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Abstract

Let p > 2 be prime. We use purely local methods to determine the possible reductions of cer-
tain two-dimensional crystalline representations, which we call “pseudo-Barsotti—Tate represen-
tations”, over arbitrary finite extensions of Q,. As a consequence, we establish (under the usual
Taylor—Wiles hypothesis) the weight part of Serre’s conjecture for GL(2) over arbitrary totally real
fields.
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Overview

Let p be a prime number. Given an irreducible modular representation p : Gg —
GLz(FP), the weight part of Serre’s conjecture predicts the set of weights k such
that p is isomorphic to the mod p Galois representation p , associated to some
eigenform of weight k and level prime to p. The conjectural set of weights is
determined by the local representation plg,,. In recent years, beginning with
the work of [BDJ10], generalisations of the weight part of Serre’s conjecture
have become increasingly important, in particular because of their importance in
formulating a p-adic Langlands correspondence (cf. [BP12]).

The weight part of Serre’s original conjecture was settled in the early 1990s
(at least if p > 2; see [CV92, Edi92, Gro90]). The paper [BDJ10] explored
the generalisation of the weight part of Serre’s original conjecture [Ser87] to
the setting of Hilbert modular forms over a totally real field F in which p is
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unramified. Already in this case even formulating the conjecture is far more
difficult; there are many more weights, and the conjectural description of them
involves subtle questions in integral p-adic Hodge theory. The conjecture
was subsequently extended to arbitrary totally real fields in [SchO8, Geella,
BLGG13]; see [BLGG13, §4] for an extensive discussion. The present paper
completes the proof of this general Serre weight conjecture for GL(2) (under the
assumption that p > 2 and that a standard Taylor—Wiles hypothesis holds).

Work of [BLGG13] and [GK, New14] has reduced the weight part of Serre’s
conjecture for GL(2) to a certain statement about local Galois representations:
namely, two sets of Serre weights associated to a mod p local Galois represen-
tation, each defined in p-adic Hodge-theoretic terms, must be seen to be equal.
It is this problem that we resolve in this paper. In our earlier paper [GLS14] we
proved the same result for totally real fields in which p is unramified, by estab-
lishing a structure theorem for Kisin modules which slightly extended Fontaine—
Laffaille theory in this case. In contrast, in this paper we must work over an arbi-
trarily ramified base field, and the proof requires a delicate analysis of the Kisin
modules associated to a certain class of crystalline representations, which we
call pseudo-Barsotti—Tate representations. To the best of our knowledge, these
are the first general results about the reductions of crystalline representations in
any situation where arbitrary ramification is permitted.

1. Introduction

We begin by tracing the history of the work on the weight part of Serre’s
conjecture over the last decade. The first breakthrough towards proving the
conjecture of [BDJ10] was the paper [Geellb], which proved the conjecture
under a mild global hypothesis as well as a genericity hypothesis on the local
mod p representations. The global hypothesis comes from the use of the
Taylor—Wiles—Kisin method, which is used to prove modularity lifting theorems;
the modularity lifting theorems used in [Geellb] are those of [Kis09, Gee06]
for potentially Barsotti-Tate representations. The genericity hypothesis was
needed for a complicated combinatorial argument relating Serre weights to
the reduction modulo p of the types associated to certain potentially Barsotti—
Tate representations. The natural output of the argument was a description
of the Serre weights (in this generic setting) in terms of potentially Barsotti—
Tate representations, while the conjecture of [BDJ10] is in terms of crystalline
representations, and the comparison between the two descriptions involved a
delicate calculation in integral p-adic Hodge theory. It was clear that the
combinatorial arguments would not extend to cover the non-generic case, or to
settings in which p is allowed to ramify.
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All subsequent results on the problem have followed [Geel 1b] in making use
of modularity lifting theorems, and have assumed that p > 2, which we do for
the remainder of this introduction. The next progress (other than special cases
such as [GS11]) was due to the work of [BLGGT14], which proved automorphy
lifting theorems for unitary groups of arbitrary rank, in which the weight of the
automorphic forms is allowed to vary. As the conjectural description of the set of
weights is purely local, there is a natural analogue of the weight part of Serre’s
conjecture for inner forms of U(2), and the paper [BLGG13] used the results
of [BLGGT14] to prove a general result on these conjectures. Specifically, given
a global modular representation p associated to some form of U(2), the main
results of [BLGG13] show that p is modular of all the weights predicted by the
generalisations of the weight part of Serre’s conjecture. The problem is then to
prove that p cannot be modular of any other weight.

This remaining problem is easily reduced to a local problem. To describe
this, let K/Q, be a finite extension with residue field k, and 7 : Gx — GLZ(F,,) a
continuous representation. In this local context a Serre weight is an irreducible
F,,-representation of GL,(k) (cf. Definition 4.1.1). Associated to 7 there are two
sets of Serre weights WePlicit(7) C Weris(7), defined in terms of p-adic Hodge
theory. The set Ws(7) is defined in terms of the existence of crystalline lifts
with certain Hodge—Tate weights, and We*Pliclt(7) is defined as a subset of WeS(F)
by explicitly writing down examples of these crystalline lifts (as inductions and
extensions of crystalline characters); see Definitions 4.1.3 and 4.1.4 below for
precise definitions. These definitions are then extended to global representations
p by taking the tensor products of the sets of weights for the restrictions of p
to decomposition groups at places dividing p. In the case that p is unramified
or 7 is semisimple, We*Plcl(7) is the set of weights predicted by the conjectures
of [BDJ10, Sch08].

If p is a global modular representation for U(2), then it is almost immediate
from the definition that the set of weights in which p is modular is contained
in W(p). The main result of [BLGG13] shows that the set of weights
contains We*Pit(5)  Therefore, to complete the proof of the weight part of
Serre’s conjecture for U(2) (i.e. to prove that WSPlici(5) is the set of weights
in which p is modular) it is only necessary to show in the local setting that
Wexplicil(;.) — WCriS(}:).

In the case that K/Q, is unramified (that is, the setting of the original
conjecture of [BDJ10]), this was proved by purely local means in our earlier
paper [GLS14]. That work uses the second author’s theory of (¢, G)-modules
to prove a structure theorem for the Kisin modules associated to crystalline
representations (over an unramified base) with Hodge—Tate weights just beyond
the Fontaine-Laffaille range. A careful analysis of this structure theorem, and
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of the ways in which these Kisin modules can be extended to (¢, G)-modules,
allowed us to compute the possible reductions of the crystalline representations,
and explicitly check that they were all of the required form.

Until the present paper, the equality WPi€l{(7) = Weris(7) was not known in
any greater generality. However, in the paper [GLS12] we were able to show
that if p is totally ramified, then the set of modular weights for U(2) is ex-
actly WePlicit(5) by making a rather baroque global argument using the results
of [BLGG13] and a comparison to certain potentially Barsotti—Tate represen-
tations, motivated by the approach of [Geellb]. This approach did not show
that WePlicit(7) = Wris(7); as in [Geel1b], this approach relies on combinatorial
results that do not extend to the general case, although generalisations subject
to a genericity hypothesis (and other related results) were proved using these
techniques in [DS].

The results of [BLGG13, GLS14, GLS12] only concerned the analogues
for U(2) of the conjecture of [BDJ10] and its generalisations, which were
formulated using modular forms on quaternion algebras over totally real fields.
The quaternion algebra setting of [BDJ10] is a more natural generalisation of the
original conjectures of [Ser87], but it is harder, because of a parity obstruction
coming from the units of the totally real field: algebraic Hilbert modular forms
necessarily have paritious weight. This means, for example, that there are mod
p Hilbert modular forms of level prime to p and some weight which cannot be
lifted to characteristic zero forms of the same weight, and is one of the reasons
for studying potentially Barsotti—Tate lifts instead (which correspond to Hilbert
modular forms of parallel weight two).

The papers [GK, New14] independently succeeded (by rather different means)
in transferring the results for U(2) described above to the setting of quaternion
algebras over totally real fields. In particular, [GK] defines a set of weights
WBT(7), and shows (by global methods, using the results of [BLGG13]) that
there are inclusions

Wexplicil(f) c WBT(f') C WcriS(f).

The definition of WBT(F) can again be extended to global representations in
exactly the same manner as before, and (in either the U(2) or quaternion algebra
settings) the set of weights in which p is modular is always the set WET(p). In
particular, this shows that the set of weights is determined purely locally, and in
order to complete the proof of the weight part of Serre’s conjecture, it would be
enough to solve the purely local problem of showing that WBT(7) = Wexplicit(z),
Unfortunately, the definition of WBT(7) is rather indirect, being defined as
a linear combination of the Hilbert—Samuel multiplicities of certain potentially
Barsotti-Tate deformation rings. These rings have only been computed when
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K = Q, ([Sav05]) or when K/Q,, is unramified and 7 is generic ([Bre14, BM12]),
and they appear to be extremely difficult to determine in any generality.

The main local result of this paper (see Theorem 6.1.8) is that WePlicit(7) =
WeiS(7) in complete generality (provided that p > 2). The proof is purely lo-
cal, and will be described below. As a consequence, we deduce that WBT(7) =
WePlicit(7) when p > 2, and thus we obtain the following theorem (see Theo-
rem 6.2.1).

A Theorem. Let p > 2 be prime, let F be a totally real field, and let p : G —
GLy(IF),) be a continuous representation. Assume that p is modular, that Plere,
is irreducible, and if p = 5 assume further that the projective image of 5|Gr(z,,> is
not isomorphic to As.

For each place v|p of F with residue field k,, let o, be a Serre weight of
GLy(ky). Then p is modular of weight ®,,0, if and only if o, € We"p“dt(ﬁlgﬂ)
forallv.

In particular, this immediately implies the generalisations of the weight
conjecture of [BDJ10] proposed in [Sch08, Geella].

We remark that Newton and Yoshida ([NY 14], forthcoming) have also estab-
lished Theorem A for many weights ®,,07, by methods that are rather different
from ours, namely via novel arguments involving the study of the special fibres
of integral models for Shimura curves.

We now turn to an outline of our approach. To prove that WoPlicil(7) =
WeIiS(7), it is necessary to study the possible reductions of certain 2-dimensional
crystalline representations. The Hodge-Tate weights of these representations
(which were first considered in [Geella]) have a particular form, and we call
these representations pseudo-Barsotti-Tate representations, because most of
their Hodge—Tate weights (in a sense that we make precise in Definition 2.3.1)
agree with those of Barsotti-Tate representations. In the case that K/Q, is
unramified, these are exactly the representations considered in [GLS14], and our
techniques are a wide-ranging extension of those of that paper to a setting where
p may be arbitrarily ramified.

The equality WePliCit(7) = Weis(7) is by definition equivalent to the statement
that the possible reductions of pseudo-Barsotti—Tate representations with given
Hodge-Tate weights are in an explicit list, namely the list of representations
arising as the reductions of pseudo-Barsotti-Tate representations (of the same
Hodge-Tate weights) which are extensions or inductions of crystalline charac-
ters. The most obvious way to try to establish this would be to classify (the
lattices in) pseudo-Barsotti—Tate representations (perhaps in terms of their asso-
ciated (¢, G)-modules), and then to compute all of their reductions modulo p.
Experience suggests that this is likely to be a very difficult problem, and this is
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not the approach that we take. Instead, we proceed more indirectly, guided by
the particular form of WePlici((7),

Our first step is to make a detailed study of the filtrations on the various
objects in integral p-adic Hodge theory which are attached to lattices in pseudo-
Barsotti-Tate representations. This study, which is a considerable generalisa-
tion of much of the work carried out in [GLS14, §4] in the unramified case,
culminates in Theorem 2.4.1, which classifies the possible structures of their
underlying Kisin modules in terms of their Hodge—Tate weights. It is then rela-
tively straightforward to determine the possible characters that can occur in the
reduction modulo p of such a representation, and comparing this to the form
of We*lici(7) " we prove the conjecture in the case that 7 is a direct sum of two
characters (see Theorem 3.1.4).

We next turn to the case that 7 is irreducible. In this case, we know that 7
becomes a direct sum of two characters after restriction to the absolute Galois
group of the unramified quadratic extension, and applying the previous result
in this case gives a constraint on the form of 7. It is not at all obvious that
this constraint is sufficient to prove the conjecture in this case, but we are
able to establish this by a somewhat involved combinatorial argument (see
Theorem 3.1.5).

At this point we have established the conjectures of [Sch08], which treat
the case that 7 is semisimple. There is, however, still a considerable amount of
work to be done to deal with the case that 7 is an extension of characters. It is
not surprising that more work should be needed in the non-semisimple case. For
example, if the ramification degree of K is at least p and 7 is semisimple, then the
inclusion Weis(7) € We*Plicl(7) is essentially trivial, because the set We*Plicit(7)
consists of all the weights satisfying a simple determinant condition. On the
other hand when 7 is not semisimple, the definition of We"p“"“(?), which is given
in terms of certain crystalline Ext! groups, only becomes more complicated as
the ramification index increases.

In the remaining case that 7 is an extension of characters, the result that
we proved in the semisimple case shows that the two characters are of the
predicted form, and it remains to show that the extension class is one of the
predicted extension classes. We again proceed indirectly. From the definition of
Weplicit(7) we need to show that 7 has a pseudo-Barsotti—Tate lift of the given
weight and which is an extension of crystalline characters. An approach to this
problem naturally suggests itself: we could compute the dimension of the space
of extensions in characteristic p that arise from the reductions of extensions of
crystalline characters, and try to use our structure theorem to prove that the set
of extensions that can arise as the reductions of possibly irreducible pseudo-
Barsotti—Tate representations is contained in a space of this same dimension.



The weight part of Serre’s conjecture for GL(2) 7

This is in effect what we do, but there are a number of serious complications
that arise when we try to compute our upper bound on the set of extension
classes coming from pseudo-Barsotti—Tate representations. It is natural to return
to our structural result Theorem 2.4.1, and this gives us non-trivial information
on the possible Kisin modules, which we assemble with some effort. We would
then like to compare these Kisin modules with those arising from extensions of
crystalline characters. It is at this point that two difficulties arise. One is that the
functor from lattices in Galois representations to Kisin modules is not exact (see
Example 5.2.1 and the discussion that follows it), which means that the Kisin
module corresponding to the reduction of such an extension need not correspond
to an extension of the corresponding rank-one Kisin modules. The other related
difficulty is that when the ramification degree is large, there are many different
crystalline characters with different Hodge—Tate weights to consider, and it is
necessary to relate their reductions. We are able to overcome these difficulties
by showing that there is a “maximal” pair of rank-one Kisin modules for the
representation 7 and the Hodge—Tate weights under consideration, and reducing
to the problem of studying their extensions. This is done in Sections 5.2 to 5.4.

The second complication is that Kisin modules do not completely determine
the corresponding Gg-representations, but rather their restrictions to a certain
subgroup Gg,. If 7 is an extension of y, by y, with x> ! not equal to
the mod p cyclotomic character, it turns out that the natural restriction map
from extensions of Gg-representations to extensions of Gg_-representations is
injective (Lemma 5.4.2), and we have done enough to complete the proof.
However, in the remaining case that v, " is the mod p cyclotomic character,
we still have more work to do; we need to study the uniqueness or otherwise
of the extensions of the Kisin modules to (¢, G)-modules. We are able to do
this with the aid of [GLS14, Cor. 4.10], which constrains the possible G-actions
coming from the reductions of crystalline representations.

1.1. Notation

1.1.1. Galois theory If M is afield, we let G, denote its absolute Galois group.

If M is a global field and v is a place of M, let M, denote the completion of
M at v. If M is a finite extension of QQ, for some ¢, we let M, denote the
maximal unramified extension of Q, contained in M, and we write I, for the
inertia subgroup of Gy,. If R is a local ring we write mg for the maximal ideal of
R.

