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Abstract. Let p ≥ 5 be a prime. We construct a fully faithful functor from
the derived category of all smooth p-adic representations of GL2(Qp) (with
a fixed central character) to a derived category of Ind-coherent sheaves on a
stack of (φ,Γ)-modules.
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1. Introduction

1.1. Overview of our results. We fix a prime p ≥ 5. Our goal in this paper is to
generalise the p-adic local Langlands correspondence for GL2(Qp). The existing form
of the correspondence (as initiated by Breuil, established in full generality by Colmez,
and then promoted to an equivalence of categories by Paškūnas) relates locally
admissible representations of GL2(Qp) to finitely generated modules over various
kinds of deformation rings for two-dimensional mod p representations of the absolute
Galois group Gal(Qp/Qp). Motivated by the “categorical” Langlands program,
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our generalisation relates arbitrary (p-power torsion) smooth representations to
complexes of (Ind-) coherent sheaves on a moduli stack of (φ,Γ)-modules.

Our results were announced in the survey [EGH25], and we refer the reader to that
paper for an extensive introduction and motivation; here, we content ourselves with
emphasizing that the category of smooth representations is significantly larger than
that of locally admissible representations: for example, it contains the compactly
supported inductions of finite-dimensional representations of any open and compact
(modulo centre) subgroup of GL2(Qp), and these are never locally admissible.

To state our results more precisely, we introduce some notation. Let O denote
the ring of integers in a finite extension E of Qp, let F be the residue field of O, and
let A denote the category of smooth representations of G := GL2(Qp) on O-modules
on which p acts locally nilpotently, and which have a central character equal to some
fixed character ζ : Q×

p → O×. Let Db
fp(A) denote the full sub-∞-category of the

bounded derived category Db(A) of A consisting of objects with finitely presented
cohomology.

Let X be the formal algebraic stack over Spf O which parameterizes rank 2
projective étale (φ,Γ)-modules with fixed determinant ζε−1, where ε denotes the p-
adic cyclotomic character. Finally, let Db

coh(X ) denote the bounded derived category
of Ind-coherent sheaves on X with coherent cohomologies. (We refer to Section B.2
for a precise definition of Db

coh(X ).)
Our main theorem is then the following.

Theorem 1.1.1 (Definition 5.1.33 and Theorem 5.5.1). There exists an O-linear
fully faithful exact functor F : Db

fp(A) ↪→ Db
coh(X ).

Using our assumption that p ≥ 5, we show that the unbounded derived category
is compactly generated by Db

fp(A), so for formal reasons, any functor F as in the
statement of Theorem 1.1.1 extends to a continuous (i.e. colimit-preserving) fully
faithful functor

F : D(A)→ IndDb
coh(X ).

Thus Theorem 1.1.1 in fact gives a correspondence that takes account of all smooth
representations (and not just the finitely presented ones).

Remark 1.1.2. Although Theorem 1.1.1 is only phrased as an existence result,
the functor F that we construct in this paper enjoys several additional properties.
For example, Proposition 5.3.23 proves that F has amplitude [−1, 0], and Propo-
sition 5.3.20 describes some properties of the image under F of a natural set of
compact generators of D(A) (the compact inductions of Serre weights). These
results are in line with the general expectations described in [EGH25, Section 6].

The functor F is not an equivalence, and a sketch of the computation of its
essential image is given in [EGH25, Section 7.5.5]. We intend for the full details of
this computation to appear elsewhere.

1.1.3. Constructing the functor. We now describe our construction of the functor F.
We let OJGKζ denote the quotient of the completed group ring OJGK on which the
centre acts via ζ. Then general principles [EGH25, Rem. 6.1.23] suggest that F
must be of the form

(1.1.4) F(π) = L∞ ⊗LOJGKζ π,
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for a pro-coherent sheaf L∞ of right OJGKζ-modules on X . The first step in proving
our theorem is to directly construct a suitable pro-coherent sheaf L∞, and then use
the formula (1.1.4) to define the functor F.

Defined in this way, F a priori takes values in ProDb
coh(X ), and so one of our

problems is to show that F actually takes values in Db
coh(X ). We then furthermore

have to show that F is fully faithful. Two key techniques used in the solution of these
problems are those of localization and completion, both in the geometric sense of
localizing or completing at points of X , and in a more categorical sense, in which we
pass from A to various of its quotient categories, or to blocks of its full subcategory
Al.adm of locally admissible representations.

1.1.5. Constructing the kernel. Our construction of L∞ uses Colmez’s constructions
from [Col10c], extended to the context of (φ,Γ)-modules with coefficients in an
arbitrary Noetherian O/ϖa-algebra A. This extension is not formal, and it is the
subject of Section 4, which includes a systematic study of the base change properties
of Colmez’s functor D 7→ D♮ ⊠P1.

We then construct L∞ by descent in Section 5.1. To be precise, if Spf A→ X is a
smooth chart, where A is an I-adically complete Noetherian O-algebra, then we may
form the corresponding pro-system of étale (φ,Γ)-modules DA/In . Via our extension
of Colmez’s constructions, we obtain a pro-system D♮

A/In ⊠P1 of OJGK-modules
on Spf A which admits descent data from Spf A to X . Descending it (and twisting
it appropriately), we obtain a pro-coherent sheaf of right OJGKζ-modules L∞ on X .

1.1.6. Localization. The localization theory of [DEG23] can be briefly summarized
as follows. In [Paš13], Paškūnas shows that the blocks of Al.adm are in bijection
with Gal(F/F)-conjugacy classes of 2-dimensional continuous F-valued pseudorep-
resentations θ of GQp

having determinant ζε−1, and we typically denote the block
of Al.adm corresponding to such a closed point by Aθ. In [DEG23] we explain that
these θ are parameterized by (the closed points of) a scheme X which is a chain of
projective lines over F, and we show that the category A localizes in a natural way
to a sheaf of abelian categories over X. Indeed, if Y is a closed subset of |X|, with
open complement U , then in [DEG23] we define a certain localizing subcategory
AY of A associated to Y , and set AU := A/AY . In the case when Y is finite, AY
consists, by construction, of locally admissible representations. In particular, when
Y = {θ} is a single closed point, then (again by construction) AY is the block Aθ.

By design, the process of passing to AU is related to localization of sheaves on X ,
because the closed points of |X | are also in bijection with the (Galois conjugacy
classes of) residual pseudorepresentations θ, and the resulting bijection between
the closed points of |X | and |X| extends to a continuous morphism πss : |X | → |X|,
characterized by the following condition: for each pseudorepresentation θ, regarded
as a closed point of |X|, the completion Xθ of X along its closed subset π−1

ss (θ)
is the moduli stack of two-dimensional continuous Galois representations having
determinant ζε−1 whose underlying pseudorepresentations deform θ. (The stack Xθ
is an example of the moduli stacks of Galois representations constructed and studied
by Wang-Erickson in [Wan18].)

1.1.7. Establishing properties of F. As already remarked, having defined L∞, we
are able to define a functor

F := L∞⊗LOJGKζ : D
b
fp(A)→ ProDb

coh(X ).
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We then prove the following theorem, which collects a number of results from
Section 5 of this paper.

Theorem 1.1.8.
(1) (Prop. 5.3.23.) The functor F factors through the full subcategory Db

coh(X )
of ProDb

coh(X ), and so may be regarded as a functor

F : D
b
fp(A)→ Db

coh(X ).

(2) (Prop. 5.3.25.) For any closed subset Y of X, with open complement U , let
XY denote the completion of X along π−1

ss (Y ), and let U := π−1
ss (U). Then

the functor F induces a commutative diagram defining functors FY and FU

(1.1.9)

0 Db
fp(AY ) Db

fp(A) Db
fp(AU ) 0

0 Db
coh(XY ) Db

coh(X ) Db
coh(U) 0.

FY F FU

(3) (Cor. 5.2.30.) For any finite set of closed points Y ⊂ X, the functor FY is
fully faithful.

(4) (Thm. 5.4.25.) There is a dense open subset U ⊂ X such that the functor
FU is fully faithful.

We deduce Theorem 1.1.1 from Theorem 1.1.8. More precisely, part (1) of
the latter theorem is precisely the statement that F takes values in Db

coh(X );
while the full faithfulness of F follows by combining the full faithfulness results of
parts (3) and (4) of Theorem 1.1.8 with general category-theoretic arguments. These
arguments are developed in Appendix A.5; see especially Proposition A.5.3, which
provides a criterion for full faithfulness of a functor that preserves a recollement-like
decomposition of its source and target categories. Part (2) of Theorem 1.1.8 shows
that F falls within the scope of Proposition A.5.3, and requires the completion theory
of [DEG23] in its proof; in fact, we proceed by giving an independent definition of
the functor FY as a completion of F, and then proving that (1.1.9) commutes.

The proof of part (3) of Theorem 1.1.8 immediately reduces to the case in which
Y = {θ} is a singleton, in which case XY coincides with Xθ, and we write Fθ for FY .
As explained in the next paragraph, the full faithfulness of Fθ is a consequence
of the results of [JNW24]. This case of part (3) is then an input for the proof of
part (4), which also requires an explicit quotient presentation of the underlying
reduced Ured of the stack U , which we construct (for this specific choice of U) in
Section 3.7.

1.1.10. Relationship with other works. For a closed point θ ∈ X, the functor Fθ
discussed above turns out to be very closely related to one of the functors constructed
by Johansson–Newton–Wang-Erickson in [JNW24]. Indeed, the only (relatively
minor) difference between our functor Fθ and the corresponding functor of [JNW24]
is that while our functor takes values in Db

coh(Xθ), where Xθ is the moduli stack
of Galois representations introduced above, theirs takes values in Db

coh(Xθ), for a
certain canonical algebraization Xθ of Xθ; and our functor is then obtained as a
completion of theirs. Given this fact, Theorem 1.1.8 (4) is essentially a restatement
of the full faithfulness results of [JNW24].



6 A. DOTTO, M. EMERTON, AND T. GEE

However, establishing this relationship between Fθ and the corresponding functor
of [JNW24] is non-trivial, since Fθ is defined in terms of Colmez’s D♮⊠P1 construc-
tion, while the functors of [JNW24] are defined by certain explicit kernels, using
Morita-theoretic descriptions of the various blocks Aθ due to Paškūnas [Paš13].
The relationship between the two is given by Proposition 5.2.18, which in partic-
ular provides a conceptual explanation for the particular choice of kernels made
in [JNW24].

More generally, we make full use of previously known results on the p-adic local
Langlands correspondence for GL2(Qp), including those of [Col10c; Paš13; PT21;
Paš15; JNW24; Kis09; HT15; San16]. We will often need to restate, or slightly
extend, these results to fit our framework, and we claim no real novelty in doing so.

1.1.11. Sheaf- and category-theoretic techniques. As this introduction already in-
dicates, we rely on Pro- and Ind-categorical techniques to deal with completions,
and to pass from the coherent/finitely presented setting to the setting of sheaves
and modules not satisfying any finiteness conditions. It seems likely that some, and
perhaps all, of the resulting technicalities could be ameliorated by using the solid
formalism of Clausen and Scholze; but for various reasons, including a lack of facility
in those techniques on our part, we have decided to adopt the more traditional
Ind/Pro perspective.

Our arguments also rely heavily on the theory of ∞-categories; in particular,
derived categories are, for us, always understood in the stable ∞-categorical sense.
The most substantial reason we require these techniques is that we prove our results
via gluing arguments, and the traditional framework of triangulated categories is
inadequate for making such arguments. We note, though, that we take advantage
of this formalism at many other points of our arguments as well; in particular, we
frequently exploit the flexibility it allows with regard to constructing and canonically
characterizing derived functors.

While these techniques (Ind/Pro-categories and ∞-categories) are standard tools
for experts in the categorical and geometric aspects of the Langlands program, they
may be less familiar to readers who (like ourselves) are approaching the paper from
the perspective of the traditional theory of the p-adic local Langlands correspondence.
To this end, and in order to have a uniform phrasing of several results from the
literature, we have included two appendices — Appendix A and Appendix B —
which provide background on category-theory (especially ∞-category theory) and
on coherent sheaf-theory on formal algebraic stacks.

1.1.12. A guide to the paper. Section 2 collects various background results from
Galois representation theory, smooth representation theory of GL2(Qp) in character-
istic p, and the existing theory of the local p-adic Langlands correspondence for this
group. We provide several complementary results, usually of a categorical nature,
to use later in the paper. We then describe the localization theory of [DEG23]
and generalize it to derived categories, and, using results of Heyer [Hey23; Hey24],
we prove some finiteness results for Ext-groups between certain non-admissible
representations.

Section 3 describes the Galois-theoretic side of our correspondence, building on
the results in Appendix C, and on several previous works in the literature, including
especially [EG23; Wan18; JNW24]. We then specialize the discussion of coherent,
Ind-coherent, and Pro-coherent sheaves of Appendix B to the present context of
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moduli stacks of (φ,Γ)-modules, and carry out several explicit computations. We
conclude by building a connection between these objects and the localization theory
of [DEG23].

Section 4 contains our generalization of a significant part of Colmez’s work [Col10c],
to coefficients in arbitrary Noetherian O/ϖa-algebras. We begin by proving some
technical statements in Drinfeld’s theory of Tate modules, which is the natural
context for this generalization. We then work towards one of our main results,
which is Theorem 4.8.8 on the GL2(Qp)-stability of D♮ ⊠P1, and develop, along
the way, analogues of Colmez’s functors D+, D++, Dnr, D♯, D♮, and D ⊠ −. We
make significant use of novel base change results, which will also be important in
Section 5 to construct L∞; these results can be specialized to the classical context
of coefficients in a complete Noetherian local O-algebra, and yield new results even
in that context (see Theorem 4.10.21).

Section 5 contains our construction of the functor F, and the proof of The-
orems 1.1.1 and 1.1.8. We begin by constructing a version of D♮ ⊠ P1 for the
universal object on the stack X , which (as already explained) is done by descent,
as an application of the results of Section 4; the pro-coherent sheaf L∞ is then
obtained as an appropriate twist of this universal version of D♮⊠P1. We next make
a detailed study of L∞, starting from its (completed) pullbacks to the stacks Xθ of
Galois representations, and of the functor F := L∞ ⊗OJGKζ −. Sections 5.3 and 5.4
establish the properties of F that are required to apply our full faithfulness criterion
(Proposition A.5.3), which we do in Section 5.5, where we conclude the proof of our
main result.

Appendix A assembles some background from 1-category and ∞-category theory,
with a significant focus on Ind- and Pro-completions of categories, which are the
context of our main full faithfulness criterion in Section A.5. One complication arises
from the interaction between Pro-completions and the formation of left derived
functors, which we study systematically in Sections A.8 and A.9. As already
mentioned, much of this material is standard; but we have found it helpful to collect
it here, to give a uniform phrasing to several results from the literature, and to have
a uniform foundation for the less standard material in this appendix.

Appendix B develops the theory of coherent sheaves on formal algebraic stacks,
both at the abelian and derived level, including various functorial operations on
these objects, and recasting some of the coherent completeness results of [AHR23]
and [AHL23] in our framework. Finally, Appendix C provides some complements to
the results of [EG23] and [Wan18].

1.1.13. A comparison with the proof outlined in [EGH25]. The results of this paper
were announced in [EGH25, Section 7], which also gave a sketch of the proofs,
emphasizing the analogy between the results of [DEG23, Section 3.8], and Beauville–
Laszlo gluing of sheaves on X . This was presented as an important step in the
proof. Furthermore, we indicated a proof of part (4) of Theorem 1.1.8 via an explicit
Morita-theoretic argument.

However, in the course of writing this paper, we found a more efficient way of
formulating these gluing results, avoiding explicit Beauville–Laszlo-type gluing, and
proceeding instead via the notion of a recollement of ∞-categories. This resulted in
the current proof of the full faithfulness of F, as well as a simplification of the proof of
the Beauville–Laszlo-type results of [DEG23] (which has been incorporated into that
paper). Furthermore, we found a more efficient proof of part (4) of Theorem 1.1.8,
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which avoids the explicit constructions and computations required in the Morita-
theoretic approach, and instead uses the same results related to completions that
are used to prove the full faithfulness of the functors FY for finite closed subsets Y
of X.

In conclusion, although the overall structure of the argument sketched in [EGH25]
has been preserved, and none of the statements of loc. cit. need to be corrected,
several of the details of our arguments are different from those sketched there.

1.2. Acknowledgements. We would like to thank Bhargav Bhatt, George Boxer,
Ana Caraiani, Pierre Colmez, Laurent Fargues, Michael Harris, Eugen Hellmann,
Christian Johansson, Bao Le Hung, Brandon Levin, Jacob Lurie, Akhil Mathew,
James Newton, Vytautas Paškūnas, David Savitt, Peter Scholze, and Carl Wang-
Erickson for helpful correspondence and conversations. We are particularly grateful
to Christian Johansson, James Newton, and Carl Wang-Erickson for sharing with
us preliminary versions of the results of their paper [JNW24]. We would also like to
thank Vytautas Paškūnas for comments on an earlier version of this paper.

1.3. Notation and conventions. We fix throughout the paper a prime p ≥ 5. Fix
an algebraic closure Qp of Qp. If K ⊂ Qp is a finite extension of Qp, we write GK for
the absolute Galois group Gal(Qp/K). Write IK for the inertia subgroup of GK . We
normalise local class field theory so that a uniformizer corresponds to a geometric
Frobenius element. Our convention for Hodge–Tate weights is that the p-adic
cyclotomic character ε : GQp

→ Q×
p has Hodge–Tate weight −1.

Let O denote the ring of integers in a fixed finite extension E of Qp, let ϖ be a
fixed uniformizer of O, and let F = O/ϖ be the residue field of O. Fix an algebraic
closure Fp of F. Unless otherwise stated, all representations considered in this
paper will be on O-modules. We fix a continuous character ζ : Q×

p → O×, which
we also regard as a character of GQp via local class field theory. Throughout the
paper we will work with representations of GL2(Qp) of central character ζ, and
representations of GQp

with determinant ζε−1. We say that we are in the even
(resp. odd) case if ζ is an even (resp. odd) character.

We write G = GL2(Qp), K = GL2(Zp), and Z = Q×
p for the centre of G.

The diagonal torus in G is denoted by T , and we write B, resp. B for the upper-
triangular, resp. lower-triangular Borel subgroup containing T , with unipotent
radicals U and U . The maximal compact subgroup of T is denoted by T0. The
nth congruence subgroup of K is denoted Kn := 1 + pnM2(Zp), for n ≥ 1. The
upper-triangular Iwahori subgroup of K is denoted Iw, and we write Iw1 for its
pro-p Sylow subgroup and Z1 = Iw1 ∩ Z = K1 ∩ Z for the maximal pro-p subgroup
of Z. Since p ≥ 3, there are isomorphisms

(1.3.1) Iw1
∼−→ Z1 × (Iw1/Z1) and K1

∼−→ Z1 × (K1/Z1),

given by the determinant and the projection to the quotient. Since p ≥ 5, the
groups Iw1 and K1 are torsion-free, and so the same is true for their direct fac-
tors Iw1/Z1 and K1/Z1.

If Z ⊂ H ⊂ G is a subgroup, we will write O[H]ζ for the quotient of the group
algebra O[H] by the two-sided ideal generated by {z − ζ(z) : z ∈ Z}.

Stacks. Our conventions on algebraic stacks and formal algebraic stacks are those
of [Stacks] and [Eme]. The reader who is unfamiliar with this material may wish to
refer to the overview of [Eme] in [EG23, App. A]. If A is a topological ring of the
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kind for which Spf A is defined (see [Stacks, Tag 0AIC] for an extensive discussion
of this; we won’t need any examples beyond I-adically complete Noetherian rings)
and C is a stack then we write C(A) for C(Spf A); if A has the discrete topology,
then this is equal to C(SpecA).

Module categories. We will consider several categories of modules over noncom-
mutative rings R. Unless stated otherwise, we will work with left modules. We
write Mod(R) for the category of left R-modules and R-linear maps, Modf.l.(R)

for the full subcategory of modules of finite length, and Modfp(R) for the full
subcategory of finitely presented modules, which coincides with the full subcategory
of compact objects of Mod(R). We will introduce several variants in the course of
the text, such as the category of profinite modules over a profinite topological ring,
see Section A.1.30. Recall that the Jacobson radical of R, denoted rad(R), is the
intersection of all maximal left ideals of R. It coincides with the intersection of all
maximal right ideals, respectively two-sided ideals, of R. Unless stated otherwise,
we write “Noetherian” as a shorthand for “left and right Noetherian”.

Category theory and homological algebra. We employ the language of ∞-categories
throughout the paper, and stable ∞-categories are the basic setting in which we
undertake our homological algebra. We also liberally employ the language of Ind and
Pro completion. Appendix A summarizes much of the material we use. Of course,
most of what we use can be found (often in more general form) in [Lur09], [Lur17],
and [Lur18]. On several occasions we cite [KS06], which provides an extensive
survey of many topics in homological algebra and category theory (in the traditional
language of derived categories). One caution we make is that its theory of Ind and
Pro categories is developed in the context of large categories, rather than in context
of small categories that we work with here.

We will be applying several of the constructions developed in [DEG23]. That
paper has a more abelian categorical flavour, and we wish to translate its results
into the derived context of this paper. The formation of left derived functors often
involves passing to Pro-categories, but for the applications we have in mind, we do
not wish to work in the derived category of the Pro-category, but rather in the Pro
category of the derived category. An explanation of how to arrange this is given in
§ A.8.

2. Background

In this section we gather together a range of results related to Galois represen-
tations as well as to smooth representations which we will require later on in the
paper.

2.1. Galois representations. We introduce various notation and concepts related
to two-dimensional representations and pseudorepresentations of GQp

.

2.1.1. Mod p Galois representations, Serre weights, and the weight part of Serre’s
conjecture. We write ω = ε : GQp → F×

p for the mod p cyclotomic character. We
sometimes regard ω as a character of Q×

p via local class field theory (which, as noted
above, is normalised so as to take a uniformizer to a geometric Frobenius element).
Concretely, then, ω is the reduction mod p of the character x|x| (i.e. trivial on p,
and the reduction map to F×

p on Z×
p ).

https://stacks.math.columbia.edu/tag/0AIC
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For any x ∈ F
×
p , we let

nrx : GQp
→ F

×
p

be the unramified character taking a geometric Frobenius element Frobp to x. Thus
every characterGQp → F

×
p is of the form nrxω

i for some uniquely determined x ∈ F
×
p

and 0 ≤ i < p− 1.

Definition 2.1.2. We say that an unordered pair of characters χ1, χ2 : GQp
→

F
×
p is generic if χ1χ

−1
2 ≠ 1, ω±1. Note that by Tate local duality, this implies

that H0(GQp
, χ1χ

−1
2 ) and H2(GQp

, χ1χ
−1
2 ) both vanish, and Tate’s local Euler

characteristic formula then shows that H1(GQp , χ1χ
−1
2 ) is a one-dimensional Fp-

vector space.

We work throughout with the ring of integers O in the finite extension E of Qp

as our base ring, and so its residue field F plays a special notational role. We often
consider representations defined over F, or Gal(Fp/F)-orbits of representations
defined over Fp. However, all the results we discuss are insensitive to base-change
from O to O′ (an extension of rings of integers arising from an inclusion E ⊆ E′ of
finite extensions of Qp), and so we are always free to enlarge F as necessary. Thus,
although we have (of course) tried to be correct in our treatment of questions of
fields of definition, we encourage the reader to not pay too much attention to this
purely technical issue.

This being said, let F′ now denote the unique quadratic extension of F, and
write ω2 : IQp → (F′)× for a choice of fundamental character of niveau 2; writing Qp2

for the quadratic unramified extension of Qp, we can extend ω2 to a character
GQp2

→ (F′)× in such a way that ωp+1
2 = ω|GQ

p2
. Then the 2-dimensional

absolutely irreducible representations GQp
→ GL2(F) are precisely those of the

form nrx⊗ Ind
GQp

GQ
p2
ωk2 for some k ∈ Z/(p2−1)Z with (p+1) ∤ k and some x ∈ (F′)×

with x2 ∈ F×.1 In this case x is uniquely determined up to multiplication by −1,
and k is uniquely determined up to multiplication by p.

Definition 2.1.3. A Serre weight is an irreducible representation σa,b := det a ⊗
SymbF2

p of GL2(Fp), where 0 ≤ a < p − 1 and 0 ≤ b ≤ p − 1. It is sometimes
convenient to view a as an element of Z/(p− 1)Z, and we will do so without further
comment. We say that σa,b is Steinberg if b = p− 1, and non-Steinberg otherwise.

We now explain what it means to say that “σ is a Serre weight for ρ”. We do not
attempt to motivate this description, which goes back to [Ser87], but we remark
that one possible motivation is given by Theorem 3.2.4 (5).

Definition 2.1.4.
(1) If ρ = nrx ⊗ Ind

GQp

GQ
p2
ωk2 is irreducible, then σa,b is a Serre weight for ρ if

and only if k ≡ (p + 1)a + b − p (mod p2 − 1) or k ≡ (p + 1)a + pb − 1
(mod p2 − 1).

1Although this expression involves objects only defined over F′, the representation itself is
defined over F. Since, as already noted, we allow ourselves to enlarge F as convenient, questions of
precise fields of definition are of little consequence to us in any case.
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(2) If b ≠ 0, then σa,b is a Serre weight for a reducible representation ρ if and
only if

(2.1.5) ρ ∼=
(
nrxω

a+b ∗
0 nryω

a−1

)
for some x, y ∈ F×.

(3) If b = 0, then σa,0 is a Serre weight for a reducible representation ρ if and
only if ρ can be written as an extension as in (2.1.5), and if ρ is furthermore
finite flat. If x ̸= y then this further condition actually holds automatically,
while if x = y it is equivalent to requiring that the extension be peu ramifiée
(which by definition amounts to asking that the corresponding Kummer
class is given by an integral unit).

We now note a compatibility between central characters and determinants.

Definition 2.1.6. A Serre weight σa,b is compatible with ζ, or ζ-compatible, if
ω2a+b = ζ|IQp

.

It is immediate from the definitions above that if det ρ = ζω−1, and σ is a Serre
weight for ρ, then σ is compatible with ζ. Accordingly, we assume throughout the
paper that all Serre weights σ that we consider are compatible with ζ. We will
also sometimes think of a ζ-compatible Serre weight as being an O[KZ]ζ-module,
letting K act through its quotient K/K1 = GL2(Fp) and letting Z act via ζ.

Remark 2.1.7. Via local class field theory, we can view the condition of Defini-
tion 2.1.6 as saying that ζ (restricted to F×

p ) agrees with the central character of σ.
In particular, b is even (resp. odd) if and only if ζ is even (resp. odd); furthermore,
for each choice of b of the appropriate parity, there are two corresponding choices
of a for which σa,b is a compatible Serre weight.

The following definition will be used throughout the paper. Again, we do not
attempt to motivate this here, but we remark that it goes back to [Gro90], and we
point to Corollary 3.7.4 as one possible motivation.

Definition 2.1.8.

(1) The companion of a Serre weight σ = σa,b with 0 ≤ b ≤ p− 3 is the Serre
weight σco := σa+b+1,p−3−b. A Serre weight of the form σa,p−2 is defined
to be its own companion. (We do not define a companion for a Steinberg
Serre weight.) We refer to the unordered pair of σ, σco as a companion pair.
We say that the unordered pair σ, σco is of type (scalar) if it is of the form
σa,p−2, of type (St) if it is of the form σa,0, σa+1,p−3, and otherwise we say
that it is of type (gen).

(2) Let {σ, σco} be a companion pair of Serre weights, and write σ = σa,b. We
write Θ(σ|σco) for the cuspidal E[GL2(Fp)]-representation denoted Θ(χ)

in [CDT99, §3], where χ : F×
p2 → O

× lifts x 7→ x(b+2)+(a−1)(p+1). Note
that by [CDT99, Lem. 3.1.1(4)], the Jordan–Hölder factors of Θ(χ)⊗O F
are {σ, σco}. If σ is ζ-compatible, we will often regard Θ(σ|σco) as an
E[KZ]ζ-module, by letting Z act via ζ, and K via its quotient K/K1 =
GL2(Fp).
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2.1.9. Pseudorepresentations. We will make use of the notion of a pseudorepresen-
tation of GQp on an O-algebra A. We will assume throughout, without further
comment, that all our pseudorepresentations are 2-dimensional and have deter-
minant ζε−1. Since p > 2, a 2-dimensional pseudorepresentation is equivalent to
the data of a 2-dimensional determinant in the sense of [Che14, Defn. 1.5], so
such a pseudorepresentation is equivalent (see [Che14, Lem. 1.9, Prop. 1.29]) to a
continuous function θ : GQp

→ A satisfying
• θ(1) = 2.
• θ(gh) = θ(hg).
• (ζε−1)(g)θ(g−1h)− θ(g)θ(h) + θ(gh) = 0.

Given a continuous representation ρ : GQp → GL2(A), the function tr ρ : GQp →
A is a pseudorepresentation in this sense. If A is a finite field, or an algebraically
closed field, then any pseudorepresentation comes from a representation, by [Wan18,
Corollary 2.9]. So we can and do identify F-valued pseudorepresentations with
semisimple representations with coefficients in F.

Definition 2.1.10. We classify the 2-dimensional Fp-valued pseudorepresentations
θ : GQp → Fp into five “types” as follows; we explain the labels in Remark 2.4.9.

(ssg) θ : GQp
→ Fp is the trace of an absolutely irreducible two-dimensional

F-representation.
(gen) θ = χ + ζω−1χ−1 for some character χ : GQp → F× such that the pair

{χ, ζω−1χ−1} is generic in the sense of Definition 2.1.2.
(scalar) θ = χ+ χ for some character χ : GQp → F× such that χ2 = ζω−1. These

only exist if ζ is odd and ζ(p) is a square.
(St) θ = χ+ χω−1 for some character χ : GQp → F× such that χ2 = ζ. These

only exist if ζ is even and ζ(p) is a square.
(gen+) θ = χ+ ζω−1χ−1 for some character χ : GQp → F

×
p not defined over F.

Remark 2.1.11. The reason for the choice of terminology in Definition 2.1.8 is that
the semisimple Galois representations of type (scalar) (resp. of type (St)) have Serre
weights of the form σa,p−2 (respectively of the form σa,0, σa+1,p−3, σa,p−1).

Given any Fp-valued pseudorepresentation θ we write Fθ for the (finite) subfield
of Fp generated by F and the values of θ. It only depends on the Gal(Fp/F)-
conjugacy class of θ. We write (Rps

θ
, θuniv) for the universal deformation of θ to

complete Noetherian local O ⊗W (F) W (Fθ)-algebras, where by a deformation of θ
to a complete local Noetherian O-algebra A with residue field Fθ, we mean a
2-dimensional pseudorepresentation θ : GQp

→ A, with determinant ζε−1, such that

the compositionGQp

θ−→ A→ Fθ equals θ; the universal deformation exists by [Che14,
Prop. 3.3]. We sometimes refer to Rps

θ
as the (universal) pseudodeformation ring

for θ.

Remark 2.1.12. We will sometimes say that a pseudorepresentation θ is F-rational
if Fθ = F. The first four items of Definition 2.1.10 are all F-rational, and clas-
sify pseudorepresentations attached to semisimple representations GQp

→ GL2(F)
all of whose irreducible summands are absolutely irreducible. The F-rational
pseudorepresentations of type (gen+) correspond to irreducible representations
ρ : GQp

→ GL2(F) that are not absolutely irreducible. These are precisely the
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twists of unramified representations such that the characteristic polynomial of
Frobenius is irreducible quadratic.

Definition 2.1.13. We write (R̃θ, θ
univ) for the Cayley–Hamilton Rps-algebra

associated to θuniv, with anti-involution †. Explicitly, R̃θ is the quotient Rps

θ
JGQp

K/J ,
where Rps

θ
JGQp

K denotes the completed group ring, and J is the closure of the 2-sided
ideal in Rps

θ
JGQpK generated by the elements

g2 − θuniv(g)g + (ζε−1)(g)

for all g ∈ GQp .

Note that the identity

(2.1.14) θuniv(g) = g + (ζε−1)(g)g−1 ∈ R̃θ
for g ∈ GQp

shows that the natural map

(2.1.15) OJGQpK→ R̃θ

is surjective, and uniquely determines the embedding Rps

θ
↪→ R̃θ. The anti-involution

† : g 7→ (ζε−1)(g)g−1 preserves the ideal J and descends to an Rps

θ
-linear anti-

involution of R̃θ.
Note that for any two pseudorepresentations in the Gal(Fp/F)-conjugacy class

of θ, the corresponding universal pseudodeformation rings and Cayley–Hamilton
algebras are canonically identified (using the Galois action on coefficients).

We will need the following structural properties of R̃θ.

Proposition 2.1.16. Let θ be a 2-dimensional Fp-valued pseudorepresentation.
The ring R̃θ is Noetherian, of finite type as an Rps

θ
-module, and p-torsion free. The

natural map Rps

θ
→ Z(R̃θ) is an isomorphism.

Proof. All statements of the proposition can be checked after making a finite
unramified extension O → O′ (using that Z(R̃θ) ⊗O O′ → Z(R̃θ ⊗O O′) is an
isomorphism). We can therefore assume without loss of generality that θ does not
have type (gen+).

Since Rps

θ
is Noetherian (by [Wan18, Proposition 3.2]), the first statement is a

consequence of the second. The second statement is [Wan18, Proposition 3.6 (ii)].
There remains to prove the claim that R̃θ is p-torsion free, and the map Rps

θ
→ Z(R̃θ)

is an isomorphism.
When θ is residually multiplicity-free (i.e. always except in case (scalar)), the

claim follows from the fact that R̃θ is a generalized matrix algebra over Rps

θ
, by

[Wan18, Proposition 3.6 (5)], since Rps

θ
is a p-torsion free Noetherian integral

domain. In more detail, Rps

θ
is formally smooth of dimension 3 over O⊗W (F)W (Fθ)

in case (ssg), by e.g. [Paš13, Proposition 6.2, Remark 6.6], and in case (gen), by
e.g. [Paš13, Proposition B.17, Remark B.28]. The structure of Rps

θ
in case (St) is

described in [Paš13, Remark 10.88, Corollary B.5], using [Paš13, Remark 10.88] to
identify Rps

θ
with the ring denoted Rψ in loc. cit. This makes it clear that Rps

θ
is

p-torsion free in this case as well.
Finally, when θ is of type (scalar), our claim is a consequence of [Paš13, Corol-

lary 9.24, Corollary 9.25], using [Paš13, Corollary 9.33] to identify R̃θ with the ring
denoted R in loc. cit. □
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Lemma 2.1.17. Let θ be a 2-dimensional Fp-valued pseudorepresentation, and
assume that θ does not have type (scalar) or (gen+). Then every Rps

θ
-algebra

automorphism of R̃θ that fixes all isomorphism classes of simple R̃θ-modules is
inner.

Proof. The assumptions on θ mean that its irreducible summands are distinct and
absolutely irreducible. As recalled during the proof of Proposition 2.1.16, Rps

θ
is an

integral domain. Writing K for its field of fractions, it then follows from [BC09,
Thm. 1.4.4(ii)] that R̃θ is a generalized matrix Rps

θ
-subalgebra of M2(K), in such a

way that the pseudorepresentation θuniv : R̃θ → Rps

θ
coincides with the restriction

of the trace function.
Each irreducible summand θi of θ is the pseudorepresentation associated to a

unique simple R̃θ-module Mi. Part of the generalized matrix algebra structure
on R̃θ is an idempotent eii ∈ R̃θ such that, for all x ∈ R̃θ, we have

θ(eiixeii) = θi(x).

Now we claim that the φ(eii) satisfy condition (3) in [BC09, Lemma 1.4.3], i.e.

θ(φ(eii)xφ(eii)) = θi(x)

for all x ∈ R̃θ. The assumption that φ fixes every isomorphism class of simple
R̃θ-modules implies that θi ◦ φ = θi for all i (because if θi is the trace of the simple
R̃θ-module Mi, then θi ◦ φ is the trace of φ∗(Mi) ∼=Mi). In turn, this implies that
θ ◦ φ = (

∑
i θi) ◦ φ =

∑
i(θi ◦ φ) =

∑
i θi = θ, and we can then compute that

θ(φ(eii)xφ(eii)) = (θ ◦ φ)(eiiφ−1(x)eii) = θ(eiiφ
−1(x)eii) = θi(φ

−1(x)) = θi(x).

Now the final statement of [BC09, Lemma 1.4.3] shows that φ is R̃×
θ

-conjugate
to an automorphism that fixes all the eii. It thus suffices to prove that every
R-automorphism φ of R̃θ which fixes all the eii is inner. This follows by inspection
from the presentation of R̃θ described in Section 3.4.5—3.4.9 below; we give details
in the case (St), which is the only case that we will need in the rest of the paper.
Here R := Rps

θ
= OJa0, a1, X0, X1K/(a0X1 + a1X0), and

R̃θ
∼=
(
R RX0 +RX1

R R

)
⊂M2(R),

compare Remark 3.6.21. The automorphism φ fixes e11, e22, hence it preserves
the direct sum decomposition of R̃θ according to matrix entries, and it restricts
to the identity on Re11 and Re22. Since AutR(Re21) = R×, we can compose our
automorphism with an inner automorphism and thereby assume that φ(e21) = e21.
It must then also restrict to the identity on the remaining summand. Indeed, we
may write φ(Xie12) = xie12 for some xi ∈ R, and we have

xie11 = xie12e21 = φ(Xie12)e21 = φ(Xie12e21) = φ(Xi)φ(e11) = Xie11,

so that xi = Xi, as required. □

2.2. Representation theory. We introduce a range of notation and results related
to the basics of the representation theory of K

(
= GL2(Zp)

)
and G

(
= GL2(Qp)

)
.
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2.2.1. Abelian categories of representations. We say that an O-module is locally
torsion if each element is annihilated by some power of the uniformizer ϖ of O.
As usual, if Γ is a locally profinite group, then we say that a representation on a
locally torsion O-module is smooth if every element is fixed by an open subgroup
of Γ, and that a smooth representation is furthermore admissible if for any open
subgroup of Γ, its submodule of invariants is finite over O. Since we are working with
representations on p-power torsion modules, it suffices to check this for a single open
pro-p-subgroup of Γ (assuming that Γ admits such a subgroup). Following [Eme10,
Defn. 2.2.15], we say that a smooth representation π of Γ is locally admissible if
every vector v ∈ π generates an admissible representation, and is locally finite if
every vector v ∈ π generates a representation of finite length.

We write sm.Γ for the category of smooth Γ-representations on locally torsion
O-modules. Then sm.Γ is a Grothendieck category. (See e.g. the proof of [DEG23,
Lem. 2.2.3], which extends directly to any Γ.) We write (sm.Γ)adm, resp. (sm.Γ)l.adm,
(sm.Γ)f.l., (sm.Γ)fg, for the full subcategory of sm.Γ consisting of admissible objects,
resp. locally admissible objects, finite length objects, finitely generated objects.

We will be most interested in the case when Γ = G := GL2(Qp). We note that,
since the congruence subgroups Kn of G are open and pro-p, an object π of sm. G
is admissible if and only if πKn is O-finite for one (and hence every) n ≥ 1.

Throughout the paper we have fixed a continuous character ζ : Q×
p → O×,

and will focus on representations having fixed central character ζ. We therefore
introduce notation for the various categories of representations having this fixed
central character, which will be in force throughout the paper. Namely, we write A
for the full subcategory of sm. G consisting of objects with central character ζ, and
similarly Aadm, Al.adm,Af.l.,Afg. Then Al.adm coincides with the category of locally
finite objects of A, by [Eme10, Thm. 2.2.17]. We have the following results about its
structure; recall (see Section A.1.25) that a locally finite category is a Grothendieck
category admitting a set of generators of finite length.

Lemma 2.2.2.

(1) Al.adm is a locally finite category.
(2) The inclusion Af.l. → Al.adm induces an equivalence

(2.2.3) IndAf.l. ∼−→ Al.adm.

(3) Let E′/E be a finite extension with ring of integers O′. Then extension and
restriction of scalars define functors Al.adm

O → Al.adm
O′ and Al.adm

O′ → Al.adm
O .

If π1, π2 ∈ Al.adm
O , then

HomAl.adm
O

(π1, π2)⊗O O′ ∼−→ HomAl.adm
O′

(π1 ⊗O O′, π2 ⊗O O′).

Proof. Since every object of Al.adm is locally finite, the set of objects of Al.adm

of finite length is a set of generators of Al.adm. Since Al.adm is an exact abelian
subcategory of A (in the sense recalled in Appendix A.1.1), and Al.adm is closed
under colimits in A, and A is a Grothendieck category, we see that Al.adm is a
Grothendieck category. Hence Al.adm is a locally finite category, proving part (1).
Part (2) is then a consequence of Lemma A.1.26(2). We now prove part (3). The
same argument as [Paš13, Lemma 5.1] shows that for all π1, π2 ∈ AO we have

HomAO (π1, π2)⊗O O′ ∼−→ HomAO′ (π1 ⊗O O′, π2 ⊗O O′).
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(Note that sinceO′ is finite free overO, we have HomO(V,W )⊗OO′ ∼−→ HomO′(V⊗O
O′,W ⊗OO′) for all O-modules V,W .) Hence, for all π ∈ AO, we have πK ⊗OO′ =
(π ⊗O O′)K . This immediately implies that – ⊗O O′ preserves locally admissible
representations. Finally, if π ∈ Al.adm

O′ , then π is also locally admissible when viewed
as an object of Al.adm

O by restriction of scalars: in fact, we immediately reduce to
the case in which π is admissible, and then πK is a finitely generated O′-module,
hence a finitely generated O-module. □

2.2.4. Completed group rings. If Γ◦ is a profinite group, we write OJΓ◦K for the
usual Iwasawa algebra (i.e. completed group ring) of Γ◦ with coefficients in O. It
is a profinite O-algebra. If Γ◦ is a compact p-adic analytic group, then OJΓ◦K
is Noetherian [Laz65, Prop. V.2.2.4]. We also refer to [Eme10, Section 2.1] for a
recollection of some of the basic theory of these rings.

In fact, we will frequently consider Iwasawa coefficients with coefficients, especially
in the case when Γ◦ = K. We recall the definition.

Definition 2.2.5. If A is an O-algebra, then AJΓ◦K denotes the topological A-
algebra

AJΓ◦K := lim←−
H

A[Γ◦/H],

where H runs over a neighbourhood basis of normal open subgroups of Γ◦, each
of the group rings A[Γ◦/H] is endowed with the discrete topology, and AJΓ◦K is
endowed with the projective limit topology.

We next record some properties of AJKK (under the additional hypothesis that
A is a finite type O/ϖa-algebra for some a ≥ 1). Before doing so, we recall from
e.g. [LO96, Definition II.2.1.1] that a filtered O-algebra (R,FiliR)i∈Z (possibly
non-commutative, decreasingly filtered, and with Fil0 = R) is called Zariskian if
Fil1R ⊂ rad(R) and the Rees ring

Rees(R) :=
⊕
i∈Z

FiliR

is Noetherian. We will use [LO96] as our main reference for this material, with the
caveat that we will work with decreasing filtrations, whereas loc. cit. uses increasing
filtrations. A filtered R-module M is good if Rees(M) is finitely generated over
Rees(R), which, by [LO96, Lem. I.5.4], is equivalent to the existence of generators
m1, . . . ,mn of M as an R-module, and integers k1, . . . , kn, such that

FiliM = (Fili−k1 R)m1 + · · ·+ (Fili−kn R)mn.

Lemma 2.2.6. Let a be the kernel of OJK1K→ F, i.e. the two-sided ideal generated
by ϖ and the augmentation ideal of OJK1K. Then the profinite topology on OJK1K
and OJKK is induced by the a-adic filtration, which is Zariskian.

Proof. First, recall that since K1 is a uniform pro-p group, the rings OJK1K and
gra(OJK1K) are Noetherian: since the a-adic filtration on OJK1K is induced by a
p-valuation on G, by [Ven02, Lem. 3.24, 3.25], this is a consequence of [Laz65,
Thm. III.2.3.3]. Since a = rad(OJK1K), we now see that the topology on OJK1K is
a-adic, by Lemma A.1.32 (8). Finally, since OJK1K is a-adically complete, [LO96,
Prop. II.2.2.2] shows that OJK1K is Zariskian, because the associated graded ring
graOJK1K is Noetherian. This concludes the proof for K1.
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Since OJKK is a finite OJK1K-module, its a-adic filtration induces the profinite
topology, again by Lemma A.1.32 (8), and is a good filtration (by definition).
By [LO96, Thm. I.5.7], we conclude that gra(OJKK) is a finite gra(OJK1K)-module.
Hence gra(OJKK) is a Noetherian ring, which by another application of [LO96, Prop.
II.2.2.2] shows that OJKK is Zariskian with respect to the a-adic filtration. □

Lemma 2.2.7. Let A be a finite type O/ϖa-algebra for some a ≥ 1.
(1) AJKK is topologically isomorphic to the a-adic completion of A⊗O OJKK.
(2) The rings A⊗O OJKK and AJKK are Noetherian.
(3) AJKK is flat over A⊗O OJKK.
(4) The projective limit topology on AJKK coincides with its a-adic topology.
(5) Every morphism in Modfp(AJKK) is strict with respect to the a-adic topology

(in the sense that the quotient topology on the coimage coincides with the
subspace topology on the image). The functor

(2.2.8) Modfp(AJKK)→ ProModfp(A), M 7→ M̃ := limiM/aiM

is exact.
(6) Let AJKK-Modfp(A) denote the abelian category of AJKK-module objects

in Modfp(A), so that the functor (2.2.8) factors through the forgetful functor
ProAJKK-Modfp(A)→ ProModfp(A). Then if

X1 → X2 → X3 → X4 → X5

is an exact sequence in ProAJKK-Modfp(A) and X1, X2, X4, X5 are in the
essential image of (2.2.8), the same is true of X3.

Proof. Proof of (1): By Lemma 2.2.6, the sequences of ideals Jn and an(O/ϖa)JKK
are cofinal in (O/ϖa)JKK. So the pro-objects

limn(O/ϖa)[K/Kn] and limn(O/ϖa)JKK/an(O/ϖa)JKK

are canonically isomorphic. Tensoring with A, we see that the same is true of

limnA[K/Kn] and limnA⊗O OJKK/anOJKK.

Passing to the inverse limit, we see that AJKK is isomorphic to the a-adic completion
of A⊗O OJKK, as desired. This concludes the proof of (1).

Proof of (2): Observe first that Reesa(A ⊗O OJKK) is Noetherian, since it is
a quotient of A ⊗O Reesa(OJKK), which is Noetherian (because Reesa(OJKK) is
Noetherian, by Lemma 2.2.6, and A has finite type over O). Thus A⊗O OJKK and
gra(A ⊗O OJKK) are also Noetherian, because they are quotients of Reesa(A ⊗O
OJKK). Finally, [LO96, Prop. I.7.1.2] implies that AJKK is also Noetherian, since it
is complete with respect to a filtration whose associated graded is gra(A⊗O OJKK).

Proof of (3): By [LO96, Cor. I.5.5, Rem. II.1.1.2(1)] and the already observed
fact that Reesa(A⊗O OJKK) is Noetherian, we deduce that the a-adic filtration on
A⊗OOJKK has the Artin–Rees property. The claim is then a consequence of [LO96,
Thm. II.1.2.4], given that gra(A⊗O OJKK) is (as we have noted) also Noetherian.

Proof of (4): By part (1), it suffices to prove that

anAJKK = ker(AJKK→ A⊗O OJKK/anOJKK).

Since an is a finitely generated ideal of OJKK, a choice of (right) generators gives
an exact sequence

(A⊗O OJKK)⊕i → A⊗O OJKK→ A⊗O OJKK/anOJKK→ 0
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for some i ≥ 0. This sequence stays exact after passing to the a-adic comple-
tion, because the a-adic filtration on A ⊗O OJKK has the Artin–Rees property
(compare [LO96, Lem. II.1.2.5]). This concludes the proof of (4).

Proof of (5): By [LO96, Prop. II.2.2.1], the a-adic filtration on AJKK is Zariskian.
By [LO96, Thm. 2.1.2(5)], every inclusion N → M of finitely generated AJKK-
modules is a topological embedding with respect to the a-adic topology on source
and target. This immediately implies both statements of (5).

Proof of (6): By part (5), it suffices to prove this when X1 = X5 = 0, and so,
writing X := X3, we have finitely presented AJKK-modules M := X2,M

′ := X4,
and an exact sequence in ProAJKK-Modfp(A)

(2.2.9) 0→ M̃ → X → M̃ ′ → 0.

Now both M̃ and M̃ ′ are countably indexed; indeed, M = limnM/an, and similarly
for M ′. Lemma A.1.12 shows that (2.2.9) can be obtained as a countably indexed
limit of short exact sequences in AJKK-Modfp(A)

0→M/an → Xn →M ′
n → 0.

(Here the projective system (M ′
n) need not coincide with (M ′/an), but is isomorphic

to it in ProAJKK-Modfp(A).) We now pass to the actual limit over n of these short
exact sequences, to obtain a short exact sequence

0→M → Y →M ′ → 0

of AJKK-modules. (The exactness on the right follows from the fact that the
transition morphisms in (M/an) are surjective.) We may equip Y with its inverse
limit topology (each Xn being endowed with its discrete topology), and then (from
its construction as a limit) we see that we have a strict short exact sequence of
topological AJKK-modules, in which each of M and M ′ are endowed with their
a-adic topologies. Consequently, Y is an object of Modfp(AJKK) (being an extension
of two such objects). Furthermore, since Y is constructed as a countable limit of
discrete spaces, the topology on Y is completely metrizable, and so [EG23, Prop. C.6]
shows that it must coincide with the a-adic topology on Y (cf. the discussion of
Remark 2.2.10 below). Thus we obtain a morphism of short exact sequences

0 // M̃ // Ỹ //

��

M̃ ′ // 0

0 // M̃ // X // M̃ ′ // 0

in ProAJKK-Modfp(A). The five lemma implies that Ỹ ∼−→ X, concluding the
proof. □

Remark 2.2.10. As in the statement of Lemma 2.2.7, assume that A is of finite type
over O/ϖa for some a ≥ 1. Then since the ring A is then countable, the completed
group ring AJKK, endowed with its a-adic topology, is Polish. The general theory of
finitely generated modules over Noetherian Polish topological rings (recapitulated,
for example, in [EG23, Prop. C.6]) shows that any finitely generated AJKK-module
is endowed with a canonical completely metrizable topology, and that morphisms
between such modules are automatically continuous and strict with respect to this
topology.



A CATEGORICAL p-ADIC LANGLANDS CORRESPONDENCE FOR GL2(Qp) 19

Since the topology on AJKK is its a-adic topology, this canonical topology on
any finitely generated AJKK-module is again the a-adic topology. One may then
interpret Lemma 2.2.7 (5) as providing another proof of the strictness of morphisms
with respect to canonical topologies.

Remark 2.2.11. Suppose that A is a finite type O/ϖa-algebra for some a ≥ 1,
that M is an AJKK-module, and that M is finitely presented over A. Then M is
also finitely presented over AJKK, and its canonical topology is discrete. Indeed,
we can write the complete metric space M as a countable union of closed subsets
M =

⋃
x∈M{x}, and if M were not discrete, each subset {x} would have empty

interior, contradicting the Baire category theorem.

Remark 2.2.12. Note that the forgetful functor induces an equivalence between
AJKK-Modfp(A) and the category OJKKa-tors-Modfp(A) of OJKK-module objectsM
in Modfp(A) which are a-power torsion (in the sense that the OJKK-action factors
through OJKK/ai for some i, depending on the module). Indeed, the a-adic topology
on any M ∈ AJKK-Modfp(A) is necessarily discrete, by Remark 2.2.11, hence M
is a-power torsion. The inverse functor endows each N ∈ OJKKa-tors-Modfp(A)
with its A⊗O OJKK-module structure, which uniquely extends to an AJKK-module
structure, since N is a-power torsion. Hence, in the statement of Lemma 2.2.7 (6),
we may replace AJKK-Modfp(A) with the category of a-power torsion OJKK-modules
in Modfp(A).

Remark 2.2.13. Write OJKK-ProModfp(A) for the category of OJKK-modules
in ProModfp(A). The forgetful functor AJKK-Modfp(A) → Modfp(A) is exact
and faithful, so its Pro-extension factors through an exact and faithful functor

ProAJKK-Modfp(A)→ OJKK-ProModfp(A).

We claim that this functor is also full. Note that OJKK-ProModfp(A) has cofil-
tered limits, and that the forgetful functor OJKK-ProModfp(A) → ProModfp(A)

preserves them; so it suffices to prove that if M = limiMi ∈ ProAJKK-Modfp(A),
and N ∈ AJKK-Modfp(A), then every OJKK-linear morphism φ : M → N in
OJKK-ProModfp(A) factors through a morphism Mi → N in AJKK-Modfp(A) for
some i.

By definition, φ factors through an A-linear morphism φj :Mj → N for some j,
which may not be OJKK-linear (i.e. it may not be a morphism in AJKK-Modfp(A)).
However, the OJKK-linearity of φ shows that for all x ∈ K there exists ix ≥ j such
that xφj−φjx vanishes on Mix . Since Mj and N are a-power torsion, there exists n
such that Kn acts trivially on both, and so φj is automatically Kn-linear. Choose
now representatives x1, . . . , xt of K/Kn in K, as well as some i ≥ sup{ix1

, . . . , ixt
}.

Then Mi →Mj
φj−→ N is OJKK-linear, as desired.

2.2.14. Smooth representations of compact p-adic analytic groups. If Γ◦ is a compact
p-adic analytic group, then Pontrjagin duality induces an equivalence of categories

(2.2.15) (–)∨ : (sm.Γ◦)op
∼−→ Modc(OJΓ◦Kop) ∼= Modc(OJΓ◦K).

More precisely, when we apply Pontrjagin duality to a smooth Γ◦-representation, we
typically convert the resulting right OJΓ◦K-module structure to a left OJΓ◦K-module
structure by applying the continuous anti-involution of OJΓ◦K induced by g 7→ g−1

(and this anti-involution is what provides the isomorphism between the second and
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third of the categories in (2.2.15)). However, in some contexts (particularly when
forming tensor products, as we will do extensively below), it will be convenient to
work directly with right OJΓ◦K-modules.

The equivalence (2.2.15) restricts to an equivalence

(2.2.16)
(
(sm.Γ◦)adm

)op ∼−→ Modfg(OJΓ◦K),

where we regard the target as a full subcategory of Modc(OJΓ◦K) via (A.1.36).

2.2.17. Smooth Γ-representations as OJΓK-modules in the non-compact case. If Γ is
a p-adic analytic group (compact or not), if Γ◦ ⊂ Γ is a compact open subgroup,
and if π is an object of sm.Γ, then the Γ◦-action on π induces a unique continuous
OJΓ◦K-action on π (where we endow π with its discrete topology). This action can
be extended to a suitably completed group ring OJΓK of Γ. We recall its definition,
in the more general context where we allow coefficients.

Definition 2.2.18. If A is an O-algebra then we let

AJΓK := O[Γ]⊗O[Γ◦] AJΓ◦K

with its natural ring structure, as explained in [Sho20, §3].

Lemma 2.2.19. If M is a Hausdorff topological A-module equipped with an action
of Γ by continuous automorphisms, and with a continuous AJΓ◦K-module structure,
such that the two resulting A[Γ◦]-module structures on M coincide, then the induced
A[Γ]-module structure on M extends uniquely to an AJΓK-module structure.

Proof. This is easily verified; see e.g. [Tim23, Prop. 2.23], whose proof carries over
verbatim. □

As a special case of Lemma 2.2.19, we deduce the claim made above, namely that
if π ∈ sm.Γ, then the action of OJΓ◦K on π induces an OJΓK-action on π. Thus we
obtain a fully faithful embedding sm.Γ ↪→ Mod(OJΓK). The following lemma shows
that this realizes sm.Γ as a localizing subcategory of Mod(OJΓK) (see Appendix A.1
for a brief recollection of this notion).

Lemma 2.2.20. The fully faithful embedding sm.Γ ↪→ Mod(OJΓK) realizes sm.Γ
as a localizing subcategory of Mod(OJΓK).

Remark 2.2.21. The main result of [Hey21] shows that sm.Γ is even a localizing
subcategory of Mod(O[Γ]), i.e. that extensions of smooth representations are auto-
matically smooth. However, we will not need this more general fact, but will satisfy
ourselves with recalling the (standard) proof of the easier result that we will be
using.

Proof of Lemma 2.2.20. It is immediate that the essential image of sm.Γ is closed
under subobjects, quotients, and colimits, and in particular under arbitrary direct
sums. So it suffices to prove that if V is an extension in Mod(OJΓK) of two
objects π1, π2 ∈ sm.Γ, then V is smooth. Choose v ∈ V , let Γ◦ ⊂ Γ be a pro-p
open subgroup that fixes the image of v in π2, and let n ≥ 0 be such that ϖnv = 0.
Replacing π2 by its cyclic OJΓ◦K-submodule generated by the image of v, which is
isomorphic to O/ϖn with the trivial Γ◦-action, it suffices to prove that

Ext1sm.Γ◦(O/ϖn, π1)→ Ext1ModOJΓ◦K(O/ϖn, π1)

is an isomorphism (equivalently, a surjection); indeed, it follows that v is contained
in a smooth Γ◦-submodule of V .
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We claim that it suffices to consider the case that π1 is finitely generated in
sm.Γ◦ (and so is a finitely generated torsion O-module); indeed, π1 is the fil-
tered colimit of its finitely generated subobjects in sm.Γ◦, and Ext1sm.Γ◦(O/ϖn, –),
Ext1ModOJΓ◦K(O/ϖn, –) commute with filtered colimits, because the categories sm.Γ◦

and ModOJΓ◦K are locally Noetherian (see e.g. [DEG23, Proposition A.1.1]). If π1
is finitely generated, then every extension of O/ϖn by π1 in Mod(OJΓ◦K) is a finitely
generated torsion O-module, and so its canonical topology as an OJΓ◦K-module is
discrete, which implies that the action of Γ◦ is smooth, as required. □

2.2.22. Smooth G-representations as OJGK-modules. When Γ = G = GL2(Qp) and
A is an O-algebra, we write AJGKζ for the quotient of AJGK by the ideal generated
by z − ζ(z) for z ∈ Z(G) ∼= Q×

p . The category A may thus be regarded as a
full subcategory of Mod(OJGKζ), and the inclusion A ⊆ Mod(OJGKζ) is exact and
colimit-preserving (see e.g. [EGH25, §E.2]). We recall the following result about the
structure of OJGK.

Lemma 2.2.23. The ring OJGKζ is coherent.

Proof. This is a consequence of [Tim23, Theorem 9.7] (see also [Sho20, Theorem 1.2]),
which states that OJGK is coherent, together with the fact that the quotient of a
coherent ring by an ideal that is generated by finitely many central elements is
coherent [Swa19, Corollary 3.6]. □

Remark 2.2.24. In the context of Γ = G = GL2(Qp), an evident variant of
Lemma 2.2.20 shows that the essential image of the fully faithful embedding
A ↪→ Mod(OJGKζ) is again a localizing subcategory of its target.

Remark 2.2.25. An object π of A is finitely presented if it is the cokernel of a
map c-IndGKZ(σ1)→ c-IndGKZ(σ2) where σ1, σ2 are smooth KZ-representations on
O-finite modules. By [Sho20, Proposition 3.4], π is finitely presented if and only
if the image of π under the embedding in Remark 2.2.24 is finitely presented as
an OJGKζ-module. Since G = GL2(Qp), π is finitely presented if and only if it is
finitely generated (see e.g. [DEG23, Theorem 2.2.1] for a proof of this fact). For this
reason, and for consistency with our notation for modules, we will often write Afp

for the category we have denoted Afg. We can thus summarize our discussion by
saying that the inclusion of A in Mod(OJGKζ) induces an inclusion

(2.2.26) Afp ⊆ Modfp(OJGKζ).

2.2.27. Smooth G-representations and duality. Pontrjagin duality induces an equiv-
alence of (sm. G)op with the category Modpro aug

G (O) introduced in [Eme10, Sec-
tion 2.1]. The objects of Modpro aug

G (O) are (left or right, compare Section 2.2.14)
OJGK-modules endowed with a profinite topology that admits a neighborhood
basis of the identity consisting of open topological OJKK-modules, while the
morphisms in this category are the continuous OJGK-linear maps. The forget-
ful functor Modpro aug

G (O)→ Mod(OJGK) is exact. There are also forgetful functors
Modpro aug

G (O)→ Modc(OJKK)→ Modc(O), which factor through the category of
OJGK-modules in Modc(OJKK), resp. Modc(O). When working with the category
Modpro aug

G (O), or one of its full subcategories, we will sometimes write Homcont
OJGK

rather than HomModpro aug
G (O).

We denote the image of Aop in Modpro aug
G (O) by Modpro aug

G,ζ (O), and the image
of Al.adm,op by C. This category is denoted C(O) in [Paš13], but as we will not work
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with more general coefficients, we shorten the notation accordingly. It is a Serre
subcategory of Modpro aug

G,ζ (O).

Remark 2.2.28. If we regard the objects of C as left OJGK-modules, following the
discussion in Section 2.2.14, then they have central character ζ−1. If we regard
them as right OJGK-modules (again as in that discussion), then they have central
character ζ, i.e. they are right OJGKζ-modules.

Since locally admissible representations of G are locally finite, every object P ∈ C
is the cofiltered limit of its finite length quotients in C. We refer to the image
of Aadm,op in C as the (full) subcategory of coadmissible modules, and denote it
by Ccoadm. Equivalently, this is the full subcategory of C consisting of objects that
are finitely generated over OJKK, or (again equivalently) over OJKnK for one, or
any, n ≥ 1. Note that the topology on an object of Ccoadm coincides with the
canonical compact topology it inherits as a finitely generated module over the
compact Noetherian ring OJKK, by the uniqueness part of Lemma A.1.32 (5).
By (2.2.3), we see that formation of projective limits (equipped with their projective
limit topologies) induces an equivalence

(2.2.29) ProCf.l. ∼−→ C,

where, as usual, Cf.l. denotes the full subcategory of finite length objects of C. The
following “automatic continuity” result is often useful.

Lemma 2.2.30. If M and N are objects of C, with M furthermore lying in Ccoadm,
then the evident inclusion

HomC(M,N)
(
= Homcont

OJGK(M,N)
)
⊆ HomOJGK(M,N)

is an equality.

Proof. It suffices to prove that OJKK-linear morphisms between M and N are
automatically continuous. Since M and N are objects of Modc(OJKK), and M is
finitely generated over OJKK, this is a consequence of [VV97, Proposition 3.5]. □

We also have the following related result.

Lemma 2.2.31. The forgetful functor Ccoadm → Mod(OJGKζ) is fully faithful, and
its essential image is a Serre subcategory of its target.

Proof. The claimed full faithfulness is an immediate consequence of Lemma 2.2.30.
If M is an object of Ccoadm, then (by definition) M is finitely generated over the
Noetherian profinite O-algebra OJKK, and (as noted above) is equipped with the
canonical compact topology it inherits by virtue of this. Thus, any OJGKζ-submodule
of M is again finitely generated over OJKK, and so is an object of Ccoadm. Similar
arguments in the case of quotients and extensions show that Ccoadm is indeed a
Serre subcategory of Mod(OJGKζ). □

2.2.32. Induced representations. We write IndGB : sm. T → sm. G for the functor
of parabolic induction with respect to B, and c-IndGKZ : sm.KZ → sm. G for the
functor of compact induction. We adopt similar notation for other groups, and
for the induction functors on the categories of smooth representations with fixed
central character (note that IndGB and c-IndGKZ preserve central characters when
these are defined). Then IndGB is an exact functor, and c-IndGKZ is an exact left
adjoint to ResGKZ . The parabolic induction IndGB(1T ) of the trivial character of T is
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a reducible representation, and we write St for its unique irreducible quotient, the
Steinberg representation of G. There is an exact sequence

0→ 1G → IndGB(1T )→ St→ 0.

If σ is a ζ-compatible Serre weight, and χ = σIw1 is the highest weight of σ viewed
as a character of T0Z, then we write

HG(σ) := EndG(c-IndGKZ σ)

HT (χ) := EndT (c-IndTT0Z χ).

There are canonical isomorphisms

(2.2.33) HT (χ)
∼−→ HT (1T0Z)

∼−→ F[T±1
p ]

(so in particular HT (χ) is canonically independent of χ). We normalize our choice
of generator Tp in such a way that the Satake map HG(σ)→ HT (χ) of [Her11] is
an injection which sends the usual spherical Hecke operator to Tp, and determines
an isomorphism

(2.2.34) HG(σ)
∼−→ F[Tp].

If σ is not a twist of Sym0, then [BL94, Theorem 25] gives an isomorphism

(2.2.35)
(
c-IndGKZ σ

)
[1/Tp]

∼−→ IndG
B

(
c-IndTT0Z χ

)
,

where B is the lower-triangular Borel subgroup. This isomorphism is compatible with
the Satake isomorphism, in the sense that it is an isomorphism of F[T±1

p ]-modules
(acting on the right-hand side by IndG

B
-functoriality), and so can be regarded as

characterizing the Satake morphism (for σ not a twist of Sym0).
If σ := σa,0 is a twist of Sym0, so that σa,p−1 is the corresponding twist of

Symp−1, then there is a short exact sequence

(2.2.36) 0→ c-IndGKZ σa,0 → c-IndGKZ σa,p−1 →
(
ωanrT 2

p−ζ(p) ◦ det
)
⊗ St→ 0,

with the first embedding being F[Tp]-linear. Similarly, there is a short exact sequence

(2.2.37) 0→ c-IndGKZ σa,p−1 → c-IndGKZ σa,0 →
(
nrT 2

p−ζ(p) ◦ det
)
→→ 0,

where again the first embedding is F[Tp]-linear. The composite of the injections
c-IndGKZ σa,0 ↪→ c-IndGKZ σa,p−1 and c-IndGKZ σa,p−1 ↪→ c-IndGKZ σa,0, in either order,
is a non-zero scalar multiple of multiplication by T 2

p − ζ(p).

