PERFECTOID SHIMURA VARIETIES

ANA CARAIANI

ABSTRACT. This is an expanded version of the lecture notes for the minicourse
I gave at the 2017 Arizona Winter School. In these notes, I discuss Scholze’s
construction of Galois representations for torsion classes in the cohomology of
locally symmetric spaces for GL,,, with a focus on his proof that Shimura va-
rieties of Hodge type with infinite level at p acquire the structure of perfectoid
spaces. I also briefly discuss some recent vanishing results for the cohomology
of Shimura varieties with infinite level at p.
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2 A. CARAIANI

1. INTRODUCTION

One of the famous consequences of the Langlands program is the theorem that
all elliptic curves over Q are modular [Wil95, [TW95, BCDTO0I]. The proof of
this theorem for semistable elliptic curves led to Wiles’s proof of Fermat’s last
theorem [Wil95] and had an enormous impact on number theory over the decades
since.

What does it mean to say that an elliptic curve is modular? It roughly means
that the elliptic curve corresponds to a modular form. For example, the elliptic
curve F/Q defined by the equation

y2 4y =ad — 22

corresponds to the modular form f(z) with Fourier expansion
[ee] (o]
fE =a- [J=a’0=¢"")? =) and",
n=1 n=1

where ¢ = €™, The connection between E and f can be made explicit, by
relating the number of points of E over finite fields to the Fourier coefficients of f.
Concretely, we have
€+ 1-— #E(Fg) = Qy

for every prime number /.

The more sophisticated statement that encodes the relationship between F and
f says that the p-adic Galois representations attached to each of these two objects
are isomorphic

pe >~ py: Go = Gal(Q/Q) — GL2(Qp),

for every prime number p.

We recall that the p-adic Galois representation attached to E arises from the
Tate module of E, using the natural Gg-action on the p™-torsion points of E for
every integer n > 1:

pE : Gop — GL(]gnE[p"D o~ GLQ(].&lZ/an) ~ GLy(Zy).

We can rephrase this by saying that the Galois representation arises from the first
étale homology of the elliptic curve E/Q. The Galois representation py satisfies the
Eichler—Shimura relation

tr(ps(Froby)) = ay,
where Froby, is the geometric Frobenius at the prime number ¢ # p,11, which
determines a conjugacy class in Gg.

The equalities

(41— #E(F,) = a

can be recovered from
PE = Pf

when ¢ # p, 11 by taking the traces of Frob, on either side, applying the Lefschetz
trace formula for the action of Frob, on the p-adic étale homology of E/F,, and
applying the Eichler-Shimura relation for f.

Exercise 1.0.1. Convince yourself that pg ~ py really does recover the relation
L+ 1—#E(F,) = ag for every prime £ # p,11. Of course, we can vary p. What
happens for £ =117
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FIGURE 1. The number of points on the elliptic curve E : y? +

y = 23 — 22, and the coefficients of the modular form 3 a;q

qTIo2, (1 —¢™)?(1 — ¢*'™)2. These satisfy [ + 1 — #E(F;) = q; for
primes [ # 11.

These notes are meant to explain how to vastly generalize the construction of the
Galois representation py, so we start by recalling the key elements involved in the
construction of py, going back to Eichler and Shimura. Recall that, under a first
approximation, modular forms are holomorphic functions on the upper-half plane

H? = {2 € C| Im z > 0}
which satisfy many symmetries. These symmetries are defined in terms of certain

discrete subgroups of SLy(R). The upper-half plane has a transitive action of
SLy(R) by Mébius transformations

@b . az+b
'yz(cd),'y.zn—>cz+d.
The modular form f is a cusp form of weight 2 and level
Lo(11) :={y € SLa(Z)|y = (%) (mod 11)},

a subgroup of SLy(Z) defined by congruence conditions. The weight and the level
of f specify the symmetries that f must satisfy:

f (ZI;) = (cz + d)2f(2).

Remark 1.0.2. The Mdbius transformations are actually all the holomorphic isome-

2 2
tries of H? when we endow H? with the hyperbolic metric %, where

z = z + iy. The stabilizer of the point i € H? in SLy(R) is SO2(R), so we can
identify

H? ~ SLy(R)/SO2(R),
as smooth real manifolds together with a Riemannian metric. The subgroup SO3(R) C
SLy(R) is maximal compact and SLy is semisimple, so we can identify H? with the
symmetric space for the group SLs, as defined in Section

In the case of the group SLs, the symmetric space H? has a natural complex
structure and, as a result, one can prove that its quotients by congruence subgroups
such as T'o(11) are Riemann surfaces. It turns out that the symmetries that f
satisfies allow us to consider instead of f the holomorphic differential wy := f(2)dz
on the (non-compact) Riemann surface I'o(11) \ H2.

Exercise 1.0.3. Prove that f indeed descends to a well-defined holomorphic dif-
ferential on the quotient T'y(11) \ H2.

The Riemann surface I'g(11) \ H? is an example of a locally symmetric space for the
group SLo, in the sense of the definition we give in section [2]

Moreover, f is a simultaneous eigenvector for all Hecke operators Ty (with
¢ # 11), i.e. a Hecke eigenform. The fth Fourier coefficient a, can in fact be
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identified with the eigenvalue of T, acting on f E| (This can be seen by computing
the dimension of the space of cusp forms of weight 2 and level T'x(11), e.g. by
computing the dimension of the space of holomorphic differentials on (the com-
pactification of) T'g(11) \ H2. The space turns out to be one-dimensional and thus
generated by f.)

Set T' := T'g(11). In the special case of the group SLo, it turns out that the
quotients T' \ H? have even more structure: there exists an algebraic curve Yr
defined over Q such that T'\ H? can be identified with Y1-(C). This follows from the
fact that H? can be interpreted as a moduli of Hodge structures of elliptic curvesEL
and, as a result, the quotients I' \ H? are (coarse) moduli spaces of elliptic curves
over C equipped with certain extra structures. The particular moduli problem for
I' = To(11) gives rise to a canonical model Yr over Q. Yr is a smooth, quasi-
projective but not projective curve, known as the modular curve of level T'.

The modular form f determines the holomorphic differential wy € Hig (I'\ H?).
A refinement of Hodge theory for the non-compact Riemann surface Yr(C) ~ I'\ H?
shows that wy determines a system of Hecke eigenvalues in

H]13etti(YF (C)a (C)~

This system of Hecke eigenvalues is actually defined over Q (in this case, the T}
eigenvalues for ¢ # 11 match the Fourier coefficients of f; the system of Hecke
eigenvalues will be defined over a number field in general). Now the comparison
between the Betti and the étale cohomology of YT shows that it determines a system
of Hecke eigenvalues in

H{(Yr g Q, Q).
Eichler and Shimura show that the corresponding eigenspace is two-dimensional
(this follows from a refinement of the Hodge decomposition) and the natural Galois
action on it is the Galois representation ps. By the Cebotarev density theorem,
the Galois representation py (which is absolutely irreducible) is determined by
pr(Froby) for ¢ # 11,p and the relationship between p; and f is encoded in the
Eichler—Shimura relation

tr(pg(Froby)) = ag
for all such primes /.

Higher-dimensional analogues of modular forms are automorphic representations
and they can be associated to any connected reductive group G/Q (or over a more
general number field). Modular forms correspond to the group SLs (or GLg). E| In
order to associate Galois representations to more general automorphic representa-
tions, one first relates automorphic representations to systems of Hecke eigenvalues
occurring in the Betti cohomology of locally symmetric spaces, as we did above. If
the corresponding locally symmetric spaces have the structure of algebraic varieties
defined over number fields, as modular curves do, then one can sometimes find the
desired Galois representations in their étale cohomology. If the locally symmet-
ric spaces do not have an algebraic structure, the question of constructing Galois
representations is much more difficult than in the algebraic case. The question is

n these notes, we will only be concerned with Hecke eigenforms, not with all modular forms
and, more generally, we will be interested in systems of Hecke eigenvalues.

2We make this precise in section |2} when we discuss Shimura varieties. See Example

3From the representation-theoretic perspective, a modular form is actually a vector inside an
automorphic representation of SLa.
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even more difficult if we are interested in understanding torsion classes occurring
in the Betti cohomology of locally symmetric spaces rather than characteristic 0
classes. Nevertheless, there has been a spectacular amount of progress recently due
to Scholze [Sch15], building on work of Harris-Lan—Taylor-Thorne [HLTT16] for
the characteristic 0 case.

The goal of these lecture notes is to describe some recent progress in the Lang-
lands program, namely the construction of Galois representations associated to
torsion classes in the Betti cohomology of locally symmetric spaces for GL, /F,
where F' is a totally real or imaginary CM field. This gives as a corollary the ex-
istence of Galois representations for a certain class of automorphic representations
of GL,,/F, namely those which are regular and L-algebraic, cf. [BG14]. We will
focus on the ingredients coming from the theory of Shimura varieties, which are
higher-dimensional analogues of modular curves, and from the theory of perfectoid
spaces, as recently introduced by Scholze [Sch12a]. A central part of these notes
concerns Scholze’s theorem that the tower of Shimura varieties with increasing level
at p has the structure of a perfectoid space and that it admits a period morphism
to a flag variety, the Hodge—Tate period domain.

Remark 1.0.4. While the focus of these notes is the geometry of Shimura varieties
and the construction of Galois representations (thus understanding the automor-
phic to Galois direction), we started the introduction by mentioning a modularity
result. The modularity result is proved by the so-called Taylor—Wiles patching
method, which relies on working in p-adic families, both on the side of the Galois
representations (coming from elliptic curves) and on the side of modular forms.
The existence of the automorphic to Galois direction, f — py, is a prerequisite to
applying the Taylor—Wiles method. Indeed, modularity is not proved by directly
matching pr with ps, but rather by considering a universal Galois deformation
ring for the residual representation pg and comparing this ring to the Hecke alge-
bra acting on a space of modular forms that contains f. The map from the Galois
deformation ring to the Hecke algebra is obtained by interpolating the correspon-
dence f — py.

In order to prove such modularity results in higher dimensions (or even over
imaginary quadratic fields), one needs to understand the automorphic to Galois
direction first. Moreover, as the insight of Calegari—-Geraghty shows [CG18], one
needs to understand Galois representations attached not just to characteristic 0
automorphic representations, but also to classes in the cohomology of locally sym-
metric spaces with torsion coefficients, which are a reasonable substitute for p-adic
and mod p automorphic formsﬁ

1.1. Organization. In Section[2] we first introduce locally symmetric spaces, then
we specialize to the case of Shimura varieties. We discuss examples and counter-
examples. In Section [3] we recall the necessary background from p-adic Hodge
theory on the (relative) Hodge-Tate ﬁltrationﬂ In Section 4] we recall the theory
of the canonical subgroup and construct the anticanonical tower, which has a per-
fectoid structure. In Section [5, we show that (many) Shimura varieties with infinite

4n Section we explain why torsion classes give a reasonable notion of mod p and p-adic
automorphic forms for a general reductive group, by discussing Emerton’s notion of completed
cohomology.

5See also the lecture notes of Bhatt for more details on the Hodge—Tate filtration.
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level at p are perfectoid and describe the geometry of the Hodge—Tate period mor-
phism. In Section[6] we discuss some conjectures and results about the cohomology
of locally symmetric spaces and about the corresponding Galois representations.

1.2. Notation. If F'is a local or global field, we let G denote the absolute Galois
group of F'. If S is a finite set of places of the global field F, we let GF g denote
the Galois group of the maximal extension of F' which is unramified at all primes
of F not in S.

If ' is a number field, we let Ap denote the adéles of F', Ap s the finite adéles,
A’;, f the finite adéles away from some prime p of F, and A? Fof the finite adéles of
F away from some finite set of primes S. If p is a prime of F', we let Frob, denote
a choice of geometric Frobenius at the prime p.

We let Q%VC] be the p-adic completion of the field Q,(pp= ) obtained by adjoining
all the pth power roots of unity to Q,. We let Zgyd be the ring of integers inside
Q;yd.

If G is a Lie group, we let G° denote the connected component of the identity
in G.

If R C S are rings and V is an R-module, we write Vg :=V ®gr S.

1.3. Acknowledgements. This article was developed from lecture notes for a
minicourse taught at the 2017 Arizona Winter School. We thank the organizers
of the A.W.S. for a wonderful experience. We are grateful to Peter Scholze for
generously sharing his ideas on perfectoid Shimura varieties over several years. We
are also grateful to Dan Gulotta, Christian Johansson, and James Newton for many
useful conversations. Finally, we thank Johannes Anschiitz, Pol van Hoften, Chris-
tian Johansson, Judith Ludwig, Peter Scholze, Romyar Sharifi, and the anonymous
referee for reading an earlier version of this article, for catching and correcting
mistakes, and for many useful suggestions.

2. LOCALLY SYMMETRIC SPACES AND SHIMURA VARIETIES

In this section, we discuss locally symmetric spaces and Shimura varieties. In
§[2.1] we introduce locally symmetric spaces for a general connected reductive group
over Q and we give examples of locally symmetric spaces which admit the struc-
ture of complex algebraic varieties and which do not. In § in preparation for
discussing Shimura varieties, we review some necessary background from Hodge
theory, in particular the notion of a variation of polarizable Hodge structures. Fi-
nally, in §[2.3]we discuss the axioms of a Shimura datum, the corresponding Shimura
variety, and give many examples of Shimura varieties.

2.1. Locally symmetric spaces. Let G/Q be a connected reductive algebraic
group. Let A denote the maximal Q-split torus in the center of G. Let Ko, C G(R)
denote a maximal compact subgroup and let A, = Ag(R). To G, we can attach a
symmetric space as follows:

X =GR)/KLALL

6The term AZ is included to ensure that the locally symmetric spaces we obtain have finite
volume.
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This is a disjoint union of smooth real manifolds of some dimension d, it has an
induced action of G(R), and it can be endowed with a G(R)-invariant Riemannian
metric.

Two subgroups I'1,I's of the same group are commensurable if the intersection
'y N T2 has finite index in both 'y and T's. A subgroup T' of G(Q) is arithmetic
if it is commensurable with G(Q) N GLy(Z), for some embedding G < GLy of
algebraic groups over Qﬂ For an arithmetic subgroup I' C G(Q), we can define the
locally symmetric space

Xr:=T\X.
If T is torsion-free, the space Xr is a smooth real manifold of dimension d en-
dowed with an induced Riemannian metric. (If T is not torsion-free, then Xr is an
orbifold.)

Suppose we have a model G/Z of G which is a flat affine group scheme of finite
type over Z.

Exercise 2.1.1. Show that a finite index subgroup I' C G(Z) is an arithmetic
subgroup of G(Q).

From now on, we will only consider locally symmetric spaces Xr, where I' C G(Z) is
a finite-index subgroup. In fact, we will only consider arithmetic subgroups which
are congruence subgroups of G(Z), i.e. subgroups which contain

I'(N) = ker (G(Z) — G(Z/NZ))

for some N € ZZlE'

If T is a congruence subgroup, the cohomology H ..;(Xr,C) can be computed
in terms of automorphic representations of G [BW00, [Fra98]. This is easier to see
in the case when the locally symmetric space Xp is compact. Then Matsushima’s
formula expresses H..;(Xr,C) in terms of the relative Lie algebra cohomology
H*(g9, Koo, o), Where m = 7y ® T runs over automorphic representations of
G. The fact that one can express Hp,;(Xr,C) in terms of (g, Koo )-cohomology
uses the induced Riemannian structure on Xr and Hodge theory for Riemannian
manifolds.

We will mostly be interested in the converse direction: realizing certain auto-
morphic representations of G as classes occurring in the Betti cohomology of locally
symmetric spaces. Results of Franke guarantee that we can do this, at least for so-
called cohomological automorphic representations. For GL,, /F, cohomological au-
tomorphic representations match regular L-algebraic ones up to a twist, see [BG14]
for more details.

Ezample 2.1.2. (1) If G = SLy (and we can take G = SLy/Z), the correspond-
ing symmetric space is the upper-half plane H?. The locally symmetric
spaces are the Riemann surfaces corresponding to modular curves, which
are discussed in the introduction. These locally symmetric spaces are non-
compact Riemann surfaces.

"More generally, one can define a lattice I' C G(R) as a discrete subgroup with finite covolume
with respect to the Haar measure on G(R). A remarkable theorem of Margulis shows that, if G(R)
is a semisimple Lie group with no factor isogenous to SO(n, 1) or SU(n, 1), any lattice I' C G(R)
is an arithmetic subgroup. See Section 3.3 of [Mil04] for more details on arithmetic subgroups.

81t can be shown that SLo (Z) contains infinitely many conjugacy classes of finite-index sub-
groups which are non-congruence, but for n > 3, every finite-index subgroup of SL,(Z) is a
congruence subgroup.
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If G = D*, where D/Q is a quaternion algebra which is split at infinity,
ie. D(R) ~ My(R), then the corresponding symmetric domain is again
H? but the locally symmetric spaces are now compact Riemann surfaces.
These correspond to certain so-called Shimura curves, which give another
example of Shimura varieties.