Let p be a prime number. Let K be a finite extension of Q,, with ring of
integers Ok and residue field k. Fix a uniformiser 7 of K, let E(u) denote the
minimal polynomial of  over Ky, and set e = deg E(u). We also fix an algebraic
closure K of K. The ring of Witt vectors W(k) is the ring of integers in K.
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Our representations of Gx will have coeflicients in subfields of @p, another
fixed algebraic closure of Q,, whose residue field we denote FF,,. Let E be a finite
extension of @, contained in @p and containing the image of every embedding
into @p of the unramified quadratic extension of K; let O be the ring of integers

in E, with uniformiser z and residue field kr C Fp.

We write Artg: K* — W}b for the isomorphism of local class field theory,
normalised so that uniformisers correspond to geometric Frobenius elements.
For each A € Hom(k, IF,,) we define the fundamental character w; corresponding
to A to be the composite

-1
Arty

Ik — WP =505 — 1 L F,
We fix a compatible system of p"th roots of x: that is, we set my = 7 and for
all n > 0 we fix a choice of m, satisfying 7, = 7,_;. Define K., = U K(m,).

1.1.2. Hodge—Tate weights If W is a de Rham representation of Gg over @p

and « is an embedding K — @p then the multiset HT, (W) of Hodge—Tate
weights of W with respect to « is defined to contain the integer i with multiplicity

dimg (W ®.x K(=i)°%,

with the usual notation for Tate twists. (Here K is the completion of K.) Thus
for example HT,(g) = {1}, where ¢ is the cyclotomic character. We will refer to
the elements of HT, (W) as the “k-labeled Hodge—Tate weights of W, or simply
as the “k-Hodge—Tate weights of W”.

1.1.3. p-adic period rings Define & = W(k)[u]. The ring & is equipped with
a Frobenius endomorphism ¢ via u +— u” along with the natural Frobenius on
W(k).

We denote by S the p-adic completion of the divided power envelope of
W(k)[u] with respect to the ideal generated by E(u). Let Fil" S be the closure
in S of the ideal generated by E(u)'/i! for i > r. Write S k = S[1/p] and
Fil" Sk, = (FiI"S)[1/p]. There is a unique Frobenius map ¢: § — S which
extends the Frobenius on &. We write Ny for the Ky-linear derivation on S,
such that Ng(u) = —u.

2. Kisin modules attached to pseudo-Barsotti-Tate representations

2.1. Finer filtrations on Breuil modules Let V be a d-dimensional E-vector
space with continuous E-linear Gg-action which makes V into a crystalline
representation of Gg. Let D := D;s(V) be the filtered ¢-module associated
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to V by Fontaine [Fon94]. Recall that we have assumed that the coefficient field
E contains the image of every embedding of K into @p. Since V has an E-linear
structure, it turns out that the filtration on the Breuil module D attached to D
in [Bre97, §6] can be endowed with finer layers that encode the information of
the «-labeled Hodge-Tate weights of D. As we will see in later subsections,
these finer filtrations play a crucial role in understanding the structure of Kisin
modules ([Kis06]) associated to pseudo-Barsotti—Tate representations (Theorem
2.4.1). In this subsection, we construct such finer filtrations and study their basic
properties.

2.1.1.  Let f = [Ky : Qp] and recall that e = [K : Kp]. Fix an element
ko € Homg, (Ko, E), and recursively define x; € Homg, (Ko, E) for i € Z so that
Kf.’ +1 = ki (mod p). Then the distinct elements of Homg, (Ko, E) are ko, . .., Kf-1,

while ky = ko. Now we label the elements of Homg, (K, E) as
Homg, (K, E) = {«;; : i=0,....,f-1,j=0,...,e—1}

in any manner so that x;;lx, = «;.

Let &; € W(k) ®z, O be the unique idempotent element such that (x® 1)g; =
(1 ® ki(x))¢; for all x € W(k). Then we have &;(W(k) ®z, Og) = W(k) ®w).; OF-

Write Ko g = Ko®q, E and K = K ®q, E. We have a natural decomposition
of rings Kop = Hlj.;_ol &i(Kog) = ]_[l.fz_o1 E; where E; = &i(Kog) = Ko ®xk,« E.
Similarly we have Kp = [];; Ei; with E;; = K ®k,, E. We will sometimes
identify an element x € E with an element of E; via the map x — 1 ® x, and
similarly for E;;.

2.1.2.  Recall that D is a finite free Ky g-module of rank d (see [BMO02, §3.1],
for example), so that Dg := K ®k, D is a finite free Kg-module of rank d.
In particular we have natural decompositions D = eBl.f: _OIDI- with D; = (D) =
D ®k,, Ei, and Dg = &; jDg;; with Dg;; = D ®, E;;. Note that Fil” Dg and
gr'" Dg have similar decompositions, though of course they need not be free.
Given a multi-set of integers {m;;} with0 < i < f-1land0 < j<e-1, we
define
-1 e-1

Fil") Dy = @ @ Fil™i Dy;; C Dy.

i=0  j=0

If m;; = m for all i, j then of course Fil"s! Dy = Fil" Dg.
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2.1.3. Let A be an G-algebra. We write Ag, = A ®z, Og. This is a
W(k) ®z, Og-algebra, so that Ap, = H{:_Ol Ao, with Ap,; = €i(Ao,) =
A®w).; Op. Similarly, we write Ag := A®z, E, so that we have Ap ~ ]_[lf:_o1 Ag;
with AE’,- =A QW (k)«: E.

Let us write ¢ for the isomorphism &g, ~ ]_[{: _01 So,.; and ¢; for the projection
So, - So,.i. Note that Sp,; = & Qww)«, Or = Og,[u], where O, denotes the
ring of integers in E;.

Recall that 7 is a fixed uniformiser of K, with minimal polynomial E(u) over
Ky. Write 7;; = «;;(m) € E. For each «;, we define E*i(u) = ]_[;f;(l)(u — ;) in Elul],
so that E*(u) is just the polynomial obtained by acting by «; on the coefficients
of E(u); note that identifying E; with E will identify ¢;(E(u)) with E*i (u).

Let f; be the map S — O induced by u — 7. We will also write f; for the
map f; ®z, E: Sg — (Ok)e. We have surjections ¢;; : (Ox)p — Kg — Ejj for
all 7, j, and composing with f; gives E-linear maps f;; := ;o fr : Sg — Ejj.
Restricting f;; to S, gives an Og-linear surjection &p, — O, that we also
denote f;;. (Here Of,; denotes the ring of integers in E;;.) Set Fil,-lj Sg = ker(f;))
and Fil' Go, = Gp, N Fil,-'jS g. Let E;;(u) be the unique element in &p, such
that ¢(E;j(u)) = u —m; it £ = i and (Ejj(u)) = 1if £ # i. We see that
Ew 1 =[], Eiju)in Sg,.

2.1.4 Lemma.

1. Eij(u) € Fil}; S p.

2. N;Fil;Sg =Fil'S @, E.

3. Fil}; &0, = E;jw)So,.
Proof. Note that Sg; C Ko[u]] ®x,«, E =~ E;[u], so that elements in S ¢; can be
regarded as power series with E;-coefficients.

Unwinding the definitions, we see that f;; : S — E;; is the E-linear map
sending u to ;. In fact the map f;; can be factored as

f-1 -1
fij:Sg= l_[ Sgi — l_[(OK)E,i’ - Ej;

=0 =0
where the second map is the product of the maps sending u to 7 ® 1, while the
third map is the map Ok ®w)., E — Ok ®o,.«,; E on the ith factor and is zero on
the remaining factors. Now (1) is clear, and moreover an element i € S g; lies in
Fil}, S g if and only if /i = (u— m;;)h’ for some h’ € E;[u]. (We caution the reader
that 4’ need not be in S ¢;.) Then (2) and (3) follow easily. I

For 0 < ¢ < f - 1, define Fil;;Sg, := Fil;;Sg N Sg, and Fil}; &g, :=
Fililj So, N Sp,,. Note that unless £ = i we have Fililj S ¢ = SEy, and similarly
for S,
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2.1.5. Let N be the W(k)-linear differential operator on G such that N(u) =
—u, and extend N to Gy, in the unique E-linear way. It is easy to check that N
is compatible with ¢ in the following sense: if N is the Og-linear differential
operator on Og;[u] such that N(u) = —u, then ;(N(x)) = N(y(x)) for any
X € 605.

Let O := § ®wy D be the Breuil module attached to D (see e.g. [Bre97,

§6]). We have a natural isomorphism Dg =~ D ®g . Ok; therefore, we also have
a natural isomorphism Dg;; =~ D ®s, r. E;;. We again denote the projection
D —» Dg by fr, and the projection D — Dk — D ;; by f;;.
2.1.6 Remark. Since D = ®; jDgj, it is easy to check that f; = @; ;f;;. This
is a useful fact in the Q,-rational theory. Unfortunately, this fails in general
in the integral theory (unless e = 1), essentially because the idempotents in
K ®q, E may not be contained in Ok ®z, Opf. While it is not hard to see that
1ii(&0,) = O, the map f; : &g, — &; ;O in general is not surjective: indeed
fx(&o,) = Ok ®z, Ok, and this need not equal &; ;O unless e = 1.

2.1.7.  Let {m;;} be a collection of integers indexed by i = 0,...f — 1 and

j=0,...,e— 1. We recursively define a filtration Fil"™! © c D. We first set
Fil"' O = D if m;; < 0 for all i, j. Then define

Fil'" D = {x € D : f;j(x) € Fil" Dg; for all i, j, and N(x) € Fil"~! D},
This is a direct generalization of the usual filtration Fil" D on D defined
in [Bre97, §6], and evidently Fil” D = Fil"} © when m;j = mforall i, j.

2.1.8. Let us discuss a slight variation of the filtration Fil"! D defined in
2.1.7. Recall that Sz = [[/2, Sgs. Then D = &/, Dy with Dy = D ®s, S
We also have Fil"™/ D = /2 Fil"/ D, with Fil"' O, = Fil"! D &, Sz.
Note that N(Dy) € D, (because N is E-linear on D). We see easily that
Fil™# D, depends only on the me; for 0 < j < e — 1, and we can define
Fillmeo-mee) @y, .= Fjl™i) ©),. Note that Fil"o™i-1} 9. also has the recursive
description

{xeD; : fi;(x) € Fil" Dg,; for all j, and N(x) € Fil"io~l-mies1=lh .y,

The following proposition summarizes some useful properties of Fil"! D
and Fil\"io-mietl ;.

2.1.9 Proposition. With notation as in 2.1.7, the filtration Fil"™7 D has the
following properties.

1. If mi; = m(; for all i, j then Fil") D ¢ Fil"! D,

2. N(Fil"™# ) c Filmi= p,
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Fil"™) D is an S g-submodule of D.
fr(Fil"™! D) = @, ; Fil"™/ Dg ;.
(Fil” $) Fil™i~" © c Fil" D for all r > 0.

S

Wehave(Fll,,SE)Fll’”’/}DCFll ij Z)wzthm,,—m,]/+1andm = my;
if @, ) # (@, J)

7. Suppose that E(u)x € Fil'"™ D with x € D. Then N'(x) € Fil"~'=9 D for
all € > 0.

8. Suppose that E; j(u)x € Fil"' D with x € D. Then x € Fil"™' D with
m:j =myj —1and mgj =my; if (@, j) # (', ).
The analogous statements hold for the filtration Fil"o-"e1} D of 2.1.8, re-
placing D by D; and Sg by Sg,. (Note that we have defined F11 7 Sk, below
Lemma 2.1.4.)

Proof. The proofs for Fil!™o--Me1) O). are essentially the same as those for
Fil™ D, so we will concern ourselves exclusively with the latter case.

(1) This is a straightforward induction on m’ = max; j{m ]} with the case
m’ < 0 serving as the base case. Let us suppose that the statement is true for
m’ — 1 and consider the situation for m’. If x € Fil"' D, we certainly have
fij(x) € Fil" Dg;; € Fil™ i Dk j, so it suffices to show that N(x) € Fil" ! D,
But N(x) € Fil"~U 9, and Fil"~" D c Fil"i~" © by induction, which
completes the proof.

(2) This is immediate from the definition.

For each of items (3)—(6), we proceed by induction on m = max; ;{m;;}. These
statements are all trivial if m < 0, except for (6) where we take m < 0 as the base
case. For each of these items in turn, let us suppose that the statement is true for
m — 1 and consider the situation for m.

(3) Pick s € Sg and x € Fil"™ D. It is clear from the definitions that
fii(sx) = fij(s)fij(x) € Fil"™ Dg;; for all i, j, so it remains to show that
N(sx) = N(s)x + sN(x) is inside Fil"~"" D. Since N(x) € Fil"!' D, and
Fil"i~! D is an S z-module by induction, we see that sN(x) € Fil"~! ©. For
the other term, we know from (1) that Fil"' © ¢ Fil"i~! 9. Therefore x, and
hence N(s)x, is in Fil"/~! O (again using the induction hypothesis).

We now prove (6), (5), and (4) in that order.

(6) Let x = sy with s € F11 ,Sg and y € Fil"/'D. We note that

fii(sy) € Fil" Dg,; if (i,j) # (@@, ]) and fij(sy) = 0 € Fllm"f’+1 Diij
It remains to show that N(x) = N(s)y + sN(y) lies in Fil"i~Y ©. We have
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N(s)y € Fil"i' 9 ¢ Fil"~" » by (3) and (1). On the other hand N(y)
is in Fil™i~! O by definition, and so by the induction hypothesis we have
sN(y) € Fil"~Y O, This completes the induction.

(5) This follows by an argument essentially identical to the proof of (6), using
fij(s) = 0forall i, jif s € Fil" S, and that N(Fil" ) C Fil"™!'S for r > 1.

(4) Pick x = (x;)) € & Fil"” DK i Since x;j € Fil" Dy ;; € Fil"™! Dy,
by induction there exists £ € Fil™i~! 9 such that fij(®) = x;; for all i, j.
Note that N(E(u)) is relatively prime to E(u), so there exists R(u) € Kolu]
such that E(u) divides 1 + R(u)N(E(u)). Set H(u) := R(u)E(u) and write
N(Hw)) + 1 = E(u)Q(u). Define

AN (u)‘)N €(X)

M

=0
It is easy to check that f;;(9) = fi;(X) = x;; for all i, j. Now we have

m—1

NG) N + Z (CH@)™' NH@)N (%) + Hw)'N™ (%))

_ Hw™' .. & (1 + N(H@)Hw)' ' N()
m-nr D+, @D

_ Hwm"' = QW)R(w) 'Eu)’N'(%)
-1 ®+ ), -

Since & € Fil"™i~! O, repeated applications of (2) and (5) show that E(u)' N(%)
is in Fil"~ Y D for all ¢. Since E(u) divides H(u) we also have H(u)"'D C
Fil'"! » c Fil"=Y 9. By (5) we conclude that § € Fil"s! D as required, and
the induction is complete.

(7) First we show that f;;(N {(x)) € Filmi~1-0 Dk j for all i, j, proceeding by
induction on £. Note that N(E(u)x) = N(E(u))x + E(u)N(x) lies in Fil™i~!
and so f;;(N(E(u))x) € Fil"! Dk j for all i, j. Since f;;(N(E(u))) # 0 we see
that f;;(x) € Fil™i~! Dk j for all i, j. This proves the case £ = 0. In general, we
have

Ee+1
NAYE®@)x) = Z ( . )N‘“—”(E(u))N"(x) € Fil'mi~1=0 p,
n=0
using (2) to deduce the containment. After applying f;; to both sides of the above

equation, each term on the right-hand side with n # ¢ will be known to belong
to Fil"™i=1=0 D, j. For n < ¢ this follows from the induction hypothesis, while
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the term with n = € + 1 vanishes because f;;(E(u)) = 0. We conclude that the
same is true for the term with n = ¢, and so (again using that f;;(N(E(u))) # 0)
we deduce that f;;(N’(x)) € Fil"~'=9 Dy ..

Now, the claim Nf(x) e Fil"™ "9 9 is automatic for ¢ > max; j{m;;}.
Suppose that we have N(x) € Fil"~1=% D or in other words N(N*~'(x)) €
Fil"~'"0 9. Since we also have f;(N“"'(x)) € Fil"~'"""DI D .. from the
previous paragraph, we deduce that N“~!(x) € Fil™i=1==Dl 9 Now (7) follows
by (reverse) induction on £.