2.2.38. Irreducible objects of A. Recall the following classification of the irreducible
objects of A.

Theorem 2.2.39.
(1) Every irreducible object of A is isomorphic to one of the following represen-

tations:
(a) c-IndGKZ σa,b/f(Tp) for some ζ-compatible σa,b and monic irreducible

f ∈ HG(σa,b), such that f is coprime to T 2
p − ζ(p) if b = 0, p− 1;

(b) an irreducible subquotient of c-IndGKZ σa,0/f(Tp), or equivalently of
c-IndGKZ σa,p−1/f(Tp), for some monic irreducible factor of T 2

p − ζ(p).
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(2) The representations of part (1a) are pairwise non-isomorphic, with the
exception of the isomorphisms

c-IndGKZ σa,0/f(Tp) ∼= c-IndGKZ σa,p−1/f(Tp)

when f(Tp) is coprime to T 2
p − ζ(p), and

c-IndGKZ σa,b/Tp ∼= c-IndGKZ σa+b,p−1−b/Tp.

(3) A representation c-IndGKZ σa,b/f(Tp) as in (1a) is absolutely irreducible if
and only if f has degree one.

Proof. See [DEG23, Theorem 2.12, Corollary 2.14], which builds upon the results
of [BL94; Bre03] (see also [Paš13, Section 5.3]). □

Remark 2.2.40. By (2.2.35), the representations c-IndGKZ σa,b/f(Tp) for f(Tp) ̸= Tp
occurring in Theorem 2.2.39 can be written as parabolic inductions from the lower-
triangular Borel subgroup B, or equivalently (after a twist) from B. For example,

c-IndGKZ σa,b/(Tp − λ) ∼= IndGB(nrλ−1ζ(p)ω
a ⊗ nrλω

a+b)

for all λ ∈ F×.

2.2.41. Tensoring between C and A. If M and N are respectively right and left
OJGKζ-modules, then we can form their tensor product M ⊗OJGKζ N ∈ Mod(O).
There are the usual trifunctorial bijections

(2.2.42) HomO(M ⊗OJGKζ N,W )→ HomOJGKζ

(
N,HomO(M,W )

)
and

(2.2.43) HomO(M ⊗OJGKζ N,W )→ HomOJGKζ

(
M,HomO(N,W )

)
given by evaluation maps. On the right hand side of (2.2.43), contrary to our usual
conventions, we are forming Hom of right OJGKζ-modules. Of course, we can always
use the anti-involution g 7→ g−1 on OJGK to convert M and HomO(N,W ) to left
OJGK-modules, and then write the target of (2.2.43) as HomOJGK

(
M,HomO(N,W )

)
,

now formed in the category of left OJGK-modules.
A key example of the tensor products over OJGKζ that we will consider are

those of the form M ⊗OJGKζ π, where M is an object of C (thought of as a right
OJGKζ-module; see Remark 2.2.28) and π is an object of A. Since the formation of
tensor products is compatible with filtered colimits, we will primarily focus on the
case when π is an object of Afp, and then it will be convenient to also consider the
more general case when π is an object of Modfp(OJGKζ). We are going to describe
some general properties of this construction; see [JNW24, Section 6.1] for related
results.

The functor M ⊗OJGKζ − : Modfp(OJGKζ) → Mod(O) is of course a special
case of the general construction in Section A.1.46, viewing M as a right OJGKζ-
module in the abelian category Mod(O). Since M ∈ C, we can also regard it as
a right OJGKζ-module in Modc(O), and then Lemma A.1.55 constructs a lift of
M ⊗OJGKζ − through Modc(O)→ Mod(O). As explained in Remark A.1.49, for all
π ∈ Modfp(OJGKζ) and W ∈ Modc(O) there is an isomorphism

(2.2.44) HomModc(O)(M ⊗OJGKζ π,W )
∼−→ HomOJGKζ

(
π,HomModc(O)(M,W )

)
.

Furthermore, by Lemma A.1.51, the formation of M ⊗OJGKζ π, for M an object of C
and π an object of Modfp(OJGKζ), is compatible with the formation of cofiltered
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limits in C. We next describe the interaction of tensor products with the Pontrjagin
duality functor (–)∨.

Lemma 2.2.45. Let M be an object of C and π be an object of Modfp(OJGKζ).
(1) There is a natural isomorphism of discrete O-modules

(M ⊗OJGKζ π)
∨ ∼−→ HomOJGKζ (π,M

∨),

or, equivalently, a natural isomorphism of compact O-modules

M ⊗OJGKζ π
∼−→ HomOJGKζ (π,M

∨)∨.

(2) If M is coadmissible, then M ⊗OJGKζ π is a discrete O-module of finite
cardinality.

(3) If π is of finite length, then there is a natural isomorphism of compact
O-modules

M ⊗OJGKζ π
∼−→ HomC(M,π∨)∨

(where HomC(M,π∨) is endowed with its discrete topology, so its Pontrjagin
dual is a compact O-module).

Similarly, if π ∈ Modf.l.(OJKZKζ), and M ∈ Modc(OJKZKζ), then there is a
natural isomorphism of compact O-modules

M ⊗OJKZKζ π
∼−→ HomModc(OJKZKζ)(M,π∨)∨.

Proof. Part (1) follows from applying (2.2.44) with W = ϖ−nO/O and taking the
colimit over n (using the assumption that π is a compact object of ModOJGKζ).

For part (2), note that if M is coadmissible, then its Pontrjagin dual M∨ is an ob-
ject ofAadm. Since furthermore π is finitely generated, we see that HomOJGKζ (π,M

∨)
is a (literally) finite O-module. Thus M ⊗OJGKζ π has a finite Pontrjagin dual, by
(1), and so is itself finite. This proves (2).

Finally we turn to (3), and so assume that π is finitely presented and of finite
length. Write M ∼−→ lim←−iMi as a cofiltered limit of objects Mi ∈ C of finite length.
Then the Mi have finite OJGKζ-length, and so

Homcont
O (M ⊗OJGKζ π,E/O)

∼−→ Homcont
O (lim←−

i

Mi ⊗OJGKζ π,E/O)

∼−→ lim−→
i

HomO(Mi ⊗OJGKζ π,E/O)
∼−→ lim−→

i

HomOJGK(Mi, π
∨)

∼−→ lim−→
i

HomC(Mi, π
∨)

∼−→ HomC(M,π∨).

Here the first isomorphism follows from the compatibility with projective limits
provided by Lemma A.1.51; the second isomorphism follows from the fact that the
Pontrjagin dual of a projective limit of finite length O-modules is the direct limit
of their Pontrjagin duals (note that by part (2), the tensor products Mi ⊗OJGKζ π
are finite length O-modules, since the Mi are coadmissible, being of finite length);
the third isomorphism is provided by (2.2.43); the fourth isomorphism is given by
Lemma 2.2.30; and the fifth isomorphism follows from the fact that π∨ is of finite
length (so that any homomorphism M → π∨ in C factors through some Mi). This
proves (3), and the same proof works for OJKZKζ . □

Lemma 2.2.46. If P is a projective object of C, then:
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(1) P is a projective object of Modc(OJKZKopζ ) (and so, in particular, it is
topologically OJKZKζ-flat, and OJKZKζ-flat).

(2) Tor
OJGKζ
i (P, π) = 0 for any object π of A and any i ≥ 1.

Proof. Since P∨ is injective in the category Al.adm, it follows from [EP10, Corol-
lary 3.10] that P∨ is also injective in the category (sm.KZ)ζ of smooth KZ-
representations with central character ζ. Hence P is projective in the dual category
to (sm.KZ)ζ , which is Modc(OJKZKopζ ), compare Remark 2.2.28. Lemma A.1.40
now implies that P is topologically OJKZKζ-flat and OJKZKζ-flat. This establishes
the first part of the lemma.

We now prove the second part. Since Tori commutes with filtered colimits, we can
assume without loss of generality that π ∈ Afp. Since Afp is an abelian subcategory
of A, there exists a resolution

c-IndGKZ(V•)→ π,

where each Vi is a smooth OJKZKζ-module of finite O-length. By the first part of
the lemma, c-IndGKZ Vi is acyclic for the functor P ⊗OJGKζ (–), since

P ⊗LOJGKζ c-Ind
G
KZ Vi

∼= P ⊗LOJGKζ (OJGKζ ⊗OJKZKζ Vi)
∼= P ⊗LOJKZKζ Vi.

Hence Tor
OJGKζ
i (P, π) is the homology of

P ⊗OJGKζ c-Ind
G
KZ V•,

which by Lemma 2.2.45 (1) is isomorphic to the homology of

HomOJGKζ (c-Ind
G
KZ V•, P

∨)∨.

This is concentrated in degree zero as a consequence of [Paš13, Corollary 5.18],
which implies that P∨ is an injective object of A. □

2.3. Morita theory for blocks of Al.adm and C. Unlike A, the category Al.adm

is locally finite, by Lemma 2.2.2. By the structure theory of locally finite categories,
recalled in Section A.1.25, Al.adm admits a decomposition into blocks. An extensive
analysis of the various blocks is made in [Paš13], and in what follows we recall,
and slightly expand, some of these results. The arguments in [Paš13] rely crucially
on Colmez’s functor “V ”, but we postpone our discussion of this functor until the
following section; in this section we focus on those results whose statements can be
made without reference to Colmez’s functor.

2.3.1. Classification of blocks. Recall that, by definition, a block ofAl.adm is an equiv-
alence class of (isomorphism classes of) irreducible objects2 under the equivalence
relation generated by

π1 ∼ π2 if Ext1A(π1, π2) ̸= 0 or Ext1A(π2, π1) ̸= 0.

The blocks B containing absolutely irreducible objects were classified in [Paš13].
The remaining blocks were classified in [DEG23, Proposition 2.4.8, Remark 2.4.9]. In
summary, blocks come in five “types” as follows (we explain the labels in Remark 2.4.9
below):

2We note that it follows from the results of [BL94; Bre03] that the irreducible objects of A
are automatically admissible, and hence lie in Al.adm. Thus we can equally well regard this as an
equivalence relation on the irreducible objects of A.
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(ssg) B = {π} where π = c-IndGKZ σ/Tp, for some ζ-compatible Serre weight σ,
is an irreducible supersingular representation.

(gen) B = {IndGB(χ1 ⊗ ω−1χ2), Ind
G
B(χ2 ⊗ χ1ω

−1)} for characters χ1, χ2 : Q×
p →

F× such that χ1χ2 = ζω and χ1χ
−1
2 ̸= 1, ω±1.

(scalar) B = {IndGB(χ⊗ ω−1χ)} for a character χ : Q×
p → F× such that χ2 = ζω.

(St) B = {χ, χ⊗ St, IndGB(ωχ⊗ ω−1χ)} for a character χ : Q×
p → F× such that

χ2 = ζ.
(gen+) B is the set of irreducible subquotients of

c-IndGKZ σ/fB(Tp)⊕ c-IndGKZ σco/f∗B(Tp)

for some companion pair σ|σco of ζ-compatible Serre weights, and some
irreducible monic polynomial fB ∈ F[Tp] of degree > 1. Here we have
written f∗B(Tp) := fB(0)−1T deg fB

p fB(ζ(p)/Tp) for the irreducible monic
polynomials whose roots are λ−1ζ(p), where λ runs through the roots of fB.

Remark 2.3.2. Note that blocks of type (gen) can also be written in the form
{c-IndGKZ σ/(Tp−λ), c-Ind

G
KZ σ

co/(Tp−λ−1ζ(p))} for an appropriately chosen com-
panion pair of weights σ|σco and λ ∈ F×. Thus the key point in the description of
blocks of type (gen+) is that the polynomial fB be of degree strictly greater than 1.

2.3.3. The full subcategory associated to a block. If B is a block of irreducible
objects of A, the discussion of Section A.1.25 yields a direct factor AB of A. By
Lemma A.1.27, the category AB is locally finite, and its subcategory Af.l.

B of objects
of finite length coincides with its subcategory of compact objects, resp. Noetherian
objects. These coincide furthermore with the finitely generated objects, by the
following lemma.

Lemma 2.3.4. The category Af.l.
B coincides with the full subcategory of finitely

presented objects of AB.

Proof. Lemma A.1.27 implies that Af.l.
B is the subcategory of Noetherian objects

of AB. On the other hand, an object of AB is Noetherian in AB if and only if it is
Noetherian in A, and the Noetherian objects of A are precisely the finitely generated
objects, by [DEG23, Corollary 2.2.4]. We conclude because finitely generated objects
are finitely presented (see Remark 2.2.25). □

2.3.5. Blocks of type (gen+). If B is a block of type (gen+), by [DEG23, Prop. 2.4.8,
Rem. 2.4.9] we have the following (mutually exclusive and exhaustive) possibilities:

• σ = σco = σa,p−2 and fB = f∗B. Then B is a singleton.
• {σ, σco} = {σa,0, σa+1,p−3}, and fB = T 2

p − ζ(p) (hence ζ(p) is not a square
in O×). Then B has three elements.

• B has two elements.
If F′ is a splitting field of fB over F, then the set

B⊗F F′ := {JH(π ⊗F F′) : π ∈ B}

is a union of blocks of Al.adm
F′ . The group Gal(F′/F) acts transitively on B⊗F F′

and preserves its partition as a union of blocks; the stabilizer of each part is trivial,
except in the following case:

• σ = σco = σa,p−2, fB = f∗B, and fB ̸= T 2
p − ζ(p).
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In fact, in this case, the element of order two of Gal(F′/F) sends each root λ of fB
to λ−1ζ(p) ̸= λ, and so it fixes each part. (This exception can be explained in Galois-
theoretic terms: for example, when deg fB = 2, fB = f∗B, and fB ≠ T 2

p − ζ(p), the
block {c-IndGKZ(σa,p−2)/fB} will correspond under Definition 2.4.7 to an irreducible
but not absolutely irreducible Galois pseudorepresentation. Note that these are all
twists of unramified representations, hence have Serre weight σa,p−2, as explained
in Remark 2.1.12.)

In keeping with Remark 2.1.12, for any block of A (of type (gen+) or not) we
write FB for the splitting field of fB, except in the case just described, in which we
write FB for the index-two subextension of the splitting field (so that, in this case,
fB splits in FB[Tp] as a product of irreducible quadratic polynomials, each fixed by
the involution f 7→ f∗).

Definition 2.3.6. We say that a block B of Al.adm is F-rational if FB = F.

The next result shows that every block B of A is equivalent to an FB-rational
block of AFB

.

Lemma 2.3.7. Let B be a block of type (gen+), and let B′ be a block of AFB

contained in B ⊗F FB. Write O′/O for the unramified extension with residue
field FB. Then B′ is FB-rational, and restriction of scalars from O′ to O is an
equivalence of categories AO′,B′ → AO,B.

Proof. By definition, FB is a splitting field of fB, except when σ = σa,p−2, fB = f∗B,
and fB ̸= T 2

p − ζ(p). In this case, fB splits as a product of irreducible quadratic
polynomial, which are fixed by the involution f 7→ f∗. Thus we have the following
mutually exclusive possibilities:

• σ = σa,p−2, and fB = T 2
p − ζ(p). Then B′ has type (scalar), and it has the

form {π0} for some absolutely irreducible object π0 of AO′ .
• σ = σa,p−2, fB = f∗B, and fB ̸= T 2

p −ζ(p). Then B′ is an FB-rational block
of type (gen+), and it has the form {π0} for some irreducible object π0 of
AO′ .

• σ = σa,0, and fB = T 2
p − ζ(p). Then B′ has type (St), and it has the form

{π0, π1, π2} for some absolutely irreducible objects π0, π1, π2 of AO′ .
• B′ has type (gen), and it has the form {π0, π1} for some absolutely irreducible

objects π0, π1 of AO′ .
In all of these cases, B′ is FB-rational, and for all α ≠ β ∈ Gal(O′/O), we have

α∗B′ ≠ β∗B′. Furthermore, restriction of scalars preserves local admissibility, by
Lemma 2.2.2 (3), and so we may also regard each πi as a locally admissible object
of AO.

We now prove that πi is an irreducible object of AO,B. Choose an irreducible
subobject π → πi of πi in Al.adm

O . Then π is an irreducible subquotient of
c-IndGKZ σ′/f ′(Tp) for some irreducible monic f ′ ∈ F[Tp]. Since π ⊗O O′ is a
subobject of πi ⊗O O′ = ⊕γ∈Gal(O′/O)γ

∗πi, we see that c-IndGKZ σ′/f ′(Tp) and

c-IndGKZ σ/fB(Tp)⊕ c-IndGKZ σco/f∗B(Tp)

have an irreducible subquotient in common after extending scalars toO′. By [DEG23,
Corollary 2.1.14] we deduce that (σ′, f ′) ∈ {(σ, fB), (σco, f∗B)}, and so π is an
irreducible object of AO,B. Now, by construction, we know that π ⊗O O′ has
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AO′-length equal to [O′ : O]. This is the same as the length of πi ⊗O O′, and so
the inclusion π → πi is an isomorphism, as desired.

It follows from the previous paragraph that restriction of scalars defines a functor
AO′,B′ → AO,B, and there remains to prove that it is an equivalence. We will do
this by an application of Morita theory. Let I be an injective object of AO′,B′ with
socle equal to the direct sum of the objects of B′. Then I is an injective object
of AO,B: in fact, HomAl.adm

O
(–, I)⊗OO′ is exact, because it is naturally isomorphic to

HomAl.adm
O′

(–⊗OO′, I⊗OO′) (by Lemma 2.2.2 (3)) and I⊗OO′ = ⊕γ∈Gal(O′/O)γ
∗I

is injective. Furthermore, I is an injective cogenerator of AO,B: this is a consequence
of the fact that B and B′ have the same number of elements, and non-isomorphic
irreducible objects πi, πj of B′ are not isomorphic inAO (as can be seen by computing
HomAO(πi, πj) ⊗O O′ = HomAO′ (πi ⊗O O′, πj ⊗O O′) = 0, using that πi ̸= γ∗πj
for any γ ∈ Gal(O′/O)). By Morita theory (see e.g. Section A.1.61) there remains
to prove that the restriction map

(2.3.8) EndAl.adm
O′

(I)→ EndAl.adm
O

(I)

is an isomorphism, or equivalently, is surjective. We can verify this after apply-
ing –⊗O O′. Now

EndAl.adm
O

(I)⊗OO′ =
⊕

α,β∈Gal(O′/O)

HomAl.adm
O′

(α∗I, β∗I) =
⊕

γ∈Gal(O′/O)

EndAl.adm
O′

(γ∗I)

since α∗I and β∗I are in different blocks of Al.adm
O′ if α ̸= β, and (2.3.8)⊗OO′ is the

diagonal inclusion. Since the image of (2.3.8)⊗O O′ also contains the idempotents
in the target (because it contains O′ ⊗O O′), this concludes the proof. □

Because of Lemma 2.3.7, one can often assume without loss of generality that B
is F-rational. As already mentioned, these blocks have been thoroughly studied
in [Paš13], with the exception of F-rational blocks B of type (gen+); note that
these are not equivalent to blocks of type (gen), e.g. because they contain a unique
irreducible object. However, many of the invariants of B that we define in the
following sections become isomorphic to invariants of blocks of type (gen) after a
base extension, which will be enough for our intended applications.

2.3.9. The dual category associated to a block. We write CB for the image of AB

under Pontrjagin duality. By Proposition A.1.28, there exists a pseudocompact
O-algebra EB such that CB is equivalent to the category of pseudocompact right
EB-modules. The ring EB is only well-defined up to its category of pseudocompact
modules, and one of the main results of Paškūnas in [Paš13] is the computation of
an explicit choice of EB, and of its centre. We will recall these results in detail in
the next section. For now, we content ourselves by noting the following particular
lemma, which follows directly from those more precise results, and then deriving
some consequences of it. We do this because [Paš13] only considers blocks that
contain absolutely irreducible representations (i.e. not of type (gen+)) whereas it
will be important for us to have a uniform statement for all blocks. This will recur
throughout our discussion of “classical” p-adic local Langlands for GL2(Qp) (for
example, the absolutely irreducible case of Lemma 2.3.11 (3) can be found in [PT21,
Corollary 6.7]), and as we already intimated in Section 1.1.10, these amplifications
of the existing literature are straightforward consequences of those existing results.
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Lemma 2.3.10. Let M be an object of CB with cosocle of finite length. Then
EndCB

(M) is finitely generated over the Bernstein centre ZB of CB, which is a
Noetherian, local, profinite O-algebra. Hence EndCB

(M) is a Noetherian profinite
O-algebra.

Proof. It suffices to construct a projective generator PB of CB, with cosocle of finite
length, such that EB := EndCB

(PB) is finitely generated over its centre Z(EB),
and Z(EB) is Noetherian and local. In fact, the equivalence (A.1.64) implies
that ZB

∼= Z(EB), and so ZB is Noetherian, local and profinite. Finally, if M has
cosocle of finite length, then EndCB

(M) is an EB-submodule of HomCB
(P⊕n

B ,M) for
some n ≥ 0, which is a quotient of HomCB

(P⊕n
B , P⊕n

B ) ∼= E⊕n2

B . Hence EndCB
(M)

is a subquotient of a finitely generated ZB-module, and so it is finitely generated
over ZB.

If B contains absolutely irreducible representations, then the existence of PB with
these properties is established in [Paš13]. Hence the lemma is true when B contains
absolutely irreducible representations. By Lemma 2.3.7, there remains to prove
the lemma in the case that B = {π0} is F-rational of type (gen+). If PB → π∨

0 is
a projective envelope, and O → O′ is unramified quadratic, then PB ⊗O O′ is a
projective generator of a block of CO′ of type (gen). Hence End(PB⊗OO′) is finitely
generated over its centre, which is Noetherian and local. Since End(PB ⊗O O′) =
End(PB) ⊗O O′ and Z(End(PB) ⊗O O′) = Z(End(PB)) ⊗O O′, we deduce that
Z(End(PB)) is Noetherian and local, and that End(PB) is finitely generated over
Z(End(PB)), as desired. □

Lemma 2.3.11. Let P be a projective object of CB with cosocle of finite length.
(1) The endomorphism ring E := EndCB

(P ) is a Noetherian profinite O-algebra,
and P is a Noetherian object of C.

(2) The module P , with its natural topology as an object of CB, is an object
of Modc(E).

(3) For all i > 0, the quotient P/ rad(E)iP is a finite length, hence coadmissible,
object of CB.

(4) If P is furthermore a projective generator of CB, then P is topologically flat
over E (hence projective in Modc(E), by Lemma A.1.44) and E has finite
global dimension.

Proof. Proof of (1): An application of Lemma 2.3.10 shows that E is a (left and right)
Noetherian profinite O-algebra. To see that P is Noetherian in C, or equivalently
in CB, note that there exists a projective generator PB of CB, with finite cosocle
and Noetherian endomorphism ring EB, such that P is a quotient of PB. Under the
equivalence HomCB

(PB, –) : CB → Modc(E
op
B ), P goes to a quotient of EB, which

is a Noetherian Eop
B -module. Hence P is Noetherian in CB.

Proof of (2): Since the natural topology on P is profinite, it suffices to prove that
every open O-submodule of P of finite index in P contains an open left E-submodule,
which is exactly what is proved in [Paš13, Lemma 2.7]. (Strictly speaking, this
reference works under the additional assumption that cosoc(P ) is multiplicity free,
but this assumption is only used to ensure that E/ rad(E) has finite F-dimension,
which follows from the fact that E is compact and has the rad(E)-adic topology, by
Lemma A.1.30 (8)).

Proof of (3): By Lemma 2.3.10, E is finitely generated over the Bernstein
centre ZB, which is a Noetherian local ring. Writing m := rad(ZB), we deduce
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that E has the m-adic topology, and so the sequences rad(E)i and miE are cofinal
in E. It thus suffices to prove that P/miP has finite length. Choose a projective
generator PB of CB with finite cosocle, and write EB for its endomorphism algebra.
Since P has finite cosocle, there is a surjection P⊕n

B → P/miP for some n, and
so HomCB

(PB, P/m
iP ) is an Eop

B -quotient of E⊕n
B . Hence HomCB

(PB, P/m
iP ) is

a finite EB/m
iEB-module. Since miEB is open in EB, and EB is profinite, the

quotient EB/m
iEB is a finite set, and so we conclude that HomCB

(PB, P/m
iP ) has

finite Eop
B -length. Since HomCB

(PB, –) : CB → Modc(E
op
B ) is an equivalence, we

conclude that P/miP has finite CB-length, as desired.
Proof of (4): Assume that P is a projective generator of CB. Then, by Proposi-

tion A.1.65, P is a complete left E-module in CB, and the corresponding functor

– ⊗̂EP : Modc(E
op)→ CB

is an equivalence. Since the forgetful functor i : CB → Modc(O) is exact and
cofiltered limit-preserving, the composition i◦(– ⊗̂EP ) is an exact and cofiltered limit-
preserving functor Modc(E

op) → Modc(O). By Lemma A.1.55, this composition
is naturally isomorphic to the completed tensor product associated to i(P ). By
Lemma A.1.59, this is the usual completed tensor product – ⊗̂EP , which is therefore
exact, as desired.

Finally, the claim that E has finite global dimension can be verified as follows.
By [JNW24, Proposition 4.2.2] and Lemma 2.3.10, it suffices to prove that every
simple left Eop-module M has a finite projective resolution (since there are finitely
many isomorphism classes of simple modules). For this, it suffices to prove that M
has a finite projective resolution in Modc(E

op), all of whose terms have finite length
Eop-cosocle, or equivalently, that M has a finite injective resolution in Modc(E

op)op,
all of whose terms have socle of finite length. Since Modc(E

op)op is a locally finite
category, general theory shows that M has an injective resolution M → J• such
that, for all simple N ∈ Modc(E

op), we have

lengthO HomModc(Eop)op(N, J
t) = lengthO ExttModc(Eop)op(N,M)

(see the explanation in [Paš13, Remark 10.11]). It thus suffices to prove that for
any two simple modules M,N , the Ext-group ExttModc(Eop)op(N,M) is O-finite, and
vanishes for large enough t. Since Modc(E

op)op
∼−→ AB, this is a consequence of

known properties of Ext-groups between irreducible objects of AB. □

In Section A.1.16 we have defined socle and radical filtrations for objects of a
complete and cocomplete abelian category, such as A, C, or Mod(OJGKζ). The next
lemma shows that, for finite length objects, the natural inclusions A → Mod(OJGKζ)
and C→ Mod(OJGKζ) preserve these filtrations.

Lemma 2.3.12. If M ∈ C has finite length, then the C-socle filtration and the
Mod(OJGKζ)-socle filtration of M coincide. The same statement is true with C
replaced by A, or “socle” replaced by “radical”.

Proof. This is an immediate consequence of Lemma 2.2.31, resp. Lemma 2.2.20. □

We now prove two finiteness results for the radical filtration of objects of C, or
equivalently, the socle filtration of objects of A.



32 A. DOTTO, M. EMERTON, AND T. GEE

Lemma 2.3.13. If M is an object of C with cosocle of finite length, then M is
Noetherian in C, and M/ radnM is of finite length for each n ≥ 0. Furthermore,
M

∼−→ lim←−n(M/ radnM).

Proof. If cosoc(M) has finite length, then M is a quotient of a projective envelope P
of cosoc(M), and P is Noetherian by Lemma 2.3.11 (1). Hence M is Noetherian.
If radiM/ radi+1M has infinite length for some i, then (by the dual to Corol-
lary A.1.21 (1)) it is an infinite direct product of simple objects, and so it contains
an infinite ascending chain of subobjects. This contradicts the fact that M is
Noetherian and concludes the proof of the first statement of the lemma.

We now prove that M ∼−→ lim←−nM/ radnM . Since C is dual to Al.adm, we know
that

M
∼−→ lim←−

M ′⊆M
M/M ′

where the limit is over the set of closed submodules M ′ ⊆M of finite C-colength.
Since we have just proved that radnM has finite colength for all n, it suffices
to prove that if q : M → N is a surjection, and N has finite length, then there
exists n ≥ 0 such radnM ⊆ ker(q). However, radnN = 0 for n large enough, and
then Lemma A.1.23(2) implies that radnM ⊆ ker(q), as desired. This concludes the
proof. □

Lemma 2.3.14. Let π ∈ Afp, let B be a block of Al.adm, and let n ≥ 0. Then there
exists a unique subobject π(n)

B ⊆ π such that

(1) π/π
(n)
B ∈ Afp

B and has Loewy length ≤ n.
(2) if π′ ⊆ π, and π/π′ ∈ Afp

B and has Loewy length ≤ n, then π
(n)
B ⊆ π′.

The set {π(n)
B : n ≥ 0} is cofinal in the set of quotients of π contained in Afp

B.

Proof. The uniqueness part is immediate. For the existence part, let I be a direct
sum of injective envelopes of the simple objects of AB. The dual of Lemma 2.3.13
implies that socA,n I has finite A-length. Hence HomA(π, socA,n I) is finitely
generated over O. Choose generators φ1, . . . , φr of this O-module, and let

π
(n)
B =

⋂
i

ker(φi).

Then
π/π

(n)
B ⊆

⊕
i

socA,n I,

and the right-hand side is an object of Afp
B and has Loewy length ≤ n. Hence (1)

holds, by Lemma A.1.23. To see that (2) holds, we need to prove that π(n)
B maps

to zero in π/π′. Since I is an injective cogenerator of AB, it suffices to prove
that for all φ ∈ HomA(π/π

′, I), the composite π(n)
B → π → π/π′ φ−→ I is zero.

Now Lemma A.1.23 implies that φ factors through socA,n I, and all elements of
HomA(π, socA,n I) are zero on π

(n)
B , by construction. This concludes the proof of

the existence of π(n)
B .

Finally, the cofinality claim follows from the second property of π(n)
B , since any

quotient of π contained in Afp
B has finite A-length, hence finite Loewy length. □

We now consider the case of a projective generator with finite cosocle.
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Lemma 2.3.15. Let B be a block of Al.adm, and let PB be a projective generator
of CB with cosocle of finite length. Let EB := EndCB

(PB). Then:
(1) the functor M 7→ HomCB

(PB,M) = Homcont
G (PB,M) gives an equivalence

CB
∼−→ Modc(E

op
B ),

with quasi-inverse given by N 7→ N ⊗̂EB
PB.

(2) π 7→ PB ⊗OJGKζ π gives an equivalence

Afp
B

∼−→ Modf.l.(EB),

with quasi-inverse given by M 7→ Homcont
EB

(PB,M).
(3) If M is an object of CB with cosocle of finite length, then the module

HomCB
(PB,M) is finitely presented over Eop

B and over EndCB
(M).

(4) If M is an object of CB with cosocle of finite length, then there is a natural
isomorphism

(2.3.16) M
∼−→ HomCB

(PB,M)⊗EB
PB.

Proof. Part (1) is Proposition A.1.65, whose assumptions are met because of
Lemma 2.3.11 (1). We now prove part (2). Restricting the equivalences in part (1)
to the subcategories of finite length objects, and recalling that

Modc(E
op
B )f.l.

∼−→ Modf.l.(Eop
B )

by Lemma A.1.32 (8) (which applies since EB is Noetherian, by Lemma 2.3.11 (1)),
we obtain inverse anti-equivalences

Af.l.
B

∼−→ Modf.l.(Eop
B ), π 7→ HomCB

(PB, π
∨)

and
Modf.l.(Eop

B )→ Af.l.
B , N 7→ (N ⊗̂EB

PB)∨.

Now Pontrjagin duality gives an anti-equivalence Modf.l.(Eop
B )→ Modf.l.(EB), and

we have
HomCB

(PB, π
∨)∨ ∼= PB ⊗OJGKζ π

by Lemma 2.2.45. On the other hand, if M ∈ Modf.l.(EB) then N :=M∨ is finitely
presented over Eop

B , and so N ⊗̂EB
PB = N ⊗EB

PB, and

(N ⊗EB
PB)∨ ∼= HomEop

B
(N,P∨

B) = Homcont
EB

(PB,M),

where the isomorphism is because both sides are right exact functors of N , and
send N = Eop

B to P∨
B. This concludes the proof of part (2).

We now prove part (3). By assumption, M is a quotient of P⊕n
B for some n, and

so the module HomCB
(PB,M) is a quotient of (Eop

B )⊕n, i.e. it is a finitely generated
Eop

B -module. By Lemma 2.3.10, it follows that HomCB
(PB,M) is finitely generated

over the Bernstein centre of CB, and so also over EndCB
(M). This concludes the

proof because EB and EndCB
(M) are Noetherian, again by Lemma 2.3.10.

Finally, part (4) follows because part (1) implies that

M
∼−→ HomCB

(PB,M) ⊗̂EB
PB,

and we can use part (3) to identify the completed tensor product with the uncom-
pleted tensor product. □
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2.4. The p-adic local Langlands correspondence for locally admissible
GL2(Qp)-representations. We now recall the results of Paškūnas from [Paš13]
more precisely. A key ingredient in both the statement and proof of these results is
Colmez’s functor from GL2(Qp)-representations to GQp

-representations, and so we
begin by briefly recalling some of the basic properties of this functor.

2.4.1. Colmez’s functor V . We refer to the fundamental work [Col10c] for the
definition of a covariant exact functor

(2.4.2) (sm. G)f.l. → (sm. GQp
)f.l.

whose values on absolutely irreducible objects can be found in [Col10c, Section VII.4],
see also [Paš13, Section 5.7]. This functor is usually denoted V . Since we wish to
work with Galois representations of determinant ζε−1, we will use the notation V
to denote the twist of this functor by the Galois character ε−1, and so its values on
absolutely irreducible objects (as classified in Theorem 2.2.39 and Remark 2.2.40
above) are as follows. Note that if E′/E is a finite extension with ring of integers O′,
then V commutes with –⊗O O′, and with restriction of scalars from O′ to O: this
allows us to compute V on all irreducible objects.

Lemma 2.4.3.
(1) V (IndGB(χ1 ⊗ χ2ω

−1)) ∼= χ2ω
−1 for any smooth characters χi : Q×

p → F×.

(2) V (c-IndGKZ σa,b/Tp) ∼= Ind
GQp

GQ2
p

(nr−ζ(p)ω
b+1
2 )⊗ ωa−1.

(3) V (χ ◦ det) = 0 and V ((χ ◦ det) ⊗ St) = χ for any smooth character χ :
Q×
p → F×.

Proof. See [Paš13, Section 5.7] and [Col10c, Section VII.4]. □

Recall that OJGQp
K has an anti-involution † induced by g 7→ (ζε−1)(g)g−1. We

write
V † : Af.l. → Modf.l.(OJGQp

Kop)

for the functor obtained by precomposing the OJGQp
K-action on V with †. Follow-

ing [Paš13, Section 5.7], we also introduce a covariant exact functor

V̌ : C→ Modc(OJGQp
K)

as follows. We first introduce an autoequivalence W 7→W ∗ of Modf.l.(OJGQp
K) by

letting W ∗ be the Pontrjagin dual of W , with the left OJGQp
K-module structure

obtained by composing the natural right OJGQp
K-module structure with †. In other

words, W ∗ is the contragredient of W , twisted by ζε−1. If M is an object of C of
finite length, we then define

V̌(M) = V (M∨)∗ ∈ Modf.l.(OJGQp
K),

Then we extend V̌ to C by imposing compatibility with cofiltered limits, i.e. we use
the identification C = Pro(Cf.l.) of Lemma A.1.26 and the fact that Modc(OJGQp

K)
is complete.

Remark 2.4.4. If M ∈ C has finite length, and we regard V̌(M)∨ as a right OJGQpK-
module via contravariant Pontrjagin functoriality, then it is naturally isomorphic to
V †(M∨).
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Remark 2.4.5. Similarly to V , our functor V̌ also differs from the V̌ in [Paš13,
Section 5.7] by a twist by ε−1. We also caution the reader that on [Paš15, p. 320],
Paškūnas also writes V̌ to denote the contravariant functor on admissible Banach
space representations obtained by first dualizing to land in the isogeny category
associated to C, and then applying the functor V̌ as we’ve recalled it above. We
will not do this.

2.4.6. Blocks and pseudorepresentations. The functor V induces a bijection between
the blocks of Al.adm, and the Gal(Fp/F)-conjugacy classes of two-dimensional Fp-
valued pseudorepresentations θ of GQp

with determinant ζω−1. This bijection is
given as follows.

Definition 2.4.7.
(1) Assume that B is an F-rational block. If B = {π} has type (ssg) or

type (gen+), we set θ(B) := V (π). In all other cases, we set

θ(B) := V (π) + V (π)∗

for any infinite-dimensional irreducible π ∈ B.
(2) Assume that B is not an F-rational block. By Lemma 2.3.7, there exists an

FB-rational block B′ of AFB
equivalent to B. We define θ(B) to be the

Gal(Fp/F)-conjugacy class of θ(B′).

Note that when B = {π} is an F-rational block of type (gen+), the compatibility
of V with extension of scalars, together with Lemma 2.4.3 (1), shows that V (π)
is an irreducible, not absolutely irreducible representation GQp

→ GL2(F). This
implies that Fθ(B) = FB for all blocks B. Lemma 2.4.3 also implies that θ(–) is a
bijection, with the following explicit description on F-rational objects.

Lemma 2.4.8.
(1) θ{c-IndGKZ σa,b/Tp} = ωa−1 ⊗ Ind

Qp

Qp2
nr−ζ(p)ω

b+1
2 .

(2) θ{IndGB(χ1 ⊗ χ2ω
−1), IndGB(χ2 ⊗ χ1ω

−1)} = ω−1(χ1 + χ2).
(3) θ{IndGB(χ⊗ ω−1χ)} = 2ω−1χ.
(4) θ{χ ◦ det, (χ ◦ det)⊗ St, IndGB(ωχ⊗ ω−1χ)} = (1 + ω−1)χ.
(5) θ{c-IndGKZ(σa,b)/(T 2

p − tTp + ζ(p))} = ωa−1 ⊗ nrT 2
p−tTp+ζ(p)

.

Proof. This is a direct computation. In case (5), we have written nrT 2
p−tTp+ζ(p)

for
the two-dimensional unramified representation with characteristic polynomial of
Frobenius given by T 2

p − tTp + ζ(p). □

From now on we write Bθ for the block corresponding to θ. Slightly more
informally, we will often label data associated to blocks in terms of pseudorepresen-
tations θ, rather than using the notation B or Bθ. For example, from now on we’ll
typically write Cθ in place of CBθ

. Note that since FBθ
= Fθ, this will not lead to

ambiguity when discussing fields of definition.

Remark 2.4.9. Our labelling of the blocks and pseudorepresentations is now seen to
be justified as follows:

(ssg) is short for “supersingular”, because these blocks contain the supersingular
representations of GL2(Qp).
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(gen) is short for “generic”, because of Definition 2.1.2. Note that these pseudorep-
resentations are the traces of the generic representations on the Emerton–Gee
stack for GQp .

(scalar) is for the scalar pseudorepresentations.
(St) is short for “Steinberg”, because these blocks contain a twist of the Steinberg

representation of G.
(gen+) becomes “gen” after extension of scalars.

2.4.10. Construction of projective objects. We now exhibit for every block Bθ a
particular projective object Pθ of Cθ with finite cosocle. If θ is not of type (St),
then Pθ will furthermore be a generator of Cθ.

Definition 2.4.11. We define a projective object Pθ of Cθ in the following way:

(1) If θ has type (ssg), let π be the unique irreducible object of Bθ, and let Pπ∨

be a projective envelope of π∨ in Cθ. Then Pθ := P⊕2
π∨ .

(2) If θ has type (St), let π1 = (χ ◦ det) ⊗ πα and π2 = (χ ◦ det) ⊗ St be the
irreducible, infinite-dimensional objects of Bθ. Let Pπ∨

1
and Pπ∨

2
be their

projective envelopes in Cθ. Then Pθ := Pπ∨
1
⊕ Pπ∨

2
.

(3) Otherwise, Pθ := ⊕πPπ∨ is the direct sum of projective envelopes of the
duals of the irreducible objects π of Bθ.

We also write

Eθ := EndcontOJGKζ (Pθ) = EndCθ
(Pθ)

Tθ := right orthogonal to Pθ in Cθ

Qθ := Cθ/Tθ.

2.4.12. The functor V̌ and Cayley–Hamilton modules. In this subsection we study
the restriction of V̌ to Cθ for all pseudorepresentations θ. When θ has type (gen+),
and O′/O is the finite unramified extension with residue field Fθ, Lemma 2.3.7
produces an Fθ-rational block Cθ′ of CO′ , and shows that restriction of scalars
Cθ′ → Cθ is an equivalence. Since V commutes with restriction of scalars, the
diagram

Cθ′ Modc(O′JGQpK)

Cθ Modc(OJGQpK)

V̌

V̌

∼

commutes. In the rest of this subsection, we will therefore be able to assume without
loss of generality that θ is F-rational.

We begin by forming the profinite module V̌(Pθ), noting that it has commuting
O-linear left actions of Eθ (by functoriality) and OJGQpK. By Lemma 2.3.11(2),
Pθ is a pseudocompact left Eθ-module, and so V̌(Pθ) can be seen as an object of
Modc(Eθ). The following result is essentially a restatement of some of the results
of [PT21], which in turn, since we are assuming p ≥ 5, are essentially a restatement
of results from [Paš13].

Proposition 2.4.13. Let θ be a two-dimensional Fp-valued pseudorepresentation
of GQp

.
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(1) The OJGQp
K-action on V̌(Pθ) factors through R̃θ, and induces an isomor-

phism
R̃θ

∼−→ EndModc(Eθ)

(
V̌(Pθ)

)
.

(2) V̌(Pθ) is free of rank one over each of R̃θ and Eθ; in particular there
is an isomorphism EndModc(Eθ)

(
V̌(Pθ)

) ∼= Eop

θ
, well-defined up to inner

automorphism.
(3) The composition of the isomorphisms in parts (1) and (2) is an isomorphism

R̃θ
∼−→ Eop

θ
, well-defined up to inner automorphism.

Proof. Without loss of generality, θ is F-rational. Furthermore, all statements in
the proposition may be checked after a finite unramified base extension –⊗OO′. We
can therefore assume without loss of generality that θ does not have type (gen+).
The statement of (1) is then a consequence of [PT21, Theorem 6.3, Theorem 6.13],
together with the assertion in Proposition 2.1.16 that R̃θ is O-torsion free. The
statement in (2) concerning the Eθ-structure of V̌(Pθ) is contained in the last three
paragraphs of the proof of [PT21, Proposition 4.18].

If we choose an isomorphism ı : V̌(Pθ)
∼−→ Eθ in Modc(Eθ), then we find that

EndModc(Eθ)

(
V̌(Pθ)

) ∼−→ Eop

θ

(with the isomorphism depending upon the choice of ı, and thus being well-defined
up to an inner automorphism) and that V̌(Pθ) is also free of rank one over its
endomorphism algebra EndModc(Eθ)

(
V̌(Pθ)

)
. Combining this with the statement

of (1) proves the remainder of the proposition. □

Part (2) of Proposition 2.4.13 allows us to regard V̌(Pθ) as an (R̃θ, E
op

θ
)-bimodule,

free of rank one with respect to the action of either ring. We now use Morita theory
to give an alternative description of the functor V̌ . We recall that the functor V̌
is trivial on Tθ: this is a vacuous statement except in case (St), in which case
it amounts to the statement that V̌

(
(χ ◦ det)∨

)
= 0. Thus V̌ induces a functor

Qθ → Modc(OJGQpK) (again exact and cofiltered limit-preserving, because so is
V̌) which we continue to denote by V̌. Because our projective object Pθ has been
chosen precisely so that it detects the quotient Qθ, we can then use Morita theory
with respect to Pθ to describe V̌. This is the subject of the following theorem, which
is essentially due to Paškūnas. In particular, the statement of (1), to the effect that
V̌ induces the indicated equivalence, is one of the main results of [Paš13].

Theorem 2.4.14. Let Bθ be a block of Al.adm, and let θ be the associated Gal(Fp/F)-
conjugacy class of pseudorepresentations. Then the following are true:

(1) The functor V̌ : Cθ → Modc(OJGQp
K) factors through Modc(R̃θ), is natu-

rally isomorphic to

(2.4.15) M 7→ HomCθ
(Pθ,M)⊗Eθ

V̌(Pθ),

and induces an equivalence Qθ

∼−→ Modc(R̃θ).

(2) The functor V † : Afp

θ
→ Modf.l.(OJGQp

K) factors through Modf.l.(R̃op

θ
), and

is naturally isomorphic to

π 7→ HomEθ
(V̌(Pθ), Eθ)⊗Eθ

(Pθ ⊗OJGKζ π),
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where Eθ acts by right multiplication on the Hom-space, and R̃θ acts
through V̌(Pθ).

Proof. As in Section A.1.61, we write M for the image of an object M of Cθ
in Qθ. Then Lemma A.1.63(2) shows that HomCθ

(Pθ,M) = HomQθ
(P θ,M) for

all M ∈ Cθ. Hence EndQθ
(P θ)

∼= Eθ is a Noetherian profinite O-algebra. By
Lemma A.1.63 (3), P θ is a projective generator of Qθ, and it has finite cosocle in Qθ.
Hence Proposition A.1.65 applies, and shows that HomQθ

(P θ, –) an equivalence
Qθ

∼−→ Modc(E
op

θ
), with quasi-inverse given by −⊗̂Eθ

P θ. For any object M of Cθ,
we now see that

V̌(M) = V̌(M)
∼−→ V̌

(
HomQθ

(P θ,M) ⊗̂Eθ
P θ
) ∼−→ HomCθ

(Pθ,M)⊗Eθ
V̌(Pθ).

For the second isomorphism, we use the fact that V̌ is exact and cofiltered limit-
preserving, and also the fact that V̌(Pθ) is finitely generated (in fact, free of rank one)
over Eθ, so that – ⊗̂Eθ

V̌(Pθ) can be computed as the usual tensor product. This
gives the factorization and the natural isomorphism of (1). Since, as we’ve already
noted, HomQθ

(P θ, –) is an equivalence, it then follows from Proposition 2.4.13 (2)
that V̌ induces an equivalence Qθ → Modc(R̃θ). This completes the proof of (1).

We now prove part (2). By Remark 2.4.4, the functor V † is the Pontrjagin dual
of V̌. So it follows from part (1) that

V †(π) ∼=
(
HomCθ

(Pθ, π
∨)⊗Eθ

V̌(Pθ)
)∨

functorially in π. Since V̌(Pθ) is a free left Eθ-module of finite rank, we deduce
from this that

V †(π) ∼= HomEθ

(
V̌(Pθ), Eθ

)
⊗Eθ

HomCθ
(Pθ, π

∨)∨.

The result now follows from Lemma 2.2.45 (1). □

Remark 2.4.16. Write Zθ for the centre of the category Cθ. Then there exists a
unique isomorphism Z(R̃θ) → Zθ such that the functor V̌ is Z(R̃θ)-linear. This
is part of the results of [Paš13]; from our point of view, it is a direct consequence
of Theorem 2.4.14, except in case (St), in which case we need the additional fact
that Cθ → Qθ induces an isomorphism of centres, which follows from [Paš13,
Theorem 10.80, Corollary 10.77].

Note also that by Proposition 2.1.16, the natural map Rps

θ
→ Z(R̃θ) is an

isomorphism. Hence we can reformulate the above as the existence of a unique
isomorphism Rps

θ
→ Zθ such that the functor V̌ is Rps

θ
-linear. It then follows

that the functors V and V † are also Rps

θ
-linear. In fact, since V (π) = V̌(π∨)∗,

to prove the Rps

θ
-linearity of V it suffices to check that for all z ∈ Rps

θ
⊂ R̃θ and

all M ∈ Modf.l.(R̃θ), we have the equality zM∗ = z∗M as central endomorphisms
of M∗. The equality zM∨ = z∨M holds by definition (here ∨ denotes the Pontrjagin
dual). Now, again by definition, we have zM∗ = (z†)M∨ , and z∗M = z∨M (since the
functors M 7→ M∗ and M 7→ M∨ act in the same way on morphisms). Since the
anti-involution † is trivial on the centre of R̃θ, we conclude that zM∗ = z∗M , as
desired.

Since V̌ : Qθ → Modc(R̃θ) is an equivalence of categories, it also admits a
Morita-theoretic description. It is easy to make this explicit, since the natural
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isomorphism (2.4.15) shows that the equivalences HomQθ
(P θ, –) and V̌(–) differ by

tensoring with the free rank one bimodule V̌(Pθ).

Definition 2.4.17. We define P̃θ := HomEθ

(
V̌(Pθ), Eθ

)
⊗Eθ

Pθ and Ẽθ := EndCθ
(P̃θ).

If θ is not of type (St), then P̃θ is a generator of Cθ (since the same is true of Pθ).
Since V̌(Pθ) is an (R̃θ, E

op

θ
)-bimodule which is free of rank one over both rings, we

see that HomEθ

(
V̌(Pθ), Eθ

)
is an (R̃op

θ
, Eθ)-bimodule which is again free of rank one

over both rings. Thus P̃θ is a projective object of Cθ, with a natural isomorphism

(2.4.18) R̃op

θ

∼−→ Ẽθ = EndCθ
(P̃θ).

Hence we can regard the functor V † as a functor

(2.4.19) V † : Afp

θ
→ Modf.l.(Ẽθ),

and the functor V as a functor

(2.4.20) V : Afp

θ
→ Modf.l.(R̃θ).

Remark 2.4.21. The main reason to introduce P̃θ is to obtain the canonical iso-
morphism (2.4.18), and therefore avoid making a choice of isomorphism as in
Proposition 2.4.13 (3). Throughout the paper we will mostly work with P̃θ, rather
than Pθ. As an exception, in Section 3.6 we will need an explicit presentation
of Ẽθ when θ = 1 + ω, and so it will be convenient to choose an isomorphism
Pθ

∼−→ P̃θ. By construction, this choice is equivalent to the choice of an Eθ-basis of
the free rank-one Eθ-module V̌(Pθ). A convenient choice of basis is described in
Lemma 3.6.24.

Lemma 2.4.22.
(1) There is a natural isomorphism

V̌(– ) ∼−→ HomCθ
(P̃θ, –)

of functors Cθ → Modc(R̃θ). In particular, the functor

M 7→M ⊗̂R̃θ
P̃θ

provides a quasi-inverse to the equivalence V̌ : Qθ → Modc(R̃θ).
(2) There is a natural isomorphism

V †(– ) ∼−→ P̃θ ⊗OJGKζ –

of functors Afp

θ
→ Modf.l.(Ẽθ).

(3) If θ is not of type (St), then V † : Afp

θ
→ Modf.l.(Ẽθ) is an equivalence.

Proof. The claimed natural isomorphism in (1) follows from the definition of P̃θ to-
gether with (2.4.15). The rest of part (1) is then a special case of Proposition A.1.65,

The statement of (2) is dual to the statement of (1) in the same way that the
statement of part (2) of Theorem 2.4.14 is dual to the statement of part (1) of that
theorem, and is proved in an identical manner.

The final part is immediate from Lemma 2.3.15 (2), since P̃θ is a projective
generator of Cθ. □
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2.5. Localization of smooth representations of GL2(Qp). In this and the
next section we recall various results from our paper [DEG23], and explain how
to translate them from the abelian categorical context (which is the focus of that
paper) to the stable ∞-categorical context in which we are working. Along the way,
we establish various relationships between the stable∞-categories of representations
that we will be considering.

2.5.1. A chain of projective lines. One of the main results of [DEG23] is a localization
theory for A over the Zariski site of a scheme X over F, which is a chain of projective
lines of length (p ± 1)/2, with ordinary double points (where the sign is equal
to −ζ(−1)). There is a bijection between companion pairs of ζ-compatible weights
and the irreducible components3 of X, and we write X(σ|σco) for the component
corresponding to the pair {σ, σco}.

If σ = σa,b is ζ-compatible, and b ̸= p − 1, there is a morphism ([DEG23,
Definition 2.6.1])

(2.5.2) fσ : SpecHG(σ) = A1 → X(σ|σco)

which is an open immersion when b ≠ p− 2 (given by x 7→ x±1, the sign depending
on σ), and is a degree two morphism when b = p−2 (given by x 7→ (x+x−1)±1). The
identification of SpecHG(σ) with A1 uses the isomorphism (2.2.34). When b = p−1,
we furthermore define fσa,p−1

= fσa,0
.

There is a bijection x 7→ Bx between the set of closed points of X and the set of
blocks of Al.adm, given by

(2.5.3) Bx =
⋃
σ,y

JH
(
c-IndGKZ σ ⊗HG(σ) y

)
,

i.e. the union of the Jordan–Hölder factors of c-IndGKZ σ⊗HG(σ) y for those σ, y with
fσ(y) = x. Composing with the bijection in Definition 2.4.7, we see that there is
also a bijection between the set of closed points of X, and the set of Gal(Fp/F)-
conjugacy classes of two-dimensional Fp-pseudorepresentations θ of GQp

, having
determinant ζω−1. Accordingly, we will typically denote a closed point x ∈ X by θ.
Note that in the notation of Section 2.1.9, the residue field of θ is Fθ.

Remark 2.5.4. Using the identification of closed points ofX with Fp-pseudorepresentations
that we have just described, we have the following explicit formula for the mor-
phism fσ from (2.5.2): if σ = σa,b, then for t ∈ F

×
p (regarded as an Fp-point of

SpecHG(σ) via the isomorphism (2.2.34)) we have

(2.5.5) fσ(t) = nrt−1ωa−1 + nrtζω
−a,

while

(2.5.6) fσ(0) = Ind
GQp

GQ
p2
(nr−ζ(p)ω

b+1
2 )⊗ ωa−1.

Hence the points 0,∞ of X(σ|σco) correspond to irreducible pseudorepresentations.

3In [DEG23, Prop. 2.5.4], we label the components as X(τ), where τ runs over the set of
isomorphisms classes of irreducible cuspidal representations of GL2(Fp) over E with central
character ζ. The map τ 7→ JH(τ) (i.e. passing to the Jordan–Hölder factors of the semisimplified
mod p reduction) induces a bijection between the set of such τ and the set of companion pairs. This
bijection is described in more detail in the proof of Proposition 3.7.8 below. Compare also [DEG23,
Rem. 2.5.7].
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2.5.7. Localization of abelian categories. We associate to every closed subset Y ⊆ |X|
the full Serre subcategory AY ⊂ A of objects all of whose irreducible subquotients
are contained in

⋃
θ∈Y Bθ. We write iY,∗ : AY → A for the fully faithful inclusion

functor. Write U := X \ Y , let AU := A/AY denote the Serre quotient, and write
j∗U : A → AU for the quotient functor. We write Afp

Y for the full subcategory of
finitely generated objects of AY , and Afp

U for the essential image of Afp in AU .
When Y = {θ} is a singleton, the category A{θ} agrees with the category ABθ

of (A.1.29), and we will denote it by Aθ from now on. On the other hand, if Y = X
then AY = A, so all the results we recall below about the categories AY apply in
particular to A itself.

The following proposition summarizes some of the fundamental properties of the
categories AY established in [DEG23] (see Appendix A.1 for a brief recollection of
some material on locally Noetherian categories).

Proposition 2.5.8.
(1) The categories AY and AU are locally Noetherian.
(2) The compact objects of AY (resp. AU ) are the finitely generated objects Afp

Y

(resp. Afp
U ).

(3) The inclusion iY,∗ : AY → A is exact, preserves colimits, preserves injectives,
and preserves compact objects.

(4) The quotient functor j∗U : A → AU admits an exact and fully faithful right
adjoint jU,∗ : AU → A. In particular, AY is a localizing subcategory of A.

(5) The assignment U 7→ AU defines a stack A• of abelian categories on XZar.

Proof. The first four points are immediate from [DEG23, Lem. 3.1.2, 3.1.7, Prop.
3.1.13 (2), Cor. 3.5.8], together with the observation that by [DEG23, Propo-
sition A.1.1], the Noetherian objects of A, resp. AY , are precisely the compact
objects, and since AY ⊂ A is a Serre subcategory, the inclusion preserves Noetherian
objects. The final point is [DEG23, Theorem 3.3.1]. □

The exact functor iY,∗ induces an exact functor îY,∗ : Pro(Afp
Y ) → Pro(Afp),

which by the adjoint functor theorem has a left adjoint î∗Y : Pro(Afp)→ Pro(Afp
Y ).

This functor was denoted (̂–)Y in [DEG23].

Lemma 2.5.9. The functor î∗Y : Pro(Afp)→ Pro(Afp
Y ) is exact.

Proof. By [DEG23, Cor. 3.5.5], the functor

î∗Y |Afp : Afp → Pro(Afp
Y )

is exact. The lemma then follows immediately from Lemma A.1.6 (2). □

Remark 2.5.10. If Y ⊆ X consists of a single closed point θ, then we will typically
write iθ,∗ and î∗

θ
rather than iY,∗ and î∗Y .

Remark 2.5.11. Passing to Ind-extensions, we obtain an adjoint pair of functors,
still denoted (̂i∗Y , îY,∗), between IndProAfp and IndProAfp

Y . The functor î∗Y was
also denoted (̂–)Y in [DEG23].

If θ is a closed point of U , then the functor î∗
θ
: Afp → ProAfp

θ
factors through Afp

U ,
and we continue to denote the resulting functor Afp

U → ProAfp

θ
by î∗

θ
. Bearing in
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mind this slight abuse of notation, we have a natural isomorphism

(2.5.12) î∗
θ

∼−→ î∗
θ
j∗U : Afp → ProAfp

θ
.

Similarly, the composite î∗
θ
jU,∗, which is a priori a functor Afp

U → IndProAfp

θ
, is

actually valued in ProAfp

θ
, and there is a natural isomorphism

(2.5.13) î∗
θ

∼−→ î∗
θ
jU,∗ : Afp

U → ProAfp

θ
;

to see this, it suffices to precompose the Ind-extension of (2.5.12) with jU,∗, and
use the fact that the counit j∗U jU,∗ → 1 is an isomorphism. See also [DEG23,
Section 3.5.21] for related material.

The functors î∗Y and jU,∗ can be explicitly computed in some cases. By [DEG23,
Lem. 3.5.2], if π is an object of Afp, there is a natural isomorphism

(2.5.14) î∗Y π
∼−→ lim π′,

where π′ runs over the cofiltered set of quotients of π lying in Afp
Y . Furthermore,

the unit of adjunction π → îY,∗î
∗
Y π corresponds under (2.5.14) to the inverse limit

of the corresponding quotient maps. When σ is a Serre weight, and π = c-IndGKZ σ,
we can produce an explicit cofinal set in (2.5.14) in the following way.

Definition 2.5.15. Let σ be a Serre weight, and let Y ⊂ X be a closed subset.
(1) If f−1

σ (Y ) is finite, we define fY ∈ H(σ) = F[Tp] to be the unique monic
squarefree generator of the ideal of f−1

σ (Y ). If Y = {θ} is a singleton, we
write fθ for fY .

(2) If f−1
σ (Y ) is infinite, we define fY := 0.

When Y = {θ} is a single F-rational point, the polynomial fθ has degree one,
unless σ = σa,p−2, in which case fθ can have degree two (and can be reducible). Fur-
thermore, by [DEG23, Lemma 3.1.8(2)], (c-IndGKZ σ)/fθ(c-Ind

G
KZ σ) is the maximal

multiplicity-free quotient of c-IndGKZ σ which is an object of Aθ.

Lemma 2.5.16. Let σ := σa,b be a Serre weight, and let Y ⊂ X be a closed subset.
(1) (a) The set {c-IndGKZ σ/fnY c-Ind

G
KZ σ : n ≥ 1} is cofinal in (2.5.14), and

so we have

(2.5.17) î∗Y c-Ind
G
KZ σ

∼−→ limn(c-IndGKZ σ)/f
n
Y c-Ind

G
KZ σ.

(b) The unit morphism

c-IndGKZ σ → jU,∗j
∗
Uc-Ind

G
KZ σ

is given by the natural map

(2.5.18) c-IndGKZ σ → (c-IndGKZ σ)[1/fY ].

(2) Let θ ∈ X be a closed point, and let ρ : GQp
→ GL2(Fp) be a semisimple

Galois representation with trace θ. Then î∗
θ
c-IndGKZ σ ≠ 0 if and only if σ is

a Serre weight of ρ.

Proof. Part (1a) is [DEG23, Cor. 3.5.3], while Part (1b) is [DEG23, Prop. 3.1.13(1)].
We now prove part (2). By part (1a), î∗

θ
(c-IndGKZ σ) ̸= 0 if and only if f{θ} is

not a unit in H(σ). By Definition 2.5.15, this occurs if and only if there exists
t ∈ SpecH(σ) such that fσ(t) = θ. By (2.5.5) and (2.5.6), this occurs if and only if
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t ∈ F
×
p and θ = nrt−1ωa−1+nrtζω

−a, or t = 0 and θ = Ind
GQp

GQ
p2
(nr−ζ(p)ω

b+1
2 )⊗ωa−1.

Bearing in mind Definition 2.1.4, this is equivalent to σ being a Serre weight of ρ. □

Remark 2.5.19. In the setting of Lemma 2.5.16 (1a), if fY = 0 then c-IndGKZ σ is
an object of Afg

Y , and so (2.5.17) exhibits its completion as a constant pro-object.
Similarly, the localization j∗Uc-Ind

G
KZ σ is equal to zero, as is the right-hand side

of (2.5.18), which is by definition the HG(σ)-module localization

c-IndGKZ σ ⊗HG(σ) HG(σ)[1/fY ].

2.5.20. Tensor product and completion. If P is a projective object of Cθ with finite
length cosocle, then we have seen in Lemma 2.3.11 that E := EndC(P ) is a compact
Noetherian O-algebra and that P ∈ Modc(E). Hence P is a right OJGKζ-module
in Modc(E), and so Lemma A.1.55 shows that the functor

P ⊗OJGKζ – : Modfp(OJGKζ)→ Modc(O)

can be lifted through the forgetful functor Modc(E)→ Modc(O) to a functor

(2.5.21) P ⊗OJGKζ − : Modfp(OJGKζ)→ Modc(E).

Since Modc(E) = ProModf.l.(E), this is an instance of Lemma A.10.10 (2f). Since
Afp is a full subcategory of Modfp(OJGKζ), the restriction of (2.5.21) to Afp extends
uniquely to a cofiltered limit-preserving functor

(2.5.22) P ⊗̂OJGKζ− : Pro(Afp)→ Modc(E).

This is an instance of Lemma A.10.10 (2g), which strictly speaking considers the
Pro-extension to all of Pro

(
Modfp(OJGKζ)

)
, but in what follows we will be focussed

on its full subcategory Pro(Afp). In particular, in that context we have the following
exactness result.

Lemma 2.5.23. The functor P ⊗OJGKζ (–) is exact on Afp, and hence the Pro-
extended functor P ⊗̂OJGKζ (–) : Pro(Afp)→ Modc(E) is also exact.

Proof. The forgetful functors Modc(E) → Mod(E) and Mod(E) → Mod(O) are
exact, and so it suffices to verify the claimed exactness after applying their composite,
i.e. after forgetting the topology and E-module structure on P ⊗OJGKζ π. Doing
this, we are reduced to considering the tensor product with P and π thought of as
abstract OJGKζ-modules, and the claimed exactness follows from the Tor-vanishing
of Lemma 2.2.46 (2). □

Regarding θ as a closed point of X, we may consider the completion functor î∗
θ
;

we will use it together with (2.5.22) to relate (2.5.21) to its restriction to Afp

θ
. We

first note the following.

Lemma 2.5.24. If π is an object of Afp

θ
, then P⊗OJGKζ π is a finite length E-module.

Proof. It suffices to show that P ⊗OJGKζ π has finite O-length, or equivalently that
(P⊗OJGKζ π)

∨ has finite O-length. By Lemma 2.2.45 (1), (P⊗OJGKζ π)
∨ is isomorphic

to HomOJGKζ (π, P
∨) = HomA(π, P

∨). By Lemma 2.3.4, π has finite A-length, and
so HomA(π, P

∨) = HomA(π, socA,n P
∨) for some n ≥ 0, by Lemma A.1.23(1). This

concludes the proof since socA,n P∨ has finite A-length, by the dual to Lemma 2.3.13.
□
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Lemma 2.5.24 shows that (2.5.21) restricts to a functor

(2.5.25) P ⊗OJGKζ (–) : A
fp

θ
→ Modf.l.(E).

Because of the equivalence (A.1.37), the restriction of (2.5.22) to Pro(Afp

θ
) therefore

coincides with the Pro-extension

Pro(Afp

θ
)→ Pro

(
Modf.l.(E)

) ∼−→ Modc(E)

of (2.5.25), which we will also denote P ⊗̂OJGKζ (–).

Lemma 2.5.26. If P is a projective object of Cθ with finite length cosocle and E =
EndCθ

(P ), then the natural transformation

P ⊗OJGKζ (–)→ P ⊗̂OJGKζ îθ,∗î
∗
θ
(–)

of functors Afp → Modc(E) (induced by the unit of adjunction idProAfp → îθ,∗î
∗
θ
) is

an isomorphism.

Proof. Choose π ∈ Afp, and let Pn = P/ radn P . By Lemma 2.3.13, Pn has finite
C-length, and

P
∼−→ lim←−

n

Pn.

Similarly, let πn := π
(n)

θ
be the quotient of π defined in Lemma 2.3.14. By the

cofinality statement in Lemma 2.3.14, the isomorphism (2.5.14) can be rewritten as

îθ,∗î
∗
θ
π

∼−→ limn πn.

By Lemma 2.3.14 and Lemma A.1.23 respectively, we have isomorphisms of finite
torsion O-modules

HomA(πn, soc
n
A P

∨)
∼−→ HomA(π, soc

n
A P

∨)

and
HomA(πn, soc

n
A P

∨)
∼−→ HomA(πn, P

∨)

(induced by pullback and pushforward, respectively). Applying HomO(–, E/O), we
obtain by Lemma 2.2.45 (1) a pair of isomorphisms

Pn ⊗OJGKζ π
∼−→ Pn ⊗OJGKζ πn,

and
P ⊗OJGKζ πn

∼−→ Pn ⊗OJGKζ πn.