If G = Resgy;)/@SL2 (and we can take G = Resy;)/zSL2), the corresponding
symmetric space can be identified with 3-dimensional hyperbolic space

SL2 ((C)/SUQ ((C) >~ H3

and the locally symmetric spaces are called Bianchi manifolds. They are ex-
amples of arithmetic hyperbolic 3-manifolds and, since their real dimension
is odd, they have no chance of having the structure of algebraic varieties.

If F is a totally real or imaginary CM field with ring of integers O, set G =
Resp/gGLy,. In some cases, the corresponding locally symmetric spaces
match ones we have already studied. For example, the symmetric space for

GLQ/@ is
GLy(R)/SO2(R)RY, ~ H>*,

>0 =
the disjoint union of the upper and lower half complex planes. The cor-
responding locally symmetric spaces are disjoint unions of finitely many
copies of modular curves.

If F is totally real with [F' : Q] > 2, the locally symmetric spaces for
Resp/g GL2 are not complex algebraic varieties. The obstruction comes
from the center Resy/q GL1, which is no longer a Q-split torus; by consid-
ering a variant of the group we obtain Hilbert modular varieties.

If F is totally real and n > 3, the locally symmetric spaces do not have
the structure of complex algebraic varieties. If F' is an imaginary CM field
and n > 2, the locally symmetric spaces also do not have the structure of
complex algebraic varieties. One way to see this is as follows. Set

lo ;= rank G(R) — rank Koo Aco.

(This is the so-called “defect” of the group G, see [BWO00, [CG18| for a
discussion.) The axioms for a Shimura variety introduced in Section m
below imply that lp = 0 whenever the group G admits a Shimura variety.
However, when F' is a general number field with r; real places and ro
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complex places, one can compute lg for Resp,oGL;, to be

o = 1 (252) +ra(n—1) n even,
r (252) +ro(n—1) nodd.

(4) If G(R) is compact (or more generally, if G(R)/As is compact), then
GR)/KZ A3, is a finite set of points and the locally symmetric spaces
attached to G are also just finite sets of points, called Shimura sets. This
situation is very favorable for setting up the Taylor—Wiles method, because
the cohomology of the locally symmetric space is then concentrated in only
one degree, namely in degree 0. This happens, for example, in the case of a
definite unitary group defined over a totally real field (whose signature at
each infinite place is (0,n)). However, this situation is not very interesting
from the point of view of geometry!

In these notes, we will mostly use the adelic perspective on locally symmetric
spaces. Recall that we have chosen a model G/Z of G/Q. Let K C G(Ay) be a
compact open subgroup of the form [] K,, where v runs over primes of Q and
K, € G(Z,), and such that K, = G(Z,) for all but finitely many primes v. Define
the double quotient

Xk = GQ\ (X xG(Ay)/K),

where the action of G(Q) on the two factors is via the diagonal embedding. The
set G(Q) \ G(Ay)/K is finite; this follows from [PR94][Thm 5.1].

Exercise 2.1.3. When G = Resp/q GLy,, prove directly that G(Q) \ G(Ay)/K is
finite.

Let g1,...,9, be a set of double coset representatives. For i = 1,... 7, let I'; :=
G(Q)NgiKg; . This is a discrete subgroup of G(Q) and it is in fact a congruence
subgroup of G(Z). Then we have

X = G@\ (X x G(Af)/K) = Ui Ti \ X = Ui, Xr,,

so the adelic version of a locally symmetric space is a finite disjoint union of the
locally symmetric spaces introduced above.

We say that K is neat if G(Q) N gKg~! is torsion-free for any g € G(Ay), in
which case Xk is a smooth real manifold of dimension d. If K is sufficiently small,
then it is neat.

As seen in Example above, the locally symmetric spaces Xx can be
non-compact. Borel and Serre [BS73] constructed a compactification of Xx (or
rather, of the individual spaces Xr), which is a smooth real manifold with corners.
If XES denotes the Borel-Serre compactification of X g, the inclusion

Xy — XB5

is a homotopy equivalence. This shows that X has the same homotopy type as
that of a finite CW complex, so in particular the vector spaces Hy.:(Xrk,C) are
finite-dimensional. Similarly, the cohomology groups Hy...;(Xk,Z/p™Z) are finite
Z/pNZ-modules and the groups Hj...;(Xx,Q,) are finite-dimensional for every
prime p.

As K varies, we have a tower of locally symmetric spaces (Xg)g. If K, K’ are
two compact-open subgroups of G(Af) and if g € G(Ay) is such that g7 ' K'g C K,
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we have a finite étale morphism ¢, : Xg» — Xk induced by hK’ — hgK for
h € G(Ay). If one takes K’ := K N gKg~ ', one obtains a correspondence

(Cg,Cl)ZXK/ — XK XXK,

called a Hecke correspondence. This correspondence induces an endomorphism of
H(lc) (Xk), where we take the Betti cohomology of the locally symmetric space

with coefficients in either C,Q,,Z/pNZ for N € Z>; and this endomorphism only
depends on the double coset KgK.

2.2. Review of Hodge structures. Roughly speaking, a Shimura variety is an
algebraic variety defined over a number field whose underlying complex manifold is
a locally symmetric space corresponding to some connected reductive group G/Q.
As we have seen in Example [I| this can exist only in special circumstances, for
certain groups G. In this section, we recall some notions related to Hodge structures
and variations of Hodge structures, which will be useful for explaining the axioms
defining a Shimura datum in Section [2.3] For a more in-depth discussion of these
notions, see Chapter II of [Mil04].

2.2.1. Hodge structures. Recall that a (pure) Hodge structure on a finite-dimensional
real vector space V is a direct sum decomposition of the complexification V¢ of V'
of the form
Ve =& 5yez2 V"™

such that the following relation, known as Hodge symmetry, holds: for every (i,5) €
Z2, the complex conjugate of V7 is V5%, The direct sum decomposition is called
the Hodge decomposition. If Vo = @re;Vi* 7%, we say that V has a Hodge structure
of type (i, jx)ker- If, moreover, iy + jr = n for every k € I then we say that the
Hodge structure on V is pure of weight n. The weight decomposition is the direct
sum decomposition of V indexed by weight and it is already defined over R. A
morphism of Hodge structures is a morphism of real vector spaces which respects
the Hodge decomposition of their complexifications.

More generally, one can define rational and integral Hodge structures. An in-
tegral (resp. rational) Hodge structure is a free Z-module of finite rank (resp.
finite-dimensional Q-vector space) together with a Hodge decomposition of Vg such
that the weight decomposition is defined over Q.

Ezample 2.2.2. If X/C is an smooth projective varietyﬂ then the Betti cohomology
groups H"(X(C),Z) are endowed with integral Hodge structures coming from the
Hodge decomposition

H'(X(C),Z)®2C = P H (X, Qc);
i+j=n
we set Vi = HI(X, Qé{/c)'
If X = A is an abelian variety over C, the Hodge decomposition is

HI(A((C)?Z) ®z C = HO(Av Q}A/C) ©® Hl(Aa OA);

9We could take, more generally, X to be a compact Kéhler manifold, in which case the Betti
cohomology decomposes as H"(X,C) = @®;4j—nH"I(X), where H*J(X) denotes the space of
cohomology classes of type (4, 7).
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then H'(A(C),Z) has an integral Hodge structure of type (1,0),(0,1). The dual
H,(A(C),Z) has a Hodge structure of type (—1,0), (0,—1). Giving a Hodge struc-
ture of this type on H;(A(C),Z) is equivalent to giving a complex structure on
H,(A(C),Z) @z R.

The category of integral Hodge structures of type (—1,0), (0, —1) is equivalent
to the category of complex tori. (If A is an abelian variety, then A(C) is a complex
torus, though not every complex torus arises from an abelian variety.)

Ezample 2.2.3. If n € Z, we define the Hodge structure R(n) to be the unique
Hodge structure on R of type (—n, —n). We define Q(n) and Z(n) analogously.

Let S := Resc/rGyy; this is a real algebraic group such that S(R) = C*. The
group S is the Tannakian group for the category of Hodge structures on real vector
spacesm This implies that there is an equivalence of categories between the cate-
gory of Hodge structures on finite-dimensional real vector spaces and the category
of finite-dimensional representations of S on real vector spaces. We describe the
functor in one direction: a representation of S on a real vector space V' determines
an action of C* on the complexification V¢. Then Vi decomposes as a direct sum
of subspaces V% with i,j € Z, such that the action of C* on V%J is through the
cocharacter z — 2z~ *z77. This direct sum decomposition defines a Hodge structure
on V. Thus, we can think of a Hodge structure on a real vector space V as a pair
(V,h), where h : S — GL(V') is a homomorphism.

A polarizable Hodge structure is a Hodge structure which can be equipped with
a polarization. A polarization on a real Hodge structure (V,h) of weight n is a
morphism of Hodge structures

U:V xV = R(—n)

such that the bilinear form (v, w) — ¥ (v, h(i)w) is symmetric and positive definite.
(One can similarly define polarizable integral and rational Hodge structures.)

Hodge structures coming from algebraic geometry are polarizableﬂ For exam-
ple, recall Riemann’s classification result for abelian varieties over C.

Theorem 2.2.4. The functor A — Hy(A,Z) defines an equivalence of categories
between the category of abelian varieties over C and the category of polarizable
integral Hodge structures of type (—1,0), (0,—1).

2.2.5. Variations of polarizable Hodge structures. In order to have a Shimura vari-
ety, the symmetric space X should be interpreted as a “moduli space” of polarizable
Hodge structures. The precise notion of “moduli space” we will use is that of a
variation of Hodge structures.

For a Hodge structure on V' of weight n, we define the associated Hodge—de Rham
ﬁltmtionH to be the descending filtration given by

F'V .= @Vi/’j/ C Ve.

i’ >i

1OSee, for example, Chapter I of [Mil90] for a discussion of Tannakian categories and the
corresponding Tannakian groups as relevant to Shimura varieties.

HMore precisely, if X/C is a smooth projective variety, then its Betti cohomology carries a
Hodge structure equipped with a rational polarization. The polarization comes from the hard
Lefschetz theorem applied to a rational Kéhler cohomology class.

12ywe prefer to refer to the Hodge filtration as the Hodge—de Rham filtration in order to avoid
confusion with the Hodge-Tate filtration which will be discussed in Section
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Ezample 2.2.6. If X/C is a smooth projective variety, the Hodge structure on the
Betti cohomology H*(X(C),Z) has the Hodge-de Rham filtration

F'(H*(X(C),Z) ®2 C) = ®u>H (X, 0% ).

Under the canonical comparison isomorphism between Betti and de Rham coho-
mology, the Hodge-de Rham filtration on H*(X (C),Z) ®z C matches the filtration
on the algebraic de Rham cohomology H}g(X) induced from the degeneration of
the Hodge-de Rham spectral sequence

By = H (X, Q) = H (X, Q%) = Hif (X).

If X = A is an abelian variety over C, the Hodge—-de Rham filtration is determined
by F' (H'(A(C),Z) ®2 C) = H°(A,Q} o) (F° is everything and F? is zero).

We remark that, if X is defined over a number field F, then the algebraic de
Rham cohomology HSEJ (X) is an E-vector space and the Hodge—de Rham filtration
on algebraic de Rham cohomology is also defined over E. This observation, together
with standard comparison results between the cohomology of schemes and of the
corresponding rigid-analytic varieties, will be used in Section [3] The degeneration
of the Hodge-de Rham spectral sequence, which is needed to obtain the Hodge
filtration on de Rham cohomology, is a deep result, originally established using
analytic techniques (Hodge theory), but it was later on proved purely algebraically
in [DI&T].

A variation of (pure) Hodge structures should model the Hodge structure on the
local system coming from the Betti cohomology of a continuous family of smooth
projective varieties over some base. We start with an elementary definition, which
we will apply to the case of Shimura varieties, and which can be formulated very
concretely. We then give the more general definition.

Let X be a simply-connected connected complex manifoldB Fix a real vector
space V and a positive integer n. Assume that for each h € X T we have a Hodge
structure on V' of weight n. Let V;”/ C V¢ be the subspace of type (4,7) corre-
sponding to the Hodge structure attached to h, and let F}(Vc) C Vi be the ith
graded piece of the Hodge-de Rham filtration on V¢ determined by h.

Definition 2.2.7. We say that the family of Hodge structures indezed by X is a
variation of Hodge structures of weight n if the following conditions are satisfied.
(1) Firstly, for each (i,7), the subspace V,f’j varies continuously with h € X .
This means that the dimension of the subspace V,” is equal to a constant
d(i,j) € Z>o, so there is a natural map to the Grassmannian parametrizing
d(, j)-dimensional subspaces of V¢
Xt = Gri®I) ().

Moreover, the above map is required to be continuous.
(2) The Hodge filtration Fy varies holomorphically with h € X*. More pre-

cisely, let FIStd(V@) be the flag variety parametrizing descending filtrations
on Vg of type (d(i))iecz, where d(i) =" ,~,;d(i',n—1"). The first condition
guarantees that there exists a map

Thar : Xt = FIE%), h — Fp

BFor example, we could take X1 = H2, the upper half-plane.
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and we require this to be a map of complex manifolds (i.e. holomorphic).

(3) (Griffiths transversality) The tangent space of FI**Y (Vi) at a point corre-
sponding to a filtration F*® on V¢ is contained in ®;czHom(F*, Vg /F*). Let
h € XT. The final condition is that we require that the differential dwEdR,
which is a map

drlgp s Th X+ = Tpe FIY(Ve) € @) Hom(F*, Ve /FY),
=
to satisfy the following transversality condition:
Im(drf;y) € @ Hom(F', =1 /F") ¢ @) Hom(F", Ve /FY).
i€z i€Z
Remark 2.2.8. In fixed weight n, the Hodge-de Rham filtration determines the

Hodge decomposition via VP4 = FP(Vg) N F4(Ve). This implies that, if the Hodge
structures parametrized by X T are all distinct, the holomorphic map

Tar : X+ = FI(1)

is injective. We call such a map a period morphism. One of the protagonists of
these lecture notes is the p-adic analogue of this morphism, called the Hodge—Tate
period morphism. This will not be injective, in general, but in many situations we
will be able to understand its fibers. Note also that, while the Hodge-de Rham
filtration varies holomorphically in families, the same is not true for the Hodge
decomposition.

Exercise 2.2.9. Check that the tangent space of FIStd(VC) at a point corresponding
to a filtration F* on Vg is indeed contained in ®;czHom(F*, Ve /FY).

A variation of polarizable Hodge structures on X is a variation of Hodge structures
on X together with a bilinear form

U:VxV >R

such that ¥ induces for any h € X* a polarization on the Hodge structure deter-
mined by h.

More generally, let X be a complex manifold. A variation of Hodge structures of
some weight n € Z on X is a locally constant sheaf of finitely generated Z-modules
Vz on X (we call such an object a Z-local system on X) together with the following
additional structures. Define £ := V; ®7 Ox, where Ox is the sheaf of holomorphic
functions on X. Then & is a holomorphic vector bundle on X this is equipped with
a canonical flat connection

V:E o E®o, Ok,

induced from 9 : Ox — Q% (here, Q% denotes the sheaf of holomorphic differentials
on X). The connection V is called the Gauss-Manin connection. The additional
structure is a descending filtration F'*E on £ by holomorphic sub-bundles such that

(1) The filtration F*€ induces Hodge structures of weight n on the fibers of £.
(2) (Griffiths transversality) For all ¢ € Z, the Gauss-Manin connection satisfies

V:F& - F o, Q% CE®oy Q.

If X is simply-connected, the local system Vz on X is trivial. By choosing a
trivialization of Vg, we recover Definition As above, we can also define
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variations of polarizable Hodge structures. With this more general definition, we
have the following example.

Ezxample 2.2.10. Let f : Y — X be a smooth and projective morphism of com-
plex varieties, such that X is smooth. Let (R™f.Z)is be the torsion-free part of
R"f,Z. Then the local system (R"f.Z)y on X(C) is a variation of polarizable
Hodge structures of weight n.

2.3. Shimura varieties.

2.3.1. Definition of a Shimura variety. Shimura varieties are described by Shimura
data, which are certain pairs (G, X), consisting of a connected reductive group G
defined over Q, and a G(R)-conjugacy class X of homomorphisms

S—>GR.

As we saw above that S is the Tannakian group for the category of real Hodge
structures, for any finite-dimensional representation V' of GG on a real vector space,
X parametrizes a family of Hodge structures with underlying vector space V. If we
choose an element h € X, we can identify X with G(R)/K", where K" is the sta-
bilizer of h in G(R) under conjugacy. We will impose certain additional conditions
on (G, X) which will ensure that X carries a unique complex structure making the
family of Hodge structures that X parametrizes a variation of polarizable Hodge
structures.

In order for a pair (G, X) as above to be a Shimura datum, it has to also satisfy
the following axioms.

(1) Let g denote the Lie algebra of G(R). For any choice of h € X, the com-
posite
h:S— Gr — G — GL(g),

i.e. the composite with the adjoint action of Gg on g, induces a Hodge
structure of type (—1,1),(0,0),(1,—1) on g.

(2) For any choice of h € X, h(i) is a Cartan involution on G*4(R).

(3) G has no factor defined over Q whose real points form a compact group.