(8) Again we proceed by induction on m = max;;{m;;}. Since E;;(u)x €
Fil"' D, we have fi;(E;;(u)x) € Fil™ Dg,;. Then f;;(x) € Fil"™ Dg,; for any
@, j) # (i, j) because f;;j(Ey (1)) # 0 in that case. Note that

N(E; j(u)x) = N(Ey y w)x + Ep ()N (x) € Fil"™i~1 . (2.1.10)

Applying fi; to (2.1.10) and noting that f;y(N(Ey;(u))) # 0, we see that
ﬁ/j/(x) e Film ! D[(’,‘rj/. Thus f,j(x) € Fﬂm:f DK’,'J' for all i, j. It remains to
show that N(x) € Fil”i""D. Note that E; ;(u)x € Fil™ D implies that
E(u)x € Fil"™' D, and (7) with £ = 0 shows that that x € Fil™i~" 9. Hence
N(E; j(u))x € Fil™™Y D and then (2.1.10) gives E; ;(u)N(x) € Fil"s~! D. By
induction, we see that N(x) € Fil":~ D, and we are done. O

2.1.11 Remark. An argument analogous to the proof of Proposition 2.1.9(1)
shows that Fil"”} O = Fil™>":9 D,

The next proposition shows that the filtration Fil"/ 9 is essentially charac-
terized by certain of the properties listed in Proposition 2.1.9.

mij

2.1.12 Proposition. Fix elements n;; € 7. U {co} indexed by i = 0, ..., f — 1 and
Jj=0,...,e—1, and let S be the set of collections of integers {m;;} with m;; < n;;
for all i, j. Suppose that we have another filtration of D by additive subsets

I::ﬁ{m[i}D, defined for all {m;;} € S and satisfying the following properties.
1. F1"™'D = D ifmy; < 0forall i, j.
2. For each {m;;} € S there exists r > 0 such that (Fil" S)D C I’Eiil{mij}D.

3. The filtration l?ii{mij}ﬂ satisfies properties (2) and (4) of Proposition 2.1.9,
—{m;;}

as well as E@) - Fil™ "D c F1™' D, for all {my} € S,

Then for all {m;;} € S we have I’Eﬁ{mi‘i}Z) = Fil™it 9,
The analogous statement holds for the filtration Fil"™oMet} D, of 2.1.8,
replacing D by D;.
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Proof. The proof for D; is the same as the proof for D, so again we concentrate
on the latter case. As usual we proceed by induction on m = max;;{m;;}, with the
base case m = 0 coming from (1). Suppose that the claim holds for m — 1, and
consider the situa{gofl for m.

Pick x € Fil "' D. By hypotheses 2.1.9(4) and 2.1.9(2) respectively, we

have f;;(x) € Fil" Dg,; and N(x) € " . By induction A" =

s imii—1} {mij) .. ".’{mij}
Fil'" = D, so x € Fil'""' D by definition, and we have shown that Fil =D C
Fil"s D,
Conversely pick x € Fil" ©. By hypothesis 2.1.9(4) there exists y €
Fil"™"'© such that £;(y) = f;;(x) for all i, j. We can (and do) modify y so that

x =y + E(u)z with z € D and y still in l?ﬁ{mij}Z). This is possible because any
s € Fil' S can be written as E(u)s’ + s” with s’ € S[1/p] and s” € Fil" S for
r > 0; now use hypothesis (2).

Now E(u)z = x — y € Fil" D (from the second paragraph of the proof),

—(m;j-1 . .
s0 z € Fil™i~! 9 by Proposition 2.1.9(7). Then z € Fil{m" }Z) by induction,
and hypothesis (3) with r = 1 shows that E(u)z € 13i11{77li‘/}1). We conclude that
x=y+Eu)ze laﬁ{mij}i), as desired. ]

2.2. Some general facts about integral p-adic Hodge theory Suppose in this
section that the Hodge—Tate weights of V lie in the interval [0,r]. Let T c V
be a Gg-stable Og-lattice, and let 9t be the Kisin module attached to T by the
theory of [Kis06, LiuO8]; see the statements of [GLS14, Def. 3.1, Thm. 3.2,
Def. 3.3, Prop. 3.4] for a concise summary of the definitions and properties that
we will need. The object 91 is a finite free Sp,-module with rank d = dimg V,
together with an Og-linear ¢-semilinear map ¢ : 91 — 9 such that the cokernel
of 1®¢: G®,c M — Mis killed by E(u)". As in [GLS14, §3] we use the
contravariant functor Tg to associate Galois representations to Kisin modules.

Set M* = E®, e M, which by [Liu08, Cor. 3.2.3] (or [GLS14, Thm. 3.2(4)])
we can view as a subset of D. Define

Fil"s! 91 := 9" N Fil"™ D,

and Mg;; = f;;(OM*) C Dg;;. Similarly we define IM; = M* ®s, Gg,; and
Filt"io-meth qpe .= 9tr 0 Fil ™o} O, . Note that 1 ® ¢ : MM* — M is an
G-linear map. By [Liu08, Cor. 3.2.3] one also has that

Fil" " = {x € M*|(1 ® @)(x) € E(u)"IMN}. 2.2.1)

2.2.2 Lemma. Let {m;;} be non-negative integers indexed by i = 0, ...,e—1 and
j=0,...,f—1. Fix a pair (i, ) and define ml’.j =m;+1if (@G, j)=({,J)and

ml’.j = m;j otherwise. Then we have the following.
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1. Mk is an Og-lattice inside Dg;.
2. Fil™i' oo/ Fil"™5' 90* is a finite free Og-module.
3. IfFil™7 " Dy = 0 then Fil™ O = E; j (u) Fil™) 90,
Moreover the natural analogues of (2) and (3) hold for the filtration on ;.

Proof. (1) Note that Mx := f(9*) C Dg is a full Og-lattice. Indeed,
Mg = M /Ew)IN" is a finite free O ®z, Op-module of rank d because M
is finite Sp,-free of rank d. Then (1) follows quickly from this fact.

As usual the proofs of (2) and (3) will be the same for 9)U* as for 91", and so
we concentrate on the latter case.

(2) It is clear from the definition of Fil"™/' 9t* that Fil'™/' )t/ Fil"™i) on
injects into Fil"”# D/ Fil™/ ©. By Proposition 2.1.9(6), Fil"# D/ Fil™/' D
is an Sg/ Fil}, 7SE = Eyp-module. In particular it is p-torsion free, so the
same is true of Fil™ 9t*/ Fil"™! 9. On the other hand Fil"™! 90+ / Fil™i! o+
is an Gp,/ Fil}, 7 Go, = OE,»/]-/ -module. Since it is p-torsion free and finitely
generated (note that 91* is finite G, -free and Sy, is noetherian), we see that
Fil™} 93t / Fil™) 90" is a finite free Oz-module.

(3) Let S be the set of tuples {n;;} with n;; < m; ; for all i, j. Fix any
r> max,»,j{ml’,j}, define

-,'{m;j} .11 -1{mi;) a7
Fil 'O = (Fil}, S £) Fil"™ D + (Fil" $)D,

and define IEﬁ{ni'f}D = Fil"' O for all other tuples {n;;} € S. (It is easy to check
using (1) and (5) of Proposition 2.1.9 that the above definition does not depend

on the choice of r.) Our first goal is to show that Fil"' © = F1""'D. This will
follow from Proposition 2.1.12 once we can show that

() NEL™' D) c Fili Y D,
(ii) f(Fl"'D) = B, Fil" Dy

(iii) E(u) - Fﬂ{m;/—l} DC ﬁ{'ni"}@.

To check (i), let s € Fil; , S ¢ and x € Fil"™#! D. Then N(sx) = N(s)x+sN(x).
We have N(s)x € Fil”s! D ¢ Fil"™i~V ©. Similarly N(x) € Fil""! D; by
Proposition 2.1.9(6) we have sN(x) and so also N(sx) in Fil”™Y D. Since
N((Fil" $)D) € N(Fil" D) c Fil"i~" D as well, this checks (i).

Now let us check property (ii). Certainly f; does map (Filil, 7SE) Fil™i!
into @UFilmt/’/ Dk j, and we have to check that this map is surjective. (Since
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fx(Fil"S) = 0, the (Fil" §)D term does not affect the statement.) Choose an
element (x;;) € @;; Fil{m;f}DK,,-j. Note that x; = 0 by our hypothesis that
Fil"'/*' Dgy» = 0. By Proposition 2.1.9(4), there exists y € Fil™) D such
that fi;(y) = xij if i # 7 and fy;(0) = L —xi;if j # J. We see that
fij(Ev y(w)y) = x;; for all 7, j, and this checks property (ii).

Finally, property (iii) is an immediate consequence of of the factorization
E(u) = [];; Eij(u) together with Proposition 2.1.9(6) applied to E(u) Fil"i U o
repeatedly at all pairs other than our fixed (7', j').

Now turn to the statement we wish to prove. It is clear from the definitions
and Proposition 2.1.9(6) that E; j(u) Fil™/ 90t* C Fil™! 9*. Conversely, take
x € Fil" 9. By the first part of the proof we can write x = sy + s’y with
s €Fil, Sg, s €FilI'S,y € Fil" D, and y’ € D. Since M is finite So,-free,
we can choose ey, ..., e, € OM* that are an Sp,-basis of M* (hence also an S g-
basis of D). We write x = }}, a,e, in terms of this basis, with a, € &¢, for all
n. The expression x = sy + §’y’ shows that a, € Fill.', 7 Sg+Fil'S = Fill.', 7 SE
as well. Hence a,, € Fil,.l,j, SgNGo, = Ery(u)Sp, by Lemma 2.1.4(3). Now
x = Eyy(u)y” with y” € 9", To conclude, we need to show that y” € Fil™i) P,
and this follows from Proposition 2.1.9(8). O]

As an application, we describe the Kisin modules of crystalline characters.

2.2.3 Lemma. Suppose that V is a crystalline character such that HT, (V) =
{rij} with r;; 2 0 for all i, j. Choose basis elements e; € N for all i. Then we
have ¢(e;_1) = «; j-;(l) E;ij(u)"i - e; with a; € Ogu]* for all i.

Proof. Choose r > max; ; r;;. We claim that Fil" 9t = ;f;(l) E;j(u)~" - O for
all i. It is immediate from the definition that Fil"/! © = D, so that Fil"! 0+ =
I as well. Now the claim follows by repeatedly applying Lemma 2.2.2(3).
Recall that we have MM = G®, & M, so that ¢;_; (and not ¢;) is a generator of
9. Also recall from [GLS14, Lem. 4.3(1)] that we have Fil" I} = {x € M :
(1 ® p)(x) € EXi(u)" ;). Writing p(e;_1) = ale;, we see that Fil" N = {Be; | :
E*i(u)" | Ba’}. From the shape of Fil" 9" we deduce that o = «; ]_[e-_é E;j(u)

j:
for some unit «;, as desired. |

2.3. Pseudo-Barsotti-Tate representations

2.3.1 Definition. Fix integers r; € [1, p] for all i. We say that a two-dimensional
crystalline E-representation V of Gk is pseudo-Barsotti—Tate (or pseudo-BT) of
weight {r;} if forall 0 < i < f—1 we have HT,, (V) = {0, r;}, and HT, (V) = {0, 1}
if j # 0. (Strictly speaking, we should say that V is pseudo-BT with respect to
the labelling «;; of the embeddings Homg, (K, E).)
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Equivalently, a two-dimensional crystalline representation V is pseudo-BT if
and only if

e dimg grODK,,-j =1 forall i, j,
e dimg gr'" Dk o = 1 with r; € [1, p] for all i, and
e dimg gr'Dg;; = 1 forall j # 0.

Note that a pseudo-BT representation is actually Barsotti—Tate if and only if
r; = 1 for all i. For the remainder of this section, we assume that V is pseudo-BT.

2.3.2.  Asinthe previous subsection, we let T C V be an Gg-stable Og-lattice,
and 9 the Kisin module attached to T'. Write Mg ;; = f;;(¥N") C Dg;. Note that
9" is a rank-two finite free Sp,-module. Set Fil" Mg ;; := Mg;; N Fil" Dg ;.
By definition,

e Fil' M k.ij is a saturated rank-one free Og-submodule of M;,
e Fil'" My o = Fil' My o and Fil'"*' My ;o = {0}, and
o Fil> Mg,; = {0} if j # 0.

In the next few pages, we will establish several results about the structure of
the submodules Fil"-0! I of M, following roughly the same strategy as in
[GLS14, §4]. We remark that until Corollary 2.3.10, none of these results will
actually use the pseudo-BT hypothesis, only that the crystalline representation V
has non-negative Hodge-Tate weights and HT,, (V) = {0, r;}.

We begin with following proposition, which should be compared with [GLS14,
Prop. 4.5].

2.3.3 Proposition. Suppose that there exists an So, ;-basis {¢;, ;} of M} such
that §; € Fil!7-0--0) N and fio(f;) generates Fil" M jo. Then for any n > r; we
have

Fil"0-0 90t = G, i(u — mi0)"¢; ® Go,.i(u — mi0)" " Fi.

Proof. We first prove by induction that for 0 < n < r; we have
Fil"0-0 D, = S i(u — 7;0)"¢; ® S g.f; + (Fil" S ) D;. (2.3.4)

The case that n = 0 is trivial as {e;, f;} is a basis of 217. Suppose that the statement

. . . = {n.0.....0}
is valid for n—1, and consider the statement for n. Define Fil ! D; to be equal

—(m0,...0 .
to the right-hand side of (2.3.4), and set Fil{m }Z),- = Fil"™%0 9, for m < n.

The conditions of Proposition 2.1.12 for this filtration are straightforward to
~(n-1,0,...,0 i
check: use f; € Fil":%0 ), to see that N(f;) € Fil{” }D,- = Fil"= 1000 gy,
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so property (2) of 2.1.9 holds; then to verify property (4) of 2.1.9, note that for
1 < n < r, Fil" Dk,o = Fil" Dk is generated by fio(f;) by hypothesis. By
—~{n,0,....0 . )
Proposition 2.1.12 we deduce that Fil{ }Z)i = Fil"%0 9, as desired.
Now by Lemma 2.2.2 for D, it suffices to show that

Fil{ri’o """ o m? = 6()5,,'(1/{ - 7T,',())r[€i D GOE,ifi-

Evidently Gp,. i(u — mip)e; ® Go,fi < Filli0--0) 9. For the converse, let
x € Fil""%-% 91" Then by (2.3.4) we have x = (s(u—m;0)" +1)e; + (s’ +1')f; with
s,s" € Sg;andt,t" € Fil" S ;. Since x € M7, we see that s(u — m;0)" +1t € Sp,
and 5’ + 1 € Sp,. Note that s(u — 7;0)"" + tis in Fil" Sg; N Sp,, and since this
is just (u — m;0)"Sp,, we are done. ]

Via the identity " = & ®, s M, we can regard IM,_; as a ¢(S)-submodule
of M such that & ®ye) M;-1 = M;. (Note that the analogous statement
immediately preceding the published version of [GLS14, Thm. 4.22] contains a
mistake. See Appendix Appendix A for a correction.) The following proposition
is our key result on the structure of Fil!0-0 97, and may be compared with
[GLS14, Prop. 4.16].

2.3.5 Proposition.
1. There exists a basis {¢;_1, fi—1} of M;_1 such that f;o(fi—1) generates Fil"" Mg ;.

2. Suppose that p > 3. There exists a basis {¢/, .} of M such that ¢, — ¢;
and f; —fi-1 are in mgIMN; and Fil?:0--0) 9)?? = Ggp,.i(u— ﬂ,,o)”eiEBGoE,,(u
i 0)

Proof. (1) We know by Lemma 2.2.2(1) that f;o(9}) is an Og,-lattice inside
Dk o, so there exists an Og,-basis {, f } of Mk o such that f is a basis of Fil" D ;.
Pick any ¢(Sg, ;)-basis {¢;- 1,f, }of M;_y. Then {f;o(ei-1), f,g(fl 1)} forms a ba-
sis of fio(OM}). Let A € GL,(Og) be the matrix such that (fio(eiz1), f,o(f, 1)A =
(& 7). Then (e;_1,fio1) = (€ ,Af;,])A is the desired basis.