We thus find that

P ⊗OJGKζ π
∼−→ lim←−

n

(Pn ⊗OJGKζ π)
∼−→ lim←−

n

(Pn ⊗OJGKζ πn)

∼−→ lim←−
n

(P ⊗OJGKζ πn)
∼−→ P ⊗̂OJGKζ îθ,∗î

∗
θ
π

(the first isomorphism being an application of Lemma A.1.51 in the category Modc(E),
and the final isomorphism holding because P ⊗̂OJGKζ (–) is cofiltered limit-preserving
by construction), as required. □
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2.6. Derived categories of smooth representations. We now write D(AY )
for the (unbounded) derived stable ∞-category of the Grothendieck category AY .
(See [EGH25, App. A.1] and Appendix A.2 for a brief recollection of the material
on stable ∞-categories that we use below, and Appendix A.6 for a recollection of
t-structures.)

Since the inclusion iY,∗ : AY → A is exact and preserves colimits, it induces (by
Lemmas A.7.26 and A.7.22) a continuous t-exact functor

(2.6.1) iY,∗ : D(AY )→ D(A).

(Here and below, we will use the same notation for exact functors between abelian
categories, and their t-exact extensions to derived categories.) Recall that in the
notation of Definition A.7.6 we write DAY

(A) for the full subcategory of D(A)
consisting of objects all of whose cohomologies lie in AY , and similarly DAY

(OJGKζ)
(where D(OJGKζ) is the derived category of OJGKζ-modules).

Lemma 2.6.2. The t-exact continuous functor iY,∗ : D(AY ) → D(A) is fully
faithful, and induces an equivalence D(AY )

∼−→ DAY
(A). Furthermore we have a

commutative diagram of t-exact fully faithful continuous functors

D(AY ) DAY
(A) D(A)

DAY
(OJGKζ) DAY

(OJGKζ) DA(OJGKζ)

≃

≃ ≃ ≃

=

Proof. We begin by noting that since we have a colimit-preserving, exact and
fully faithful functor A → Mod(OJGKζ), we have a continuous t-exact functor
D(A) → D(OJGKζ). By an identical argument to the proof of [EGH25, Prop.
E.2.2], taking into account Remark 2.2.24, this functor satisfies the hypotheses of
Theorem A.7.27, so it induces the right-most vertical equivalence in the commutative
diagram above.

In turn, the right-most equivalence restricts to the middle equivalence. It therefore
suffices to show that the composite

D(AY )→ D(A)→ D(OJGKζ)

is fully faithful and induces an equivalence D(AY ) → DAY
(OJGKζ). Since iY,∗ :

AY → A preserves injectives by [DEG23, Cor. 3.5.8], and its right adjoint has finite
cohomological amplitude by [DEG23, Cor. 3.6.3], this follows from an application of
Theorem A.7.27 to the fully faithful functor AY → Mod(OJGKζ). □

We recall the following standard lemma.

Lemma 2.6.3. If A is a coherent ring and M is a finitely generated A-module
for which RHomA(M, –) is of bounded amplitude, then M is compact as an object
of D(A).

Proof. By for example [Wei94, Lem. 4.1.6], M has a finite length resolution by
finitely generated projective A-modules, and is therefore compact in D(A) (see for
example [BN93, Prop. 4.6]). □

Proposition 2.6.4. The objects of Afp are compact in D(A).
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Proof. By Lemma 2.6.2, there is a fully faithful continuous functor D(A) ↪→
D(OJGKζ). By Lemma 2.2.23, the ring OJGKζ is coherent, so it follows from
Lemma 2.6.3 that it suffices to show that for any finitely generated object π of A,
the functor RHomOJGKζ (π, –) has bounded amplitude.

To this end, recall that by for example [Dot25, Section 2.4.14] we have a short
exact sequence

0→ c-IndGN δπ → c-IndGKZ π → π → 0

where N is the normalizer of the Iwahori subgroup Iw, and δ is the nontrivial
quadratic character of N/IwZ. We can therefore reduce to showing that for any
finitely generated π, and any subgroup H of G which contains IwZ with finite
coprime-to-p index, the functor RHomOJGKζ (c-Ind

G
H π, –) has bounded amplitude.

Since π is finitely generated, and G/KZ is countable, π is countably generated
over O. Hence we can write π as a countably-indexed filtered colimit colimi Vi of
finitely generated H-subrepresentations. Then

RHomOJGKζ (c-Ind
G
H π, –) = RlimiRHomOJHKζ (Vi, –).

Using the fact that Rj limi = 0 for j ≥ 2 (since the limit is countably indexed) we
are reduced to checking that RHomOJHKζ (Vi, –) has bounded amplitude. Since Vi
is an H-linear direct summand of c-IndHIw1Z(Vi) (since the index of Iw1Z in H is
prime-to-p), it suffices to check that RHomOJIw1ZKζ (Vi, –) has bounded amplitude.
This is a consequence of the fact that the ring OJIw1ZKζ has finite global dimension,
which follows from [Ven02, Thm. 3.26]. More precisely, the decomposition (1.3.1)
shows that we have an isomorphism of rings

OJIw1ZKζ
∼−→ OJIw1/Z1K

and since p ≥ 5, we see that Iw1 is torsion-free, and thus so is Iw1/Z1 (being a
direct factor of the former group). Thus [Ven02, Thm. 3.26] applies to the target of
this isomorphism. □

Remark 2.6.5. If p = 2 or 3 then Iw1 has a nontrivial p-torsion element, namely
−1 ∈ Qp when p = 2, and a conjugate of ζ3 ∈ Qp(ζ3) ⊂ M2(Qp) when p = 3. So
we anticipate that the analogue of Proposition 2.6.4 would fail in these cases.

Definition 2.6.6. We writeDb
fp(AY ) forDb

Afp
Y

(AY ), and similarlyDb
fp(AU ) forDb

Afp
U

(AU ).

Corollary 2.6.7. Let Y ⊆ X be a closed subset with open complement U ⊆ X.
Then

(1) The canonical functors Db(Afp
Y )→ Db

fp(AY ) and Db(Afp
U )→ Db

fp(AU ) are
equivalences.

(2) The categories D(AY ) and D(AU ) are compactly generated, and we have
D(AY )c = Db

fp(AY ) and D(AU )c = Db
fp(AU ). Hence the natural maps

IndDb
fp(AY )

∼−→ D(AY ) and IndDb
fp(AU )→ D(AU ) are equivalences.

(3) j∗U : A → AU induces equivalences

D(A)/D(AY )
∼−→ D(AU )

and
Db

fp(A)/Db
fp(AY )

∼−→ Db
fp(AU ).

(4) The functor jU,∗ : D(AU )→ D(A) is fully faithful, continuous, and is right
adjoint to j∗U : D(A)→ D(AU ).
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Proof. This is immediate from Proposition A.7.29 (whose hypotheses hold by
Lemma 2.6.2, Proposition 2.5.8, and Proposition 2.6.4). □

We now give an explicit set of compact generators (in the sense recalled in
Remark A.2.22) for the compactly generated categories D(A) and D(AU ).

Corollary 2.6.8. Letting σ range over the ζ-compatible Serre weights, the col-
lection {c-IndGKZ σ} is a set of compact generators of D(A), and the collection
{j∗Uc-Ind

G
KZ σ} is a set of compact generators of D(AU ).

Proof. The second statement follows from the first. For the first, by Proposi-
tion A.7.13 it suffices to show that {c-IndGKZ σ} is a set of weak generators of A, i.e.
that for each π ∈ A, there exists a non-zero map c-IndGKZ σ → π for some σ. This
is standard; see e.g. the proof of [DEG23, Lem. 2.2.3]. □

Finally we turn to the exact functor î∗Y : Pro(Afp)→ Pro(Afp
Y ) from Lemma 2.5.9.

Note that since iY,∗ is exact, it induces a t-exact functor

(2.6.9) îY,∗ : ProDb
fp(AY )→ ProDb

fp(A).

Lemma 2.6.10. Let

(2.6.11) î∗Y : ProDb
fp(A)→ ProDb

fp(AY )

be the Pro-extension of the t-exact functor Db
fp(A)→ ProDb

fp(AY ) whose restriction
to hearts is î∗Y . Then î∗Y is left adjoint to îY,∗.

Proof. This is immediate from Lemma 2.5.9 and Proposition A.8.17 (applied with
C = Afp, C′ = Afp

Y , and f = î∗Y ). □

2.7. Finiteness of some Ext groups. In this subsection we prove some results on
extension groups between parabolic inductions which we will use in the proof of our
main theorem (see Proposition 5.4.21).

2.7.1. Removing the central character. We will make significant use of the results
of Heyer [Hey23; Hey24] on parabolic induction and its adjoints. Since Heyer’s
papers work with the category sm. G of all smooth O-representations of G, possibly
without a central character, we begin by explaining how to relate Ext groups in A
and sm. G.

By Lemma 2.6.2, the inclusion A → Mod(OJGKζ) induces a t-exact equivalence

D(A)→ Dsm(OJGKζ),

where the right-hand side denotes the full subcategory of complexes with smooth
cohomology. By [EGH25, Proposition E.2.2], we have a commutative diagram

(2.7.2)
D(sm. G) Dsm(OJGK)

D(A) Dsm(OJGKζ).

∼

∼

Writing A := OJQ×
p K and B := O, we can thus study the relationship between ExtiA

and Extism. G as a particular case of the following problem: Suppose given a morphism
ζ : A → B of commutative rings and a (not necessarily commutative) A-algebra
R, and write S := B ⊗A R. Then, if M and N are two S-modules, which can then
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also be regarded as R-modules via the canonical morphism R → S, what is the
relationship between Ext•R(M,N) and Ext•S(M,N)?

To begin with, if M is an R-module and N is an S-module, then deriving the
tensor–Hom adjunction gives

RHomR(M,N)
∼−→ RHomS(B ⊗LAM,N).

Now, if M is itself an S-module, then

B ⊗LAM
∼−→ (B ⊗LA B)⊗LB M.

Thus we obtain, for S-modules M and N , an isomorphism

(2.7.3) RHomR(M,N)
∼−→ RHomS

(
(B ⊗LA B)⊗LB M,N).

Lemma 2.7.4. There exists an isomorphism of functors D(A)op ×D(A)→ D(O):

RHomsm. G(–, –) ∼= RHomA(–, –)⊕ RHomA(–, –)⊕2[−1]⊕ RHomA(–, –)[−2].

Proof. We apply the above discussion with A = OJQ×
p K, B = O, and the morphism

A→ B being ζ : OJQ×
p K→ O; and we take R = OJGK and S = OJGKζ . Choosing a

uniformizer of Qp and an isomorphism 1+ pZp
∼−→ Zp then induces an isomorphism

A ∼= OJUK[V ±1][F×
p ],

and we note that the group ring (denoted [F×
p ]) of the cyclic group F×

p is semisimple
in residue characteristic p. Computing with a Koszul complex in the variables U
and V , we see that

B ⊗LA B
∼−→ B[2]⊕B[1]⊕2 ⊕B.

Using (2.7.3) we have

RHomOJGK(M,N)
∼−→

RHomOJGKζ (M,N)⊕ RHomOJGKζ (M,N)⊕2[−1]⊕ RHomOJGKζ (M,N)[−2].

The result now follows from (2.7.2). □

2.7.5. Extensions of universal parabolic inductions. We begin by introducing some
notation involving the connected components of X. We refer to Section 3.7 for
motivation and some related material.

Definition 2.7.6. Let σ|σco be a companion pair of Serre weights.

(1) Define a polynomial f ∈ F[t] by

f(t) :=

{
t if σ|σco is of type (gen)
t(t2 − ζ(p)) if σ|σco is of type (scalar) or (St).

(2) Let Ybad ⊂ X be the closed subset determined by the finite set of points
which become of type (ssg), (scalar) or (St) after a finite extension of O.
Let Ugood be the complement of Ybad.

(3) If {σ, σco} is a pair of companion weights, let

U(σ|σco) := Ugood ∩X(σ|σco),
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We fix for the rest of this section a companion pair of Serre weights {σ, σco}, and
a choice of σ1, σ2 ∈ {σ, σco} (possibly with σ1 = σ2). Recall from Section 2.2.32
that we write

HG(σi) = EndG(c-IndGKZ σi),

HT = EndT (c-IndTT0Z 1)
∼−→ F[X±1],

where T0 = T (Zp) is the maximal compact subgroup of the diagonal torus T . We let
χi = (σi)

Iw1 , viewed as a character of T0Z. In Section 2.2.32, we have canonically
identified the endomorphism algebras EndT (c-IndTT0Z χi) with HT , and via the
Satake morphisms, we have identified each of the HG(σi) with F[Tp] (with Tp being
identified with the spherical Hecke operator Tp ∈ HG(σi)).

In the rest of this section we will denote the element f(Tp) of HG(σi), where the
polynomial f is defined in Definition 2.7.6, by f . In the notation of Definition 2.7.6,
the vanishing set of f in SpecHG(σi) coincides with f−1

σi
(Ybad ∩X(σ|σco)).

We now write j∗, j∗ for the functors j∗U(σ|σco), jU(σ|σco),∗ defined in Proposi-
tion 2.5.8. Then (2.5.18) implies that

(2.7.7) j∗j
∗c-IndGKZ σi = c-IndGKZ σi[1/f ].

Since(
c-IndGKZ Sym0⊗ deta

)
[1/(T 2

p −ζ(p))] ∼=
(
c-IndGKZ Symp−1⊗ deta

)
[1/(T 2

p −ζ(p))],

in the case that σ1 or σ2 is a twist of Sym0, we can and do replace it by the
corresponding twist of Symp−1. (We do this in order that the isomorphism (2.2.35)
is valid.)

Since (2.2.35) is equivariant for the Satake map, and IndG
B

preserves colimits, we
may combine (2.2.35) with (2.7.7) to obtain an isomorphism

(2.7.8) j∗j
∗c-IndGKZ σi ∼= IndG

B

(
(c-IndTT0Z χi)[1/f ]

)
.

In particular we see that HT [1/f ] acts on j∗j
∗c-IndGKZ σ2 and thus on the Ext

groups
ExtiA(j∗j

∗c-IndGKZ σ1, j∗j
∗c-IndGKZ σ2).

Proposition 2.7.9. The HT [1/f ]-modules ExtiA(j∗j
∗c-IndGKZ σ1, j∗j∗c-Ind

G
KZ σ2)

are finitely generated and torsion-free.

Proof. We begin by noting that (2.7.7) induces an isomorphism of HT [1/f ]-modules
(2.7.10)
ExtiA(j∗j

∗c-IndGKZ σ1, j∗j
∗c-IndGKZ σ2) ∼= ExtiA(c-Ind

G
KZ σ1[1/Tp], c-Ind

G
KZ σ2[1/f ]).

Indeed, it suffices to show that for all i we have

ExtiA(c-Ind
G
KZ σ1[1/f ]/c-Ind

G
KZ σ1[1/Tp], c-Ind

G
KZ σ2[1/f ]) = 0,

and this is immediate from [DEG23, Corollary 3.1.15] (with Y taken to be the
vanishing locus of f in X, as before). Furthermore, by (2.2.35) we have

(2.7.11) c-IndGKZ σ1[1/Tp] ∼= IndG
B

(
c-IndTT0Z χ1

)
.

We now use some results of Heyer [Hey23; Hey24]. By [Hey23, Theorem 4.1.1],
the functor IndG

B
: D(sm. T )→ D(sm. G) of parabolic induction has a left adjoint
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L(U, –). By [Hey23, Corollary 4.1.3] there is a spectral sequence of HT [1/f ]-modules

(2.7.12) Ei,j2 = Extism. T (L
−j(U, IndG

B
(c-IndTT0Z χ1)), (c-IndTT0Z χ2)[1/f ])

⇒ Exti+jsm. G

(
IndG

B
(c-IndTT0Z χ1), Ind

G
B

(
(c-IndTT0Z χ2)[1/f ]

))
.

As previously recalled, the target of this spectral sequence is isomorphic to

Exti+jsm. G(c-Ind
G
KZ(σ1)[1/Tp], c-Ind

G
KZ(σ2)[1/f ]).

(In fact, this is (2.7.11) for the first term, and (2.7.7) and (2.7.8) for the second
term.)

We now compute the E2 page of (2.7.12). For all w ∈W (G,T ), the intersection
T ∩wUw−1 is trivial. Using this, the statement and proof of [Hey24, Example 4.2.1]
go through unchanged to show that L(U, IndG

B
(c-IndTT0Z χ1)) is concentrated in

degrees [−1, 0], and that there are natural isomorphisms

(2.7.13)
L0(U, IndG

B
(c-IndTT0Z χ1)) ∼= c-IndTT0Z χ1,

L−1(U, IndG
B
(c-IndTT0Z χ1)) ∼= δs ⊗ (c-IndTT0Z ad(s)∗χ1),

where s ∈ W (G,T ) is the nontrivial element, and δs = ω−1 ⊗ ω is the B-positive
root. Here we have used [Hey24, Lemma 4.1.6] to compute δs, and we have also
used the natural isomorphism of objects of sm. T

ad(s)∗(c-IndTT0Z)(χ1) ∼= c-IndTT0Z(ad(s)
∗(χ1)).

We now analyse the spectral sequence (2.7.12). By (2.7.13) and Lemma 2.7.15
below, the Ei,j2 -terms are finite free HT [1/f ]-modules, so the Ext-groups

(2.7.14) Extism. G(c-Ind
G
KZ(σ1)[1/Tp], c-Ind

G
KZ(σ2)[1/f ])

are finitely generated HT [1/f ]-modules. By (2.7.10) and Lemma 2.7.4, the same
is true of the ExtiA(j∗j

∗c-IndGKZ σ1, j∗j∗c-Ind
G
KZ σ2). Furthermore, we see from

Lemma 2.7.4 that if some ExtjA(j∗j
∗c-IndGKZ σ1, j∗j∗c-Ind

G
KZ σ2) hasHT [1/f ]-torsion,

then the same is true of the groups (2.7.14) for j = i, i + 1, i + 2. However, the
vanishing result of Lemma 2.7.15 shows that (2.7.12) degenerates at E3, and since all
the objects on the E2 page are free HT [1/f ]-modules, it furthermore shows that the
groups (2.7.14) could only have non-zero torsion in degrees 2 or 3. In particular, it is
impossible for them to have non-zero torsion for a range of degrees j = i, i+ 1, i+ 2,
so they are torsion-free, as required. □

Lemma 2.7.15. For any ζ-compatible smooth character ψ : T0 → F×, the Ext-
groups

Extism. T (c-Ind
T
T0Z ψ, c-Ind

T
T0Z χ2[1/f ])

are finite free HT [1/f ]-modules, and are zero for i ≥ 4.

Proof. By Frobenius reciprocity, we have a natural isomorphism

Extism. T (c-Ind
T
T0Z ψ, c-Ind

T
T0Z χ2[1/f ]) ∼= Extism. T0Z(ψ,Res

T
T0Z c-Ind

T
T0Z χ2[1/f ]).

Since the ring OJT0ZK is Noetherian (e.g. by [Tim23, Section 2.1]), the cate-
gory sm. T0Z is locally Noetherian (e.g. because it is a localizing subcategory
of ModOJT0ZK, by Lemma 2.2.20). Thus Extism. T0Z(ψ, –) commutes with filtered
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colimits (e.g. by [DEG23, Proposition A.1.1(3)]). On the other hand, we have an
isomorphism of HT [1/f ]-modules

ResTT0Z c-Ind
T
T0Z χ2[1/f ] ∼= χ2 ⊗F HT [1/f ],

and thus an identification

Extism. T (c-Ind
T
T0Z ψ, c-Ind

T
T0Z χ2[1/f ]) ∼= Extism. T0Z(ψ, χ2)⊗F HT [1/f ],

which shows that the Ext-groups are finite free over HT [1/f ]. Since T0Z ∼= Q×
p ×Z×

p ,
these Ext groups are furthermore concentrated in degrees i ∈ [0, 3], as required. □

Remark 2.7.16. Assume that χ1 ̸= δs ⊗ ad(s)∗χ1. There are two actions of HT
on ExtiA(j∗j

∗c-IndGKZ σ1, j∗j∗c-Ind
G
KZ σ2), arising from the action of HG(σi) on the

two factors. The proof of Proposition 2.7.9 shows that they coincide when χ2 = χ1,
and are related by the automorphism Tp 7→ T−1

p of HT when χ2 = δs ⊗ ad(s)∗χ1.

2.7.17. Ext and completion. We now show the compatibility with completion of
the formation of Ext-modules. Recall that we have fixed a companion pair of
Serre weights {σ, σco} and a choice σ1 = σ, σ2 = σco. We continue to write j∗, j∗

for jU(σ|σco),∗, j
∗
U(σ|σco). Fix a closed point θ of U(σ|σco), and let fθ ∈ HG(σ2) be

the squarefree monic polynomial associated to {θ} ⊂ X in Definition 2.5.15.

Lemma 2.7.18. Let πi := c-IndGKZ σi. Then the natural map

(2.7.19) ExtiProDb
fp(Aθ)

(̂i∗
θ
(π1), î

∗
θ
(π2))→ lim←−

n

ExtiProDb
fp(Aθ)

(̂i∗
θ
(π1), π2/f

n
θ
π2)

is an isomorphism.

Proof. By (2.5.17), we have

î∗
θ
(π2) = limn π2/f

n
θ
π2 ∈ Pro(Afp

θ
).

By Lemma A.2.12 (1), applied to the compactly generated∞-category IndProDb
fp(Aθ),

we have natural isomorphisms

RHomProDb
fp(Aθ)

(̂i∗
θ
(π1), î

∗
θ
(π2)) = RHomIndProDb

fp(Aθ)
(̂i∗
θ
(π1), î

∗
θ
(π2))

= lim
n

RHomIndProDb
fp(Aθ)

(̂i∗
θ
(π1), π2/f

n
θ
π2) = lim

n
RHomProDb

fp(Aθ)
(̂i∗
θ
(π1), π2/f

n
θ
π2)

(where limn is formed in the derived ∞-category D(F) of F-vector spaces, and we
have used that ProDb

fp(Aθ)→ IndProDb
fp(Aθ) is fully faithful and limit-preserving).

The map (2.7.19) is thus an edge map in a spectral sequence
(2.7.20)
Ep,q2 = Rp lim

n
Extq

ProDb
fp(Aθ)

(̂i∗
θ
(π1), π2/f

n
θ
π2)⇒ Extp+q

ProDb
fp(Aθ)

(̂i∗
θ
(π1), î

∗
θ
(π2)).

We now claim that, for all τ ∈ Afp

θ
and i ∈ Z, the F-vector space

(2.7.21) ExtiProDb
fp(Aθ)

(̂i∗
θ
(π1), τ)

is finite-dimensional. Assuming the claim, the Mittag-Leffler criterion shows
that Ep,q2 = 0 whenever p ≥ 1, and so (2.7.20) degenerates at E2, and (2.7.19)
is an isomorphism, as desired.

We now prove the claim. By Lemma 2.6.10, the functor

î∗
θ
: ProDb

fp(A)→ ProDb
fp(Aθ)
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is left adjoint to the inclusion, and so (2.7.21) is isomorphic to

ExtiProDb
fp(A)(π1, τ) = ExtiDb

fp(A)(π1, τ).

In turn, since A = Ind(Afp), the equivalence (A.9.4) induces an isomorphism

ExtiDb(A)(π1, τ)
∼−→ ExtiIndDb

fp(A)(π1, τ) = ExtiDb
fp(A)(π1, τ),

and so we have reduced to proving that ExtiDb(A)(π1, τ) has finite F-dimension. By
dévissage, we can assume that τ is irreducible. Then the claim is a consequence
of [DEG23, Proposition 4.2.4]. □

Continue to write πi := c-IndGKZ σi. By Remark 2.5.11, the exact functor î∗
θ

induces a map

ExtiDb
fp(AU )(j

∗π1, j
∗π2)→ Exti

Db(ProAfp

θ
)
(̂i∗
θ
π1, î

∗
θ
π2)

which can be composed with the t-exact functor p : Db(ProAfp

θ
) → ProDb(Afp

θ
)

of (A.9.1) to produce a map

(2.7.22) î∗
θ
: ExtiDb

fp(AU )(j
∗π1, j

∗π2)→ Exti
ProDb(Afp

θ
)
(̂i∗
θ
π1, î

∗
θ
π2)

Proposition 2.7.23. Let πi := c-IndGKZ σi. Then (2.7.22) induces an isomorphism

(2.7.24) ExtiDb
fp(AU )(j

∗π1, j
∗π2)

∧
fθ

∼−→ Exti
ProDb(Afp

θ
)
(̂i∗
θ
π1, î

∗
θ
π2).

Proof. By Remark 2.5.11, as well as the fact that j∗ is fully faithful and t-exact, it
suffices to prove that î∗

θ
induces an isomorphism

(2.7.25) ExtiDb(A)(j∗j
∗π1, j∗j

∗π2)
∧
fθ

∼−→ Exti
ProDb(Afp

θ
)
(̂i∗
θ
π1, î

∗
θ
π2).

By Proposition 2.7.9, the group ExtiDb(A)(j∗j
∗π1, j∗j

∗π2) is HT [1/f ]-torsion free
and in particular fθ-torsion free, so that for any n ≥ 1, the exact sequence

(2.7.26) 0→ j∗j
∗π2

fn
θ−−→ j∗j

∗π2 → π2/f
n
θ
π2 → 0

induces an isomorphism

(2.7.27) ExtiDb(A)(j∗j
∗π1, j∗j

∗π2)/f
n
θ
∼= ExtiDb(A)(j∗j

∗π1, π2/f
n
θ
π2).

By Lemma 2.6.10, we see that î∗
θ

induces an isomorphism

ExtiDb
fp(A)(π1, π2/f

n
θ
π2)

∼−→ Exti
ProDb(Afp

θ
)
(̂i∗
θ
π1, π2/f

n
θ
π2),

hence (bearing in mind Remark 2.5.11) an isomorphism

(2.7.28) î∗
θ
: ExtiDb(A)(j∗j

∗π1, π2/f
n
θ
π2)

∼−→ Exti
ProDb(Afp

θ
)
(̂i∗
θ
π1, π2/f

n
θ
π2).

On the other hand, applying Exti
ProDb(Afp

θ
)
(̂i∗
θ
π1, –) to the exact sequence

0→ î∗
θ
π2

fn
θ−−→ î∗

θ
π2 → π2/f

n
θ
π2 → 0

obtained by applying î∗
θ

to (2.7.26), we obtain an injection

(2.7.29) Exti
ProDb(Afp

θ
)
(̂i∗
θ
π1, î

∗
θ
π2)/f

n
θ
↪→ Exti

ProDb(Afp

θ
)
(̂i∗
θ
π1, π2/f

n
θ
π2).
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We conclude from the discussion above that the composition of (2.7.27) and (2.7.28)
is an isomorphism

ExtiDb(A)(j∗j
∗π1, j∗j

∗π2)/f
n
θ

∼−→ Exti
ProDb(Afp

θ
)
(̂i∗
θ
π1, π2/f

n
θ
π2),

which can also be factored as a composition

ExtiDb(A)(j∗j
∗π1, j∗j

∗π2)/f
n
θ

î∗
θ→ Exti

ProDb(Afp

θ
)
(̂i∗
θ
π1, î

∗
θ
π2)/f

n
θ

(2.7.29)
↪→ Exti

ProDb(Afp

θ
)
(̂i∗
θ
π1, π2/f

n
θ
π2),

It follows that both arrows in this composition are isomorphisms, and so

î∗
θ
: ExtiDb(A)(j∗j

∗π1, j∗j
∗π2)→ Exti

ProDb(Afp

θ
)
(̂i∗
θ
π1, î

∗
θ
π2)

becomes an isomorphism after quotienting out by fn
θ
. Hence, to conclude the proof

that (2.7.25) is an isomorphism, it suffices to prove that the natural map

Exti
ProDb(Afp

θ
)
(̂i∗
θ
π1, î

∗
θ
π2)→ lim←−

n

Exti
ProDb(Afp

θ
)
(̂i∗
θ
π1, î

∗
θ
π2)/f

n
θ

is an isomorphism. Since (2.7.29) is an isomorphism, the right-hand side is isomorphic
to

lim←−
n

Exti
ProDb(Afp

θ
)
(̂i∗
θ
π1, π2/f

n
θ
π2).

So it suffices to prove that

Exti
ProDb(Afp

θ
)
(̂i∗
θ
π1, î

∗
θ
π2)→ lim←−

n

Exti
ProDb(Afp

θ
)
(̂i∗
θ
π1, π2/f

n
θ
π2)

is an isomorphism. This is Lemma 2.7.18. □

Remark 2.7.30. Proposition 2.7.9 (and the fact that HT [1/f ] is a principal ideal
domain) shows that the F[T±1

p , f(Tp)
−1]-module

ExtiA
(
j∗j

∗c-IndGKZ σ1, j∗j
∗c-IndGKZ σ2

)
is finite free. A further analysis of the spectral sequence (2.7.12) then allows one to
determine its rank:

• If i = 0 then the rank is 1 if σ1 = σ2, and zero otherwise.
• If i = 1 then the rank is 1 unless {σ, σco} is of type (scalar) in which case

the rank is 2.
• If i = 2 then the rank is 0 if σ1 = σ2 and {σ, σco} is not of type (scalar),

and otherwise the rank is 1.
• If i = 3 then the rank is 0.

3. The moduli stack of rank 2 étale (φ,Γ)-modules

In this section we will recall some of the main results of [EG23; EG22], specialised
to the case of GL2(Qp), and prove some additional results in this setting.
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3.1. Étale (φ,Γ)-modules. We begin by recalling some definitions and notation
from [EG23]. We write Γ := Gal(Qp(ζp∞)/Qp), so that the cyclotomic character
induces an isomorphism χ : Γ

∼−→ Z×
p . For each a ∈ Z×

p , we write σa ∈ Γ for the
element with χ(σa) = a. If we choose a compatible system of pn-th roots of 1,
then these give rise in the usual way to an element ε ∈ (Q̂p(ζp∞))♭. As usual, let
[ε] denote the Teichmüller lift of ε to an element of W

(
O♭ ̂Qp(ζp∞ )

). There is then a

continuous embedding
ZpJT K ↪→W (O♭ ̂Qp(ζp∞ )

)

(the source being endowed with its (p, T )-adic topology, and the target with its weak
topology), defined via T 7→ [ε]− 1. We denote the image of this embedding by A+.
This embedding extends to an embedding

Ẑp((T )) ↪→W
(
(Q̂p(ζp∞))♭

)
(here the source is the p-adic completion of the Laurent series ring Zp((T ))), whose
image we denote by A.

We have commuting actions of φ and Γ on A which are given by the explicit
formulae

φ(T ) = (1 + T )p − 1,

σa(T ) = (1 + T )a − 1.

Note that A+ is visibly (φ,Γ)-stable.
There is a left inverse ψ to φ defined as follows. We have a decomposition A =

⊕p−1
i=0 (1 + T )iφ(A), and ψ : A→ A is defined to be the projection onto the i = 0

factor; so in particular ψ(φ(x)) = x. This restricts to a surjection ψ : A+ → A+.

Remark 3.1.1. Our notation and conventions differ from that of [EG23], for two
reasons. Firstly, since we are only working over Qp, and not over an extension
K/Qp, we have dropped K from the notation. Secondly, and more significantly, we
use (φ,Γ)-modules for the full cyclotomic extension Qp(ζp∞)/Qp, and we make no
use of (φ,Γ)-modules for the Zp-subextension.

The theories of (φ,Γ)-modules for the two extensions are equivalent (via taking
invariants for the group of roots of unity in Z×

p ), but in most of [EG23] the Zp-
theory was used, because it was convenient when proving the existence of various
moduli stacks to work with a pro-cyclic pro-p group. However, for applications to
the p-adic Langlands program (or more generally in arguments involving explicit
formulas for the actions of φ and Γ), it is much more convenient to work with the
full cyclotomic extension. Since we make no use of the Zp-subextension, and we
want to avoid notational clutter where possible, we have written Γ for the group
denoted Γ̃ in [EG23], and A,A+ for the rings denoted A′

Qp
and (A′)+Qp

respectively
in [EG23].

We now introduce coefficients. Recall that O is the ring of integers in our fixed
finite extension E/Qp. Let A be a p-adically complete O-algebra. Frequently, we
will work modulo a fixed power ϖa of ϖ, and thus assume that A is actually an
O/ϖa-algebra (and sometimes we impose further conditions on A, such as that of
being Noetherian, or even of finite type over O/ϖa). We write

A+
A = A+ ⊗̂Zp

A := lim←−
n

A+/(p, T )n ⊗Zp
A = lim←−

m

(lim←−
n

A+/(pm, Tn)⊗Zp
A),
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and
AA = A ⊗̂Zp

A := lim←−
m

((lim←−
n

A+/(pm, Tn)⊗Zp
A)[1/T ]).

If A is a Noetherian O/ϖa-algebra for some a ≥ 1, then A+
A = AJT K and AA =

A((T )) are flat A-algebras, and the morphism A+
A → AA is flat and injective.

If A→ B is a (faithfully) flat homomorphism of Noetherian O/ϖa-algebras, then the
morphisms A+

A → A+
B and AA → AB are (faithfully) flat. (All of these statements

follow easily from the facts that completions and localizations of Noetherian rings
are flat, see [EG21, Lem. 5.1.7].)

The rings A+
A, AA have natural topologies, which are discussed further in

Section 4.1. By [EG23, Lem. 2.2.17], the actions of φ,Γ on A+ and A extend to
continuous A-linear actions on A+

A and AA. Similarly, the action of ψ extends
to continuous A-linear surjections ψ : AA → AA, ψ : A+

A → A+
A, satisfying

ψ(φ(x)) = x.
By definition, a projective étale (φ,Γ)-module with A-coefficients is a finitely

generated projective AA-module D, equipped with
• a φ-linear morphism φ : D → D with the property that the corresponding

morphism ΦD : φ∗D → D is an isomorphism (i.e. D is given the structure
of an étale φ-module over AA), and

• a continuous semi-linear action of Γ that commutes with φ.
Here the notion of continuity is with respect to the canonical topology on D inherited
from that on AA (see [EG23, Rem. D.2]). Our étale (φ,Γ)-modules will usually be
assumed to be projective, and we will often write “étale (φ,Γ)-module” for “projective
étale (φ,Γ)-module” when no confusion should arise. We will also sometimes write
“étale (φ,Γ)-module over A” for “étale (φ,Γ)-module with A-coefficients”.

Remark 3.1.2. In the case that A is Artinian, there is the usual equivalence of
categories (see [Fon90]) between the category of (projective) étale (φ,Γ)-module
with A-coefficients and the category of finite projective A-modules with an action
of GQp

, given by the functor D 7→ (W (C♭)⊗A D)φ=1.

3.2. Moduli stacks of étale (φ,Γ)-modules.

Definition 3.2.1. We write X for the stack of projective étale (φ,Γ)-modules
of rank 2 with determinant ζε−1, as defined in Definition C.1.1. Explicitly, if A
is a p-adically complete O-algebra, then X (Spf A) is the groupoid of pairs (D, θ)
where D is a rank 2 projective étale (φ,Γ)-module with A-coefficients, and θ is an
identification of ∧2D with (the (φ,Γ)-module corresponding to) ζε−1.

Theorem 3.2.4 below summarises the basic properties of X . In order to state it,
we make the following definitions. Our notation for Serre weights is as in Section 1.3;
recall in particular that we assume throughout this paper that our Serre weights σ
are compatible with ζ in the sense of Definition 2.1.6.

Definition 3.2.2. Let λ ∈ {(a, b) ∈ Z2 : a > b} be a regular Hodge type, and let
τ : IQp

→ GL2(E) be an inertial type (i.e. a representation with open kernel that
extends to the Weil group of Qp) such that the pair (λ, τ) is compatible with ζε−1,
in the sense of Definition C.1.3. Then we write X λ,τ for the ϖ-adic formal algebraic
substack of X denoted X crys,λ,τ,ζε−1

2 in (C.1.2). If τ is the trivial representation, we
will often write X λ,crys for X λ,τ .



56 A. DOTTO, M. EMERTON, AND T. GEE

Definition 3.2.3. If σ = σa,b is a Serre weight, then we define

Z(σ) := (X (1−a,−a−b),crys ×O F)red.

This is a closed algebraic substack of X (since X (1−a,−a−b),crys is ϖ-adically formal).

The next theorem collects some of the basic properties of the moduli stacks we
have just introduced. Recall that by [EG23, Theorem 6.6.3], the finite type points
of X are in bijection with Gal(Fp/F)-conjugacy classes of continuous representations
ρ : GQp → GL2(Fp) with determinant ζε−1. This bijection sends ρ to the image
of the classifying map SpecFp → X of the (φ,Γ)-module corresponding to ρ under
the equivalence of Remark 3.1.2.

Theorem 3.2.4.
(1) X is a Noetherian formal algebraic stack.
(2) The underlying reduced substack Xred is of finite type over F, and is equidi-

mensional of dimension 1.
(3) The irreducible components of Xred admit a natural surjection to the set of

ζ-compatible Serre weights. The fibres of this surjection are single irreducible
components X (σ) unless σ = σa,p−1 for some a, in which case we have two
irreducible components X (σ)±.

(4) The stack Z(σ) is algebraic, and coincides with X (σ) unless σ = σa,p−1 for
some a, in which case it is the scheme-theoretic union of X (σa,0) and the
two irreducible components X (σ)±.

(5) Let x ∈ |X | be a finite type point, with corresponding representation ρ :
GQp → GL2(Fp). Then x ∈ |Z(σ)| if and only if σ is a Serre weight of ρ.

Proof. The first three parts are a special case of Theorem C.1.8. Part (4) is
immediate from [EG23, Thm. 8.6.2]. Finally, Definition 2.1.4 was formulated in such
a way that part (5) is true by definition; see e.g. [EG23, §8.5] for an elaboration of
this point. □

We now describe a choice of (λ, τ) so that X λ,τ ⊗O F = Z(σ).

Lemma 3.2.5. Let σ be a Serre weight.
(1) If σ = Symb⊗ deta, and b ≠ p− 2, we let λ = (1− a,−a− b), and we let τ

be trivial.
(2) If σ = Symp−2⊗ deta, we let λ = (1, 0), and we let τ = ω

p+(a−1)(p+1)
2 ⊕

ω
p2+(a−1)(p+1)
2 .

Then the special fibre X λ,τ ⊗O F is reduced, and X λ,τ ⊗O F = Z(σ).

Proof. The top-dimensional cycle of X λ,τ ⊗O F is always [Z(σ)]; this is immediate
from the definitions in case (1), and from the geometric Breuil–Mézard conjec-
ture [EG23, Theorem 8.6.2] in case (2). (In case (2), note that τ is the inertial
type corresponding to the representation Θ(σ|σco) of Definition 2.1.8 (2), whose
semisimplified mod ϖ reduction is σ.) It thus suffices to show that X λ,τ ⊗O F is
reduced.

In case (1), if furthermore b ̸= p − 1, the reducedness follows from Fontaine–
Laffaille theory. If b = p− 1, it suffices to prove that for any semisimple ρ : GQp

→
GL2(F), there exists a versal ring to X λ,crys ⊗O F at ρ which is reduced. (This
follows for example from an application of Lemma B.3.34 to the nilradical of the
structure sheaf of X λ,τ ⊗O F.) When ρ is not a twist of 1⊕ ω−1, we can take the
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versal ring to be R□,λ,crys
ρ /ϖ, i.e. the special fibre of the crystalline lifting ring

of ρ with weight λ, which is reduced by [Kis09, Corollary 1.7.14]. When ρ is a
twist of 1⊕ ω−1, we can apply e.g. Corollary 3.5.43 below. We thus conclude that
X λ,crys ⊗O F = Z(σ), as desired.

In case (2), we know by [CEGS25, Theorem 1.3] that X λ,τ ⊗O F is generically
reduced. Furthermore, by [LMM23, Theorem 1.1.2], X λ,τ is normal, so that X λ,τ⊗O
F is S1, and thus reduced, as claimed. □

3.3. A continuous map from |X | to |X|. We now construct a continuous map
πss : |X | → |X| from the underlying topological space of the stack X to the underlying
topological space of the chain X of projective lines constructed in Section 2.5.1.

3.3.1. Soberization. Recall that a topological space is sober if every irreducible
closed subset has a unique generic point. The inclusion of the full subcategory of
sober spaces into the category of all topological spaces (and continuous maps) admits
a left adjoint, the soberization of a space, which we will denote sob(–). Concretely
(see e.g. [Stacks, Tag 0A2N]), for any topological space S, we define sob(S) to be the
set of irreducible closed subspaces of S. The topology on sob(S) is defined by letting
its closed subsets be the collection of subsets sob(T ), where T ranges over the closed
subsets of S. Of course, the natural morphism (unit of adjunction) S → sob(S) is a
homeomorphism if and only if S itself is sober.

3.3.2. Underlying topological spaces of stacks. If Z is an algebraic stack of finite
presentation over a field k (and so is in particular quasi-compact and quasi-separated),
then we write (as usual) |Z| for the underlying topological space of Z, |Z|ft for its
subset of finite type points and |Z|cl for its subset of closed points. We endow each
of these subsets with the subspace topology. We always have that |Z|cl ⊆ |Z|ft,
with equality for schemes (or more generally Deligne–Mumford stacks), but not
in general. We have that |Z|ft is dense in |Z|, and that |Z| is sober [Stacks, Tag
0DQP]. This implies that the inclusion |Z|ft ↪→ |Z| induces a homeomorphism

(3.3.3) sob(|Z|ft)
∼−→ |Z|.

3.3.4. Finite type points of X . As already recalled, by [EG23, Thm. 6.6.3], the finite
type points of X are in bijection with Gal(Fp/F)-conjugacy classes of continuous
representations ρ : GQp

→ GL2(Fp) with determinant ζε−1. Furthermore, the finite
type point associated to ρ is closed if and only if ρ is semisimple; and the closure
of {ρ} contains a unique closed point, which is associated to the semisimplification
ρss. Thus we obtain a map (of sets!)

(3.3.5) |X |ft → |X |cl, ρ 7→ ρss.

We caution the reader that this map is not continuous.

3.3.6. Constructing the morphism. We let X denote the chain of projective lines
over F recalled in Section 2.5.1, so that |X|cl is in bijection with the set of blocks
of Al.adm, and hence is also in bijection with the set of residual pseudorepresentations.
Thus we obtain a bijection |X |cl

∼−→ |X|cl, which, when composed with (3.3.5),
yields a morphism

(3.3.7) |X |ft → |X|cl.

Lemma 3.3.8. The map (3.3.7) is continuous.

https://stacks.math.columbia.edu/tag/0A2N
https://stacks.math.columbia.edu/tag/0DQP
https://stacks.math.columbia.edu/tag/0DQP


58 A. DOTTO, M. EMERTON, AND T. GEE

Proof. The closed subsets of |X|cl consist of finite unions of points and irreducible
components, and so it suffices to show that the preimage of each of these in |X |ft is
closed.

To see that the preimage of a point is closed, it suffices to prove that it is a finite
union of closed sets, and so it suffices to prove that if ρ, ρ′ ∈ |X |ft, and ρ′ ∈ {ρ}
(the closure in |X | of {ρ}), then (ρ′)ss = ρss. This is a consequence of [EG23, Thm.
6.6.3 (3)]. In more detail, we find that (ρ′)ss ∈ {ρ′} ⊂ {ρ}, and so (ρ′)ss must
coincide with the unique closed point of {ρ}, which is ρss, as desired.

On the other hand, the preimage of an irreducible component of X, corresponding
to the companion pair {σ, σco}, is equal either to |X (σ)|ft ∪ |X (σco)|ft, if the pair
{σ, σco} is not of the form {σa,0, σa+1,p−3}, or to |X (σa,0)|ft ∪ |X (σa,p−1)

+|ft ∪
|X (σa,p−1)

−|ft∪|X (σa+1,p−3)|ft otherwise. In either case, this is a union of irreducible
components of |X |ft, and thus closed. □

Note that |X | = |Xred| (essentially by definition), and so, since Xred is an
algebraic stack of finite presentation over F, the discussion in Section 3.3.2 applies
to |X |. In particular, we have a canonical homeomorphism sob(|X |ft)

∼−→ |X |.
Since X is a finite type scheme over F, we also have a canonical homeomorphism
sob(|X|cl)

∼−→ |X|. Soberizing the map (3.3.7), and post- and pre-composing with
the second of these homeomorphisms and the inverse of the first, we obtain the
continuous morphism

(3.3.9) πss : |X |
∼−→ sob(|X |ft)

sob (3.3.7)−→ sob(|X|cl)
∼−→ |X|

that we wished to construct.

3.4. Stacks of Galois representations. As we recall in greater generality in
Appendix C.2.9, Wang–Erickson has associated to each pseudorepresentation θ of
GQp

over Fp, with determinant ζω−1, a Noetherian formal algebraic stack Xθ. If A
is an O-algebra in which p is nilpotent, then Xθ(Spf A) is the groupoid of continuous
representations of GQp

on rank two projective A-modules of determinant ζε−1, whose
associated residual pseudorepresentation is Gal(Fp/F)-conjugate to θ. Passage to
the associated pseudorepresentation yields then a morphism

(3.4.1) Xθ → Spf Rps

θ
.

On the other hand, passage to the associated étale (φ,Γ)-module yields a morphism

(3.4.2) i′
θ
: Xθ → X .

Theorem 3.4.3.
(1) The morphism (3.4.1) is representable by algebraic stacks.
(2) The morphism (3.4.2) is a completion of X at the closed subset |Xθ| ⊂ |X |,

which coincides with π−1
ss {θ}.

Proof. Part (1) is a special case of Theorem C.2.13. The first claim of part (2) is
a special case of Theorem C.2.12 (bearing in mind Remark C.2.17). Finally, since
|Xθ| and π−1

ss {θ} are closed subsets of |X | with the same set of finite type points,
the equality |Xθ| = π−1

ss {θ} follows from (3.3.3). □

Furthermore, as explained in Appendix C.2.9, Wang-Erickson shows in [Wan18,
Section 3.2] that there is an algebraic stack Xθ of finite type over SpecRps

θ
, such

that Xθ can be identified with the completion of Xθ at the maximal ideal of Rps

θ
.
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By definition, Xθ represents the moduli problem of 2-dimensional “compatible
representations” of the Cayley–Hamilton algebra R̃θ (see Definition 2.1.13) with
determinant ζε−1. In particular, there is a canonical rank two vector bundle Vθ

lying over Xθ, endowed with an action of R̃θ.
Following [JNW24], we now give descriptions of Xθ, together with the bundle Vθ

lying over it, and the R̃θ-action on this bundle. We will also define a versal ring
to Xθ at its unique closed point, and make the following definitions.

Definition 3.4.4. Let θ be a 2-dimensional Fp-valued pseudorepresentation.
(1) We write Rver

θ
for the versal ring to Xθ defined in Sections 3.4.5—3.4.13,

and V ver
θ

for the versal object on Rver
θ

.
(2) For all pairs (λ, τ) as in Definition 3.2.2, we will write Rλ,τ

θ
for the quotient

of Rver
θ

defined by Spf Rλ,τ
θ

:= Spf Rver
θ
×X X λ,τ .

(3) If σ is a Serre weight, and (λ, τ) is the pair associated to σ in Proposi-
tion 3.2.5, we will write Rσ

θ
for the ring Rλ,τ

θ
. By Lemma 3.2.5, we thus

have Spf Rσ
θ
/ϖ = Spf Rver

θ
/ϖ ×X/ϖ Z(σ).

When θ is clear from the context, we will sometimes omit it from this notation.

3.4.5. The case (ssg). In this case, θ is the trace of an absolutely irreducible
representation ρ : GQp → GL2(F). We let Rver

θ
be the universal deformation ring

of ρ, to complete Noetherian local O-algebras, with determinant ζε−1. Then Xθ
∼=

[SpecRver
θ
/µ2] for the trivial action of µ2, Vθ = (Rver

θ
)⊕2 placed in degree −1, and

R̃θ is isomorphic toM2(R
ver
θ

) with its natural action on Vθ. See for example [JNW24,
Section 3.1].

3.4.6. The case (gen). After a twist (which possibly changes ζ) , we can assume
without loss of generality that θ = nrλω

r +nrλ−1ζ(p)ω
−1 for some λ ∈ F× and some

0 ≤ r ≤ p− 2, such that λ ̸= ±ζ(p)1/2 if r ∈ {0, p− 2}. As explained in [JNW24,
Section 3.2], the stack Xθ admits the following description as a torus quotient: Let

S = OJa0, a1, XK[b, c]/(bc−X),

with grading
deg(b) = 2, deg(c) = −2, deg(a0) = deg(a1) = 0.

Then Xθ
∼= [SpecS/Gm] (the Gm-action being determined by the grading on S).

The map Rps

θ
→ S, corresponding to the morphism Xθ → SpecRps

θ
, induces an

isomorphism
Rps

θ

∼−→ OJa0, a1, XK,

identifying Rps

θ
with the degree zero component of S.

This description of Xθ allows us to identify the category Coh(Xθ) with the category
of finitely generated graded S-modules. As usual, if M is a graded S-module, we
write M(i) for the graded shift given by

M(i)n :=M(n+ i).

The universal rank two vector bundle Vθ on Xθ corresponds to the graded module
S(1) ⊕ S(−1). The action of R̃θ on Vθ is described by identifying R̃θ (as an
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Rps

θ
-algebra) with the matrix order

(3.4.7) EndS-gr(Vθ) =

(
Rps

θ
Rps

θ
b

Rps

θ
c Rps

θ

)
⊆M2(S)

acting by left multiplication on Vθ (thought of as column vectors) (see [JNW24,
Thm. 3.2.1]). We write eij for the matrix in M2(S) with 1 in the ij-th entry, and
zero elsewhere, and we normalize our presentation of S in such a way that R̃θe11 (i.e.
the first column of R̃θ) is the R̃θ-projective envelope of the simple module nrλω

r.
Then the completion Rver

θ
of S at the maximal homogeneous ideal is a versal ring

to X at ρ := nrλω
r ⊕ nrλ−1ζ(p)ω

−1.

3.4.8. The case (scalar). In this case, θ is not multiplicity-free, and so Xθ does not
have a natural presentation as a Gm-quotient of an affine scheme. Rather, Xθ is the
stack denoted Rep(E) in [JNW24, Section 3.3], where E = R̃θ, and so it is a global
quotient Rep(E) = [Rep□(E)/ SL2] for some affine scheme Rep□(E) = SpecA. A
presentation of A as an Rps

θ
-algebra is given after the proof of [JNW24, Proposi-

tion 3.3.9]; we remark that

A⊗Rps

θ
Rps

θ
/m ∼= F[a, b, c1, c2, d1, d2]/(a

2 + c1c2, b
2 + d1d2, 2ab+ (c1d2 + c2d1)),

which is not a reduced ring (since for example c1d2 − c2d1 is a nonzero element
which squares to zero). There is a unique maximal SL2-invariant ideal n of A, and
it is a maximal ideal; the corresponding morphism

SpecA/n ↪→ Spf A→ Xθ ↪→ X

classifies the unique scalar Galois representation ρ : GQp
→ GL2(A/n) having

trace θ. We write Rver
θ

for the n-adic completion of A, which is a versal ring to X
at the closed point corresponding to this ρ.

3.4.9. The case (St). After a twist (which possibly changes ζ), we can assume
without loss of generality that θ = 1 + ω−1. As explained in [JNW24, Section 3.4],
the stack Xθ admits the following description as a torus quotient: Let

S = OJa0, a1, X0, X1K[b0, b1, c]/(X0 − b0c,X1 − b1c, a1b0 + a0b1),

with grading

deg(b0) = deg(b1) = 2,deg(c) = −2,deg(a0) = deg(a1) = 0.

Then Xθ
∼= [SpecS/Gm] (the Gm-action being determined by the grading on S).

The map Rps

θ
→ S, corresponding to the morphism Xθ → SpecRps

θ
, induces an

isomorphism
Rps

θ

∼−→ OJa0, a1, X0, X1K/(a0X1 + a1X0),

identifying Rps

θ
with the degree zero component of S. Note that our a1 is denoted

a′1 = a1 + p in [JNW24], and our Xi is denoted bic.
The universal rank two vector bundle Vθ on Xθ corresponds to the graded

module S(1)⊕ S(−1). The action of R̃θ on Vθ is described by identifying R̃θ (as
an Rps

θ
-algebra) with the matrix order

(3.4.10) EndS-gr(Vθ) =

(
Rps

θ
Rps

θ
b0 +Rps

θ
b1

Rps

θ
c Rps

θ

)
⊆M2(S)
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acting by left multiplication on Vθ (thought of as column vectors) (see [JNW24,
Thm. 3.4.1]). Again we write eij for the matrix in M2(S) with 1 in the ij-th entry,
and zero elsewhere. Then the modules R̃θe11, R̃θe22 are the R̃θ-projective envelopes
of the simple modules 1, ω−1 respectively. We let Rver denote the completion of S
at its maximal homogeneous ideal; then Rver is a versal ring to X at the closed
point corresponding to ρ := 1⊕ ω−1.

It will also be useful to have some notation for the scheme-theoretic union of
the (finitely many) substacks Xθ ⊂ X where θ is of type (St), and so we make the
following definition.

Definition 3.4.11. We write X (St) :=
⋃
θ of type (St) Xθ.

Remark 3.4.12. For θ of type (St), the stack Xθ,red coincides with one of the
irreducible components X (σa,p−1)

± (with a and the sign ± depending on θ). Thus
X (St)red is the disjoint union of four irreducible components X (σa,p−1)

± (assuming
that it is non-empty, i.e. that ζ is even).

3.4.13. The case (gen+). If θ is a Fp-pseudorepresentation of type (gen+), then
there exists a smooth character χ : GQp

→ F
×
p such that θ = χ+ ζω−1χ−1, and χ

does not factor through F×. Writing Fθ/F for the extension generated by the values
of θ, we can identify θ with an Fθ-valued pseudorepresentation θ

′
, and by definition,

we have equalities

Rps

θ
= Rps

θ
′ , R̃θ = R̃θ′ ,Xθ = Xθ′ ,Xθ = Xθ′ .

Up to natural isomorphism, these objects only depend on the Gal(Fp/F)-conjugacy
class of θ.

Note that Fθ almost always coincides with the extension F′
θ
/F generated by the

values of χ, and then θ
′
is the trace of a semisimple reducible Galois representation,

classified by a morphism SpecFθ → Xθ. We then let Rver
θ

be the versal ring at
SpecFθ → Xθ defined in Section 3.4.6.

The only exception is when χ and ζω−1χ−1 are Galois conjugates over F, in
which case θ

′
is the trace of an irreducible Galois representation ρ : GQp → GL2(Fθ),

for which ρ ⊗Fθ
F′
θ

is reducible. We have a morphism SpecF′
θ
→ Xθ classifying

ρ⊗Fθ
F′
θ
, and we let

Spf Rver
θ
→ Xθ ×W (Fθ)

W (F′
θ
)

be the versal morphism to SpecF′
θ
→ Xθ ×W (Fθ)

W (F′
θ
) defined in Section 3.4.6.

Note that the composite Spf Rver
θ
→ Xθ is versal to SpecF′

θ
→ Xθ.

3.5. Coherent sheaves on stacks of Galois representations. We fix throughout
this section a 2-dimensional Fp-valued pseudorepresentation θ of GQp . We will
discuss some coherent sheaf theory on the stacks Xθ and Xθ defined in Section 3.4.
To ease notation, we write R := Rps

θ
and m := mR. We write X0 to denote the

underlying reduced substack of Xθ; this coincides with the underlying reduced
substack of the base-change Xθ ×SpecR SpecR/m.

Remark 3.5.1. We saw above (see in particular Section 3.4.8 that in case (scalar))
that in fact Xθ ×SpecR SpecR/m is reduced, except in case (scalar).
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Adopting notation from Appendix C.2.9, we write kθ : Xθ → Xθ for the completion
map, and

kθ,∗ : Db
coh(Xθ)→ Db

coh(Xθ),

k̂∗
θ
: Db

coh(Xθ)→ ProDb
coh(Xθ)

for the pushforward and completed pullback functors. Their basic properties are
summarized in Theorem C.2.15 (see also Remark C.2.17).

3.5.2. Tensoring pro-coherent sheaves with compact modules. We now fix a (not
necessarily commutative) R-algebra E which is finite and flat as an R-module.
We regard E as a topological R-algebra by endowing it with its m-adic topology.
With this topology, E is a Noetherian profinite O-algebra, and so we can apply
the material of Section A.1.30. We also suppose given a coherent sheaf F on Xθ
endowed with a right action of E extending the natural R-action on F. We write
F := k̂∗

θ
F, so F is the m-adic completion of F; then F is an object of ProCoh(Xθ)

endowed with a right E-action extending the R-action on F.
Our goal in this subsection is to discuss the various functors we can obtain by

tensoring F and F with different flavours of E-modules. We first discuss things on
the abelian level, before turning to the analogous constructions on the level of stable
∞-categories.

By Proposition A.1.48 we have a right exact functor

(3.5.3) F⊗E – : Modfp(E)→ Coh(Xθ),

characterized up to unique isomorphism by sending E to F. Similarly, we have a
unique right exact functor

(3.5.4) F ⊗E – : Modfp(E)→ ProCoh(Xθ)

sending E to F . Since F = k̂∗
θ
F, we thus have a natural isomorphism

(3.5.5) F ⊗E – ∼−→ k̂∗
θ
◦ (F⊗E –).

On the other hand, by definition, F is complete as an R-module object of
ProCoh(Xθ). Remark A.10.19 then shows that F is also derived complete, and
in turn, by Lemma A.10.18, we see that F is complete and derived complete as
an E-module. We thus obtain, by Lemma A.1.53, a unique right exact and cofiltered
limit-preserving functor

(3.5.6) F ⊗̂E– : Modc(E)→ ProCoh(Xθ)
sending E to F .

Lemma 3.5.7. With the notation of the previous paragraph, there exists a unique
(up to isomorphism) right exact functor

(3.5.8) F ⊗E – : Modf.l.(E)→ Coh(Xθ)
such that the following diagram commutes:

Modf.l.(E) Modfp(E) Modc(E)

Coh(Xθ) Coh(Xθ) ProCoh(Xθ).

F ⊗̂E–(3.5.6)F⊗E–(3.5.3)F⊗E–(3.5.8)
kθ,∗ k̂∗

θ

Furthermore, F ⊗̂E– is the Pro-extension of F ⊗E –.
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Proof. By Corollary A.1.54, the restriction of (3.5.6) through Modfp(E)→ Modc(E)
is (3.5.4). Hence (3.5.5) shows that the rightmost square commutes.

We now construct the left-hand square. Each of the quotients

F/mnF := F⊗E (E/mnE) = F ⊗E (E/mnE)

is an object of CohX0(Xθ), since X0 was defined to be the underlying reduced
substack of the vanishing locus of m. If N is a finite length E-module, then it is
annihilated by some power of m, so we find more generally that F ⊗E N lies in
CohX0

(Xθ), which is to say that (3.5.3) restricts to a right exact functor

(3.5.9) F⊗E – : Modf.l.(E)→ CohX0
(Xθ).

Theorem C.2.15 shows that kθ,∗ is an equivalence Coh(Xθ)
∼−→ CohX0

(Xθ) We
deduce the existence and uniqueness of (3.5.8), and the commutativity of the left-
hand square. Finally, bearing in mind that Modc(E) = ProModf.l.(E) and F ⊗̂E–
preserves cofiltered limits, we see that the commutativity of the outer rectangle
implies that F ⊗̂E– is the Pro-extension of F ⊗E –, as desired. □

We now apply Lemma A.10.10 to construct derived versions of the various tensor
products just introduced. Namely, Lemma A.10.10 (1) shows that (3.5.3) induces a
right t-exact functor

(3.5.10) F⊗LE – : Db
fp(E)→ D−(Coh(Xθ)),

while Lemma A.10.10 (2) shows that (3.5.4) induces a right t-exact functor

(3.5.11) F ⊗LE – : Db
fp(E)→ ProDb

coh(Xθ),

where we implicitly use the equivalence Db
(
Coh(Xθ)

) ∼−→ Db
coh(Xθ). Finally,

Lemma A.10.10 (3) shows that (3.5.8) induces a right t-exact limit preserving
functor

(3.5.12) F ⊗̂LE– : ProDb
f.l.(E)→ ProDb

coh(Xθ).

For simplicity, from now on we will make the additional assumption that E has
finite global dimension; in our applications, this will be true by Lemma 2.3.11 (4).
The functor (3.5.10) then factors through Db(Coh(Xθ)), by Lemma A.10.26.

Lemma 3.5.13. Assume that E has finite global dimension. Then there exists a
unique (up to isomorphism) right t-exact functor

(3.5.14) F ⊗LE – : Db
f.l.(E)→ Db

(
Coh(Xθ)

)
such that the following diagram commutes:

Db
f.l.(E) Db

fp(E) ProDb
f.l.(E)

Db
(
Coh(Xθ)

)
Db
(
Coh(Xθ)

)
ProDb

coh(Xθ).

(A.10.6)

F ⊗̂L
E–

(A.10.8)

F⊗L
E–F⊗L

E–

kθ,∗

F⊗L
E–

k̂∗
θ

Proof. The upper triangle commutes by Lemma A.10.15. The two directions in the
lower triangle are right t-exact functors Db

fp(E)→ ProDb
coh(Xθ), sending E to F ,

resp. k̂∗
θ
F = F . Hence they are naturally isomorphic, by Lemma A.10.10 (2).
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We now construct (3.5.14), and prove the commutativity of the left-hand square.
Since k̂∗

θ
: Db(Coh(Xθ)) → Db

coh,X0
(Xθ) is an equivalence, by Theorem C.2.15, it

suffices to prove that the composite

Db
f.l.(E)→ Db

fp(E)
F⊗L

E–−−−−→ Db(Coh(Xθ))

factors through Db
coh,X0

(Xθ), i.e. the full subcategory of Db
coh(Xθ) whose objects are

the bounded complexes of coherent sheaves whose cohomology is set-theoretically
supported on the vanishing locus X0 of m := rad(R) in X. By induction on the
amplitude of objects in Db

f.l.(E), it suffices to prove that F⊗LEN ∈ Db
coh,X0

(Coh(Xθ))

whenever N is an object of Modf.l.(E), which is a consequence of the fact that N is
annihilated by a power of m. □

3.5.15. Tensoring pro-coherent sheaves with G-representations. We now fix a pro-
jective generator P of Cθ, chosen to have finite length cosocle, and write

E := EndCθ
(P ).

Recall from Lemma 2.3.10 and Lemma 2.3.11 (4) that E has finite type as a module
over its centre (which is the Bernstein centre of Cθ), has finite global dimension,
and is Noetherian. Hence, by Lemma A.1.32 (8), the natural topology on E (that
it inherits as the endomorphism ring of the compact OJGKζ-module P ) coincides
with its m-adic topology, and makes E a Noetherian profinite O-algebra. Recall
also from Remark 2.4.16 that there is a unique isomorphism R

∼−→ Z(E) = Z(CB)
such that the functor V̌ is R-linear. Furthermore, we assume given a coherent sheaf
F on Xθ with a left Eop-action, so that we are in the situation of Section 3.5.2.

Applying the functor (3.5.6) to P , we obtain an object F ⊗̂EP of ProCoh(Xθ).
Since P is projective in Modc(E) (by Lemma 2.3.11 (4)), this coincides with the
object F ⊗̂LEP obtained by applying (3.5.12) to P . The right OJGKζ-action on P

induces a right OJGKζ-action on F ⊗̂EP . An application of Lemma A.10.10 (2)
then produces a right t-exact functor

(F ⊗̂EP )⊗LOJGKζ – : Db
fp(OJGKζ)→ ProDb

coh(Xθ).

Another application of Lemma A.10.10 (2), this time to P itself, yields a right
t-exact functor

P ⊗LOJGKζ – : Db
fp(OJGKζ)→ ProDb

f.l.(E).

In fact this functor may be factored as a composite

(3.5.16) P ⊗LOJGKζ – : Db
fp(OJGKζ)→ D−(Modc(E)

)
→ ProDb

f.l.(E),

where the first arrow is the restriction to

Db
fp(OJGKζ)

∼−→ Db
(
Modfp(OJGKζ)

)
⊂ D−(Modfp(OJGKζ)

)
of the (right t-exact) derived functor of the functor

P ⊗OJGKζ – : Modfp(OJGKζ)→ Modc(E)

arising from an application of Theorem A.7.15; and the second arrow is the t-exact
functor

D−(Modc(E)
) ∼−→ D−(ProModf.l.(E)

) p−→ ProDb
f.l.(E)

obtained as a special case of the diagram (A.8.5), taking C there to be Modf.l.(E),
and recalling the equivalence Modc(E)

∼−→ ProModf.l.(E). That this composite
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coincides, up to natural isomorphism, with the functor P ⊗LOJGKζ – follows from
Lemma A.10.10 (2), since both functors are right t-exact, and both take OJGKζ to
the E-module object P in Modc(E)

∼−→ ProModf.l.(E).
We will often make implicit use of the following lemmas involving these two

functors.

Lemma 3.5.17. The composite

Db
fp(A)

(2.2.26)−−−−−→ Db
fp(OJGKζ)

P⊗L
OJGKζ

–
−−−−−−−→ ProDb

f.l.(E)

is t-exact.

Proof. Let F denote the composite functor appearing in the statement of the lemma.
By Corollary A.7.21, it suffices to prove that the restriction of F to Afp (which
is the heart of Db(Afp)

∼−→ Db
fp(A)) takes values in the heart ProModf.l.(E) of

ProDb
f.l.(E).