Note that, while the first two conditions are formulated for any choice of h € X, it
is enough to check them for one choice of h € X. We discuss the role that each of
the three axioms plays below. Assume, for simplicity, that X is connected.

The first axiom implies, in particular, that the Hodge structure on g induced
by the adjoint representation has weight 0, which in turn implies that h(R*) lies
in the center of G(R) for one h € X (equivalently, for all h € X). Even though a
given real representation V' of G may not give rise to a family of Hodge structures
which are homogeneous of a given weight, the fact that A(R*) is central means that
we can write V' as a direct sum of G-invariant pieces which do give rise to Hodge
structures that are homogeneous of a given weight, independent of the choice of
h € X. In other words, the weight decomposition on V is independent of h € X.

We can now ask whether the family of Hodge structures parametrized by X
can be made into a variation of polarizable Hodge structures, by endowing X with
an appropriate complex structure. Choose V to be the direct sum of the repre-
sentations in a faithful family of representations of G. The fact that the weight
decomposition on V is independent of h € X is all that is needed to show that X
carries a unique complex structure for which the family of Hodge structures varies
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holomorphically. Indeed, if we let FI*%(V¢) be the product of the flag varieties
defined above for each homogenous piece of V', we have an injection

X < FIF(1%).

The complex structure on X is induced from the natural complex structure on
the flag variety FIStd(VC). Furthermore, the requirement for the family of Hodge
structures on X to satisfy Griffiths transversality is equivalent to g = F~'g. Since
the Hodge structure on g has weight 0, this is in turn equivalent to asking that the
Hodge structure on g be of type (—1,1),(0,0),(1,—1). See Section 1.1 of [Del79]
for more details.

For the second axiom, note that h(i) induces an involution of G®(R) because
the adjoint action of h(—1) is trivial. The fact that h(i) is a Cartan involution
of G*(R) means that the inner form over R of G®! defined by the fixed points of
the involution g ~— h(i)gh(i)~! is compact. It is easy to see now that the second
axiom is independent of the choice of conjugacy class of h(i). The second axiom
guarantees that the variation of Hodge structures on X (obtained by choosing any
V as above) is a variation of polarizable Hodge structures. See Section 1.1 [Del79)
for more details. We note that this axiom implies that the stabilizer K C G(R)
of any h € X is compact modulo center.

The third axiom is fairly harmless to assume (since we could replace G with its
quotient by a connected normal subgroup whose group of real points is compact),
and it allows us to use strong approximation when G is simply-connected.

When (G, X) is a Shimura datum, Deligne proves that X is a finite disjoint union
of Hermitian symmetric domains in [Del79]. For a neat compact open subgroup
K C G(Ay), the double quotient

GQ\ (X x G(Af)/K)

has the structure of an algebraic variety, called a Shimura variety. The Shimura
variety has a canonical model which is a smooth, quasi-projective variety defined
over a number field F, called the reflex field of the Shimura datum. Choose a
representative h € X. This gives rise to a cocharacter

wh = h xXg (Cl(lst Gm factor) Gm,c = Ge.

The axioms in the definition of a Shimura datum imply that the cocharacter uy, is
minuscule, i.e. its pairing with any root of G is in the set {—1,0,1}. The G(C)-
conjugacy class {uy, } is independent of h. The reflex field E is the field of definition
of the conjugacy class {un} (this may be smaller than the field of definition of
the cocharacter py). From now on, we denote by Xy the canonical model of the
Shimura variety over E.

Ezample 2.3.2 (Modular curves). Let V' be a 2-dimensional vector space over Q.
We consider the algebraic group over Q given by G := GL(V). Let X be the set
of complex structures on V ®q R, i.e. of embeddings C C Endgr(V ®g R). Then X
can be identified with a G(R)-conjugacy class of homomorphisms

h:S — Gr

viax € X — hy : S — Gg, where for every z € S(R) ~ C*, h,(z) € GL(WR) is
identified with z € C* C Autg(V ®g R). One can check that the three axioms for
(G, X) to be a Shimura datum are satisfied.
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By choosing a basis of V, we can identify G with GLy and X with H*, the
disjoint union of the upper and lower half planes. We see that the symmetric
space for GL3/Q can be identified with the conjugacy class X. The corresponding
Shimura varieties are disjoint unions of finitely many copies of connected modular
curves.

Let A be a fixed Z-lattice in V. By Example[2:2.2] we see that X can be identified
with the set of integral Hodge structures of type (—1,0),(0,—1) on A. All such
Hodge structures are polarizable, so X can be identified with a moduli of Hodge
structures of elliptic curves over C. This is the reason for the moduli interpretation
of modular curves in terms of elliptic curves together with level structures.

The period morphism taking a Hodge structure to the corresponding Hodge—de
Rham filtration can be identified with the natural embedding

H* — P1(C)
Note that this is equivariant for the action of GL2(R) on both sides: given by

Mobius transformations on the left hand side and factoring through the usual action
of GLa(R) on P1(C).

Exercise 2.3.3. Write down the identification H* ~ X such that the usual action
of GLa(R) on H* given by the Mébius transformations

az+b

cz+d

can be recovered from the conjugation action of GLa(R) on the set of homomor-
phisms S — GLyr from Ezample[2.33,

We end this section by giving examples of higher-dimensional Shimura varieties.
The key examples that we will consider in these lecture notes will be Siegel modular
varieties (which are the simplest Shimura varieties from the point of view of the
moduli problem that they satisfy) and Shimura varieties for quasi-split unitary
groups (which also have an explicit moduli interpretation).

7= (25) € GLa(®),7: 2 s

Ezample 2.3.4 (Siegel modular varieties). Let n > 1 and let

(Vﬂ/}) = (an, w((ai% (bz)) = Z(aianri - an+ibi)>

i=1
be the split symplectic space of dimension 2n over Q. Consider the symplectic
similitude group GSp,,, := GSp(V, ¢); this is the algebraic group over Q defined by
GSpy, (R) = {(9: ) € GL(V ®qg R) x R*[¢(gv, gw) = X - (v, w),Yv,w € V @q R}
for any Q-algebra R. In other words, GSp,,, is the group of automorphisms of V'
preserving the symplectic form up to a scalar, called the similitude factor, which
is a unit. One can identify the corresponding symmetric space X with the Siegel
double space, which has the following explicit description
{Z e M,,(C)|Z = Z',Im(Z) positive or negative definite} ,

where Im(Z) denotes the imaginary part of the matrix Z. The Siegel double space
has an action of GSp,,, (R), via

I'=(48)€GSpy,(R),I:Zw (AZ+ B)(CZ+ D) '[1]

4 These are n x n-matrices, so for n > 1 the order of multiplication matters.
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which is transitive. The stabilizer in GSp,,,(R) of the matrix ¢-Id,, can be identified
with U(n) x Rsg; the unitary group U(n) is the identity component of a maximal
compact subgroup of GSp,,,(R). This shows that we do have an identification of
the Siegel double space with the symmetric space for GSp,,,.

Ezercise 2.3.5. Check that the action of GSp,, (R) described above preserves the
Siegel double space, that it is transitive and compute the stabilizer of i - 1d,,.

The Siegel double space X is a disjoint union of two copies of a Hermitian sym-
metric domain. Using the classification of Hermitian symmetric domains in [Del79],
one sees that X can be identified with a conjugacy class of homomorphisms

h: S — GSan,R

such that the pair (GSp,,,X) satisfies the three axioms in the definition of a
Shimura datum. The corresponding Shimura varieties are called Siegel modular
varieties. When n = 1, we have an isomorphism GSp, ~ GL2 of algebraic groups
over Q, and in this case we recover the modular curves.

Fix the lattice A = Z?" in V (which is self-dual under the symplectic form ).
For every h € X, let

Kh = h xr C|(1st Gm,c—factor) s

this defines a cocharacter up : Gyc — GSpy, . For every h € X, the Hodge
structure induced by pp on V has type (—1,0),(0,—1) and is polarizable by the
second axiom in the definition of a Shimura datum. This Hodge structure gives
rise by Theorem [2:2.4] to the abelian variety over C with associated complex torus
V(=1.09)/A. This abelian variety has dimension n.

For K C GSp,,,(A¢) a neat compact open subgroup, the corresponding Shimura
variety X is a moduli space of polarized g-dimensional abelian varieties with level-
K-structure. Xg has a canonical model, which is a smooth, quasi-projective variety
over the reflex field Q. It carries a universal abelian variety A"V and a natural
ample line bundle w given by the determinant of the sheaf of invariant differentials
on Auniv.

If p is a good prime for the level K (i.e.), X, A"V, w admit integral models
over the localization Z,). The integral model Xk is a smooth, quasi-projective
but not projective scheme over SpecZ,,. It admits a minimal (Baily-Borel-Satake)
compactification Xg — X7, which is a projective but usually not smooth scheme
over SpecZ,y. This was constructed by Faltings and Chai in [FC90]. The ample
line bundle w extends canonically to X7,.

Ezample 2.3.6 (Shimura varieties of PEL type). Shimura varieties of PEL type are
Shimura varieties which admit a moduli interpretation in terms of abelian varieties
equipped with polarizations, endomorphisms and level structure. Siegel modu-
lar varieties give examples of PEL-type Shimura varieties, since they parametrize
abelian varieties equipped with polarizations and level structure. General PEL-type
Shimura varieties admit closed embeddings into Siegel modular varieties and they
can be studied via these closed embeddings, but they can also be studied directly
via their moduli interpretation. One of the key examples of PEL type Shimura
varieties that we will consider in these lecture notes will be that of unitary Shimura
varieties (and, in particular, those for quasi-split unitary similitude groups).
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Let F be an imaginary CM field, with F'™ C F maximal totally real subfield.
Let 2 + z* denote the non-trivial automorphism in Gal(F/FT). Let V be a 2n-
dimensional F-vector space and let

v, ):VxV—=>Q

be a non-degenerate alternating *-Hermitian form on V. Let G/Q be the algebraic
group of unitary similitudes of (V,4): if R is a Q-algebra, then

G(R) :={(g,A) € GL(V ®g R) x R* | ¢(gv, gw) = X - ¥(v,w),Yv,w € V ®q R} .
The group of real points G(R) can be identified with
[F:q]

G 1j[1 U(pqu:) )

where i indexes embeddings F'© — R and U(p;, ¢;) is the real unitary group of
signature (p;,q;) with p; + ¢; = 2n. (By the notation G( ), we mean that the
similitude factors for all embeddings F* < R match.)

If F* = Q, then we only have one signature (p,q). The corresponding group
of real points G(R) can then be identified with GU(p,q), the group of unitary
similitudes which preserve up to a scalar the form

D n
{(a;), (b)) =D azbj— Y ajby.
j=1 j=p+1

We can always arrange that G is a quasi-split group over Q (this depends on
the choice of ). Since 2n = dimp V is even, the quasi-split inner form will have
signature (n,n) at every embedding F* < R. (If we had worked V with dimgV =
2n + 1, then U(n + 1,n) and U(n,n + 1) are isomorphic quasi-split unitary groups
over R.)

Remark 2.3.7. (1) For the purposes of studying the corresponding Shimura
varieties, we can assume that the set of signatures (pi,¢i)ic(1,...[F+:q)} 18
arbitrary. We do note that the Hasse principle for unitary groups gives a
restriction on whether a unitary group with given signatures at real em-
beddings and with specific ramification conditions at finite places exists.
See [Clo91] for more details; we will not dwell on this aspect since we will
ultimately only need to work with the quasi-split group.

(2) A criterion for PEL-type Shimura varieties to be compact can be found
in [Lan13al, §5.3.3]. This satisfied, for example, if one works with a unitary
similitude group for which one of the signatures is equal to (0,n) or (n,0).
The Shimura varieties attached to the quasi-split unitary similitude group
are non-compact.

An example of a rational PEL datum is given by a tuple (F,*,V, 1, h), where
F,x,V 1 are as above and h is an R-algebra homomorphism

h:C — Endrgr(V ®gR),
such that ¢ (h(z)v, w) = (v, h(Z)w) for all z € C and such that the pairing
(v, w) = Y(v, h(i)w)

is symmetric and positive definite. Such a homomorphism puts a complex structure
on V ®g R, which is the same as a Hodge structure of type (—1,0),(0,—1). By
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restricting h to C* and noticing that it then preserves 1 up to a scalar in R*, we
get a homomorphism of algebraic groups over R:

h|(c>< :S — Gr
Let X be the G(R)-conjugacy class of h|cx.

Ezxercise 2.3.8. Assume that the signatures of G at real embeddings are not all
(0,n) or (n,0). Check that the pair (G, X) satisfies the axioms in the definition of
a Shimura datum.

Choose a rational PEL datum as above, giving rise to a Shimura datum (G, X).
Let K C G(Ay) be a neat compact open subgroup. Let X be the corresponding
Shimura variety; it is a smooth, quasi-projective scheme over the reflex E, of di-
mension EEZ?Q] pi-q;. 1t represents the following moduli problem over E. Let S be
a connected, locally noetherian, Spec E-scheme and s a geometric point of S. The
moduli problem represented by X sends the pair (S, s) to the set of isomorphism

classes of tuples (A, A, ¢,7), which is described as follows.

(1) A is an abelian scheme over S of dimension n - [FT : Q].

(2) A: A— AV (where AV is a dual abelian variety) is a polarization.

(3) ¢: F < End’(A) := End(A) ®7Q is an embedding of Q-algebras giving an
action of F' on A by quasi-isogenies|®| This action satisfies the following
compatibility with A: Ao w(z*) = ¢(z)¥ o A for all z € F.

(4) 7 is a w€*(S, s)-invariant K-orbit of F ®g A p-equivariant isomorphisms

n:V®gAr = ViAs,
where VA, is the rational adelic Tate module of the abelian variety A,
such that n takes the pairing induced by ¥ on V ®g Ay to an A; -multiple
of the \-Weil pairing on V;A,. E|
Such a tuple is required to satisfy the following determinant condition: the complex
structure on V ®g R induced by h gives rise to the Hodge decomposition V ®q C =
V0.~ g Vv—10 Explicitly, we must have

det(z|V™10) = deto, (z|Lie A),z € F.

This should be understood as an equality of polynomials with Og-coefficients rather
than as an equality of numbers, where we choose a basis for F' over QQ and write the
indeterminate x € F' in terms of the chosen basis. In characteristic 0, this is just a
condition on ranks of F' ®g Og-modules, but it is more subtle in characteristic p.
Intuitively, the determinant condition matches the Hodge structure of the abelian
variety A, as it decomposes under the action of F', with the Hodge structures
parametrized by the Hermitian symmetric domain X, which are also restricted by
the action of F on (V).

Two such tuples (A4, \,¢,7) and (A’, N,//, '), satisfying the determinant con-
dition, are isomorphic if there exists an isogeny A — A’ taking A to a rational
multiple of ), and taking ¢ to ¢/, f to 7'.

If p is a good prime (for the PEL-type Shimura datum and for the level K) then
one can also define an integral model of X, which is a smooth, quasi-projective

L5These are the ”endomorphisms” in the PEL-type moduli problem.
16This definition can be shown to be independent of the choice of geometric point s and can
be extended to non-connected schemes in the obvious way.
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scheme over the localization O, . This integral model is also constructed as
the universal scheme representing a moduli problem, this time with integral data.
For more details on integral models in the case of PEL-type Shimura varieties,
see [Kot92b|]. There exists a minimal (Baily—Borel) compactification Xy — X3,
constructed in this case by Lan in [Lan13b], which is a projective, but not necessarily
smooth scheme over Spec O, .

2.3.9. Shimura varieties of Hodge type. Shimura varieties of Hodge type form a
class of Shimura varieties which contain the ones of PEL type. To define them, we
will first describe morphisms of Shimura data.

Definition 2.3.10. A morphism of Shimura data (G, X) — (G, X’) is a homomor-
phism of algebraic groups G — G’ inducing a map X — X'. We call a morphism
of Shimura data an embedding if the map G — G’ is injective.

A Shimura datum of Hodge type is a Shimura datum (G, X) which admits an
embedding (G, X) < (G, X) into some Siegel datum (G, X). Given a Shimura
datum of Hodge type and a neat compact open subgroup K C G(Ay), one can find
a neat compact open subgroup KcC é(Af) such that we have a closed embedding
of Shimura varieties (Proposition 1.15 of [Del71])

XKC_}‘)?IN('

The Shimura variety X is said to be of Hodge type. The universal abelian variety
AWMV gver X 7 Testricts to an abelian variety A" over X,

Let (V, 1) be the 2n-dimensional split symplectic space over Q as defined above
and set G = GSp(V, ). If (G,X) — (G, X) is an embedding of Shimura data,
then there exists a finite collection of tensors

5 CV® = @mmezZOV@m Q@ (VY™ m,r € Z

such that G = Stabz({ss}). This holds by Proposition 3.1 of [Del82]. If we
consider any choice of h € X we get an action of S on V' by composing h with
G(R) < G(R) = GSp(Vk, ). Since @ stabilizes the collection {sq}, we see that
the tensors s, ® 1 € V]R® are also stabilized by S. This can be reformulated to say
that the tensors s, live in Hodge degree (0,0), i.e. that they are Hodge tensors.
Once we understand Siegel modular varieties, Shimura varieties of Hodge type can
be studied by keeping track of Hodge tensors.