(2) The proof is a minor variation of the proof of [GLS14, Prop. 4.16]. Let
¢ := ¢ and f := f;_; be a basis of 9;_; as in part (1). In this proof only,
we will write 7 := 7,9 and r := r;, to avoid too many subscripts and to make the
discussion easier to compare with the proof of [GLS14, Prop. 4.16]. We consider
the following assertion:

(x) Foreachn = 1,...,r there exists f* € Fil"%~% 9%* such that

n—1

= A = n) @ + 3
s=1
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with a(sn),?zﬁ") € Og,. Once the assertion () is established, the proposition follows
from Proposition 2.3.3, taking ¢; = ¢ and f; = 0.

We prove (x) by induction on n. From the definition of Fil' %% 9, and the
defining property of § from (1), we see that f € Fil!.0--0! 97, so that for the base
case n = 1 we can take f) = f.

Now assume that (*) is valid for some 1 < n < r, and let us consider the case
n+ 1. Set H(u) = =% and

wm:iﬂwwww

!
= ¢!

As in the proof of [GLS14, Prop. 4.16] (and the proof of Proposition 2.1.9(4) of
this paper) one computes that

H (M)

N(f(n+1)) Nn+1(f(n))

Z (1 + N(H@))H@w"'N‘(G™)
(-1 ‘

Then, using 1 + N(H(u)) € Fill.l’OS £, one deduces that N(f**1) € Fil0-0
and so 1 e Fil"*19--0 ) Now by induction, we have

f(n+1) f(n) Z(” — N€

_ - (”_ﬂ')[ ¢
—; N

n n—

n—1
P D a7 - m@e + @)
s=1

1 ¢ s
Z W( )N[ t((u 7T) )( (n)Nt(e) +~(n)Nt(f)) (2.3.6)
: !

=1 s=1 t=0

Write

N'(e) = Z(u —a)"(cte+d ) and N'(f) = Z(u —n)"@ e +d.f) (2.3.7)

with ¢! ,d' @ d' € E. After substituting (2.3.7) into (2.3.6) and expanding the

m> m> m’ m

terms N“7((u — m)*) using [GLS14, Lem. 4.13], we can collect terms and write
T = 50 43 (= 1) (be + b (2.3.8)
m=1

with each bm,Zm € E. Now we delete all terms of (# — m)-degree at least n + 1
from this expression, and define

f(”Jrl) = f(”) + Z(u - ﬂ')m(bme +Fb~mf)
m=1
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It remains to show that 777" | bm,Zm, or in other words that if m < n then
every occurrence of (u—m)™ in the terms collected to form (2.3.8) has coeflicient
divisible by 77~". A direct examination of these terms (just as in the last part
of the proof of [GLS14, Prop. 4.16]) shows that this comes down to the claim
that 77~ | £, d’, ¢ d, forall1 < £ < pand 0 < m < p. By [GLSI4,
Cor. 4.11], this follows from Lemma 2.3.9 below (applied at a; = cf, df, etc.),
which generalizes [GLS14, Lem. 4.12]. (We remind the reader that except for
[GLS14, Lem. 4.12], in the results of [GLS14, §4.2] our ground field was an
arbitrary finite extension of QQ,.) The application of [GLS14, Cor. 4.11] is where

we use the hypothesis that p > 3. 0

uep

Define S" = W(k)[u?, 7] [] NS and set 7, = X1, purms’ c 5.

2.3.9 Lemma. Suppose thaty € I, for some 1 <€ < p. Writey = %ai(u —n)
i=

with a; € Ky. Then we have aP*(=Dminp.e) | g qnd gpre-+E=Dmin(p.e) | o i O

forl<i<p-1

Proof. For any non-negative integer n, let e(n) = [2]. Note that any x € S can

be written uniquely as x = ), a,»#i)! with a; € W(k).
i=0

¢
By hypothesis we have y = Y p‘™™u’"z,, with z,, € S’. We can write

m=1

S b P
Im = JE‘ ej(pj)' with b}m € W(k). Then

4 © (j+m)
{—m ul’
y = p bim
2. [,Z‘ g e(pj)']

O o, (= + )P
Z P "bjm !
= e(p))!

N —m b juim &y P(] + m) i j+m)—i
]pr e(;j)! { ; ( ; )(u — 1) g+
~ ) 14 b ﬂ_p(j+m) i ,{—m p(] + m) ;
N D il LAl )

< " e(p))! i

where s;,,, = max{0,i/p — m}. Since we only consider g; for 0 < i
we have s;,,, = 0 in all cases. Note that 77//e(pj)! € Ok for all j
Let v, denote the valuation on Ok such that v,(r) = 1. We first observe that

< p,
>0



T. Gee, T. Liu, and D. Savitt 22

ve(ag) = min.lgmsf(pm +e(l—m)) =p+ (- 1)min(p,e). If 1 <i < p—1 then
p divides (p (Jl.“”)), so we get

ve(a;) = 1min{(pm —i+e(l—-m)+e)=p+e—i+ (- 1)min(p,e)
instead. O

In what follows, when we write a product of matrices as ]—I’J’.:l A;, we mean
A1Ay - A,

2.3.10 Corollary. Suppose that p > 3 and let I be the Kisin module corre-
sponding to a lattice in a pseudo-BT representation V of weight {r;}. There
exist matrices Zl.’j € GLy(Og) for j = 1,...,e — 1 such that Fil"PP IN* =
S0,.i%e-1 ® So,,iBi -1 With

(ai,e—l,ﬁi,e—l) = (e:’? f:)A:,O

e=1

’ ’
[ [z
J=1

. . . ;[ —=mig)? 0
where ¢, §; are as in Proposition 2.3.5(2), A}, = ( 0 (U = i) and
N (UF 0 . ~
Aij_ 0 (u_ﬂ'ij)p_l forj=1,...,e—1.

Proof. Define p,, := {p,...,p,0,...,0} where the tuple contains exactly m + 1
copies of p. We prove by induction on m that there exist matrices Z/; GL,(Og)
for j=1,...,m such that

FilP» m;k = 60E,iai,m @ GOE,ilgi,m

with (@i Bim) = (¢}, FNLo (IT0y Z;A])- I m = 0 then this is Proposi-
tion 2.3.5(2).

Suppose the statement holds for m — 1, and let us consider the statement for
m. We first show that My, := fi,(FilP 907) is an O, -lattice inside D jm, or
equivalently that {fi(@im-1), fin(Bim-1)} is an Ejy-basis of Dk ;y. Since {e, i}
is a basis of 91, it suffices to check that f;, (A:',o (]—[f;’:_ll ZLA; j)) is an invertible
matrix in GL,(E). This holds because Zl.’j € GL,(OF) and ﬁm(Alfj) € GL,(E) for
Jj<m.

The fact that M, is an O, -lattice inside Dy, implies that there exists
an Og-basis ¥',6" of M., such that o’ generates Fil' Dy ;,. Write @,_; :=
fim(@im-1) and Bp_1 = fin(Bim-1). Let Z! € GL,(Og) be the matrix such
that (’)_/’Sl) = (@i,m—l’Bi,m—l)Z,{m and define (ym» 6m) = (ai,m—laﬁi,m—l)zi/m- Let
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qm = {p,...,p,1,0...,0} where the tuple contains exactly m copies of p. We
claim

Fil" M = S0, (1t = i)Y ® S0, 0m- (2.3.11)

We first show that (u — 7;,,)Yim, 6,n are in Fil?” 9. Note that y,,, 6,, generate
FilP' 9* by construction, so by Proposition 2.1.9(6) for D; it suffices to show
that 6,, € Fil%™ D;. Note that f;,,(5,,) = ¢’ € Fil' Dk im, s0 we just need to check

superscript (c¢f: Remark 2.1.11). But this follows from the fact that «;,,—; and
Bim-1 are in FilP*' D;. Therefore, So, (U — i) ym ® So,.i6, < Fil¥ M.

Now pick x € Fil%™ m: c FilPm-! M:. We have x = ay,, + bo, with
a,b € Sp,;. It suffices to show that (u — m;,) | a. Note that fi,(x) =
ﬁm(a)ﬁm(ym) + flm(b)flm(ém) € Fﬂl DK,im- But (fim(’)’m)’ ﬁm(ém)) is jUSt (’Vs 8/),
which is a basis of D, and &’ generates Fil! Dk jm. This forces f,(a) = 0 and
then (4 — m;,) | @ by Lemma 2.1.4. This completes the proof of (2.3.11).

Finally, recall that Fil® Dgim = {0} since V is pseudo-BT, so the equality
(2.3.11) together with Lemma 2.2.2(2) implies that

FilP" M = So,.i(tt = Ti)' Y ® (1 — i)’ " S 0,.i0m-

That is, Fil’" 0t} is generated by (e/, f;)Alf’O( 1 Z A j.). This completes the
induction on m and proves the proposition. O

2.4. The structure theorem for pseudo-Barsotti-Tate Kisin modules In this
subsection we prove our main result about Kisin modules associated to pseudo-
BT representations. We retain the notation from the previous subsection.

2.4.1 Theorem. Suppose that p > 3 and let M be the Kisin module correspond-
ing to a lattice in a pseudo-BT representation V of weight {r;}. Then there exists
an Og[[u]-basis {¢;, f:} of M; for all 0 < i < f — 1 such that

e—1

1—[ NiejZie- j] AioY;,

J=1

p(ei-1, fi-1) = (e, f)Xi

for X;,Y; € GLy(Og[u]) with Y; = I, (mod mg), matrices Z;j € GL,(O) for

. 1 0 1 0 .
all j, and Ay = (O (- ﬂi,o)ri) and A;j = (0 " _mj)forj =1,...,e— 1
Proof. For all i we let {e¢;, f;} be the Og[u]-basis of 9; in Proposition 2.3.5(1)
and write ¢(e;_1, fi—1) = (¢;, f)A;, where A; is a matrix with coefficients in O [u].
From (2.2.1) we see that Fil” 9} is generated by (¢;_1, fi—1)B;, where B, is the
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matrix satisfying A;B; = (E*/(u))” ;. On the other hand, Corollary 2.3.10 shows

(@ie—1,Bie-1) = (€}, TN = (ei—lvfi—l)Yi_lA:',()

e—1 e—1
[ 1z [ 1z
j=1 j=1
Here Y; is the matrix such that (¢, f)Y; = (¢;-1, fi-1), which by Proposition 2.3.5(2)

is congruent to the identity modulo mg. Therefore there exists an invertible ma-
trix X; € GL,(Og[u]) such that (¢;_1, fi-1)B; = (@e-1,Bie-1)X; . Hence we have

e—1

’ ’
[ [z
J=1

Then the relation A;B; = (E*i(u))” I, proves that

YA, X' =B,

e—1

A =X; l_[ NieojiZiej|NipY;
=1
with Z,'/' = (Zl,])_l and Aij = E,j(u)”(A;j)_l O

3. Semisimple reductions mod p of pseudo-BT representations

3.1. In this section we use Theorem 2.4.1 to study the semisimple representa-
tions that can be obtained as the reduction modulo p of pseudo-BT representa-
tions. We begin with the following notation.

3.1.1 Definition. Suppose s, ...,sy_| are non-negative integers and a € kj.
Let ﬁ(so, ..., Sy_1;a) be the Kisin module with natural kg-action (in the sense
of [GLS14, §3]) that has rank one over G, ®¢, kg and satisfies

° ﬁ(so, ..., 8¢_1;a); is generated by e;, and
o ¢(ei1) = (@)u'e;.

Here (a); = aif i = 0 (mod f) and (a); = 1 otherwise. All Kisin modules of
rank one have this form (see e.g. [GLS14, Lem. 6.2]).

Write k; for the embedding k — Fp induced by «;; (this is independent of j).
For brevity we will sometimes write w; for the fundamental character wy,.

We refer the reader to [GLS14, §3] for the definition of the contravariant
functors T that associate a representation of Gg_ to each torsion or finite free
Kisin module.
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3.1.2 Lemma. We have Ts(M(so, ..., Sf-15a)) = Xlg.. for a unique character
X : Gk = ki, and y satisfies x|, = H{;OI w;'.

Proof. Choose any integers r;; > 0 such that };r;; = s;. By Lemma 2.2.3
(together with [GLS14, Lem. 6.4] and an analysis of the Kisin modules asso-
ciated to unramified characters as in the proof of [GLS14, Lem. 6.3]) we see
that 9(so, ..., Sy—1;a) is isomorphic to M ®g, kg for a Kisin module I cor-
responding to a lattice T in a crystalline character V with Hodge—Tate weights
HT,,,(V) = {ri;}. Then ¥ = T ®o, kg. The character y is unique since Ke,/K is
totally wildly ramified, so that restriction to G, is faithful on characters of Gg.

For the last part of the statement it suffices to check that Zi jl 1. = w;, where
W;j is a crystalline character whose k; y-labeled Hodge-Tate is 1 if (i’, j') = (i, j)
and is O otherwise. For this see [Conl1, Prop. B.3] and the proof of [GLS14,
Prop. 6.7](1). O

We write A(4y, ..., ) for the diagonal matrix with diagonal entries 4y, .. ., 4.

3.1.3 Proposition. Assume that p > 3, let M be the Kisin module corresponding
to a lattice in a pseudo-BT representation V of weight {r;}, and write m =
m ®0y kg.

Suppose that NcMisa sub-g-module such that M/ N is free of rank one
as an &g, ®p, kg-module. Then N =~ ﬁ(so, ..., Sy-13a) for some a € ky, with
s;=ri+x;ors;=e—1—x; for some x; € [0,e — 1] for all i.

Proof. Choose a basis {¢;, f;} for 9; as in Theorem 2.4.1. Since we will work in
M for the remainder of the proof, no confusion will arise if we write {e;, f;} also
for the image of that basis in 9)1.

A generator e;_; of 9M;_; has the form (¢;,_q,fi_1) - (v,w)? for some v,w €
ke[u]), by hypothesis at least one of which is a unit. We know from Theo-
rem 2.4.1 that

e—1

pleir) = (ei, 11)Xi Nie-iZie- j} Aig - (), p(w))T
i

Jj=

where X; and Z; ; are the reductions mod mg of X; and Z;;, where K,-,o = A(1,u"),
and WhereX,-j =A(l,u)forl < j<e-1.

Observe that each entry of (p(v), o(w))T is either a unit or divisible by u”,
and at least one is a unit. Since we have r; < p for all i, it follows that the largest
power of u dividing the column vector K,-,O (@), ew)) is either u or u®.

For any s > 0, if y is a column vector of length 2 that is exactly divisible by
u’, it is easy to see that that A(1,u) - y is exactly divisible by either u® or u**!.
On the other hand if Z is invertible, then Z - y is still exactly divisible by u*.
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Applying these observations iteratively to the invertible matrices X; and Z; j» and
to the matrices Xij = A(l,u) for 1 < j < e— 1, we see that p(e;_1) is divisible
exactly by u* where s; = r; + x] or 5; = x; and 0 < x] < e — 1 is the number of
times that we took u**! rather than u* when considering the effect of the matrix
A ;. Setting x; = x] in the first case and x; = e — 1 — x/ in the latter case, the

proposition follows. O

If V is a pseudo-BT representation of weight {r;} and 4 = k; € Hom(k, Fp),
we write 1y := r;.

3.1.4 Theorem. Assume that p > 3. Let T be a lattice in a pseudo-BT
representation V of weight {r;}, and assume that T = T ®¢, kg is reducible.
Then there is a subset J C Hom(k,IF),) and integers x, € [0, e — 1] such that

i+, e—1—x,
T|1 - [Taes wf Tlags w, : * | )
- ritx; e—l1—x, .
g 0 HA(;EJ ‘U/f Tlaes w, !