By the alternative description of P ⊗LOJGKζ – provided by (3.5.16), it suffices to
prove that the composite

Afp ⊂ Db
fp(A)

(2.2.26)−−−−−→ Db
fp(OJGKζ)→ D−(Modc(E))

has essential image in Modc(E). To do so, it suffices to prove that the composite

Afp ⊂ Db
fp(A)

(2.2.26)−−−−−→ Db
fp(OJGKζ)→ D−(Modc(E))→ D−(Mod(E))

has essential image in Mod(E), where the final arrow is the t-exact extension of
the forgetful functor Modc(E) → Mod(E) (which is exact and conservative, by
Lemma A.1.32 (1)). Now the composite Db

fp(OJGKζ) → D−(Mod(E)) is right t-
exact and takes OJGKζ to P , hence coincides with the left derived functor of the
usual tensor product P ⊗OJGKζ −, by Theorem A.7.15. Hence our claim follows from
Lemma 2.2.46 (2). □

Lemma 3.5.18. There is a natural isomorphism of right t-exact functors Db
fp(OJGKζ)→

ProDb
coh(Xθ)

(3.5.19) (F ⊗̂EP )⊗LOJGKζ – = (F ⊗̂LEP )⊗LOJGKζ – ∼−→ F ⊗̂LE(P ⊗LOJGKζ –),

and there is a natural isomorphism of right t-exact functors ProDb
fp(OJGKζ) →

ProDb
coh(Xθ)

(3.5.20) (F ⊗̂EP ) ⊗̂
L
OJGKζ– = (F ⊗̂LEP ) ⊗̂

L
OJGKζ–

∼−→ F ⊗̂LE(P ⊗̂
L
OJGKζ–).

Proof. Recalling again that P is projective in Modc(E), Lemma A.10.10 (2) shows
that to prove (3.5.19), it suffices to note that each functor takes OJGKζ to the
object F ⊗̂LEP = F ⊗̂EP of ProCoh(Xθ). On the other hand, since P ⊗̂LOJGKζ–, resp.

(F ⊗̂LEP ) ⊗̂LOJGKζ–, is the Pro-extension of P ⊗LOJGKζ –, resp. (F ⊗̂LEP )⊗LOJGKζ –, and

F ⊗̂LE− is cofiltered limit-preserving, the isomorphism (3.5.20) can be taken to be
the Pro-extension of (3.5.19). □
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3.5.21. The universal vector bundle. Recall from Section 3.4 that the universal
object on Xθ is denoted Vθ. It is a free OXθ

-module of rank two with a left action
of R̃θ. Its pullback via k̂∗

θ
to ProCoh(Xθ) is denoted

(3.5.22) Vθ := k̂∗
θ
Vθ.

We may apply the discussion of Section 3.5.2 to Vθ and Vθ, viewing them as right
R̃op

θ
-modules. In particular, from the commutative diagram of Lemma 3.5.7, we

obtain the commutative diagram

(3.5.23)
Modf.l.(R̃op

θ
) Coh(Xθ)

Coh(Xθ)

Vθ⊗R̃
op

θ

–

Vθ⊗R̃
op

θ

–

We now describe the main properties of Vθ and of Vθ that we will use in Section 5.
These results are essentially due to Johansson–Newton–Wang-Erickson [JNW24].

Proposition 3.5.24. Assume that θ does not have type (St). Then Vθ, which is a
complete right R̃op

θ
-module object in ProCoh(Xθ), is topologically flat (in the sense

of Definition A.10.23).

Proof. By the discussion in Section 3.4.13, we can assume without loss of generality
that F = Fθ. We need to prove that the functor

Vθ ⊗̂R̃op

θ

– : Modc(R̃
op

θ
)→ ProCoh(Xθ)

is exact. Since Modc(R̃
op

θ
) = ProModf.l.(R̃op

θ
), it suffices to prove that its restriction

to Modf.l.(R̃op

θ
) is exact. By Lemma 3.5.7, this restricted functor is the same as the

composite

Modf.l.(R̃op

θ
)→ Modfp(R̃op

θ
)

Vθ⊗R̃
op

θ

–

−−−−−−→ Coh(Xθ)→ ProCoh(Xθ).

The last arrow is exact, so it suffices to prove that the composite of the first two
arrows is exact.

Assume first that θ does not have type (scalar). We will prove that Vθ is flat as a
right R̃op

θ
-module, or equivalently, flat as a left R̃θ-module. This can be verified after

base change to a quadratic unramified extension O′/O, hence we can assume without
loss of generality that θ has type (ssg) or type (gen). For type (ssg), the flatness
of Vθ over R̃θ is clear from Section 3.4.5. Indeed, we have Xθ

∼= [SpecRps

θ
/µ2],

while Vθ
∼= Rps

θ
(1) ⊕ Rps

θ
(1), and R̃θ

∼= M2(R
ps

θ
) with its standard left action

on Vθ (thought of as column vectors). Thus Vθ is a direct summand of R̃θ and
is in particular R̃θ-flat, hence R̃θ-flat. For type (gen), the flatness of Vθ over R̃θ
is [JNW24, Prop. 5.3.1].

Finally, assume that θ has type (scalar). Let p : SpecA→ Xθ be the presentation
described in [JNW24, Section 3.3] (and recalled in Section 3.4.8). Write Vθ := p∗Vθ.
Since p∗ is exact and faithful, it suffices to prove that the composite

Vθ ⊗R̃op

θ

– : Modf.l.(R̃op

θ
)→ Modfp(R̃op

θ
)

Vθ⊗R̃
op

θ

–

−−−−−−→ Coh(Xθ)
p∗−→ Modfp(A)
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is exact. This follows from the proof of [JNW24, Prop. 5.4.2], which shows that if N

is the unique simple left R̃op

θ
-module, then Tor

R̃op

θ
1 (Vθ, N) = 0. (More precisely, loc.

cit. writes E for R̃θ, and proves that TorE1 (p
∗V∗,M) = 0, where M is the unique

simple E-module, V is Vθ, and V∗ is the coherent dual of Vθ, viewed as a right
R̃θ-module via the dual action. Now [JNW24, Prop. 2.2.4] shows that V∗ with
the dual right R̃θ-action is isomorphic to the pullback of V under † : R̃op

θ

∼−→ R̃θ,

and so we deduce that Tor
R̃op

θ
1 (p∗V,M†) = 0. Since M† is the unique simple left

R̃op

θ
-module, this is what we wanted.) □

Theorem 3.5.25. Let θ be a 2-dimensional Fp-valued pseudorepresentation of GQp .

(1) The natural map

R̃θ → REndProDb
coh(Xθ)

(Vθ)

is an isomorphism, and the functor

Vθ ⊗
L
R̃op

θ

– : Db
fp(R̃

op

θ
)→ ProDb

coh(Xθ)

defined in Lemma A.10.10 (2h), is fully faithful.
(2) If θ does not have type (St), the composite

Db
f.l.(R̃

op

θ
)

(A.10.6)−−−−−→ Db
fp(R̃

op

θ
)

Vθ⊗
L
R̃

op

θ

–

−−−−−−→ ProDb
coh(Xθ)

is t-exact.

Proof. By Lemma A.10.21, the second statement of part (1) is a consequence of the
first statement. By the discussion in Section 3.4.13, we can assume without loss of
generality that F = Fθ.

We begin by proving the first part. By Theorem C.2.15, the completion map

REndDb
coh(Xθ)

(Vθ)→ REndProDb
coh(Xθ)

(Vθ)

is an isomorphism. So it suffices to prove that the natural map

(3.5.26) R̃θ → REndDb
coh(Xθ)

(Vθ)

is an isomorphism. If O′/O is a quadratic unramified extension, then the formation
of ExtiDb

coh(Xθ)
commutes with base-change to O′ (as can be seen e.g. by computing

with free resolutions after pullback by a smooth surjection p : SpecS → Xθ). Thus
we can assume without loss of generality that θ does not have type (gen+). It then
follows from [JNW24, Thms. 3.1.1, 3.2.3, 3.3.1, 3.5.1] that (3.5.26) is an isomorphism.
This concludes the proof of the first part.

We now prove the second part. By Lemma A.10.15, it suffices to prove that the
functor

Vθ ⊗̂R̃op

θ

– : ProDb
f.l.(R̃θop)→ ProDb

coh(Xθ),

defined in Lemma A.10.10 (3n), is t-exact. By Lemma A.10.25, it suffices to prove
that Vθ is a topologically flat R̃op

θ
-module. This is Proposition 3.5.24. □
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3.5.27. Completion at closed points. In Section 5.3 we will need the following results
about coherent sheaves on versal rings to X at closed points.

Recall from Section 3.3.4 that the closed points of X are in bijection with
Gal(Fp/F)-conjugacy classes of semisimple representations ρ : GQp

→ GL2(Fp) with
determinant ζε−1, or equivalently, Gal(Fp/F)-conjugacy classes of 2-dimensional
Fp-valued pseudorepresentations θ. Given a 2-dimensional Fp-valued pseudorepre-
sentation θ, we will adopt without further comments the notation in Definition 3.4.4
for versal rings.

Definition 3.5.28. For any Serre weight σ and 2-dimensional Fp-valued pseudorep-
resentation θ, we introduce the notation

Mσ,θ := (ProV )(̂i∗
θ
c-IndGKZ σ) ∈ ProModf.l.(R̃θ)

∼−→ Modc(R̃θ),

where we write ProV : ProAfp

θ
→ ProModf.l.(R̃θ) for the Pro-extension of (2.4.20).

Similarly, we write

M†
σ,θ

:= (ProV †)(̂i∗
θ
c-IndGKZ σ) ∈ ProModf.l.(R̃op

θ
)

∼−→ Modc(R̃
op

θ
).

The R̃θ-modules Mσ,θ have been computed in [Kis09] following work of Berger–
Breuil [BB10]; we recall these results in the next lemma.

Lemma 3.5.29. Let σ = σa,b be a Serre weight, and let θ be a 2-dimensional
Fp-valued pseudorepresentation. Assume that Mσ,θ ̸= 0, and that θ does not have
type (gen+) (i.e. it is F-valued with absolutely irreducible summands). Then:

(1) If θ has type (ssg), then Mσ,θ is R̃θ-linearly isomorphic to the Galois repre-
sentation V ver

θ
⊗Rver

θ
Rσ
θ
/ϖ.

(2) If θ = nrλω
a+b + nrλ−1ζ(p)ω

a−1, then Mσ,θ is R̃θ-linearly isomorphic to a
free FJSK-module of rank one on which R̃θ acts via the character

(3.5.30) nrS+λω
a+b : R̃θ → FJSK.

The restriction of (3.5.30) to Rps

θ
= Z(R̃θ) is a ring homomorphism

(3.5.31) β : Rps

θ
→ FJSK,

which is surjective whenever θ does not have type (scalar).

Proof. Part (1) follows from [Kis09, Lemma 1.5.3] (and its proof). Part (2) follows
from [Kis09, Lemma 1.5.9, Lemma 1.5.11], where the morphism β is denoted θ. □

Remark 3.5.32. Using the description (2.1.14) of the central embedding Rps

θ
→ R̃θ,

one sees that β classifies the deformation

nrS+λω
a+b + nr(S+λ)−1ζ(p)ω

a−1

of θ to FJSK.

We now deduce an alternative description of Mσ,θ. It will be useful to employ the
following notation: if J ⊂ R̃θ is a subset, we will write ⟨J⟩ for the two-sided ideal
generated by J , and JR̃θ for the right ideal generated by J . We also note that in
part (2) of the following lemma, which encompasses the cases when θ has type (gen)
or (St), we employ the explicit presentation of R̃θ given above in Section 3.4.6, resp.
Section 3.4.9.
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Lemma 3.5.33. Let σ = σa,b be a Serre weight, and let θ be a 2-dimensional
Fp-valued pseudorepresentation.

(1) If θ has type (ssg), and Mσ,θ ̸= 0, then Mσ,θ is Rver
θ

-linearly isomorphic to
(Rσ

θ
/ϖ)⊕2.

(2) Suppose that 0 ≤ b ≤ p − 2, let λ ∈ F×, and assume that (b, λ) ̸= (p −
2,±ζ(p)1/2). Let σ = σa,b and θ = nrλω

a+b + nrλ−1ζ(p)ω
a−1. Then Mσ,θ

∼=
R̃θ/⟨kerβ, e22⟩, and Mσco,θ

∼= R̃θ/⟨kerβ, e11⟩.

Proof. Recalling that when θ has type (ssg) we have Rps

θ
= Rver

θ
, so that R̃θ is in

particular an Rver
θ

-algebra, we see that part (1) follows from Lemma 3.5.29 (1).
We now prove part (2). By Lemma 3.5.29, we have Mσ,θ = R̃θ/ ker(nrS+λω

a+b).
Since FJSK is a local ring, at least one of the orthogonal idempotents e11 and e22 goes
to zero under nrS+λωa+b, and since the kernel is a two-sided ideal, it contains at most
one of e11, e22. Hence there exists i = 1 or 2 such that ⟨kerβ, eii⟩ ⊂ ker(nrS+λω

a+b).
The inclusion must then be an equality, since R̃θ/⟨kerβ, eii⟩ ∼= Rps

θ
/ ker(β) = FJSK.

It remains to prove that i = 2. If e22 :Mσ,θ →Mσ,θ is not zero, then there exists
a nonzero R̃θ-linear map R̃θe22 → Mσ,θ. Bearing in mind that our presentation
of R̃θ is such that R̃θe22 is a projective envelope of nrλ−1ζ(p)ω

a−1, this contradicts
our assumption that either ωa+b ̸= ωa−1 (i.e. b ≠ p − 2) or λ ≠ λ−1ζ(p) (when
b = p− 2). □

Remark 3.5.34. If θ = 1 + ω−1, then the kernel of β is (ϖ, a1, X0, X1). This
is proved in [HT15, Lemma 3.9], bearing in mind that (a0, a1, X0, X1) are de-
noted (d0,−d1, c0, c1) in loc. cit., as explained in [JNW24, Section 5.5].

Remark 3.5.35. If θ = 1 + ω−1 we will also need the following connection with the
Hecke operator Tp. If σ ∈ {Sym0, Symp−1, Symp−3⊗ det}, then Tp acts on Mσ,θ by
V -functoriality. Lemma 3.5.29 provides an identification EndModc(R̃θ)

(Mσ,θ) = FJSK,

and Tp−1 is a uniformizer of this ring: in fact, the exactness of î∗
θ

and ProV implies
that

Mσ,θ/(Tp − 1)Mσ,θ = V
(̂
i∗
θ
c-IndGKZ σ/(Tp − 1)c-IndGKZ σ

)
,

and hence the left-hand side is a one-dimensional F-vector space; since Mσ,θ is
free of rank one over FJSK (by Lemma 3.5.29), we conclude that indeed Tp − 1 is
identified with a uniformizer of FJSK. On the other hand, the map

β : Rps

θ
→ EndModc(R̃θ)

(Mσ,θ) = FJSK,

describing the restriction of the R̃θ-action on Mσ,θ to Z(R̃θ) = Rps

θ
is surjective, by

Lemma 3.5.29, and so it sends a0 to a uniformizer of FJSK, by Remark 3.5.34. Putting
the preceding observations together, we conclude that β(a0) is an FJSK×-multiple
of Tp − 1.

Finally, we have the right R̃θ-modules M†
σ,θ

:= ProV †(̂i∗
θ
c-IndGKZ σ), which are

obtained from Mσ,θ by composing with the anti-involution †.

Lemma 3.5.36. Let σ = σa,b be a Serre weight, and let θ be a 2-dimensional
Fp-valued pseudorepresentation.

(1) If θ has type (ssg), then M†
σ,θ

is Rver
θ

-linearly isomorphic to (Rσ
θ
/ϖ)⊕2.



70 A. DOTTO, M. EMERTON, AND T. GEE

(2) Assume that 0 ≤ b ≤ p − 2, let λ ∈ F×, and assume that (b, λ) ̸= (p −
2,±ζ(p)1/2). Let θ = nrλω

a+b+nrλ−1ζ(p)ω
a−1. Then M†

σ,θ
∼= R̃θ/⟨kerβ, e11⟩,

and M†
σco,θ

∼= R̃θ/⟨kerβ, e22⟩ (as right R̃θ-modules).

Proof. By definition, if g ∈ R̃×
θ

is the image of an element of GQp
, then g† =

(ζε−1)(g)g−1. Our assumptions imply that θ does not have type (scalar) or (gen+),
and so R̃θ is an order in M2(R

ps

θ
), as described in Section 3.4. It follows from this

description of R̃θ that † coincides, at elements of GQp , with the restriction to R̃θ of
the anti-involution

(3.5.37)
(
a b
c d

)
7→
(
d −b
−c a

)
of M2(R

ps

θ
). Since the images of elements of GQp

are dense in R̃θ, we conclude
that † coincides with (3.5.37). Thus the lemma follows from Lemma 3.5.33. □

Remark 3.5.38. In case (2) of Lemma 3.5.36, it follows from (3.5.30) that the inertia
group IQp acts on M†

σ,θ
via the character (ωa+b)†|IQp

= ωa−1|IQp
. Hence, if W

is a left R̃θ-module, then W ⊗̂R̃op

θ

M†
σ,θ

is an R̃θ-quotient of W on which IQp
acts

by ωa−1.

Proposition 3.5.39. Let σ = σa,b be a Serre weight, and let θ be a 2-dimensional
Fp-valued pseudorepresentation. Let Rver

θ
, Rσ

θ
be the versal rings defined in Defini-

tion 3.4.4. Assume that b ̸= 0, and M†
σ,θ
̸= 0. Then

(1) V ver
θ
⊗̂R̃op

θ

M†
σ,θ

has scheme-theoretic support SpecRσ
θ
/ϖ, and

(2) if θ does not have type (scalar), then V ver
θ
⊗̂R̃op

θ

M†
σ,θ
∼= Rσ

θ
/ϖ.

Remark 3.5.40. The assumption that b ̸= 0 in Proposition 3.5.39 is due to the fact
that, for any θ, we have an exact sequence

0→ î∗
θ
c-IndGKZ σa,p−1 → î∗

θ
c-IndGKZ σa,0 → î∗

θ

(
ωanrX2−ζ(p) ◦ det

)
→ 0

obtained by applying î∗
θ

to (2.2.37). Since V † is zero on SL2(Qp)-invariant rep-
resentations of G, and V † is exact, we deduce that M†

σa,p−1,θ
= M†

σa,0,θ
. Hence

V ver
θ
⊗̂R̃op

θ

V †
σa,0
∼= R

σa,p−1

θ
/ϖ, which can be larger than Rσa,0

θ
/ϖ.

Proof of Proposition 3.5.39. By definition, the Galois representation V ver/mV ver is
semisimple with absolutely irreducible summands. Hence, after possibly replacing F
with a finite extension, we can assume that θ does not have type (gen+). Furthermore,
by Lemma 2.5.16 (2), M†

σ,θ
̸= 0 if and only if σ is a Serre weight of V ver/mV ver. We

now proceed by cases, according to the type of θ.
Case (ssg): Recall that R̃θ = M2(R

ver
θ

) acting on V ver
θ

= (Rver
θ

)⊕2 in the stan-
dard representation. Hence M†

σ,θ
is Rver

θ
-linearly isomorphic to the direct sum

of V ver
θ
⊗̂R̃op

θ

M†
σ,θ

with itself. On the other hand, by Lemma 3.5.36 (1), M†
σ,θ

is

Rver
θ

-linearly isomorphic to (Rσ
θ
/ϖ)⊕2, and so V ver

θ
⊗̂R̃op

θ

M†
σ,θ

= Rσ
θ
/ϖ, as desired.
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Case (gen): After a twist, we may assume that σ = Symb and θ = nrλω
b +

nrλ−1ζ(p)ω
−1, for some λ ∈ F× and 0 ≤ b ≤ p− 2. Then Lemma 3.5.36 (2) shows

that
V ver
θ
⊗̂R̃op

θ

M†
σ,θ

= V ver
θ

/(kerβ, e11, ce21)V
ver
θ

,

where we have used that ⟨kerβ, e11⟩ = (kerβ, e11, ce21)R̃θ. Since V ver
θ

/e11V
ver
θ

is free
of rank one as an Rver

θ
-module, we see that V ver

θ
⊗̂R̃op

θ

M†
σ,θ

is a cyclic Rver
θ

-module
with annihilator (kerβ, c)Rver

θ
.

The proposition will thus follow in this case once we show that Rver
θ
/(kerβ, c)Rver

θ
coincides with Rσ

θ
/ϖ. Since these rings are abstractly isomorphic (being power

series rings over F in the same number of variables), it suffices to prove that the
quotient map Rver

θ
→ Rver

θ
/(kerβ, c)Rver

θ
factors through Rσ

θ
/ϖ. To this end, note

that we have an exact sequence of Rver
θ

-modules

0→ V ver
θ

/(kerβ, c, e22)→ V ver
θ
⊗Rver

θ
Rver
θ
/(kerβ, c)Rver

θ
→ V ver

θ
/(kerβ, c, e11)→ 0

which exhibits the free rank two Rver
θ
/(kerβ, c)-module V ver

θ
/(kerβ, c) as an ex-

tension of free rank one modules. The explicit form of R̃θ given in (3.4.7) shows
that this is actually a sequence of R̃θ-modules. Furthermore, since the quotient
V ver
θ

/(kerβ, c, e11) has been proven in the previous paragraph to be isomorphic to
V ver
θ
⊗̂R̃op

θ

M†
σ,θ

, Remark 3.5.38 shows that IQp
acts by ω−1 on V ver

θ
/(kerβ, c, e11).

Since detV ver
θ

is an unramified twist of ωb−1, this shows that V ver
θ
⊗Rver

θ
Rver
θ
/(kerβ, c)Rver

θ

is an ordinary deformation of nrλωb ⊕ nrλ−1ζ(p)ω
−1, and its classifying map Rver

θ
→

Rver
θ
/(kerβ, c)Rver

θ
factors through Rσ

θ
/ϖ, as desired.

Case (St): This is similar to case (gen). After a twist, we may assume that
θ = 1 + ω−1 and σ ∈ {Symp−1, Symp−3⊗ det}. Bearing in mind the isomorphism
M†

Sym0,θ
∼= M†

Symp−1,θ
from Remark 3.5.40, the module M†

σ,θ
has thus been com-

puted in Lemma 3.5.36. Taking into account the explicit form of kerβ given in
Remark 3.5.34, we find that

V ver
θ
⊗̂R̃op

θ

M†
Symp−1,θ

= Rver
θ
/(ϖ, a1, X0, X1, c)R

ver
θ

= FJa0, b0, b1K/(a0b1)(3.5.41)

V ver
θ
⊗̂R̃op

θ

M†
Symp−3 ⊗ det,θ

= Rver
θ
/(ϖ, a1, X0, X1, b0, b1)R

ver
θ

= FJa0, cK(3.5.42)

as Rver
θ

-modules. Arguing as in case (gen), and using the fact that R(p,0),crys/ϖ is
a power series ring over FJx, yK/(xy), we thus see that V ⊗̂R̃op

θ

M†
σ,θ
∼= Rσ

θ
/ϖ, as

desired. (This presentation of R(p,0),crys/ϖ can be deduced from a more careful
analysis of the presentation of Xθ described in Section 3.4.9, or alternatively, it can
be deduced from [BCGP21, Lemma 7.3.7].)

Case (scalar): After a twist, we may assume that θ = ω−1+ω−1, and σ = Symp−2.
This case was excluded in Lemma 3.5.36, so we will argue in a different way, by
applying the results of [San16]. In Definition 2.1.8 we have defined an irreducible
E[KZ]ζ-module Θ(σ|σco) whose mod ϖ reduction is isomorphic to σ, and we now
fix an O[KZ]ζ-lattice Θ in Θ(σ|σco). We have isomorphisms

V ver
θ
⊗̂R̃op

θ

M†
σ,θ

∼−→ V ver
θ
⊗̂Ẽθ

(P̃θ ⊗̂OJGKζ îθ,∗î
∗
θ
c-IndGKZ σ)

∼−→ V ver
θ
⊗̂Ẽθ

(P̃θ ⊗OJGKζ c-Ind
G
KZ σ)

∼−→ Homcont
KZ (V ver

θ
⊗̂Ẽθ

P̃θ, σ
∨)∨,
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where the first arrow is Lemma 2.4.22 (2), the second arrow is Lemma 2.5.26,
and the third arrow is Lemma 2.2.45. Now V ver

θ
⊗̂Ẽθ

P̃θ is the object denoted N

in [San16] (and we employ this same notation in what follows), and so we see that
V ver
θ
⊗̂R̃op

θ

M†
σ,θ

is the module denoted M□(σ) in [San16, (2.12)]. Following loc. cit.
and [Paš15, Section 2], we also consider the module

M(Θ) := HomO(Homcont
KZ (N,Θd),O).

Since V ver
θ
⊗̂Ẽθ
− is exact, by Proposition 3.5.24, and P̃θ ⊗̂OJKZKζ− is exact, by

Lemma 2.3.11 (4), we see that N is topologically flat in Modc(OJKZKζ), hence
projective in Modc(OJKZKζ), by A.1.44. By [Paš15, Lemma 2.14], we conclude that
M□(σ) is isomorphic to M(Θ)/ϖM(Θ). We claim that M(Θ) is a faithful finitely
presented Rσ

θ
-module.

Assuming the claim, we conclude the proof of the proposition as follows. By the
claim, the natural map

Rσ
θ
→ EndRver

θ
(M(Θ))

is injective, and so the natural map

Rσ
θ
/ϖ → EndRver

θ
(M(Θ)/ϖM(Θ))

has nilpotent kernel. Since Rσ
θ
/ϖ is reduced, by Lemma 3.2.5, we conclude that the

scheme-theoretic support of M□(σ) =M(Θ)/ϖM(Θ) is Rσ
θ
/ϖ, as desired.

To prove the claim, observe first that M(Θ) is finitely presented over Rver
θ

,
by [Paš15, Proposition 2.15]. Then let a := AnnRver

θ
M(Θ). As shown during

the proof of [San16, Theorem 4.10], the radical of a is the kernel of Rver
θ
→ Rσ

θ
.

However, it is also shown in loc. cit. that the assumptions of [San16, Theorem 2.1],
or equivalently [Paš15, Theorem 2.42], are met. Hence a is a radical ideal, which
concludes the proof. □

Corollary 3.5.43. Let θ = 1+ω−1. Then R(p,0),crys

θ
/ϖ = FJa0, b0, b1K/(a0b1), and

R
(1,0),crys

θ
/ϖ = R

(p,0),crys

θ
/(ϖ, b1).

Proof. The claim about R
(p,0),crys

θ
/ϖ is an immediate consequence of (3.5.41).

We now prove the claim about R(1,0),crys

θ
/ϖ. It follows from e.g. [HT15, Theo-

rem 5.11] that the quotient map Rver
θ
/ϖ → R

(1,0),crys

θ
/ϖ factors through a surjection

R
(p,0),crys

θ
/ϖ → R

(1,0),crys

θ
/ϖ whose kernel is a minimal prime, and so it is generated

by either a0 or b1. But it cannot be generated by a0: if this were the case, then the
map Rps

θ
→ R

(p,0),crys

θ
/ϖ would factor through F, since the maximal ideal of Rps

θ
is

generated by (a0, a1, X0, X1). This would contradict the existence of lifts of 1⊕ω−1

to F[ϵ]/ϵ2 that factor through R
(p,0),crys

θ
/ϖ and have nontrivial pseudocharacter

(for example, the lift nr1−ϵ ⊕ nr1+ϵω
−1). □

3.6. Complements in the Steinberg case. We assume throughout this section
that θ is of type (St). Making a twist if necessary, we assume that in fact θ = 1+ω−1.
We will shorten notation to R := Rps

θ
. Recall that in Section 3.4.9 we have given an

explicit description of R, R̃θ,Xθ, and of the bundle Vθ lying over Xθ, together with
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its left R̃θ-action. Using the notation of that section, we write

I := (X0, X1)R ⊆ R;

this is the reducibility ideal in R.

3.6.1. The projective generator Pθ of Cθ. Recall from Definition 2.4.11 and Def-
inition 2.4.17 the projective objects Pθ, P̃θ ∈ Cθ. Neither of these is a projective
generator, which leads us to introduce yet another projective object.

Definition 3.6.2. Let θ = 1+ ω−1. We choose a Cθ-projective envelope P1∨
G

of the
trivial character of G, we define the projective generator (with finite cosocle) Pθ

of Cθ as

Pθ := P̃θ ⊕ P1∨
G
,

and we write Eθ := EndCθ
(Pθ).

We can now apply the Morita theory of Lemma 2.3.15, taking the projective
generator in the statement of that lemma to be Pθ. Then Lemma 2.3.15 (3) shows
that HomCθ

(Pθ, P̃θ) is of finite type over Ẽθ, and (2.3.16) gives an isomorphism

(3.6.3) P̃θ
∼−→ HomCθ

(Pθ, P̃θ)⊗Eθ
Pθ.

3.6.4. The ideal J of Eθ. Let O1∨
G

denote O regarded as an object of Cθ by letting G
act trivially. Since the Cθ-cosocle of O1∨

G
is equal to 1∨

G, with multiplicity one, we
find that O1∨

G
is a quotient of P1∨

G
, and that

Homcont
G (Pθ,O1∨

G
) = Homcont

G (P1∨
G
,O1∨

G
)

is free of rank one over O. Since O1∨
G

is a quotient of P1∨
G
, which is in turn a

quotient of Pθ, we see that Homcont
G (Pθ,O1∨

G
) is also a quotient of Eθ. Thus we

have an isomorphism of Eop

θ
-modules

Homcont
G (Pθ,O1∨

G
)

∼−→ Eop

θ
/J

for some closed right ideal J of Eθ with the property that O ∼−→ Eop

θ
/J (as O-

modules). More precisely, J can be taken to be the annihilator of any surjection
Pθ → O1∨

G
in Cθ.

We claim that J is in fact a two-sided ideal. In fact, since Homcont
G (P̃θ,O1∨

G
) = 0,

J contains the two-sided ideal J ′ generated by the idempotent of Eθ associated
to P̃θ. Since the quotient Eθ/J

′ is commutative, we see that J is a two-sided ideal,
and O ∼−→ Eop

θ
/J (as O-algebras). It also follows from Lemma 2.3.15 (1) that we

have the following isomorphism in Cθ:

O1∨
G

∼−→ (Eop

θ
/J) ⊗̂Eθ

Pθ

∼−→ Pθ/JPθ.

Lemma 3.6.5. If M is an object in Modc(E
op

θ
), then the natural morphism

M [J ] ⊗̂Eθ
Pθ →M ⊗̂Eθ

Pθ

is injective, and induces an isomorphism

M [J ] ⊗̂Eθ
Pθ

∼−→ (M ⊗̂Eθ
Pθ)

SL2(Qp).
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Proof. To ease notation, write N := M ⊗̂Eθ
Pθ; note that this is the object of Cθ

that corresponds to M under the Morita equivalence of Lemma 2.3.15 (1). The
symbol M [J ] denotes the J-torsion in M ; since J is a left ideal of Eop

θ
, this is also

an instance of the construction in Remark A.1.50, i.e. M [J ] = Homcont
Eop

θ

(Eop

θ
/J,M).

By Lemmas 3.6.8 and 3.6.9 below, G acts trivially on NSL2(Qp), since the trivial
character is the only square root of ζ−1 : Q×

p → O× contained in Cθ. Hence
NSL2(Qp) is the image of the evaluation map

(3.6.6) HomCθ
(O1∨

G
, N)⊗O O1∨

G
↪→ N.

The Morita equivalence gives an isomorphism

HomCθ
(O1∨

G
, N)

∼−→ Homcont
Eop

θ

(Eop

θ
/J,M) =M [J ],

and so we may rewrite (3.6.6) in the form

(3.6.7) M [J ]⊗O O1∨
G

∼−→ (M ⊗̂Eθ
Pθ)

SL2(Qp).

Recalling that Eθ/J = O, and that Pθ/JPθ = O1∨
G
, we may rewrite the source as

M [J ]⊗Eθ
Pθ, and hence rewrite (3.6.7) as

M [J ]⊗Eθ
Pθ

∼−→ (M ⊗̂Eθ
Pθ)

SL2(Qp).

Tracing the maps through, one sees that the composition of this isomorphism with
the inclusion

(M ⊗̂Eθ
Pθ)

SL2(Qp) ↪→M ⊗Eθ
Pθ

coincides with the natural morphism in the statement of the lemma. □

Lemma 3.6.8. Let B be a block of type (St). If M is an object of CB, then
MSL2(Qp) is a subobject of M in CB. Furthermore, we have the equality

MSL2(Qp) =
⋃
i∈I

Ni,

where {Ni}i∈I is the set of CB-subobjects of M of finite O-type.

Proof. The first statement is true because the condition of being SL2(Qp)-invariant
is a closed condition. For the second statement, observe first that if v ∈MSL2(Qp)

then ⟨G · v⟩ is a cyclic module over O[G/ SL2(Qp)]ζ , which is finitely generated
over O. There remains to prove that if N ⊂M is a CB-subobject of finite O-type,
then N ⊂MSL2(Qp). This is a consequence of Lemma 3.6.9. □

Lemma 3.6.9. Let R be a complete Noetherian local O-algebra with finite residue
field. Let W be a finite type R-module equipped with a continuous (for the mR-adic
topology on W ) G-action, admitting a central character, say α : Q×

p → R×. Then α
is a square and W decomposes as a direct sum of eigenspaces Wβ, where β runs
over the various square roots of α in the group of continuous R×-valued characters
of Q×

p , and G acts on Wβ via β ◦ det.

Proof. Replacing R by its Artinian quotients, we can assume that R is an Artinian
ring. Then W has the discrete topology, and so the G-action is smooth. Since W has
finite type, the upper unipotent subgroup U has an open subgroup that acts trivially
on W , and conjugating by diag(p−1, 1) we see that U itself also acts trivially. It
follows that wUw−1 acts trivially, hence so does SL2(Qp), which is generated by U
and wUw−1 (see [Col10c, Proposition III.1.1] for a proof). Hence G acts on W via
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the determinant, and so α is a square. Twisting by α−1/2 (for some choice of this
square root), we can assume that α is trivial. But then the G-action factors through
Q×
p /(Q

×
p )

2, and the lemma follows. □

3.6.10. The sheaves Wθ andWθ. In this subsection we give an alternative description
of the pro-coherent sheaf

Vθ ⊗̂Ẽθ
P̃θ ∈ ProCoh(Xθ),

which will be useful in Section 5.2. As usual, we have formed the completed tensor
product using the canonical isomorphism Ẽθ

∼−→ R̃op

θ
.

Recall from (3.6.3), and the surrounding discussion, that HomCθ
(Pθ, P̃θ) is an

Eop

θ
-module and an Ẽθ-module, finitely presented over both. It is thus a complete

right Eθ-module in Modc(Ẽθ), and we obtain a right exact, cofiltered limit-preserving
functor

HomCθ
(Pθ, P̃θ) ⊗̂Eθ

– : Modc(Eθ)→ Modc(Ẽθ)

whose composition with Modc(Ẽθ) → Modc(O) is the usual completed tensor
product. The evaluation map

(3.6.11) HomCθ
(Pθ, P̃θ) ⊗̂Eθ

Pθ

∼−→ P̃θ

is then an Ẽθ-linear isomorphism. Formula (3.6.11) motivates the following defini-
tion.

Definition 3.6.12. If θ is of type (St), we write

Wθ := Vθ ⊗̂Ẽθ
HomCθ

(Pθ, P̃θ)

and
Wθ := Vθ ⊗Ẽθ

HomCθ
(Pθ, P̃θ).

ThenWθ is a complete right Eθ-module in ProCoh(Xθ), Wθ is a right Eθ-module
in Coh(Xθ), and the restriction of the Eθ-action to R coincides with the action of R
through the structure map Xθ → Spf R, resp. Xθ → SpecR. By (3.6.11), we have
an isomorphism

(3.6.13) Wθ ⊗̂Eθ
Pθ

∼−→ Vθ ⊗̂Ẽθ
P̃θ.

Since Vθ algebraizes to the universal rank two bundle Vθ on Xθ, we see by
Lemma 3.5.7 that Wθ algebraizes to Wθ, in the sense that Wθ is recovered as k̂∗

θ
Wθ.

Remark 3.6.14. The sheaf Wθ will often intervene in our discussion through its
quotient Wθ/Wθ[J ], where J ⊂ Eθ is the ideal defined in Section 3.6.4. This is
because of Theorem 3.6.44 below (which is essentially due to Johansson–Newton–
Wang-Erickson) and Proposition 5.2.18 (2).

3.6.15. Describing Eθ. We next recall the structure of Eθ. This is the subject
of [Paš13, §10.5], and we refer to the discussion there for details of the computations,
and for detailed explanations of the notation that we use. (See also [JNW24, §5.5].)

We first recall from Remark 2.4.16 that there is an identification of the centre of Eθ
(equivalently, the centre of Cθ; or again equivalently, the centre of the category Aθ)
with the pseudodeformation ring R = Rps

θ
, such that the functors V, V † and V̌

become R-linear.
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Next, to be precise, we note that the computations of [Paš13, §10.5] concern
the endomorphism ring of Pπ∨

α
⊕ PSt∨ ⊕ P1∨ , whereas we wish to describe the

endomorphism ring Eθ of Pθ := P̃θ ⊕P1∨ , where P̃θ is the twist of Pθ = Pπ∨
α
⊕PSt∨

described in Definition 2.4.17. (We remind the reader that where we write Pπ∨
α
,

etc., Paškūnas in [Paš13] writes P̃π∨
α
, etc; while the notation Pθ and P̃θ doesn’t

appear in loc. cit.) There are therefore three endomorphism rings to be considered in
this subsection, namely Eθ := EndCθ

(Pθ), Ẽθ := EndCθ
(P̃θ) and Eθ := EndCθ

(Pθ).
One of the ingredients in our description of Eθ will be a choice of basis of the
free rank-one Eθ-module V̌(Pθ), which provides an identification R̃θ

∼−→ Eop

θ
as

in Proposition 2.4.13 (3), and an identification Pθ
∼−→ P̃θ. We will describe a

convenient choice of basis in Remark 3.6.26.
In preparation for this, we recall that [Paš13, (252)], and the displayed equation

immediately above it on [Paš13, p. 160], yield identifications

(3.6.16) Eθ := EndCθ
(Pθ) =

(
Re1 Rφ12

Rφ0
21 +Rφ1

21 Re2

)
and
(3.6.17)

EndCθ
(Pπ∨

α
⊕ PSt∨ ⊕ P1∨) =

 Re1 Rφ12 Rφ0
13 +Rφ1

13

Rφ0
21 +Rφ1

21 Re2 Rφ0
23 +Rφ1

23

Rφ31 Rβ +Rφ32 Re3

 ,

where the various φ, as well as β, denote certain homomorphisms which are con-
structed in loc. cit., and ei denotes the idempotent of the endomorphism ring
corresponding to the i-th direct summand of Pπ∨

α
⊕ PSt∨ ⊕ P1∨ . Of course, the

isomorphism (3.6.16) is just the restriction to the upper left 2 × 2 block of the
isomorphism (3.6.17).

Lemma 3.6.18. There is a unique R-algebra isomorphism

(3.6.19) EndCθ
(Pπ∨

α
⊕ PSt∨ ⊕ P1∨)

∼−→

 R Rc RX0 +RX1

Rb0 +Rb1 R Rb0 +Rb1
R Rb−1

0 a0 +Rb−1
0 X0 R

 ⊂M3×3(Frac(S))

that preserves the displayed generators of (3.6.17) and (3.6.19).

Proof. See [JNW24, §5.5]. □

Remark 3.6.20. We can rewrite the isomorphism (3.6.19) more succinctly (but in a
manner that suppresses the explicit identification of generators) as

EndCθ
(Pπ∨

α
⊕ PSt∨ ⊕ P1∨) ∼=

 R Rc I
Ic−1 R Ic−1

R I∨c R

 ,

where as usual we write I = (X0, X1) ⊂ R to denote the reducibility ideal, and we
write I∨ := {a ∈ FracR : aI ⊆ R} for the fractional ideal-theoretic inverse of I.

Remark 3.6.21. Taken together, (3.4.10) and (3.6.19) yield isomorphisms

(3.6.22) R̃θ
∼=
(
R Rb0 +Rb1
Rc R

)
and Eθ ∼=

(
R Rc

Rb0 +Rb1 R

)
.
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Analogously to the description of EndCθ
(Pπ∨

α
⊕PSt∨⊕P1∨) provided by Remark 3.6.20,

we can also write

(3.6.23) Eθ
∼=
(

R Rc
Ic−1 R

)
.

Lemma 3.6.24. We can choose a basis of V̌(Pθ) as an Eθ-module so that the iso-
morphism Rθ

∼−→ Eop

θ
of Proposition 2.4.13 (3) is given, in terms of the descriptions

of its source and target provided by (3.6.22), by matrix transpose.

Proof. As noted in Proposition 2.4.13 (3), choosing a basis of V̌(Pθ) gives rise to an
Rps

θ
-algebra isomorphism

(3.6.25) R̃θ
∼−→ Eop

θ
,

and changing this choice of basis composes (3.6.25) with an inner automorphism (of
either its source or target; either one amounts to the same thing).

A consideration of (3.6.22) shows that matrix transposition provides an Rps

θ
-

algebra isomorphism R̃θ
∼−→ Eop

θ
, which is necessarily the composition of (3.6.25)

with an automorphism (again, of either its source or its target). It thus suffices to
show that any Rps

θ
-algebra automorphism of R̃θ is inner. By Lemma 2.1.17, it in

turn suffices to note that any Rps

θ
-algebra automorphism of R̃θ necessarily fixes the

isomorphism classes of the two simple modules 1, ω−1 of R̃θ, because Ext1
R̃θ

(1, ω−1)

and Ext1
R̃θ

(ω−1, 1) are not isomorphic. □

Remark 3.6.26. Fixing an Eθ-basis for V̌(Pθ) as in Lemma 3.6.24 yields isomorphisms
Pθ

∼−→ P̃θ and Eθ
∼−→ Ẽθ, such that the isomorphism (2.4.18) is given by matrix

transpose (when its source and target are described Eθ
∼−→ Ẽθ and (3.6.22)). We

make such a choice of basis from now on. Thus we also obtain an isomorphism
Pθ

∼−→ Pπ∨
α
⊕ PSt∨ ⊕ P1∨ , and so (3.6.17) and (3.6.19) can be interpreted as an

isomorphism
(3.6.27)

Eθ
∼−→

 R Rc RX0 +RX1

Rb0 +Rb1 R Rb0 +Rb1
R Rb−1

0 a0 +Rb−1
0 X0 R

 =

 R Rc I
Ic−1 R Ic−1

R I∨c R

 ,

and (3.6.22) and (3.6.23) can be interpreted as an isomorphism

(3.6.28) Ẽθ
∼−→
(

R Rc
Rb0 +Rb1 R

)
=

(
R Rc
Ic−1 R

)
.

Accordingly, from now on, we drop Eθ from the notation, and work exclusively
with Ẽθ and Eθ.

Recall from Section 3.6.4 that J ⊂ Eθ denotes the two-sided ideal for which
the quotient Eθ/J corresponds to O1∨

G
, i.e. the module O with its trivial G-action,

under the Morita equivalence of Lemma 2.3.15.

Lemma 3.6.29. If we write a := (a0, a1, X0, X1) ⊂ R, and describe Eθ via (3.6.27),
then we have

J =

 R Rc I
Ic−1 R Ic−1

R I∨c a

 ⊂
 R Rc I
Ic−1 R Ic−1

R I∨c R

 .
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Proof. The surjection Eθ → Eθ/J is obtained by applying HomCθ
(Pθ, –) to the

composite Pθ → P1∨
G
→ O1∨

G
. Applying HomCθ

(Pθ, –) to the first arrow, we obtain

the projection of

 R Rc I
Ic−1 R Ic−1

R I∨c R

 onto its third column. The top two entries of

this third column are given by HomCθ
(Pπ∨

α
, P1∨

G
) and HomCθ

(PSt∨ , P1∨
G
) respectively,

each of which map to zero when we compose with the surjection P1∨
G
→ O1∨

G . Thus
in fact Eθ → Eθ/J is the composition R Rc I

Ic−1 R Ic−1

R I∨c R

→ R = HomC(P1∨
G
, P1∨

G
)

→ HomC(P1∨
G
,O1∨

G
)

∼−→ HomC(O1∨
G
,O1∨

G
) = O

(the first arrow being projection onto the bottom right entry; hence this factorization
only occurs in the category of R-modules, and not of R-algebras). Thus the lemma
will follow once we show that the kernel of the given morphism R → O is indeed
equal to a. Now [Paš13, Lem. 10.75] shows that this kernel is equal to the image of
the natural morphism

HomCθ
(Pπ∨

α
⊕ PSt∨ , P1∨

G
)⊗HomCθ

(P1∨
G
, Pπ∨

α
⊕ PSt∨)→ HomCθ

(P1∨
G
, P1∨

G
),

which we can recast more concretely (using our explicit description of Eθ as a matrix
order) as the image of the morphism

(R⊕ I∨c)⊗ (I ⊕ Ic−1)→ R

given by performing summandwise multiplication, then adding the results. This
image is equal to the ideal I + I∨I, which one computes to be a. □

3.6.30. Describing Wθ/Wθ[J ]. Recall that R̃θ acts on Vθ = S(1)⊕ S(−1) through
its identification with a matrix order given by (3.4.10), acting via left multiplication
on the elements of Vθ regarded as column vectors. Since we have chosen our
identification of Pθ and P̃θ to satisfy the conclusion of Lemma 3.6.24, the right
action of Ẽθ on Vθ is via the identification of Ẽθ with a matrix order given by (3.6.28),
acting by right multiplication on elements of Vθ (thought of as row vectors).

Recall also that in Section 3.6.10 we defined

Wθ := Vθ ⊗Ẽθ
HomCθ

(Pθ, P̃θ)
∼−→ Vθ ⊗Ẽθ

HomCθ
(Pθ, Pθ)

(the isomorphism being induced by our identification of Pθ with P̃θ), which we can
think as a coherent sheaf on Xθ endowed with an Eop

θ
-action, or equivalently as a

graded S ⊗R Eop

θ
-module (regarded as a graded ring via the grading on S and the

trivial grading on Eop

θ
).

Note that HomCθ
(Pθ, Pθ) coincides, as an (Ẽθ,Eθ)-bimodule, with the top two

rows of Eθ when written as a matrix order as in (3.6.27); here Eθ acts via right
multiplication, while Ẽθ acts via left multiplication, using the description of (3.6.28).
In particular, reading off the first two rows of Eθ in this description, we find that

(3.6.31) HomCθ
(Pθ, Pθ)

∼−→
(

R Rc I
Ic−1 R Ic−1

)
.
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If we write (as usual) e2 = ( 0 0
0 1 ) ∈ Ẽθ, then we see that

HomCθ
(Pθ, Pθ)

∼−→ Ẽθ ⊕
(
(Ẽθe2)⊗R Ic

−1
)

as an Ẽθ-module. In fact, Ẽθe2 is simply the second column of Ẽθ, regarded as a left
Ẽθ-module. So this isomorphism simply expresses the fact that the third column
of the right hand side of (3.6.31) is obtained from the second by tensoring over R
with Ic−1.

From this discussion, we compute that

(3.6.32) Wθ :=
(
S(1)⊕ S(−1)

)
⊗Ẽθ

(
Ẽθ ⊕ (Ẽθe2)⊗R Ic

−1
)

∼−→ S(1)⊕ S(−1)⊕
(
S(−1)⊗R Ic−1

)
as graded S-modules, where the grading on S(−1) ⊗R Ic−1 comes from the first
factor; i.e. we take the tensor product grading with R and Ic−1 concentrated
in degree zero. In fact, we can make Eθ (as described in (3.6.27)) act by right
multiplication on the target of the isomorphism (3.6.32): to see that this makes
sense, recall that bi = Xic

−1, so that Ic−1 naturally embeds in S, and there is a
product morphism of graded S-modules

(3.6.33) S(−1)⊗R Ic−1 → S(1),

with image equal to (b0, b1)(1) (where (b0, b1) denotes the indicated homogeneous
ideal of S with its natural grading). Then (3.6.32) is an isomorphism of graded
S ⊗R Eop

θ
-modules. Finally, taking the direct sum of the identity morphisms on the

first two summands of (3.6.32), and of (3.6.33) on the third summand, we obtain a
surjection

(3.6.34) Wθ

(3.6.32)
= S(1)⊕ S(−1)⊕

(
S(−1)⊗R I

)
→ S(1)⊕ S(−1)⊕ (b0, b1)(1).

Lemma 3.6.35. The kernel of (3.6.34) is equal to Wθ[J ]. Consequently, we have
an isomorphism of graded S ⊗R Eop

θ
-modules

(3.6.36) Wθ/Wθ[J ]
∼−→ S(1)⊕ S(−1)⊕ (b0, b1)(1).

Proof. Since (3.6.34) is given by the identity on its first two summands, its kernel
coincides with the kernel of (3.6.33). As S is an integral domain, multiplication by
c−1 induces an isomorphism S(−1) ∼−→ c−1S(1). We may then factor (3.6.33) as
the composite of this isomorphism with the morphism

(3.6.37) S(−1)⊗R I → S(−1)

induced by multiplication, and so the kernel of (3.6.34) coincides with the kernel
of (3.6.37).

If we consider the result of tensoring the short exact sequence of R-modules

0→ I → R→ R/I → 0

with S over R, then we see that the kernel of (3.6.34) is isomorphic to TorR1 (S,R/I).
Now R/I admits a free resolution with initial terms

R⊕2

(
a1 −X1

a0 X0

)
−→ R⊕2 (X0 X1 )−→ R
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(we regard the elements of R⊕2 as column vectors, and perform matrix multiplication
on the left), and so TorR1 (S,R/I) can be computed as the cohomology of the three
term complex

S⊕2

(
a1 −X1

a0 X0

)
−→ S⊕2 (X0 X1 )−→ S.

Now since Xi = bic, and since multiplication by c is injective, this coincides with
the cohomology of the complex

S⊕2

(
a1 −b1c
a0 b0c

)
−→ S⊕2 ( b0 b1 )−→ S.

One easily confirms that

S⊕2

(
a1 −b1
a0 b0

)
−→ S⊕2 ( b0 b1 )−→ S

is exact, and so
(3.6.38)

ker (3.6.34) ∼−→ TorR1 (S,R/I)
∼−→
(
S ( a1a0 ) + S

(−b1
b0

))
/
(
S ( a1a0 ) + Sc

(−b1
b0

))
,

the sums being taken in S⊕2.
With this explicit description of ker (3.6.34) in hand, it is easy to prove the lemma.

Firstly, one directly checks from the description (3.6.38) that a := (a0, a1, X0, X1) ⊂
R annihilates ker (3.6.34), and then, using the description of J given by Lemma 3.6.29,
one sees that ker (3.6.34) is an Eop

θ
-submodule of Wθ which is annihilated by J . To

complete the proof of the lemma, it remains to show that

Wθ/ ker (3.6.34) ∼−→ S(1)⊕ S(−1)⊕ (b0, b1)(1)

is J-torsion free. Again, the Eθ-action on this module is given by right multi-
plication by the matrix order of (3.6.27), and so one easily checks this; indeed,
extending scalars to Frac(S), it amounts to the fact that M3

(
Frac(S)

)
acts faithfully

on Frac(S)⊕3. □

3.6.39. Some constructions from [JNW24]. In [JNW24, Prop. 3.5.6] there is in-
troduced a certain finitely generated graded S-module Q∗. Here (–)∗ denotes the
internal Hom with S on the category of graded S-modules, i.e. the graded duality
HomS-gr(–, S); in particular, the module Q∗ is constructed as HomS-gr(Q,S) for
some other graded S-module Q. The module Q is actually reflexive (in fact it is
maximal Cohen–Macaulay over the Gorenstein ring S), and so Q can be recovered
as (Q∗)∗. For our purposes, however, the most convenient description of Q∗ is the
one coming from the displayed formula above [JNW24, Prop. 3.5.6], which exhibits
Q∗ as the image of the morphism

(3.6.40) S(−1)⊕ S(−1)

 a1 a0
−b1 b0


−−−−−−−−−→ S(−1)⊕ S(1).

Lemma 3.6.41. If we regard Q∗ as a submodule of S(−1) ⊕ S(1) (by regarding
it as the image of the morphism (3.6.40)), then projection onto the second factor
induces an isomorphism Q∗ ∼−→ (b0, b1)(1).

Proof. If we regard elements of the direct sum as column vectors, then Q∗ is the
span of the column vectors

( a1
−b1
)

and
( a0
b0

)
. Thus, the image of Q∗ under the

projection is equal to (b0, b1).
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Now if s0 and s1 are elements of S, then

(s1a1 + s0a0)b0 = a0(s1(−b1) + s0b0).

Thus, since S is an integral domain, we see that kernel of the projection is trivial.
This completes the proof of the lemma. □

We now recall one of the main results of [JNW24, §5.5].

Definition 3.6.42. Write X∗ := S(1)⊕ S(−1)⊕Q∗.

Proposition 3.6.43. The graded S-module X∗ is maximal Cohen–Macaulay, and
there are isomorphisms

Eop

θ

∼−→ EndS-gr(X
∗)

∼−→ REndS-gr(X
∗).

The action of Eop

θ
is described by using the identification (3.6.27) of Eθ with an

order in M3(S), and having it act by matrix multiplication on the right of X∗ :=
S(1)⊕ S(−1)⊕Q∗ (regarded as a module of row vectors).

Proof. As the notation suggests, X∗ is the dual ofX := S(−1)⊕S(1)⊕Q. It therefore
suffices to show that ExtiS-gr(X,X) = 0 for i ̸= 0, and that Eθ

∼−→ EndS-gr(X).
The first statement is proved in [JNW24, Prop. 3.5.2], and the second statement is
proved immediately before [JNW24, Rem. 5.5.2]. □

Theorem 3.6.44. The S ⊗R Eop

θ
-module Wθ/Wθ[J ] is isomorphic to X∗, and the

natural map
Eop

θ
→ REndCoh(Xθ)

(Wθ/Wθ[J ])

is an isomorphism. Consequently, the functor defined via Lemma A.10.10 (2h):

Wθ/Wθ[J ]⊗
L
Eθ
− : Db

fp(Eθ)→ ProDb
coh(Xθ),

is fully faithful.

Proof. Taken together, Lemmas 3.6.35 and 3.6.41 show that each of Wθ/Wθ[J ]
and X∗ is isomorphic to S(1) ⊕ S(−1) ⊕ (b0, b1)(1) as graded S ⊗R Eop

θ
-modules.

This proves the first claim. The second claim follows from the first claim and
Proposition 3.6.43. By Theorem C.2.15, the completion map

REndDb
coh(Xθ)

(Wθ/Wθ[J ])→ REndProDb
coh(Xθ)

(Wθ/Wθ[J ])

is an isomorphism, the final claim is a consequence of the second one and Lemma A.10.21.
□

3.6.45. Tor-dimension of X∗ over Eθ. It follows from [JNW24, Prop. 5.5.3] that
X∗⊗LEθ

– has amplitude [−1, 0] when evaluated on objects of Modf.l.(Eθ). Presumably
there is a “Tor-dimension 1” variant of the local criterion for flatness which allows
us to deduce that Wθ/Wθ[J ]

∼= X∗ is of Tor-dimension 1, but we give a direct proof
as follows. We use the notion of Tor-dimension from Definition A.10.23.

Lemma 3.6.46. The Eop

θ
-module Wθ/Wθ[J ] is of Tor-dimension 1.

Proof. By Theorem 3.6.44, the Eop

θ
-modules Wθ/Wθ[J ] and X∗ are isomorphic, so

it is equivalent to show that X∗ has Tor-dimension 1. The explicit computations of
Example 3.6.48 below imply that the Tor-dimension of X∗ is at least 1. Thus we
need only show that it is also at most 1, which we now do.
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To begin, recall the isomorphism (3.6.27):

Eθ
∼−→

 R Rc RX0 +RX1

Rb0 +Rb1 R Rb0 +Rb1
R Rb−1

0 a0 +Rb−1
0 X0 R

 =

 R Rc I
Ic−1 R Ic−1

R I∨c R


acting by right multiplication on X∗ = S(1)⊕ S(−1)⊕ (b0, b1)(1). Note also that

S = · · · ⊕Rc−n ⊕Rc1−n ⊕ · · · ⊕Rc⊕R⊕ Ic−1 ⊕ I2c−2 ⊕ · · · ⊕ Inc−n ⊕ · · · ,

while

(b0, b1) = · · · ⊕ Ic−n ⊕ Ic1−n ⊕ · · · ⊕ Ic⊕ I ⊕ Ic−1 ⊕ I2c−2 ⊕ · · · ⊕ Inc−n ⊕ · · · .

Thus (using subscripts to denote graded pieces) we have

(X∗)2n−1 =

{
Rc−n ⊕Rc−n+1 ⊕ Ic−n if n ≤ 0,

Inc−n ⊕ In−1c−n+1 ⊕ Inc−n if n ≥ 1.

In order to show that X∗ has Tor-dimension ≤ 1, it suffices to show that it has a
projective resolution of length two. In fact, the composite

Modfp(Eθ)
X∗⊗E

θ−−−−−→ Coh(Xθ) = GrMod(S)→ Mod(S)

is the usual tensor product, and so its derived functor can be computed by projective
resolutions on either variable; and the forgetful functor GrMod(S) → Mod(S) is
faithful and exact. Thus it suffices in turn to show that each (X∗)2n−1 has such a
resolution.

If n ≤ 1, then in fact (X∗)2n−1 is isomorphic (as a right Eθ-module) to one of
the rows of Eθ, and is thus projective over Eθ.

If n ≥ 2, then

(X∗)2n−1 = Inc−n ⊕ In−1c−n+1 ⊕ Inc−n.

This has the following two step projective resolution:

0→ P⊕n−1
1 c−n → P⊕n

2 c1−n → (X∗)2n−1 → 0

where P1 = (R, I∨c,R), P2 = (Ic−1, R, Ic−1), the first map is given by(
(−X1, X0, 0, . . . , 0), (0,−X1, X0, . . . , 0), . . . , (0, . . . , 0,−X1, X0)

)
,

and the second map by (Xn−1
0 , Xn−2

0 X1, . . . , X
n−1
1 ). □

Remark 3.6.47. Note that the projective resolution of X∗ as an Eop

θ
-module con-

structed in the preceding lemma is in fact a graded resolution. Furthermore, it is
not difficult to describe explicit lifts of the action of each of b0, b1, and c to this
resolution. Indeed, for n ≤ 1, the “resolution” of X∗

2n−1 is of length one, i.e. X∗
2n−1

is already its own projective resolution, and so nothing need be said about the
action of c on these graded pieces, or the action of the bi on X∗

2n−1 for n ≤ 0.
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If n ≥ 1, then we have the following commutative diagram (where we regard the
terms as column vectors):

0 // P⊕n−1
1 c−n


−X1 0 ··· 0
X0 −X1 ··· 0

...
... ···

...
0 0 ··· −X1

0 0 ··· X0


//


c−1 0 ··· 0
0 c−1 ··· 0
...

... ···
...

0 0 ··· c−1

0 0 ··· 0


��

P⊕n
2 c1−n

(Xn−1
0 Xn−2

0 X1 ··· Xn−1
1 )
//


c−1 0 ··· 0
0 c−1 ··· 0
...

... ···
...

0 0 ··· c−1

0 0 ··· 0


��

X∗
2n−1

b0

��

// 0

0 // P⊕n
1 c−n−1 

−X1 0 ··· 0
X0 −X1 ··· 0

...
... ···

...
0 0 ··· −X1

0 0 ··· X0



// P⊕n+1
2 c−n

(Xn
0 Xn−1

0 X1 ··· Xn
1 )
// X∗

2n+1
// 0

which gives a lift of multiplication by b0. One easily constructs analogous diagrams
which give lifts of multiplication by b1, and of c. These then allow one to compute
Tor

Eθ
i (X∗,M) as a graded S-module for any Eθ-module M .

Example 3.6.48. If π is an irreducible object of Aθ, then there is an Eθ-linear
isomorphism

Pθ ⊗OJGKζ π
∼−→ Eθ/mπ,

where mπ is a maximal left ideal in Eθ. Concretely, writing m for the maximal ideal
of R, we have

mπα
=

 m Rc I
Ic−1 R Ic−1

R I∨c R

 ,

mSt =

 R Rc I
Ic−1 m Ic−1

R I∨c R

 ,

and

m1 =

 R Rc I
Ic−1 R Ic−1

R I∨c m

 .

Following the prescription of Remark 3.6.47, one can then compute

Tor
Eθ
i (X∗,Pθ ⊗OJGKζ π) = Tor

Eθ
i (X∗,Eθ/mπα

)

as a graded S-module for each irreducible π. Since these Tor-values are already
computed in [JNW24, Prop. 5.5.3] by a different method (namely, by computing
resolutions in Cθ, rather than by resolving X∗ as we have done) we omit the full
details of the calculation, and simply record the result for future reference. As it
turns out, these Tor-values vanish for all but one value of i, and are then as follows:

Tor
Eθ
0 (X∗,Pθ ⊗OJGKζ πα)

∼= S(1)/(a0, a1, b0, b1, ϖ),

Tor
Eθ
0 (X∗,Pθ ⊗OJGKζ St)

∼= S(−1)/(a0, a1, c,ϖ),

Tor
Eθ
1 (X∗,Pθ ⊗OJGKζ 1G)

∼= S(−3)/(a0, a1, c,ϖ).
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3.7. Defining an open substack of X . In this section, we shift our attention
away from the various stacks Xθ, and back to the stack X . Our main goal is to
describe a certain “good” open substack of X — to be denoted Ugood — and to
describe its underlying reduced substack explicitly.

We begin by noting that since θ has fixed determinant ζω−1, there are only
finitely many θ of types (ssg), (scalar) or (St), even if we allow ourselves to replace F
by Fp. Note furthermore that θ of type (scalar) (resp. of type (St)) exist if and only
if ζ is odd (resp. even).

Definition 3.7.1.
(1) We let Ybad denote the reduced closed substack of X with |Ybad| = π−1

ss (|Ybad|),
where Ybad is defined in Definition 2.7.6. Equivalently, Ybad is the (finite)
union of the Xθ,red for θ of types (ssg), (scalar) or (St).

(2) We let Ugood,red be the open complement of Ybad in Xred, and we let Ugood
be the open substack of X with underlying reduced substack Ugood,red. Note
that |Ugood| = π−1

ss (|Ugood|), where Ugood is defined in Definition 2.7.6.

Remark 3.7.2. By the definition of Ugood, the finite type points of Ugood correspond to
those ρ : GQp → GL2(Fp) which are reducible, and furthermore have corresponding
pseudorepresentation of type (gen).

Definition 3.7.3. If {σ, σco} is a pair of companion weights, we set

U(σ|σco)red := Ugood,red ∩
(
X (σ) ∪ X (σco)

)
,

U(σ)red := Ugood,red ∩ X (σ).
Note that U(σ|σco)red is the open substack of Xred whose underlying topological
space is π−1

ss (U(σ|σco)), where U(σ|σco) is defined in Definition 2.7.6.

Lemma 3.7.4. The stack Ugood,red decomposes as a disjoint union of connected
components

Ugood,red =
∐
σ|σco

U(σ|σco)red,

where {σ, σco} runs over all companion pairs of Serre weights.

Proof. Since Ybad contains all the Xred,θ for θ of type (St), it in particular contains
all irreducible components of Xred of the form X (σa,p−1)

±, so Ugood,red is the union
of the U(σ|σco)red. Since Ybad also contains the Xred,θ for θ of type (ssg), it follows
from the description of the Serre weights associated to a representation ρ (as
recalled in Section 1.3) that the U(σ|σco)red are disjoint, and that each U(σ|σco)red
is connected, because the components X (σ) and X (σco) intersect along the split
locus, i.e. at those ρ which are direct sums of characters. □

Definition 3.7.5. We let U(σ|σco) be the open substack of X with underlying
reduced substack U(σ|σco)red.

Corollary 3.7.6. The stack Ugood decomposes as a disjoint union of connected
components

Ugood =
∐
σ|σco

U(σ|σco),

where {σ, σco} runs over all companion pairs of Serre weights.
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Proof. This is immediate from Lemma 3.7.4 and the definitions of the stacks Ugood,
U(σ|σco). □

Definition 3.7.7. Let {σ, σco} be a companion pair of Serre weights. As in
Definition 2.7.6, we write

f(t) =

{
t if σ|σco is of type (gen)
t(1− t2) if σ|σco is of type (scalar) or (St).

We define a group scheme G over SpecO by

G =

{
Gm if σ|σco is of type (gen) or (St)
C2 ⋉Gm if σ|σco is of type (scalar),

where C2 denotes the cyclic group {1, τ} of order 2, and the semi-direct product
C2 ⋉Gm is defined by τ · u = u−1.

Proposition 3.7.8. We have an isomorphism

(3.7.9) U(σ|σco)red ∼= [SpecF[t, f(t)−1, x, y]/(xy)/G],

where
– the action of Gm ≤ G is given by

u · (t, x, y) = (t, u2x, u−2y),

– and if {σ, σco} is of type (scalar), then the action of C2 is given by

τ · (t, x, y) = (t−1, y, x).

If σ = σa,b then the representation ρ : GQp → GL2(Fp) corresponding to a finite
type point of U(σ|σco)red is of the form

(3.7.10) ρ ∼=
(
nrt−1ζω−a ∗x
∗y nrtω

a−1

)
.

More precisely, by (3.7.10) we mean the following: if y = 0, then ρ is an extension
of nrtωa−1 by nrt−1ζω−a, and is split if and only if x = 0 (note that since t2 ̸= 1
if {σ, σco} is of type (scalar) or (St), there is a unique non-split extension up to
isomorphism); and similarly if x = 0, it is an extension of nrt−1ζω−a by nrtω

a−1,
and is split if and only if y = 0.

Proof. This is a straightforward consequence of the relationship between X (σ|σco)
and the special fibre of a tamely potentially crystalline stack of cuspidal type,
and in particular of the explicit description of these special fibres in [LMM23].
Since [LMM23] does not fix the determinant of the stacks that it considers, we begin
by explaining how to reduce to that context. To that end, we write X2 for the stack
of projective étale (φ,Γ)-modules of rank 2 as in [EG23], and we write X2(σ|σco)
for the union of the irreducible components X2(σ) and X2(σ

co) of X2,red.
We will construct a certain open substack U of X2(σ|σco). If σ is not of

type (scalar), then U will admit the description

U ∼= [SpecF[t±1
1 , t±1

2 , x, y]/(xy)/(Gm ×Gm)],

where the action of Gm ×Gm is given by

(u1, u2) · (t1, t2, x, y) = (t1, t2, u1u
−1
2 x, u−1

1 u2y).
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If σ is of type (scalar), then U will admit the description

U ∼= [SpecF[t±1
1 , t±1

2 , (t1 − t2)−1, x, y]/(xy)/C2 ⋉ (Gm ×Gm)],

where C2 exchanges the two copies of Gm, the action of Gm ×Gm is as above, and
the action of C2 is via

τ · (t1, t2, x, y) = (t2, t1, y, x).