The symplectic form v gives rise to a Hodge tensor. In the case of Shimura
varieties of PEL type, the additional Hodge tensors one needs to keep track of
are particularly simple: they are given by the endomorphisms by the CM field F.
Indeed, an endomorphism of a Hodge structure V respecting the Hodge decompo-
sition can be thought of as a degree (0,0) element in V @ V. This explains why
Shimura varieties of PEL type are a subclass of Shimura varieties of Hodge type.

Ezxample 2.3.11. A Shimura variety of Hodge type that is not of PEL type is ob-
tained as follows: we consider the same setup as in Example but rather than
taking the group of unitary similitudes we consider the group of unitary isometries:

G(R) :={g € GL(V @q R) | ¢(gv, gw) = (v, w),Yv,w € V @q R}.

It is not hard to see that, over Q, these Shimura varieties are connected components
of the corresponding PEL-type Shimura varieties for the similitude group.
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Let (G,X) be a Shimura datum of Hodge type and let p denote the Hodge
cocharacter determined by a choice of h € X. Recall that the axioms for (G, X) to
be a Shimura datum imply that p is a minuscule cocharacter. The cocharacter p
determines two opposite parabolic subgroups of G:

P = {g € G| lim ad(u(t))g exists}, and
— 00

P,={geG| }1_1)1(1) ad(u(t))g exists}.

Remark 2.3.12. From the Tannakian point of view, the first parabolic can be
thought of as the “stabilizer of the Hodge—de Rham filtration”. Indeed, the Hodge
cocharacter p induces a grading on the Tannakian category Repc(G), the category
of finite-dimensional representations G on C-vector spaces. This means that for
any (V,¢) € Repc(G), the composition ¢ o p defines an action of G, ¢ on V, which
is the same as a grading

V= @pezvp

of the C-vector space V. Note that this is not the same as defining a grading on V'
as a representation of G. The grading depends functorially on V' and is compatible
with tensor products in Repeg(G).

To the grading on Repg(G) one can naturally associate two filtrations. We let
Fil* (1) be the descending filtration on Repg(G) defined by Fil? (V) = @5, VP
for each (V,¢) € Repc(G). The parabolic subgroup P;td can be defined as the
stabilizer of Fil®(u) in G. The other filtration is the ascending filtration Fils ()
defined by Fil,(V) = @©p<,V? for (V,¢) € Repe(G); the parabolic P, is the
stabilizer of Fils () in G.

Choose an embedding of Shimura data (G, X) — (é,)?) with G = GSp(V, 9),
and compatible levels K C G(Ay), K C é(Af). The representation V' of G(Q)
determines a Q-local system on the Shimura variety X (C). This local system is
the same as the relative rational Betti homology Vg of abelian variety A(C) over
Xk (C), obtained by restriction from the universal abelian variety over X #(C). By
considering the relative de Rham homology of A, we also have a vector bundle
Var on Xk, equipped with an integrable connection. The filtration Fil®(V¢) gets
identified, under the comparison between relative Betti and de Rham homologies,
with the Hodge-de Rham filtration on Vggr. This is the sense in which we mean
that Pjtd is the “stabilizer of the Hodge-de Rham filtration”.

The conjugacy classes of both parabolics are defined over the reflex field £ of the
Shimura datum. The two parabolics determine two flag varieties Flscfv’du and Flg ,
over F, which parametrize parabolic subgroups in the given conjugacy class, or
equivalently, filtrations on Repq(G) conjugate to Fil®(u). There is a holomorphic

embedding
X < FIS, b Fil® (1]

The map mhqr defined in Section [2:2] factors through the above embedding. The
two flag varieties and the embedding mpgr are functorial in the Shimura data.

" There is also an embedding X — Flg ,, but this is anti-holomorphic.
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3. BACKGROUND FROM p-ADIC HODGE THEORY

In this section, we recall the relevant background from p-adic Hodge theory. Let
L be a complete, discretely valued field of characteristic 0 with perfect residue field
k of characteristic pE Consider a proper smooth morphism 7 : ) — X of smooth
rigid analytic spaces over L, considered as adic spaces over Spa(L,Op). In this
section, we will:

(1) give a construction of the relative Hodge—Tate filtration for ne : Yo — Xo,
where C' is an algebraically closed perfectoid field extension of L;

(2) explain its relationship to the relative p-adic-de Rham comparison isomor-
phism and to the relative Hodge—de Rham filtration;

(3) work out the specific example of the morphism

T A— Xk
obtained by applying the adification functor
{Schemes/Spec E,} — {Adic spaces/Spa(Ey,, Opp)}.

to ™ : AV — Xp, where X is a Shimura variety of Hodge type with
reflex field E, A" is the universal abelian variety over Xy and p | p
is a prime of E. If one is merely interested in the form of the relative
Hodge—Tate filtration rather than in its construction and relationship to
the Hodge—de Rham filtration, one can skip to Example [3.2.6

Remark 3.0.1. For this section, we assume as prerequisites: adic spaces, perfectoid
spaces, the flattened pro-étale topology, i.e the pro-étale topology as used in [Sch13],
and the flattened pro-étale site Xpp0e0 Of a smooth adic space X over Spa(L,Op).
The proofs of the statements from p-adic Hodge theory are given in Bhatt’s lecture
notes in this volume, so we contend ourselves to stating the precise results we will
use in the study of Shimura varieties. The references we follow are [Sch13|, Section
3 of [Sch12b], and Section 2.2 of [CS17].

3.1. The Hodge—Tate filtration. We will start with an extended example, where
we discuss the Hodge—Tate filtration in the case over points, i.e when X = Spa(L,Op).
Let C be the p-adic completion of an algebraic closure L of L, with ring of integers
Oc. Let Xc := Spa(C, O¢), with tilt X2, := Spa(C®, O ). We recall the construc-
tion of the ring Bgr,c, originally due to Fontaine: denote by B;R’C the completion
of W(Oc»)[1/p] along the kernel of the map

0:W(Ou)1/p = C

and then set Byr,c := B;R’C[l/ﬂ for a generator & of ker 6. The field Byg ¢ is the
field of periods which shows up in the original comparison isomorphism between
de Rham and p-adic étale cohomology, i.e. in the setting of schemes. The subring
B:{R’C C Bgr,c is a complete discrete valuation ring with residue field C' and
with uniformizer £. There is a Gal(L/L)-action on ¢, which is via the cyclotomic
character. There is a natural decreasing filtration on the ring Bgr,c defined by
FilinR7C = §iBjR7C for i € Z. It has graded pieces GrinR,C ~ C(i).

181 ater on, L will be a finite extension of Qp, more precisely the completion E, of the reflex
field E at a prime p above a good prime p.
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We now let 7 : Y — X be a proper smooth rigid analytic variety. Because Y is
defined over L, the Hodge-de Rham spectral sequence

B = H(V,057) = Hip (V)
degenerates on the first page (cf [Schl3l Thm. 1.6]). The induced filtration on
Hin (V) is called the Hodge-de Rham filtration; it has graded pieces H7 (), Q;J).

There is a natural comparison isomorphism between the p-adic étale cohomology
of Y and the de Rham cohomology of Y

(3.1.1) H' (Vi Qp) ®q, Bar,c ~ Hig(Y) ®1 Bar,c,

cf. [Schi3l Cor. 1.8]. This isomorphism is Gal(L/L)-equivariant and also com-
patible with the following filtrations on each side: on the LHS, we consider the
filtration induced from the natural filtration on Byr,c and on the RHS we consider
the convolution of the de Rham filtration on Hjy () and the natural filtration on
Byr,c-

By applying Gr” on both sides of , we obtain the direct sum decomposition

Hi(yf/,éta Qp) ®Qp ¢~ @;'ZOHiij(ya Q;jy) ®r C(_j)v
known as the Hodge—Tate decomposition. When we consider the analogous p-adic
comparison isomorphism in the relative setting, there is no longer a direct sum
decomposition. This fact mirrors the complex phenomenon, where only the Hodge—

de Rham filtration varies holomorphically, not the Hodge decomposition. It is
therefore better to only remember the filtration

FitV (H (Y 6, Qp) ®q, C) = &4, H (Y, 9%) @1 C(—k)
induced by this direct sum decomposition.
The following is the perspective that generalizes to the relative setting: we in-
terpret the comparison isomorphism as saying that the p-adic étale cohomology of

Y1 and the de Rham cohomology of ) give rise to two Blec—lattices contained in
the same Bggr,c-vector space. Indeed, we define:

M = Hi(yf,étvzp) ®z, BchrR,C> and My = HQR()/) XL BchrR,C'

We can define filtrations on both M, My which measure the relative position of the
two lattices. The filtration on My/EMy = H'z(Y) @1 C induced by the lattice M
agrees with the Hodge—de Rham filtration.
On M/EM = H (Ve .60, Qp) ®q, C, we have the Hodge—Tate filtration, defined as
follows in [Schl3]. Consider the morphism of sites
v yC,proét — yC,ét;

this gives rise to a spectral sequence
Ey 7 = H™ (Veen, Rv.0y) = H (Ve proet, Oye) = H (Veer, Qp) ®ag,
In [Sch13], Scholze shows that there are natural isomorphisms

(=) ~ R0y,

19T his last isomorphism is the primitive comparison theorem in p-adic Hodge theory. For
schemes, the primitive comparison theorem goes back to Faltings, cf. [Fal02], and for rigid-analytic
varieties this is [Schi3l Thm 1.3]. The latter result underlies all other p-adic comparison theorems
for rigid-analytic varieties.
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for all 7 > 0. The Hodge-Tate spectral sequence
E;_jd =H" (yv Qg}) AL C(_.]) = Hi(yc'7ét’ Qp) ®Qp C

then degenerates on the Fy page because ) is defined over the subfield L C C
and the differentials are Gal(L/L)-equivariant. The corresponding filtration on
H' (Ve et Qp) ®g, C is the Hodge-Tate filtration. This is the same as the filtration
on M /&M induced by the lattice My. (In the case when X is a point, the fact that
these two filtrations on H*(Y; ¢, Q,) ®q, C agree can be seen from the fact that

the Hodge-Tate decomposition is canonical, because it is Gal(L/L)-equivariant.)

Ezample 3.1.1. If we set ¢ = 1, we have (M C My C M, with My/éEM ~
HY(Y,0y) ® C and M/My ~ H°(Y,Q},) @ C(—1). The Hodge-de Rham fil-
tration on H'y(Y) ®r C is given by

0— EM/EMy — My/EMy — My/EM — 0,
which becomes
0— H°(Y,9}) ®, C = Hig(V)©L C = H' (Y,0y) ® C — 0.
The Hodge Tate filtration on H*(Yf ¢, Zy) @z, C is given by
0— My/EM — M/EM — M/My — 0,
which becomes
0— H'Y(Y,0y) = H (Vi 6, Zp) ®z, C — H*(Y,0)) @1, C(—1) = 0.

Note that the graded pieces of these two filtration are isomorphic (up to Tate twists)
but the filtrations themselves are not directly related.

3.2. The relative Hodge—Tate filtration. We now discuss a relative definition
of the Hodge—Tate filtration, which will be crucial to our application to Shimura
varieties.

For X a smooth adic space over Spa(L,Op), we have the following sheaves on

Xprost, as defined in [Schl3]: the (integral) completed structure sheaf @E\j), the

(+)
Xb

and the structural de Rham sheaves OIB%((;I;), v- We recall the definitions of these
sheaves.

(integral) tilted completed structure sheaf O the relative period sheaves IB%(dB ¥

Definition 3.2.1. (1) The integral completed structure sheaf (5;{'f is the inverse
limit of the sheaves O%/p™ on Xproer. The titled integral structure sheaf
@;b is the inverse limit on Xprost Of Oj;/p with respect to the Frobenius
morphism.
(2) The relative period sheaf]B%ijX is the completion of W(@j(b)[l/p} along the
kernel of the natural map

0:W(0%,)[1/p = Ox.

The relative period sheaf Bar, x 45 IB%&LR,X[f*l], where € is any element that
generates the kernel of 0. This is well-defined because such a & exists
proétale locally on X, is not a zero divisor, and is unique up to a unit.
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(3) We now define the sheaf (’)IB%;{'RX as the sheafification of the following
presheaf. If U = Spa(R, R") is affinoid perfectoid, with (R, RT) the com-
pleted direct limit of (R;, R;r), the presheaf sends U to the direct limit over
i of the completion of

(Rt oW (RH)) (1/7]
along ker 6, where
0: (R;F®W(k)W(Rb+)> [1/p] = R
is the natural map. We set OBy x = (’)BIR’X[f_l] as before.

These sheaves are equipped with the following structures. The relative period

sheaves ]BSE{ v are equipped with compatible filtrations: Fili]B%dR’X = §iIB%jR7 o

with GrOIBBdR, x = 1) x. The structural de Rham sheaves OIB&;)’ + are equipped with
filtrations and connections

VOB x = OB 4 ®0, Ok

We have a natural identification

V=0
(OBS-E),X) = BE{E{X

The following theorem states the relative p-adic-de Rham comparison isomor-
phism for a proper smooth morphism 7« : ) — X of smooth adic spaces over L.
We consider the sheaf Rimqra Oy on &pro¢ obtained by taking the ith cohomology
sheaf of the derived pushforward Rm, applied to the complex of relative differ-
entials Qy Jx on Ypro¢t- The sheaf Rimqr+Oy is an Oy-module equipped with a
filtration (the Hodge-de Rham filtration) and with an integrable connection (the
Gauss-Manin connection V). The Gauss-Manin connection satisfies Griffiths
transversality with respect to the Hodge—de Rham filtration.

Theorem 3.2.2. (Thm 8.8 of [Sch13]) For alli > 0, there is a natural isomorphism
of sheaves on Xprogt

Riﬂ'*ip)y ®zp,X OBdR,X ~ RiTFdR*Oy RO OBdex,
compatible with the filtrations and connections on both sides. m

Remark 3.2.3. Note that [Sch13, Thm. 8.8] applies under the assumption that

R ﬁpmet*Zp is a lisse Z -sheaf on X. This is now guaranteed by [SW17, Thm.
10.5.1].

We will see that the Hodge-de Rham filtration on Rimgr.Oy induces, via the
comparison isomorphism in Theorem a filtration on Rim, 21,7); ®2p,x 0 x, which
we will call the relative Hodge—Tate filtration. To make this precise, we construct
two IB%XR’ y-local systems on X'. The first one, which is closely related to the relative
étale cohomology of ) is given by

P 7 +
M = R F*ZPJ} ®Zp,X BdR,X'
20The filtration and connection on the left hand side are simply induced from the filtration and

connection on OB4r x. On the right hand side, one must take the convolution of the Hodge-de
Rham filtration with the one on OB4R, x and the connection is Vg ® 14+1® V.
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The second one, which is closely related to the relative de Rham cohomology of ),
is given by

. I V=0
M, = (RZTrdR*Oy Ko OBdR,X) .

A consequence of the comparison isomorphism is that M and My are two “lattices”
contained in the same Bygr, x-local system on X.

The following is (a reformulation of) Proposition 7.9 of [Sch13] and Proposition
2.2.3 of [CSI7].

Proposition 3.2.4. There exists a canonical isomorphism

M Qp+ EdR,X ~ M Qp+ Bar,x-
dR, X dR, X

Consider the descending filtration File(O) on M) induced by the canonical filtra-
tion on IB%:;R v+ For any j € Z, there is an identification

(M N Fil?Mg)/(M N FiV M) = (Fil 77 Rirar. Oy) ®0,, Ox(j)
- GI‘jMo = Riﬂ'dR*Oy Koy 6;\{.

In particular, we always have My C M. Moreover, considering the relative position
of M and M, induces an ascending filtration on

0 i %)
Gr’'M =R W*Zpy ®2p,x Oy
given by
Fil_j(R'mZyy ©5, , Ox)i= (MNFiVMo)/(Fil'M N Fil'Mo).
We call this filtration the relative Hodge—Tate filtration.

Remark 3.2.5. In this section, we gave the construction of the relative Hodge-Tate
filtration via the comparison isomorphism rather than a version of the construction
in §[3:1] via the morphism of sites from the proétale to the étale site. For applications
to Shimura varieties of Hodge type, we will only need to use the first filtration step
on Rlﬂ'*ip,y ®%, x Ox. Proposition 2.2.5 of [CS17], which works in the relative
case, shows that the two constructions of the Hodge—Tate filtration agree on the
first filtration step.

We made the choice of presenting the construction of the Hodge—Tate filtration
via the p-adic comparison isomorphism because this perspective is the one used in
constructing the Hodge—Tate period morphism for Shimura varieties of Hodge type
in [CS17] (and, as a result, also for Shimura varieties of abelian type in [Shel7]).
We explain this further in section [5, We also chose to present this construction in
order to emphasize the close analogy between the period morphisms for Hermitian
symmetric domains and the Hodge-Tate period morphism.