Proof. Let 9t be the Kisin module associated to the lattice 7. We have Tlc,(m ~
Ts (ﬁ). From (the proof of) [GLS14, Lem. 5.5], we see that M is reducible and
has a submodule 91 as in Proposition 3.1.3 such that 7 has a quotient character y
with lg,. ~Te (gt). Take J = {k; : s; = e — 1 — x;}. (In particular, if it happens
that e — 1 — x; = r + x; then we have i € J.) The result follows from Lemma 3.1.2
(and a determinant argument to compute the sub-character of T). O

We now give the analogue of Theorem 3.1.4 when T is absolutely irreducible.
Let k> denote the unique quadratic extension of k inside the residue field of K.
We say that a subset J C Hom(kz,Fp) is balanced if for each A € Hom(kz,Fp)
exactly one of A and A9 lies in J, with g = pl. Ifae Hom(ksz), write r, for
ra,- The result is as follows.

3.1.5 Theorem. Assume that p > 3. Let T be a lattice in a pseudo-BT
representation V of weight {r;}, and assume that T=T ®o, kg is absolutely
irreducible. Then there is a balanced subset J C Hom(kz,F,,) and integers
x, € [0, e — 1] so that x, depends only on Al and

- —1- —1-
Tl = [ oy [ o™ B[ [or™ ] o' (3.1.6)
AeJ A¢J A¢J AeJ

Proof. Note that V restricted to the unramified quadratic extension K of K
remains pseudo-BT, and for each embedding «” : K» — Q, extending «x : K —
@p we have HT (Vlg,,) = HT«(V). Applying Theorem 3.1.4 to the lattice TGy,

shows that 7| 1. has the form (3.1.6), except that J need not be balanced, nor must
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X, = xp. It remains to be seen that these additional conditions may be taken to
hold. Assume that y : Ix — F: is a character of niveau 2f such that y & x?
is equal to a representation as in the right-hand side of (3.1.6); to complete the
proof, we wish to show that y @ y? is also equal to a representation as in (3.1.6)
with J balanced and x; = x;,. We apologise to the reader for the argument that
follows, which is entirely elementary but long and unenlightening.

It follows from [BLGG13, Cor. 4.1.20] that if e > p, then as J varies over
all balanced sets and the x, € [0, e — 1] vary over all possibilities with x; = x4,
the right-hand side of (3.1.6) exhausts all representations y @ y? of niveau 2f

with determinant [, o7 )w;"”_l. The theorem is then automatic in this
S p

case, since T|;, must have this determinant as well. For the remainder of the
argument, then, we assume thate < p — 1.

Fix a character k, extending ko, and define & for i € Z by (k},,)? = k;. Write
x; for x; for i € Z. Similarly define r; for all i € Z so that ri, s = r;. Define

L=J0(f+J)

Jo=J O (f + )
J=J0(f+J)F
L=Jn+J)

so that J is balanced if and only if J; = J, = &. To simplify notation we will
for instance write i € J; in lieu of k; € J;, and we will write w; for wy. (We
stress that the symbol w; here denotes a fundamental character of level 2 f, and
that the symbols w; and x; are indexed modulo 2f.) The condition that the two
summands on the right-hand side of (3.1.6) are gth powers of one another is
equivalent to

1_[ w:i+xi+xi+f_(3_1) | | wge—l)—ri—xi—xw | | a);fi—XHf | | w;mf—xi -1

i€y i€, i€J3 i€Jy

Write y; for the exponent of w; in the above expression. Since r; € [1, p] for all i
and e < p — 1, we have

viel-p+3,2p-2] ifieJ;
viel-2p+2,p-3] ifiel,
viel-p+2,p-2] ifieJ;
viel-p+2,p-2] ifieJy,.

Note that y; = y;, ¢ for all i, so we can consider the y;’s as being labeled cyclically
with index taken modulo f. As in the proof of [GLS14, Lem. 7.1], one checks
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that since []; a)';" =1 withy; € [-2p +2,2p — 2] for all i, the tuple (yo,...,yr-1)
must have the shape

ao(p,0,...,0,-1) +a;(-1,p,0,...,0) +---+a;(0,...,0,-1,p)

with |a;| € {0, 1,2} for all i, and in fact either a; = 2 for all i, or a; = -2 for all
i, or else a; € {0, 1} for all i. Butif a; = 2 for all i, so that y; = 2p — 2 for all
i, we would have to have J = {0,...,2f — 1} withr; = pande = x; = p — 1 for
all i. But then ¥/ =, i.e.  has niveau f rather than niveau 2 f, a contradiction.
The case where a; = —2 for all i is similarly impossible. So in fact we must have
a; € {0, 1} for all i. We now consider separately the case where some a; is equal
to 0, and the case where a; = +1 for all i.

First let us suppose that at least one a; is equal to 0. The cyclic set of those
i with y; # 0 (with index i taken modulo f) must break up as a disjoint union of
sets of the form (i,i + 1,...,i+ j)withy; = =1, y;,; = £p, and yi1, ..., Yirj-1 €
{+p = 1}. For every such interval [i, i + j], choose a representative of i modulo 2 f
(that we also denote i), and perform the following operation (noting that since
viel-p+2,p-2]forieJsUJsy,wehavei+1,...,i+j€J U):

e Replace J with JA{i, ..., i+ j}ifi € JiU J,, orelse with JA{i+1,...,i+j}
ifie JzUJy,

e Replace x, with x¢, s for each € € [i,i + j].

Here A denotes symmetric difference. It is easy to check that this operation does
not change y, and that for the new choice of J and x;’s we have y; = 0 for all i. We
now have r;+x; = e—1-x;, foreach i € J1UJ», so for each pair {i, i+ f} € J1UJ,
we can again replace J with JA{i} and x; with x;;; without changing . When
this operation is complete, our new set J is balanced. Furthermore y; = 0 for all
i, and so x; = x;, ¢ for all i, and this case is complete.

Finally suppose that @; = +1 for all i. Then J; U J, ={0,...,2f — 1}, and in
factie Jyifa; = 1 whilei € J, if a; = —1. Note thatif i € Jyandi+ 1 € J; or
vice-versa, then r; + x; + Xiyr — (¢ — 1) = p + 1 (so in particular both x;, x;, r are
nonzero), while if i, i+1 € Jyori, i+1 € Jo, thenr;+x; + Xy —(e—1) = p— 1.

By symmetry we can suppose without loss of generality that J; # @. If
J, = &, then some x; is not equal to e — 1 (otherwise we have x; = e — 1 for all
i, so that r; = p — e for all i, and y has niveau f); changing our choice of kq (if
necessary) we suppose that x;_; # e — 1. On the other hand if J, # @, then by
changing our choice of kg (if necessary) we suppose that 0 € J; but f — 1 € J,.

Take J' = {0, ..., f —1},and foreach 0 < i < f — 2 we set
X; ifield;,i+1eJ
, , x—1 ifielJ,i+lel,

Xi = Xipp = i .
x,-+f—l 1fl€J2,l+1€J1

Xi+f ifiEJz, i+1el,.
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We take x| = x’zf_1 =xp+1if f-1¢€Jy,or x’f , = x2f | = xzf_l if
f—1¢€ J,. (Inother words if i = f — 1 we take the common value of x X -1
to be 1 more than the value that would otherwise have been given by the above
table.) Note that we have x! € [0, e — 1] for all i by the observations and choices
in the two preceding paragraphs
We claim that y )( = H r’ﬂ lef lwf_ s equal to y. Since J' is
balanced and x; = f for all i thls w111 complete the proof. Checking the
claim is somewhat laborlous and we only give an indication of the argument.
We wish to show that ¥’y is trivial. Write ¥’y = [1; w;' using the defining
formulas for y and Y’. The values of the z; are calculated by considering eight
cases, depending on whether or not i € {0,..., f — 1}, whether or not i € Ji,
and whether or not i + 1 € J; (as well as making an adjustment by 1 when
i=f—-1,2f—-1). Forinstance ifi € {f,...,2f — 1},i e Ji,and i + 1 € J, then
we have
z=(e—1-(ur—1D)—(n+x)=-
whileifi e {f,...,2f -1}, ieJj,andi+1 € Jythenz;=1-pifi#2f—1and
z; = —pifi = 2f—1. (In all cases one finds that |z;| € {0, 1, p—1, p} and z; depends
only on i, Ji, and J,, not on the r;’s or x;’s.) It is then straightforward to check
that []; w;" = 1 (one just has to “carry” by replacing every a)fp with a)lfil] ). O

4. The weight part of Serre’s conjecture I: the semisimple case

For a detailed discussion of the weight part of Serre’s conjecture for GL(2),
we refer the reader to [BLGGI13, §4]. In this section, we will content ourselves
with a brief explanation of the consequences of the results of the previous
sections for the weight part of Serre’s conjecture for (definite or indefinite)
quaternion algebras over totally real fields; we note that the analogous results
for compact at infinity unitary groups U(2) over CM fields follow immediately
from [BLGG13, Thm. 5.1.3], together with the discussion here.

4.1. Local Serre weights In order to make our various definitions associated
to Serre weights, it will be convenient to work in the local setting of the previous
sections.

4.1.1 Definition. A Serre weight of GL,(k) is by definition an irreducible E,—
representation of GL;(k), which is necessarily of the form

b b, 12 =
Tab *= B jcHom(kF,) det™ ® Sym™™ k" & IF),

for some (uniquely determined) integers a,, by with b,, a, — b, € [0, p — 1] for
all 4, and not all b, equal to p — 1.

Note that o, ;, has a natural model ® cgom ;) det * ® Sym® 4 k2 @, , kg, and
it will sometimes be convenient for us to think of o, ; as being defined over kg

(or rather, it will be convenient for us to identify Hom(k, kg) with Hom(k, R,)).
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4.1.2.  Suppose that 7 : Gx — GL,(IF),) is continuous. In [BLGG13] and [GK]
there are definitions of several sets of Serre weights WoPlicit(7) WBT(7), and
Weis(7).  We now recall the definitions of WPlCit(7) and WS(7); see [GK,
Def. 4.5.6] for WBT(7).

Write a;, b; in place of ax,, bz. We say that a de Rham lift r of 7 has
Hodge type o,y if for all 0 < i < f — 1 we have HT,, (r) = {b;,a; + 1}, and
if HT,,(r) = {0, 1} when j # 0. Note that a crystalline representation of Hodge
type 0,0 is pseudo-BT of weight {a; + 1}.

4.1.3 Definition. ([BLGG13, Def. 4.1.4]) W°iS(7) is the set of Serre weights Tab
for which 7 has a crystalline lift of Hodge type o,.

As in the previous section let k> denote the unique quadratic extension of k
inside the residue field of K.

4.1.4 Definition. ((BLGG13, Def. 4.1.23]) If 7 is irreducible, then WePlicilt(F) is
the set of Serre weights o, ;, such that there is a balanced subset J C Hom(k,, IF,),
and for each 1 € Hom(k, Fp) an integer 0 < x,; < e — 1 such that if we write x,
for x,, when 4 € Hom(kg,Fp), then

1 byte—1-
[Ty ‘Ujﬁ o [Tags ‘U/{'H " 0
= 1 1 0l —1-x, | -
O /lgj (Ui?"- +Xx3 1e) wﬁ,{+e XA

If 7 is reducible, then We*Pici(7) is the set of weights o, for which 7 has a
crystalline lift of type o, of the form

X #
0 x/)°
In particular (see the remark after [BLGG13, Def. 4.1.14]), if o,, € wexplicit(z

then it is necessarily the case that there is a subset / € Hom(k, IF,) and for each
A € Hom(k, ) there is an integer 0 < x; < e — 1 such that

Flr

a+1+x, bi+x,

~ H/lej w,{ H/l%] w,}

*
K a,+e—x, b/1+e—1—x/l) ’
0 [Tags w) [Taes w,
and when 7 is a sum of two characters this is necessary and sufficient.

4.1.5.  Theinclusion WePlicit(7) ¢ Weris(7) was proved in [BLGG13, Prop. 4.1.25]
and was conjectured there to be an equality ([BLGGI13, Conj. 4.1.26]); this
equality is the main local result of this paper.

The definition of WBT(7) is unimportant for us in this paper; the only fact that
we will need is that by [GK, Cor. 4.5.7], the inclusion We*Plicit(7) ¢ Weris(7) can
be refined to inclusions

Wexplicil(f) c WBT(f) c WcriS(f)’

7l
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so that our main result will show that both these inclusions are equalities.

Observe that the definitions of the sets W(7) and WPlici\(7) involve our
fixed choice of embeddings ;9. We will prove that these sets in fact do not
depend on this choice. Indeed the definition of WBT(7) does not involve any
choice of embeddings ; 0, so that once we have proved the equality We*Plici{(7) =
Weis(7) it follows automatically that WSPlci(7) and W(7) do not depend on
any choice of embeddings either. On the other hand this will also follow easily
and directly from the arguments in this paper, and so we will give a direct proof
as well.

In the above language, the main local result of this section is the following.

4.1.6 Theorem. Suppose that p > 3 and that 7 is semisimple. Then we have
WeRlicit(7) = WiS(F). Moreover, these sets do not depend on our choice of
embeddings k;.

Proof. Suppose that o,;, € WS(F). Twisting, we may assume that b; = 0 for
all A. If r : Gk — GL,(Og) is a pseudo-BT lift of 7 of Hodge type o, we can
freely enlarge the coefficient field E so that it satisfies our usual hypotheses, and
so that r ®¢, kg is either reducible or absolutely irreducible.

Now for the first part of the result it remains to show that Weis(7) ¢ Weplicit(z).
this is immediate from Theorems 3.1.4 and 3.1.5 and Definitions 4.1.3 and 4.1.4,
taking r; = a; + 1 for all i. The second part is automatic since the definition
of WePlicit(7) when 7 is semisimple does not depend on the choice of embed-
dings «; . O

4.2. Global Serre weights Let F be a totally real field, and continue to assume
that p > 2. Letp : Gp — GLZ(F,,) be continuous, absolutely irreducible, and
modular (in the sense that it is isomorphic to the reduction modulo p of a p-
adic Galois representation associated to a Hilbert modular eigenform of parallel
weight two). Let &, be the residue field of F, for each v|p.

A global Serre weight is by definition an irreducible representation of the
group [],), GLa(k,), which is necessarily of the form o~ = ®,,07, with o, a Serre
weight of GL,(k,) as above. Let D be a quaternion algebra with centre F', which
is split at all places dividing p and at zero or one infinite places. Then [GK,
Def. 5.5.2] explains what it means for p to be modular for D of weight o-. (There
is a possible local obstruction at the finite places of F' at which D is ramified to
p being modular for D for any weight at all; following [GK, Def. 5.5.3], we say
that p is compatible with D if this obstruction vanishes. Any p will be compatible
with some D; indeed, we could take D to be split at all finite places of F.) The
following is a theorem of Gee—Kisin [GK, Cor. 5.5.4].
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4.2.1 Theorem. Assume that p > 2, that p is modular and compatible with D,
that /3|Gm,,> is irreducible, and if p = 5 assume further that the projective image
of/_)IGmp) is not isomorphic to As.

Then p is modular for D of weight o if and only if o, € WBT(ﬁlng) for all
v|p.

The main global result of this section is the following (which is an immediate
consequence of Theorem 4.1.6 in combination with the above result of Gee—
Kisin).

4.2.2 Theorem. Assume that p > 2, that p is modular and compatible with D,
that ﬁl(;mp) is irreducible, and if p = 5 assume further that the projective image
of PlGy,, is not isomorphic to As.

Assume that plg,. is semisimple for each place v|p. Then p is modular for D
of weight o if and only if o, € We"pliCit(ﬁIGF‘,)for all v|p.

Modulo the hypotheses on the image of p (the usual hypotheses needed
in order to apply the Taylor—Wiles—Kisin method), Theorem 4.2.2 is the main
conjecture of Schein [SchO8].

Note that we have thus far said nothing about the case where p|g,, is reducible
but non-split, where WexPhCit(ﬁIGFV) will depend on the extension class of plg,, .
Our treatment of this more delicate case will occupy the remainder of the paper.