Furthermore, in either case, the representation ρ : GQp
→ GL2(Fp) corresponding

to a finite type point of U(σ|σco)red is of the form

ρ ∼=
(
nrt1ω

a+b ∗x
∗y nrt2ω

a−1

)
.

Admitting the existence of such a U , we deduce the proposition as follows: by
the definition of X (i.e. Definition C.1.1), there is an open substack U ′ of X (σ|σco)
determined by the pullback diagram

U ′ U

SpecF Gm

⌜
t1t2

(ζω−2a−b)(Frobp)

It follows from the definitions that U ′ is given by the right hand side of (3.7.9), and
to see that U ′ = U(σ|σco)red, it suffices to note that they have the same Fp-points.

We now turn to the construction of U . Replacing σ by σco if necessary, we may
assume that 0 ≤ b ≤ (p − 3)/2 unless σ is of type (scalar). After twisting, we
can and do furthermore assume that a = 1. We write Θ(σ|σco) for the cuspidal
representation of GL2(Fp) in Definition 2.1.8 (2). By [CDT99, Lem. 3.1.1(4)], the
Jordan–Hölder factors of Θ(χ) ⊗O F are {σ, σco}. It then follows (for example4)
from [CDT99, Lem. 4.2.4] that ρ : GQp

→ GL2(Fp) has a potentially crystalline lift
of type τ := ωb+2

2 ⊕ωp(b+2)
2 and Hodge–Tate weights 0, 1 if and only if ρ corresponds

to an Fp-point of X2(σ|σco).
Consequently, we see that in the notation of [EG23, Defn. 4.8.8], any open

substack of (X crys,(1,0),τ
2 )F which is also reduced is in fact an open substack of

X2(σ|σco). We will now exhibit U as such an open substack. Firstly, note that
by [BBHKLLSW24, Thm. 4.5] it is equivalent to produce an open substack of the
special fibre of the stack denoted Zτ in [LMM23], where in the notation of that
paper, we take f = 1, so that K = Qp, and we have τ = τ((12), (b+ 2, 0)).

Suppose firstly that we are not in the (scalar) case. Write G = GL2 /F with its
usual upper-triangular Borel subgroup B = TU , where T is the diagonal maximal
torus, and U the subgroup of upper-triangular unipotent matrices. Write LG for
its loop group in the variable v, L+G for the positive loop group, and respectively
write L+I and L+

1 G for the Iwahori subgroup of matrices which are upper-triangular
modulo v and for the principal congruence subgroup of matrices congruent to the
identity modulo v.

As in [LMM23, §3.1], write A(η) ⊂ LG for the subfunctor with A(η)(R) given by
those A ∈ GL2(R((v))) satisfying

4This is a particular case (possibly a motivating one) of the Breuil–Mézard conjecture [BM02]
(in a weak form in which we pay no attention to the size of the multiplicities, but only to whether
or not they are non-zero), which was proved in general by Kisin [Kis09]. For a reformulation in the
framework of moduli stacks of étale (φ,Γ)-modules, see [EG23, §8.5].
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(1) detA ∈ v ·RJvK×.
(2) A ∈M2(RJvK), and A is upper-triangular modulo v.
(3) vA−1 is upper-triangular modulo v.

Write LGτ ⊂ LG for the subfunctor

LGτ (R) = A(η)(R)
(

1
1

)(
vb+2

1

)
.

Then by [LMM23, Lem. 3.2.1, 3.3.7] (and in the case p = 5 and b = 1, [LMM23, Cor.
3.3.15] and its proof) we can identify the special fibre of Zτ with the quotient stack

[(L+
1 G\LGτ )/B − conj]

By [LMM23, Lem. 3.1.2(3)], this has an open substack U given by[(
L+
1 G\L+I

(
X 1
v Y

)(
1

1

)(
vb+2

1

))
/B − conj

]
with XY = 0.

Note that (
X 1
v Y

)(
1

1

)(
vb+2

1

)
=

(
vb+2 X
vb+2Y v

)
.

Conjugation by an element of U acts as follows:
(
1 x
0 1

)(
vb+2 X
vb+2Y v

)(
1 −x
0 1

)
=

(
1 + xY vb+1 + x2Y 2vb+1 x− vb+1x− vb+1x2Y

xY 2vb+1 1− xY vb+1

)(
vb+2 X
vb+2Y v

)
∈ L+I ·

(
vb+2 X

vb+2Y v

)
Since we have B = T ⋉ U and L+G = GL2 ⋉L+

1 G, L+I = B ⋉ L+
1 G, it follows

that U is equal to the quotient stack[((
a 0
0 d

)(
vb+2 X
vb+2Y v

))
/T − conj

]
with XY = 0. By construction, the étale φ-module corresponding to an Fp-point
of this stack is given by taking φ to be the matrix

(
a 0
0 d

)(
vb+2 X
vb+2Y v

)
, from which we

can immediately read off (3.7.10).
Suppose now that we are in the (scalar) case. We follow the analysis of this case

in [LMM23, §5.5.1]. Accordingly, we set w̃ = w0η, z̃ = t(1,1), and it follows from the
discussion in loc. cit. that in this case we have an open substack U given by the
quotient by simultaneous conjugation of the pairs of matrices (φ,N) satisfying the
equation

N · φNφ−1 = 0,

where φ is regular semisimple and N is nilpotent (more precisely, N is in the
nilpotent cone of GL2); and the corresponding étale φ-module is given by the matrix
φ (v12 +N). Indeed in the notation of [LMM23, §5.5.1], we take

φ =

(
α β
γ δ

)−1

, N =

(
−D B
C D

)
.

Since the regular semisimple matrix φ is conjugate to an element of T , this
stack is isomorphic to the quotient of the pairs of matrices (φ,N) as above where
now φ ∈ T is regular semisimple, by conjugation by the normalizer N(T ) = T ⋊ C2.
This is the required description. □
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Write j′ : Ugood → X for the open immersion.

Lemma 3.7.11. The functor j′∗ : Db
coh(Ugood)→ IndDb

coh(X ) is t-exact.

Proof. By Corollary 3.7.6, we can replace Ugood by U := U(σ|σco) for a companion
pair {σ, σco}. Write X ∼−→ colimXn as a colimit of algebraic stacks with the
transition maps being thickenings, and define j′n : Un ↪→ Xn to be the base-
change of the open immersion j′ : U ↪→ X . Then (as noted in Remark B.2.17),
the functor j′∗ : Db

coh(U) → IndDb
coh(X ) is equivalent to the colimit of functors

(j′n)∗ : Db
coh(Un) → IndDb

coh(Xn), these functors (or, more precisely, their Ind-
extensions) being instances of the general construction (B.1.10) associated to an
open immersion of Noetherian algebraic stacks admitting affine diagonals.

To prove the lemma it thus suffices to show that each (j′n)∗ is t-exact. By
Remark B.1.11 (and the discussion that precedes it), it suffices to show that each
of the open immersions j′n is cohomologically affine; this we now do. (Recall that
a morphism f : X → Y of algebraic stacks is cohomologically affine ([Alp13, Defn.
3.1]) if it is quasi-compact, and if furthermore f∗ : QCoh(X )→ QCoh(Y) is exact.)

By Proposition 3.7.8, Ured is the quotient of an affine scheme by a linearly reductive
group (note that since we are assuming that p > 2, the group scheme G/ SpecF is
linearly reductive by [Alp13, Ex. 12.4(2)]; recall that an fppf group scheme G/S
is linearly reductive if the corresponding morphism BG → S is cohomologically
affine). Thus Ured is cohomologically affine over SpecF (see [Alp13, Ex. 12.9]), and
consequently each Un is cohomologically affine over SpecO, by [Alp13, Prop. 3.9].
Furthermore each Xn has affine (and hence cohomologically affine) diagonal. We
now factor j′n as

Un
Γj′n−→ Un ×SpecO Xn → Xn,

the first arrow being the graph of j′n, and the second arrow being the second
projection. Since Γj′n is a base-change of ∆Xn

, it is affine (and in particular
cohomologically affine). Since Un → SpecO is cohomologically affine, so is its
pullback over Xn. Thus j′n is the composite of cohomologically affine morphisms,
and hence is itself cohomologically affine, as required. □

Although we don’t need it in what follows, we end this section by showing that
the morphism πss : |X | → |X| defined in (3.3.9) is a quotient map.

Lemma 3.7.12. Let {σ, σco} be a companion pair of ζ-compatible Serre weights.
Then the restriction

πss : |U(σ|σco)| = π−1
ss (|U(σ|σco)|)→ |U(σ|σco)|

is a quotient map.

Proof. Since (as noted in the proof of Lemma (3.7.11)) the group G in Definition 3.7.7
is linearly reductive over F, it follows from (3.7.9) and [Alp13, Theorem 13.2] that
the algebraic stack U(σ|σco)red has a good moduli space p : U(σ|σco)red → U , given
by the spectrum U of the ring of G-invariants of F[t, f(t)−1, x, y]/(xy). This ring
of invariants is equal to F[t, f(t)−1], resp. F[t+ t−1, 1/(t2 + t−2 − 2)], if {σ, σco} is
of type (gen), resp. of type (scalar), and the induced morphism on Fp-valued points
sends an Fp-valued point of U(σ|σco) of the form (3.7.10) to the point Fp-valued
point t, resp. t+ t−1, of U .

Now we may (uniquely) identify SpecU with U(σ|σco) in such a way that an Fp-
valued point t, resp. t+ t−1, of U is identified with the Fp-valued point of U(σ|σco)
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corresponding to the pseudorepresentation nrt−1ζω−a + nrtω
a−1. With this identifi-

cation, we see (using the above description of its effect on Fp-valued points) that
the morphism

|U(σ|σco)|ft = |U(σ|σco)red|ft → |U | = |U(σ|σco)|ft
induced by the good moduli space morphism p is precisely (the restriction to U(σ|σco)
of) the morphism (3.3.7) which maps each finite type point to its associated pseu-
dorepresentation. Soberizing, we find that the morphism induced by p on underlying
topological spaces in fact coincides with πss. By [Alp13, Theorem 4.16(v)], p induces
a quotient map, so we are done. □

Lemma 3.7.13. The morphism πss : |X | → |X| is a quotient map of topological
spaces.

Proof. Since |X | is Noetherian, and since |X |ft → |X|ft is surjective, the mor-
phism |X | → |X| is also surjective, by Lemma 3.7.14 below. Hence it suffices to
show that πss : π−1

ss (|X(σ|σco)|) → |X(σ|σco)| is a quotient map for each com-
panion pair {σ, σco}. Let S ⊂ |X(σ|σco)|, and assume that π−1

ss (S) is closed
in π−1

ss (|X(σ|σco)|), or equivalently in |X |. We need to prove that S is closed.
By Lemma 3.7.12, we see that S ∩ |U(σ|σco)| is closed in |U(σ|σco)|. Hence
either S ∩ |U(σ|σco)| is a finite set of closed points, or |U(σ|σco)| ⊂ S. Since
X(σ|σco)\U(σ|σco) is a finite set of closed points, the first possibility implies that S
is a finite set of closed points, which concludes the proof in this case. Similarly, the
second possibility implies that X(σ|σco) \ S is a finite set of closed points, and so S
is open in X(σ|σco). Hence π−1

ss (S) is a closed and open subset of π−1
ss (|X(σ|σco)|),

which is a connected topological space. This implies that π−1
ss (S) = π−1

ss (|X(σ|σco)|)
and so S = X(σ|σco), since πss is surjective. This concludes the proof that S is
closed. □

Lemma 3.7.14. If f : T → S is a continuous surjective map of topological spaces,
and T is Noetherian, then the induced map sob(T )→ sob(S) is surjective.

Proof. Let A be an irreducible closed subspace of S. Let {Bi} denote the (finite,
because T is Noetherian) set of irreducible components of f−1(A). Then, since f is
surjective, we have A =

⋃
f(Bi), and so (since A is irreducible), we have A = f(Bi0)

for one of the components Bi0 . Thus the induced map sob(T )→ sob(S) is indeed
surjective. □

Remark 3.7.15. In fact the morphism f has a lift to a morphism Xred → X, which
in turn admits a thickening to a morphism X → X̃, where X̃ is a certain formal
scheme over Spf O with underlying reduced equal to X. The formal scheme X̃, and
the morphism from X to it, are characterized as being initial in the category of
morphisms from X to formal algebraic spaces over Spf O. In other words, X̃ is the
formal moduli space associated to X . Since we do not need this result in this paper,
we don’t give a proof here (although we intend to give a construction elsewhere).

4. D♮ ⊠P1

In this section we study analogues for general coefficients of some of the con-
structions of [Col10c]. Throughout the discussion, all étale (φ,Γ)-modules are
automatically understood to be projective, with the exception that from Section 4.7
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onward we exploit the relationship between étale (φ,Γ)-modules and Galois repre-
sentations, and so allow ourselves at times to consider étale (φ,Γ)-modules (and
especially so-called formal étale (φ,Γ)-modules) that are not necessarily projective.

Our ring of coefficients is typically taken to be a Noetherian O/ϖa-algebra, for
some a ≥ 1; the main exception to this occurs in our use of formal étale (φ,Γ)-
modules, where the coefficients are instead taken to be a complete Noetherian local
O-algebra with finite residue field. At certain points we also restrict our coefficients
to be a finite type O/ϖa-algebra; we do this sometimes for topological reasons
(the various topological modules under consideration will then be Polish topological
groups, which lets us apply the open mapping theorem), and sometimes because we
wish to complete at maximal ideals and pass to the formal context.

4.1. Tate modules and topologies. The coefficient rings AA and A+
A introduced

in Section 3.1, and many of the various modules over these rings that we study
below, are examples of Tate A-modules in the sense of [Dri06, §3]. We now recall
this notion and some of its basic properties; see also [EG21, §5] and [EG23, App. D]
for some related results and discussion.

Definition 4.1.1. Let A be a commutative ring. An elementary Tate A-module
is a topological A-module which is isomorphic to P ⊕Q∗, where P,Q are discrete
projective A-modules, and Q∗ := HomA(Q,A) equipped with its natural projective
limit topology (where we write Q∗ as the projective limit of the (Q′)∗, where Q′ is
a finite direct summand of Q, and give each (Q′)∗ the discrete topology). A Tate
A-module is a direct summand of an elementary Tate A-module.

A morphism of Tate modules is a continuous morphism of the underlying A-
modules.

Definition 4.1.2. A submodule L of a Tate A-module M is a lattice if it is open,
and if furthermore for every open submodule U ⊆ L, the quotient L/U is a finitely
generated A-module. A subset of a Tate A-module is bounded if it is contained in
some lattice.

Remark 4.1.3. If A is Noetherian, then a submodule L of a Tate A-module M is
a lattice if and only if it is open and bounded. Indeed if L is open and bounded,
then by definition there is a lattice L′ ⊇ L, and for any open submodule U ⊆ L, the
quotient L′/U is a finitely generated A-module; so the submodule L/U ⊆ L′/U is
also a finitely generated A-module.

If A is an O/ϖa-algebra for some a ≥ 1, then A+
A and AA are elementary

Tate modules, and A+
A is a lattice in AA; furthermore every finitely generated

projective AA-module has a natural topology, making it a Tate A-module. (See for
example [EG21, Ex. 5.1.13].)

In fact, by [Dri06, Thm. 3.10], there is a natural bijection between finitely
generated projective AA-modules, and pairs (M,T ) consisting of a Tate A-module
M and a topologically nilpotent automorphism T :M →M , by giving M the AA-
module structure determined by Tm := T (m). (Here T is topologically nilpotent if
and only if for each pair of lattices L,L′ ⊆M , we have TnL ⊆ L′ for all sufficiently
large n.)

Definition 4.1.4. If M is a finitely generated projective AA-module, then we refer
to an A+

A-submodule M ⊂M which is also a lattice as an A+
A-lattice (or A+-lattice

if A is clear from the context).
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Remark 4.1.5. Let A be an O/ϖa-algebra. If M is a finitely generated projective
AA-module, and M ⊂M is a lattice, then M need not be an A+

A-lattice. However,
since multiplication by T is topologically nilpotent, for all sufficiently large n we
have TnM ⊂ M, so that M is an AJTnK-module. Since M is a finite projective
A((Tn))-module, and the rings AJTnK, A((Tn)) are respectively isomorphic to A+

A

and AA, this means that we can often reduce questions about lattices to the case of
A+-lattices.

We recall the following lemma due to Drinfeld [EG21, Lem. 5.1.20].

Lemma 4.1.6. If M is a finitely generated projective AA-module, and if M is a
lattice in M , then M/M is A-flat if and only if it is A-projective. If M is furthermore
an A+

A-lattice, then these conditions are in turn equivalent to M being A+
A-projective.

4.1.7. The weak topology on lattices. If A is a complete Noetherian local ring, and
L is a lattice in an A-Tate module, then in addition to its Tate-module topology, it
has a weak topology, as we now explain. Lemma 4.1.8 below shows that we have an
isomorphism (of A-modules, i.e. disregarding topologies) L ∼−→ lim←−k L/m

k
AL. If we

endow L/mkAL with its quotient topology induced by the Tate module topology on
L, then the right-hand side inherits an inverse limit topology, which we then can
transport to L via this isomorphism; this is (by definition) the weak topology on L.

Lemma 4.1.8. If A is a complete Noetherian local ring, and L ⊂M is a lattice in
a Tate A-module, then L is mA-adically complete. The A-module L with the weak
topology is an object of Modc(A), hence it is profinite if A has finite residue field.

Proof. Since M is a direct summand of an elementary Tate module, and the direct
sum of lattices is a lattice, it suffices to prove the lemma under the assumption that
M = P ⊕Q∗ is elementary.

We begin by proving the lemma when L = Q∗. Since A is a local ring, Q is free,
and so Q∗ is isomorphic to a product

∏
i∈I A for some index set I. Then Q∗ is

mA-adically complete because ⊗AA/mnA commutes with arbitrary products, since
A/mnA is finitely presented. For the second claim of the lemma, note that the Tate
module topology on

∏
i∈I A is the product topology with respect to the discrete

topology on A, hence the quotient topology on
∏
i∈I A/m

n
A is the product topology

with respect to the discrete topology on A/mnA. It follows that the weak topology
on
∏
i∈I A is the product topology with respect to the mA-adic topology on A, which

makes
∏
i∈I A an object of Modc(A).

Now, if L ⊂ Q∗ is any lattice, then by definition there exists an A-finite direct
summand Q′ ⊂ Q such that (Q′)⊥ ⊂ L. Writing Q′′ for the complement of Q′, so
that Q = Q′ ⊕ Q′′, we see that Q∗ = Q′∗ ⊕ Q′′∗ and (Q′)⊥ = Q′′∗. Hence there
exists an A-submodule V ⊂ Q′∗ such that L = V ⊕Q′′∗. Since Q′∗ is finite, we see
that V is also finite. By the results of the previous paragraph, this immediately
implies that L is mA-adically complete, and that the weak topology makes L an
object of Modc(A).

Finally, if L ⊂M is any lattice, then it is contained in P ′ ⊕Q∗ for some finite
A-summand P ′ ⊂ P . Since M = (P/P ′)⊕ (P ′ ⊕Q∗), and (P ′ ⊕Q∗) ∼= (P ′∗ ⊕Q)∗,
we can conclude the proof by an application of the results in the previous paragraph
(applied with Q∗ replaced by (P ′∗ ⊕Q)∗). □
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Example 4.1.9. In the case when L is an A+
A-lattice in a finitely generated projective

AA-module, the weak topology on L coincides with its (mA, T )-adic topology,
whereas the Tate module topology coincides with its T -adic topology.

4.1.10. Completions and completed tensor products. Suppose that A is a ring, and
that M is a topological A-module endowed with an A-linear topology, i.e. M is
an A-module with a topological abelian group structure, such that 0 ∈M admits
a neighbourhood basis consisting of A-submodules of M . Note that the product
morphism A ×M → M is then jointly continuous, when A is equipped with its
discrete topology. We may then consider the completion of M (either as a topological
group, or as a topological A-module; the result is the same). In symbols, if we let U
run over the partially ordered set of open A-submodules of M , then

M̂ := lim←−
U

M/U.

Suppose now that A→ B is a ring homomorphism. If M is a topological A-module
endowed with an A-linear topology, then we equip M ⊗A B with the B-linear
topology defined by the images of the various U ⊗A B, as U runs over the open
A-submodules of M . We then define M ⊗̂AB to be the completion of M ⊗A B
with respect to this topology. Thus, if we let U ⊗A B denote the image of U ⊗A B
in M ⊗A B, then

(4.1.11) M ⊗̂AB := lim←−
U

(M ⊗A B)/(U ⊗A B) = lim←−
U

(M/U)⊗A B

(each of the terms in each of the inverse limits being endowed with its discrete
topology). The symbol ⊗̂A was also used in Section A.1.61 to denote the completed
tensor product on categories of compact modules, but this should not lead to
ambiguities, since in the current context, the ring A is not a profinite topological
ring.

We will most often apply this notion in the case when A → B is a morphism
of Noetherian O/ϖa-algebras, in situations related to the above discussion of
finite projective AA-modules and their lattices. If MA is a finite projective AA-
module, then its Tate module topology is A-linear, and MA is complete, as is any
lattice in MA. The tensor product MB := MA ⊗AA

AB is a finite projective AB-
module, and hence is again complete. There is a canonical continuous morphism
MA ⊗A B → MA ⊗AA

AB. Since the target is complete, it induces a morphism
from the completion of the source to the target, which is in fact an isomorphism

(4.1.12) MA ⊗̂AB
∼−→MA ⊗AA

AB .

If MA ⊆ MA is a lattice, then we may also consider the completed tensor
product MA ⊗̂AB. If MA is an A+

A-lattice, then this completion naturally identifies
with MA ⊗A+

A
A+
B , in the sense that the natural map

(4.1.13) MA ⊗̂AB →MA ⊗A+
A
A+
B

is a topological isomorphism. Indeed, the natural A-linear topology on MA is the
TA+

A-adic topology, hence the B-linear topology on

MA ⊗A B = MA ⊗A+
A
(A+

A ⊗A B)

is the T (A+
A ⊗A B)-adic topology. Since A+

A ⊗A B is a Noetherian ring with T -adic
completion A+

B, and MA is a finite A+
A-module, we see that MA ⊗A+

A
A+
B is the
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T -adic completion of MA ⊗A B. The inclusion MA ⊆ MA induces a continuous
morphism MA ⊗̂AB →MB , which is open (by Lemma 4.1.14 (4) below), but which
need not be an inclusion in general.

The following lemma collects together various basic statements about lattices in
finite projective AA-modules, and their behaviour under completed tensor product.

Lemma 4.1.14. Let A→ B be a morphism of Noetherian O/ϖa-algebras. Let MA

be a finite projective AA-module, and as above write MB =MA ⊗̂AB =MA⊗AA
AB.

(1) An A+
A-submodule MA ⊂ MA is an A+

A-lattice if and only if it is finitely
generated and the AA-span of MA is MA.

(2) MA contains an A+
A-lattice MA.

(3) If L1 is a lattice in MA, and L2 is an A-submodule of MA, then L2 is
a lattice if and only if it is commensurate to L1, in the sense that for n
sufficiently large we have TnL1 ⊆ L2 ⊆ T−nL1.

(4) If MA ⊆MA is a lattice then the evident sequence

(4.1.15) MA ⊗̂AB →MB → (MA/MA)⊗A B → 0,

is exact, and the image of the morphism MA ⊗̂AB →MA ⊗̂AB =MB is a
lattice in MB, while its kernel is finitely generated over B. In addition, this
kernel is discrete (with respect to the topology induced on it by MA ⊗̂AB),
and the morphism MA ⊗̂AB →MB is open.

If furthermore either A→ B is flat or MA/MA is flat as an A-module
then (4.1.15) is exact on the left as well, i.e. we have a short exact sequence

0→MA ⊗̂AB →MB → (MA/MA)⊗A B → 0.

In particular, M ⊗̂AB is then a lattice in MB.
(5) If A ↪→ B is injective, and M is a lattice in MB, then M ∩MA is a lattice

in MA.

Proof. Part (1) is [EG23, Lem. D.9]. Part (2) follows from part (1), because we
can choose a surjection f : (AA)

r → MA for some sufficiently large r, and set
MA = f((A+

A)
r). The “only if” direction of (3) is immediate from the topological

nilpotence of T . For the converse, since L2 contains TnL1, it is open, while if U ⊆ L2

is open, then L2/U is a submodule of the finitely generated A-module (T−nL1)/U ,
and is therefore finitely generated, so L2 is a lattice by definition.

We turn to proving part (4). By Remark 4.1.5 we can, without loss of generality,
assume that MA is an A+-lattice. As explained above, in this case we have that

MA ⊗̂AB = MA ⊗A+
A
A+
B

and that

MA ⊗̂AB =MA ⊗AA
AB =MA ⊗A+

A[1/T ] A
+
B [1/T ] =MA ⊗A+

A
A+
B .

Now MA/MA =
⋃
n≥0(T

−nMA)/MA, so that

(MA/MA)⊗A+
A
A+
B =

⋃
n≥0

(
(T−nMA)/MA

)
⊗A+

A
A+
B

=
⋃
n≥0

(
(T−nMA)/MA

)
⊗A B = (MA/MA)⊗A B.
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Thus tensoring the short exact sequence

0→MA →MA →MA/MA → 0

with A+
B over A+

A, and reinterpreting the various terms according to the preceding
isomorphisms, we obtain the exact sequence (4.1.15), establishing the first claim
of (4). Furthermore, since the image of MA ⊗̂AB = MA ⊗̂A+

A
A+
B in MB is finitely

generated over A+
B and generates MB over AB , it is a lattice in MB , by (1).

If A→ B is flat, then so is A+
A → A+

B , and thus the preceding right exact sequence
becomes short exact. On the other hand, if MA/MA is A-flat, then Lemma 4.1.6
shows that MA is projective over A+

A. Thus MA ⊗A+
A
A+
B is projective over A+

B,
and in particular is T -torsion free, and so again we find that it embeds into its
localization (MA ⊗A+

A
A+
B)[T

−1] =MB .

To complete the proof of (4), we must prove our claims about the kernel of the
left-most arrow in (4.1.15), and also prove that M⊗AB →MB is an open mapping.
Since MA is a finite projective AA-module by assumption, we may find a second
finite projective AA-module M ′

A so that MA ⊕M ′
A is free of finite rank over AA. If

we choose an A+
A-lattice M′

A in M ′
A, then MA ⊕M′

A is a lattice in MA ⊕M ′
A. The

formation of the various completed tensor products, kernels, and images in play is
compatible with taking direct sums, and so replacing MA by MA ⊕M ′

A, and MA

by MA ⊕M′
A, we may assume without loss of generality that MA is free. In this

case, we may choose a free A+
A-lattice MA ⊆ M′′

A ⊂ MA. Furthermore, part (3)
shows that there exists n0 ≥ 0 so that TnM′′

A ⊆MA for n ≥ n0, and the sublattices
TnM′′

A (n ≥ n0) then form a basis of neighbourhoods of 0 in MA.
Since MA is flat over A+

A, we see that the kernel of the morphism

MA ⊗̂AB = MA ⊗A+
A
A+
B →MB

is identified with Tor
A+

A
1 (MA/MA,A

+
B), and we begin by explaining why this is a

finite B-module. From what we have already proved, we know that

M′′
A ⊗A+

A
A+
B →MB → (MA/M

′′
A)⊗A+

A
A+
B → 0

is exact on the left, so that Tor
A+

A
1 (MA/M

′′
A,A

+
B) = 0. A consideration of the short

exact sequence
0→M′′

A/MA →MA/MA →MA/M
′′
A → 0

then yields a surjection

Tor
A+

A
1 (M′′

A/MA,A
+
B)→ Tor

A+
A

1 (MA/MA,A
+
B).

Now the source of this surjection is finite over A+
B (since M′′

A/MA is finite over A+
A)

and killed by some power of T (since M′′
A/MA is). Thus it is finite over B, and

thus so is Tor
A+

A
1 (MA/MA,A

+
B), which is what we wanted to prove.

Next, consider the neighbourhood basis TnM′′
A ⊆MA of 0 in MA. By definition,

the images
(TnM′′

A) ⊗̂AB := im
(
(TnM′′

A) ⊗̂AB →M′′
A ⊗̂AB

)
form a neighbourhood basis of the topology on M′′

A ⊗̂AB. Again, by what we have
already proved, for each n the morphism (TnM′′

A) ⊗̂AB →MB is injective, and so
(TnM′′

A) ⊗̂AB) has trivial intersection with ker(MA ⊗̂AB →MB). This shows that
this kernel is discrete in MA ⊗̂AB. Also, the image of (TnM′′

A) ⊗̂AB is a lattice in
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MB , and so MA ⊗̂AB has a neighbourhood basis of zero whose members have open
image in MB . Thus MA ⊗̂AB →MB is open, as claimed. This completes the proof
of (4).

Finally for (5), by parts (2) and (3) there is an A+
B-lattice M′ ⊆ MB and an

integer n ≥ 0 such that TnM′ ⊆M ⊆ T−nM′. By [EG23, Lem. D.11], M′ ∩MA is
a lattice in MA, and (T iM′) ∩MA = T i(M′ ∩MA) for all integers i. In particular
we have

Tn(M′ ∩MA) ⊆M ∩MA ⊆ T−n(M′ ∩MA),

so M ∩MA is a lattice in MA by (3). □

We also note the following result, showing that certain tensor products are
automatically complete.

Lemma 4.1.16. If A → B is a finite morphism of Noetherian O/ϖa-algebras
and MA is a finite projective AA-module, then the natural morphism MA ⊗A B →
MA ⊗̂AB is a topological isomorphism. Furthermore, if MA is a lattice in MA, then
the natural morphism MA ⊗A B →MA ⊗̂AB is a topological isomorphism.

Proof. We begin by proving the second statement. By Remark 4.1.5, without loss of
generality MA is an A+

A-lattice. By (4.1.13), the completed tensor product MA ⊗̂AB
identifies with MA ⊗A+

A
A+
B. Since A+

A = AJT K is Noetherian and MA is a lattice
in MA, MA is finitely presented over A+

A. The map

MA ⊗A B →MA ⊗A+
A
A+
B

is part of a natural transformation of right-exact functors on finitely presented
A+
A-modules. Hence, to prove that it is an isomorphism, it suffices to prove that it

is an isomorphism when MA = A+
A, i.e. that A+

A ⊗A B = A+
B . Since B[T ] is finitely

presented as an A[T ]-module, this follows because A+
A ⊗A B = AJT K⊗A[T ] B[T ] is

the T -adic completion of B[T ].
We now prove the first statement. By (4.1.12) we have MA ⊗̂AB =MA⊗AA

AB ,
so we need to prove that the natural map

(4.1.17) MA ⊗A B →MA ⊗AA
AB

is a topological isomorphism. Since it is continuous and open (by Lemma 4.1.14 4),
it suffices to prove that it is bijective. Since MA is a direct summand of a finite
free AA-module, it suffice to prove that (4.1.17) is bijective when MA = AA. This
holds because AA = A+

A[1/T ] and A+
B = A+

A ⊗A B, as proved in the previous
paragraph. □

We close this section by establishing some additional properties related to the
topology of finite projective AA-modules.

Lemma 4.1.18. Let A be a Noetherian ring, let M be a topological A-module
endowed with an A-linear topology, and suppose furthermore that there is a sequence
(µn)n≥0 of continuous morphisms µn : M → A for which the induced morphism
M →

∏∞
n=0A is injective. Then the induced topology on any finitely generated

A-submodule of M is discrete.

Proof. Consider a morphism f : Am → M, and write νn := µn ◦ f. Let ei (i =
1, . . . ,m) denote the standard basis vectors of Am, and write

Sr := {
(
ν0(e1), . . . , ν0(em)

)
, . . . ,

(
νr(e1), . . . , νr(em)

)
} ⊆ Am.
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Then, if Kr := ker(ν0×· · ·×νr), we find that Kr = S⊥
r (the “orthogonal complement”

of Sr with respect to the usual pairing Am ×Am → A).
The Sr form an increasing sequence of subsets of Am, and hence the S⊥

r form a
decreasing sequence of orthogonal complements. The Artinian property of orthogonal
complements5 implies that this decreasing sequence stabilizes. If we recall that M →∏∞
n=0A is injective by assumption, we then see that K := ker(f) =

⋂
r≥0Kr = Kr0

for some sufficiently large r0. Hence, if N := im(f) then

N ∩ ker(

∞∏
n=0

A→
r0∏
n=0

A) = 0.

Hence N inherits the discrete topology, as claimed. □

Example 4.1.19.
(1) If A is a Noetherian O/ϖa-algebra, then Lemma 4.1.18 applies to finite

projective AA-modules, and hence also to lattices in such modules.
(2) If (Mn)n≥0 is an inverse system of topological modules satisfying the hypothe-

ses of Lemma 4.1.18, then the same is true of the inverse limitM := lim←−nMn.

Lemma 4.1.20. Let A be a Noetherian O/ϖa-algebra, I-adically complete with
respect to some ideal I ⊆ A. If MA is a finite projective AA-module, then any lattice
in MA is closed in the I-adic topology of MA.

Proof. Let M be any lattice in MA. Applying Remark 4.1.5, we see that it is no loss
of generality to assume that M is an A+

A-lattice. Choose another finite projective
AA-module M ′

A such that MA ⊕M ′
A is free, and choose an A+

A-lattice M′ in M ′
A.

Then it suffices to prove the result for the A+
A-lattice M⊕M′ in MA ⊕M ′

A, and so
it is no loss of generality to further assume that MA is free. Then we may choose a
free A+

A-lattice L in MA, and by part (3) of Lemma 4.1.14, we may assume (scaling
L by a power of T if necessary) that L contains M.

Now the I-adic topology on AA := A((T )) evidently induces the I-adic topology
on A+

A := AJT K, and so the I-adic topology on MA induces the I-adic topology
on L. Thus it suffices to prove that the I-adic topology on L induces the I-adic
topology on M. This follows directly from Artin–Rees (applied to the ideal IA+

A

in the Noetherian ring A+
A, using the fact that A+

A-lattices are finitely generated
over A+

A, by Lemma 4.1.14 (1)). □

Remark 4.1.21. Note that the statements of parts (4) and (5) of Lemma 4.1.14,
and the statements of Lemmas 4.1.18 and 4.1.20, depend only on the structure of
MA as a Tate A-module. Thus if MA is any Tate A-module which is topologically
isomorphic (as a topological A-module) to a finite projective AA-module, these
statements apply to MA.

4.2. D♮ and D♯. Unless stated otherwise, in this section we assume that A is
a Noetherian O/ϖa-algebra for some a ≥ 1. We prove some analogues with
coefficients of some results from [Col10c; Col10a]. Our overall strategy, and many
of our arguments, is based on those of Colmez, but the presence of the coefficient
ring A means that we sometimes have to find new ways to argue.

5If S is a subset of Am, then the formation of S⊥ is order reversing, and S ⊆ S⊥⊥. These
properties then imply that S⊥ = S⊥⊥⊥, and that S 7→ S⊥⊥ is order preserving. Thus S⊥⊥

r is
an increasing sequence of submodules of the Noetherian module Am, and so stabilizes. Thus the
decreasing sequence S⊥

r = S⊥⊥⊥
r also stabilizes.
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Remark 4.2.1. Throughout this section we do not make any use of the action of Γ,
and our results are equally valid for étale φ-modules over AA. We will occasionally
exploit this in our proofs.

We begin by defining the ψ-operator on (φ,Γ)-modules.

Proposition 4.2.2. Let D be an étale (φ,Γ)-module with A-coefficients. Then
there is a unique A-linear morphism ψ : D → D such that

ψ(φ(a)m) = aψ(m),

ψ(aφ(m)) = ψ(a)m

for any a ∈ AA, m ∈ D. The morphism ψ is furthermore continuous, open, and
surjective, and commutes with Γ.

Proof. Since D = AAφ(D), we see that the required properties of ψ uniquely
determine it if it exists. In fact, the same observation, expressed in the more precise
form of the isomorphism ΦD : AA⊗AA,φD

∼−→ D, allows us to construct ψ, namely
as the composite

D
Φ−1

D→ AA ⊗AA,φ D
ψ⊗1→ AA ⊗AA

D = D.

The relations ψ(φ(a)m) = aψ(m), ψ(aφ(m)) = ψ(a)m then follow immediately.
That ψ is continuous and open follows from the continuity of Φ−1

D and the continuity
and openness6 of ψ on AA, the surjectivity of ψ follows similarly (and is also
immediate from the relation ψ(φ(m)) = m), and the fact that ψ commutes with
the Γ-action again follows by the same argument (or by the uniqueness). □

Lemma 4.2.3. Let M be an A+
A-lattice in an étale (φ,Γ)-module D with A-

coefficients. Then:
(1) ψ(M) is an A+

A-module.
(2) If φ(M) ⊆M then M ⊆ ψ(M).
(3) If M ⊆ A+

A · φ(M), then ψ(M) ⊆M.
(4) If ψ(M) ⊆ M, then ψ(T−1M) ⊆ T−1M, and for any x ∈ D there exists

N ≥ 0 such that for all n ≥ N , we have ψn(x) ∈ T−1M.

Proof. In the case A = O/ϖa this is [Col10a, Lem. II.4.1], and the same proof
works more generally, as we now briefly sketch. The first two parts follow from the
identities aψ(x) = ψ(φ(a)x) and ψ(aφ(x)) = ψ(a)x for a ∈ AA, x ∈ D. For the
third part, note that ψ(

∑
i aiφ(xi)) =

∑
i ψ(ai)xi.

Finally for the fourth part, note firstly that

ψ(T−1M) ⊆ ψ(φ(T )−1M) ⊆ T−1ψ(M) ⊆ T−1M.

Furthermore, for each k ≥ 1 we have

ψ(φk(T )−1M) ⊆ φk−1(T )−1ψ(M) ⊆ φk−1(T )−1M.

For any x ∈ D we have x ∈ φk(T )−1M for all k sufficiently large, and the result
follows. □

Lemma 4.2.4. Let D be an étale (φ,Γ)-module with A-coefficients. Then there
exists an A+-lattice M ⊂ D with ψ(M) = M. Furthermore if M′ ⊆ D is another
A+-lattice with ψ(M′) = M′ then TM ⊆M′ ⊆ T−1M.

6The openness of ψ on AA is clear from the fact that ψ(φ(Tn)A+
A) = Tnψ(A+

A) = TnA+
A for

any n ≥ 0.
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Proof. By, for example, [EG21, Lem. 5.2.7], we can choose A+-lattices N0,N1 ⊂ D
with φ(N0) ⊆ N0 ⊆ N1 ⊆ A+

Aφ(N1). For each n ≥ 0, set Mn = ψn(N0); then by
parts (1)-(3) of Lemma 4.2.3, (Mn)n≥0 is an increasing sequence of A+-lattices, each
of which contains N0 and is contained in N1. By Lemma 4.1.14 (3) M := ∪n≥0Mn

is an A+-lattice in D, and by construction we have ψ(M) = M.
We now show that M′ ⊆ T−1M, by arguing as in the proof of Lemma 4.2.3 (4).

Indeed since any two A+-lattices are commensurate (by Lemma 4.1.14 (3)), there
exists some integer n ≥ 0 such that M′ ⊆ φn(T )−1M, so that M′ = ψn(M′) ⊆
T−1M.

Finally, the inclusion TM ⊆M′ is equivalent to M ⊆ T−1M′, and thus follows
from the previous paragraph upon reversing the roles of M,M′. □

Proposition 4.2.5. Let D be an étale (φ,Γ)-module with A-coefficients.
(1) D contains a maximal A+-lattice D♯ ⊂ D with the property that ψ(D♯) = D♯.

Furthermore, if N is any bounded A+-submodule for which ψ(N) = N, then
N ⊆ D♯.

(2) D contains a minimal ψ-stable A+-lattice D♮; furthermore ψ(D♮) = D♮.
(3) We have D♮ ⊆ D♯ ⊆ T−1D♮.

Proof. By Lemma 4.2.4, there exists an A+-lattice M ⊂ D with ψ(M) = M.
Let D♯ denote the sum of all the A+-lattices M′ ⊂ D with ψ(M′) = M′; then
M ⊆ D♯ ⊆ T−1M by Lemma 4.2.4, so D♯ is an A+-lattice by Lemma 4.1.14 (3).
By construction ψ(D♯) = D♯, and (again by construction) D♯ is maximal with this
property. If N is any bounded A+-submodule for which ψ(N) = N, then D♯ +N is
an A+-lattice satisfying ψ(D♯ +N) = D♯ +N. Thus D♯ +N ⊆ D♯ by the property
we’ve just proved, and so N ⊆ D♯. This concludes the proof of part (1).

We claim that if M ⊆ D♯ is an A+-lattice with ψ(M) ⊆ M, then in fact
ψ(M) = M. Granting this, parts (2) and (3) follow easily. Indeed, we let D♮ be
the intersection of all ψ-stable A+-lattices in D; then D♮ ⊆ D♯ (because D♯ is a
ψ-stable A+-lattice), so that (by the claim) D♮ is equal to the intersection of all the
A+-lattices M ⊆ D♯ with ψ(M) = M. It follows from Lemma 4.2.4 that for any such
A+-lattice M we have TD♯ ⊆M, so we have TD♯ ⊆ D♮ ⊆ D♯ (which establishes
part (3)), soD♮ is an A+-lattice by another application of Lemma 4.1.14 (3). Part (2)
follows from another application of the claim, since D♮ is ψ-stable (by construction).

It remains to prove the claim. To this end, suppose that M ⊆ D♯ and ψ(M) ⊆M.
Then we argue as in the proof of [Col10a, Prop. II.5.11]: since ψ(D♯) = D♯, the
composite

D♯/M
ψ→ D♯/ψ(M)→ D♯/M

is a surjective endomorphism of the finitely generated A-module D♯/M, and is thus
an isomorphism. In particular D♯/ψ(M) → D♯/M is injective, so ψ(M) = M, as
required. □

Lemma 4.2.6. Let D be an étale (φ,Γ)-module with A-coefficients, and let M ⊂ D
be any A+-lattice. Then there exists an N ≥ 0 such that for all n ≥ N , we have
ψn(M) ⊆ T−1D♮.

Proof. Since any two A+-lattices are commensurate (by Lemma 4.1.14 (3)), there
exists some integer N ≥ 0 such that M ⊂ φN (T )−1D♮. Then for any n ≥ N
we have ψn(M) ⊆ ψn−N (T−1D♮) ⊆ T−1D♮ (recalling that T−1D♮ is ψ-stable, by
Lemma 4.2.3). □
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We close this subsection by describing the behaviour of D♯ and D♮ under mor-
phisms of (φ,Γ)-modules, and under change of coefficients.

Lemma 4.2.7. If f : D1 → D2 is a morphism of étale (φ,Γ)-modules with A-
coefficients, then f restricts to morphisms f ♯ : D♯

1 → D♯
2 and f ♮ : D♮

1 → D♮
2. If f is

furthermore injective (resp. surjective) then so are f ♮ and f ♯ (resp. f ♮).

Proof. Once we know that f ♯ and f ♮ exist, the injectivity statement is obvious,
while the surjectivity statement for f ♮ follows from the defining property of D♮

2,
since f(D♮

1) is a ψ-stable A+-lattice in D2 if f is surjective.
We next note that f(D♯

1) is a bounded A+-submodule of D2 on which ψ acts
surjectively (since D♯

1 is an A+-lattice in D1 on which ψ acts surjectively), and so
f(D♯

1) ⊂ D♯
2 by Proposition 4.2.5 (1), as claimed. Since D♮

1 ⊆ D♯
1, we then find

that f(D♮
1) ⊆ D♯

2. Let M := f−1(D♮
2) ∩D

♯
1. Then M is an A+-lattice, because it

contains TD♯
1 (note that f(TD♯

1) = Tf(D♯
1) ⊆ TD

♯
2 ⊆ D

♮
2 by Proposition 4.2.5 (3)).

Furthermore M is ψ-stable by definition, so it contains D♮
1, as required. □

Lemma 4.2.8. Suppose that A→ B is a morphism of Noetherian O/ϖa-algebras,
and that DA is an étale (φ,Γ)-module with A-coefficients. Let DB := DA ⊗̂AB. The
following then hold:

(1) D♯
B contains the image of the natural map D♯

A ⊗̂AB → DB.
(2) D♮

B is equal to the image of the natural map D♮
A ⊗̂AB → DB.

(3) If A→ B is surjective, then there is a canonical surjection D♮
A → D♮

B.
(4) If A→ B is flat, then there is a canonical isomorphism D♮

A ⊗̂AB
∼−→ D♮

B.

Proof. Since D♯
A is a ψ-stable A+

A-lattice satisfying ψ(D♯
A) = D♯

A, we see that the
image N of the map D♯

A ⊗̂AB → DB is a ψ-stable A+
B-lattice for which ψ(N) is

dense in N. Since ψ is open, we see that in fact ψ(N) = N, and so N ⊆ D♯
B,

proving (1).
Now write N′ for the image of the map D♮

A ⊗̂AB → DB; to prove (2), we must
show that N′ is equal to D♮

B. By Lemma 4.1.14 (4), N′ is a ψ-stable A+
B-lattice

in DB , and therefore contains D♮
B . To see that N′ is contained in D♮

B , we argue as
in the proof of Lemma 4.2.7. Namely, let M be the preimage of D♮

B in D♮
A under

the natural morphism D♮
A ⊆ DA → DB ; we must show that M = D♮

A.
To see this, note that M is an A+

A-lattice, because it contains TD♯
A, by Proposi-

tion 4.2.5 (3) together with part (1) of the present lemma. Since M is ψ-stable, we
must then have M = D♮

A, as required. This concludes the proof of part (2).
As discussed prior to the statement of Lemma 4.1.14, the completed tensor

product of (2) can be reinterpreted as the usual tensor product –⊗A+
A
A+
B . Since

A+
A → A+

B is surjective when A→ B is, part (3) then follows.
Finally, part (4) follows from part (2) and Lemma 4.1.14 (4). □

Remark 4.2.9. Part (4) of Lemma 4.2.8 shows that the formation of D♮ satisfies flat
base-change in A. Unlike D♮, D♯ need not satisfy flat base-change in general.

4.3. D+, D++, and Dnr. We continue to assume that A is a Noetherian O/ϖa-
algebra for some a ≥ 1, and writeD to denote an étale (φ,Γ)-module with coefficients
in AA. As in the preceding subsection, we will prove various analogues with
coefficients of some results from [Col10c; Col10a]. Just as was noted in Remark 4.2.1
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regarding the results of the preceding subsection, the Γ-action continues to play no
role in the discussion of this subsection.

Definition 4.3.1. Let D+ be the A-submodule of D consisting of those z ∈ D for
which the sequence {φn(z)}n≥0 is bounded. Let D++ be the A-submodule of D
consisting of those z ∈ D for which the sequence {φn(z)}n≥0 tends to zero (i.e. the
submodule consisting of those z on which φ acts topologically nilpotently).

Lemma 4.3.2. TD+ ⊆ D++ ⊆ D+.

Proof. The second inclusion is obvious from the definitions, while the first follows
from the fact that if (an) is a bounded sequence, then (φn(T )an) is a sequence
converging to 0. □

Lemma 4.3.3. D+ ⊆ D♮.

Proof. We follow the proof of [Col10a, Prop. II.5.14]. Fix some z ∈ D+. Then
also φ(z) ∈ D+, and so Lemma 4.3.2 shows that Tφ(z) ∈ D++; i.e. that the
sequence {φn(Tφ(z))}n≥0 tends to zero. Since D♮ is a lattice, we thus find that
φn(Tφ(z)) ∈ D♮ for some sufficiently large value of n. Since D♮ is ψ-stable, and
since ψn+1(φn(Tφ(z))) = ψ(Tφ(z)) = ψ(T )z = −z, we thus have z ∈ D♮, as
required. □

The following corollary provides a useful characterization of D+.

Corollary 4.3.4. D+ is an A+
A-lattice in D, and is the (unique) maximal φ-

invariant bounded subset of D.

Proof. We saw in Lemma 4.3.2 that TD+ ⊆ D+. Thus, if we show that D+ is a
lattice in D, it is in fact an A+

A-lattice.
By definition any φ-bounded subset of D is contained in D+. In particular, if M

is any φ-stable lattice in D, then M ⊆ D+. Such a lattice exists, by [EG21, Lem.
5.2.7], and thus D+ contains a lattice, and so is open. By Remark 4.1.3, this proves
the lemma, provided that we show that D+ is also bounded; but this follows from
Lemma 4.3.3. □

Our goal in what follows is to show that the formation of each of D++ and
D+ is compatible with flat base change. In the case of D++ this is relatively
straightforward, but the case of D+ is more involved.

A general observation is that, when analyzing constructs such as D+ and D++

(and the related construct Dnr of Definition 4.3.13 below) whose definitions involve
dynamical aspects of the action of φ, complications can sometimes arise from the
existence of a descending chain of ideals in A that do not stabilize. The following
lemma (which is presumably standard) sometimes allows us to get around this
problem, by reducing our analysis to the case of an Artinian coefficient ring, for
which this complication cannot occur.

Lemma 4.3.5. If A is a Noetherian ring, then there exists an embedding A ↪→ B
with B Artinian.

Proof. First recall that if f is any element of A, then for n large enough, the natural
map A→ Af ×A/fn is an embedding. Now, if A is non-zero, and if p is a minimal
prime of A, then we may choose an element f ∈ A such that the distinguished open
D(f) is a neighbourhood of p in SpecA which contains no other associated primes
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of A. Thus p is the unique associated prime of Af , and so the natural map Af → Ap

is an embedding. Thus, for n large enough, the natural map A→ Ap ×A/fn is an
embedding. Since p was chosen to be minimal, the localization Ap is Artinian.

We continue by applying the same argument to A/fn. By Noetherian induction
(in SpecA) the process eventually terminates, and we obtain an embedding of A
into a finite product of Artinian local rings, as required. □

We now return to the setting of étale (φ,Γ)-modules over Noetherian O/ϖa-
algebras.

Lemma 4.3.6. The induced action of φ on each of D/D+ and D/D++ is injective.

Proof. This follows from the fact that each of D+ and D++ is φ-saturated in D
(i.e. if φ(x) is in D+, resp. D++, then so is x itself), as is evident from their
definitions. □

The preceding lemma admits a kind of converse, characterizing D++.

Lemma 4.3.7. D++ is an A+
A-lattice in D, and is furthermore the (unique) minimal

φ-invariant lattice M of D for which φ acts injectively on D/M.

Proof. It follows from Lemma 4.3.2 and Corollary 4.3.4 that D++ is a T -invariant
lattice, and thus is an A+

A-lattice in D. The injectivity of φ on D/D++ was proved
in Lemma 4.3.6. If M is any φ-invariant lattice in D, and if x ∈ D++, then by
definition we see that φn(x) ∈M for some value of n. Thus, if φ is injective on D/M,
then we see that x ∈M, and hence that D++ ⊆M. □

We also note the following technical property of D++.

Lemma 4.3.8. The action of φ on D++ is uniformly topologically nilpotent, i.e.
given any lattice M ⊂ D, there is some n such that φn(D++) ⊂M.

Proof. Any lattice M contains an A+
A-invariant sublattice, and replacing M by

such a sublattice if necessary, we may assume that M is itself an A+
A-lattice. Since

D++ is a lattice, by Lemma 4.3.7, it is finitely generated over A+
A, say by elements

x1, . . . , xm. By definition, we may find some n such that φn(xi) ∈ M for each i.
Then

φn(D++) = φn(A+
A⟨x1, . . . , xm⟩) ⊆ A+

A⟨φ
n(x1), . . . , φ

n(xm)⟩ ⊆M,

as required. □

It is now easy to establish flat base-change for D++.

Lemma 4.3.9. If A→ B is a flat morphism of Noetherian O/ϖa-algebras, if DA is
an étale (φ,Γ)-module over AA, and if we write DB := DA ⊗̂AB, then the resulting
morphism D++

A ⊗̂AB → DB induces an isomorphism D++
A ⊗̂AB

∼−→ D++
B .

Proof. Since A → B is flat, and since D++
A is a lattice in DA by Lemma 4.3.7, it

follows from Lemma 4.1.14 (4) that D++
A ⊗̂AB → DB identifies its source with a

lattice in DB. Using the uniform topological nilpotency of Lemma 4.3.8, we see
that φ acts topologically nilpotently on the completed tensor product D++

A ⊗̂AB,
and so this lattice is contained in D++

B .
Furthermore, since B is flat over A, and since φ is injective on DA/D

++
A by

Lemma 4.3.6, we see that φ is injective on (DA/D
++
A ) ⊗A B = DB/(D

++
A ⊗̂AB).
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(The indicated identification is provided by Lemma 4.1.14 (4).) Lemma 4.3.7
now shows the reverse inclusion, namely that D++

B ⊆ D++
A ⊗̂AB. This proves the

lemma. □

Our next goal is to prove Lemma 4.3.12, which shows that D+ is compatible
with flat base-change for D+.

Lemma 4.3.10. Let A ↪→ B is an embedding of Noetherian O/ϖa-algebras, and
DA is an étale (φ,Γ)-module with A coefficients, so that the embedding of A into
B induces an embedding DA ↪→ DB := DA ⊗̂AB, then we have D+

A = DA ∩ D+
B .

Equivalently, the natural map DA/D
+
A → DB/D

+
B is injective.

Proof. Since D+
A is a bounded φ-invariant subset of DB , it is contained in D+

B , and
thus in the indicated intersection. On the other hand, this intersection is a bounded
φ-invariant subset of DA (using Lemma 4.1.14 (5) to see the boundedness), and
thus is contained in D+

A , by Corollary 4.3.4. □

Lemma 4.3.11. Let D be an étale (φ,Γ)-module over the Noetherian O/ϖa-
algebra A. Then for all sufficiently large n, we have φ−n((D/D+)[T ]

)
∩
(
(D/D+)[T ]

)
=

0.

Proof. Let Mn denote the kernel of the endomorphism Tφn of D/D+; we must
show that Mn[T ] = 0 if n is sufficiently large. Applying Lemmas 4.3.5 and 4.3.10,
we see that we may replace A by an Artinian overring, and thus we assume that A
is Artinian for the remainder of the proof.

Since φ is injective on D/D+, by Lemma 4.3.6, we find that

Mn := kerTφn = kerφ(Tφn) = kerφ(T )φn+1 ⊇ kerTφn+1 =:Mn+1.

Thus Mn[T ] is a descending sequence of A-submodules of the finite type A-module
(D/D+)[T ], which therefore stabilizes. Suppose that the sequence stabilizes at n0,
and write N := Mn0 [T ] = Mn[T ] for n ≥ n0. Then we see (by definition of the
Mn) that φn(N) ⊂ (D/D+)[T ] for n ≥ n0. Thus

⋃
n φ

n(N) is a bounded subset
of D/D+ (i.e. it is contained in a finite type A-module) and so N = 0 (by the
definition of D+). This is what we had to prove. □

Lemma 4.3.12. If A → B is a flat morphism of Noetherian O/ϖa-algebras, if
DA is an étale (φ,Γ)-module over AA, and if we write DB := DA ⊗̂AB, then the
resulting morphism D+

A ⊗̂AB → DB induces an isomorphism D+
A ⊗̂AB

∼−→ D+
B.

Proof. Since A→ B is flat, and since D+
A is a lattice in DA by Corollary 4.3.4, it

follows from Lemma 4.1.14 (4) thatD+
A ⊗̂AB → DB identifies its source with a lattice

in DB . This lattice is furthermore φ-stable, and thus is contained in D+
B (by another

application of Corollary 4.3.4). Our goal is to show that in fact D+
A ⊗̂AB = D+

B ,
or equivalently that D+

B/(D
+
A ⊗̂AB) = 0. Since every element of DB/(D

+
A ⊗̂AB) is

T -power torsion, it in fact suffices to show that
(
D+
B/(D

+
A ⊗̂AB)

)
[T ] = 0, and this

is what we will do.
Lemma 4.3.11 shows that the morphism (DA/D

+
A)[T ] → DA/D

+
A induced by

Tφn is injective if n is sufficiently large. Base-changing over the flat A-algebra B,
we find that the morphism

(
DB/(D

+
A ⊗̂AB)

)
[T ]→ DB/(D

+
A ⊗̂AB) induced by Tφn

is again injective if n is sufficiently large. (Here and below we use Lemma 4.1.14 (4)
to make the evident manipulations of various tensor products and completed tensor
products with B.) Composing with φr for any r, and recalling Lemma 4.3.6, we
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that the same is true of the morphism
(
DB/(D

+
A ⊗̂AB)

)
[T ] → DB/(D

+
A ⊗̂AB)

induced by φr(T )φn, if n is sufficiently large (depending on r). Thus no non-zero
element of

(
DB/(D

+
A ⊗̂AB)

)
[T ] has a bounded φ-orbit; in fact, since D+

A ⊗̂AB is a
lattice in DB, the bounded subsets of D+

B/D
+
A ⊗̂AB are precisely those contained

in some B-module of finite type. So we see that indeed
(
D+
B/(D

+
A ⊗̂AB)

)
[T ] = 0,

as required. □

Finally, we introduce and study some basic properties of Dnr in our context of
(φ,Γ)-modules with coefficients.

Definition 4.3.13. If D is an étale (φ,Γ)-module with coefficients in AA, for some
Noetherian O/ϖa-algebra A, then we write Dnr :=

⋂
n

φn(D), equipped with its

actions of φ and Γ.

Remark 4.3.14. In the case that A = O/ϖa, the A-module Dnr is related to
the maximal abelian subrepresentation of the corresponding Galois representation
(see [Col10a, Rem. II.1.2], and Lemma 4.7.7 below). Since this notion does not
behave well in the context of general families of étale (φ,Γ)-modules (e.g. because
of the fundamental phenomenon of generically reducible families specializing to
irreducible objects), it should not come as a surprise that Dnr does not behave well
in families; for example, it is not compatible with flat base-change in general.

Lemma 4.3.15. Dnr is a finite type A-submodule of D+.

Proof. Clearly Dnr is φ-stable, while since φ is injective on D we see that Dnr is
also φ-saturated. Since Dnr ⊆ φ(D) by definition, we then see that φ(Dnr) = Dnr.

Since D++ is also both φ-stable and φ-saturated, we see that Dnr ∩D++ is again
φ-stable and φ-saturated. It then follows that also φ(Dnr ∩D++) = Dnr ∩D++.
The uniform topological nilpotency of Lemma 4.3.8 then shows that Dnr∩D++ = 0.

Now consider the image M of Dnr in D/D+; evidently φ(M) =M . Suppose that
m ∈M [T ], and let m′ ∈M be such that φ(m′) = m. Then φ(Tm′) = φ(T )φ(m′) =
φ(T )m = 0, and thus Tm′ = 0 (by Lemma 4.3.6). Consequently we see that
φ(M [T ]) ⊇ M [T ], and hence that φn(M [T ]) ⊇ M [T ] for all n ≥ 0. Lemma 4.3.11
then implies that M [T ] = 0, and so we see that in fact M = 0. Thus Dnr ⊆ D+.
(In more detail: if x ∈M [T ], then the inclusion φn(M [T ]) ⊇M [T ] shows that there
exists y ∈ M [T ] such that φn(y) = x. Hence y ∈ φ−n ((D/D+)[T ]) ∩ (D/D+)[T ],
which by Lemma 4.3.11 is zero for n large enough, and so x = φn(y) is also equal
to 0.)

Putting what we’ve shown together, we see that Dnr embeds into D+/D++,
which is a finite type A-module by Lemma 4.3.2 together with Corollary 4.3.4, and
hence Dnr is itself a finite type A-module. □

Corollary 4.3.16. We have Dnr ⊂ D♮.

Proof. This is immediate from Lemmas 4.3.15 and 4.3.3. □

4.4. From (φ,Γ)-modules to equivariant sheaves. We now explain how some
of the constructions of [Col10a, §III.1, §V] extend to our setting. We apply some
results from [SVZ14, §3], in which some of the more formal aspects of Colmez’s
constructions are presented in a natural level of generality. With these general results
in hand, the extension of Colmez’s constructions to the case of étale (φ,Γ)-modules
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with coefficients is for the most part immediate, and we frequently refer to [Col10a]
for the proofs of results when they are literally identical in our setting.

We write P+ for the monoid
(
Zp\{0} Zp

0 1

)
, and P for the group

(
Q×

p Qp

0 1

)
. Then

there is a natural action of P+ on Zp (respectively of P on Qp) via
(
a b
0 1

)
x = ax+ b.

The basic motivation for Colmez’s constructions is as follows: we can regard an étale
(φ,Γ)-module D as being the global sections of a P+-equivariant sheaf of A-modules
on Zp. We are then able to extend its P+-equivariance to an equivariance under the
category of all non-degenerate7 piecewise affine-linear maps between open subsets
of Zp, and then (by an appropriate limiting process) to the category of all local
diffeomorphisms (in the sense of Definition 4.4.8 below) between open subsets of Zp.

With these constructions in place, it becomes possible to localize D in an equi-
variant manner over other locally analytic Zp-manifolds, such as P -equivariantly
over Qp, and (our ultimate goal) GL2(Qp)-equivariantly over P1(Qp). In fact, the
exposition becomes simpler if we construct the localization over Qp en route to the
construction of the equivariant structure under local diffeomorphisms, and so we do
this. We discuss localization over P1(Qp) in the next subsection.

Suppose now that M is any P+-module with coefficients in a Noetherian O/ϖa-
algebra A. Write U+ :=

(
1 Zp

0 1

)
. Let φ denote the endomorphism

φ : ( 1 x0 1 ) 7→
(
1 px
0 1

)
of U+, as well as the endomorphism of M induced by the action of

(
p 0
0 1

)
. Then if

u ∈ U+ and m ∈M , we find that φ(um) = φ(u)φ(m). Consequently for each n ≥ 1
we see that φn(M) is φn(U+)-stable, and so we obtain an induced morphism

(4.4.1) A[U+]⊗A[φn(U+)] φ
n(M)→M.

Definition 4.4.2. We say that a P+-module M with coefficients in A is étale if
the morphisms (4.4.1) are isomorphisms for all n ≥ 1.

Our interest in étale P+-modules comes from the following lemma.

Lemma 4.4.3. If D is an étale (φ,Γ)-module over a Noetherian O/ϖa-algebra A,
then D is an étale P+-module with A-coefficients, where the action of P+ on D is
via the continuous maps(

pka b
0 1

)
z = (1 + T )bφk ◦ σa(z)

for a ∈ Z×
p , b ∈ Zp, k ∈ Z≥0, and z ∈ D. (Recall that σa ∈ Γ is the element with

χ(σa) = a, where χ is the cyclotomic character.)

Proof. This is immediate from the definitions. Indeed by definition, the condition
that D is étale as a (φ,Γ)-module is equivalent to the morphisms (4.4.1) being
isomorphisms. □

By [SVZ14, Thm. 3.32], there is an equivalence of abelian categories between the
category of étale P+-modules with A-coefficients, and the category of P -equivariant
sheaves of A-modules on Qp; the inverse functor is given by passage to the module
of sections over Zp. Following Colmez, for any open set U ⊂ Qp, we write D ⊠ U
for the sections over U of the sheaf corresponding to D, so that in particular we
have D ⊠ Zp = D. As is the case for any P -equivariant sheaf of A-modules on Qp,

7In the sense of having non-zero derivative at every point.
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there is a P -equivariant action on D ⊠Qp of C(Qp, A), the ring of A-valued locally
constant functions on Qp, and thus there is in particular a P -equivariant action
of the ring Cc(Qp, A) of compactly supported A-valued locally constant functions.
Similarly for each open U ⊆ Qp there is a natural action of Cc(U,A) on D ⊠ U .

If U ⊆ Qp is open then we write ResU : D ⊠Qp → D ⊠ U for the restriction
map. If U ⊆ V ⊆ Qp are open subsets then we have the restriction map ResVU :
D ⊠ V → D ⊠ U , which we will usually denote simply by ResU . If U is compact
then the restriction map ResU : D ⊠ Qp → D ⊠ U admits a section given by
extension by zero, and we accordingly identify the action of the locally constant
function 1U ∈ Cc(Qp, A) with ResU .

By [SVZ14, Prop. 3.26] (and its proof), the global sections D ⊠Qp are given
explicitly by

(4.4.4) D ⊠Qp = lim←−
ψ

D,

where the right hand side denotes the inverse limit of the inverse system

· · · ψ−→ D
ψ−→ D

ψ−→ · · · ;

equivalently,
D ⊠Qp := {(zn)n≥N |ψ(zn+1) = zn for all n}.

(Here N can be any element of Z∪{−∞}; we take advantage of this flexibility in some
of the constructions introduced below.) We can therefore endow D ⊠Qp with the
projective limit topology (where D has its canonical Tate module topology). Note
that if U is compact and open, then D⊠U also has a canonical Tate module topology;
indeed D ⊠ U is a direct summand of some D ⊠ 1

pnZp, which is homeomorphic
to D ⊠ Zp = D.

Furthermore, the action of P on D⊠Qp is determined by the following properties.

(1) The restriction map ResZp : D ⊠Qp → D = D ⊠ Zp is given by

(zn)n∈Z 7→ z0 ∈ D = D ⊠ Zp.

(2) The extension by zero map D = D ⊠ Zp → D ⊠Qp is given by

z 7→
{(
φn(z)

)
n≥0

}
;

this is continuous and P+-equivariant.
(3)

(
p 0
0 1

)
acts via (zn)n∈Z 7→ (zn+1)n∈Z.

(4) the elements ( 1 b0 1 ), for b ∈ p−NZp, act via the transformation

(zn)n≥N 7→
(
(1 + T )p

nbzn
)
n≥N .

It follows from the definitions that this action of P is continuous.

Definition 4.4.5. If α ∈ Cc(U,A), we write mα for the corresponding continuous
endomorphism of D ⊠ U .

Lemma 4.4.6.