Ezample 3.2.6 (The relative Hodge—Tate filtration for the universal abelian variety).
Let (G, X) be a Shimura datum of Hodge type, K C G(Ay) a neat compact open
subgroup, and X the corresponding Shimura variety over the reflex field F. Since
Xk admits a closed embedding into some Siegel modular variety, there exists an
abelian scheme 7 : A"™Y — X

We let p|p be a prime of E, L := E,,, and consider the proper smooth morphism
of adic spaces 7 : A — Xk over Spa(L,Or). The relative Hodge—Tate filtration on
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leip ®z, (5XK is encoded in the short-exact sequence of sheaves on Xg prot
0— R'm.0O4 ®0u, Oxy = Rlyr*Zp ®3z, Oxy — m0Y ®0x, Ox,(—1) = 0.

Proposition 2.2.5 of [CS17] shows that the first map in the short exact sequence
can be identified with the natural injection

Rlﬂ'*oA ®O?€K @XK — Rlﬁ*@A

of sheaves on Xk prost, where we have used the primitive relative comparison iso-
morphism
L5 A oA
R 7T*Zp ®Zp OXK ~ Rm,04.

4. THE CANONICAL SUBGROUP AND THE ANTICANONICAL TOWER

In this section, we describe the theory of the canonical subgroup. We use this
theory to explain the construction of the anticanonical tower of formal schemes over
the ordinary locus of Siegel modular varieties, which has the following extremely
useful properties

(1) it overconverges, i.e. it extends to an e-neighborhood of the ordinary locus;
(2) its adic generic fiber gives rise to a perfectoid space.
These two properties, together with the Hodge—Tate period morphism, which is the
focus of section [5] are the key ingredients in proving that Siegel modular varieties
with infinite level at p are perfectoid. We follow Section 3 of [Sch15], but aim to
give more background and fewer technical details.

4.1. The ordinary locus inside Siegel modular varieties. In this section,
we will only work with the Siegel modular varieties of Example 2.3:4 The same
techniques could also be applied directly to the unitary Shimura varieties described
in Example if they are associated to a quasi-split unitary group over Q. We
leave this case as an exercise to the reader 2]

Let n > 1 and let

(V,9) = (QQT" Y((ai), (b:) = (aibnti — an+ibi)>
i=1
be the split symplectic space of dimension 2n over Q. Let A = Z2" be the standard
lattice in V', which is self-dual under the symplectic form . Consider the group of
symplectic similitudes of A, GSp(A, ). This is an algebraic group over Z. Fix a
prime number p and a compact open subgroup K? C GSp,, (A’}) contained in

{9€GSpp (@) [g=1 (mod W)}

for some N > 3 such that (N,p) = 1. (This condition is enough to ensure that any
level K = KPK,, with K, C G(Q,,) compact open is neat.)

Set K, = GSpy,,(Z;,), K := KPK, and let Xx be the model over Z,) of the
corresponding Shimura variety. This is the moduli space of principally polarized n-
dimensional abelian varieties with KP-level structure. Since we will keep the tame
level K? fixed in this section, we denote Xk by Xk,. Over Over Xk ,, we have

211y fact, the same techniques should be applicable directly to any Shimura variety of PEL type
where the ordinary locus is non-empty. The main theorem of [Wed99] shows that the ordinary
locus inside the special fiber of the Shimura variety is non-empty if and only if p splits completely
in the reflex field E of the Shimura datum.
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a natural line bundle w, given by the top exterior power of the sheaf of invariant
differentials on the universal abelian scheme.

Remark 4.1.1. As seen above, the case n = 1 corresponds to the group GLo and
the case of modular curves; the constructions and techniques used in this section
will be interesting (and relatively novel) even in this case. One may specialize to
the case n = 1 on a first reading of this section.

On the level of generic fibers, we will also consider the versions with K,-level
structure for other compact open subgroups K, C G(Q,). We will be particularly
interested in the case

Lo(p™) :={9 € GSpan(Zp) | g=(5%) (modp™),A(g)=1 (mod p™)},
where A(g) is the symplectic similitude factor of g. For each m € Z>1, the Shimura
variety Xp,(pm) admits a morphism to Spec Q,(u,m) corresponding to the sym-
plectic similitude factor. We will consider the tower (Xp,m))m over the perfec-
toid field Q;yd, by taking the base change at level m along the natural morphism
Spec Qp(ppm ) — Spec Q;yd.

We let Xk, be the p-adic completion of Xk, xz, Z]‘;yd along its special fiber.
This is a formal scheme over Spf Zgyd. We let Xk, be its adic generic fiber, an
analytic adic space over Spa((@zyd, Zgyd). Then X, is a proper open subset of the
analytic adic space (X Kp X7, ngd)ad. The subset Xk, is referred to in [Sch15]
as the good reduction locus, i.e. the locus where the universal abelian scheme over
(XK,, XZpy Q;yd)ad has good reduction.

FEzample 4.1.2. Let Al := Spec Zp[z] be one-dimensional affine space over Z, and

IP’lp be the one- dlmensmnal projective space. The open immersion Al — ]P’Z is
a toy model for the embedding Xy, — XK of the integral model XK 1nto its

minimal compactification. The formal scheme corresponding to Alp is Spf Z,(z),

where
Zy(zx) = {Zoaixi | a; € Zy Zlggo lai|, = 0}
and its adic generic fiber is the closed unit disk Spa(Qp(x),Zy(x)). On the other

hand, the adic space Ay ’ad

of closed disks

corresponding to the scheme A(b)p is the increasing union

U Spa(@p@mx)azp@mx»
m>0
over m > 0.

Exercise 4.1.3. Check that for P%p, both constructions give rise to the same space
Pl dd.

. . d .
For any m € Z>1, we consider the adic space (X, m) X, (u,m) Q]‘;yd)a , equipped

with the natural projection to (XK,, XZpy Q;yd)ad. We define Ap(,m) to be the
inverse image of the good reduction locus X, under this projection.

Remark 4.1.4. The adic space Ap,(,m) parametrizes pairs (A4, D), where A is an
abelian variety equipped with a principal polarization, KP-level structure, and hav-
ing “good reduction” and D C A[p™] is a totally isotropic subgroup scheme of rank

pnm .
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The special fiber YKP of Xk, (at least after base change to Fp) admits a strati-
fication called the Newton stratification, which is defined in terms of the p-divisible
groups (up to isogeny, and together with their extra structures) of the abelian va-
rieties parametrized by X K,- In these notes, we will only describe one Newton
stratum, namely the ordinary locus. When it is non-empty, which holds for Siegel
modular varieties, the ordinary locus is open and dense in YKP.

We start by recalling the Hasse invariant. Let S be a scheme of characteristic
pand let 7 : A — S be an abelian scheme of dimension n. The sheaf 7,.£4,5 on
S is locally free of rank n. We let w,,g be its top exterior power; this is a line
bundle on S. Let A®) denote the pullback of A along the absolute Frobenius of S.
The Verschiebung isogeny A®) — A induces a morphism Wa/s = WAk /5 W%)s

which can be identified with a section Ha(A/S) € w?%fl). This section is called
the Hasse invariant of A/S.

Definition 4.1.5. We say that an abelian scheme A/S of dimension n is ordinary
if for all geometric points § of S, the set A[p|(5) (obtained by evaluating the sheaf
Alp] on Se, on the geometric point 5) has p™ elements.

This definition only depends on the p-divisible group G := A[p].

Exercise 4.1.6. Prove that A is ordinary if and only if the p-divisible group Gs is
isomorphic to (ppe)™ x (Qp/Zy)™ for all geometric points § of S.

The following is a well-known result, in the formulation of Lemma 3.2.5 of [Sch15].

Lemma 4.1.7. The section Ha(A/S) € w%g_l) is invertible if and only if A/S is
ordinary.

Proof. The Hasse invariant is the determinant of the map on co-tangent spaces
induced by the Verschiebung morphism. Thus, the Hasse invariant is invertible if
and only if the Verschiebung V : A®) — A induces an isomorphism on tangent
spaces. This is equivalent to asking that Verschiebung be finite étale, which is in
turn equivalent to asking that ker V' has p™ (the degree of V') distinct geometric
points above any geometric point 5 of S. If we let F': A — A® be the Frobenius
isogeny (i.e. the relative Frobenius of A) then VF :=p: A — A and F is a purely
inseparable map. Thus A[p](3) = (ker V)(5) and we get the desired equivalence. O

Now consider 2™ /YKP. The complement of the vanishing locus of the Hasse

—-univ

invariant Ha := Ha(A~ /X, ) is called the ordinary locus Y(;j C Xk,. We also
let Xk, (0) C Xk, be the open formal subscheme where Ha is invertible. If we let
Xk, (0) be the adic generic fiber of Xg, (0), then Xk, (0) C Xk, is the open subset
cut out by the condition [Ha| > 1.

Let 0 < & < 1/2 be such that there exists an element p® € Zg¥ ! of p-adic valuation
€. Our goal for the rest of this section is to define a tower of formal schemes
XK, (m,e) over Zgyd indexed by m € Zx>( which has the following properties:

(1) For m = 0 and & = 0 we recover the formal scheme X, (0), corresponding
to the ordinary locus. For general ¢, the formal scheme X, (0,¢) will be a
neighborhood of the ordinary locus.

(2) The transition morphisms Xg, (m+1,¢) — Xk, (m, €) reduce modulo p' ¢
to the relative Frobenius morphism.
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(3) For each m € Z>1, there is a compatible system maps
XKP (m,s) :) Xpo(pm)(é‘)anti — Xpo(pm),

where the first map is an isomorphism and the second is an open embedding
of adic spaces. The adic space A pm) (€)anti is an ”e-neighborhood” of the
so-called anticanonical part of the ordinary locus in AXp,,m). The inverse
system (X (pm)(€)anti)mez, of adic spaces gives rise to a perfectoid space
Xy (poe) (€)anti Over Zgyd.

In § we explain the construction of the tower Xk, (m,0) over Xk, (0); this
is not a logically necessary step in the argument, but we think it helps clarify
the construction of the anticanonical tower. In § we use the theory of the
canonical subgroup to construct an ”e-neighborhood” Xg,(m,¢) of Xk, (m,0). In
§[4:4] we use Faltings’s almost purity theorem to construct a perfectoid version of
the anticanonical tower Ap(pe)(€)anti at full level I'(p>). Finally, in Remark
we briefly indicate how this construction extends to the boundary of the minimal
compactification.

4.2. The anticanonical tower over the ordinary locus. Let R be a p-adically
complete, flat Z:f,yd—algebra and let A — Spec R be an abelian scheme with reduc-
tion Ay — Spec (R/p). Ap is equipped with the Frobenius F': Ay — A((Jp) and the
Verschiebung V : A®) — A isogenies. For any m € Z>1, the p™-torsion Ag[p™] fits
into a short exact sequence of finite locally free group schemes over R/p

0 — ker F™ — Ag[p™] = Go — 0,

where Gy :=ker V™ : Aépm) — Ag. If Ay is ordinary, i.e. if Ha(Ag/ Spec (R/p)) is
invertible, then Gy is a finite étale group scheme, which therefore lifts uniquely to
a group scheme G over Spec R. We get a short exact sequence

0—C, — AP™ = G — 0.
The subgroup C,,, C A[p™] is called the canonical subgroup of A of level m.

Exercise 4.2.1. Let R be a p-adically complete, flat Zgyd-algebm and let A/ Spec R
be an ordinary abelian variety. Take C,, C Alp™] to be the canonical subgroup of
A of level m.

(1) Prove that
A= A/Cy,
is also an ordinary abelian variety over Spec R.

(2) Understand the relationship between the canonical subgroup C of A’ and
the subgroup A[p]/Cy C (A/C4)[p] = A'[p].

For m = 0, we take Xk, (0,0) := Xk, (0). Note that we have an abelian variety
2k, (0,0) over Xk, (0,0), which is principally polarized, carries level KP-structure
and whose reduction is ordinary.

For m € Z>1, we define Xk, (m,0) to be abstractly isomorphic to X, (0), but
the map to the base of the tower Xg, (m,0) — Xk, (0,0) is the canonical lift to
characteristic 0 of the mth relative Frobenius morphism

Fo : Xk, (m,0) = (Xk,(0)/p)?") ~ Xk, (0)/p.

We explain how to construct such a characteristic 0 lift: let &€, be the canonical
subgroup of the abelian variety 2, (0,0). The abelian variety 2’ := g (0,0)/&,,
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is also principally polarized and carries a level KP-structure. By the universal
property of Xk, A" comes by pullback from a morphism

}:Kp (mv O) - xK,,a
and, since 2’ is ordinary, this morphism lifts uniquely to a morphism

Fo : X, (m,0) — Xx (0,0).

We call the morphism ﬁm a canonical Frobenius lift. Modulo p, ﬁm agrees with the
mth relative Frobenius, up to the isomorphism (X, (0)/p)®™) ~ X, (0)/p.
For m’ € Z, m’ > m, we obtain in the same way a morphism

.’pr (m’,O) — pr(m, 0)

which is a canonical lift of the (m — m/)th relative Frobenius, thus we have an
inverse system of formal schemes (X, (m,0))mez,-

This tower satisfies the first two desired properties by construction. We are left
to identify the adic generic fibers X, (m,0) of the formal schemes X, (m,0) with
open adic subspaces of Xpm).

Let Xpo(pm)(O)ami be the open and closed locus inside the ordinary locus

Ao (pm) (0) © Ay (pm)
which parametrizes pairs (A, D) such that

(1) A is an ordinary abelian variety equipped with a principal polarization and
a KP-level structure (and with good reduction);

(2) D C A[p™] is a totally isotropic subgroup scheme of order p™" such that
Dp] N Cy = {0}, where C} is the canonical subgroup of level 1 of A.

We see from the moduli interpretation in that Xp,(pm)(0)anti is indeed an open
subspace of A, m). We call Appm)(0)ansi the anticanonical part of the ordinary
locus at level m.

Lemma 4.2.2. For every m € Z>1, we have a natural isomorphism of adic spaces
XKp (m, 0) :> XFO(pm) (O)anti-

Proof. Over Xk, (m,0) we have an ordinary abelian variety Ag,(m,0) together
with a canonical subgroup C,, of level m, which is totally isotropic. The morphism
XK@ (m, 0) — Xro(pm)
is defined to be the one giving rise to the pair (Ag, (m,0)/Cpn, Ax, (m,0)[p™]/Cpn)
over X (m,0), by pullback from the universal objects over Ap,m). Using Exer-

cise we identify the image of this map with A pm)(0)anti.
Consider also the morphism

Xropm) = A,

defined by (A, D) — A/D (with the canonical principal polarization and level KP-
structure).
The composition of the two morphisms above

XKp (m, 0) — Xpo(pm) — XKp
220ver XFO(p'nL)(O)anti this has no direct relation to the morphism ﬁm, we are quotienting

out precisely by subgroups D C A[p™] such that D[p] N C1 = {0} rather than by the canonical
subgroup of level m.
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is an open embedding: it corresponds to pulling back the universal abelian variety
over X, to Ak, (m,0). Furthermore, the second map is étale. With the same proof
as in the case of schemes, one deduces that the first map is an open embedding of
adic spaces. [

The tower (Xp,pm)(0)anti)m is called the anticanonical tower over the ordinary
locus. It gives rise to a perfectoid space At (pec)(0)ansi Which lives over the ordinary
locus.

4.3. The overconvergent anti-canonical tower. We start by showing the ex-
istence of a canonical subgroup (of some level m) of an abelian scheme, as long as
the valuation of the Hasse invariant of that abelian scheme is not too large (with
respect to m). This will generalize the existence of the canonical subgroup in the
case where the abelian scheme is ordinary, i.e when the Hasse invariant is invertible,
and will follow roughly the same line of argument.

Let 0 < ¢ < 1/2. Let R be a p-adically complete flat Zgyd—algebra, and let
A — Spec R be an abelian scheme, with reduction Ay — Spec (R/p). Let m € Z>1.
The following is Corollary II1.2.6 of [Sch15].

Proposition 4.3.1. Assume that

(Ha(Ao/ Spec (R/p))) 7+ | p.
Then there exists a unique closed subgroup C,, C A[p™] such that
Cp =ker F™ C Ag[p™] (mod p'~*).
Proof. We sketch the argument in [Sch15]. As in the ordinary case, the key is to
consider the group scheme Gy := Ag[p™]/ker F™. The assumption on the Hasse
invariant is made such that p° kills the Lie complex of Gy. The results of Illusie’s
thesis on deformation theory imply that there exists a finite flat group scheme G
over R such that G and Gy agree modulo p!~¢. Furthermore, the map Ag[p™] — Go

modulo p!~¢ gives rise to a map A[p™] — G that agrees with the original map
modulo p'~2¢. The canonical subgroup C,, is defined as ker(A[p™] — G). O

Now we make the analogous constructions to the ones in Section [£.2] using the
fact that the canonical subgroup of any given level m overconverges (as shown

above) E

We now define a formal scheme X, (¢) — Xg, that recovers X, (0) for ¢ = 0.
First, define the functor Xk, (¢) — Xk, over Zgyd which sends any p-adically
complete flat Zgyd—algebra S to the set of pairs (f,u) where f : SpfS — X, is a
map and v € H® (Spf S, f*w®(1_p)) is a section such that

u-Ha(f) =p® € S/p,
up to the equivalence (f,u) ~ (f',u') if f = f’ and there exists some h € S with
u' = u(l + p'~*h). Lemma 3.2.12 of [Schif] shows that the functor X, () is
representable by a formal scheme which is flat over Z;YCI and we have an explicit
description of this formal scheme over affines Spf (R®ZPZ§}’CI) C Xk, given by

Spf(R&z, 2 (u) /(ula — p°)

23While the canonical subgroup of any given level m overconverges, i.e. can be extended to an
e = g(m) neighborhood of the ordinary locus, if we let m — oo, we get e(m) — 0. The canonical
tower does not overconverge.
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for a lift Ha of Ha. The adic generic fiber X’ K, (€) C Xk, is the open subset defined
by [Ha| > [p®].