4.2.3 Remark. If plg,, is generic in a suitable sense, then [DS, Thm. 4.5] implies
that WePlclt ;) = WBT(plg, ) N We"p““‘(ﬁlz;sp’). On the other hand we have
inclusions

BT ,— s s licit —
W (p|GFV) g WCrlS(p|GFV) g WCrlS(plngv) — WCXP lcn(plsGst)

where the equality is an application of Theorem 4.1.6, and so we see in this
case that We"phm(ﬁlgn) = WBT(ﬁIGFV). In particular we can already extend
Theorem 4.2.2 to the case where plg,, is either semisimple or generic for all
v|p.

(We refer the reader [DS, Def. 3.5] for the definition of genericity that we use
here, but note that genericity implies that e < (p — 1)/2.)

5. The weight part of Serre’s conjecture II: the non-cyclotomic case

In this section we make a detailed study of the extensions of rank-one Kisin
modules and use these results to prove that if p > 3 then WePlclt(F) = Weris(F)

—

X

for reducible representations 7 =~ ( 0 ;) with )?_1)?' # € (see Theorem 5.4.1

below).
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5.1. Extensions of rank-one Kisin modules We begin with some basic results
on extensions of rank-one Kisin modules, mildly generalising the results in
[GLS14, §7]. We begin with the following notation.

5.1.1 Definition. If % = M(so, ..., 513 a), define ;M) := 5 21| p/sjs.

It is immediate from the definition that these constants satisty the relations
a;i(N) + s; = pa;i- (M) fori = 0,..., f — 1 and indeed are uniquely defined by
them. We have the following easy lemma.

5.1.2 Lemma. Write T = ﬁ(so,...,sf_l;a) and M = ﬁ(s(’),...,s}_l;a’).

There exists a nonzero map N - N if and only if ai(ﬁ) - a/,-(ﬁ/) € Zsg for
all i, and a = d'.

Proof. Such a map, if it exists, must take the form e; > ey - e/ for all i,
where e; is the basis element for gt: as in Definition 3.1.1, and ¢ € kf:. |

We can now check the following analogue of [GLS14, Prop. 7.4].

5.1.3 Proposition. Let N = M(so, ..., s;-1;a) and P = Mo, ..., t7-1;b) be
rank-one Kisin modules, and let I be an extension of N by P. Then we can
choose bases e;, f; of the M; so that ¢ has the form

oleis)) = (e
e(fi-1) (@)’ f; + yie;

with y; € kglu] a polynomial with deg(y;) < s, except that when there is

a nonzero map N — ‘P we must also allow y; to have a term of degree
sj+a;(N) — a;(P) for any one choice of j.

Proof. The proof is essentially identical to the proof of [GLS14, Prop. 7.4]
except for the analysis of the exceptional terms. Namely, it is possible to use
a simultaneous change of basis of the form f/ = f; + zie; fori = 0,...,f -1
to eliminate all terms of degree at least s; in the y;’s, except that if there is a
sequence of integers d; > s; satisfying

di = pldi_y — si-1) + 1 (5.1.4)

for all i (with subscripts taken modulo f), and if a = b, then for some j the term
of degree d; in y; may survive. (Note that taking z;_; to be a suitable monomial
of degree d;_; — s;_; will eliminate the term of degree d;_; in y;_; but yield a term
of degree d; in y; instead. This is more-or-less what we called a loop in the proof
of [GLS14, Prop. 7.4].)
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Comparing with the defining relations for a/,-(ﬁ), a,@), we must have
d; = pai-i (M) - a;(P) = (M) — &:(P) + s

and these are integers greater than or equal to s; provided that a;(M) — ai(f) €
Zsg for all i. The result now follows from Lemma 5.1.2. O

Next we combine Proposition 5.1.3 with Theorem 2.4.1 to study the exten-
sions of Kisin modules that can arise from the reduction mod p of pseudo-BT
representations; this is our analogue of [GLS14, Thm. 7.9].

5.1.5 Theorem. Suppose that p > 3. Let T be a Gg-stable Og-lattice in a
pseudo-BT representation of weight {r;}. Let MM be the Kisin module associated
to T, and let M := M o, kg.

Assume that the kg[Gg-module T := T ®o, kg is reducible, so that there exist
rank-one Kisin modules M = ﬁ(so, A )] and% = ﬁ(to, ..., tp_13D) such
that 9 is an extension of n by ﬁ Then for all i there is an integer x; € [0,e — 1]
such that {s;, t;} = {r; + x;,e — 1 — x;}.

We can choose bases e;, f; of the IN; so that ¢ has the form

plei-1) (b)u'e;
o(fic1) = (@' f; + yie

where
e y; € kg[[u] is a polynomial with deg(y;) < s,
e ift; < r; then the nonzero terms of y; have degrees in the set {t;}U[r;, s;—1],

o except that when there is a nonzero map N - % we must also allow y; to
have a term of degree s; + a;(N) — a;(B) for any one choice of j.

Proof. The fact that 901 is an extension of two rank-one Kisin modules follows
e.g. from [GLS14, Lem. 5.5], and the fact that {s;,#;} = {r; + x;,e — 1 — x;} is
an immediate consequence of Proposition 3.1.3 and determinant considerations.
After applying Proposition 5.1.3, it remains to check that if #; < r; then the
nonzero terms of y; have degrees in the set {#;} U [r;, s; — 1] (except possibly for
an exceptional term arising from the existence of a nonzero map 9 — ‘B).

It is an immediate consequence of Theorem 2.4.1 that ¢(9;_;) contains a
saturated element (i.e. an element not divisible by u in ¢(9;_)) that is divisible
by u'" in 91;. Such an element must be a saturated ¢(&)-linear combination of
o(e;—1) and @(f;—1), i.e. we must have v, d, at least one of which is a unit, such
that u" divides

oY) - ((@iu’ f; + yier) + ¢(6) - (b)u"e;.



The weight part of Serre’s conjecture for GL(2) 35

The assumptions on {s;, #;} imply that one of them is at least r;. Suppose, then,
that ¢; < r;. It follows that s; > r;, so we have to have

u' | o(y)yi + @(S)(b)u".

If v were a non-unit, then we would have u” | ¢(y), so that «'* divides both terms
in the above sum separately. But ; < r;, and so 6 must also be a non-unit, a
contradiction. It follows that y is a unit. Replacing § with 5y~! we can suppose
v = 1, and we must be able to choose ¢ so that ' divides y; + ¢(8)(b;)u’i. That
is, all terms of y; must have degree at least r;, except for terms that could be
canceled by the addition of ¢(6)(b;)u". These are the terms of degree ¢; + pn with
n € Zso. Butt; + p > r;, so the only extra term we may get this way is a term of
degree t;. O

5.1.6 Definition. Fix integers r; € [1, p]. Suppose that N = ﬁ(so, ce Spo15a)
and § = ﬁ(to, ..., 1y_1; b) are rank-one Kisin modules with {s;, #;} = {r; + x;,e -
1 - x}. We let SwBT(‘)_L ‘B) denote the subset of Extl(ﬁ, %) defined by the
conditions of Theorem 5.1.5. (The integers {r;} will be implicit in the notation.)

From the proof of Theorem 5.1.5 we see that 8¢BT(ﬁ, ﬁ) can be characterised
as the set of classes 9 € Ext!' (ﬁ, %) such that each w(ﬁi_l) contains a saturated
element that is divisible by« in 1.

In the remainder of Section 5, we prove that if p > 3 then WePlici(7) =

—

X
0

the same basic strategy as in [GLS14, §§8-9], which relies on (but, as we
will explain, is necessarily somewhat more complicated than) a comparision
between the the dimension of the space 8¢BT(9_“(, ‘i) and the dimension of an
appropriate local Bloch—Kato group H}(GK, —). Perhaps the main difference
between the arguments here and the arguments of [GLS14, §§8-9] is that
certain combinatorial issues which we were able to address in ad hoc ways
in the unramified case (particularly those of [GLS14, §8.2]) are rather more
involved in the ramified case, and so have had to be addressed systematically
(cf. Section 5.3).

Weris(7) for reducible representations 7 ~ ;) with Y ™'y # & We follow

5.2. Comparison of extension classes We give a simple example that illus-
trates why the proof that WPlicil(7) = Weis(7) in the indecomposable case is
more complicated than one might initially expect, and in particular cannot fol-
low immediately from comparing the dimension of the space SWBT(ﬁ, %) with
the dimension of an appropriate local Bloch—Kato group H}(GK, -).
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5.2.1 Example. Take K = Q,. The group H}(GQP,OE(SI‘P)) is torsion (since

H }(GQP, E(&'"P)) is trivial) and its @-torsion has rank one, corresponding to the

congruence ' ? = 1 (mod w). It follows that the subspace of Ext}cE[GQ ](T, D
P

arising from crystalline extensions of ”~! by 1 is one-dimensional. (This
extension comes from the reduction mod @ of a nontrivial extension 7 of
Or(gP7!) by O inside the split representation e’ '@1.) By Lemma 5.4.2 below,
the subspace of EthlcE[G,(m J(1, 1) arising from crystalline extensions of Og(g” ")
by O is also one-dimensional.

__ On the other hand, by Proposition 5.1.3 there are no nontrivial extensions of
M(O0; 1) by M(p — 1;1) at all. Why is this not a contradiction, given that the
Kisin modules corresponding to 1 and &”~! reduce to 9%(0; 1) and M(p — 1;1)
respectively? The point is that although the functor Tg is an equivalence of
categories, the inverse functor from lattices to Kisin modules need not be exact;
and indeed the reduction mod @ of the Kisin module corresponding to the
lattice T of the previous paragraph turns out to be an extension of M(p — 1;1)
by 2(0; 1) rather than the reverse.

5.2.2. Suppose that 7 is the reduction mod @ of an Og-lattice in a pseudo-
BT representation V of welght {r;}, so that by Theorem 5.1.5 there exist 9
and ‘P such that 7lg, =~ Te(9N) for some M € 8¢BT(‘)T 513) To prove that
WerPlicit(7) = Weris(F), we wish to show that there exist crystalline characters
x'.x : Gx — Of and an extension T of Og(x) by Op(x’) such that T[1/p] is
pseudo-BT of weight {r;} and 7 =~ T ®¢, kg.

It is natural to try to argue by choosing x’ and y so that their corresponding
rank-one Kisin modules 97,°P are lifts of 1, 3 respectively, and then comparing
the spaces H' (GK, Or(x"'x")) and 8.,,BT(‘.TI ) by a counting argument. Unfor-
tunately, Example 5.2.1 shows that the Kisin module corresponding to an ele-
ment of the first group may not reduce to an element of the latter set, and so an
additional argument is needed.

We consider instead all pairs of crystalline characters ¥,y : Gx — Ox with
reductions Y’,Y, and such that ¥’ 69;\7 is pseudo-BT of weight {r;}. We will
show that there is a preferred choice y; . , ¥max (With Kisin modules 9yin, Prax
respectively) with the property that the reduction mod @ of any element of any
H}(GK, Or(x'X")) can be shown to occur as the image under T of an element

of Ey7T(Mmin, Prmax)- Then we can proceed by comparing H (G, Ok (X mixX in)

with Eya1(Mmins Bona)-

The construction of x/ ., ¥max can be found in the proof of Theorem 5.4.1. In
the rest of this subsection we begin to carry out the above strategy by proving the
following proposition, which will allow us to compare the spaces Eypr(I1,P)
(or at least the generic fibres of the Kisin modules in those spaces) for certain
varying choices of 91 and ‘3.
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5.2.3 Proposition. Suppose that we are given Kisin modules
N = ﬁ(so, .., 8p3a)  and % = ﬁ(to, N Y )
as well as
N = ﬁ(s{),...,s’f_l;a) and 51_3’ = ﬁ(r{),...,t}_l;b)
such that
o there exist nonzero maps f - %l and M — N, and
o 5;+1; =5+t =1, +e—1and max{s; t;}, max{s}, 1]} > r; for all i.
For each MM € 8,,,BT(%, f) there exists M € 8¢BT(§II,§I) such that T (ﬁ) =
Te(N).
Proof. The proof has two steps. First we construct m e Extl(ﬁ,,ﬁ’) such that

Ts (ﬁ) =Ts (ﬁ’), and then we check that in fact 907 € 8¢BT(§II, E/).
We can choose bases ¢;, f; of the 901; so that ¢ has the form

oleis)) = (bue
o(fi-1) (@' fi + yie;

with the elements y; as in Theorem 5.1.5. First we define the Kisin module
M e Ext!(9,P) by the formulas

elel’) = (e
o(f') = (@u'if +y!e!

with y/ := CRICIEUSICLINE, (' easy to check that there is a morphism
g: MM — M sending ¢/ - ¢ and f’ @)= £ for all i, and since g
induces an isomorphism ﬁ/’[l Jul > ﬁ[l /u] of étale p-modules, it induces an
isomorphism T'g (ﬁ) N Ts (ﬁ”).

Next define the Kisin module 9% € Extl(ﬁ’, E’) by the formulas
plei.) = (Dule]
o(fL) = (@’ f] +yle]
with y] := u""@)“’i@/)y;’. Again, it is easy to check that there is a morphism
g ﬁ/, . ﬁ/ sending e;/ o y@iB)-aB )e; and fiN N fi/7 and that g’ induces

an isomorphism T'g (ﬁ/) N Ts (ﬁ”). Combining these calculations shows that
indeed T (M) = Ts (M ).
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It remains to check that ﬁ, € SwBT(ﬁ,,ﬁ/). Using the characterisation
following Definition 5.1.6, we wish to show for each i that there is a saturated

element of (p(ﬁ;,) that is divisible by #"# in ﬁ: When #; > r; this is obvious
(since ¢(e;_,) will do), so we can suppose that 7/ < r; and so s, > r;.

Recall that y, = u”f@)‘““@/“”(”"-‘(ﬁ,)“”-l(%)yi. If o, ;M) > a;i (M) then
we are done, since u” (hence also u'") divides y.. We may therefore assume
that ;M) = @, (MN). Since s; + ; = s, + £/ for all i, it follows that
a,-_l(‘g’) = a,-_l(’ﬁ) as well. Note that whenever there is a map ‘,f — ﬁ, with
@1 (P) = ;1 (P), we must have #; < 1. Indeed we have 1; = pa; () — a:(P)
and #, = pai (B )= ai(F ), so that £/ —1; = a;(P) —,(F ) > 0 by Lemma 5.1.2.

In particular we also have #; < r;, and the assumption that M e &,,BT(FI, %)
implies that every term of y; has degree at least r; except possibly for a term of
degree #;. (Note that in the case that there is an extra term of degree d;, we have
d; > s;, which is at least r; since #; < r;.) Since y; divides y;, we see that every
term of y; has degree at least r; except possibly for a term of degree

fi + ;(P) - ai(gl) + p(ai—l(ﬁ/) — @i (M) = 1; + &, (P) - a’i(ﬁl)'

This quantity is easily seen to be congruent to #; (mod p), so is either equal to ]
or is at least r;, and we are done, because we can subtract a constant multiple of
@(e;_,) from ¢(f7_,) to obtain an element divisible by u". O

5.3. Maximal and minimal models We now construct the maximal and min-
imal Kisin modules to which we alluded in 5.2.2.

5.3.1 Lemma. Fix integers r; € [1, p]. Suppose that y : Gx — k. is a character

and let S be the space of rank-one Kisin modules g = Mo, . . . tp_1; b) such
that

e Ts(P) = Xlo,., and
o t,€[0,e—11U[r;,ri+e—1]foralli

If S # @, then S contains a maximal model. That is, there exists B, € S such
that there is a nontrivial map 3 — P for all P € S.

Proof. Assume that S is non-empty. Then there exists some M, .. f sb) €

S, and every other element of S has the form ﬁ(to, N Y ) (i.e. the b is the
same).