(1) For any n ≥ 0 the restriction map RespnZp : D ⊠ Zp → D ⊠ pnZp is equal
to φn ◦ ψn.
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(2) Let α : U → A be locally constant, and let n ≥ 0 be large enough that for
all a ∈ U , we have a+ pnZp ⊆ U , and α|a+pnZp is constant. Let In(U) for
a system of coset representatives for U modulo pnZp. Then

mα =
∑

i∈In(U)

α(i)Resi+pnZp
.

Proof. The first part follows from the identity RespnZp
=
(
pn 0
0 1

)
◦ 1Zp

◦
(
p−n 0
0 1

)
,

and the second is immediate from the identity α =
∑
i∈In(U) α(i)1i+pnZp

□

Example 4.4.7. For future reference, note that D ⊠ Z×
p = Dψ=0, with the identifica-

tion being induced via the embedding D⊠Z×
p ↪→ D⊠Zp := D given by extension by

zero. Indeed, the sections of D = D ⊠ Zp which are supported on Z×
p are precisely

those in the kernel of RespZp = φ ◦ ψ, and φ is injective.

Our next goal is to extend the P -equivariant localization of D over Qp to an
equivariant structure under the category of local diffeomorphisms. As already
noted, this will then allow us to localize D over more general one-dimensional p-adic
manifolds, such as P1(Qp).

Definition 4.4.8. If U, V are compact open subsets of Qp, then we say that a map
f : U → V is a local diffeomorphism if it is C1 (in the sense of [Col10b, Section I.5.1]),
and if its derivative is non-vanishing on U .

Definition 4.4.9. For all n ≥ 0, let Xn ⊂ D be a subset. We say that the sequence
Xn tends uniformly to 0 as n→∞ if for any A-lattice M ⊂ D there exists N > 0
such that Xn ⊂ M for all n > N . (This is a slight rephrasing of the definition
in [Col10a, Section V.1.2].)

Fix m > 0, and for all n ≥ 0, let Xn ⊂ D ⊠ 1
pmZp be a subset. We say that the

sequence Xn tends uniformly to 0 as n→∞ if its image under φm : D⊠ 1
pmZp

∼−→ D

tends uniformly to 0.

Proposition 4.4.10. Suppose that f : U → V is a local diffeomorphism. Then
there is a continuous A-linear morphism f∗ : D ⊠ U → D ⊠ V , defined as follows:
For each sufficiently large n, write In(U) for a system of coset representatives for U
modulo pnZp, and then for each z ∈ D ⊠ U , define

f∗(z) := lim
n→∞

∑
i∈In(U)

(
f ′(i) f(i)
0 1

)
RespnZp

((
1 −i
0 1

)
z

)
;

this limit exists, and is independent of the choices of In(U).
Furthermore,Resj+pnZp

f∗(z)− ∑
i∈In(U)

(
f ′(i) f(i)
0 1

)
RespnZp

((
1 −i
0 1

)
z

) : j ∈ V


tends uniformly to zero as n→∞.

Example 4.4.11. Let f : Zp → pZp be multiplication by p. Then

f∗(z) = lim
n→∞

∑
i∈In(U)

(
p 0
0 1

)
Resi+pnZp

(z) =

(
p 0
0 1

)
z = φ(z)
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and so f∗ = φ : D → D ⊠ pZp = φ(D).
Similarly, let f : pZp −→ Zp be multiplication by p−1. Then

f∗ : φ(D) =: D ⊠ pZp → D ⊠ Zp := D

is given by φ−1 : φ(D)→ D. Thus the composite

D =: D ⊠ Zp
RespZp−→ D ⊠ pZp

f∗−→ D ⊠ Zp := D

is given by φ−1 ◦ φψ, i.e. by the operator ψ.

Proof of Proposition 4.4.10. Note firstly that if the limit exists, it is necessarily
independent of the choices of In(U). Indeed if In(U), I ′n(U) are two such choices, this
follows by considering the limit for both choices together with the third choice I ′′n(U)
defined by I ′′n(U) = In(U) if n is even and I ′n(U) if n is odd.

Exactly as in the proof of [Col10a, Prop. V.1.3], we can reduce the statement
of the proposition to the case that U = V = Zp, and that f is regular in the sense
that vp(f ′(x)) = 0 for all x ∈ Zp. If A is a finite O/ϖa-algebra, this case is [Col10a,
Lem. V.1.2], and essentially the same proof works in our setting, as we now explain.
Write

un =
∑

i∈In(U)

(
f ′(i) f(i)
0 1

)
RespnZp

((
1 −i
0 1

)
z

)
.

We will show next that for any A+-lattice M containing z, un − un−1 tends to 0
uniformly in z ∈M; it then follows that f∗(z) exists, and that f∗ is A-linear and
continuous.

For i ∈ Zp, write rn,i(z) = ψn(
(
1 −i
0 1

)
z). The argument of the second paragraph

of the proof of [Col10a, Lem. V.1.2] goes through unchanged, and shows that we
can write

(4.4.12) un − un−1 =
∑

j∈In(Zp)

(
1 f(j)
0 1

)
φn((gj − hn,j) · rn,j(z)),

where gj , hn,j ∈ P+ (and the difference gj − hn,j is as elements of the group ring,
rather than as elements of P+). Furthermore, gj , hn,j enjoy the following properties:
we have gj ∈

(
Z×

p 0

0 1

)
, and g−1

j hn,j ∈
(
1+pa(n)Zp p

a(n)Zp

0 1

)
for some integer a(n), and

a(n)→∞ as n→∞.
Let M be an A+-lattice containing z. Then there is a Γ-stable A+-lattice M′ ⊇M

such that rn,j(M) ⊆M′ for all j ∈ Zp, n ≥ 0. Indeed
(
1 −j
0 1

)
M = (1 + T )jM = M

for all j ∈ Zp, and by Lemma 4.2.6, there is an A+-lattice M′′ containing all
the ψn(M). Then we can take M′ to be the A+-submodule ΓM′′ of D generated
by γm for γ ∈ Γ,m ∈ M′′, which is a lattice by compactness of Γ (see [EG23,
Lemma 5.1.5]).

Writing
(gj − hn,j) · rn,j(z) = gj · (1− g−1

j hn,j) · rn,j(z),
we see that it suffices to show that there is a nested sequence of A+-lattices Mn with
the properties that for all j we have (1− g−1

j hn,j)(M
′) ⊆Mn, that the intersection

of the Mn is 0, and that Mn is φ-stable and Γ-stable for n sufficiently large. Indeed
it then follows from (4.4.12) that un− un−1 ∈Mn for n sufficiently large, uniformly
in z ∈M.

It is therefore enough to show that there exists a sequence m(n), tending to ∞
with n, such that if we put Mn := Tm(n)M′ then (1− g−1

j hn,j)(M
′) ⊆Mn. In fact,
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Mn is Γ-stable for all n, since M′ is Γ-stable; and Mn is φ-stable for all n large
enough, by [EG21, Lemma 5.2.7]. Recalling that g−1

j hn,j ∈
(
1+pa(n)Zp p

a(n)Zp

0 1

)
and

that a(n)→∞, we see in turn that it is enough to show that for each m ≥ 0, there
exists an M ≥ 0 such that if h ∈

(
1+pMZp p

MZp

0 1

)
, then (1 − h)(M′) ⊆ Tm(M′).

Writing h =
(
1+pMa pMb

0 1

)
, we have

(1− h)(z) = (1− (1 + T )p
Mb)z + (1 + T )p

Mb(z − σ1+pMa(z)).

Certainly (1− (1+T )p
Mb) ∈ TmA+

A for M sufficiently large uniformly in b (because
A is an O/ϖa-algebra), so it suffices to show that z − σ1+pMa(z) ∈ TmM′ for M
sufficiently large, for all z ∈M′ and a ∈ Zp. This follows from [EG23, Lem. D.28 (3)],
since A is an O/ϖa-algebra.

Finally, we note that by (4.4.12) we have for any k ≥ 1 and z ∈M

Resi+pnZp
(un+k−un+k−1) =

∑
j∈In+k(Zp),f(j)∈i+pnZp

(
1 f(j)
0 1

)
φn+k((gj−hn+k,j)·rn+k,j(z)),

which is contained in Mn+k for n sufficiently large (uniformly in z ∈M and i ∈ Zp).
Thus we have in particular that Resi+pnZp(f∗(z) − un) ∈ Mn, and the result
follows. □

The operators mα and f∗ enjoy the following properties.

Proposition 4.4.13. Let U, V be compact open subsets of Zp.
(1) For all locally constant maps α1, α2 : U → A, we have mα1

◦mα2
= mα1α2

.
(2) If f : U → V is a local diffeomorphism and α : V → A is locally constant,

then
f∗ ◦mα◦f = mα ◦ f∗.

(3) If f : U → V and g : V → W are local diffeomorphisms, then (g ◦ f)∗ =
g∗ ◦ f∗.

(4) If α : U → A is locally constant and V ⊆ U , then mα commutes with ResV .
(5) If α : Z×

p → A is constant on a+ pnZp for all a ∈ Z×
p , then

mα =
∑

i∈(Z/pnZ)×

α(i)Resi+pnZp .

Proof. All but the second and third properties were already established above.
In the case that A is a finite O/ϖa-algebra, the second and third results are
respectively [Col10a, Prop. V.2.4, V.1.6], the proofs of which go over unchanged in
our setting. □

In summary, the sheaf U 7→ D ⊠ U is equivariant for the action of local diffeo-
morphisms.

4.4.14. Defining – ⊠Qp more generally. For any ψ-stable A-submodule M ⊂ D,
we let M ⊠ Zp =M , and we let M ⊠Qp denote the set of sequences (xn)n≥0 with
xn ∈M and ψ(xn+1) = xn for all n ≥ 0. Equivalently, we have M ⊠Qp := lim←−ψM .
We endow M ⊠Qp with its usual projective limit topology, where M ⊆ D has the
subspace topology, and then M ⊠Qp is closed in the infinite product

∏
n≥0M , and

has the subspace topology (with the product having the product topology). To see
that it is closed, one can for example note that it is the intersection of the sets of
sequences (xn) with ψ(xn+1) = xn for n ≤ N , which are closed for any N because ψ
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is continuous. Note that M ⊠Qp need not be an A[P ]-submodule of D ⊠Qp, e.g.
if M is not an A+

A-submodule of D. However, this will be the case when M = D♮, D♯:
see Lemma 4.4.18.

Remark 4.4.15. As Colmez explains in [Col10a, Section V.1.2], Proposition 4.4.10
is motivated by considering the case of A+

A := AJT K with its (φ,Γ)-structure.
Indeed, we may interpret A+

A as the A-module of A-valued measures on Zp, and
Proposition 4.4.10 in the case of a local diffeomorphism f : Zp → Zp computes the
pushforward of measures under f . Here we should note that A+

A is also ψ-invariant,
because A+

A = A♮
A, and so the preceding discussion can be applied to it: indeed,

by [SVZ14, Corollary 3.30], an A[P+]-submodule of an étale (φ,Γ)-module D with
A-coefficients is étale in the sense of Definition 4.4.2 if and only if it is ψ-stable.

A general étale (φ,Γ)-module D need not contain an A+
A-lattice that is simultane-

ously φ and ψ-invariant — it contains such a lattice if and only if D+ = D♮ — and
so in general it is only D that localizes, rather than any of its lattices. Nevertheless,
as we will see in what follows, the lattices D+, D♮, and D♯ do interact in important
ways with the localization of D.

4.4.16. Key examples: D♮ ⊠Qp and D♯ ⊠Qp. Since each of D♮ and D♯ is ψ-stable,
both D♮ ⊠ Qp and D♯ ⊠ Qp are defined. Furthermore, the inclusion D♮ ⊆ D♯

evidently induces an embedding

(4.4.17) D♮ ⊠Qp ↪→ D♯ ⊠Qp.

Lemma 4.4.18.
(1) The embedding (4.4.17) is open.
(2) We have natural identifications of finite A-modules

(D♯ ⊠Qp)/(D
♮ ⊠Qp) = (D♯/D♮)⊠Qp = D♯/D♮.

(3) D♮ ⊠Qp and D♯ ⊠Qp are B(Qp)-stable A-submodules of D ⊠Qp, and the
embedding (4.4.17) is A[B(Qp)]-equivariant.

Proof. We have a short exact sequence

0→ D♮ → D♯ → D♯/D♮ → 0.

Since ψ acts surjectively on each term, the passage to lim←−ψ is exact, and we have a
short exact sequence

0→ D♮ ⊠Qp → D♯ ⊠Qp → (D♯/D♮)⊠Qp → 0.

Since D♯/D♮ is a finite A-module, its surjective endomorphism ψ is bijective, so we
may identify (D♯/D♮)⊠Qp withD♯/D♮. This proves (2), and also shows that (4.4.17)
identifies D♮ ⊠Qp with the kernel of the composite

D♯ ⊠Qp
proj. to 1st factor

// D♯ // D♯/D♮ ,

proving (1). Finally, part (3) is immediate from the definitions. □

4.5. The GL2(Qp)-representations D⊠P1. Continue to let A denote a Noetherian
O/ϖa-algebra, and let D be an étale (φ,Γ)-module with A-coefficients. In the
preceding subsection we have explained how to localize D to a sheaf over Qp,
equivariantly with respect to the action of local diffeomorphisms. By general
principles, this structure then allows us to localize D over other 1-dimensional
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locally analytic p-adic manifolds, such as P1(Qp). Since PGL2(Qp) acts on P1(Qp)
via diffeomorphisms, the resulting sheaf on P1(Qp) will be PGL2(Qp)-equivariant,
and in particular its global sections will afford a PGL2(Qp)-representation.

In fact, we follow Colmez in making a slightly more involved construction (via
explicit formulas) which depends on our choice of character ζ, and leads to a G-
representation with central character ζε−2. In the case when ζ = ε2 we obtain the
construction of the preceding paragraph.

Let w :=
(
0 1
1 0

)
. Then w acts on Z×

p via the local diffeomorphism z 7→ 1/z, and
we let Hw : D⊠Z×

p → D⊠Z×
p be the composite w∗ ◦mζε−2 (where we think of ζε−2

as the function ζε−2 : Z×
p → O× → A× ⊂ A). We set

D ⊠P1 := {z = (z1, z2) ∈ D ×D, ResZ×
p
(z2) = Hw(ResZ×

p
(z1))}.

This is a closed subspace of D ×D.
If g =

(
a b
c d

)
∈ G, and U is a compact open subset of Qp not containing −d/c,

then we write αg : U → A for the function αg(x) = (ζε−2)(cx+ d). The action of g
on P1(Qp) via Möbius transformations induces a diffeomorphism g : U → gU , and
we define Hg : D ⊠ U → D ⊠ gU to be g∗ ◦mαg

. Note that this specialises to the
definition of Hw above.

We have a restriction map ResU : D ⊠P1 → D ⊠ U defined by

ResU (z) = ResU∩Zp(z1)+Hw(ReswU∩pZp(z2)) = ResU∩pZp(z1)+Hw(ReswU∩Zp(z2)).

Theorem 4.5.1. There is a unique action (g, z) 7→ g ·z of GL2(Qp) on D⊠P1 such
that for all open compact subsets U of Qp, and all elements z = (z1, z2) of D ⊠P1,
we have

(4.5.2) ResU (g · z) = Hg(Resg−1U∩Zp
(z1)) +Hgw(Res(gw)−1U∩pZp

(z2)).

Proof. In the case that A is a finite O/ϖa-algebra this is [Col10c, Thm. II.1.4]. The
proof only makes use of the properties of f∗ and mα in Proposition 4.4.13, and
therefore goes over immediately in our setting. □

Remark 4.5.3. It is immediate from the definition that D ⊠P1 has central charac-
ter ζε−2. Furthermore, comparing our definitions with [Col10c, Construction II.1],
we see that our D⊠P1 coincides (in the case that A is a finite O/ϖa-algebra) with
the representation denoted D ⊠ζε−2 P1 in the notational scheme of loc. cit.

As explained in [Col10c, Rem. II.1.7], it follows from the proof of Theorem 4.5.1
that if z = (z1, z2) ∈ D ⊠ P1, then z1 = ResZp

z, and z2 = ResZp
(w · z). These

relations imply that w(z1, z2) = (z2, z1) for all (z1, z2) ∈ D ⊠ P1. Furthermore,
[Col10c, Rem. II.1.7 (iii)] shows that if U ⊂ Qp is compact open, then ResU admits
a continuous A-linear section ιU , defined by

(4.5.4)
ιU : D ⊠ U → D ⊠P1

z 7→
(
ResU∩Zp(z), Hw(ResU∩wZp(z))

)
.

The A-module D⊠U is therefore a direct summand of D⊠P1, and we will sometimes
identify it with this direct summand, and write ResU for ιU ◦ ResU . Similarly, if
M ⊆ D is an A-submodule, we will write M ⊠ Zp for the image of M under ιZp

.
We single out a special case of this discussion in the next lemma.

Lemma 4.5.5. The map

(4.5.6) D ⊠P1 → (D ⊠ Zp)⊕ (D ⊠ pZp)



A CATEGORICAL p-ADIC LANGLANDS CORRESPONDENCE FOR GL2(Qp) 111

given by z 7→ (ResZp
z,RespZp

(w · z)) (or equivalently by (z1, z2) 7→ (z1,RespZp
(z2)))

is a homeomorphism, the inverse morphism being given by

ιZp
+ w ◦ ιpZp

: (y1, y2) 7→ (y1, y2 +Hw(ResZ×
p
(y1))).

The induced action of w on (D ⊠ Zp)⊕ (D ⊠ pZp) is

w(y1, y2) = (y2 +Hw(ResZ×
p
(y1)),RespZp(y1)).

Proof. The verification that the maps are mutually inverse is formal, and their
continuity follows from the continuity of Hw, ResZ×

p
, and RespZp . The formula

for w is an immediate consequence of the fact that w(z1, z2) = (z2, z1) for all
(z1, z2) ∈ D ⊠P1. □

Corollary 4.5.7. For all g ∈ G, the map D⊠P1 → D⊠P1, z 7→ g ·z is continuous.

Proof. By Lemma 4.5.5, it suffices to prove that z 7→ ResU (g ·z) is continuous for all
open compact subsets U ⊆ Qp. This is true by the formula for ResU (g · z) given in
Theorem 4.5.1, together with the fact that the operators f∗ and mα are continuous
(using Proposition 4.4.10 for f∗). □

Remark 4.5.8. Since D ⊠ pZp = (φ ◦ ψ)(D) = φ(D) is a direct summand of
D = φ(D)⊕Dψ=0, the subspace topology on D ⊠ pZp makes it a Tate A-module.
The map φ : D → D ⊠ pZp is a topological isomorphism with inverse ψ. Similarly,
D ⊠ pnZp is a Tate A-module for all n ∈ Z, and it is topologically isomorphic to D
via the action of diag(pZ, 1) ⊆ P . The homeomorphism (4.5.6) then shows that
D⊠P1 is a Tate A-module. In particular, it makes sense to talk about A-submodules
of D ⊠P1 being lattices, and we will do so without further comment.

Lemma 4.5.9. Let n ∈ Z. Then RespnZp : D⊠P1 → D⊠ pnZp is open, and sends
lattices to lattices. The same is true for RespnZp

: D → D ⊠ pnZp if n ≥ 0.

Proof. By construction, the map RespnZp
is continuous, surjective and A-linear. We

now show that it is open. The equivariance properties of RespnZp
under the action

of G show that it suffices to prove this when n = 0, in which case ResZp is the
projection onto a direct summand, by Lemma 4.5.5. Hence it is open.

There remains to prove that RespnZp
sends lattices to lattices. It suffices to show

that if f :M → N is a surjective, continuous and open morphism between A-Tate
modules, and M ⊂M is a lattice, then f(M) is a lattice in N . Let U ⊂ f(M) be
an open A-submodule; we need to prove that f(M)/U is a finite A-module. Since f
induces an isomorphism

M/(M ∩ f−1(U)) ∼= f(M)/U,

this is a consequence of the fact that M is a lattice and M ∩ f−1(U) is open. □

Lemma 4.5.10. Let M ⊂ D be a lattice. Then:
(1) (M⊠ Zp) + w(M⊠ Zp) is open in D ⊠P1, and
(2) {z ∈ D ⊠P1 : ResZp

z ∈M,ResZp
(wz) ∈M} is a lattice in D ⊠P1.

Proof. For any A-submodule L ⊂ D ⊠P1, it follows from Lemma 4.5.5 that L is
open if and only if the image of L under

ρ : D ⊠P1 → D ⊕ φ(D),

z 7→ (z,RespZp(w · z)),
(z1, z2) 7→ (z1,RespZp

(z2))
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is open.
Let L := (M⊠ Zp) + w(M⊠ Zp). Recall from (4.5.4) that

M⊠ Zp := ιZp(M) = {(m,Hw ResZ×
p
m) : m ∈M} ⊂ D ⊠P1.

Then
ρ(M⊠ Zp) = {(m, 0) : m ∈M} ⊂ D ⊕ φ(D)

and

ρ(w(M⊠ Zp)) = {(Hw ResZ×
p
m,RespZp

m) : m ∈M} ⊂ D ⊕ φ(D).

To see that ρ(L) is open, consider the A-linear map

λ : D ⊕D → D ⊕ φ(D), (x, y) 7→ (x+Hw ResZ×
p
y,RespZp y).

Then ρ(L) = λ(M⊕M), and since M⊕M is open in D ⊕D, it suffices to prove
that λ is open. To do so, it suffices to find neighborhood bases (Mn), (Ln) of 0 ∈ D
such that λ(Mn ⊕Ln) is open for all n. Choose Mn arbitrarily, and choose Ln such
that Hw ResZ×

p
(Ln) ⊆Mn, using the continuity of Hw ◦ ResZ×

p
. Then

λ(Mn ⊕ Ln) ⊇Mn ⊕ RespZp
(Ln).

Since RespZp : D → φ(D) is open (because it coincides with φψ), this concludes the
proof of part (1).

Now let L := {z ∈ D ⊠P1 : ResZp
z ∈M,ResZp

(wz) ∈M}. Since ResZp
and w

are continuous (using Corollary 4.5.7 for w), L is open. Hence ρ(L) ⊂ D ⊕ φ(D)
is also open. On the other hand, ρ(L) is contained in M ⊕ RespZp

M, which is a
lattice in D ⊕ φ(D), by Lemma 4.5.9, so that ρ(L) is also bounded, and so it is a
lattice, by Remark 4.1.3. □

We now study the continuity of the G-action on D ⊠P1.

Lemma 4.5.11. The action of G on D⊠P1 that was constructed in Theorem 4.5.1
is continuous.

Proof. We claim that it is enough to show that the action map

(4.5.12) H × (D ⊠P1)→ D ⊠P1

is jointly continuous for some open subgroup H of G.
Indeed, assume that this is the case, and let (g, x) ∈ G× (D ⊠P1) be arbitrary.

Any open neighbourhood of gx ∈ D ⊠ P1 contains a neighbourhood of the form
gx+M, where M ⊂ D ⊠P1 is a lattice. Since g ∈ G acts continuously on D ⊠P1,
g−1M ⊂ D⊠P1 is open. By the continuity of (4.5.12), there is an open subgroup H ′

of H and a lattice L ⊂ D⊠P1 such that H ′(x+L) ⊆ x+ g−1M; so (gH ′)(x+L) ⊆
gx+M, and gH ′ × (x+ L) ⊂ G×D ⊠P1 is an open neighbourhood of (g, x).

We now turn to establishing the continuity of (4.5.12). If H = ∪iUi and D⊠P1 =
∪jVj are open covers of H and D ⊠P1 respectively, then it suffices to check that
each Ui × Vj → D⊠P1 is jointly continuous. We claim that it suffices to show that
H ×D → D ⊠P1 is continuous. Indeed, since w is a continuous automorphism of
D ⊠P1, if we write

D ⊠P1 = D ⊠ Zp ∪ w(D ⊠ Zp) = D ∪ wD,
then we deduce that wHw × wD → D ⊠P1 is continuous, and so the action map

(H ∩ wHw)×D ⊠P1 → D ⊠P1
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is continuous, and since H ∩ wHw is also an open subgroup of G, we will be done.
We now take H to be the usual Iwahori subgroup of matrices which are upper

triangular modulo p, so that by the Iwahori decomposition we may write

H = wU(pZp)wB(Zp)

where B is the (upper triangular) Borel subgroup, and U(pZp) :=
(
1 pZp

0 1

)
. In

summary, we have reduced to showing that

(4.5.13) wU(pZp)wB(Zp)×D → D ⊠P1

is jointly continuous.
Now, the continuity of

(4.5.14) B(Zp)×D → D = D ⊠ Zp ⊂ D ⊠P1

is more or less immediate from the definition of the B(Zp)-action on D and the
continuity assumptions in the definition of a (φ,Γ)-module. More precisely, it follows
from the existence of a neighborhood basis of zero in D consisting of (φ,Γ)-stable
lattices, which in turn follows from the compactness of Γ (see [EG23, Lemma 5.1.5]
for a proof in the case that A is a Noetherian Fp-algebra, which goes over unchanged
to the case of Noetherian O/ϖa-algebras).

Accordingly, we can factor (4.5.13) as

(4.5.15) wU(pZp)wB(Zp)×D → wU(pZp)w ×D → D ⊠P1

with the first arrow continuous; so we just have to show that the second arrow is
continuous. Since w is a continuous automorphism, this amounts to showing that

U(pZp)× w(D ⊠ Zp)→ D ⊠P1

is jointly continuous. Writing D⊠Zp = D⊠Z×
p ∪D⊠ pZp, and taking into account

the continuity of (4.5.14), we see that it is enough to show that

U(pZp)× w(D ⊠ pZp)→ D ⊠P1

is jointly continuous.
It follows from the definitions (see the proof of [Col10c, Prop. II.1.8]) that U(pZp)

preserves w(D ⊠ pZp), and more precisely if b ∈ pZp, then
(
1 b
0 1

)
takes (0, z) ∈

w(D ⊠ pZp) ⊂ D ⊠P1 to (0, z′) with

z′ = (ζε−2)−1(1 + b)

(
1 −1
0 1

)
w

(
(1 + b)2 b(1 + b)

0 1

)
w

(
1 1/(1 + b)
0 1

)
z.

Noting that
(
1 1/(1+b)
0 1

)
takes pZp to 1 + pZp, and that w is a continuous automor-

phism of D ⊠ (1 + pZp), the result follows from the continuity of (4.5.14). □

In our later applications, rather than appealing to this continuity directly, we
will use the following consequence of it.

Corollary 4.5.16. The G-action on D ⊠P1 extends to an AJGK-module structure
on D ⊠P1, uniquely characterized by the requirement that the induced AJKK-action
on D ⊠P1 is continuous. Furthermore, the endomorphisms of D ⊠P1 induced by
the elements of AJGK are all continuous.

Proof. We will show that the action of K on D ⊠ P1 extends to a continuous
action of AJKK. Such an extension is unique if it exists (by continuity, together
with the density of A[K] in AJKK), and by the definition of AJGK, this will yield
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the required AJGK-action. The final claim of the lemma will also then follow, by
combining the continuity of the G-action and the OJKK-action on D ⊠P1.

In order to construct the required AJKK-action, choose a lattice L ⊂ D ⊠ P1.
Lemma 4.5.11 shows that the action map K × (D ⊠ P1) → D ⊠ P1 is jointly
continuous, and so we see that for each k ∈ K, there is an open subgroup Uk
of K and a lattice Lk ⊆ L such that (kUk) · Lk ⊆ L. Since K is compact, it is
covered by finitely many of the kUk, and if we let L′ denote the intersection of the
corresponding lattices Lk, we see that K · L′ ⊆ L. The A-submodule generated by
K · L′ is therefore open and bounded, and so it is a lattice. Replacing K · L′ by
this lattice, and recalling that L was arbitrary, we see that D ⊠P1 contains a basis
of K-stable lattices Ln. Then each (D ⊠ P1)/Ln is a discrete A-module with a
continuous action of K, hence is a smooth K-representation, and thus is canonically
an AJKK-module (with jointly continuous action map). Consequently

D ⊠P1 = lim←−
n

(D ⊠P1)/Ln

inherits a continuous AJKK-action, as required. □

We now need to consider the restriction map ResQp : D ⊠P1 → D ⊠Qp, which
by definition is given by

z 7→
(
ResZp

((
pn 0
0 1

)
z
))
n≥0

.

The verification that this defines a morphism to D ⊠Qp is formal; see the proof
of [Col10c, Prop. II.1.14]. The action of P on D ⊠Qp extends to an action of the
Borel subgroup B(Qp) of G by letting the diagonal matrix

(
z 0
0 z

)
act via (ζε−2)(z).

Lemma 4.5.17. ResQp
: D ⊠P1 → D ⊠Qp is continuous and B(Qp)-equivariant.

Proof. The B(Qp)-equivariance is formal; see the proof of [Col10c, Prop. II.1.14].
Since D ⊠Qp has the inverse limit topology, the continuity of ResQp

follows from
the continuity of ResZp

and of the action of
(
pn 0
0 1

)
. □

We then define

D♮ ⊠P1 := {z ∈ D ⊠P1, ResQp(z) ∈ D♮ ⊠Qp},

D♯ ⊠P1 := {z ∈ D ⊠P1, ResQp(z) ∈ D♯ ⊠Qp}.
By Lemma 4.5.17, D♮ ⊠P1 and D♯ ⊠P1 are closed A-submodules of D ⊠P1. In
the case that D has rank two and determinant ζε−1, we will show that they are in
fact lattices, but this is not obvious; indeed our proof will be closely intertwined
with the proof that D♮ ⊠P1 is G-stable, and as in the original work of Colmez, this
is ultimately established via p-adic interpolation from the crystalline case. We end
this section by establishing two properties of these modules.

Lemma 4.5.18. (D♯ ⊠ P1)/(D♮ ⊠ P1) is a finite A-module, and D♮ ⊠ P1 is an
open submodule of D♯ ⊠P1.

Proof. By definition, ResQp induces an injection

(D♯ ⊠P1)/(D♮ ⊠P1) ↪→ (D♯ ⊠Qp)/(D
♮ ⊠Qp),

and the target is a finite A-module by Lemma 4.4.18. This proves the first statement,
and since ResQp

is continuous, the second statement also follows from Lemma 4.4.18,
which asserts that D♮ ⊠Qp is open in D♯ ⊠Qp. □
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Lemma 4.5.19. D♮ ⊠P1 contains D+ ⊠ Zp.

Proof. Let t :=
(
p 0
0 1

)
. By definition, we need to prove that if z ∈ D+⊠Zp and n ≥ 0

then ResZp(t
nz) ∈ D♮. Recall that D+ ⊠ Zp := ιZp(D

+). Applying (4.5.4), we see
that there exists z0 ∈ D+ such that z = (z0, Hw ResZ×

p
z0) as elements of D ⊠P1.

Since D+ is φ-stable, and D+ ⊂ D♮ by Lemma 4.3.3, it thus suffices to prove that
ResZp

(tnz) = φn(z0) for all n ≥ 0.
Applying (4.5.2) we see that

ResZp(t
nz) = Htn(z0) :

indeed, the second summand in (4.5.2) vanishes, because RespZp
(Hw ResZ×

p
z0) = 0.

We now observe that Htn = tn∗ , where tn : Zp → pnZp is the diffeomorphism of
multiplication by pn: indeed, by definition

Htn = tn∗ ◦mαtn
,

and the function αtn is identically 1 on Zp. Now Example 4.4.11 shows that

tn∗ = φn : D → D ⊠ pnZp = φn(D),

which concludes the proof. □

4.6. The action of GL2(Qp) on lattices in D⊠P1. We continue to assume that A
is a Noetherian O/ϖa-algebra. Our goal in this section is to prove Proposition 4.6.7,
which gives a criterion for D♮ ⊠P1 to be G-stable, or (equivalently) OJGK-stable
(with respect to the OJGK-action on D ⊠P1 given by Corollary 4.5.16). The study
of this question is intertwined with the study of certain lattices in D ⊠P1.

We embed Q×
p into G via

(4.6.1) Q×
p

∼−→
(
Q×
p 0
0 1

)
;

in particular, the composite of this embedding with det : G→ Q×
p is the identity

on Q×
p .

Remark 4.6.2. Note that since Dnr ⊆ D is φ- and Γ-stable, Dnr ⊆ D = D ⊠ Zp ⊂
D ⊠Qp ⊂ D ⊠P1 is Q×

p -stable.

Lemma 4.6.3. The kernel of ResQp
: D ⊠P1 → D ⊠Qp is w ·Dnr. In particular,

kerResQp is a finite A-module.

Proof. Since Dnr is a finite A-module by Lemma 4.3.15, it is enough to prove that
kerResQp = w ·Dnr. This follows formally from the definitions, exactly as in the
proof of [Col10c, Prop. II.1.14]. □

We have the following variant on [Col10a, Lem. III.3.6], which is proved in the
same way.

Lemma 4.6.4. If M ⊆ D ⊠Qp is a closed B(Qp)-stable A-submodule, then

M =M0 ⊠Qp,

where M0 := ResZp(M) ⊆ D is a Γ- and ψ-stable A+
A-submodule on which ψ acts

surjectively.
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Proof. Since M is B(Qp)-stable, it follows from the definition of the action of P
on D ⊠Qp that M0 is A+

A-, Γ-, and ψ-stable, and that ψ acts surjectively on M0.
It also follows that, if we write D ⊠Qp := lim←−ψD, then the image of M under the
kth projection (for any k ≥ 0) is equal to M0. We therefore have M ⊆ M0 ⊠Qp,
and it remains to show that this inclusion is an equality. Thus, let z = (zn)n≥0 ∈
M0 ⊠Qp. The just-established equality of images shows that for each k ≥ 0 we can
find uk = (uk,n)n≥0 ∈M with uk,k = zk. By the definition of the projective limit
topology on D ⊠Qp, we see that uk → z as k →∞, and we are done, since M is
closed in D ⊠Qp by hypothesis. □

Lemma 4.6.5. If M ⊂ D ⊠P1 is a B(Qp)-stable lattice, then

D♮ ⊠Qp ⊆ ResQp
(M) ⊆ D♯ ⊠Qp.

Proof. Since each Resp−nZp
: D ⊠ P1 → D ⊠ p−nZp takes lattices to lattices, by

Lemma 4.5.9, we see that

ResQp
(M) := lim←−

n

Resp−nZp
M ↪→ D ⊠Qp := lim←−

n

D ⊠ p−nZp,

is an inverse limit of open, and hence closed, A-submodules of the various D ⊠
p−nZp, and so is a closed A-submodule of D ⊠Qp. Now Lemma 4.6.4 shows that
ResQp(M)

∼−→M0⊠Qp, where M0 := ResZp M is an A+
A-submodule of D⊠Zp = D

which is ψ-stable and on which ψ acts surjectively. As already noted, M0 is also a
lattice in D. Thus D♮ ⊆M0 ⊆ D♯, by Proposition 4.2.5, and the lemma follows. □

Lemma 4.6.6. If M ⊂ D ⊠P1 is a B(Qp)-stable lattice, then it is G-stable, and
hence in fact OJGK-stable.

Proof. Since the group G has a neighbourhood basis of the identity given by open
subgroups (e.g. the congruence subgroups of GL2(Zp)), it follows from Lemma 4.5.11
and [EG23, Lem. D.13] that there is an open subgroup H ⊆ G such that HM =
M. Since B(Qp)M = M we have B(Qp)HB(Qp)M = M, and since we have
B(Qp)HB(Qp) = G by the Bruhat decomposition, we conclude that M is G-stable.

To see the final assertion, it suffices to note that since O[K] is dense in OJKK,
and since M is closed in D ⊠P1, the K-stability of M implies the OJKK-stability
of M, and G-stability and OJKK-stability together imply OJGK-stability. □

Proposition 4.6.7. Suppose that there is a B(Qp)-stable lattice M ⊂ D ⊠ P1.
Then D♮ ⊠P1 is an OJGK-stable lattice in D ⊠P1.

Proof. By Lemma 4.6.5, we have

D♮ ⊠P1 ⊆M+ kerResQp
⊆ D♯ ⊠P1.

Since kerResQp
is a finite A-module, by Lemma 4.6.3, it follows that M+kerResQp

is a lattice. By Lemma 4.5.18, (D♯ ⊠P1)/(D♮ ⊠P1) is a finite A-module, hence
D♯ ⊠P1 is a lattice, and D♮ ⊠P1 is open in D♯ ⊠P1, hence D♮ ⊠P1 is a lattice.
Since D♮ ⊠P1 is B(Qp)-stable, the proposition follows from Lemma 4.6.6. □

We also have the following “converse” to Proposition 4.6.7.

Lemma 4.6.8. If D♮ ⊠P1 is G-stable, then it is a lattice in D ⊠P1.
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Proof. Under the assumption that D♮ ⊠P1 is G-stable, we have

D♮ ⊠P1 ⊆ {x ∈ D ⊠P1 | ResZp x ∈ D♮ and ResZp wx ∈ D♮}.

Since D♮ is a lattice in D, it follows from Lemma 4.5.10 (2) that D♮⊠P1 is a closed
A-submodule of a lattice. By Remark 4.1.3, it thus suffices to show that D♮ ⊠P1 is
open. To this end, note that it follows from Lemma 4.5.19 that D♮ ⊠P1 contains
D+⊠Zp, and since D♮⊠P1 is assumed to be G-stable, it also contains w ·(D+⊠Zp).
It therefore contains D+ ⊠ Zp + w · (D+ ⊠ Zp), which by Lemma 4.5.10 (1) is an
open neighborhood of the identity, as required. □

4.7. Formal (φ,Γ)-modules. In this subsection, which is an interlude in our main
discussion, we briefly extend some of the previous theory to the context of what we
call formal étale (φ,Γ)-modules.

Let R be a complete local Noetherian O-algebra with finite residue field. Following
Dee [Dee01] we let ÂR denote the mR-adic completion of AR, and we define a
formal étale (φ,Γ)-module with R-coefficients to be an étale (φ,Γ)-module over
ÂR; that is, a finitely generated ÂR-module equipped with commuting semilinear
actions of φ and Γ, with the underlying φ-module being étale in the usual sense. We
do not demand that a formal étale (φ,Γ)-module is projective; if it is, we explicitly
refer to it as a projective formal étale (φ,Γ)-module; note that it is then in fact
free, since ÂR is a local ring. Note that if R is furthermore a finite O-module, then
ÂR = AR, so that the categories of (projective) formal étale (φ,Γ)-modules with
R-coefficients and étale (φ,Γ)-modules with R-coefficients are equivalent.

Of course, in the case that R is Artinian this agrees with the usual definition of
a (not necessarily projective) étale (φ,Γ)-module, and as we recalled in Section 3.1,
in this case there is an equivalence of categories between the category of étale
(φ,Γ)-modules with R-coefficients and the category of finitely generated R-modules
equipped with a continuous action of GQp

. We write V 7→ D(V ) for the functor
taking a representation of GQp

to the corresponding (φ,Γ)-module, and D 7→ V(D)
for the quasi-inverse functor.

Returning to the general case that R is a complete local Noetherian O-algebra
with finite residue field, it is shown in [Dee01] that this equivalence extends to
an exact equivalence of categories between the category of formal étale (φ,Γ)-
modules with R-coefficients and the category of finitely generated R-modules with
a continuous action of GQp

, where now

D(V ) := lim←−
k

D(V/mkRV )

and similarly for V(D). (It is also shown in [Dee01] that this construction is
compatible with extension of scalars, so we do not record R in the notation D.)

If D is a formal étale (φ,Γ)-module with R-coefficients then we write Dk :=
D/mkRD. Then Dk is a not-necessarily-projective étale (φ,Γ)-module over R/mkR,
which however is projective if D is, and D = lim←−kDk. We extend many of the
definitions that we have made in earlier parts of Section 4 to the case of formal
étale (φ,Γ)-modules by passage to projective limits. Strictly speaking, in case D is
not projective, so that the Dk need not be projective, the various definitions and
constructions that we have made will not apply to the Dk; however, since R/mkR is
a finite O-algebra, Dk is of finite length over A, and we may ignore the coefficients
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and directly apply the definitions of [Col10a] and [Col10c]. To be precise, we make
the following definition.

Definition 4.7.1. Let R be a complete Noetherian local O-algebra with finite
residue field, and let D be a formal étale (φ,Γ)-module with R-coefficients. We set:

• D♯ := lim←−kD
♯
k and D♮ := lim←−kD

♮
k. These are ψ-stable submodules of D.

• D ⊠P1 := lim←−kDk ⊠P1, with its natural action of OJGK.
• D♯ ⊠ Qp := lim←−ψD

♯ with its natural action of B. Hence D♯ ⊠ Qp
∼=

lim←−kD
♯
k ⊠Qp. We define D♮ ⊠Qp and D ⊠Qp in a similar way as inverse

limits over k, so there is a B-equivariant map

ResQp
: D ⊠P1 → D ⊠Qp

defined as the inverse limit of the restriction maps for Dk.
• D♯ ⊠P1 := lim←−kD

♯
k ⊠P1, and D♮ ⊠P1 := lim←−kD

♮
k ⊠P1.

• Dnr := lim←−kD
nr
k .

Each of the objects appearing in these various inverse limits has a natural topology,
and so each of the objects being defined has a natural inverse limit topology. In fact,
except for D ⊠P1, each of the objects appearing in the various inverse systems in
these definitions is profinite, and so these inverse limit topologies are also profinite.
Recall also that the formation of inverse limits of profinite R-modules is exact; we
will use this fact frequently below.

Lemma 4.7.2. Let R be a complete local Noetherian O-algebra with finite residue
field, and let D be a formal étale (φ,Γ)-module with R-coefficients. Then:

(1) (D♯ ⊠Qp)/(D
♮ ⊠Qp) = (D♯/D♮)⊠Qp = D♯/D♮ = lim←−kD

♯
k/D

♮
k.

(2) Dnr =
⋂
n φ

n(D).

Proof. The first claim follows from Lemma 4.4.18 and the exactness of the formation
of inverse limits of profinite modules. Noting that since φ is injective we may identify⋂
n φ

n(D) with lim←−φD, the second claim is clear, as limits commute with limits. □

We next recall the description of Dnr and D♯/D♮ in the context of the comparison
between formal étale (φ,Γ)-modules and Galois representations. Using this, we will
see in Lemma 4.7.11 below that Dnr and D♯/D♮ are both finite R-modules.

Definition 4.7.3. We equip every finitely generated R-module with its canoni-
cal (i.e. mR-adic) topology. We write RepR(GQp) for the category of continuous
representations of GQp

on finitely generated R-modules, and RepabR (GQp
) for the

subcategory of abelian representations, i.e. representations for which the action
of GQp

factors through Gab
Qp

. We also write RepR(Q×
p ) for the category of continuous

representations of Q×
p on finitely generated R-modules.

We recall the following result, which is simply a reformulation of local class field
theory for Qp in our context.

Lemma 4.7.4. Pullback along the local Artin map Q×
p → Gab

Qp
induces an equiva-

lence of categories RepabR (GQp)
∼−→ RepR(Q

×
p ).

Proof. The local Artin map identifies Gab
Qp

with the profinite completion of Q×
p . The

lemma follows immediately from this, together with the fact that any continuous
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action of Q×
p on a finitely generated R-module extends to its profinite completion

(since R is profinite). □

Definition 4.7.5. If V is an object of RepR(GQp
), then we write V ab, respec-

tively Vab, for the maximal abelian R[GQp
]-submodule of V , respectively abelian

R[GQp
]-quotient module of V (where, as above, “abelian” has the meaning that the

action of GQp
factors through Gab

Qp
).

Definition 4.7.6. We let Dnr : RepR(GQp
)→ RepR(Q

×
p ) be the functor given by

Dnr(V ) := D(V )nr (which has an action of Q×
p by Remark 4.6.2).

Lemma 4.7.7.
(1) If V ∈ RepR(GQp) then Dnr(V ) = Dnr(V ab).
(2) The restriction of the functor Dnr to RepabR (GQp) is naturally isomorphic to

the equivalence of categories RepabR (GQp)
∼−→ RepR(Q

×
p ) of Lemma 4.7.4.

Proof. For the first part, since lim←−k commutes with limits, we have lim←−k(Vk)
ab ∼= V ab.

Indeed, V ab is naturally isomorphic to ker(V
xj−1−−−→

∏
j∈J V ), where {xj : j ∈ J} is

a set of generators of the commutator subgroup of GQp . Hence it suffices to prove
that the natural map Dnr((Vk)

ab) → Dnr(Vk) is an isomorphism. This is proved
in [Col10a, Rem. II.1.2].

Turning to the second part, if we regard Zpn as a Zp[Z/nZ]-module (via the
action of geometric Frobenius), then there is an isomorphism of Zp[Z/nZ]-modules
Zp[Z/nZ]

∼−→ Zpn . We can choose these isomorphisms compatibly in n, in the sense
that, for m | n, the natural surjection Zp[Z/nZ]→ Zp[Z/mZ] becomes identified
with the trace map Trnm : Zpn → Zpm . Equivalently, we may find elements δn
of Zpn such that δn freely generates Zpn as a Zp[Z/nZ]-module, and such that
Trnm(δn) = δm if m | n.

Next, if V is a finite-cardinality Zp-module with a continuous action of Ẑ, choose
n such that this action factors through Z/nZ, and define an isomorphism

(4.7.8) V
∼−→ (V ⊗Zp Zpn)

Ẑ = (V ⊗Zp Z̆p)
Ẑ

(invariants being taken with respect to the diagonal action of Ẑ) via

v 7→
n−1∑
i=0

⟨i⟩(v ⊗ δn),

where ⟨i⟩ denotes the action of the coset i mod n ∈ Z/nZ. The trace relations
between the various δn ensure that this isomorphism is independent of the choice
of n (provided that the action of Ẑ on V factors through Z/nZ). This isomorphism
intertwines the action of Ẑ on V with the inverse of the action of Ẑ on the second
factor of (V ⊗Zp

Z̆p)
Ẑ.

Now, if V is endowed with a continuous action of Gab
Qp

∼−→ Q̂×
p

∼−→ pẐ×Γ, where
p corresponds to geometric Frobenius, and the projection to Γ = Z×

p is the cyclotomic
character, then Dnr(V )

∼−→ (V ⊗Zp
Z̆p)

Frob, with the φ-action being induced by the
action of Frobenius on Z̆p and the Γ-action being induced by the action of Γ on V .
The isomorphism (4.7.8) then induces a Q×

p -equivariant isomorphism

V
∼−→ Dnr(V ).
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By construction it is natural in V , and so by passing to inverse limits, it induces a
corresponding isomorphism for any finite type R-module endowed with a continuous
Gab

Qp
-representation. □

Lemma 4.7.9. There is a natural isomorphism of functors RepR(GQp
)→ RepR(Q

×
p )

D(V )♯/D(V )♮ ∼= Dnr(Vab)⊗ ε−1.

Proof. Since D 7→ D♯/D♮ and D 7→ Dnr are both compatible with passage to
inverse limits, it suffices to prove this when R is an Artin ring. Write (–)∨ =
HomZp(–,Qp/Zp). It is shown in [Col10a, Prop. I.2.3] that if we put D := D(V )

and Ď := D(V ∨ ⊗ ε) then there is a Zp-linear map

D ⊗R Ď → Qp/Zp

which identifies Ď with the Pontrjagin dual of D (i.e. the space of continuous
Zp-linear maps D → Qp/Zp, equipped with the weak topology), and vice versa.
This map is invariant under φ and Γ, and by [Col10a, Prop. II.5.19] it descends to a
map

D♯/D♮ ⊗R Ďnr → Qp/Zp

which once again is (φ,Γ)-invariant, and puts the two factors in Pontrjagin duality
(which now coincides with Zp-duality, since the two sides have finite Zp-length). By
Lemma 4.7.7 we have

Ďnr = Dnr((V ∨ ⊗ ε)ab) ∼= Dnr((Vab)
∨ ⊗ ε),

so it suffices now to prove that Dnr is compatible with duals and tensor products.
This is standard: for example, in order to prove that the natural map

Dnr(V1)⊗Zp Dnr(V2)→ Dnr(V1 ⊗Zp V2)

is an isomorphism, it suffices to extend scalars to Z̆p, where it yields the isomorphism

(Z̆p ⊗Zp
V1)⊗Z̆p

(Z̆p ⊗Zp
V2)

∼−→ Z̆p ⊗Zp
(V1 ⊗Zp

V2). □

Remark 4.7.10. To illustrate the twist in Lemma 4.7.9 with an example, recall
from [Col10a, Ex. II.4.5, II.5.16] that when V is the trivial character of F[GQp

] we
have

D(V )♯ = T−1FJT K and D(V )♮ = FJT K.
Then the action of Γ on T−1 is via

γ(T−1) = ((1 + T )ε(γ) − 1)−1 = (ε(γ)T +O(T 2))−1 = ε−1(γ)T−1u(T )

for some u(T ) ∈ 1 + TFJT K.

Lemma 4.7.11. Let R be a complete Noetherian local O-algebra with finite residue
field, and let D be a formal étale (φ,Γ)-module with R-coefficients. Then D♯/D♮

and Dnr are finite R-modules.

Proof. By Lemma 4.7.9 it suffices to prove this for Dnr. Write V := V(D), so that
by Lemma 4.7.7 the lemma is equivalent to the claim that Dnr(V ab) is R-finite.
By definition Dnr(V ab) is mR-adically complete, and since Dnr is exact on abelian
R[GQp

]-modules (by Lemma 4.7.7), we know that Dnr(V ab)⊗RF ∼= Dnr(V ab⊗RF).
By Lemma 4.3.15, the module Dnr(V ab ⊗R F) is F-finite. This implies the required
finiteness by [Stacks, Tag 031D]. □

https://stacks.math.columbia.edu/tag/031D


A CATEGORICAL p-ADIC LANGLANDS CORRESPONDENCE FOR GL2(Qp) 121

We also note the following application of the preceding results, which we will
need below. If x ∈ Spec(R), we use the notation k(x) to denote the residue field of
the localization of R at the prime ideal corresponding to x.

Lemma 4.7.12. Let R be a reduced O-flat complete Noetherian local O-algebra
with finite residue field. Let V be a continuous R[GQp ]-module which is finite
free over R of rank at least 2, and such that there exists a Zariski dense set of
closed points x ∈ Spec(R[1/p]) such that V ⊗R k(x) is an absolutely irreducible
k(x)[GQp

]-module. Then Dnr(V ) = 0.

Proof. By Lemma 4.7.7 we need to prove that V ab = 0. Since V ab is O-torsion
free, and V ab[1/p] ⊂ V [1/p]ab (where V [1/p]ab is the maximal abelian submodule
of V [1/p]), it suffices to prove that V [1/p]ab = 0. However, V [1/p]ab is contained in
a finite free R[1/p]-module, hence its associated primes are minimal in R[1/p], since
R[1/p] is reduced. To show that V [1/p]ab = 0 it thus suffices to show that it vanishes
after localization at any minimal prime η of R[1/p]. To do so, it suffices to prove that
V [1/p]⊗R k(η) is an absolutely irreducible k(η)[GQp ]-module. However, if this is not
the case, then the properness of the Grassmannian of V [1/p] over SpecR[1/p] shows
that V [1/p] ⊗R k(x) is an absolutely reducible k(x)[GQp

]-module for all x ∈ {η}:
in fact, the GQp

-fixed locus is closed in the Grassmannian. This contradicts our
assumption on V . □

We next establish some properties of the functor D♯ ⊠Qp. It turns out that this
functor is very well behaved in the formal context, thanks to the following result of
Colmez, which shows that the formation of D♯⊠Qp is exact on étale (φ,Γ)-modules
of finite A-length.

Theorem 4.7.13. Let R be a complete Noetherian local O-algebra with finite residue
field. For any short exact sequence

0→ D1 → D2 → D3 → 0

of (not necessarily projective, formal) étale (φ,Γ)-modules with R-coefficients, each
of which is of finite length as an A-module, the sequence

0→ D♯
1 ⊠Qp → D♯

2 ⊠Qp → D♯
3 ⊠Qp → 0

is also short exact.

Proof. This is immediate from [Col10a, Thm. III.3.5]. □

Corollary 4.7.14. Let R be a complete Noetherian local O-algebra with finite
residue field. Then D 7→ D♯ ⊠Qp is a right exact functor on the category of formal
étale (φ,Γ)-modules with R-coefficients.

Proof. Given an exact sequence 0 → D1 → D → D2 → 0 of formal étale (φ,Γ)-
modules with R-coefficients, the sequence (D1)k → Dk → (D2)k → 0 is exact for
all k ≥ 1, and its terms have finite A-length. By Theorem 4.7.13, it stays exact
after applying (–)♯ ⊠Qp, and then the corollary follows from the exactness of lim←−k
on profinite R-modules. □

Before formulating our next result, we note that if D is a formal étale (φ,Γ)-
module over R, and if M is a finitely generated R-module, then D ⊗RM (which
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agrees with D ⊗̂ÂR
(ÂR ⊗RM); see Lemma A.1.41 and Remark A.1.42) is again a

formal étale (φ,Γ)-module, and

(D ⊗RM)k = Dk ⊗RM = Dk ⊗R/mk
R
(M/mkRM)

is a not necessarily projective étale (φ,Γ)-module over R/mkR, for each k ≥ 1.

Lemma 4.7.15. Let R be a complete Noetherian local O-algebra with finite residue
field, and let D be a formal étale (φ,Γ)-module over R.

(1) If M is a finitely generated R-module, then there is a natural isomorphism

(D♯ ⊠Qp)⊗RM
∼−→ (D ⊗RM)♯ ⊠Qp.

(2) If D is furthermore projective, then D♯ ⊠ Qp is topologically flat over R
(and so in particular flat over R).

Proof. For the first part, by Proposition A.1.48 (1) it suffices to show that the
functor M 7→ (D ⊗RM)♯ ⊠Qp is right exact (on the category of finitely generated
R-modules). This follows from the right exactness of M 7→ D ⊗RM and the right
exactness of D 7→ D♯ ⊠Qp (Corollary 4.7.14).

Now suppose that 0 → M1 → M2 → M3 → 0 is a short exact sequence of
profinite R-modules. Write this as the inverse limit of a short exact sequences of
finite-cardinality R-modules 0→M1,i →M2,i →M3,i → 0. Since D is projective,
it is R-flat, and so each of the sequences

0→ D ⊗RM1,i → D ⊗RM2,i → D ⊗RM3,i → 0

is again short exact. By Theorem 4.7.13, we find that

0→ (D ⊗RM1,i)
♯ ⊠Qp → (D ⊗RM2,i)

♯ ⊠Qp → (D ⊗RM3,i)
♯ ⊠Qp → 0

is short exact. Applying the isomorphism of (1) (noting that it does indeed apply,
since the finite R-modules Mj,i are in particular finitely generated), we find that
the sequence

0→ (D♯ ⊠Qp)⊗RM1,i → (D♯ ⊠Qp)⊗RM2,i → (D♯ ⊠Qp)⊗RM3,i → 0

is short exact. Passing to the inverse limit over i, and recalling that the formation
of inverse limits of profinite modules is exact, we find that the sequence

0→ (D♯ ⊠Qp) ⊗̂RM1 → (D♯ ⊠Qp) ⊗̂RM2 → (D♯ ⊠Qp) ⊗̂RM3 → 0

is exact. Bearing in mind Lemma A.1.40, this proves (2). □

Lemma 4.7.16. Let R→ S be a morphism of complete local Noetherian O-algebras
with finite residue fields, let D be a formal étale (φ,Γ)-module over R, and write
DS := D ⊗̂RS. Then the natural map

(D♮ ⊠Qp) ⊗̂RS → D♮
S ⊠Qp

is surjective.

Proof. Suppose to begin with that R and S are both Artinian. It follows from
Lemma 4.2.8 that the morphism D♮ ⊗R S → D♮

S is surjective. (Since S, being
Artinian, is finite over R, the tensor product is automatically complete. Also,
although the cited Lemma assumes projectivity of D, the claimed surjectivity
follows in general from [Col10a, Prop. II.5.17].) Passing to the inverse limit over ψ,
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and taking into account (as always) that these inverse limits of profinite O-modules
are exact, we find that

lim←−
ψ

(D♮ ⊗R S)→ D♮
S ⊠Qp

is surjective. Now the natural morphism

(D♮ ⊠Qp) ⊗̂RS → lim←−
ψ

(D♮ ⊗R S)

evidently has dense image, and hence is surjective (being a continuous map of
profinite O-modules). This completes the proof of the lemma in the Artinian case.

The general case follows by writing the morphism R → S as the inverse limit
of the morphisms R/mkR → S/mkS , and then passing to the inverse limit from the
Artinian case (yet again using the fact the formation of inverse limits of profinite
O-modules is exact). □

4.8. Base-change and the action of GL2(Qp) on D♮⊠P1. We now return to the
setting of a morphism A→ B of Noetherian O/ϖa-algebras, and a projective étale
(φ,Γ)-module with A-coefficients DA. As in Section 4.1, we write DB := DA ⊗̂AB;
then DB is naturally an étale (φ,Γ)-module with B-coefficients.

Remark 4.8.1. Lemma 4.5.5 gives a topological isomorphism of Tate A-modules

DA ⊠P1 ∼−→ DA ⊕ (DA ⊠ pZp).

Now DA is a finite projective AA-module, while DA ⊠ pZp = φ(DA) is a finite
projective φ(AA)-module. Since φ induces an isomorphism of AA onto its image,
we see that DA ⊠ pZp is isomorphic (as a Tate A-module) to a finite projective
AA-module. Hence DA ⊠P1 itself is isomorphic to a finite projective AA-module,
and hence Example 4.1.19 and Remark 4.1.21 apply to DA ⊠P1.

Lemma 4.8.2. Let A→ B be a morphism of Noetherian O/ϖa-algebras for some
a ≥ 1. Let DA be an étale (φ,Γ)-module with A-coefficients. Then there is a natural
isomorphism

(DA ⊠P1) ⊗̂AB
∼−→ DB ⊠P1,

which induces a morphism

(D♮
A ⊠P1) ⊗̂AB → D♮

B ⊠P1.

Proof. The isomorphism D⊕2
A ⊗̂AB

∼−→ D⊕2
B induces a morphism (DA⊠P1) ⊗̂AB →

DB ⊠P1. To show that this is an isomorphism, consider the following commutative
diagram, where the vertical maps are the homeomorphisms z 7→ (ResZp z,RespZp(w ·
z)) of Lemma 4.5.5:

(DA ⊠P1) ⊗̂AB DB ⊠P1

(DA ⊠ Zp) ⊗̂AB ⊕ (DA ⊠ pZp) ⊗̂AB (DB ⊠ Zp)⊕ (DB ⊠ pZp)

Now (DA ⊠ Zp) ⊗̂AB := DA ⊗̂AB maps isomorphically to DB =: DB ⊠ Zp by the
very definition of DB , and so it suffices to show that also

DB ⊠ pZp = (DA ⊠ pZp) ⊗̂AB,
i.e. that

φψ(DB) = (φψ(DA)) ⊗̂AB.
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Since φψ is the projection onto a direct summand as a φ(AA)-module, we are done.
To see that this induces a morphism (D♮

A ⊠P1) ⊗̂AB → D♮
B ⊠P1 as claimed, it

suffices (by the definition of D♮) to consider the commutativity of the diagram

(DA ⊠P1) ⊗̂AB
∼ //

��

DB ⊠P1

��

(DA ⊠Qp) ⊗̂AB // DB ⊠Qp

induced by ResQp , together with the fact that, by Lemma 4.2.8 (2), the bottom
horizontal arrow induces a morphism (D♮

A ⊠Qp) ⊗̂AB → D♮
B ⊠Qp. □

Lemma 4.8.3. Let A→ B be a morphism of Noetherian O/ϖa-algebras for some
a ≥ 1, and let DA be an étale (φ,Γ)-module with A-coefficients.

(1) If MA ⊆ DA ⊠ P1 is a lattice then the image of the natural morphism
MA ⊗̂AB → (DA ⊠ P1) ⊗̂AB = DB ⊠ P1 is a lattice in DB ⊠ P1. In
particular if A→ B is flat then MA ⊗̂AB is a lattice in DB ⊠P1.

(2) If A ↪→ B is injective, and M is a lattice in DB ⊠P1, then M ∩ (DA ⊠P1)
is a lattice in DA ⊠P1.

Proof. This follows from Lemma 4.8.2 together with parts (4) and (5) of Lemma 4.1.14
(taking into account Remark 4.8.1). □

Lemma 4.8.4. Let A→ B be a morphism of Noetherian O/ϖa-algebras for some
a ≥ 1. Let DA be an étale (φ,Γ)-module with A-coefficients, and let DB = DA ⊗̂AB.

(1) If A ↪→ B is injective, and if D♮
B⊠P1 is an OJGK-stable lattice in DB⊠P1,

then D♮
A ⊠P1 is an OJGK-stable lattice in DA ⊠P1.

(2) If D♮
A ⊠ P1 is an OJGK-stable lattice in DA ⊠ P1, then D♮

B ⊠ P1 is a
OJGK-stable lattice in DB ⊠P1.

(3) In the situation of (2), if A→ B is furthermore flat, then (D♮
A ⊠P1) ⊗̂AB

maps isomorphically to D♮
B ⊠P1.

Proof. We begin with (1). By Proposition 4.6.7, D♮
A⊠P1 is a OJGK-stable lattice if

and only if D♮
A ⊠P1 is a lattice if and only if there exists some B(Qp)-stable lattice

in DA⊠P1. Now, (D♮
B⊠P1)∩(DA⊠P1) is a lattice in DA⊠P1 by Lemma 4.8.3 (2),

and it is B(Qp)-stable because both D♮
B ⊠P1 and DA ⊠P1 are OJGK-stable, so we

are done.
We now turn to (2). By Lemma 4.8.3 (1), the image MB of the morphism

(D♮
A ⊠P1) ⊗̂AB → DB ⊠P1

is a lattice in DB ⊠ P1. It is OJGK-stable by construction, so it follows from
Proposition 4.6.7 that D♮

B ⊠P1 is a OJGK-stable lattice.
Finally, let us put ourselves in the situation of (3), so that A→ B is furthermore

assumed to be flat. Then Lemma 4.8.3 (1) shows that (D♮
A ⊠ P1) ⊗̂AB maps

isomorphically onto its image in DB ⊠P1, i.e. onto MB , while Lemma 4.8.2 shows
that MB ⊆ D♮

B ⊠P1. Combining this last fact with the conclusion of Lemma 4.6.5,
we find that ResQp

(MB) = D♮
B ⊠Qp. Thus to show that MB = D♮

B ⊠P1, it suffices
by Lemma 4.6.3 to show that kerResQp = wDnr

B is contained in MB . Since MB is
G-invariant, it is equivalent to show that Dnr

B ⊆MB. Since Dnr
B ⊆ D+

B , it suffices
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in turn to show that D+
B (regarded as a submodule of DB = DB ⊠ Zp and thus

of DB ⊠P1) is contained in MB .

Now, by Lemma 4.5.19, we have an inclusion D+
A = D+

A ⊠ Zp ⊆ D♮
A ⊠P1, which

induces a morphism (D+
A) ⊗̂AB → MB. By Lemma 4.3.12, this morphism is an

injection whose image is identified with D+
B when we identify MB with its image in

D♮
B ⊠P1. This completes the proof. □

Lemma 4.8.5. Let (A,m) be a complete local Noetherian O/ϖa-algebra, and suppose
that DA is an étale (φ,Γ)-module with A-coefficients. Suppose that for each n ≥ 1,
(DA/mn)♮ ⊠ P1 is an OJGK-stable lattice in DA/mn ⊠ P1. Then D♮

A ⊠ P1 is an
OJGK-stable lattice in DA ⊠P1.

Proof. By Lemma 4.6.8, it is enough to prove that D♮
A ⊠ P1 is OJGK-stable; so

by definition we need to prove that if f ∈ OJGK and if x ∈ DA ⊠ P1 satisfies
ResZp

((
pn 0
0 1

)
x
)
∈ D♮

A for all n ≥ 0, then ResZp

((
pn 0
0 1

)
fx
)
∈ D♮

A for all n ≥ 0.
Now, for each m ≥ 1 the assumption that (DA/mm)♮ ⊠ P1 is OJGK-stable

means that the image of ResZp

((
pn 0
0 1

)
fx
)

in DA/mm is contained in D♮
A/mm . By

Lemma 4.2.8 (3), this means that for each n ≥ 0, ResZp

((
pn 0
0 1

)
fx
)

is contained in
D♮
A + mmDA. Since this holds for all m, the lemma follows by an application of

Lemma 4.1.20. □

We now specialize to the case that D has rank 2.

Theorem 4.8.6. Let A be a complete local Noetherian O/ϖa-algebra with finite
residue field, and suppose that DA is an étale (φ,Γ)-module of rank 2 with A-
coefficients and determinant ζε−1. Then D♮

A ⊠ P1 is a OJGK-stable lattice in
DA ⊠P1.

Proof. By Lemma 4.8.5, we may assume (by replacing A by A/mn where m is
the maximal ideal of A) that A is Artinian, in which case DA corresponds to a
2-dimensional representation ρA : GQp → GL2(A). By Lemma 4.8.4 (2), we can
assume that A is a quotient of the universal (fixed determinant) framed deformation
ring S for ρA (mod m).

As explained in [Col10c, §II.3.4], there is a universal formal étale (φ,Γ) module D
over S, and it is proved there thatD♮⊠P1 isG-stable; indeed, by [Col10c, Lem. II.3.6],
this follows from the results of Berger–Breuil [BB10] together with the Zariski density
of the so-called crystalline benign points in the generic fibre SpecS[1/p], which
footnote 7 of [Col10c] explains is known for p ≥ 3. (In fact, Zariski density statements
of this kind are now known in much greater generality; see [BIP23a, Thm. 6.1,
Rem. 6.2] and [BIP23b, Cor. 1.3].) The first paragraph of the proof of [Col10c,
Prop. II.2.15] then shows that D♮

A ⊠P1 is G-stable, and hence also OJGK-stable,
for any Artinian quotient A of S, as required. □

Before stating the next main result of this section, we note the following (pre-
sumably standard) lemma.

Lemma 4.8.7. If A is a Noetherian ring, then for some finite set m1, . . . ,mr of
maximal ideals of A, the natural map A→

∏r
i=1 Âmi

is injective.