For m € Z>1, we let the formal scheme at level m in the tower be Xg,(m,¢) :=
Xk, (p~™e), with the morphism to the base of the tower Xk, (¢) given by a canonical

lift F,,, of the mth relative Frobenius modulo p'~¢. We explain how to do this for
m = 1. We need to construct a canonical lift of the relative Frobenius, i.e. a map
of formal schemes _

1o %Kp(pfls) — Xk, (€)
which reduces to the relative Frobenius modulo p*~¢. For this, we simply need to
show that the natural map

:{Kp(p_lﬁ) — Xk,

induced by quotienting out the universal abelian variety by the level 1 canonical
subgroup factors through Xg, (¢). The key point is now to observe that quotienting
out by the canonical subgroup of level 1 raises Ha to the pth power. Thus, from
the initial condition u - Ha(A) = p#< on Xk, (p~te), we get uP - Ha(A/Cy) = p®,
which gives the desired factorization through Xg, (¢).

Using this argument at higher levels, we obtain the tower of formal schemes
(XK, (p™™€))m, where the transition map at level m is given by the relative Frobe-
nius modulo pl’EE From this property of the transition morphisms, we can see
that the tower of adic generic fibers (Xx, (p~"¢)) gives rise to a perfectoid space.

We are left with one question, namely identify the adic generic fiber X, (p™"¢)
as an open subspace of the Shimura variety X, ,m). Let A my () be the inverse
image of Xk, (¢) under the map &Xp,m) — Xk, .

Lemma 4.3.2. Xk, (p~™e) is isomorphic to the open and closed locus Ao (pm) (€)anti
in Xg,(g) where the universal totally isotropic subgroup D C A(e)[p™] satisfies
Dlp] N C1 = {0} for C1 C A(e)[p] the canonical subgroup of level 1.

We remark that in order to identify Xp m)(€)ant With Xk, (p™¢), we use the

map induced by
(A,D)— A/D.
When D[p| N C; = {0}, this decreases the valuation of the Hasse invariant, so it
indeed defines a map
XFg(pm)(E)anti — XKP (p_mf)-

These maps are compatible as m varies. For each m € Z>,, we have a commu-

tative diagram

Xro(pm+1)<5)anti — XKp (p_m+18) s

| |

Xro(pm) (€)anti —— Xk, (p™ ™€)

where the horizontal maps are as described above, the left vertical map is the
natural projection (i.e. the forgetful map from the moduli-theoretic point of view),
and the right vertical map is the canonical lift of relative Frobenius.

Remark 4.3.3. Unlike the canonical tower, the overconvergent anticanonical tower
(Xry(pm)(€))m inside the tower (Xp,(m))m has constant radius e.

24More precisely, the map from level m to the base of the tower agrees with the mth relative
£

1——=& _
Frobenius modulo p~ »™~! | which is a multiple of p'—¢.
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4.4. An application of almost purity. We have just seen that X (pee)(€)anti is
perfectoid. For each m € Z>1, consider the congruence subgroups

I(p™) :={g € GSpy,(Z,) | g= ("¢ 1.) (mod p™)}.
We will show that there exists a unique perfectoid space over szd such that
XF(p°°)<5)anti ~ @XF(IJM)(E)anti-

For this, the key input is Faltings’s almost purity theorem, which we now recall.

Theorem 4.4.1. Let L be a perfectoid field and R a perfectoid L-algebra. Let S/R
be finite étale. Then S is a perfectoid L-algebra and S° is almost finite étale over
R°.

For us, the perfectoid field L will be Q;yd throughout. Note that the projection
maps

Xr(pm) = Ay (pm)

are finite étale for every m € Z>; and therefore the same thing holds true for
their restriction to an e-neighborhood of the anticanonical tower. By combining
this observation with Theorem and the fact that Ao (p>) (€)anti is & perfectoid
space over ngd7 we conclude the following.

Proposition 4.4.2. For any m € Z>1, there exists a unique perfectoid space

XF(pm)ﬁFg (p>) (g)anti

over Qfgyd such that

XF(pm)ﬁFo (p=) (E)anti ~ %Ll’l XF(p’")ﬂFO (™) (5>anti~
m’

By varying m, we obtain an inverse system of perfectoid spaces with finite étale
transition maps. Take an affinoid perfectoid cover of AT (p)nTo(p>) (€)anti- The
preimage of any affinoid perfectoid element of the cover in any Xp,m)nry(pe)(€)anti
is affinoid perfectoid by Theorem Since inverse limits of affinoid perfectoid
spaces are affinoid perfectoid, we obtain an affinoid perfectoid cover of the topolog-
ical space

|XF(p°°)(5)anti| = I&H |XF(pm)ﬂFo(p°°)(5)anti|-
We thus deduce the following.

Theorem 4.4.3. There erists a unique perfectoid space Xp(p)(€)anti over Q%Vd
such that
A (pee) (€)anti ~ B X1 (), (poe) (€) anti-

Remark 4.4.4. We briefly indicate how to extend the results of this section to the
minimal compactification of the Siegel modular variety and thus how to construct
a perfectoid space A} o) (€)anti: When K = GSpy,(Zy), recall that X is the
minimal (Baily-Borel-Satake) compactification of Xx, over Z,) as constructed by
Faltings and Chai [CF90]. This is a projective, but not necessarily smooth, scheme
over Z) and the line bundle w extends canonically to an ample line bundle on
Xk,

Both Ha € w®®~1 /p and the ordinary locus (defined as the complement of the
vanishing locus of Ha) can be extended to an open dense subscheme of the minimal
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compactification Y;p. Indeed, the codimension of the boundary Y;p \ X g, of the
minimal compactification is n: the boundary can be described in terms of smaller
Siegel modular varieties and the relative dimension of the Siegel modular variety for
GSpy,, over Z, is % For n > 2, Koecher’s extension principle (see [Lanl0]
for the most definitive version) guarantees that Ha extends canonically to the whole
Y}p. The case n = 1, i.e. the case of modular curves, can be done in an ad hoc
manner, for example using g-expansions.

The proof that the space Xpo(poo)(e)anti is perfectoid extends to the minimal
compactification and, in fact, one can prove something even stronger, namely that
leo (poo)(s)ami is actually an affinoid perfectoid space. This follows from the fact
that w extends to an ample line bundle, so one can find a global characteristic 0
lift of any sufficiently large pth power of Ha.

Going from level Ty(p™) to level I'(p*°) is much more subtle for the minimal
compactification than for the good reduction locus. We cannot simply argue using
Theorem because the maps

XF(pm) (E)anti — Xf\ko (pm) (g)anti

are ramified along the boundary. Instead, for every m € Zx>;, we consider the
congruence subgroups

Tyi(p™) = {9 € GSpa,(Zp) | g = (4" 15 )  (mod p™)}
One first shows that there exists a unique affinoid perfectoid space A} (pm)(e)anti
over Q¥ such that

X;1 (p=°) (5)anti ~ ]gl lel (»™) (s)anti-

This is the most subtle part of the argument and it uses Tate’s normalized traces
to extend the construction of the anticanonical tower via Theorem [.4.] over the
boundary of the minimal compactification at level I'y(p™) N To(p). See [Schldl
§3.2] for more details.
Finally, the maps
XF(pm)(ﬁ)anti — Xffl (pm)(€)anti

are finite étale for every m € Z>; even over the boundary. This means that we can
go from level Ty (p>°) to level T'(p™) using Theorem as described above.

One concludes the following strenghtening of Theorem [4.4.3

Theorem 4.4.5. There exists a unique affinoid perfectoid space le(pm)(e)anti over
Q;yd such that

;(poo) (5)anti ~ @ le(pm) (E)anti-

m

5. PERFECTOID SHIMURA VARIETIES AND THE HODGE-TATE PERIOD MORPHISM

In this section, we construct the Hodge—Tate period morphism and use it to show
that Siegel modular varieties (and other Shimura varieties) with infinite level at p
are perfectoid. In §[5.1} we explain how to use Theorem to show that there
exists a perfectoid space Xf‘k(poo) over ngd such that

m
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In §[5:2] we discuss the geometry of the Hodge-Tate period morphism in the Siegel
case. Finally, in § we discuss the Hodge-Tate period morphism for Shimura
varieties of Hodge type.

5.1. Siegel modular varieties with infinite level at p are perfectoid. Con-
sider the inverse limit of topological spaces

|le(p°°)| = ]'£1|Xf‘k(pm)|'

This must be the underlying topological space of a perfectoid space Xli‘(poo) satis-
fying (5.0.1). The topological spaces at finite level |X1i‘(pm)| are all spectral spaces,
as they are the underlying topological spaces of quasi-compact and quasi-separated
adic spaces, and the transition maps are spectral maps, since they underlie maps of
adic spaces|*°| This implies that |X; *(poo)| is itself a spectral topological space. The
hard part is endowing this topological space with a perfectoid structure.

The perfectoid space le(poc)(s)anti, covers a part of the topological space

| AT (poey | = i | R -

We will show that the entire topological space above underlies a perfectoid space, us-
ing the continuous GSp,,, (Qp)-action on [} ) ||?| and the fact that the translates
of |} (,m)(€)anti| under this action cover the entire space \Xfi(poo)|. The rigorous
way of proving this is via the Hodge—Tate period morphism, which has as target a
flag variety % ¢, which also has an action of GSp,,, (Q,). One of the most impor-
tant properties of the Hodge—Tate period morphism is that it is equivariant for the
action of GSp,,, (Qp) on both the Shimura variety at infinite level (or, for now, on
the corresponding topological space) and on the flag variety .Z¢.

Recall that (V,1) denotes the split symplectic space of dimension 2n over Q.
Let F1/Q be the flag variety parametrizing subspaces W C V of dimension n which
are totally isotropic under ). We consider the corresponding a dic space % ¢ over
Qp. The Hodge-Tate period morphism is first defined at the level of topological
spaces:

mar| | Xy | = [FE

For simplicity, in these notes we will only describe the map on the good reduction
locus [ Xp(peey|. For each pair (L, LT), with L/Q%" a complete non-archimedean
field and L™ C L an open and bounded valuation subring, define

Xp(poe) (L, L) i= Jim Xpm) (L, LT).

From this definition, one can check that X7, (L, LT) has a moduli interpretation
in terms of abelian varieties A/L, equipped with a principal polarization, with a

25We can define a spectral topological space as any topological space that is homeomorphic
to the underlying topological space of an affine scheme. For more on spectral spaces and spectral
maps, in the context of adic spaces, see, for example, [Wed)].

26This action can only be seen at level I'(p™); at finite level one only has an action of
GSpy,, (Zp). To see the action of GSpy,, (Qp) on |Xp(pooyl, it is easiest to first redefine the moduli
problem in terms of abelian varieties up to isogeny, as in Example m then it is easy to see the
group action on the p-part of the level structure.
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KP-level structure 77, and with a symplectic isomorphism 7, : ZIQ)" 5 T,A. We
have
|X1"(p°°)| = hﬂ XF(pOO)(LaL+)7
(L,LH)
where the limit on the right hand side is not filtered, but each point comes from
a unique minimal pair (L, LT). The following is a reformulation of Lemma 3.3.4
of [Sch15], restricted to the good reduction locus.

Lemma 5.1.1. There exists a GSps, (Qy)-equivariant, continuous map of topolog-
ical spaces

|7THT‘ : ‘Xp(pooﬂ — |§€‘,
which is defined at the level of points by sending an abelian variety A/L together
with a symplectic isomorphism

Mp - Zi” 5 T,A
to the (first piece of the) Hodge-Tate filtration Lie A C T,A ®z, L 5 L2,

Proof. First, define the map |mgr| on points by the recipe in the statement of
the lemma. Since GSp,,(Q,) acts on the level structure 7,, the map |rur| is
GSp,,, (Qp)-equivariant by definition.

To show that there exists a map of topological spaces which agrees with |mgr|
on points, it is enough to work locally on |Xp(,e|. It will therefore suffice to
construct a cover of [Xp(,e)| which is pulled back from a cover of [Xf |. We work
in the setting of Example [3.2.6] i.e. by considering the proper smooth morphism
7 : A — Xk, of smooth adic spaces over Spa(Qp,Z,). The relative Hodge-Tate
filtration of the universal abelian variety is encoded by the natural injection

Rlﬂ'*OA RO @XK %le*@A:le*ip ®z @
Kp P P
of sheaves on the flattened pro-étale site (X, )prost-

Locally on Xk, one can find a pro-finite étale cover U — Xk, such that U
is affinoid perfectoid. We show that it is possible to pull back U to an affinoid
perfectoid space Uss such that |Us| covers | X (peey|. For each m > 0, the map
Xrpmy — Xk, is finite étale. Thus, we can form the pullback ﬁm =U XX, Xrpm)
and, by Theorem this is an affinoid perfectoid cover of Ar,e). We then take
the inverse limit of the U,, as m — 0o, which we can do for affinoid perfectoid
spaces, and we obtain an affinoid perfectoid space (700. This is still an element of
the flattened pro-étale site of X, .

We now evaluate the injection

Rlﬂ'*OA RO @XK ‘—>R17T*@A2R17T*Zp ®z 6
Kp p P
on Us. Since R'm,O 4 can be identified with Lie A, we get a totally isotropic
submodule (Lie A) ®o., Op_C (9?7" , which defines a map of adic spaces
P o oo
Uy — FL.

The induced map on topological spaces is automatically continuous. By checking on
points, one sees that this map factors through the restriction of |myr| to |U] X x|
| X (po)|. Moreover, the map

[Uso| = (U] X, | [ X o)
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is both surjective and open, as it is a pro-finite étale cover and pro-finite étale maps
are open. Thus, |mgr| is continous. O

Remark 5.1.2. In fact, if we let Zp(,m) be the boundary of Xff(pm), we can define
the spectral topological space

|Zrp| = @ | Zrpm)

and the construction of the map |myr| in Lemma extends to the open Shimura
variety [ A7 o) [\| 21 (p=)| with the same proof, thus we have a continuous, GSp,,, (Qp)-
equivariant map

[T - ‘Xf‘k(poo)‘ \ [Zr(pe=)| = [ 7.

Let 0 < e < 5. Recall that X, (e) C Xj  is the locus where [Ha| > p°. Let
| X ooy (€)] C | AT (ocy | be the preimage of [X} (¢)]. We have
|Xli‘k(p°°)(€)| = GSan(Zp)|X;(p°°)(5)anti|-

This can be checked at finite level - for example at level I'g(p), where the e-
neighborhood leo(p) (€)anti C leo(p) of the anticanonical locus is defined (recall

(p

that everything else is just pulled back from this level). In fact, by doing this, we
see that we can replace GSp,,(Z,) by finitely many translates of |Xr*(poc)(5)anti| by
clements of GSpy, (Zp); thus, |X7 ) (¢)| is quasi-compact. The key result is now
the following (Lemma 3.3.10 of [Sch15]).

Proposition 5.1.3. There exist finitely many elements vy1,...,v € GSps, (Qp)
such that

k
| XD (poey| = U Vi * [ A (peey ()]
i=1

Proof. We sketch the main steps in the proof.

(1) First, one shows that if |7yr| is the map in Remark [5.1.2] and Z#¢(Q,)
denotes the Qp-points of the adic space Z¢, then

|mar| ! (F4(Q,)) = closure of | X (poey ()] \ [ 21 (poe) (0) .

This is Lemma 3.3.6 of [Sch15|]. The idea is that for an ordinary abelian

variety, the Hodge—Tate filtration is Q,-rational and measures the relative

position of the canonical subgroup.

(2) For 0 < ¢ < %, one shows that there exists an open subset U C F#/
containing . ¢(Q,) and such that

|~ (U) C 1A ey ()] \ [ Zr(pme) (€)]-

This is Lemma 3.3.7 of [Sch15]. Using induction, one reduces to the locus
of good reduction. The proof then relies on Step 1 and on a compact-
ness argument using the constructible topology on spectral spaces. For the
compactness argument, one uses the continuity of the map

|7THT| : |X]_"(poc)‘ — |5Z€|

and the fact that the space |Ap(,e)| is spectral with quasi-compact open
subset | A1 (pee) (€.
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(3) One shows that there exist finitely many elements 71, ...,y € GSp,, (Qp)
such that
k
| oyl \ | Zr(p=)| = U Vi« ([0 ooy (O] \ |21 poey (€)))-
i=1
This is Lemma II1.3.9 of [Sch15]. This uses an open subset U as in Step
2; the quasi-compactness of #¢ implies that finitely many GSp,,(Qp)-
translates of U cover .Z#¢. The fact that |mur| is GSpy, (Q,)-equivariant
allows one to conclude by taking preimages of everything.
(4) Finally, one shows that with the same 7,...,v; as above one has the
desired equality

k
A ey ] = [ i - 1A ey ()
i=1
This again relies on a compactness argument as in Step 2 above. The idea
is that the right hand side is a quasi-compact open subset of |Xf‘k(poo)| which
contains |7\ \ [Zr(pe<)| by Step 3 above. Any such subset must be the
whole space. One concludes this by reducing to finite level, considering clas-
sical points, and again using a compactness argument for the constructible
topology on a spectral space.