Write xl;, = [1;w!" with m; € [0, p — 1] and not all equal to p — 1. For
0 <i< f-2,letv; bethe f-tuple (0,...,—1,p,...,0) with the —1 in the ith
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position (where the leftmost position is the zeroth), and similarly let vy_; be the
f-tuple (p,0,...,0,-1). It is straightforward to see from Lemma 3.1.2 that if
M(to, ..., tr-1; b) € S, then

f-1
(10, tp1) = (mo,..omp ) + ) vy (5.3.2)
i=0

with ¢; € Zsq for all i.

__ If we havem; € I; := [0,e — 1] U [r;, r; + e — 1] for all i, then it is clear that
PBmax := PM(mo, ..., my_1; b) is a maximal model, e.g. because a;(P..x) < @;(P)
for all f € S. This always holds for instance if e > p, or if y is unramified, so
let us assume for the rest of the proof that e < p — 1 and that y is ramified, so
that not every m; is equal to 0.

With these additional hypothesis, we have r; + e — 1 < 2p — 2 for all i, and
also the integers ¢; in (5.3.2) must all be 0 or 1. If B = IM(ty, ..., 1r_1; b) with
integers ¢; as in (5.3.2), write J(i]_3) :={i : ¢; # 0}. To complete the proof, it
suffices to show that there exists a subset J C {0, ..., f — 1} such that

e if P e SthenJ C J(P), and
o there exists ﬁl € Ssuch that J = J (El),

for then ‘g’ is P We construct the set J as follows. Note that if x is a non-
negative integer with x ¢ 7;, then x > e, sothatalsox+p ¢ 7;.

Let K € {0,...,f — 1} be any set with the property that if ‘B € S then
K C J(CB). Write (ma,...,m}_l) = (mo,...,my_1) + YegVvi- Let P =

ﬁ(to, ...,tr_1;b) be any element of S (here we use our assumption that S is
non-empty). Suppose first that i € K. Observe that #; € {m], m; + p}, and since
t; € I;itfollows by the last sentence in the previous paragraph that m’ € 7;. Now
suppose instead that i ¢ K. Observe that ¢; € {m},m; + p,m, - 1,m;+p-1}N1;.
If in fact m; ¢ I;, it follows by the last sentence in the previous paragraph that
ti # m;,m; + p, and therefore i € J(f). Write A(K) = {i ¢ K : m] ¢ I;}; it
follows that K U A(K) is another set that is contained in J (ﬁ) for all ‘,]_3 e S.

Set Jo = &, and iteratively define J; = J;_1 U A(J;_1) for i > 1. Eventually
this process stabilizes at some J,. By construction J, € J(P) for all P € S.
Again write (my, . .. ,m’f.fl) = (mo,...,mp1) + Xie;, vi- We claim that m; € I;
for all i, so that J, is the desired set J: this is automatic if i € J, (by the first
observation in the previous paragraph), and if i ¢ J, follows from the fact that
AJy) = @. O

Evidently we must also have the following lemma, which essentially is dual
to the previous one.
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5.3.3 Lemma. Fix integers r; € [1, pl. Suppose thaty’ : Gx — ky is a character

and let S be the space of rank-one Kisin modules N = ﬁ(so, oo, 8p_1;a) such
that

o Ts(M) = Xlgy., and
o 5;,€[0,e—1]U[r,r;+e—1] foralli.

If S # @, then S contains a minimal model. That is, there exists ﬁmin € S such
that there is a nontrivial map Ny — N for all N € S.

Proof. Indeed, if ¥ : Gk — k¥ is a character such that xx'l;, = [T; @/ ™" and
ﬁ(l‘o, ..., tr_1;b) is the maximal model for ) given by the previous lemma, then

the desired minimal model is given by ﬁ(so, o Seepa)with s =(ri+te—1) -
t;. O

Combining Proposition 5.2.3 with the above lemmas, we obtain the following
result, which was promised in 5.2.2.

5.3.4 Proposition. Fix characters ',x : Gx — ky and integers r; € [1,p].

There exist rank-one Kisin modules My and ‘fmax with the following prop-
erty: if 7 € Ext,l(E[GK]()_(,)?') is the reduction modulo w of an Og-lattice in a

pseudo-BT representation of weight {r;}, then ¥lg, = T@(ﬁ) for some M e
SWBT (mmim (’Bmax)' . _ _ S

Moreover, if we write Niin = M(s0, ..., s7-1;a) and P, = Mo, ..., tr-13b),
then Ny and P, can be chosen so that for all i we have s; +t; = r; +e — 1
and s;,t; € [0,e — 1] U [r;, i + e —1].

Proof. If no such extensions 7 exist, then the Proposition is vacuously true, so
we may suppose that some 7 exists as in the statement of the Proposition. As
in the proof of Theorem 3.1.4, there exist rank-one Kisin modules 91,3 such
that g, =~ Tg (sm) for some 9 € SwBT(‘ﬁ ‘B) In particular the set S of

Lemma 5.3.1 is nonempty (it contains &B, or possibly N if Flg,.. is split), and

similarly the set S of Lemma 5.3.3 is nonempty. Let %max and DMy be the
maximal and minimal models given, respectively, by those lemmas. (Note that
these depend only on ¥, ¥, and the integers {r;}, and not on F.)

The fact that s;,¢; € [0,e — 1] U [ry, r; + e — 1] is given to us by Lemmas 5.3.1
and 5.3.3, and the equality s;+t; = r;+e—1 comes from the proof of Lemma 5.3.3.
Now an application of Proposition 5.2.3 gives the claim in the first paragraph
of the Proposition when 7|, is non-split, while if 7|, is split we can take

= ‘Bmax @D NMmin- OJ
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5.4. The non-cyclotomic case of the weight part of Serre’s conjecture We
are now ready to prove the following result.

5.4.1 Theorem. Suppose that p > 3 and that ¥ : Gk — GLj(kg) is reducible,
and write 7 ~ )6 ; XY # & then WEPIC(F) = WerS(7). Moreover; these
sets do not depend on our choice of embeddings ;.

Proof. Suppose that ¢ € WiS(F). We may freely enlarge E so that 7 has a
crystalline lift of Hodge type o~ defined over E. After twisting, we may assume
that o has the shape ®; Sym”“1 k2 ®rx I, with integers r; € [1, p], and the
hypothesis that o € W(7) means that 7 is the reduction modulo p of a lattice
in a pseudo-BT representation of weight {r;}. Let Myin = M(s0, ..., Sr-15a)
and %max = Mo, . . .,tr-1;b) be the rank-one Kisin modules given to us by
Proposition 5.3.4 applied to ¥, , and {r;}.

We construct a pair of crystalline characters x/ . ,¥max : Gk — Oz as
follows. If t; > r;, we take the ordered pair (HT,,, (Y max)> HTx,s (X [i,)) = (i, 0);
and for j > 0 we take the pair (HT,;(ymax), HTx;;(x},;,)) to be (1,0) for exactly
t; — r; values of j and to be (0, 1) for exactly s; values of j. On the other hand if
t; < r;, we take the pair (HT,,,(xmax)> HT\,,(x7,;,,)) = (0, 7:); and for j > 0 we take
the pair (HT,;, (Ymax), HT«,, (x7;,,)) to be (1, 0) for exactly #; values of j and to be
(0, 1) for exactly s; — r; values of j. It is then possible to choose the unramified
parts of ¥/ ., ¥max SO that they reduce to " and ) respectively.

Let us consider the extensions 7" of Or(Ymax) by Or(x,,;,) such that T[1/p]
is crystalline. Each of these is pseudo-BT of weight {r;}, and so (by the defining
property of ‘ﬁmm,‘,Bmax from Proposition 5.3.4) we must have T|GK ~ Ts(ON)

for some 9N € SwBT(‘)’Imm, ‘Bmdx
The space of crystalline extensions of ymax by x/ . ., which we identify with
f(GK, E(XmixX i), has dimension equal to the number of labeled Hodge—Tate
weights of y/ . that exceed the corresponding weight of ymax. This is precisely

d= ) si+ ) (I+si—r)

i:ti>r; i:t;<r;

It follows as in [GLS14, Lem. 9.3] that the image of H I(GK,OE()(;]QXX,'“m)) in

H 1(G1<,__1 ") has dimension d if y # ¥’ and dimension d + 1 if y = ¥'.

By Lemma 5.4.2 below, the restriction map H'(Gx, X 'x¥') = H (Gx_.x"'X)
is injective. (The application of Lemma 5.4.2 is the only place in the argument
that we need our assumption that )?_1)?’ # ¢&.) It follows that the number of
elements of H 1(GK ,__1 YY) that come from a crystalline extension of ymax by

/

X 18 €xactly lkg|9*%, where 6 = 0 if ¥ # ¥’ and 6 = 1 otherwise.
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On the other hand, we know from Proposition 5.3.4 that the number of
elements of H'(Gx_, ¥~ Y Y') that come from the reduction mod p of some pseudo-
BT representation of weight {r;} is at most #8(,,BT(‘ﬁmm, ‘Bmax) One easily checks
by counting, in the explicit description of the extensions in Theorem 5.1.5, the
number of terms in each y; that are permitted to be non-zero (and noting that if
Y = ¥ there must exist a map Mpin — PByaes by the maximality of B, ) that
#Eu8T(Mumin Prnay) = kel as well.

In particular every element of H'(Gk_,x~ 1/\7') that comes from the reduction
mod p of some pseudo-BT representation of weight {r;} must in fact come from
a lattice in a crystalline extension of ymax by x7..- Applying Lemma 5.4.2 again,
the same must be true of every element of H 1(G;(,/\_/_l/?') that comes from the
reduction mod p of some pseudo-BT representation of weight {r;}. Since in
particular 7 is such an element, we deduce that o € V_Ve"p“"“(f), as desired.

Finally, note that the Kisin modules iy and B,,.x do not depend on the
choice of embeddings ;. Then the independence of We*Pit(7) from the choice
of embeddings «;( follows from the characterisation that o € weplicit(7) if and

only if 7, = T (9N) for some M € Eypt(Mmins Prnax)- O

5.4.2 Lemma. Let y : Gx — kj be a continuous character. If x¥ # &, then the
restriction map
H'(Gg. ) = H'(Gk.. 0)

is injective. If y = €, then the kernel of the restriction map is the tres ramifiée
line determined by the fixed uniformiser m.

Proof. If ¥ # 1,¢, this is a special case of [EGS, Lem. 7.4.3]. If ¥ = 1, then
H'Y(Gk.x) = Hom(Gg, ki) and H'(Gg_,¥) = Hom(Gg_, k), so if the kernel of
the restriction map is nonzero, there must be a Galois extension of K of degree
p contained in K. This can only happen if K contains a primitive pth root of
unity, in which case £ =1,s0y = €.

Finally, suppose that y = €. Kummer theory identifies the restriction map
with the natural map

K*/(K*)" — K5 /(K3

and the kernel of this map is evidently generated by . O

6. The weight part of Serre’s conjecture II1: the general case

6.1. (o, G)-modules In order to complete our arguments in the remaining case,
we will need to make use of the second author’s theory of (¢, G)-modules. We
refer the reader to [GLS14, §5.1] (specifically, from the start of that section up to
the statement of Theorem 5.2) for the definitions and notation that we will use,
as well as to [GLS14, (4.8)] for the definition of the operator .
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6.1.1. Consider a (g, G)—module with natural kg-action ﬁ, sitting in an
extension of (¢, G)-modules with natural kz-action

00— % =M — N — 0,
where the underlying Kisin modules 91,93 are given by 91 = M(so, ..., s -150a)
and P = M1, ..., 1¢-1; b) for some a, b, with {s;, t;} = {r; + x;,e — 1 — x;}, and
the underlying extension of Kisin modules is in &,,BT(?(, ﬁ). We say that such

a (¢, G)-module is of reducible pseudo-BT type and weight {r;} if for all x € m
there exist @ € R and y € R ®, s M such that 7(x) — x = ay and vg(a) > # + f.

6.1.2 Lemma. Suppose that p > 3, and that 7 : Gg — GLy(kg) is reducible
and arises as the reduction mod p of a pseudo-BT representation r of weight

{r;}. Then there is a (o, G)-module with natural kg-action M such that M is of
reducible pseudo-BT type and weight {r;}, and TOM) =7

Proof. Let 9 be the (¢, G)-module arising as the reduction mod p of the (¢, G)-
module corresponding to r by [GLS14, Thm. 5.2(2)]. Then the underlying Kisin
module N is of the required kind by Theorem 5.1.5, and this extension can be
extended to an extension of (¢, G)-modules by [GLS14, Lem. 5.5]. Finally, the
claim about the action of 7 is immediate from [GLS14, Cor. 5.10]. O]

We have the following generalisation of [GLS14, Lem. 8.1].

6.1.3 Lemma. Suppose that p > 3 and take M e 8¢BT(ﬁ, ‘}_3). Except possibly
for the case that r; = pandt; = 0 foralli = 0,...,f — 1, there is at most one

(o, GA)—module_i)Tt of reducible pseudo-BT type and weight {r;} with underlying
Kisin module 9.

Proof. We follow the proof of [GLSl4 Lem. 8.1]. Since by definition M is

contained in the Hg-invariants of M, it suffices to show that the 7-action on
R ®p,& 901 is uniquely determined. As usual we write e;, f; for a basis of 91; as
given by Theorem 5.1.5. We can write

0; ,Bi)

T(ei-1, fi-1) = (ei—lafi—l)(o ¥i

with 6,8, v € (ﬁ/pﬁ)@yﬂ ke C R®p, k. If { € R®p, kg is written { = 2 Yi®zi
with zy, ..., z, € kg linearly independent over I, write vg({) = min;{vg(y;)}. By
assumption, we have vg(6; — 1), vg(y; — 1), vg(B;) = 1% + f for all i.
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Recalling that Mis regarded as a ¢(&)-submodule of §®w s, we may write

wlei-1, fi-1) = (e;, fi)p(A;) with A; = ((b)éuti (a;' S) Since ¢ and T commute,
we have
plA) (*”(g") %;) - (5"51 ﬂ’“) T(p(A)).
We obtain the following formulas:
u?@(65;) = Sia(ew)™, uPp(y) = (ew)™yini (6.1.4)
and
(D) (B + p(x)e(yi) = Sin1T(0(x)) + (@)i(€u)™ Bisy (6.1.5)

where for succinctness we have written (a);, (b); in licu of 1 ® (a);, 1 ® (b); in the
preceding equation.

Let 7 € R be the element defined in [GLS 14, Lem. 6.6(2)], so that ¢/ (17) = en.
(K/Q, is assumed to be unramified throughout [GLS14, §6], but it is easily
checked that [GLS14, Lem. 6.6(2)] remains valid with the same proof in our
setting.) From (6.1.4) we see that ¢/(5;) = (51-52‘;:7} P75 and now [GLS14,
Lem. 6.6(2)] together with the requirement that vg(5; — 1) > 0 implies that

5= ? g 1

I i
for all i. Similarly we must have y; = p2=? %% @ 1 for all i. So at least the
6;,y; are uniquely determined. o
Now suppose that there exists some other extension of 9t to a (¢, G)-

module M. Then the r-action on MV is given by some 0}, B; and y; that also
satisfy (6.1.4) and (6.1.5), and indeed we have already seen that 6] = ¢; and

Yi =i
LetB; = i — B:. Taking the difference between (6.1.5) for 9 and N gives
(D)iu"" o(B:) = (@)i(€w)” Bis1,
which implies that

s Sitj o~

Bi.

Considering the valuations of both sides, and recalling that vg(m) = 1/e, we see
that if 8; # O then

f-1 j’+ /-1
buZi-o w! s o' (B)) = a(eu)Xro !

1
ve(B) = 1)ZP I(8i0 = ti0))- (6.1.6)
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But since 5, —#; < r; +e—1is at most p + e — 1 with equality ifand only if t;, = 0
and r; = p, the right-hand side of (6.1.6) is at most ;5 (p + e~ 1) = L+ L
with equality if and only if #; = O and r; = p for alli. In partlcular smce
Vvr(B), vr(B)) > p - + £ either 8; = B/ forall i, or else 1; = 0 and r; = p for all |,
as required. O

6.1.7 Proposition. Suppose that p > 3 and let M be a (¢, G)-module of reducible
pseudo BT type and weight {r;} with underlying Kisin module 9.7? Suppose we

have N ‘B as in the statement of Proposition 5.2.3 and let M be the Klsm

module provided by that proposition. Then there is a (g, G)-module zm of
reduczble pseudo BT type and weight {r;} with underlying Kisin module zm such

that T(S)JT) = T(Sm ).