Proof. As in the proof of Lemma 4.3.5, we may assume A is non-zero, and then
choose an element f ∈ A and a positive integer n so that A→ Af×A/fn is injective,
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and so that Af contains a unique associated prime p. We then see that Af → Am1
,

and hence also Af → Âm1 , is injective, for any maximal ideal m1 ⊃ p. Note that
maximal ideals n of A/fn correspond to maximal ideals of A containing f , and that
for any such n, the composite A→ A/fn → (A/fn)n → ̂(A/fn)n factors through
the natural map A → Ân. Thus we may continue by Noetherian induction and
establish the lemma. □

Theorem 4.8.8. Suppose that p ≥ 3. Assume that A is a Noetherian O/ϖa-algebra
for some a ≥ 1, and that D is a projective étale (φ,Γ)-module of rank 2 with
A-coefficients and determinant ζε−1. Then D♮ ⊠ P1 is a OJGK-stable lattice in
D ⊠P1.

Proof. Since X is of finite presentation, the morphism SpecA→ X that classifies D
may be factored as SpecA→ SpecA0 → X for some finite type O/ϖa-subalgebra
A0 of A. The morphism SpecA0 → X corresponds to a rank 2 étale (φ,Γ)-module
DA0

with A0-coefficients, such that D ∼−→ DA0
⊗̂A0

A. By Lemma 4.8.4 (2), it then
suffices to show the result for DA0 ; replacing A by A0, we may thus suppose that A
is in fact of finite type over O/ϖa.

By Lemma 4.8.7 and Lemma 4.8.4 (1), we can further reduce to the case that A is
a finite product of complete local Noetherian O/ϖa-algebras with finite residue fields.
This immediately reduces to the case of a single such complete local Noetherian
O/ϖa-algebra, which is Theorem 4.8.6. □

Remark 4.8.9. Note in particular that as a consequence of Lemmas 4.6.3 and 4.6.5,
and Theorem 4.8.8, we have a short exact sequence of B-representations

(4.8.10) 0→ kerResQp
= wDnr → D♮ ⊠P1 → D♮ ⊠Qp → 0.

Lemma 4.1.18 (and Remark 4.8.1) show that the induced topology on wDnr is
discrete.

Corollary 4.8.11. Let R be a complete local Noetherian O-algebra with finite residue
field, and let D be a free rank 2 formal étale (φ,Γ)-module with R-coefficients and
determinant ζε−1. Then D♮⊠P1 is OJGK-stable, and we have a short exact sequence
of B-representations

(4.8.12) 0→ kerResQp
= wDnr → D♮ ⊠P1 → D♮ ⊠Qp → 0.

Proof. Using the exactness of projective limits of profinite sets, this is immediate
from Theorem 4.8.8 and Remark 4.8.9. □

Recall from Definition 2.2.5 and Lemma 2.2.7 that if A is a finite type O/ϖa-
algebra for some a ≥ 1, the Iwasawa algebra AJKK is a topological A-algebra (where
A has the discrete topology), whose topology agrees with the a-adic topology, where
a denotes the ideal in AJKK generated by the augmentation ideal of AJK1K.

Corollary 4.8.13. Suppose that p ≥ 3. Assume that A is a finite type O/ϖa-algebra
for some a ≥ 1, and that D is an étale (φ,Γ)-module of rank 2 with A-coefficients and
determinant ζε−1. Then D♮⊠P1 is a finitely generated AJKK-module. Furthermore,
the topology on D♮ ⊠P1 coincides with its a-adic topology.

Proof. Consider the AJKK-submodule AJKKD+ ⊆ D♮⊠P1. This is a lattice (since it
contains D+ and wD+), and it is finitely generated over AJKK, because D+ is finitely
generated over A+

A = AJT K (being an A+
A-lattice in D) and thus over AJU(Zp)K.
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The quotient (D♮⊠P1)/(AJKKD+) is finitely generated over A and thus over AJKK,
so that D♮ ⊠ P1 is indeed finitely generated over AJKK. Now Corollary 4.5.16
shows that D♮ ⊠P1 is in fact a topological AJKK-module, when endowed with its
natural topology as a lattice in an A-Tate module. Since this topology is complete
and first countable (and so completely metrizable), the general theory of finitely
generated modules over Polish topological rings (cf. [EG23, Prop. C.6] as well as
Remark 2.2.10) shows that the topology on D♮ ⊠P1 is its canonical topology as a
finitely generated AJKK-module, which in turn is precisely its a-adic topology (as
was noted in Remark 2.2.10). □

4.9. Non-flat base-change. Let A → B be a morphism of Noetherian O/ϖa-
algebras, and suppose given a projective rank two étale (φ,Γ)-module DA over AA

with determinant ζε−1. As usual, we then write

DB := DA ⊗AA
AB = DA ⊗̂AB.

Then by Lemma 4.8.2 we have a natural base change morphism

(4.9.1) (D♮
A ⊠P1) ⊗̂AB → D♮

B ⊠P1.

Lemma 4.9.2. The morphism (4.9.1) is an open mapping, whose image is a lattice
in DB ⊠P1. Its kernel and cokernel are both finite over B, and are both discrete
(with respect to their induced and quotient topologies, respectively).

Proof. By Theorem 4.8.8, the source and target of (4.9.1) are lattices in DA ⊠
P1, resp. DB ⊠ P1. By Lemma 4.1.14 (4) (together with Remark 4.8.1), the
morphism (4.9.1) is thus an open mapping, whose kernel is finite over B and
discrete, and whose image is a lattice in DB ⊠P1. Thus the cokernel of (4.9.1) is a
quotient of lattices, and hence is discrete and B-finite. □

Our main focus in this section is on base-change results for non-flat morphisms;
in the flat case, we have the following result.

Lemma 4.9.3. If A→ B is a flat morphism of Noetherian O/ϖa-algebras, and DA

is an étale (φ,Γ)-module of rank 2 with A-coefficients and determinant ζε−1, then
(D♮

A ⊠P1)⊗̂AB = D♮
B ⊠P1.

Proof. This follows from Lemma 4.8.4 (3) and Theorem 4.8.8. □

4.9.4. Base-change in the formal context. Let R → S be a finite morphism of
complete Noetherian local O-algebras, with maximal ideals m and n respectively,
each having finite residue field. Let DR denote a projective rank 2 formal étale (φ,Γ)-
module with R-coefficients and with determinant ζε−1, and set DS := DR ⊗̂RS =
DR ⊗R S. Taking inverse limits of the morphisms (4.9.1) for A = R/mn, B = S/nn,
and using Lemma 4.1.16 to replace a completed tensor product by a tensor product,
we obtain a natural base-change morphism

(4.9.5) (D♮
R ⊠P1)⊗R S → D♮

S ⊠P1.

Lemma 4.9.6. The kernel K and cokernel C of (4.9.5) are finite S-modules.

Proof. Consider the short exact sequence

0→ D♮
R ⊠Qp → D♯

R ⊠Qp → D♯
R/D

♮
R → 0
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arising from Lemma 4.7.2. Taking the tensor product of this short exact sequence
with S over R, and taking into account Lemma 4.7.15 (2), we obtain an exact
sequence of B-representations

0→ TorR1 (D
♯
R/D

♮
R, S)→ (D♮

R⊠Qp)⊗RS → (D♯
R⊠Qp)⊗RS → (D♯

R/D
♮
R)⊗RS → 0.

Lemma 4.7.15 (1) shows that (D♯
R ⊠Qp)⊗R S

∼−→ D♯
S ⊠Qp, while Lemma 4.7.16

shows that (D♮
R ⊠ Qp) ⊗R S → D♮

S ⊠ Qp is surjective. Thus we can rewrite the
preceding exact sequence in the form

(4.9.7) 0→ TorR1 (D
♯
R/D

♮
R, S)→ (D♮

R ⊠Qp)⊗R S → D♮
S ⊠Qp → 0.

Next, the exact sequences of (4.8.12) give rise to a diagram of B-representations

(w ·Dnr
R )⊗R S //

��

(D♮
R ⊠P1)⊗R S //

(4.9.5)
��

(D♮
R ⊠Qp)⊗R S //

��

0

0 // w ·Dnr
S

// D♮
S ⊠P1 // D♮

S ⊠Qp
// 0

Applying the snake lemma, we obtain an exact sequence of B-representations

(4.9.8) ker
(
(w ·Dnr

R )⊗R S → w ·Dnr
S

)
→ K → TorR1 (D

♯
R/D

♮
R, S)

→ coker
(
(w ·Dnr

R )⊗R S → w ·Dnr
S

)
→ C → 0.

By Lemma 4.7.11, Dnr
R and D♯

R/D
♮
R are finite R-modules, and Dnr

S is a finite S-
module. It follows from (4.9.8) that K and C are finite S-modules, as required. □

We can now exploit the correspondence between formal étale (φ,Γ)-modules
and Galois representations to say something more precise about K and C. Write
V := V(DR), so that DR

∼−→ D(V ). Lemma 4.7.7 shows that

Dnr
R

∼−→ Dnr(V )
∼−→ V ab

as R-linear Q×
p -representations, while Lemma 4.7.9 shows that

D♯
R/D

♮
R

∼−→ D♯(V )/D♮(V )
∼−→ Vab ⊗ ε−1

as R-linear Q×
p -representations. Of course, there are analogous isomorphisms for

VS := V ⊗R S = V(DS).
Since K and C are finite over S, Lemma 3.6.9 and Remark 4.5.3 show that G acts

on each of them through a direct sum of β ◦ det-eigenspaces, where β runs over the
characters β : Q×

p → O× with β2 = ζε−2. We can then read off β as the restriction
of the G-action to the image of the embedding (4.6.1); in other words, the G-actions
on K and C are entirely determined by their restriction to this image, i.e. by their
structure as Q×

p -modules.
We can then rewrite the exact sequences of B-representations (4.9.7) and (4.9.8)

in the form

(4.9.9) 0→ TorR1 (Vab ⊗ ε−1, S)→ (D♮
R ⊠Qp)⊗R S → D♮

S ⊠Qp → 0

and

(4.9.10) ker
(
(w · V ab)⊗R S → w · (V ⊗R S)ab

)
→ K → TorR1 (Vab ⊗ ε−1, S)

→ coker
(
(w · V ab)⊗R S → w · (V ⊗R S)ab

)
→ C → 0.
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As an example of how the preceding results can be applied, we establish the
following result, which greatly constrains the circumstances in which K and C can
be non-zero.

Lemma 4.9.11. Write V := V/m, a continuous two dimensional representation
of GQp

over the residue field k := R/m (which is a finite extension of F). Then
the base-change morphism (4.9.5) is an isomorphism unless V

ss ∼= χ⊕ χω for some
continuous character χ : GQp → k×.

Proof. As already noted, each of K and C is a finite S-module equipped with
a continuous G-action, and admitting ζε−1 as a central character, so that, by
Lemma 3.6.9, G acts on each of them through a direct sum of β ◦ det-eigenspaces,
where β : Q×

p → O× and β2 = ζε−2.
Considering (4.9.9) and (4.9.10), we see that any such character β must then

contribute to one of V ab ⊗R S, (VS)ab, or TorR1 (Vab ⊗ ε−1, S). Thus the reduction
β : Q×

p → F× must be a constituent of either V or V ⊗ ω−1. Since detV = ζω−1,

while β
2
= ζω−2, we find that V

ss ∼−→ β ⊕ βω, proving the lemma. □

4.9.12. Compatibility with completion. If R is a complete local Noetherian O/ϖa-
algebra with finite residue field (for some a ≥ 1), then in addition to the theory of
formal étale (φ,Γ)-modules that we have discussed in Section 4.7, we can also consider
the context of the theory of projective étale (φ,Γ)-modules with R-coefficients, as
developed in the preceding sections. Given a projective étale (φ,Γ)-module D with
R-coefficients, we may form D̂ := lim←−kD/m

k
RD, a projective formal étale (φ,Γ)-

module with R-coefficients. We wish to compare some of the preceding constructions
for D̂ with the analogous constructions for D itself.

Before doing this, we need a brief discussion on topologies. Recall that if L
is a lattice in an R-Tate module, then in addition to its Tate-module topology,
it has a weak topology, as described in Section 4.1.7. In particular, D♮ admits a
weak topology, obtained as the inverse limit topology of the quotient topology on
D♮/mkRD

♮ under the isomorphism D♮ ∼−→ lim←−k(D
♮/mkRD

♮) of Lemma 4.1.8. On the
other hand, (D̂)♮ := lim←−k(D/m

k
RD)♮ is endowed with the inverse limit topology with

respect to the R/mkR-Tate module topology on (D/mkRD)♮.
Recalling that D♮ ⊠Qp := lim←−ψD

♮, we also define a weak topology on D♮ ⊠Qp,
as the inverse limit topology arising from the weak topology on each of the terms in
the inverse limit that defines it.

Lemma 4.9.13. Let R be a complete Noetherian local O/ϖa-algebra with finite
residue field, and let D be a projective étale (φ,Γ)-module with R-coefficients. Then
there are natural topological isomorphisms:

(1) D♮ ∼−→ (D̂)♮,
(2) D♮ ⊠Qp

∼−→ (D̂)♮ ⊠Qp,
(3) Dnr ∼−→ (D̂)nr,

where D♮ and D♮ ⊠Qp are endowed with their weak topologies, and Dnr (a finite
R-module, by Lemma 4.3.15) is endowed with its mR-adic topology. If D furthermore
has rank two and determinant ζε−1, then there is a natural topological isomorphism:

(4) D♮ ⊠P1 ∼−→ (D̂)♮ ⊠P1,
where D♮ ⊠P1 is endowed with its weak topology.
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Proof. Throughout the proof we use the fact that completed tensor products
– ⊗̂RR/mkR coincide with usual tensor products –⊗R R/mkR = (–)/mkR, since R/mkR
is finitely presented over R (see Lemma A.1.41)

Write Dk := D/mkRD for k ≥ 1, so that D̂ := lim←−kDk. The natural map
D → D̂ is an injection (because AR → ÂR is an injection and D is projective).
Lemma 4.2.8 (2) shows that for each k we have a short exact sequence

0→Mk → D♮/mkRD
♮ → (Dk)

♮ → 0

(defining Mk), and Lemma 4.1.14 (4) shows that each Mk is a finite R/mkR-module,
and so is a finite set. Note that all arrows in this exact sequence are continuous for
the R/mkR-Tate module topology on (Dk)

♮ and the quotient topology on D♮/mkRD
♮.

Passing to the inverse limit over k, we obtain a continuous surjection D♮ → (D̂)♮.
Since this map is also obtained by restricting the injection D ↪→ D̂, it is also an
injection. Since D♮ is weakly compact, by Lemma 4.1.8, and (D̂)♮ is Hausdorff, this
map is a topological isomorphism. This proves (1).

Part 2 follows directly from part (1). More precisely, we see that

D♮ ⊠Qp := lim←−
ψ

D♮ ∼−→ lim←−
ψ

(D̂)♮ =: (D̂)♮ ⊠Qp.

We now turn to part (3). Note firstly that each surjection D → Dk restricts
to a morphism Dnr → (Dk)

nr, which, taken together, yield a morphism Dnr →
lim←−k(Dk)

nr. This is in fact an injection, being the restriction of the embedding D ↪→
D̂. Since (Dk)

nr ⊆ (Dk)
♮, we furthermore find (using part (1)) that lim←−k(Dk)

nr ⊆
D♮ ⊂ D. Now φ acts bijectively on each (Dk)

nr, and thus on lim←−(Dk)
nr. Thus in

fact (D̂)nr := lim←−(Dk)
nr ⊆ Dnr (by the definition of Dnr). This gives the opposite

inclusion to the one already proved, and so establishes part (3).
Finally, we turn to part (4). By our definition of the functors (–)nr, (–)♮ ⊠ P1

and (–)♯ ⊠ P1 on formal étale (φ,Γ)-modules (see Definition 4.7.1), we have a
commutative diagram

w ·Dnr D♮ ⊠P1 D♮ ⊠Qp 0

0 w · (D̂)nr (D̂)♮ ⊠P1 (D̂)♮ ⊠Qp.

The first, resp. third vertical arrow is an isomorphism by part (3), resp. part (2). The
first, resp. second row is exact by Remark 4.8.9, resp. Lemma 4.6.3. An application
of the snake lemma then shows that the middle arrow is a bijection. Since D♮⊠P1 is
profinite in its weak topology, by Lemma 4.1.8, and the middle arrow is continuous
for this topology, it is therefore a topological isomorphism, as desired. (To see this
continuity, it suffices to check that each D♮ ⊠P1 → D♮

k ⊠P1 is weakly continuous;
since this map factors through (D♮ ⊠ P1)/mk, it is equivalent to check that it is
strongly continuous; and this is true because it is a restriction of D⊕2 → D⊕2

k .) □

4.9.14. Base-change in the finite type context. We now turn to the setting of a
morphism of finite type O/ϖa-algebras A → B, and a projective rank two étale
(φ,Γ)-module DA over AA with determinant ζε−1, corresponding to a morphism
SpecA→ X . Recall (Definition 3.4.11) that we have defined a substack X (St) of X .
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Corollary 4.9.15. Let A→ B be a morphism of finite type O/ϖa-algebras, and
let DA be a projective rank two étale (φ,Γ)-module with A-coefficients, with deter-
minant ζε−1. Then the kernel and cokernel of the base-change morphism (4.9.1)

(D♮
A ⊠P1) ⊗̂AB → D♮

B ⊠P1

are supported on SpecB ×X X (St).

Proof. Extend (as we may) the morphism A→ B to a surjection A[x1, . . . , xn]→ B
(for some n ≥ 1). Since A→ A[x1, . . . , xn] is flat, the base-change morphism

(D♮
A ⊠P1) ⊗̂AA[x1, . . . , xn]→ D♮

A[x1,...,xn]
⊠P1

is an isomorphism (by Lemma 4.8.4 (3)), and so we see that, in proving the lemma,
we may replace A by A[x1, . . . , xn] and DA by DA[x1,...,xn], and hence assume that
the morphism A→ B is furthermore surjective (and so, in particular, finite).

Now let K, resp. C, denote the kernel, resp. cokernel, of (4.9.1). By Lemma 4.9.2,
(4.9.1) is open, and K and C are each finite over B.

We now study the completions of K and C, in order to reduce to the results in
the formal case considered above.

Let n be a maximal ideal of B, with preimage m in A. Since A → Âm is flat,
Lemma 4.8.4 (3) shows that the base-change morphism

(D♮
A ⊠P1) ⊗̂AÂm → D♮

Âm
⊠P1

is an isomorphism. Similarly,

(D♮
B ⊠P1) ⊗̂BB̂n → D♮

B̂n
⊠P1

is an isomorphism. Thus, tensoring (4.9.1) with B̂n over B, we obtain an exact
sequence that can be rewritten as

0→ K̂n → (D♮

Âm
⊠P1) ⊗̂Âm

B̂n → D♮

B̂n
⊠P1 → Ĉn → 0.

(Recall that if M is a finite B-module with the discrete topology, then M ⊗̂BB̂n =

M ⊗B B̂n
∼−→ M̂n.) Taking into account the isomorphism of Lemma 4.9.13 (4), we

may further replace DÂm
and DB̂n

by their formal completions, obtaining the exact
sequence

0→ K̂n → (D̂♮

Âm
⊠P1) ⊗̂Âm

B̂n → D̂♮

B̂n
⊠P1 → Ĉn → 0.

By Lemma 4.1.16, we can rewrite this as

0→ K̂n → (D̂♮

Âm
⊠P1)⊗Âm

B̂n → D̂♮

B̂n
⊠P1 → Ĉn → 0.

The result is now immediate from Lemma 4.9.11. □

4.10. Some explicit base-change computations. In this section we investigate
two particular instances of the base-change we studied in Section 4.9.4. In light of
Lemma 4.9.11, the interesting cases are those when D := D(V ), for V a free rank 2
module over the complete Noetherian local ring R equipped with a continuous action
of GQp

, such that furthermore V
ss

is a twist of ω ⊕ 1. We will be primarily focused
on the case when V is in fact already semisimple, and so (up to a twist) isomorphic
to ω⊕ 1; thus we begin with some considerations related to the corresponding versal
deformation.
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Throughout this section we let θ = ω+1, and we will denote the versal deformation
ring Rver

θ
from Definition 3.4.4, resp. the versal object V ver

θ
, by R, resp. V . Then V

is a versal deformation of ω ⊕ 1 with fixed determinant ε, and R is equal to the
m-adic completion of the ring S introduced in Section 3.4.9, where m is the maximal
ideal of S corresponding to the closed point of Xθ given by the representation
ω ⊕ 1; namely m = (a0, a1, b0, b1, c). Thus R = OJa0, a1, b0, b1, cK/(a0b1 + a1b0)
(and the character ζ is implicitly fixed to be ε2, so that det(V ) = ζε−1). The
natural map Rps

θ
→ R from the pseudodeformation ring is injective with image

Rps

θ
= OJa0, a1, b0c, b1cK/(a0b1c + a1b0c). Furthermore, V ∼= R⊕2 endowed with

a certain GQp-action, which can be written down essentially explicitly, see for
example [HT15, Section 3], [JNW24, Section 3.4] or [Paš13, Appendix B], but we
won’t need that here. Rather, we use the fact (see (3.4.10) for a discussion) that
OJGQp

K acts on V through its quotient R̃θ, and that the action map R̃θ →M2(R)
is injective with image (

Rps

θ
Rps

θ
b0 +Rps

θ
b1

Rps

θ
c Rps

θ

)
.

4.10.1. Computing abelian subrepresentations and quotients. Our key tool for study-
ing base-change problems involving V and its various specializations will be the
exact sequence (4.9.10). In order to use it, we will need to compute V ab and Vab
(and the analogous objects for the specializations of V ). A convenient way to do
this is in terms of the “abelianization” of R̃θ, i.e. its maximal commutative quotient.
One easily verifies that this quotient is equal to(

Rps

θ
/(b0c, b1c) 0

0 Rps

θ
/(b0c, b1c)

)
,

which is the quotient of R̃θ by its ideal

J :=

(
(b0c, b1c) Rps

θ
b0 +Rps

θ
b1

Rps

θ
c (b0c, b1c)

)
.

Thus, if S is any quotient of R, and VS := V ⊗R S = S⊕2 is the corresponding
GQp

-representation, then we see that

(4.10.2) (VS)
ab = VS [J ] = S[c]⊕ S[(b0, b1)] ⊆ S ⊕ S,

while

(4.10.3) (VS)ab = VS/JVS = S/(b0, b1)S ⊕ S/cS.

Since V/mV = ω⊕ 1, we see that GQp
acts on the first summand of (VS)ab through

a deformation of ω, and on the second summand through a deformation of 1.
Since GQp acts on both summands through its abelianization, we can regard these
as representations of Q×

p .
For example, if we apply the above discussion to the case of V itself (i.e. we take

S = R), we obtain the following result.

Lemma 4.10.4.
(1) V ab = 0.
(2) Vab = R/(b0, b1) ⊕ R/(c), with Q×

p acting on the first summand via a
deformation of ω, and on the second summand via a deformation of 1.
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Proof. The first claim follows from (4.10.2) and the fact that R is an integral domain,
so that R[c] = R[(b0, b1)] = 0. (Alternatively, it also follows from Lemma 4.7.12.)
The second claim follows immediately from (4.10.3). □

If I denotes an ideal in the versal ring R, and if we write D := D(V ) and
D′ := D(V/IV ), then we can study the base-change morphism

(4.10.5) (D♮ ⊠P1)⊗R R/I → D′♮ ⊠P1.

If we let K and C denote the kernel and cokernel respectively of this morphism,
then (since, as already noted in Lemma 4.10.4 above, we have V ab = 0), we deduce
from (4.9.10), together with (4.10.2) and (4.10.3), that K and C admit the alternate
descriptions as the kernel and cokernel of a morphism

(4.10.6) TorR1 (V/JV ⊗ ε−1, R/I)→ w · (V/IV )[J ];

in particular they are finite R/I-modules.
More generally, choose a descending sequence of ideals In ⊂ I, write

Dn := D(V/InV ) = D(V )⊗R R/In,
and let Kn and Cn denote the kernel and cokernel of the base-change morphism

(4.10.7) (D♮
n ⊠P1)⊗R/In R/I → D′♮ ⊠P1.

Then {Kn}n≥1 and {Cn}n≥1 are projective systems of finitely generatedR/I-modules.
There are evident morphisms K → lim←−nKn and C → lim←−n Cn, which are easily seen
to be isomorphisms. In the following lemma we make the stronger observation that,
under a natural assumption on In, these in fact are isomorphisms in the category
ProModfg(R/I).

Lemma 4.10.8. Maintain the notation of the previous paragraph, and assume
further that the ideals In are cofinal with the powers of I1. Then the natural maps
induce isomorphisms K ∼−→ limnKn and C ∼−→ limn Cn in ProModfg(R/I). In
particular, both limnKn and limn Cn, which a priori are objects of ProModfg(R/I),
are in fact isomorphic to objects of Modfg(R/I).

Proof. Since the pro-objects Kn and Cn arising from In and In1 are isomorphic,
we can assume without loss of generality that In = In1 . Just as in the preceding
discussion, we then apply (4.9.10), together with (4.10.2) and (4.10.3), to deduce
that the Kn and Cn fit into the projective system of exact sequences

w · ker
((

(V/In1 V )[J ]
)
⊗R/In1 R/I → (V/IV )[J ]

)
→ Kn

→ Tor
R/In1
1

((
(V/In1 V )/J(V/In1 V )

)
⊗ ε−1, R/I

)
→ w · coker

((
(V/In1 V )[J ]

)
⊗R/In1 R/I → (V/IV )[J ]

)
→ Cn → 0.

If we regard this projective system of exact sequences as giving an exact sequence in
the category ProModfg(R/I), then the Artin–Rees lemma shows that it is isomorphic
in that category to the exact sequence

(4.10.9)
w · ker

(
(V [J ])⊗R R/I → (V/IV )[J ]

)
→ limnKn → TorR1

(
(V/JV )⊗ ε−1, R/I

)
→ w · coker

(
(V [J ])⊗R R/I → (V/IV )[J ]

)
→ limn Cn → 0.
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(More precisely, we are using the fact that the functor

Modfp(R)→ ProModfp(R),M 7→ limnM/In1M

is fully faithful and exact, which is a standard consequence of the Artin–Rees lemma.)
As already noted in Lemma 4.10.4 above, we have V ab = V [J ] = 0, so that (4.10.9)
simplifies to

0 → limnKn → TorR1
(
(V/JV ) ⊗ ε−1, R/I

)
→ w · (V/IV )[J ] → limn Cn → 0.

Since the inner two terms are in fact objects of Modfg(R/I), the same is true of
the outer two terms, as claimed. Furthermore, taking into account the description
of K and C as the kernel and cokernel of (4.10.6) (and the evident naturality of the
formation of (4.9.10)), we obtain the claimed isomorphisms. □

In the remainder of this section we consider the “extreme case” of base-change
along R→ R/mR

∼−→ F. Thus, again writing D := D(V ), and also writing

D := D(V ) = D(ω ⊕ 1),

we will study the base-change morphism

(4.10.10) (D♮ ⊠P1)⊗R F→ D
♮
⊠P1.

Lemma 4.10.11. Let πα := IndGB(ω ⊗ ω−1). Then we have an isomorphism

D
♮
⊠P1 ∼−→ π∨

α ⊕ (1G − St)∨,

where (1G − St)∨ is the Pontrjagin dual to the unique non-split extension of St
by 1G.

Proof. This follows from [Col10c, Section VII.4.7], where it is shown that

D(1)♮ ⊠P1 ∼−→ (1G − St)∨

and
D(ω)♮ ⊠P1 ∼−→ π∨

α .

(Note that, since we have ζ = ε2 in this subsection, our symbol ⊠ coincides with
the ⊠ of loc. cit.) □

As usual, we denote the kernel and cokernel of (4.10.10) respectively by K and C.
Taking Lemma 4.10.4 into account, we see that the exact sequence (4.9.10) of
B-representations associated to the base-change morphism (4.10.10) may be written
as

(4.10.12) 0→ K → (1⊗ 1)⊕2 ⊕ (ω−1 ⊗ ω)→ (1⊗ 1)⊕ (ω−1 ⊗ ω)→ C → 0.

(Here we have used the fact that the F-dimension of TorR1 (R/I,F) is equal to the
minimal number of generators of I, for any ideal I ⊆ R.)

Since, by Lemma 3.6.9, the G-action on each of K and C (and hence also the
B-action) has to be a direct sum of representations of the form β ◦ det, we see that
in fact either

K ∼−→ 1∨
G and C = 0

or
K ∼−→ (1∨

G)
⊕2 and C ∼−→ 1∨

G.

We write 1∨
G here, rather than 1 as in (4.10.12), to emphasize the fact that here we

regard K and C as G-representations, as opposed to GQp
-representations; in other
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words, since K and C are the kernel and cokernel of (4.10.10), which is a morphism
in Cθ, we consider them as objects of Cθ.

Since Ext1A(1G, πα) = 0 by [Paš13, (165)], we deduce from Lemma 4.10.11
together with the preceding computations of K and C that

(4.10.13) (D♮ ⊠P1)⊗R F
∼−→ π∨

α ⊕E∨,

where E is either a three-step extension of the form (1G − St − 1G) or else an
extension of the form (St − 1⊕2

G ), depending on which of the two possibilities for
the structure of K and C holds.

We will show that in fact the second case is the one that holds, and, furthermore,
that E is the universal extension E(St) of 1G by St. We will do this by finding
certain O-specializations V ′ of V such that the induced map (D♮ ⊠P1) ⊗R F →
(D(V ′)♮ ⊠P1)⊗O F is surjective, and such that the target is a successive extension
of π∨

α by St∨ by 1∨
G, the latter extension having been arbitrarily chosen in advance.

4.10.14. Construction of specializations. Let τ ̸= 0 ∈ HomZ(Q
×
p ,F), and let τ⊥ be

its orthogonal line in H1(GQp
,F(ω)) under local Tate duality. We write ρτ for the

non-split extension
0→ ω → ρτ → 1→ 0

corresponding to τ⊥, and we choose a lift ρτ : GQp
→ GL2(O) of ρτ with determi-

nant ε such that ρτ [1/p] is absolutely irreducible. To construct this lift, we may need
to replace E with a finite extension; since we ultimately need to construct such lifts
just for the two members of some chosen F-basis of HomZ(Q

×
p ,F), we make such a

replacement once and for all. The existence of the lift is then a very special case
of [BIP23a, Prop. 1.12], but it is easily seen to exist by a direct argument; indeed ρτ
is unobstructed, so the corresponding universal deformation ring is formally smooth,
and the reducible locus is formally smooth of codimension 1. We write Dτ := D(ρτ )
and Dτ := D(ρτ ).

Lemma 4.10.15. The natural map (D♮
τ ⊠P1)⊗O F→ D

♮

τ ⊠P1 is an isomorphism.

Proof. This follows by a consideration of (4.9.10) (with the map of local rings
taken to be O → F). Indeed, taking into account Lemma 4.7.12, and noting that
(ρτ )ab ⊗O F

∼−→ (ρτ )ab
∼−→ 1, we see that this sequence simplifies to

0→ K → ω−1 ⊗ ω → ω−1 ⊗ ω → C → 0,

from which (recalling, as always, that the action of G on K and C has to be via
representations of the form β ◦ det) we see that K = C = 0, as required. □

Recall from [Col10c, Prop. VII.4.27] (and the discussion preceding the statement
of that result) that we have a short exact sequence

0→ (1G − πα)∨ → D
♮

τ ⊠P1 → St∨ → 0,

where (1G − πα)∨ denotes the dual to unique non-split extension of πα by 1G.

Indeed, in the notation of loc. cit. , we have D1 = D(ω) and D2 = D(1), D♯
1 ⊠P1 =

(1G − πα)∨, and (D♮
2 ⊠P1)0 = St∨. Write

(4.10.16) E∨
τ := (D

♮

τ ⊠P1)/π∨
α ,
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so that E∨
τ is an extension of St∨ by 1∨

G, dual to an extension Eτ of 1G by St.
By [Col10c, Thm. VII.4.18, Prop. VII.4.27], the map Eτ 7→ τ is an F-linear
isomorphism

(4.10.17) Ext1A(1G, St)
∼−→ HomZ(Q

×
p ,F).

Of course, the representations ρτ are not specializations of our versal representa-
tion V , since they have the wrong residual representations. However, after enlarging
E if necessary (e.g. replacing E by E(ϖ1/2) suffices), we may find a GQp

-invariant
lattice ρss ⊂ ρτ with reduction equal to ω ⊕ 1, and such that

(4.10.18) ϖρss ⊂ ϖρτ ⊂ ρss ⊂ ρτ .

Lemma 4.10.19. There is an isomorphism

(D(ρss)⊠P1)⊗O F
∼−→ π∨

α ⊕ E∨
τ .

Proof. We apply (4.9.10) to the base-change of D(ρss) ⊠ P1 along the surjection
O → F. Taking into account Lemma 4.7.12, and the fact that (ρss)ab⊗O F = ω⊕ 1,
we see that this sequence simplifies to

0→ K → (1⊗ 1)⊕ (ω−1 ⊗ ω)→ (1⊗ 1)⊕ (ω−1 ⊗ ω)→ C → 0.

Thus either K = C = 0, or K = C = 1∨
G. If we also take into account Lemma 4.10.11,

we conclude that, correspondingly, either

(D(ρss)⊠P1)⊗O F
∼−→ π∨

α ⊕ (1G − St)∨,

or else that
(D(ρss)⊠P1)⊗O F

∼−→ π∨
α ⊕ (St− 1G)

∨,

for some extension (St− 1G) of 1G by St.
To conclude the proof, it therefore suffices to show that there is an embedding

E∨
τ ↪→

(
D(ρss)⊠P1

)
⊗O F.

To this end, observe first that the functor D 7→ D♮ ⊠ P1 preserves injections: in
fact, inspecting Definition 4.7.1 we see that there are natural injections D♮ ⊠P1 →
D ⊠P1 → D⊕2, and D 7→ D⊕2 is exact.

We thus see that D♮
τ ⊠P1 is ϖ-torsion free, and applying (–)♮ ⊠P1 to (4.10.18),

we obtain a chain of inclusions

ϖ(D♮
ss ⊠P1) ⊂ ϖ(D♮

τ ⊠P1) ⊂ D♮
ss ⊠P1 ⊂ D♮

τ ⊠P1,

from which we deduce that (D♮
ss ⊠P1)⊗O F has a submodule isomorphic to

coker
(
(D♮

ss ⊠P1)⊗O F→ (D♮
τ ⊠P1)⊗O F

)
.

It therefore suffices to prove that this cokernel is isomorphic to E∨
τ . By Lemma 4.10.15

and (4.10.16) (i.e. by the definition of Eτ ), it suffices to prove that

image
(
(D♮

ss ⊠P1)⊗O F→ (D♮
τ ⊠P1)⊗O F

∼−→ D
♮

τ ⊠P1
)
= π∨

α .

We have a commutative diagram

(D♮
ss ⊠P1)⊗O F (D♮

τ ⊠P1)⊗O F

D
♮

ss ⊠P1 D
♮

τ ⊠P1

∼
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where the lower horizontal arrow is induced by a non-zero map ω ⊕ 1→ ρτ , and so
has image D(ω)♮ ⊠P1 = π∨

α . This concludes the proof, since the cokernel C of the
left vertical arrow is finite-dimensional. □

Definition 4.10.20. Recall that dimF Ext1A(1G, St) = 2 (e.g. by [Paš13, Sec-
tion 10.1], or (4.10.17) above). The universal extension E(St) is defined to be the
pushout along St of any two linearly independent extensions of 1G by St. Alterna-
tively, we may describe E(St) as the preimage in injF[G/Z](St) of the 1G-isotypic
component of the first layer of the socle filtration. It sits in a short exact sequence

0→ St→ E(St)→ 1⊕2
G → 0.

Thus its Pontrjagin dual sits in a short exact sequence

0→ (1∨
G)

⊕2 → E(St)∨ → St∨ → 0.

Theorem 4.10.21. We have an isomorphism

(D♮ ⊠P1)⊗R F ∼= π∨
α ⊕ E(St)∨.

Proof. Let ρss be one of the lattices considered in Lemma 4.10.19. Then ρss is
obtained by base-changing V along some O-algebra morphism R→ O. Considering
the exact sequence (4.9.10) for this base-change, and again taking into account
Lemma 4.7.12 (which applies to both V and ρss), we deduce that the induced map

D ⊠P1 → D(ρss)⊠P1

is surjective. Consequently

(D ⊠P1)⊗R F→
(
D(ρss)⊠P1

)
⊗O F

is also surjective. Lemma 4.10.19 shows that the target has a direct summand
isomorphic to E∨

τ . Considering (4.10.13), we deduce that the direct summand E∨

of the source surjects onto E∨
τ . Letting τ range over a pair of basis vectors of

HomZ(Q
×
p ,F), we find that in fact E∨ appearing in (4.10.13) must be the dual to

the universal extension E(St), as required. □

In fact, in the sequel, our application of Theorem 4.10.21 will be via the following
corollary, which does not use its full strength, but only its particular consequence

(4.10.22) HomCθ
((D♮ ⊠P1)⊗R F,1∨

G) = 0.

Corollary 4.10.23. Suppose that iS : Spf S → Xθ is a versal morphism at the closed
point of Xθ, where S is a complete local Noetherian O-algebra with finite residue
field. Write DS for the corresponding formal étale (φ,Γ)-module with S-coefficients
(i.e. DS := D(̂i∗SVθ)). Then D♮

S ⊠P1 has no Cθ-quotients of O-finite length.

Proof. Without loss of generality (cf. [Stacks, Tag 06T5]) we can and do suppose
that S = RJx1, . . . , xrK is a power series ring over R, where R is the versal ring
considered above. If

HomCθ
(D♮

S ⊠P1,1∨
G) ̸= 0,

then there exists k > 0 such that

HomCθ

(
(D♮

S ⊠P1)⊗S S/mkS ,1∨
G

)
̸= 0.

https://stacks.math.columbia.edu/tag/06T5


138 A. DOTTO, M. EMERTON, AND T. GEE

(This is because D♮
S⊠P1 is a profinite S-module, hence has the mS-adic topology by

Lemma A.1.32 (8), and we are working with continuous homomorphisms.) Filtering
S by powers of the maximal ideal, we deduce that

(4.10.24) HomCθ

(
(D♮

S ⊠P1)⊗S F,1∨
G

)
̸= 0.

Writing Sn := (R/mnR)[x1, . . . , xr]/(x1, . . . , xr)
n, we have S = lim←−n Sn, and by

definition
D♮
S ⊠P1 = lim←−

n

D♮
Sn

⊠P1.

Applying part (3) of Lemma 4.8.4 to the finite free morphism R/mnR → Sn, and
using Lemma 4.1.16 to replace ⊗̂ with ⊗, we find that

D♮
S ⊠P1 ∼= lim←−

n

(D♮
R/mn

R
⊠P1)⊗R/mn

R
Sn.

Since F is finitely presented over R and S, and cofiltered limits are exact in Cθ, we
conclude that

(D♮
S ⊠P1)⊗S F ∼= lim←−

n

((D♮
R/mn

R
⊠P1)⊗R/mn

R
Sn ⊗S F) ∼= (D♮ ⊠P1)⊗R F.

Then (4.10.24) contradicts (4.10.22), and we are done. □

5. The functor

We now construct our functor F : Db
fp(A) → Db

coh(X ), and prove our main
theorem, i.e. that F is fully faithful.

5.1. The definition of the functor. In this section we construct the pro-coherent
sheaf L∞ of OJGKζ-modules over X , and use it to define our functor F.

5.1.1. Interpreting linearly topological modules as pro-coherent sheaves. We begin
by explaining a general procedure that converts certain topological modules into
pro-coherent sheaves. We have the following (slightly ad hoc) definition.

Definition 5.1.2. Let A be a Noetherian ring endowed with the discrete topology.
We say that a linearly topological A-module M is pro-coherent if M is complete, and
if for any open A-submodule U of M , the quotient M/U is finitely generated over A.
(Of course, it suffices to check this condition for U running over a neighbourhood
basis of 0.) Note that the natural morphism M → lim←−U M/U (the projective limit
being taken over all open submodules of M , where each quotient is endowed with
its discrete topology) is then a topological isomorphism.

Remark 5.1.3. Any lattice in an A-Tate module is pro-coherent when equipped with
its induced topology.

For any finitely generated A-module N , we write Ñ to denote the coherent sheaf
obtained by localizing N over SpecA.

Definition 5.1.4. If M is a pro-coherent linearly topological A-module, then we
write M̃ := limU M̃/U , regarded as a pro-coherent sheaf on SpecA, i.e. an object of
ProCoh(SpecA).

Remark 5.1.5. Any finitely generated A-module may be regarded as a pro-coherent
A-module by endowing it with the discrete topology; in this case the two possible
meanings of Ñ evidently coincide.
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Remark 5.1.6. If A is a finite type O/ϖa-algebra, and M is a finitely presented
AJKK-module, the canonical completely metrizable topology on M coincides with
its a-adic topology, and so it is pro-coherent. The functor Modfp(AJKK) →
ProCoh(SpecA),M 7→ M̃ is isomorphic to M 7→ limnM/anM , and so it is ex-
act, by Lemma 2.2.7 (5).

Remark 5.1.7. Not every pro-coherent sheaf limi Fi on SpecA need be of the form M̃
for some pro-coherent linearly topological A-module, even if the transition morphisms
Fi′ → Fi are surjective. Indeed, if we let M := lim←−i Fi(A), then the morphisms
M → Fi(A) need not be surjective (see e.g. [Stacks, Tag 0ANX]).

On the other hand, if the indexing set I is countable and the transition morphisms
are surjective, then M is indeed a pro-coherent module, and the natural morphism
M̃ → limi Fi is an isomorphism.

The following lemma shows that the formation of M̃ gives rise to a fully faithful
functor with certain natural exactness properties.

Lemma 5.1.8. The formation of M̃ induces a fully faithful A-linear functor from
the A-linear additive category of pro-coherent linearly topological A-modules (whose
morphisms are continuous A-linear morphisms) to the A-linear abelian category
ProCoh(SpecA). Furthermore:

(1) If f :M → N is a topological embedding of pro-coherent linearly topological
A-modules, then the induced morphism M̃ → Ñ is a monomorphism.

(2) If f : M → N is a continuous, open, and surjective morphism of pro-
coherent linearly topological A-modules, then the induced morphism M̃ → Ñ
is an epimorphism.

Proof. Let M and N be two pro-coherent linearly topological A-modules. Then

Homcont
A (M,N)

∼−→ lim←−
V

Homcont
A (M,N/V )

∼−→ lim←−
V

lim−→
U

HomA(M/U,N/V )
∼−→ lim←−

V

lim−→
U

HomCoh(SpecA)(M̃/U, Ñ/V )

where U (resp. V ) runs over the open submodules of M (resp, N): the first
isomorphism follows from the isomorphismN

∼−→ lim←−V N/V , the second follows from
the fact that N/V is discrete, so that any continuous morphism M → N/V factors
through M/U for some open submodule U of M , and the third follows from the fact
that localization induces an equivalence of categories Modfp(A)

∼−→ Coh(SpecA).
The right-most expression in this sequence of isomorphisms is precisely equal to
HomProCoh(SpecA)(M̃, Ñ); thus we do indeed obtain a fully faithful functor.

If M ↪→ N is a topological embedding, then as V runs over the open submodules
of N , the intersections M ∩ V run through a neighborhood basis at 0 consisting of
open submodules of M . Thus the induced morphism M̃ → Ñ arises as the formal
inverse limit of the inverse system of injections M/(M ∩V ) ↪→ N/V. This proves (1).

If M → N is continuous, open, and surjective, then every open submodule of N
is the image U of an open submodule U of M . In this case the induced morphism
M̃ → Ñ corresponds to the formal inverse limit of the inverse system of surjections
M/U → N/U, proving (2). □

https://stacks.math.columbia.edu/tag/0ANX
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In the next lemma, if f : SpecB → SpecA is a morphism of affine schemes,
then we continue to write f∗ for the Pro-extension of the usual pullback f∗ :
Coh(SpecA)→ Coh(SpecB).

Lemma 5.1.9. Suppose that M is a pro-coherent and first countable linearly
topological module over the Noetherian ring A. If B is a Noetherian A-algebra, and
f : SpecB → SpecA is the corresponding morphism of schemes, then f∗M̃

∼−→
(M ⊗̂AB)∼.

Proof. Let {Un}n≥0 be a cofinal sequence of open submodules of M , which exists by
virtue of our assumption that M is first countable. Then M ⊗̂AB = lim←−n(M/Un)⊗A
B by (4.1.11); to ease notation, let N denote this (first countable, pro-coherent)
linearly topological B-module. Since the transition morphisms (M/Un+1)⊗A B →
(M/Un) ⊗A B are surjective, we see that each of the canonical morphisms N →
(M/Un)⊗AB is surjective, and that if we let Vn denote the kernel of this morphism,
then Vn forms a cofinal sequence of open submodules of N .

Now M̃ := limn M̃/Un, so that

f∗M̃ = limn f
∗M̃/Un = limn

˜(
(M/Un)⊗A B

) ∼−→ limn Ñ/Vn =: Ñ ,

as claimed. □

If L is a lattice in a Tate module over a complete Noetherian local O-algebra,
then L is equipped not only with its Tate-module topology, but also with its weak
topology, as defined in Section 4.1.7. We let Lw denote L equipped with its weak
topology; this is again a pro-coherent topology on L, and the aim of the following
lemma is to give a description of the associated pro-coherent sheaf.

Lemma 5.1.10. Let S be a complete Noetherian local O-algebra, and let L be
a lattice in a Tate S-module. Then, under the identification ProModfp(S)

∼−→
ProCoh(SpecS), L̃w is an object of ProModf.l.(S) ⊂ ProModfp(S), and it is
isomorphic to the image of L̃ under the map

ProModfp(S)→ ProModf.l.(S)

induced by (A.1.36) and (A.1.37).

Proof. By Lemma 4.1.8, Lw is an object of Modc(S), and so every open S-submodule
of Lw has cofinite S-length. By definition, this shows that L̃w ∈ ProModf.l.(S).
This proves the first claim.

For the second claim, choose a neighborhood basis of the origin Ui ⊂ L consisting
of open submodules such that L/Ui is S-finite, for all i. Then, by definition, L̃ ∈
ProModfp(S) is limi L/Ui, and so its image in ProModf.l.(S) is limi,n L/(Ui,m

nL).
Since (Ui,mnL) forms a basis of the weak topology on L, we see that L̃w is isomorphic
to the image of L̃ in ProModf.l.(S). □

5.1.11. Interpreting D♮ ⊠ P1 as a pro-coherent sheaf. Suppose now that A is a
Noetherian O/ϖa-algebra for some a ≥ 1, and that D is an étale (φ,Γ)-module
of rank 2 with A-coefficients and determinant ζε−1. Then we have seen (in Theo-
rem 4.8.8) that D♮ ⊠P1 is an OJGK-stable lattice in D ⊠P1. In particular, it is
pro-coherent as a topological A-module, and so we may form the associated pro-
coherent sheaf D̃♮ ⊠P1. Since OJGK acts on D♮⊠P1 by continuous endomorphisms
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(by Corollary 4.5.16), we obtain an induced action of OJGK on D̃♮ ⊠P1, making it
a left OJGK-module object in ProCoh(SpecA).

We intend to apply the construction of D̃♮ ⊠P1 to the universal case, i.e. over X .
Since X is only a formal algebraic stack, rather than a scheme, we will do this via
descent. We first describe the construction over algebraic stacks, before moving to
the case of the formal algebraic stack X .

5.1.12. Descent for algebraic stacks. Suppose given a Noetherian algebraic O/ϖa-
stack Z (for some a ≥ 1) with affine diagonal, equipped with a morphism Z → X .
Pulling back the universal rank 2 étale (φ,Γ)-module on X to Z gives rise to a rank 2
étale (φ,Γ)-module DZ on Z, and we wish to construct the associated pro-coherent

sheaf of OJGK-modules ˜
D♮

Z ⊠P1 on Z.
Let SpecA → Z be a flat surjection of finite presentation from the spectrum

of a Noetherian O/ϖa-algebra. Write R := SpecA ×Z SpecA. Then R is an
affine scheme with the structure of an fppf groupoid over SpecA. The morphism
Z → X then corresponds to a rank 2 étale (φ,Γ)-module D with A-coefficients and
determinant ζε−1, endowed with descent data with respect to R. Concretely, if we
let s, t : R⇒ SpecA denote the two projections, and if we let s∗D, respectively t∗D,
denote the base-changes of D, computed with respect to the corresponding (flat)
morphisms A ⇒ B (where we write R = SpecB), then we have an isomorphism
s∗D

∼−→ t∗D of étale (φ,Γ)-modules over B, satisfying an appropriate cocycle
condition.

Lemma 4.8.2 then shows that D ⊠P1 is again equipped with descent data with
respect to R, and Lemma 4.8.4 (3) shows that these descent data restrict to descent
data on the OJGK-stable sublattice D♮⊠P1. (We will write that D♮⊠P1 is preserved
by the descent data.) These descent data are necessarily G-equivariant, since the
G-action on D♮⊠P1 is computed in terms of the (φ,Γ)-module structure on D, and
the descent data on D♮ ⊠P1 are induced by descent data of (φ,Γ)-modules on D.
Since O[K] is dense in OJKK, and acts continuously on D♮ ⊠P1, we find that the
descent data are furthermore OJKK-equivariant, and hence also OJGK-equivariant.

Lemma 5.1.13. In the context of the preceding paragraph, there exists a neighbor-
hood basis Mn ⊂ D♮ ⊠P1 of the origin consisting of AJKK-stable lattices that are
preserved by the descent data.

Proof. Assume first that there is a neighborhood basis Nn of the origin consisting of
lattices that are preserved by the descent data. Since D♮ ⊠P1 is finitely generated
over AJKK, and the action of AJKK is continuous, for all n there exists i such that
Nn is an AJKiK-module. Hence the (finite) intersection Mn :=

⋂
g∈K g(Nn) is an

AJKK-stable lattice, and it is preserved by the descent data, since these data are
OJKK-equivariant. Thus Mn is the required neighborhood basis.

There remains to construct a neighborhood basis Nn of the origin consisting of
R-equivariant lattices. Since D♮⊠P1 is an R-equivariant lattice in D⊠P1, it suffices
to do this for D ⊠P1. By Lemma 4.5.5 we have an isomorphism of R-equivariant
Tate A-modules

D ⊠P1 ∼−→ D ⊕ (D ⊠ pZp),

and D ⊠ pZp is a direct summand of D. So it suffices to construct a neighborhood
basis of the origin N′

n ⊂ D such that each N′
n is preserved by the descent data. We
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can achieve this by setting N′
n := Tn ·D+; these are lattices in D, by Corollary 4.3.4,

and they are preserved by the descent data, by Lemma 4.3.12. □

Lemma 5.1.13 shows that the descent data on D♮ ⊠P1 preserve a neighbourhood
basis of the origin, and hence the associated pro-coherent sheaf D̃♮ ⊠P1 may again
be equipped with descent data, and so descends to a pro-coherent sheaf on Z, which

we will denote by ˜
D♮

Z ⊠P1. Concretely, if we choose a basis Mn as in Lemma 5.1.13,
and define Xn := (D♮ ⊠P1)/Mn, then we have an isomorphism

(5.1.14) D̃♮ ⊠P1 ∼−→ limn X̃n,

where each X̃n is a coherent sheaf with OJKK-action (i.e. a left OJKK-module in
Coh(SpecA)) and descent data to Z. Note that Xn is a smooth representation
of OJKK, and so the OJKK-action on Xn factors through OJKK/ai for some i,
since Xn is finitely generated over A. In other words, using terminology from
Remark 2.2.12, X̃n is an a-power torsion OJKK-module in Coh(SpecA).

The right-hand side of (5.1.14) descends to a pro-system of a-power torsion
OJKK-modules Fn in Coh(Z), and so

(5.1.15) ˜
D♮

Z ⊠P1 := limn Fn

acquires the structure of an OJKK-module in ProCoh(Z). Since the descent data on
D♮⊠P1 are also OJGK-equivariant (as we noted above), this OJKK-module structure

on ˜
D♮

Z ⊠P1 extends to an OJGK-module structure.

Remark 5.1.16. One easily verifies that the pro-coherent sheaf of OJGK-modules
˜

D♮
Z ⊠P1 is canonically independent of the choice of presentation of Z of the

form [SpecA/R]. Indeed, any two such presentations may be dominated by a third,
and by Lemma 4.8.4 (3), if SpecA′ → SpecA→ Z are fppf morphisms, giving rise
to rank 2 étale (φ,Γ)-modules D and D′ over A and A′ respectively, then D♮ ⊠P1

is obtained from (D′)♮ ⊠ P1 via descent along the first arrow. This implies the
analogous fact for the corresponding pair of pro-coherent sheaves of OJGK-modules

˜(D′)♮ ⊠P1 and D̃♮ ⊠P1, and hence the pro-coherent sheaves of OJGK-modules on Z
obtained by descending each of these are canonically isomorphic, as required.

The next lemma describes the base-change properties of ˜
D♮

Z ⊠P1.

Lemma 5.1.17. Let Z be a Noetherian algebraic stack over O/ϖa, with affine
diagonal, and equipped with a morphism Z → X , inducing the pro-coherent sheaf of

OJGK-modules ˜
D♮

Z ⊠P1 on Z, as above. Further, let f :W → Z be a morphism of
Noetherian algebraic stacks, giving rise to the composite morphism W → Z → X ,

and hence similarly inducing a pro-coherent sheaf of OJGK-modules ˜
D♮

W ⊠P1 on W.
Then there is a base-change morphism of pro-coherent sheaves of OJGK-modules

f∗(
˜

D♮
Z ⊠P1)→ ˜

D♮
W ⊠P1,

whose kernel and cokernel are coherent sheaves on W, and which is furthermore an
isomorphism if f is flat.
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If Z and W are furthermore of finite type over O/ϖa (for some a ≥ 1), then
the kernel and cokernel of the base-change morphism are set-theoretically supported
on W ×X X (St).

Proof. We may find a commutative diagram

SpecB
g
//

��

SpecA

��

W
f

// Z
in which the vertical arrows are fppf surjections, and then use these vertical arrows

to construct each of ˜
D♮

Z ⊠P1 and ˜
D♮

W ⊠P1 via descent from the corresponding

pro-coherent sheaves ˜
D♮
A ⊠P1 and ˜

D♮
B ⊠P1 (using evident notation).

Lemmas 5.1.9 and 4.8.2 then yield a canonical morphism

g∗(
˜

D♮
A ⊠P1)→ ˜

D♮
B ⊠P1,

which, by Lemma 4.8.4 (3), is even an isomorphism if f is flat (since then the
morphism g : SpecB → SpecA is also flat). This morphism is compatible with the
descent data, and so induces the desired morphism

f∗(
˜

D♮
Z ⊠P1)→ ˜

D♮
W ⊠P1.

The claim about its kernel and cokernel can be checked after pulling back to SpecB
(i.e. after “undoing” the descent), where it follows from Lemma 4.9.2. The final
claim in the finite type case similarly follows from Corollary 4.9.15. □

5.1.18. Descent for X . We now wish to define the pro-coherent sheaf of OJGK-

modules ˜
D♮

X ⊠P1 associated to the universal étale (φ,Γ)-module DX on the formal
algebraic stack X .

To this end, write X ∼−→ colimXn as a colimit of algebraic stacks under thicken-
ings; let in : Xn ↪→ Xn+1 denote the nth transition morphism, and let kn : Xn ↪→ X
be the closed immersion. By Lemma 5.1.17, we have pro-coherent sheaves of

OJGK-modules ˜
D♮

Xn
⊠P1, endowed with OJGK-equivariant morphisms

˜
D♮

Xn+1
⊠P1 → in,∗(

˜
D♮

Xn
⊠P1)

(obtained by applying the adjunction between i∗n and in,∗ to the base-change mor-
phisms of Lemma 5.1.17), which we may push forward to X so as to obtain OJGK-
equivariant morphisms

kn+1,∗(
˜

D♮
Xn+1

⊠P1)→ kn+1,∗in,∗(
˜

D♮
Xn

⊠P1) ∼= kn,∗(
˜

D♮
Xn

⊠P1).

We thus obtain a projective system
(
kn,∗(

˜
D♮

Xn
⊠P1)

)
of pro-coherent sheaves of

OJGK-modules on X , and we define

(5.1.19) ˜
D♮

X ⊠P1 := limn kn,∗(
˜

D♮
Xn

⊠P1),

the inverse limit being formed in the category ProCoh(X ). It has the structure of a
left OJGK-module in ProCoh(X ). Since any two descriptions of X as a colimit of
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closed algebraic substacks are mutually cofinal, it is well-defined independently of
the choice of such a description used in its construction.

Remark 5.1.20. If we combine (5.1.19) and (5.1.15), we find that there is a countable
sequence Fn of a-power torsion OJKK-modules in Coh(X ), and an OJKK-linear
isomorphism

(5.1.21) ˜
D♮

X ⊠P1 ∼−→ limn Fn

in ProCoh(X ).

Our next results describe some of the base-change properties of ˜
D♮

X ⊠P1. We
first consider its behaviour with respect to versal rings. In the statement of the next
lemma, we make use of the completed pullback functor î∗x from Section B.3.16.

Lemma 5.1.22. Let Z → X be a morphism of finite type with Z an algebraic stack
with affine diagonal. Let S be a complete local Noetherian O-algebra with finite
residue field, and let ix : Spf S → Z be a versal morphism at a finite type point x
of |Z|, corresponding to a formal étale (φ,Γ)-module D̂S with coefficients in S.

Then î∗x
( ˜
D♮

Z ⊠P1
)
, which is an object of ProCoh(Spf S) = Modc(S), is naturally

isomorphic to D̂♮
S ⊠P1, as defined in Section 4.7.

Proof. Since Z is algebraic, ix is the mS-adic completion of a morphism ix : SpecS →
Z, i.e. the formal étale (φ,Γ)-module D̂S is the mS-adic completion of an étale
(φ,Γ)-module with coefficients in S, which we denote by DS . By Lemma B.3.37, î∗x
is the composite

ProCoh(Z) i∗x−→ ProModfp(S)
(A.1.36)−−−−−→ Modc(S)

where the first map is the Pro-extension of the usual coherent pullback i∗x : Coh(Z)→
Modfp(S). Since Z is of finite type over O/ϖa for some a, we see from [Stacks,
Tag 0DR2] that ix is flat. Hence Lemma 5.1.17 shows that

i∗x
( ˜
D♮

Z ⊠P1
)
=
( ˜
D♮
S ⊠P1

)
.

Applying Lemma 5.1.10, we conclude that

î∗x
( ˜
D♮

Z ⊠P1
)
= (D♮

S ⊠P1)w ∈ Modc(S),

where the right-hand side is endowed with its weak topology. By Lemma 4.9.13 (4),
we conclude that

î∗x
( ˜
D♮

Z ⊠P1
)
= D̂♮

S ⊠P1,

as desired. □

Lemma 5.1.23. Let S be a complete local Noetherian O-algebra with finite residue
field, and let ix : Spf S → X be a versal morphism at a finite type point x of
|X |, corresponding to a formal étale (φ,Γ)-module D̂S with coefficients in S. Then

î∗x
( ˜
D♮

X ⊠P1
)
, which is an object of ProCoh(Spf S) = Modc(S), is naturally iso-

morphic to D̂♮
S ⊠P1, as defined in Section 4.7.

https://stacks.math.columbia.edu/tag/0DR2
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Proof. Fix a presentation X = colimn Xn as a colimit of algebraic stacks under
thickenings, and let Spf Sn := Spf S ×X Xn, so that Spf S = colimn Spf Sn. Let
in : Spf Sn → Xn be the morphism induced by ix, which is versal to Xn at x. By
Lemma B.3.9 we have

î∗x
( ˜
D♮

X ⊠P1
)
= limn î

∗
n

( ˜
D♮

Xn
⊠P1

)
,

the limit being taken in Modc(S). By Lemma 5.1.22, we have natural isomorphisms

(5.1.24) î∗n
( ˜
D♮

Xn
⊠P1

)
= D̂♮

Sn
⊠P1.

Applying limn to (5.1.24) concludes the proof. □

We now consider the base-change properties of ˜
D♮

X ⊠P1 with respect to finite
type morphisms of algebraic stacks into X .

Remark 5.1.25. In anticipation of the statement of Lemma 5.1.26, we recall the
stack X (St) from Definition 3.4.11, and we note that if Y → X is a finite type
morphism whose domain is an algebraic stack, then Y×X X (St) is a formal algebraic
substack of Y, equal to the completion of Y along its closed algebraic substack
Y ×X X (St)red. Thus Coh(Y ×X X (St)) embeds as a full subcategory of Coh(Y),
with essential image equal to the full subcategory of Coh(Y) consisting of sheaves
set-theoretically supported on Y ×X X (St)red. Consequently, ProCoh(Y ×X X (St))
embeds as a full subcategory of ProCoh(Y).

Lemma 5.1.26. Let f : Y → X be a finite type morphism whose domain is an
algebraic stack with affine diagonal (so that Y is necessarily of finite type over O/ϖa

for some a ≥ 1), and let DY denote the pullback to Y of the universal (φ,Γ)-module
over X . Then there is a base-change morphism

f∗
( ˜
D♮

X ⊠P1)→ ˜
D♮

Y ⊠P1

(where f∗ denotes the pullback functor on pro-coherent sheaves of Remark B.3.2)
of OJGK-module objects in ProCoh(Y), whose kernel and cokernel, which a pri-
ori are OJGK-module objects of ProCoh(Y), are in fact OJGK-module objects of
ProCoh

(
Y ×X X (St)

)
.

If f is furthermore a closed immersion, then this kernel and cokernel are in fact
objects of Coh

(
Y ×X X (St)

)
.

Proof. As in the discussion at the beginning of Section 5.1.18, write X as a colimit
of thickenings of closed algebraic substacks kn : Xn ↪→ X , so that X := colimXn.
Since Y is an algebraic stack, and the morphism f is of finite type, we see that f
factors through Xn for n sufficiently large, and so relabelling the Xn if necessary,
we may assume that f factors through a morphism fn : Y → Xn for each n.

From (5.1.19) we obtain isomorphisms

(5.1.27) f∗
˜

D♮
X ⊠P1 ∼−→ limn f

∗kn,∗(
˜

D♮
Xn

⊠P1)
∼−→ limn f

∗
n(

˜
D♮

Xn
⊠P1).

(To see the first isomorphism, recall that f∗ is defined to be the pro-extension of
pullback on coherent sheaves, and so commutes with arbitrary cofiltered limits; the
second isomorphism holds simply because f = kn ◦ fn and kn,∗ is fully faithful.)
Now Lemma 5.1.17 gives us, for each n, a base-change morphism

(5.1.28) f∗n(
˜

D♮
Xn

⊠P1)→ ˜
D♮

Y ⊠P1,
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whose kernel and cokernel, which we denote by Kn and Cn respectively, are coherent
sheaves on Y which are set-theoretically supported on Y(St) := Y ×X X (St). By
definition, this means we may regard Cn and Kn as coherent sheaves on the formal
algebraic stack Y(St). The morphisms (5.1.28) form a projective system as n varies,
and thus so do the Cn and Kn; we then let C := limn Cn and K := limnKn, the
inverse limits being formed in ProCoh(Y(St)), or equivalently in ProCoh(Y).

Passing to the inverse limit over the morphisms (5.1.28), and taking into account
the isomorphism (5.1.27), we obtain the desired base-change morphism

f∗(
˜

D♮
X ⊠P1)→ ˜

D♮
Y ⊠P1,

whose kernel and cokernel are isomorphic to K and C respectively.
Assume now that f is a closed immersion; it remains to prove that in this case C

and K are in fact objects of Coh(Y(St)) (and not merely pro-objects). Since f is a
closed immersion, the stack Y(St) is a closed formal algebraic substack of the formal
algebraic stack X (St), and so Coh(Y(St)) fully faithfully embeds into Coh

(
X (St)

)
.

Thus, we may regard each of Cn and Kn as objects of Coh
(
X (St)

)
, and hence regard

C and K as objects of ProCoh
(
X (St)

)
. It then suffices to show that C and K are in

fact objects of Coh
(
X (St)

)
.

If X (St) is empty, then of course this entire discussion is vacuous and there is
nothing to prove. Otherwise, after making an unramified quadratic base-change in
our coefficients and a twist, if necessary, we may write

X (St) =
∐
Xθ

where θ runs through the four quadratic twists of 1 + ω−1. By the results of
Section 3.4.9, for each θ there exists a finite type Z-graded Rps

θ
-algebra S, and an

isomorphism
colimn[Spec(S/m

n
Rps

θ

S)/Gm]
∼−→ Xθ.

Writing ix : Xx → Xθ for the completion of Xθ at its unique closed point, we thus
deduce from Theorem B.4.17 (3) that the completed pullback is an equivalence

îx : Coh(Xθ)
∼−→ Coh(OXx).

Thus, in order to show that limnKn and limn Cn are objects of Coh(X (St)), it
suffices to show (for each θ) that limn îxKn and limn îxCn are objects of Coh(OXx

).
Let v : Spf Rver → Xθ be the versal ring at the closed point induced by the com-

pletion of S at its maximal homogeneous ideal mS , so that there is an isomorphism

(5.1.29) colimn[Spec(R
ver/mnRverRver)/Gm]

∼−→ Xx.
To ease notation, we write R := Rver for the remainder of the proof, and let I ⊂ R,
resp. In ⊂ R, be the ideal of the pullback of Y → X to Spf R, resp. the ideal of the
pullback of Xn → X to Spf R. Since X is Noetherian, the In are cofinal with the
powers In1 .

Since v : Spf R → Xx is smooth and surjective, and the coherence of a pro-
coherent sheaf can be tested after pulling back to a flat cover (by Remark B.3.25), it
now suffices to prove that the pullbacks v∗ limn î

∗
xKn and v∗ limn î

∗
xCn are objects of

Coh(Spf R). Bearing in mind the isomorphism (5.1.29), we see that the morphism
v : Spf R→ Xx is representable by algebraic stacks, and so the pullback v∗ coincides
with the completed pullback v̂∗, by Remark B.3.15. For simplicity, in the following
we will also write v for the induced morphisms Spf R/I → Yx, Spf R/In → Xn,x.
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Applying v∗î∗x to (5.1.28), we obtain an exact sequence

0→ v∗î∗xKn → v∗î∗xf
∗
n(D̃

♮
Xn

⊠P1)→ v∗î∗x
˜

D♮
Y ⊠P1 → v∗î∗xCn → 0.