O

As aresult, we see that [X7 .| is covered by finitely many translates of | X} o) (€)antil,
which is the underlying topological space of an affinoid perfectoid space. This proves
the existence of the perfectoid space le(poo). With a bit more work, one can also
show that there exists a map of adic spaces

THT - X;(poo) — yé

which agrees with the previously defined map |rpr| on the underlying topological
spaces.

Remark 5.1.4. The closed subset |Zr(pe)| C [A] )| has an induced structure of
a perfectoid space. If Zp(,~) denotes the boundary with the induced perfectoid
structure, then the existence of the map of adic spaces

follows by the same argument as in the proof of Lemma using instead of Uso
the affinoid perfectoid cover given by the disjoint union of finitely many copies of
X (poc) (€)anti \ Zr(p>)(€)anti- The tricky part is to show that the Hodge-Tate period
morphism extends to the boundary. For this, one uses a version of Riemann’s Heb-
barkeitssatz for perfectoid spaces, concerning the extension of bounded functions

from complements of Zariski closed subsets. See [Sch15l §2] for more details.

5.2. The Hodge—Tate period morphism in the Siegel case. We summarize
here some facts about the geometry of %/ in the Siegel case. The flag variety
admits the Pliicker embedding

70 p()-1 n
Fl— Pn) 2 W A"W.
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Any subset J C {1,2,...,2n} of cardinality n determines a homogeneous coordinate

Sy on P(%)=1. One can cover Z¢ by open affinoid subsets .%# ¢y, which are defined
by the conditions |s;/| < |s;| for all J* C {1,2,...,2n} of cardinality n. These
affinoid subsets are permuted transitively by the action of GSp,,,(Z,). For example,
Flinia,....2n} (Qp) parametrizes those totally isotropic direct summands M C Zg"
such that M & (Zy & 0™) ~ Z2".

Exercise 5.2.1. Show that the preimage of F {11
by the closure of Xli‘(pm)(O)anti.

Since le(poo)(O)anti is affinoid perfectoid, thus of the form Spa(R, R*), and since
taking the closure only adds higher rank points, which amounts to only changing
the integral structure, i.e R*, we see that the preimage of Flipia,... 20 (Qp) under
my is affinoid perfectoid.

We claim that something stronger holds, namely the preimage of the whole of
Flint1,...2n} is affinoid perfectoid. To see this, note that the action of the diag-
onal element 4!, where v = (p,...,p,1,...,1) € (Q))" x (Q))" C GSpy,(Qp),
contracts F {41, 20} towards the point of F# L, 1 . 2,1(Q,) corresponding to
0" ez, C ZZQ,”. In particular, the action of y~! contracts Flint1,... 2n} towards
the image of the anticanonical locus le(poo) (0)anti under . To make this precise,

on} (Qp) under mur is given

,,,,,

for any 0 < e < %, one can find some large integer N such that

WI;’}‘ (’Y_N : 9£{n+1,.‘.,2n}) C le(p")(e)anti

is a rational subset. This shows that v~ - Flnt1,...2n) is affinoid perfectoid and
thus that F €, 1 . 2.} is itself affinoid perfectoid. Since the action of GSp,,,(%Z,)
permutes the cardinality n subsets J, we also see that the preimage of any .#/£;
under 7y is affinoid perfectoid.

Remark 5.2.2. The idea of using an element of GSp,,(Q,) to contract a subset of
Xl’f( %) towards the anticanonical locus seems quite fruitful. For example, this idea
is used in [Lud17] to construct a perfectoid version of the Lubin-Tate tower at level
Lo(p™).

Example 5.2.3. For n = 1, the flag variety #{ can be identified with the one-
dimensional adic projective space P!. The Pliicker embedding is the identity map.
If (21,22) are the usual coordinates on P!, we see that Z#¢ = P! has a cover
by two affinoid subsets .# ({5, and .# £}, defined by the conditions |z1| < |2,
respectively |za| < |21|. The image of the anticanonical locus under 7wyt is given
by {(£,1) € P1(Q,) | 21 € Zp} and the image of the canonical locus is the point

T2

(1,0) € P}(Q,). The action of (29) € GL2(Q,) expands the anticanonical locus

towards the complement of the canonical point in P!.
To summarize the discussion in this section, we have the following result.
Theorem 5.2.4. (1) For any sufficiently small tame level KP C GSpQH(A’;),
there exists a perfectoid space Xli‘(poo) Kp over ngd such that

Xf‘k(poo)’Kp ~ I&H Xli‘k(p’nl)’Kp .

(2) There exists a GSpa, (Qp)-equivariant map of adic spaces

THT : X;(pchKp — F/l
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which agrees with the map defined explicitly on points in Lemma[5.1.1]

(3) Let S be a finite set of bad primes for the tame level KP.The map myr is
equivariant with respect to the natural Hecke action of the abstract spherical
Hecke algebra T® on le(poc)’Kp and the trivial action of T° on FL.

(4) The map mur is “affinoid”, in the following sense: for any subset J C
{1,...,2n} of cardinality n, the preimage of FL; under wur s affinoid
perfectoid@

(5) Let wge = (A"Wgy)V be the natural ample line bundle on F(. Recall
that one also has the natural line bundle wgr on Xli‘(poo)’K,,, obtained by

pullback from any finite level. There is a natural, GSp,,, (Q,)-equivariant

isomorphism
WKP ™~ TTWZ-
This isomorphism is also T -equivariant.

5.3. Shimura varieties of Hodge type. Let (G,X) be a Shimura datum of
Hodge type. Let K? C G(Ay) be a sufficiently small compact open subgroup. For
any choice of compact open subgroup K, C G(Q,), we let Xg»f, be the Shimura
variety for G, at level KPK,, and defined over the reflex field E. Let C be a
complete, algebraically closed extension of Q,. We consider the adic space
ad
Xirk, = (Xkrk, Xspec £ Spec C)™ .

Theorem 5.3.1 (Thm 4.1.1 of [Sch15]). For any sufficiently small tame level KP?,
there exists a perfectoid space Xkv» over Spa(C,O¢) such that

XK:D ~ llm XKpr.
Ky

The proof goes by embedding the Shimura variety of Hodge type into a Siegel
modular variety and using the fact that Siegel modular varieties with infinite level
at p are perfectoid spaces, as explained in Section [5.1

Remark 5.3.2. There is also a version of this result for minimal compactifications.
There is one subtlety, having to do with the fact that one does not necessarily
have closed embeddings on the level of minimal compactifications. Because of this,
one must consider a slightly modified space X%, K, at finite level, obtained by tak-
ing the scheme-theoretic image of Xf»f, into the corresponding compactification
of the Siegel modular variety. However, the map X7, K, Xli(,, K, is a univer-
sal homeomorphism, hence induces an isomorphism of diamonds by [SW17, Prop.
10.2.1] and the remarks following it. In particular, the spaces have the same étale
cohomology. Because of this, we write X', for the minimal compactification of the
perfectoid Shimura variety X'x». On the level of diamonds, it is the inverse limit of
the diamonds corresponding to Xpp g .

One can define the Hodge-Tate period morphism more generally, for Shimura va-
rieties of Hodge type, as done in Section 2 of [CS17] or even of abelian type [Shel7].
We contend ourselves here to discussing the Hodge—Tate period morphism for
Shimura varieties of Hodge type, in order to give a sense of the role that the
Shimura datum plays in the definition of a functorial p-adic period morphism and

27This implies the following, apparently stronger, statement: for any J C {1,...,2n} the
preimage of any rational open U C %/ ; under myr is an affinoid perfectoid space.
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to illustrate the analogy with the complex picture described in Section 23] We will
use Section 2 of [CS17] as a reference.

Let (G, X) be a Shimura datum of Hodge type, with Hodge cocharacter p. Recall
the parabolic subgroup P, C G xg £ defined in § This parabolic subgroup can
be thought of as “the stabilizer of the Hodge—Tate filtration”. We have a Hodge—
Tate period morphism 71, which should be thought of as a p-adic analogue of the
morphism mgr from § The following is part of Theorem 2.1.3 of [CS17].

Theorem 5.3.3. (1) For any choice of tame level KP C G(Ay), there is a
morphism of adic spaces

THT - XK;) — ﬁé(;’u.

This is functorial in the Shimura datum and agrees with the morphism
constructed in Theorem [5.2.] for Siegel modular varieties.

(2) The map mur is equivariant with respect to the Hecke action of G(Q,) on
Xir and the natural action of G(Qp) on Flg,,.

(3) The map wur is equivariant with respect to the action of Hecke operators
away from p on Xgvr and the trivial action of these Hecke operators on
Flg .

Proof. We say a few words about the proof. The main idea is to choose a symplectic
embedding (G, X) — (é, X’), and keep track of Hodge tensors, the finite collection
of elements s, € V® which are stabilized by G C G. The relative p-adic étale
cohomology
V, = R'm. &Q,

of the abelian variety 7 : A — Xgrg, (restricted from the Siegel modular variety)
is trivialized over Xx». Moreover, under the trivialization, the p-adic realizations
of Hodge tensors sq , € VZ‘? are identified with the s, € V®. This can be rephrased
as saying that the G-torsor of trivializations of (V,, sq,p) has a section over Xk»,
which can be thought of as an object in the flattened pro-étale site of Xxr,.

The relative Hodge—Tate filtration gives rise to the Hodge-Tate period mor-
phism; in order to show that this morphism factors through the appropriate flag
variety #{ga,,, it is enough to show that the G-torsor described above has a P,-
structure. This amounts to showing that the p-adic realizations of Hodge tensors
respect the Hodge Tate filtration. The same argument automatically proves that
the resulting morphism is independent of the choice of embedding (@, X) < (G, X).

The latter statement can be seen as a consequence of the fact that the de Rham
realizations of Hodge tensors respect the Hodge de Rham filtration, of the re-
lationship between the Hodge—de Rham and Hodge—Tate filtrations described in
Section and of the fact that the de Rham and p-adic realizations of Hodge
tensors are matched by the p-adic-de Rham comparison isomorphism. The lat-
ter result is known for abelian varieties defined over number fields and is due to
Blasius [Bla94]. O

Remark 5.3.4. For Shimura varieties of PEL type, the construction of the map myr
in Theorem [5.3.3]is simpler, as one can keep track of the extra endomorphisms in
the moduli problem and cut down to the desired flag variety directly.

Ezample 5.3.5. Let F/Q be an imaginary quadratic field. We set n = 2 and we
consider the corresponding quasi-split unitary similitude group G/Q as in Exam-
ple This has signature (2, 2) at inifinity. The corresponding Shimura variety is



PERFECTOID SHIMURA VARIETIES 43

of PEL type. Assume that p = pp splits in F'. Let K be a complete nonarchimedean
field which is an extension of ngd and K™ C K an open and bounded valuation
subring. For any abelian variety A/K parametrized by the Shimura variety for G,
we can write its p-divisible group as a direct product

Alp™] = A[p™] x A[p™].

The compatibility between the action of F' on A by quasi-isogenies and the polar-
ization A\ means that conjugation in F' is induced by the Rosati involution corre-
sponding to X\. Therefore, A[p>] is determined by A[p>°]. We understand the latter
via the Hodge-Tate period morphism. The target .#{g,, of this morphism can be
identified with the Grassmannian of 2-dimensional subspaces of a 4-dimensional
vector space. This space can be described via the Pliicker embedding into P°.

6. THE COHOMOLOGY OF LOCALLY SYMMETRIC SPACES: CONJECTURES AND
RESULTS

In this section, we discuss some recent conjectures and results about the coho-
mology of locally symmetric spaces, including the case of Shimura varieties. This
is an active area of research and there are many perspectives on it (coming from
number theory, harmonic analysis, algebraic topology, representation theory). We
will restrict ourselves to discussing the following two topics: the construction of
Galois representations attached to systems of Hecke eigenvalues in the cohomology
of locally symmetric spaces for GL,, /F', where F' is a CM field, and vanishing con-
jectures and theorems for the completed cohomology of locally symmetric spaces.

In § we state Scholze’s main theorem on the existence of Galois representa-
tions and we give a brief sketch of the proof, which uses perfectoid Shimura varieties
and the Hodge-Tate period morphism. In §[6.2] we define completed cohomology,
state a conjecture of Calegari-Emerton, and discuss some recent results towards
this in the case of Shimura varieties.

6.1. The construction of Galois representations. Let F' be a CM field. For
simplicity, assume that F' is imaginary CM. We consider the symmetric space for
GL,, /F (in other words, the symmetric space for the group G = Resp/gGL,) and
we let K C GL,(Ap ) be a neat compact open subgroup. The corresponding
locally symmetric space Xk is a smooth orientable Riemannian manifold which
does not admit the structure of an algebraic variety.

Let S’ be the finite set of primes of F' consisting of those primes above any
ramified prime of Q and of those primes v where K,, C GL,,(F,) is not hyperspecial.
|§| Choose a prime p for the coefficients that we will use throughout. Let S =
S’ U{v prime of Fyv | p}. If v & S, let

Ty = Zp|GLp(OF)\ GLy(Fy)/ GL,(OF.)]

be the Hecke algebra of bi-GL,,(Op,)-invariant, compactly supported, Z,-valued
functions on GL,,(OF,). (Recall that this is an algebra under the convolution of

28Recall that a group scheme is reductive if it is smooth and affine, with connected reductive
geometric fibers. If G/F, is a reductive group, a hyperspecial subgroup of G(Fy) is a subgroup
that can be identified with the Of ,-points of some reductive model G of G over Spec OF,,. Such
subgroups of G(F,) are maximal as compact open subgroups of G(F%).
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functions and that it is commutative.) For v € S a prime of F and 1 < i < n, we
consider the double coset operator

Ty, = [GL,(Op,)diag(wy, ..., @y, 1,...,1) GL,(OF)]
with i occurrences of the uniformizer w, on the diagonal. Let T* be the abstract
Hecke algebra over Z,
T% = &, T,
which acts by correspondences on X g and therefore also on H, (ic)(X %, Z/pN7).

We will be interested in systems of Hecke eigenvalues occurring in H i (Xr, Z/pN Z)
for some N € Z>;. Let

T(K,i,N) :=Im (T* — End(Hp. (X, Z/p"2))) .

The goal will be to construct a Galois representation valued in T(K,i,n); we will
not quite do this, but something that is close enough (at least for applications to
modularity). The following is Corollary 5.4.3 of [Schi5].

Theorem 6.1.1. Let m C T(K,i,N) be a mazimal ideal. Then there exists a
unique continuous semisimple Galois representation

pm : Gal(F/F) — GL,(F,)
such that for allv € S ﬁmlGal(FU/Fv) is unramified and the characteristic polynomial
of pm(Froby,) is equal to the image of

X" — Tlenfl N (71)iq1i)(i71)/2Tv7an7i N (71)nqg(n71)/2Tv7n.
in T(K,i, N)/m.

One can show that the Galois representation py, is actually valued in GL,(F,),
where F, is the finite residue field of m. We say that m is non-FEisenstein if py is
(absolutely) irreducible. The following is Corollary 5.4.4 of [Sch15].

Theorem 6.1.2. Assume that m is non-FEisenstein.
Then there exists a nilpotent ideal I C T(K,i, N), of nilpotence degree bounded
only in terms of [F : Q] and n, and a Galois representation

pm : Gal(F/F) — GL,(T(K,i,N)w/I)
such that for allv & S a prime of F pm|Gal(F,,/Fv) is unramified and the character-
istic polynomial of py(Frob,) is equal to the image of

X" — T’u,an_l N (_1)iqi(i_1)/2Tv,an_i N (_1)”(]:}("_1)/2111),71'
in T(K, I, N)m /1.

Remark 6.1.3. (1) The Galois representations p,, and py, are constructed by p-
adic interpolation (in other words by keeping track of congruences modulo
pY for N € Z>1) from the Galois representations associated to (conjugate)
self-dual, regular L-algebraic automorphic representations of GL,,/F for
some m € Z>.

These Galois representations were constructed in several steps by many
people: Kottwitz, Clozel, Harris-Taylor, Shin, Chenevier-Harris [Clo91],
Kot92al, [HTO01), [Shilll [CHO9], building on fundamental contributions by
many others. In almost all cases, one uses a similar method to the one
outlined in the introduction in the case of weight 2 modular forms, i.e. one
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uses the étale cohomology of certain Shimura varieties, which are higher-
dimensional analogues of modular curves. However, we emphasize that the
Galois representations in Theorem [6.1.2] are not “cut out” directly from the
étale cohomology of some Shimura variety.