Proof. From the proof of Proposmon 5.2.3, we see that there is a Kisin module

M and morphisms g : m - m, g LM - 931 both of which induce
isomorphisms after inverting u. Using these isomorphisms, the G-action on

R ®p.& 91 induces a G-action on R ®p.c ﬁ/[l /u], and it is enough to show that
this preserves R ®, s M and makes it a (¢, G)-module of reducible pseudo-BT
type and weight {r;}. .

Since Hg acts trivially on u# and 90, and since 7(u) = eu and (e — 1) € I, we
see that we only need to check that T(ﬁ/) cR ®p,& 971,, and that for all x € M
there exists @ € Randy € R®, & 9 such that 7(x)—x = ay and vg(a) > p%l + §.

Take bases e;, f; of M; and e, f] of ﬁ: as in the proof of Proposition 5.2.3.
Writing

6i Pi
(ermt. fio) = (el-_l,fi_o(o i)’
an easy calculation shows that
Ty fl) = (efyo fL 1>( 5)
where ., _
5 = 6;er @1 F)-aia (F)
] =4 s
B, = ﬂ(upm,q(ﬁ'>—a,-4(%m,q(%)—a,q@’)) ® 1)l @1 )-aia1 ()
2 i = )

y! = y;el @ M-e ),

(The factors of p in the above exponents come from the fact that 7 acts on the
left-hand side of the twisted tensor product R ®p.& ﬁ,.) Now, € is a unit, so it is
enough to check that the exponent of u in the expression for 8! is non-negative;
but this is immediate from Lemma 5.1.2. O
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We are now in a position to prove that We*Plicit(7) = Weris(7) in the reducible
cyclotomic case, and so to deduce this equality in full generality (for p # 2).

6.1.8 Theorem. Suppose that p > 3 and that ¥ : Gk — GLy(kg) is a continuous
representation. Then WPiCl(7) = WBT(7) = WCIS(F). Moreover, these sets do
not depend on our choice of embeddings «; .

Proof. Recall that we have inclusions WePlicit(7) ¢ WBT(7) ¢ Wes(7) by [GK,
Cor. 4.5.7], so it is enough to check that Wes(7) € WPlici(7). Suppose that o €
WeiS(F). As in the proof of Theorem 5.4.1, we may assume that o has the shape
®; Sym”"1 k? ki, F,, with integers r; € [1, p], and that 7 is the reduction modulo p
of a lattice in a pseudo-BT representation of weight {r;}. By Theorem 4.1.6 we
may assume that 7 is an extension of y by y’; by Theorem 5.4.1, we may assume
that y 'y’ = &.

Suppose first that not all of the r; are equal to p. We may replace the appeals
to Lemma 5.4.2 in the proof of Theorem 5.4.1 with appeals to Lemma 6.1.2,
Lemma 6.1.3 and Proposition 6.1.7; then the count of Kisin modules remains
valid, and the argument goes through as before. (Recall that the only place that
the assumption that /\7_1/\_/ # € was used in the proof of Theorem 5.4.1 was in the
appeals to Lemma 5.4.2. In particular the construction of ymax and y/ ; carries
over to the case that y 'y = &.)

Finally, in the case that all of the r; are equal to p, the same argument applies
unless 7 has a model where all of the #; = 0. In this case, we see that the character
Xmax in the proof of Theorem 5.4.1 is unramified, while HT,, (x] . ) = p and
HT, (x/;,) = 1if j > 0.

Then every extension of ymax by an unramified twist of y/ . is automatically
crystalline. So, it suffices to show that any extension of } by Y’ lifts to an
extension of yma by a twist of /. by an unramified character with trivial
reduction. This may be proved by exactly the same argument as [GLS14,
Lem. 9.4] (c¢f. [GLS12, Prop. 5.2.9], which proves the claim in the case that
K/Q, is totally ramified). O

6.1.9 Remark. Suppose that 7 is an extension of y by ¥, and let yax, X DE the
crystalline lifts of y, ¥ constructed in the proof of Theorem 5.4.1. Recall that
there is a choice in this construction, namely ymax and x/ . are only specified up
to twist by unramified characters with trivial reduction. It follows immediately
from our arguments that this choice is immaterial, i.e. that the image of the
map H}(GK, Or(XmhXi)) = H' (G, ¥ 'x') does not depend on the particular
choice of xmax, X}, except for the case where r; = p for all i and ypax is
unramified (¢f. [BDJ10, Rem. 3.10]).
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6.2. Conclusion of the proof of the weight part of Serre’s conjecture. We
now extend the results of Section 4, using our analysis of the extension classes
of reducible lifts to complete the proof of the weight part of Serre’s conjecture.
Continue to assume that p > 2, let F be a totally real field, and let
p : Gr — GLy(IF,) be continuous, irreducible, and modular. Again, let D be
a quaternion algebra with centre F, which is split at all places dividing p and at
at most one infinite place. The main global result of this paper is the following.

6.2.1 Theorem. Assume that p > 2, that p is modular and compatible with D,
that /_3|GF<;,7> is irreducible, and if p = 5 assume further that the projective image
of PlGp,, is not isomorphic to As.

Then p is modular for D of weight o = ®,,0, if and only if o, €
werplicit gl ) for all v|p.

Proof. The result is immediate from Theorems 4.2.1 and 6.1.8. O

6.3. Dependence on the restriction to inertia We conclude the paper by
checking (when p > 3) that the local weight set We*Plicil(7) = Weris(7) depends
only on the restriction to inertia 7|;,. This statement is part of the formulation of
some versions of the weight part of Serre’s conjecture. For instance when K/Q,
is unramified, the definition of the weight set WBP!(7) in [BDJ10] is modified
in certain cases to ensure that WBP'(7) depends only on 7|;, (cf. the definition
immediately preceding [BDJ10, Rem. 3.10]). An immediate consequence of the
following result (and its proof) is that the local weight set defined in [BDJ10] is
equal to the local weight set considered in this paper (again, when p > 3).

6.3.1 Proposition. Suppose p > 3. Let 7, f":' Gk — GL2_(I_cE) be two continuous
representations with ¥y, = ¥'|j,. Then Wexplicit(7) = pyexplicit )

Proof. When K/Q,, is unramified, the corresponding statement for the weight set
WBDI(7) is proved in [BDJ10, Prop. 3.13]. The proof carries over to this context
nearly word for word, except that in the special case where 7*° ~ y @ ¥ is scalar
and the class in H'(Gx, kg) defining 7 as an extension of y by ¥ is unramified,
it is built into the definitions that WBP'(7) = WBP!(y @ ¥). (In the notation of
[BDJ10], this is the containment L, C L, in this case.) In our context, it remains
to show that WePlicit(7) = Wexplicit(y g ),

We must prove that if y @ ¥ has a pseudo-BT lift of weight {r;}, then so does
7. Let My and P, be the rank-one Kisin modules given to us by (the proof
of) Proposition 5.3.4, with corresponding parameters So, ..., sy—1 and fo, ..., ts_
as in that Proposition. In the special case where r; = p and ¢; = 0 for all i (which
is only possible when € = 1 on Gk), the proof of Theorem 6.1.8 already shows
that every extension of y by y has a pseudo-BT lift of weight {r;}, so for the rest
of the proof we assume that we are not in this case.
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Write & for the set 8¢BT(FImm,‘J_3mx Note that by construction (since
%max and DMpin have the same generic fibre y) there exists a nonzero map
‘ﬁmm — P,.... We can therefore define a nontrivial element 0t € & by taking

= 0 for all i (in the notation of Theorem 5.1.5), except that yj is taken to have
a nonzero term of degree d := sg + a/g(‘ﬁmm) ao(‘ﬁmax) Indeed we obtain a
line’s worth of such elements.

Let K, be the unramified extension of K of degree p, with residue field
k,, and suppose without loss of generality that k, embeds into kg. Define
m = k, ® M, with ¢ extended k,-semilinearly to M. It is straightforward
to check that the Kisin module 900 is split. We briefly indicate how to see
this. Write the Kisin module 90 as an extension as in Proposition 5.1.3. The
field K, has inertial degree pf. The extension parameters y; defining M are all
zero, except for terms of degree d in yj, ... ,yép_l)_ / all with the same coefficient.
Since terms of this degree are part of a loop (in the terminology of the proof of
[GLS14, Prop. 7.4]) there is a change of variables which replaces y; . with 0 for
each 0 <i < p and replaces y;, with y; + yzp hf = =py, = 0.

Let T be a lattice in a pseudo-BT representatlon of Gk of welght {r;} such
that T lGg, = Tc(‘,)ﬁ) Since T'g is faithful on &, the representatlon T is non-

split. By Lemmas 6.1.2 and 6.1.3 there is a unique (¢, G)-module sm of reducible
pseudo-BT type and weight {r;} with T(DJLT) ~T. Evidently we have ﬂG(Kp)m ~
Ts (ﬁ/). Since T|GK,, is still pseudo-BT but M is split, another application of
Lemma 6.1.3 shows that TIGKp itself must be split. (We remark that if € # 1 on
Gk, the fact that TIGKP is split can be deduced more easily from Lemma 5.4.2.)

It follows that the extension class in H'(Gg, kg) defining T as an extension of X
by ¥ lies in the kernel of the restriction map H'(Gk,kg) — H'(G,.kg), i.e. it
is unramified. Since the unramified subspace of H'(Gg, k) is a line, we have
T =~ 7, and 7 has the desired pseudo-BT lift (namely 7). O
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Appendix A. Corrigendum to [GLS14]

We take this opportunity to correct a minor but unfortunate mistake in [GLS14].
In the sentence preceding the published version of [GLS14, Thm. 4.22], we write
that when we regard 9 as a ¢(S)-submodule of 1*, we are regarding 9, as
a submodule of 97;. As noted in Section 2.3 of the present paper, this should be
9,1 rather than M1, ;. Although the main results of [GLS14] about the weight
part of Serre’s conjecture are unaffected, the statement of [GLS14, Thm. 4.22]
and many of the ensuing Kisin module and (¢, G)-module formulas in [GLS14,
§§6-8], have some indices that are off by one. (This issue does not affect the
structure or content of any of the arguments in the paper, only the statements.)

For instance, where we write in [GLS14, Thm. 4.22] that

QO(E],S, cees ed,s) = (el,s+l seees ed,s+l)XsAsYs

we should instead have

‘p(el,s—lv ey ed,s—l) = (el,s‘s ceey ed,s)XsAsYS7

and the other corrections are all of a similar nature. Corrected versions of the
paper are available on our websites and on the arXiv. (Alternately, many of the
calculations in [GLS14, §§6-8] are generalised by results in Sections 3, 5, and 6
of the present paper.)

References

[BDJ10] Kevin Buzzard, Fred Diamond, and Frazer Jarvis, On Serre’s conjecture for mod
| Galois representations over totally real fields, Duke Math. J. 155 (2010), no. 1,
105-161.
[BLGG13] Thomas Barnet-Lamb, Toby Gee, and David Geraghty, Serre weights for rank two
unitary groups, Math. Ann. 356 (2013), no. 4, 1551-1598.
[BLGGT14] Thomas Barnet-Lamb, Toby Gee, David Geraghty, and Richard Taylor, Potential
automorphy and change of weight, Ann. of Math. (2) 179 (2014), no. 2, 501-609.
[BMO2] Christophe Breuil and Ariane Mézard, Multiplicités modulaires et représentations
de GLy(Z,) et de Gal(@p/Qp) en |l = p, Duke Math. J. 115 (2002), no. 2, 205-310,
With an appendix by Guy Henniart.
[BM12] Christophe Breuil and Ariane Mézard, Mulitplicités modulaires raffinées, Bull.
Soc. Math. de France 142 (2012), 127-175.
[BP12]  Christophe Breuil and Vytautas PaSkunas, Towards a modulo p Langlands corre-
spondence for GL,, Mem. Amer. Math. Soc. 216 (2012), no. 1016, vi+114.
[Bre97] Christophe Breuil, Représentations p-adiques semi-stables et transversalité de
Griffiths, Math. Ann. 307 (1997), no. 2, 191-224.
, Sur un probleme de compatibilité local-global modulo p pour GL,, J.
Reine Angew. Math. 92 (2014), 1-76.
[Conl1] Brian Conrad, Lifting global representations with local properties, preprint, 2011.
[CV92] Robert F. Coleman and José Felipe Voloch, Companion forms and Kodaira-
Spencer theory, Invent. Math. 110 (1992), no. 2, 263-281.

[Brel4]




[DS]
[Edi92]
[EGS]
[Fon94]
[Gee06]
[Geella]
[Geel1b]
[GK]
[GLS12]
[GLS14]
[Gro90]
[GS11]

[Kis06]

[Kis09]
[Liu08]
[New14]
[NY14]
[Sav05]
[SchO08]

[Ser87]

T. Gee, T. Liu, and D. Savitt 50

Fred Diamond and David Savitt, Serre weights for locally reducible two-
dimensional Galois representations, to appear, J. Inst. Math. Jussieu.

Bas Edixhoven, The weight in Serre’s conjectures on modular forms, Invent. Math.
109 (1992), no. 3, 563-594.

Matthew Emerton, Toby Gee, and David Savitt, Lattices in the cohomology of
Shimura curves, to appear, Invent. math.

Jean-Marc Fontaine, Representations p-adiques semi-stables, Astérisque 223
(1994), 113-184.

Toby Gee, A modularity lifting theorem for weight two Hilbert modular forms,
Math. Res. Lett. 13 (2006), no. 5-6, 805-811.

, Automorphic lifts of prescribed types, Math. Ann. 350 (2011), no. 1,
107-144.

, On the weights of mod p Hilbert modular forms, Inventiones Mathemat-
icae 184 (2011), 146, 10.1007/s00222-010-0284-5.

Toby Gee and Mark Kisin, The Breuil-Mézard conjecture for potentially Barsotti-
Tate representations, to appear, Forum of Mathematics, Pi.

Toby Gee, Tong Liu, and David Savitt, Crystalline extensions and the weight part
of Serre’s conjecture, Algebra Number Theory 6 (2012), no. 7, 1537-1559.

, The Buzzard-Diamond-Jarvis conjecture for unitary groups, J. Amer.
Math. Soc. 27 (2014), no. 2, 389-435.

Benedict H. Gross, A tameness criterion for Galois representations associated to
modular forms (mod p), Duke Math. J. 61 (1990), no. 2, 445-517.

Toby Gee and David Savitt, Serre weights for mod p Hilbert modular forms: the
totally ramified case, J. Reine Angew. Math. 660 (2011), 1-26.

Mark Kisin, Crystalline representations and F-crystals, Algebraic geometry and
number theory, Progr. Math., vol. 253, Birkhduser Boston, Boston, MA, 2006,
pp. 459-496.

, Moduli of finite flat group schemes, and modularity, Ann. of Math. (2)
170 (2009), no. 3, 1085-1180.

Tong Liu, On lattices in semi-stable representations: a proof of a conjecture of
Breuil, Compos. Math. 144 (2008), no. 1, 61-88.

James Newton, Serre weights and Shimura curves, Proc. Lond. Math. Soc. (3) 108
(2014), no. 6, 1471-1500.

James Newton and Teruyoshi Yoshida, Shimura curves, the Drinfeld curve and
Serre weights, preprint, 2014.

David Savitt, On a conjecture of Conrad, Diamond, and Taylor, Duke Math. J.
128 (2005), no. 1, 141-197.

Michael M. Schein, Weights in Serre’s conjecture for Hilbert modular forms: the
ramified case, Israel J. Math. 166 (2008), 369-391.

Jean-Pierre Serre, Sur les représentations modulaires de degré 2 de Gal(@/@),
Duke Math. J. 54 (1987), no. 1, 179-230.




