—algebras B given by

Y34 (B) = {(Mp,a) | Mp € Y*7(B),a: M1 /u] = My &0 W@z, B)(v)}

M, T,cris d
SyRﬁ’ ) / %

The functors Yp“ ;/ are relatively represented by projective schemes over RZ'""/ m% as subschemes

of the affine Grassmannian for M, using the same argument as in [KisO8]. By formal GAGA, there



KISIN MODULES WITH DESCENT DATA AND PARAHORIC LOCAL MODELS 35

is a projective morphism

O: Y;’T — Spec R%’T’C“S

reducing to Yﬁ‘f »" modulo m%.
Theorem 5.19. The projective morphism
. T }L,T,CriS
O: Yﬁ — Spec Rﬁ
18 an isomorphism on generic fibers.

Proof. The proof that ©[1/p] is a closed immersion is the same argument as in [KisO8, Proposition
1.6.4] using uniqueness of finite height lattices when p is inverted. The fact that ©[1/p] is an

isomorphism is then a consequence of Proposition .17 O

Corollary 5.20. If € ({0, 1}”)H°m(K’@P), i.e., R%’T’Cris is a potentially Barsotti-Tate deformation

ring, then the forgetful map Y;’T — Y™ s formally smooth.

Proof. For R a complete local Noetherian A-algebra, the functor Ty; on Y[Ovl}’T(R) canonically
extends to a functor Tyq valued in representations of G (not just Gk ) such that when R is finite
flat over A the representation is potentially crystalline. To construct Tdd, one first associates to
Mp € YIOUT(R) a strongly divisible module with tame descent as defined in [EGSI5, Definition
7.3.1]. The key point is that the monodromy operator is unique and so it commutes with the descent
datum. There is a functor Ty 1, from strongly divisible modules with tame descent to representations
of G [Sav03l §4].

Formal smoothness is a local property so consider 9 € Yﬁ“ T(F") for F'/F finite and the cor-
responding deformation groupoids Dg 7’% — D%T describing the local structure of Yﬁﬂ T and YT

respectively. As in diagram (2.4.7) of [Kis08] , define D%T’D to sit in the 2-Cartesian square

f.s.
w70 T
Dy — Dy

leﬂd lT

f.s.
Spf R —— D5

where R% is the unrestricted framed deformation ring and D5 is the unrestricted deformation
groupoid. (One could also use potentially Barsotti-Tate deformations in place of the unrestricted
versions. )

Finally, the same argument as in Proposition 2.4.8 of loc. cit. shows that D%T’D = D’; 7’%. The
key points are that TVC% factors through the Spf R%’T’Cris C Spf RED and that Y*7 is flat over A. [
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Corollary 5.21. If i € ({0,1}")Hom(EQy) yhen, YT is normal and YT @ F is reduced.
Proof. This follows directly from Theorem 2.T5 Theorem and Corollary O
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