(2) Scholze’s result recovers a theorem of Harris—Lan—Taylor—Thorne in char-
acteristic 0, namely the existence of Galois representations for regular L-
algebraic automorphic representations of GL,, /F, cf. [HLTTI6]. It is pos-
sible to give a different proof of Theorem (even in the torsion setting)
as a result of Boxer’s thesis [Box15], which uses integral models rather
than perfectoid Shimura varieties and understands torsion in the coherent
cohomology of Shimura varieties.

(3) Newton and Thorne [NT16] improve the bound on the nilpotence degree of
I to I* = 0. In certain instances, it is possible to eliminate the nilpotent
ideal completely.

(4) We have stated the main result for the trivial local system on Xy for
simplicity. The analogous result also holds with coefficients in a local sys-
tem on X corresponding to some irreducible algebraic representation of
Resp g GL,.

Let G be the unitary group defined in Example [2.3.11

Exercise 6.1.4. Show that Resp,q GL,, is the Levi subgroup of a mazimal parabolic
subgroup of G. (This is the so-called Siegel parabolic of G and, up to conjugacy
over Q, coincides with the parabolic subgroup P, defined above.)

Let K C G(A 7). This determines a Shimura variety of Hodge type X - There are
two key steps for the proof of Theorem [6.1.2}

The first step is to show that any mod p” system of Hecke eigenvalues in the
étale cohomology of X 7 lifts to characteristic 0, to a system of Hecke eigenvalues
associated to a cusp form on G. This is proved in [Schib, Thm. 4.3.1] for any
Shimura variety of Hodge type. This can be seen by studying the geometry of the
Hodge—Tate period morphism

. P a9
THT : Xf{p — ‘/éG,

We briefly mention the key ideas involved in the first step, i.e. in the proof
of [Sch15, Thm. 4.3.1]. See loc. cit. for more details, as well as the survey [Mor16].

(1) First, Scholze applies a version of the primitive comparison isomorphism
for rigid analytic varieties proved in [Sch13]. This reduces [Sch15, Thm.

4.3.1] to constructing Hecke congruences between Hét()(;i(p,l'*/p]v) and

cusp forms for é, where 7T C (’)}* is the subsheaf of sections which

vanish along the boundary. “

(2) An important property of the morphism 7yt is that it is “affinoid” in the
following sense: there exists a cover by affinoid open subsets

M
Fle, = Ui
=1

291 fact, it is enough to consider a bigger period domain, corresponding to a Siegel embedding
G — GSan[F+:Q].
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(defined via an appropriate Pliicker embedding) such that each preimage
Vi = Wﬁ%(Ui) is affinoid perfectoid. Moreover, since wyT is Hecke equi-
variant, the open subsets V; C X Ii‘%p are stable under the action of Hecke
operators away form p. For affinoid perfectoid spaces, the étale cohomol-
ogy H (V;, OF ) is almost zero for i > 0, cf. [Sch13, Lemma 4.10]; a version
of this result also holds for sections that vanish along the boundary of
Vin X% . Using the open cover (V;)M, and the above observation, Scholze
reduces [Sch15, Thm. 4.3.1] to constructing mod p? Hecke congruences
between the Cech cohomology of the cover (V;)*, and cusp forms for G.

(3) The key ingredients for constructing these congruences are certain “fake
Hasse invariants” pulled back from sections defined over the open cover of
'%é,u' This is inspired by the way the classical Hasse invariant is used to
construct Hecke congruences in the setting of modular forms; this method
is used in [DS74] to construct Galois representations attached to cusp forms
of weight 1 by constructing congruences to cusp forms of higher weight.

The second step is to relate the cohomology of X with Z/pY Z-coefficients
to the cohomology of X with Z/ p™N Z-coefficients, for some neat compact open
subgroup K C G(Ay). This is done by studying the geometry of the Borel-Serre

compactification of X 7> which we now consider simply as a locally symmetric
space for G. The rough idea is that the strata in the boundary of the Borel-Serre
compactification are generalizations of locally symmetric spaces, more precisely
locally symmetric spaces attached to the proper parabolic subgroups of G. In the
case of the Siegel parabolic P,, the corresponding locally symmetric spaces are
torus bundles over the locally symmetric spaces for Resg/q GLy. Since this part of
the argument does not involve p-adic geometry, we do not say more about it here;

for more details about this step, see [Schlfl §5] and [NT16].

6.2. Vanishing of cohomology at infinite level. Completed cohomology, as
introduced by Emerton in [Eme06], gives a way of defining p-adic automorphic
forms for general reductive groups. Let G/Q be a connected reductive group with
the corresponding tower of locally symmetric spaces (X ). Fix a tame level, i.e. a
sufficiently small compact open subgroup K? C G(A’}). The completed cohomology
groups are defined as

H'(K?) := lim (hﬂ (Hi(XKPKp’Z/PNZ))>
N \ K,

where K, runs over all compact open subgroups of G(Qp). For N € Z>; we also
define

H'(K?,Z/p"Z) = lim (H'(Xier i, Z/p" 2)) -
KP

The group ﬁi(Kp) is a p-adically complete Z,-module. If S’ is the finite set of
bad primes determined by the tame level K? and S = S’ U {p}, then H'(K?) has
an action of the abstract Hecke algebra T°. Moreover, H {(KP) also has an action
of the full group G(Q,). This is induced from the action of ¢; for g € G(Q,) on

the directed system (H*((Xkrk,,Z/p"Z)) ca(g,) Sending a class at level K to
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1

a class at level K, N gK,g~'. As a representation of G(Q,), one can prove that

Hi(KP) is p-adically admissible, which means that

(1) it is p-adically complete and separated, and the Z,-torsion subspace Hi(KP)[p™]
is of bounded exponent, which means that H'(K?)[p™] = Hi(K?)[pM] for
all sufficiently large integers M.

(2) each Hi(KP)/pN, which is a smooth representation of G(Qyp), is also ad-
missible as a representation of G(Q,) (in the usual sense).

Recall that a smooth representation of G(Q,) is one in which every vector has an
open stabilizer in G(Q,). It is not hard to show that Hi(K?,Z/pNZ) are smooth
representations of G(Q,) for every N > 1. However, completed cohomology with
Z,-coeflicients is not a smooth representation of G(Q,) - the smooth vectors in
completed cohomology correspond to certain classical automorphic forms, which
form a much smaller space than the space of all p-adic automorphic forms.

Exercise 6.2.1. Using the fact that fIi(Kp) is p-adically admissible, show that the
inverse system (ﬁi(Kp,Z/pNZ))N satisfies Mittag-Leffler.

Remark 6.2.2. (1) One can also make the definition for compactly-supported
cohomology as well as for homology and Borel-Moore homology. See [CE12]
Emel4] for more details on these and the relationships between them.
See [Emeld] also for an overview of the role that completed cohomology
plays in the p-adic Langlands program, in terms of both local and global
aspects.
(2) We can identify the completed cohomology of tame level KP with the coho-
mology of the perfectoid Shimura variety of tame level KP. More precisely,
there exists a natural, Hecke-equivariant comparison isomorphism

Hiy(K?, Z/pN2) 5 HY (o (Xio, Z/pV Z).

(3) One can also make the following definition:
Hi(KP) = lim (hﬂ (H'(Xkrk, Zyp)) /pN> :
N \K,

which also has an action of the abstract Hecke algebra T. Intuitively, the
systems of Hecke eigenvalues (i.e. the maximal ideals of T*) in the support
of H {(KP) are those which can be p-adically interpolated from systems of
Hecke eigenvalues in the support of H (X grk,,, Zy) for some finite level K,
i.e. systems of Hecke eigenvalues corresponding to classical automorphic
forms. The difference between H'(KP?) and ﬁi(Kp) can be expressed as a
limit over torsion classes occurring in the cohomology of locally symmetric
spaces at finite level, as seen in Exercise [6.2.3] below.

Exercise 6.2.3. Consider the short exact sequence of sheaves
S N
0—=Zy,—7Z,—>Z/p"Z—0

on Xkri, for every K,. By analyzing the cohomology long exact sequence, prove
that we have an injection

HY(K?) < H'(KP)
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and describe its cokernel in terms of torsion classes, i.e. in terms of the groups
H (Xkrk,, Zp)[pN].

Remark 6.2.4. In particular, if the groups Hi(XKpr, Zp)[pN] are zero for all N €
Z1 and all compact-open K,, then we have an isomorphism H'(K?) & H'(KP).
This happens, for example, if G is a definite unitary group, so that the locally
symmetric spaces are finite sets of points. This also happens in the case of modular
curves. However, we will be primarily concerned with a general G' = Resp,qGLy,, in
which case the groups H(Xkrk,,Z,) are known to contain torsion. For example,
Bergeron—Venkatesh conjecture in [BV13] that the size of the torsion subgroup in
Betti cohomology grows exponentially with the index of K when [y = 1.

Here are some further important properties of completed cohomology:

(1) The Hochschild—Serre spectral sequence can be used to recover cohomology
at finite level from completed cohomology. More precisely, if K, C G(Q,)
is a compact-open subgroup, then we have spectral sequences

By = HY(K,, H (K, Z/p2)) = HY (X gk, , Z/pV 7)

and
By = H'(K,, H (K?)) = HV (Xgok,, Lp),

where H*(K,, ) denotes the continuous group cohomology of K,,. See [Eme06,
Prop. 2.1.11] for a proof, which is slightly subtle with Zp—coefﬁcientsm

(2) One can work with cohomology at finite level with coefficients in a lo-
cal system Vg corresponding to some algebraic representation § of G and
the completed cohomology groups one obtains match up. More precisely,
assume that £ is an algebraic representation of G defined over Q,, (for sim-
plicity, otherwise we would introduce a field of coefficients E which is a
finite extension of Q). Let V? C V¢ be a Z-lattice stable under the action
of G(Zp). The local system V¢ is defined as follows:

Ve i=GQ)\ (X x G(Af)/K x V7).

The completed cohomology groups corresponding to the local system V¢
are defined as

(7, V3) = lim (m (Hi(Xvas/pN>>) ,
N \ K,
where K, runs over compact-open subgroups of G(Z,). Then we have a
natural, Hecke-equivariant isomorphism of p-adically admissible represen-
tations of G(Z,)

H'(KP,Vg) S VE @z, H'(KP).

(3) Let (V)Y denote the Zj,-dual of V;?, endowed with the contragredient ac-
tion of G(Z,). Let K, C G(Z,) be a compact-open subgroup. By combining

30Since K is a compact locally Qp-analytic group, the category of p-adically admissible rep-
resentations of K, over Z;, has enough injectives. Therefore, the continuous cohomology groups
H(Kp, ) can be identified with the derived functors of the functor “taking Kp-invariants” on the
category of p-adically admissible Kp-representations.
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the first two items, one obtains a control theorem for completed cohomology
in the form of a spectral sequence

E;’J = EXt%p[[Kp]] ((‘/§O)V7ﬁi(Kp)) = Hi+j(XKpK!J’ Vg)

Motivated by heuristics coming from the Langlands program, Calegari and Emer-
ton made several conjectures about the usual and compactly-supported completed
cohomology of general locally symmetric spaces: see [CE12, Conj. 1.5] (which is,
however, stated in terms of homology and Borel-Moore homology). In the case of
tori, their conjectures are equivalent to Leopoldt’s conjecture, cf. [Hil10].

A consequence of the Calegari-Emerton conjectures is the following. Let [
be the invariant defined in § and set gy := 3(dimgp X — lp). Then for every
sufficiently small K7 C G(A%) we expect that ET("C) (K?) =0 for i > qo + lp. Even
this weaker conjecture is wide open for general locally symmetric spaces. Some
small-dimensional examples can be studied by hand, such as arithmetic hyperbolic
3-manifolds. In the case of Shimura varieties, where [y = 0 and ¢y is equal to

the dimension of the Shimura variety, Scholze recently proved the following result,
cf. [Sch15l Thm. 4.2.2].

Theorem 6.2.5. Let (G, X) be a Shimura datum of Hodge type. Let KP C G(A?)
be a sufficiently small compact open subgroup and let N € Z>1. We have

H{(K?,Z/p"Z) =0
for alli > d = dimc X.

Sketch of proof of Theorem[6.2.5 The primitive comparison theorem of [Schi3] (ap-
plied at finite level, then taking a direct limit) gives an almost isomorphism between
H(K?,F,) ®r, Oc/p and H} (X, T /p), where Tt C (’)}* is the subsheaf sec-
tions which vanish along the boundary. For any affinoid perfect01d cover of X},
the étale cohomology of the restriction of the sheaf Z* is almost equal to 0 in de-
gree i > 0. This allows us to replace H¢ (Xj,,Z7 /p) with H! (X}, Z7/p). The
vanishing theorem now follows from a theorem of Scheiderer [Sch92], who shows
that the cohomological dimension of a spectral space of Krull dimension d is at
most d. O

Remark 6.2.6. The same idea can be used to prove the analogous vanishing theorem
for the cohomology li_n}r H'(X,,F,), where X C PY is a projective variety, and X,
is the pullback of X under the morphism

PY PV (zg:my:...xy) = (ah a2k,
A direct geometric proof of this vanishing theorem, which does not use p-adic
geometry, was recently given by Esnault in [Esnl8] and her result also holds for X
of characteristic £ # p. It would be interesting to see whether Theorem [6.2.5| or
even Theorem below admit more direct proofs.

We now explain a strenghtening of Theorem [6.2.5]in the particular case of Siegel
modular varieties. Let (G,X) denote the Siegel datum in Example Let
KP C G(A’]’c) be sufficiently small and for every m € Zx recall the compact open
subgroups

Ti(p™) == {g € GSpa,(Zp) | g = (4" 15 )  (mod p™)}.
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Define Hf, (K?,Z/pNZ)r, :=lim Hi,(Xgor,m), Z/PV 7).

Theorem 6.2.7. We have Hi(K?,Z/pNZ)r, =0 for all i > d = dim¢ X.

This is a part of [CGHT18, Thm. 1.1.2]; the result in loc. cit. is slightly more
general, as it also considers certain Shimura varieties attached to quasi-split unitary
groups as in Examples [2:3.6] and In fact, we expect an even more general
statement to be true, but we leave the question of extending Theorem to other
Shimura varieties to be explored in future work.

Sketch of proof of Theorem[6.2.7. Assume for simplicity that n = 1, in which case
G = GLs and we are working with modular curves. Set Ny := (é le); this is the
group of Z,-points of the unipotent radical N of the standard (upper-triangular)
Borel subgroup B of G. As in the proof of Theorem we start by applying
the primitive comparison theorem of [Sch13]. We then analyze the Leray spectral

sequence for the morphism of sites
. * 1,ad
|7THT/N0‘ : (Xrl(poo))ét — ‘[P a |/]\/v07

using it to compute the cohomology HY, ( (o) It /p)ﬂ We consider the stratifi-
cation of P1:2d into B-orbits: there is an open cell A»?d, containing mgT (le(poo) (€)anti)
as an open subset, and a closed cell, which consists of one point oo, the image under
mar of the canonical tower over the ordinary locus. Since Ny C B(Q),,), this strati-
fication descends to the quotient |P1:24|/Ny. We see the following two phenomena:

(1) The fibers of Ty, over rank 1 points of |A124|/Ny are affinoid perfectoid
spaces. Indeed, the action of (g ?) € GL2(Q,), expands the anticanonical
locus in P%24 to cover all of A4 and the anticanonical locus is affinoid
perfectoid already at level T'g(p>°); see also [Ludi7] for a version of this
argument.

(2) The fiber of Ty /N, over co/Ny is not affinoid perfectoid, but it has a “Z,-
cover”lﬂ which is affinoid perfectoid. Indeed, at full infinite level, the Weyl
group element (9}) € GLy(Q,) takes the anticanonical locus in P12d to
an open neighborhood of co. The cohomological dimension of this fiber is
then bounded by the cohomological dimension of Z, for continuous group
cohomology.

While RC|myr)/n, |« (ZF/p) is supported on the whole of [P*#4| /Ny, we deduce that
RY|mur ), |« (Z/p) is almost zero outside a closed spectral subspace of |[P1*4| /N
of dimension 0 and R?|myr/n, |«(ZT/p) is almost zero everywhere. We conclude by
appealing to [Sch92] to compute the terms in the Leray spectral sequence.

The case of GSp,,, for arbitrary n is similar, using the generalized Bruhat strati-
fication of the algebraic flag variety Flg ,, into P,-orbits. Setting Ng := N,,,I'1(p™),
we obtain a stratification

| Plaul/No = | ||205 .1/ No

311n order to make this rigorous, we need to consider AT, as a diamond and use the étale

1(p>)
cohomology of diamonds as developed in [Sch17].
32For the precise meaning of “Zp-cover”, see [CGHT18, Thm. 2.2.7].
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into locally closed strata, indexed by certain Weyl group elements w. Moreover, for
every point z € | FLg ,|/No, we show that

R'Tyr N« (LT /D)3 = 0 for i > d — dim Flg .

This, together with [Sch92], is enough to prove the desired vanishing for Siegel
modular varieties. ]
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