Lemma 5.1.22 shows that v∗î∗x
˜

D♮
Y ⊠P1 = D̂♮

R/I ⊠P1. Similarly, using the fact that
v∗ = v̂∗, the commutative diagram (B.3.12) implies that

v∗î∗xf
∗
n(D̃

♮
Xn

⊠P1) = (D̂♮
R/In

⊠P1)⊗R/In R/I,

and so we have an exact sequence

0→ v∗î∗xKn → (D̂♮
R/In

⊠P1)⊗R/In R/I → D̂♮
R/I ⊠P1 → v∗î∗xCn → 0.

By Lemma 4.10.8, it follows that limn v
∗î∗xKn and limn v

∗î∗xCn are objects of
Coh(Spf R), as desired. □

5.1.30. Defining L∞ and F. Recall from Remark 4.5.3 that the centre Z of G
acts on D♮ ⊠ P1 by multiplication by ζε−2 : Q×

p → O×, i.e. D♮ ⊠ P1 is a left
OJGKζε−2 -module.

Definition 5.1.31. We let L∞ denote the right OJGKζ-module in ProCoh(X )

obtained by twisting the left OJGKζε−2 -action on ˜
D♮

X ⊠P1 by ζ−1ε ◦ det, and then
turning the resulting left OJGKζ−1 -action into a right OJGKζ-action by precomposing
with g 7→ g−1.

Lemma A.10.10 (2h) (and the equivalence Db
(
Coh(X )

) ∼−→ Db
coh(X ) of (B.1.3))

then allows us to define a right t-exact functor

(5.1.32) Db
fp(OJGKζ)→ ProDb

coh(X ), π 7→ L∞ ⊗LOJGKζ π.

Definition 5.1.33. We let

(5.1.34) F : Db
fp(A)→ ProDb

coh(X )
denote the right t-exact functor

π 7→ L∞ ⊗LOJGKζ π

given by the composite of (5.1.32) and the t-exact fully faithful functor

Db
fp(A) ↪→ Db

fp(OJGKζ)

induced by (2.2.26).

Remark 5.1.35. We will see below in Proposition 5.3.23 that F factors through a
functor Db

fp(A)→ Db
coh(X ), though this does not seem obvious from its definition.

The following result will allow us to get something of a handle on the pro-coherent
structure of L∞.

Lemma 5.1.36. If i : Y ↪→ X is the inclusion of a closed algebraic substack, then:
(1) each (i∗L∞)Kn

is a coherent sheaf on Y, and
(2) i∗L∞

∼−→ limn(i
∗L∞)Kn .

Proof. Evidently the twists and duals in Definition 5.1.31 play no role in these
assertions, and so it is enough to prove the statements of the lemma with L∞

replaced by ˜
D♮

X ⊠P1. Let p : SpecA → Y be an fppf and surjective morphism.
By Remark B.3.25, the coherence of a pro-coherent sheaf can be established after
pulling back to a flat cover, so it suffices to prove that
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(1) each (p∗i∗
˜

D♮
X ⊠P1)Kn

is a coherent sheaf on SpecA, and

(2) p∗i∗ ˜
D♮

X ⊠P1 ∼−→ limn(p
∗i∗

˜
D♮

X ⊠P1)Kn
.

Both of these statements follow immediately from the assertion that p∗i∗ ˜
D♮

X ⊠P1 is
isomorphic to M̃ for some finitely presented AJKK-module M , which we now prove.

Consider the base-change morphism

(5.1.37) p∗i∗(
˜

D♮
X ⊠P1)→ ˜

D♮
A ⊠P1

of Lemma 5.1.26. That lemma shows that we have an exact sequence of right
OJGK-modules in ProCoh(SpecA) of the form

(5.1.38) 0→ K → p∗i∗(
˜

D♮
X ⊠P1)→ ˜

D♮
A ⊠P1 → C → 0,

where K and C are furthermore coherent sheaves.
Recall from Remarks 2.2.12 and 2.2.13 that we write AJKK-Modfp(A) for the cat-

egory of a-power torsion OJKK-modules in Coh(SpecA), and OJKK-ProModfp(A)
for the category of OJKK-modules in ProCoh(SpecA). The forgetful functor
AJKK-Modfp(A) → Coh(SpecA) is exact and faithful, and by Remark 2.2.13 it
extends to an exact, fully faithful, cofiltered limit-preserving functor

(5.1.39) ProAJKK-Modfp(A)→ OJKK-ProModfp(A).

The functor

(5.1.40) Modfp(AJKK)→ OJKK-ProModfp(A), M 7→ M̃ := limiM/aiM

factors through (5.1.39) via the functor

(5.1.41) Modfp(AJKK)→ ProAJKK-Modfp(A), M 7→ limiM/aiM

obtained from (2.2.8), and Corollary 4.8.13 implies that ˜
D♮
A ⊠P1, which is a priori

an object of OJKK-ProModfp(A), is contained in the essential image of (5.1.41).

By (5.1.21), the same is true for p∗i∗( ˜
D♮

X ⊠P1). The exact sequence (5.1.38) can
therefore be viewed as an exact sequence in ProAJKK-Modfp(A).

We are now in a position to apply Lemma 2.2.7 (6) (bearing in mind Re-

mark 2.2.12), which shows that p∗i∗( ˜
D♮

X ⊠P1) is contained in the essential image
of (5.1.41) if this is true for K and C (recalling that we have already seen that

this is true of ˜
D♮
A ⊠P1). Finally, since K and C are objects of Coh(SpecA) in

the essential image of (5.1.39), they are the coherent sheaves underlying a-adically
discrete OJKK-modules in Modfp(A), and so (again bearing in mind Remark 2.2.12)
they are contained in the essential image of (5.1.41), as desired. □

Remark 5.1.42. As already alluded to above, the significance of Lemma 5.1.36 is that
it gives us a concrete description of the pro-coherent structure of L∞. Namely, if we
write X = colimm Xm as an Ind-algebraic stack with closed transition morphisms,
and write im : Xm ↪→ X for the corresponding closed immersion, then (bearing in
mind Lemma B.3.5) we have

(5.1.43) L∞
∼−→ limm,n(i

∗
mL∞)Kn .

Actually, it follows from Proposition 5.3.20 below that that (L∞)Kn is supported
on a ϖ-adic formal algebraic closed substack of X , and so (5.1.43) does not convey
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the whole truth of the matter. Nevertheless, it is a key intermediate step in the
ultimate analysis of L∞.

5.2. Completing L∞. A key tool in our analysis of the functor F will be completion:
both in the sense of completion at a block Aθ of the category A, and completion
along the various substacks Xθ of X . In fact, we will show that these two notions
of completion are compatible, in an appropriate sense, with respect to F (see
Proposition 5.3.6). Relatedly, we will introduce a “completed-at-θ” version of F, and
prove that it is fully faithful (see Theorem 5.2.24). This will be a key ingredient in
the proof that F itself is fully faithful.

5.2.1. A completed version of F. We begin by defining a completed version Fθ of F.
It is in fact convenient to do this for any closed subspace Y ⊆ |X|. Recall that
in (3.3.9) we have defined a continuous map πss : |X | → |X|.

Definition 5.2.2.
(1) If Y ⊆ |X| is a closed subset, then we write XY for the completion of X

along π−1
ss (Y ). By Proposition B.2.8 we identify Db

coh(XY ) with Db
coh,Y (X ),

i.e. the full subcategory of complexes whose cohomology sheaves are set-
theoretically supported on Y .

(2) We write î′Y,∗ : ProDb
coh(XY )→ ProDb

coh(X ), î′∗Y : ProDb
coh(X )→ ProDb

coh(XY )
for the adjoint pair of t-exact functors defined in Appendix B.3.16.

Remark 5.2.3. We remind the reader that we have already defined functors iY,∗
and îY,∗, on derived categories of G-representations, in (2.6.1) and (2.6.9), and
similarly for î∗Y . This is the reason for the notation i′Y .

Remark 5.2.4. In the case that Y = {θ} is a single closed point (identified with
a conjugacy class of Fp-valued pseudorepresentations as in Section 2.5.1) we also
have the stack Xθ → X introduced in (3.4.2). By Theorem 3.4.3, Xθ is canonically
isomorphic to XY , which we will therefore also denote by Xθ. Furthermore, we
will tacitly use results and notation from Section 3.4 and Section 3.5, so that, for
example, kθ : Xθ → Xθ is the m-adic completion morphism.

Lemma 5.2.5. For any closed subset Y ⊆ |X|, we have a natural isomorphism of
right t-exact functors Db

fp(OJGKζ)→ ProDb
coh(XY )

î′∗Y (L∞ ⊗LOJGKζ –) ∼−→ î′∗Y L∞ ⊗LOJGKζ –.

Proof. By Lemma A.10.10 (2), it suffices to note that each functor takes OJGKζ to
î′∗Y L∞. (Note that this argument is just a particular case of an evident variant, in
the derived context, of Lemma A.1.55.) □

Definition 5.2.6. For any closed subset Y ⊆ |X|, we let FY denote the functor

FY := î′∗Y F iY,∗ : D
b
fp(AY )→ ProDb

coh(XY ).

In particular, for any 2-dimensional Fp-valued pseudorepresentation θ, we let Fθ
denote the functor

(5.2.7) Fθ := î′∗
θ
F iθ,∗ : D

b
fp(Aθ)→ ProDb

coh(Xθ).

By Lemma 5.2.5 we have a natural isomorphism of functorsDb
fp(Aθ)→ ProDb

coh(Xθ)

(5.2.8) Fθ(–) := î′∗
θ
F(iθ,∗(–)) = î′∗

θ
(L∞ ⊗LOJGKζ iθ,∗(–))

∼−→ î′∗
θ
L∞ ⊗LOJGKζ iθ,∗(–).
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5.2.9. An alternative description of î′∗
θ
L∞. Our next goal is to give an alternate de-

scription of the functors Fθ, which will allow us to relate them to the functors studied
in [JNW24], and thus also to the results of Colmez [Col10c] and Paškūnas [Paš13].
In view of (5.2.8), the key step in giving such a description is to describe the
sheaf î′∗

θ
L∞, which we do in Proposition 5.2.18 below, by relating it to the sheaf

Vθ ⊗̂Ẽθ
P̃θ, whose definition we now recall.

We have defined in Definition 2.4.17 a projective object P̃θ of Cθ, whose endo-
morphism algebra Ẽθ is equipped with a canonical isomorphism Ẽθ

∼−→ R̃op

θ
. If θ is

not of type (St), then P̃θ is even a projective generator of Cθ. If θ is of type (St),
then P̃θ is not a projective generator of Cθ; rather, we have the projective generator
Pθ, with endomorphism algebra Eθ, introduced in Definition 3.6.2. In Section 3.6.4,
we have also introduced a two-sided ideal J ⊂ Eθ.

On the other hand, recall from (3.5.22) that Vθ denotes the universal object on Xθ,
and is a complete right Ẽθ-module in ProCoh(Xθ). When θ has type (St), recall
furthermore the sheaf Wθ from Definition 3.6.12: it is a complete right Eθ-module
in ProCoh(Xθ).

We will need two preliminary results. For the first one, recall from (B.4.6) the
exact and fully faithful functor

Coh(OXθ
)→ ProCoh(Xθ),

F 7→ limn F/mn+1
Rps

θ

F .

Lemma 5.2.10. For every compact open subgroup H ⊂ G, the pro-coherent sheaves

Vθ ⊗̂Ẽθ
(P̃θ)H

and
(̂i′∗
θ
L∞)H

on Xθ are objects of Coh(OXθ
). Furthermore, the natural maps

(5.2.11) î′∗
θ
L∞

∼−→ lim
H

(̂i′∗
θ
L∞)H

and

(5.2.12) Vθ ⊗̂Ẽθ
P̃θ

∼−→ lim
H
Vθ ⊗̂Ẽθ

(P̃θ)H

are isomorphisms in ProCoh(Xθ).

Proof. Let R := Rps

θ
,m := mRps

θ
and F := Vθ ⊗̂Ẽθ

(P̃θ)H . To show that F ∈
Coh(OXθ

) it suffices to prove that F ∼−→ limn F/mn+1F , and that each F/mn+1F
is an object of Coh(Xθ).

For the first statement, we begin with the isomorphism P̃θ
∼−→ limn P̃θ/m

n+1P̃θ
arising from the fact that P̃θ is a complete Ẽθ-module in Modc(O) (by Lemma A.1.59),
hence a complete R-module (by Lemma A.10.18). We then use the facts that the
functor (–)H preserves cofiltered limits in Modc(OJHKop) (by Lemma A.1.51), and
the functor Vθ ⊗̂Ẽθ

– preserves cofiltered limits in Modc(Ẽθ) (by definition). This

implies that F ∼−→ limn F/mn+1F , and also that

F/mn+1F = Vθ ⊗̂Ẽθ
(P̃θ/m

n+1P̃θ)H .
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Now P̃θ/m
n+1P̃θ is coadmissible: in fact, it is a quotient of P̃θ/ rad(Ẽθ)

jP̃θ for
some j, since Ẽθ is a finite R-module, and P̃θ/ rad(Ẽθ)

jP̃θ is coadmissible, by
Lemma 2.3.11 (3). Hence (P̃θ/m

n+1P̃θ)H is finitely presented over Ẽθ (in fact, even
over O). We conclude that

F/mn+1F = Vθ ⊗Ẽθ
(P̃θ/m

n+1P̃θ)H = (Vθ/m
n+1Vθ)⊗Ẽθ

(P̃θ/m
n+1P̃θ)H ,

and since Vθ/mn+1Vθ is a coherent sheaf on Xθ, this implies that F/mn+1F is a
coherent sheaf on Xθ, as desired. This concludes the proof that Vθ ⊗̂Ẽθ

(P̃θ)H ∈
Coh(OXθ

).
Similarly, let G := (̂i′∗

θ
L∞)H . By definition we have Xθ = colimn Xθ/mn+1, and

Xθ/mn+1 is an algebraic stack. Writing i′
θ,n+1

: Xθ/mn+1 → X for the restriction of
i′
θ
, Lemma B.3.5 shows that

(5.2.13) î′∗
θ
L∞ = lim

n
(i′∗
θ,n+1

L∞),

where i′∗
θ,n+1

L∞ = î′∗
θ
L∞/m

n+1î′∗
θ
L∞. Since ProCoh(Xθ) has exact cofiltered limits,

the coinvariant functor (−)H preserves cofiltered limits of right OJHK-modules in
ProCoh(Xθ) (by Lemma A.1.51). We thus deduce that

G = lim
n
(i′∗
θ,n+1

L∞)H ,

and since (i′∗
θ,n+1

L∞)H = G/mn+1G, we conclude that G ∼−→ limn G/mn+1G, and
(using Lemma 5.1.36 (1)) that G/mn+1G is coherent. This concludes the proof that
(̂i′∗
θ
L∞)H ∈ Coh(OXθ

).
The isomorphism (5.2.11) now follows from (5.2.13) and Lemma 5.1.36 (2). Fi-

nally, the isomorphism (5.2.12) follows from the isomorphism P̃θ
∼−→ limH(P̃θ)H

(which is valid for every object of C) and the fact that Vθ ⊗̂Ẽθ
– preserves cofiltered

limits. □

Before stating the next result, we recall from Remark 2.2.28 that objects of Cθ,
such as P̃θ, can be regarded as right OJGKζ-modules in a natural way.

Proposition 5.2.14. Let θ be a 2-dimensional Fp-valued pseudorepresentation
of GQp

of determinant ζε−1.
(1) If S is a complete Noetherian local O-algebra with finite residue field, and

i′S : Spf S → Xθ is a versal morphism at the closed point of Xθ, then there
is a natural isomorphism of right OJGKζ-modules

(5.2.15) (̂i′∗S Vθ ⊗̂Ẽθ
P̃θ)/(̂i

′∗
S Vθ ⊗̂Ẽθ

P̃θ)
SL2(Qp) ∼−→ î′∗SL∞,

where the left-hand side has the right OJGKζ-action induced from that on P̃θ,
and the right-hand side has the right OJGKζ-action induced from that on L∞.
(Here, “natural” means “natural in the versal morphism i′S”.)

(2) If θ is not of type (St), then (5.2.15) induces a natural isomorphism of right
OJGKζ-modules

(5.2.16) î′∗S Vθ ⊗̂Ẽθ
P̃θ

∼−→ î′∗SL∞.
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(3) If θ is of type (St), then (5.2.15) induces a natural isomorphism of right
OJGKζ-modules

(5.2.17) (̂i′∗SWθ/̂i
′∗
SWθ[J ]) ⊗̂Eθ

Pθ

∼−→ î′∗SL∞,

where J ⊂ Eθ is the two-sided ideal defined in Section 3.6.4, and î′∗SWθ[J ] denotes
the Eθ-submodule of î′∗SWθ consisting of elements annihilated by J .

Proof. The existence of these isomorphisms is a consequence of Colmez’s results
in [Col10c, IV.4], as we now explain. It will be convenient to follow the exposition
of [CD14].

We first note that the isomorphism i′S gives rise to a formal étale (φ,Γ)-module
DS with coefficients in S, and Lemma 5.1.23, together with Definition 5.1.31, shows
that

î′∗SL∞
∼−→ (D♮

S ⊠P1)(ζ−1ε ◦ det).
Secondly, we recall that the morphism Xθ → X is defined so the induced fam-

ily of étale (φ,Γ)-modules over Xθ is the one that corresponds to the universal
Galois representation Vθ. Consequently, we see that V(DS) (the 2-dimensional
representation of GQp

over S determined by DS) coincides with î′∗S Vθ. Our desired
isomorphism (5.2.15) can then be rewritten in the form(

V(DS) ⊗̂Ẽθ
P̃θ
)
/
(
V(DS) ⊗̂Ẽθ

P̃θ
)SL2(Qp) ∼−→ (D♮

S ⊠P1)(ζ−1ε ◦ det),

and it is in this form that we will prove it.
Let A be an Artinian quotient of S, and set DA := DS⊗SA. Then V(DA)⊗Ẽθ

P̃θ
is a finite length object of Cθ ⊂ C, so it is the Pontrjagin dual Π∨ of an object Π of
the category Reptors(ζ) considered in [CD14, Section III.1].

The (φ,Γ)-module denoted D(Π) in [Col10c] is, by the definition just preceding the
statement of [Col10c, Thm. IV.2.12], isomorphic to the (φ,Γ)-module of V (Π)∨ ⊗ ε,
where V is normalized as in [Col10c]. This is the same as V (Π)∨ in our notation.
Hence D(Π) is equal to (in our notation)

D(V (Π)∨) = D(V̌(Π∨)⊗ ζ−1ε) = D(V̌(V(DA)⊗Ẽθ
P̃θ)⊗ ζ

−1ε).

By Lemma 2.4.22 (1) (i.e. the very definitions of P̃θ and Eθ), we have

V̌(V(DA)⊗Ẽθ
P̃θ) = V(DA),

and so we conclude that
D(Π) = DA ⊗ ζ−1ε.

Now [CD14, Prop. III.44] produces a natural map of left OJGKζ−1 -modules

βP1 : Π∨ → D(Π)♯ ⊠ζ−1 P1

whose kernel is equal to (Π∨)SL2(Qp). Furthermore, by [Col10c, Prop. II.1.11], we
have

D(Π)♯ ⊠ζ−1 P1 = (D♯
A ⊠P1)(ζ−1ε ◦ det),

since by our conventions, ⊠ is shorthand for ⊠ζε−2 (compare Remark 4.5.3).
We thus obtain a map of left OJGKζ−1 -modules

βP1 : V(DA)⊗Ẽθ
P̃θ → (D♯

A ⊠P1)(ζ−1ε ◦ det),
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whose kernel is equal to (V(DA) ⊗Ẽθ
P̃θ)

SL2(Qp). We claim that βP1 factors

through (D♮
A ⊠ P1)(ζ−1ε ◦ det). By [CD14, Prop. III.44(3)], this holds provided

that ΠSL2(Qp) = 0, i.e. provided that (V(DA)⊗Ẽθ
P̃θ)SL2(Qp) = 0. By construction,

V(DA) ⊗Ẽθ
P̃θ is a quotient of products of copies of P̃θ. By definition such a

product never contains the projective envelope of a character as a factor, and thus
V(DA)⊗Ẽθ

P̃θ admits no non-zero map to a character, and hence has no non-zero
SL2(Qp)-invariant quotients, as required.

Thus we have obtained a natural morphism of left OJGKζ−1 -modules

βP1 : V(DA)⊗Ẽθ
P̃θ → (D♮

A ⊠P1)(ζ−1ε ◦ det),

whose kernel is equal to (V(DA)⊗Ẽθ
P̃θ)

SL2(Qp). Furthermore, it is shown in the
second paragraph of the proof of [CD14, Thm. III.45] that the cokernel of βP1 is
SL2(Qp)-invariant and of finite O-length.

Applying the above discussion to A := S/mkS , we have for each k ≥ 1 a natural
exact sequence

0→ kerk → V(DS/mk
S
)⊗Ẽθ

P̃θ
βP1→ (D♮

S/mk
S

⊠P1)(ζ−1ε ◦ det)→ cokerk → 0

where kerk and cokerk are of finite O-length. Thus by Mittag-Leffler we can pass to
the inverse limit and obtain an exact sequence

0→ lim←−
k

kerk → V(DS) ⊗̂Ẽθ
P̃θ → (D♮

S ⊠P1)(ζ−1ε ◦ det)→ lim←−
k

cokerk → 0

whose kernel is equal to (V(DS) ⊗Ẽθ
P̃θ)

SL2(Qp), and whose cokernel is SL2(Qp)-
invariant. This cokernel vanishes by Corollary 4.10.23, so after turning the left
OJGKζ−1 -action into a right OJGKζ-action, we obtain the isomorphism (5.2.15).

If θ is not of type (St), then (V(DS) ⊗̂Ẽθ
P̃θ)

SL2(Qp) = 0, because there are no
SL2(Qp)-invariant objects in Cθ, so we obtain (5.2.16).

Finally, if θ of type (St), then by (3.6.11) and the definition of Wθ (i.e. Defini-
tion 3.6.12), we have a natural isomorphism of left OJGKζ−1 -modules

î′∗SWθ ⊗̂Eθ
Pθ

∼−→ î′∗S Vθ ⊗̂Eθ
Pθ

∼−→ V(DS) ⊗̂Ẽθ
P̃θ.

Thus, to prove (5.2.17), it suffices to note the natural isomorphism

î′∗SWθ[J ] ⊗̂Eθ
Pθ

∼−→ (̂i′∗SWθ ⊗̂Eθ
Pθ)

SL2(Qp)

provided by Lemma 3.6.5. □

We can now give our alternative description of î′∗
θ
L∞.

Proposition 5.2.18.
(1) If θ is not of type (St), then there is an OJGKζ-equivariant isomorphism

(5.2.19) Vθ ⊗̂Ẽθ
P̃θ

∼−→ î′∗
θ
L∞.

(2) If θ is of type (St), then there is an OJGKζ-equivariant isomorphism

(5.2.20) (Wθ/Wθ[J ]) ⊗̂Eθ
Pθ

∼−→ î′∗
θ
L∞.
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Proof. We give the argument in case (1); case (2) is formally identical, and we leave
it to the reader. We simplify our notation by writing R := Rps

θ
, with maximal

ideal m.
Let H be a compact open subgroup of G. Recall from Lemma 5.2.10 that

(Vθ ⊗̂Ẽθ
P̃θ)H and (̂i′∗

θ
L∞)H are objects of Coh(OXθ

). As in the statement of Propo-
sition 5.2.14, we let S be a complete Noetherian local O-algebra with finite residue
field, and i′S : Spf S → Xθ be a versal morphism at the closed point of Xθ. Since î′∗S
is a right exact functor, it commutes with the formation of H-coinvariants, by
Lemma A.1.55. Thus the isomorphism (5.2.16) induces an isomorphism

(5.2.21) î′∗S
(
(Vθ ⊗̂Ẽθ

P̃θ)H
) ∼−→ î′∗S

(
(̂i′∗
θ
L∞)H

)
,

which is natural in the morphism i′S . By Proposition C.2.16, this collection of
isomorphisms induces an isomorphism

(5.2.22) (Vθ ⊗̂Ẽθ
P̃θ)H

∼−→ (̂i′∗
θ
L∞)H .

Since the isomorphisms (5.2.21) are deduced from the OJGKζ-module isomor-
phisms (5.2.16), they are compatible in H as H-varies, and indeed compatible
with the OJGKζ-module structure on the projective systems formed (by allowing H
to vary) by their left and right hand sides. Passing to the limit over H in the iso-
morphisms (5.2.22), and taking into account the isomorphisms (5.2.11) and (5.2.12),
we obtain the desired isomorphism (5.2.19). □

5.2.23. An alternative description of Fθ. Using Proposition 5.2.18, we can now give
an alternate description of Fθ, and establish its full faithfulness.

Theorem 5.2.24. Let θ be a 2-dimensional Fp-valued pseudorepresentation of GQp .

(1) The functor Fθ : Db
fp(Aθ) → ProDb

coh(Xθ) is fully faithful, and moreover
factors through a (necessarily fully faithful) functor Db

fp(Aθ)→ Db
coh(Xθ).

(2) If θ is not of type (St), then Fθ is t-exact.
(3) If θ is of type (St), then Fθ has amplitude [−1, 0].

Proof. We begin by supposing that θ is not of type (St). We have natural isomor-
phisms of functors

(5.2.25) Fθ(–)
∼−−−−→

(5.2.8)
î′∗
θ
L∞ ⊗LOJGKζ iθ,∗(–)

∼−−−−−→
(5.2.19)

(Vθ ⊗̂Ẽθ
P̃θ)⊗

L
OJGKζ iθ,∗(–)

∼−−−−−−−→
Lem. 3.5.18

Vθ ⊗̂
L
Ẽθ

(P̃θ ⊗
L
OJGKζ iθ,∗(–)).

By Lemma 3.5.17, the functor

P̃θ ⊗
L
OJGKζ iθ,∗(–) : D

b
fp(Aθ)→ ProDb

f.l.(Ẽθ)

is t-exact. By Lemma 2.3.15 (2), its restriction to the heart Afp

θ
is an equivalence

P̃θ ⊗OJGKζ iθ,∗(–) : A
fp

θ

∼−→ Modf.l.(Ẽθ).

Hence, by Corollary A.7.20, the functor P̃θ ⊗LOJGKζ iθ,∗(–) factors through a t-exact
equivalence

P̃θ ⊗
L
OJGKζ iθ,∗(–) : D

b
fp(Aθ)

∼−→ Db
f.l.(Ẽθ).
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It therefore suffices to prove that

Vθ ⊗̂
L

Ẽθ
– : ProDb

f.l.(Ẽθ)→ ProDb
coh(Xθ)

restricts to a t-exact and fully faithful functor Db
f.l.(Ẽθ)→ Db

coh(Xθ). To do so, we
apply Lemma 3.5.13, which produces a commutative diagram

Db
f.l.(Ẽθ) Db

fp(Ẽθ) ProDb
f.l.(Ẽθ)

Db
coh

(
Xθ
)

Db
coh

(
Xθ
)

ProDb
coh(Xθ).

(A.10.6)

Vθ ⊗̂L
Ẽ

θ
–

(A.10.8)

Vθ⊗
L
Ẽ

θ
–Vθ⊗

L
Ẽ

θ
–

kθ,∗

Vθ⊗
L
Ẽ

θ
–

k̂∗
θ

Commutativity of the outer rectangle shows that Vθ ⊗̂
L

Ẽθ
– restricts to a functor

Vθ ⊗
L
Ẽθ

– : Db
f.l.(Ẽθ)→ Db

coh(Xθ).

Bearing in mind the commutativity of the upper triangle, we now see that this
restriction is fully faithful, by Theorem 3.5.25 (1), and t-exact, by Theorem 3.5.25 (2).
This concludes the proof in the case that θ does not have type (St).

We now turn to the case that θ is of type (St). Using (5.2.20) and arguing as
above, we see that there is a natural isomorphism of functors from Db

fp(Aθ) to
ProDb

coh(Xθ)

(5.2.26) Fθ(–)
∼−→ (Wθ/Wθ[J ]) ⊗̂

L

Eθ
(Pθ ⊗

L
OJGKζ iθ,∗(–)).

Again, the functor Pθ ⊗LOJGKζ iθ,∗(–) induces a t-exact equivalence Db
fp(Aθ)

∼−→
Db

f.l.(Eθ). We see by Lemma 3.5.13 that there is a commutative diagram

(5.2.27)

Db
f.l.(Eθ) Db

fp(Eθ) ProDb
f.l.(Eθ)

Db
coh(Xθ) Db

coh(Xθ) ProDb
coh(Xθ).

Wθ/Wθ[J] ⊗̂
L
E
θ
–

(A.10.8)

Wθ/Wθ[J]⊗
L
E
θ
–Wθ/Wθ[J]⊗

L
E
θ
–

kθ,∗ k̂∗
θ

This immediately implies that

(5.2.28) Fθ(–)
∼−→ (Wθ/Wθ[J ])⊗

L
Eθ

(Pθ ⊗
L
OJGKζ iθ,∗(–)).

factors through Db
coh(Xθ). Furthermore, by Lemma 3.6.46, the functor(

Wθ/Wθ[J ]
)
⊗LEθ

: Db
fp(Eθ)→ Db

coh(Xθ)

has amplitude [−1, 0], so we see that indeed Fθ has amplitude [−1, 0]. Finally, the
full faithfulness of Fθ follows as above, using (5.2.26) and Theorem 3.6.44. □

In the context of Theorem 5.2.24 (3) we have the following more precise description
of the values of Fθ on irreducible objects of Aθ. In its statement, we will identify
coherent sheaves on Xθ with graded S-modules, where S is the graded ring in
Section 3.4.9, and we will continue to denote by k̂∗

θ
: Db

coh(Xθ)→ ProDb
coh(Xθ) the

t-exact, fully faithful completion functor.

Corollary 5.2.29. Let θ = 1 + ω−1. Then:

Fθ(πα)
∼= k̂∗

θ
S(1)/(a0, a1, b0, b1, ϖ)[0],

Fθ(St)
∼= k̂∗

θ
S(−1)/(a0, a1, c,ϖ)[0],
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Fθ(1G)
∼= k̂∗

θ
S(−3)/(a0, a1, c,ϖ)[1].

Proof. By Theorem 3.6.44, the graded S-module corresponding to Wθ/Wθ[J ] is the
module X∗ from Definition 3.6.42. Bearing in mind the isomorphism (5.2.28), and
the commutativity of the leftmost square in (5.2.27), the corollary thus follows from
the computations of TorEθ

i (X∗, –) in Example 3.6.48. □

We next note the evident extension of Theorem 5.2.24 to the case of a finite
closed subset Y ⊂ X.

Corollary 5.2.30. For any finite set of closed points Y ⊂ X, the functor FY :
Db

fp(AY ) → ProDb
coh(XY ) factors through a fully faithful functor Db

fp(AY ) →
Db

coh(XY ).

Proof. We can write FY : Db
fp(AY )→ ProDb

coh(XY ) as a product∏
θ∈Y

Fθ :
∏
θ∈Y

Db
fp(Aθ)→

∏
θ∈Y

ProDb
coh(Xθ),

so the result follows immediately from Theorem 5.2.24. □

In view of Theorem 5.2.24 (1) and Corollary 5.2.30, we will freely regard Fθ (resp.
FY ) as a fully faithful functor Db

fp(Aθ)→ Db
coh(Xθ) (resp. a fully faithful functor

Db
fp(AY )→ Db

coh(XY )) from now on.

5.2.31. The relationship to Colmez’s functor V . Recall from Section 2.4.1 that
Colmez’s functor V is exact, so in particular it induces a t-exact functor Db

fp(Aθ)→
Db

f.l.(Ẽθ). If θ is not of type (St), then by Lemma 2.4.22 we have a natural
isomorphism of t-exact functors

P̃θ ⊗
L
OJGKζ (–)

∼−→ V †(–),

so we see from (5.2.25) that there is a natural isomorphism of t-exact functors from
Db

fp(Aθ) to Db
coh(Xθ)

(5.2.32) Fθ(–)
∼−→ Vθ ⊗̂

L

Ẽθ
(P̃θ ⊗

L
OJGKζ –) ∼−→ Vθ ⊗̂

L

Ẽθ
V †(–).

If θ is of type (St) then (5.2.32) does not hold in general, and Fθ is no longer
t-exact. However, we have the following related result, which will be used in the
proof of Proposition 5.3.20 below.

Corollary 5.2.33. Suppose that θ is of type (St), and that π ∈ Afp

θ
admits no

SL2(Qp)-invariant quotient. Then there is a natural isomorphism

H0Fθ(π)
∼−→ Vθ ⊗̂Ẽθ

V †(π).

Proof. By Lemma A.1.58 (noting that products are exact in the category of pro-
coherent sheaves on a formal algebraic stack) and (5.2.26), we have a right exact
sequence

Wθ[J ] ⊗̂Eθ
(Pθ ⊗OJGKζ π)→Wθ ⊗̂Eθ

(Pθ ⊗OJGKζ π)→ H0Fθ(π)→ 0.
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The leftmost term vanishes, because

Wθ[J ] ⊗̂Eθ
(Pθ ⊗OJGKζ π) = (Wθ[J ] ⊗̂Eθ

Pθ)⊗OJGKζ π

= (Wθ[J ] ⊗̂Eθ
Pθ/J)⊗OJGKζ π

=Wθ[J ] ⊗̂Eθ
(Pθ/J ⊗OJGKζ π)

=Wθ[J ] ⊗̂Eθ
(O ⊗OJGKζ π),

which vanishes by our assumption that π admits no SL2(Qp)-invariant quotient. (The
second equality holds because, by construction, the map Eop

θ
→ EndProCoh(Xθ)

(Wθ[J ])

factors through Eop

θ
/J , hence the functor Wθ[J ] ⊗̂Eθ

factors through Modc(Eθ)→
Modc(Eθ/J),M 7→M/J .)

It follows from the discussion above that H0Fθ(π) is naturally isomorphic
to Wθ ⊗̂Eθ

(Pθ ⊗OJGKζ π), which in turn is isomorphic to Vθ ⊗̂Ẽθ
(P̃θ ⊗OJGKζ π),

by (3.6.13). The corollary now follows from Lemma 2.4.22 (2). □

5.3. Finiteness properties of F. Our next goal is to prove Proposition 5.3.23,
which shows that our functor F takes finitely presented representations to (bounded
complexes of) coherent sheaves. Since one of the main steps of the argument
will be to establish finiteness and concentration properties of the completions of
F(c-IndGKZ σ) at closed points, we begin by establishing a compatibility between F
and FY , where Y is a finite set of closed points of X.

5.3.1. Compatibility between F and FY . Let Y be a finite set of closed points of X.
Then Corollary 5.2.30 shows that the functor FY factors through a fully faithful
functor Db

fp(AY )→ Db
coh(XY ), and we write ProFY : ProDb

fp(AY )→ ProDb
coh(XY )

for its Pro-extension

(5.3.2) ProFY = Pro(̂i′∗Y F îY,∗) = î′∗Y Pro(F)̂iY,∗,

which is also fully faithful by Lemma A.4.6. Note that since F = L∞ ⊗LOJGKζ –, the
Pro-extension of F is the functor

L∞ ⊗̂
L

OJGKζ– : ProDb
fp(A)→ ProDb

coh(X )

from Lemma A.10.10 (2j). If we precompose (5.3.2) with î∗Y , the unit of the
adjunction gives a natural transformation of functors Db

fp(A)→ ProDb
coh(XY )

(5.3.3) î′∗Y F→ (ProFY )̂i
∗
Y

which identifies with the natural transformation

î′∗Y (L∞ ⊗LOJGKζ (–))→ î′∗Y (L∞ ⊗̂
L
OJGKζ îY,∗î

∗
Y (–))

induced by the restriction to Db
fp(A) of the unit of adjunction idProDb

fp(A) → îY,∗î
∗
Y .

(Note that L∞ ⊗̂
L
OJGKζ restricts to L∞⊗LOJGKζ on Db

fp(A), by the discussion above,
or equivalently by (A.10.12).)

Applying Lemma 5.2.5, we can rewrite (5.3.3) as a natural transformation

(5.3.4) î′∗Y L∞ ⊗LOJGKζ (–)→ î′∗Y L∞ ⊗̂
L
OJGKζ îY,∗î

∗
Y (–).

Assume now that Y = {θ} is a singleton, and apply Proposition 5.2.18. This gives
us a projective generator P of Cθ with finite cosocle, with compact endomorphism
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ring E, and a complete right E-module V in ProCoh(Xθ), such that

V ⊗̂LEP
∼−→ V ⊗̂EP

∼−→ î′∗
θ
L∞

(where the first isomorphism follows from the fact that P is projective in Modc(E),
by Lemma 2.3.11 (4)). By Lemma 3.5.18, the natural transformation (5.3.4) is thus
isomorphic to

(5.3.5) V ⊗̂LE(P ⊗LOJGKζ (–))→ V ⊗̂LE(P ⊗̂
L
OJGKζ îY,∗î

∗
Y (–)).

Proposition 5.3.6. For any finite set of closed points Y ⊂ X, the natural trans-
formations (5.3.5) and (5.3.3) : î′∗Y F→ (ProFY )̂i

∗
Y are isomorphisms.

Proof. As in the proof of Corollary 5.2.30, we may immediately reduce to the case
that Y = θ is a singleton. Since (5.3.3) is naturally isomorphic to (5.3.5), it suffices
to prove that (5.3.5) is an isomorphism. To do so, it suffices to prove that for all
projective P ∈ Cθ with finite cosocle, the natural transformation

(5.3.7) P ⊗LOJGKζ (–)→ P ⊗̂LOJGKζ îθ,∗î
∗
θ
(–)

is an isomorphism. We know that P ⊗LOJGKζ – : Db
fp(A) → ProDb

f.l.(E) is t-exact,

by Lemma 3.5.17. Hence its Pro-extension P ⊗̂LOJGKζ– is also t-exact, and so
both sides of (5.3.7) are t-exact functors. By Corollary A.7.20, it thus suffices
to prove that (5.3.7) becomes an isomorphism after restriction to Afp. This is
Lemma 2.5.26. □

We can now prove that F(c-IndGKZ σ) is pure of degree zero (in the sense of
Definition B.3.33) after completed pullback to Xθ.

Lemma 5.3.8. Let σ be a Serre weight. Let θ be a 2-dimensional Fp-valued
pseudorepresentation. Then

î′∗
θ
F(c-IndGKZ σ)

Prop. 5.3.6
= ProFθ (̂i

∗
θ
c-IndGKZ σ)

is a pro-coherent sheaf, i.e. it is pure of degree zero. Furthermore, Fθ(c-Ind
G
KZ σ/fθc-Ind

G
KZ σ)

is pure of degree zero unless θ is of type (St) and σ is Steinberg.

Proof. This is immediate if θ is not of type (St), since Fθ (and thus ProFθ) is
t-exact by Theorem 5.2.24 (2). Note that in this case the only piece of information
we need about î∗

θ
c-IndGKZ σ and î∗

θ
(c-IndGKZ σ/fθc-Ind

G
KZ σ) is that they are objects

of ProAfp

θ
, a consequence of the t-exactness of î∗

θ
.

Suppose now that θ has type (St). After twisting we may suppose that θ = 1+ω−1,
so that by Lemma 2.5.16 (2), we only need to consider σ ∈ {Sym0, det⊗ Symp−3, Symp−1},
as otherwise î∗

θ
c-IndGKZ σ = 0. To handle the cases σ = Sym0 and det⊗Symp−3, we

first recall that by definition we have fθ = Tp − 1, and by (2.5.17) we have

î∗
θ
c-IndGKZ σ

∼−→ limn(c-IndGKZ σ)/(Tp − 1)n.

Then, by an obvious dévissage, it suffices to show that Fθ
(
(c-IndGKZ σ)/(Tp − 1)

)
is

pure of degree zero. If σ = det⊗Symp−3, we have

Fθ
(
c-IndGKZ det⊗Symp−3 /(Tp − 1)

)
= Fθ(πα),

which is pure of degree zero by Corollary 5.2.29.
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In the case σ = Sym0, we have a non-split short exact sequence

(5.3.9) 0→ St→ c-IndGKZ Sym0 /(Tp − 1)→ 1G → 0,

so that c-IndGKZ Sym0 /(Tp − 1) is the cone of a non-zero map 1G[−1]→ St. It then
follows from Corollary 5.2.29 and the full faithfulness of Fθ that Fθ(c-Ind

G
KZ Sym0 /(Tp−

1)) is quasi-isomorphic to the image under the t-exact, fully faithful functor
k̂∗
θ
: Db

coh(Xθ)→ ProDb
coh(Xθ) of a complex (in degrees −1 and 0)

S(−3)/(a0, a1, c,ϖ)
δ−→ S(−1)/(a0, a1, c,ϖ),

where δ is non-zero, and we regard graded S-modules as objects of Coh(Xθ). Since
every non-zero S-linear endomorphism of S/(a0, a1, c,ϖ) = F[b0, b1] is injective
(such an endomorphism is given by multiplication by a non-zero element of the
integral domain F[b0, b1]), we deduce that Fθ(c-Ind

G
KZ Sym0 /(Tp − 1)) is pure of

degree zero.
Finally, suppose that σ = Symp−1. Since î∗

θ
is exact, applying it to (2.2.36) yields

a short exact sequence

(5.3.10) 0→ î∗
θ
c-IndGKZ Sym0 → î∗

θ
c-IndGKZ Symp−1 → St→ 0.

Now Corollary 5.2.29 shows that Fθ(St) is pure of degree zero, and since we have
already seen that ProFθ (̂i

∗
θ
c-IndGKZ Sym0) is pure of degree zero, the same is true

of ProFθ (̂i
∗
θ
c-IndGKZ Symp−1). □

5.3.11. Completed stalks of F(c-IndGKZ σ). Recall from Section 3.3.4 that the closed
points of X are in bijection with Gal(Fp/F)-conjugacy classes of 2-dimensional Fp-
valued pseudorepresentations θ, or equivalently of semisimple Galois representations
ρ : GQp

→ GL2(Fp). Given ρ with trace θ, we write i′ρ : (X/ϖ)∧ρ → X/ϖ for the
completion at the closed subset {ρ} ⊂ |X/ϖ|. In this subsection we study the
pullback î′∗ρ F(c-Ind

G
KZ σ).

We begin by specializing the framework of Section B.3.30 to the situation at
hand. In Definition 3.4.4 we have constructed a morphism

Spf Rver
θ
→ Xθ

mapping the unique point of the source to the unique closed point ρ of the target.
It thus induces a morphism

(5.3.12) v : Spf Rver
θ
/ϖ → (X/ϖ)∧ρ .

If σ is a Serre weight, we have defined a reduced closed algebraic substack
z : Z(σ) → X/ϖ in Definition 3.2.3. We also have introduced in Definition 3.4.4
a quotient Rσ

θ
of Rver

θ
such that Spf Rσ

θ
= Spf Rver

θ
/ϖ ×X/ϖ Z(σ). Noting that we

may factor i′ρ as a composite

(X/ϖ)∧ρ
i′
ρ,θ−−→ Xθ/ϖ

i′
θ−→ X/ϖ,

we see that we have a commutative diagram
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(5.3.13)

Spf Rver
θ
/ϖ (X/ϖ)∧ρ Xθ/ϖ X/ϖ

Spf Rσ
θ
/ϖ Z(σ)∧ρ Z(σ),

v
i′
ρ,θ

i′ρ

i′
θ

vσ i′ρ,σ

zρ z

with Cartesian squares, where i′ρ,σ is the completion at {ρ} ∩ |Z(σ)|, and zρ is the
completion of z at {ρ}. (If ρ ̸∈ |Z(σ)|, then Z(σ)∧ρ is empty.)

We now note that î′∗ρ F(c-Ind
G
KZ σ) is in fact a pro-coherent sheaf, i.e. pure of

degree zero. Indeed, Lemma 5.3.8 shows that î′∗
θ
F(c-IndGKZ σ) is pure of degree zero,

while the discussion of Section B.3.26 shows that î′∗
ρ,θ

is t-exact. By Remark B.3.14

we have î′∗ρ = î′∗
ρ,θ
î′∗
θ

, hence

(5.3.14) î′∗ρ F(c-Ind
G
KZ σ)

∼−→ î′∗
ρ,θ
î′∗
θ
F(c-IndGKZ σ)

is again pure of degree zero.
As a special case of Lemma B.3.39, we have an exact and faithful pullback functor

v̂∗ : ProCoh
(
(X/ϖ)∧ρ

)
→ Modc(R

ver
θ
/ϖ).

We apply v̂∗ to the object î′∗ρ F(c-Ind
G
KZ σ) of ProCoh

(
(X/ϖ)∧ρ

)
, so as to obtain

an object of Modc(R
ver
θ
/ϖ). The following proposition provides some quite precise

information about this latter object.

Proposition 5.3.15. Let σ be a Serre weight, and let ρ : GQp → GL2(Fp) be a
semisimple Galois representation. Let θ be the trace of ρ.

(1) If ρ ̸∈ |Z(σ)|, then î′∗ρ F(c-Ind
G
KZ σ) = 0.

(2) If ρ ∈ |Z(σ)|, then v̂∗î′∗ρ F(c-Ind
G
KZ σ) is (the compact Rθ/ϖ-module associ-

ated to) a finitely presented Rσ
θ
/ϖ-module, and the natural map

Rσ
θ
/ϖ → EndRσ

θ
/ϖ

(
v̂∗î′∗ρ F(c-Ind

G
KZ σ)

)
is injective.

(3) If ρ ∈ |Z(σ)| and σ ̸= deta⊗ Symp−2 for any a, then

v̂∗î′∗ρ F(c-Ind
G
KZ σ)

∼= Rσ
θ
/ϖ.

Proof. The first statement is immediate from (5.3.14) together with Proposition 5.3.6,
since if ρ ̸∈ |Z(σ)|, then σ is not a Serre weight of ρ, by Theorem 3.2.4 (5), and so
î∗
θ
c-IndGKZ σ = 0, by Lemma 2.5.16 (2).
We now prove the remaining two statements, initially under the additional

assumption that if θ has type (St), then σ is not a determinant twist of Sym0.
Under this additional assumption, we claim that

(5.3.16) ProFθ (̂i
∗
θ
c-IndGKZ σ)

∼−→ Vθ ⊗̂Ẽθ
ProV †(̂i∗

θ
c-IndGKZ σ).

Indeed, we first note that Lemma 5.3.8 shows that

ProFθ (̂i
∗
θ
c-IndGKZ σ)

∼−→ H0 ProFθ (̂i
∗
θ
c-IndGKZ σ),

so that we may replace the left-hand side of (5.3.16) by its H0.
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If θ does not have type (St), we then see that the isomorphism (5.3.16) follows by
passing to H0 in the (Pro-extension of) the isomorphism (5.2.32). On the other hand,
if θ does have type (St), then we are assuming that σ is a twist of either Symp−3

or Symp−1, in which case c-IndGKZ σ/(Tp− 1)n does not have any SL2(Qp)-invariant
quotient, for any n > 0. We may thus apply Corollary 5.2.33 to find that

H0 ProFθ (̂i
∗
θ
c-IndGKZ σ)

∼−→ limnH
0Fθ
(
c-IndGKZ σ/(Tp − 1)n

)
∼−→ limn Vθ ⊗̂Ẽθ

V †(c-IndGKZ σ/(Tp − 1)n
) ∼−→ Vθ ⊗̂Ẽθ

ProV †(̂i∗
θ
c-IndGKZ σ),

again yielding the desired isomorphism (5.3.16).
We then find that

(5.3.17) v̂∗î′∗ρ F(c-Ind
G
KZ σ) = v̂∗î′∗

ρ,θ
î′∗
θ
F(c-IndGKZ σ)

Prop. 5.3.6
= v̂∗î′∗

ρ,θ
ProFθ (̂i

∗
θ
c-IndGKZ σ)

(5.3.16)
= v̂∗î′∗

ρ,θ

(
Vθ ⊗̂Ẽθ

ProV †(̂i∗
θ
c-IndGKZ σ)

)
Lem. A.1.55

= (v̂∗î′∗
ρ,θ
Vθ) ⊗̂Ẽθ

ProV †(̂i∗
θ
c-IndGKZ σ) = V ver

θ
⊗̂Ẽθ

ProV †(̂i∗
θ
c-IndGKZ σ),

where we have followed Definition 3.4.4 in writing V ver
θ

for the versal object on Rver
θ

.
Under our running assumption that if θ has type (St), then σ is not a determinant
twist of Sym0, the proposition follows from Proposition 3.5.39 (noting that M†

σ,θ

there is by definition equal to ProV †(̂i∗
θ
c-IndGKZ σ)).

It remains to treat the case when θ is of type (St) and σ is a twist of Sym0, where,
as usual, we make a twist so as to assume that in fact θ = 1 + ω−1 and σ = Sym0.
We need to show that

v̂∗î′∗ρ F(c-Ind
G
KZ Sym0) ∼= R(1,0),crys/ϖ.

Recall that applying î∗
θ

to (2.2.36) and (2.2.37) gives rise to a sequence of injections

î∗
θ
c-IndGKZ Symp−1 → î∗

θ
c-IndGKZ Sym0 → î∗

θ
c-IndGKZ Symp−1

such that the composition is a unit multiple of Tp − 1, the cokernel of the first
map is 1G, and the cokernel of the second map is St. Then Corollary 5.2.29 and
Lemma 5.3.8 yield a sequence of morphisms

(5.3.18) ProFθ (̂i
∗
θ
c-IndGKZ Symp−1) ↠ ProFθ (̂i

∗
θ
c-IndGKZ Sym0)

↪→ ProFθ (̂i
∗
θ
c-IndGKZ Symp−1)

whose composite is a unit multiple of Tp − 1; note that the second arrow is (as
indicated) an injection, since Fθ(St) is pure of degree 0, and the first arrow is (as
indicated) a surjection, since Fθ(1G) is pure of degree −1.

Applying v̂∗î′∗
ρ,θ

to (5.3.18), and using the case σ = Symp−1 of the proposition,
which we have already proved, we obtain (in the notation of Section 3.4.9) a sequence
of maps of Rver

θ
-modules

R(p,0),crys/ϖ ∼= FJa0, b0, b1K/(a0b1) ↠ v̂∗î′∗ρ F(c-Ind
G
KZ Sym0) ↪→ FJa0, b0, b1K/(a0b1)

whose composite is a unit multiple of a0, by Remark 3.5.35. Hence

v̂∗î′∗ρ F(c-Ind
G
KZ Sym0) ∼= R(p,0),crys/(ϖ, b1)

(3.5.43)
= R(1,0),crys/ϖ. □
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5.3.19. F on finitely presented representations. If σ is a Serre weight, we continue
to write z : Z(σ)→ X/ϖ for the closed immersion defined in Definition 3.2.3.

Proposition 5.3.20. Let σ be a Serre weight. Then F(c-IndGKZ σ) is pure of degree
zero, and is in fact a coherent sheaf, whose scheme-theoretic support is Z(σ). If
furthermore σ ≠ Symp−2⊗ deta for any a, then z∗F(c-IndGKZ σ) is an invertible
sheaf on Z(σ).

Proof. In the discussion preceding the statement and proof of Proposition 5.3.15,
we noted that for every closed point ρ of X , the pullback î′∗ρ F(c-Ind

G
KZ σ) is pure of

degree zero. Since F is right t-exact, it then follows from Lemma B.3.34 (2) that
the same is true of F(c-IndGKZ σ), which is therefore a pro-coherent sheaf.

We will now show that F(c-IndGKZ σ) is scheme-theoretically supported on Z(σ),
in the sense of Definition B.3.31 (1). Recall the commutative diagram (5.3.13).
By Lemma B.3.35, it suffices to prove that for every closed point ρ of X , the
pro-coherent sheaf î′∗ρ F(c-Ind

G
KZ σ) on (X/ϖ)∧ρ is scheme-theoretically supported

on the completion Z(σ)∧ρ → Z(σ) at {ρ} ∩ |Z(σ)|. We thus need to prove that the
unit of the adjunction

(z∗ρ , zρ,∗) : ProCoh
(
(X/ϖ)∧ρ

)
→ ProCoh

(
Z(σ)∧ρ

)
of (B.3.13) is an isomorphism at î′∗ρ F(c-Ind

G
KZ σ). By Proposition 5.3.15, î′∗ρ F(c-Ind

G
KZ σ)

is an object of the full subcategory Coh(O(X/ϖ)∧ρ
) of ProCoh

(
(X/ϖ)∧ρ

)
. The com-

pleted pullback functor v̂∗ is faithful on this subcategory, by Lemma B.5.4 (applied
with X̂ = (X/ϖ)∧ρ , which is a completion of (Xθ/ϖ), and so falls within the scope
of Lemma B.5.4). It is therefore enough to show that the natural map

v̂∗î′∗ρ F(c-Ind
G
KZ σ)→

(
v̂∗î′∗ρ F(c-Ind

G
KZ σ)

)
⊗Rver

θ
Rσ
θ

is an isomorphism. This is a consequence of Proposition 5.3.15.
At this point in the proof, we have shown that F(c-IndGKZ σ) is a pro-coherent

sheaf, scheme-theoretically supported on Z(σ). In particular, the unit of adjunc-
tion F(c-IndGKZ σ)

∼−→ z∗z
∗F(c-IndGKZ σ) is an isomorphism, and F(c-IndGKZ σ) is

isomorphic to L∞ ⊗OJGKζ c-Ind
G
KZ σ (i.e. we can replace the derived tensor product

in the definition of F by a non-derived one). We then find that

z∗F(c-IndGKZ σ) = z∗(L∞ ⊗OJGKζ c-Ind
G
KZ σ)

Lem. A.1.55
= z∗L∞ ⊗OJGKζ c-Ind

G
KZ σ

= z∗L∞ ⊗OJKK σ = (z∗L∞)K1
⊗OJK/K1K σ.

Since (z∗L∞)K1 is coherent, by Lemma 5.1.36 (1), we see that F(c-IndGKZ σ) is
indeed coherent.

In order to show that the scheme-theoretic support of F(c-IndGKZ σ) is Z(σ), we
need to prove that the natural map

(5.3.21) OZ(σ) → EndOZ(σ)

(
z∗F(c-IndGKZ σ)

)
is injective. Applying Lemma B.3.34 to the kernel of (5.3.21), we see that it suffices
to show that (5.3.21) becomes an injection after applying î′∗ρ,σ, for any closed point ρ
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of Z(σ). By Lemma B.3.41, applying v̂∗σ î′∗ρ,σ to (5.3.21) yields the natural map

(5.3.22) Rσ
θ
/ϖ → EndModc(Rσ

θ
)(v̂

∗
σ î

′∗
ρ,σz

∗F(c-IndGKZ σ))

= EndModc(Rσ
θ
)(v̂

∗î′∗ρ F(c-Ind
G
KZ σ));

here the equality is obtained by an application of (B.3.12) to the outer rectangle in the
commutative diagram (5.3.13), taking into account the fact that v̂∗î′∗ρ F(c-Ind

G
KZ σ)

is an Rσ
θ
-module (by Proposition 5.3.15). The map (5.3.22) is injective, again by

Proposition 5.3.15. Since î′∗ρ pulls back the morphism (5.3.21) to a morphism in
Coh(O(X/ϖ)∧ρ

) (by Lemma B.4.13), and v̂∗ is faithful on Coh(O(X/ϖ)∧ρ
) (as we have

already seen earlier in this proof), this concludes the proof that (5.3.21) is injective.
Finally, assume that σ ̸= Symp−2⊗ deta for any a. It remains to prove that

z∗F(c-IndGKZ σ) is an invertible sheaf on Z(σ). Since Z(σ) is reduced, it suffices
to show that its fibre dimension is equal to 1 at all finite type points of Z(σ).
Since (5.3.21) is injective, the fibre dimension is positive at all finite type points
of Z(σ), hence the loci of fibre dimension = 1 and ≤ 1 coincide. By semicontinuity,
this locus is an open subset of |Z(σ)|, and by Proposition 5.3.15 (3), it contains all
closed points. It is therefore equal to |Z(σ)|. □

Proposition 5.3.23. The functor

F : Db
fp(A)→ ProDb

coh(X )

has essential image contained in Db
coh(X ). Furthermore it is of amplitude [−1, 0].

Proof. Since Db
fp(A) = Db(Afp), it follows from Lemma B.2.5 that it suffices to

show that for each π ∈ Afp, F(π) has cohomology in Coh(X ), which furthermore
vanishes outside of degrees −1, 0.

We begin by showing the vanishing. By Lemma B.3.34, it suffices to prove that
î′∗
θ
HiF(π) = 0 for all closed points θ of X and all i ≠ −1, 0. Since î′∗

θ
is exact, this is

equivalent to Hi(̂i′∗
θ
F(π)) = 0. Since (5.3.3) is an isomorphism (by Proposition 5.3.6)

we reduce to showing that Hi(ProFθ (̂i
∗
θ
π)) vanishes for i ≠ −1, 0. This follows from

Theorem 5.2.24.
We now prove that H0F(π) and H−1F(π) are coherent, for all π ∈ Afp. Recall

that π admits a presentation

c-IndGKZW → c-IndGKZ V → π → 0

with V,W finite O-modules. A dévissage using Proposition 5.3.20 shows that
H−1F(c-IndGKZ V ) = 0, and H0F(c-IndGKZ V ) is coherent. The right t-exactness
of F then implies that H0F(π) is coherent for all π ∈ Afp. Now, since Afp is abelian,
we have a short exact sequence

0→ π′ → c-IndGKZ V → π → 0

with π′ ∈ Afp. We thus obtain an exact sequence

0→ H−1F(π)→ H0F(π′)→ H0F(c-IndGKZ V )→ H0F(π)→ 0,

and we conclude that H−1F(π) is coherent, as required. □
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5.3.24. F preserves the recollement. We now show that for any (not necessarily
finite) closed subset Y ⊆ X, the functor FY takes Db

fp(AY ) to Db
coh(XY ).

Proposition 5.3.25. Let Y be a closed subset of X with open complement j : U ↪→
X, and write U := π−1

ss (U) and j′∗U : Db
coh(X )→ Db

coh(U) for the pullback functor.
(1) The essential image of the functor FY : Db

fp(AY )→ ProDb
coh(XY ) is con-

tained in Db
coh(XY ), and there is a commutative diagram

Db
fp(AY ) Db

fp(A)

Db
coh(XY ) Db

coh(X )

iY,∗

FY F

i′Y,∗

(2) The composite Db
fp(A)

F−→ Db
coh(X )

j′∗U−→ Db
coh(U) factors through a functor

FU : D
b
fp(AU )→ Db

coh(U).

Furthermore, if θ is a closed point of U then there is a natural isomorphism

(5.3.26) î′∗
θ
FU

∼−→ (ProFθ )̂i
∗
θ
: Db

fp(AU )→ ProDb
coh(Xθ).

Proof. We begin by noting that, for every θ ̸∈ Y , it follows from Proposition 5.3.6
that

(5.3.27) î′∗
θ
FiY,∗ = (ProFθ )̂i

∗
θ
iY,∗ = 0

(where we have used that î∗
θ
iY,∗ = 0). It follows from (5.3.27) and Lemma B.3.34

that j′∗U FiY,∗ = 0; equivalently, bearing in mind Proposition B.2.8, we see that
the composite FiY,∗ : Db

fp(AY ) → Db
coh(X ) has essential image contained in the

full subcategory Db
coh(XY ) = Db

coh,Y (X ) consisting of complexes whose cohomology
sheaves are set-theoretically supported on Y . In particular, we may write FiY,∗ =

î′Y,∗F
′
Y for some functor F′

Y : Db
fp(AY )→ Db

coh(XY ).
We therefore have the following commutative diagram, which immediately gives (1).

Db
fp(AY ) Db

fp(A) Db
coh(X ) ProDb

coh(XY )

Db
coh(XY )

FY

iY,∗

F′
Y

F î′∗Y

i′Y,∗

The existence of FU is a formal consequence of (5.3.27), Corollary 2.6.7 and the
commutativity of the diagram. Finally, (5.3.26) follows from (5.3.3). □

Definition 5.3.28. By Proposition 5.3.25 and Corollary 2.6.7, the Ind-extensions
of the functors F,FY ,FU give continuous, right t-exact functors, that we continue
to denote by the same symbols

F : D(A)→ IndDb
coh(X ),

FY : D(AY )→ IndDb
coh(XY ),

FU : D(AU )→ IndDb
coh(U).
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5.4. Localization to Ugood. Recall that in Definition 2.7.6 we defined a finite
subset Ybad ⊂ |X| with dense open complement Ugood, and in Definition 3.7.1
we defined Ugood as the open substack of X with underlying topological space
π−1
ss (Ugood). Our goal in this section is to establish some properties of our functor F

after restriction to Ugood and Ugood; in particular, we will show that the functor FUgood

is fully faithful (see Theorem 5.4.25).
By Lemma 3.7.4, Ugood decomposes as the disjoint union of open subsets U(σ|σco),

and correspondingly Ugood decomposes as the disjoint union of open subsets U(σ|σco).
Accordingly, we will be able to work with each open subset U(σ|σco) separately, and
a key tool in our analysis will be the explicit description of the stack U(σ|σco)red in
Proposition 3.7.8. We will need to study the coherent sheaf F(c-IndGKZ σ); if {σ, σco}
is not of type (scalar), then this is an invertible sheaf on Z(σ) (see Proposition 5.3.20),
and our analysis could be simplified, but we give a uniform treatment of all σ|σco

below.
We now fix a companion pair {σ, σco}. To simplify notation, we make the

following definitions.

Definition 5.4.1.
(1) We set Y := Ybad ∩ X(σ|σco), U := U(σ|σco) = X(σ|σco) \ Y , U :=
U(σ|σco) = π−1

ss (U). We also set U(σ) := U ∩ Z(σ).
(2) We write j∗ : D(A) → D(AU ), j′∗ : IndDb

coh(X ) → IndDb
coh(U) for the

t-exact localization functors, and j∗, j′∗ for their t-exact fully faithful right
adjoints (see Corollary 2.6.7 and Lemma 3.7.11).

(3) We write f = f(t) for the polynomial defined in Definition 2.7.6, so
that f−1

σ

(
U(σ|σco)

)
⊂ SpecHG(σ) is the non-vanishing locus of f(Tp) ∈

HG(σ) = F[Tp]. Note that this implies

j∗j
∗c-IndGKZ σ

∼−→ colim×f c-IndGKZ σ,

by Lemma 2.5.16.

We begin by specializing Corollary 2.6.8 to the situation at hand.

Lemma 5.4.2. The localizations j∗c-IndGKZ σ, j∗c-IndGKZ σco form a set of compact
generators of D(AU ).

Proof. By Corollary 2.6.8, the set of localizations {j∗c-IndGKZ σ′}, where σ′ ranges
over the ζ-compatible Serre weights, forms a set of generators of D(AU ). If σ′ ̸=
σ, σco, and σ′ is not a twist of Symp−1, then j∗c-IndGKZ σ′ = 0 by [DEG23, Prop.
3.1.13] (i.e. essentially by the very definition of j∗). It remains to note that by (2.2.36)
and the definition of Ugood, we have (for any r)

j∗c-IndGKZ det r ⊗ Symp−1 = j∗c-IndGKZ det r ⊗ Sym0 . □

In preparation for the next result, we recall that F(c-IndGKZ σ/fc-Ind
G
KZ σ) is

pure of degree zero. (Indeed, c-IndGKZ σ/fc-Ind
G
KZ σ is an object of AY , and Proposi-

tion 5.3.25 (1) identifies F(c-IndGKZ σ/fc-Ind
G
KZ σ) with FY (c-IndGKZ σ/fc-Ind

G
KZ σ),

which Lemma 5.3.8 shows is pure of degree zero; note that σ is not Steinberg, by
the definition of a companion pair.) The following lemma describes the underlying
topological space of the scheme-theoretic support of this coherent sheaf, and shows
that its endomorphism F(f) is nilpotent. In its proof, we will make use of the fact
that F(c-IndGKZ σ) is scheme-theoretically supported on Z(σ), by Proposition 5.3.20,
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hence the set-theoretic support of its quotient F(c-IndGKZ σ/fc-Ind
G
KZ σ) (in the

sense of Definition B.3.31) is a priori contained in |Z(σ)|.

Lemma 5.4.3. Let i′Y : Y → X be the scheme-theoretic support of F(c-IndGKZ σ/fc-Ind
G
KZ σ).

Then
(1) |Y| =

∐
θ∈Ybad

|Z(σ)| ∩ |Xθ| = |Z(σ)| \ |U(σ)|.
(2) The endomorphism F(f) of the coherent sheaf i′∗YF(c-Ind

G
KZ σ) is nilpotent.

Proof. By Definition 2.7.6, we have f =
∏
θ∈Ybad

fθ, where fθ ∈ H(σ) is as in
Definition 2.5.15, so that c-IndGKZ σ/fθc-Ind

G
KZ σ is the maximal multiplicity-free

quotient of c-IndGKZ σ which is an object of Aθ, and

c-IndGKZ σ/fc-Ind
G
KZ σ =

∏
θ∈Ybad

c-IndGKZ σ/fθc-Ind
G
KZ σ.

Thus, if we let i′Yθ
: Yθ ↪→ X denote the scheme-theoretic support of the coherent

sheaf F(c-IndGKZ σ/fθc-Ind
G
KZ σ), we find that Y =

∐
θ∈Ybad

Yθ. It therefore suffices
to prove, for each θ ∈ Ybad, that |Yθ| = |Z(σ)|∩ |Xθ|, and that F(fθ) acts nilpotently
on i′∗Yθ

F(c-IndGKZ σ).
By Proposition 5.3.25 we have

F(c-IndGKZ σ/fθc-Ind
G
KZ σ) = i′

θ,∗Fθ(c-Ind
G
KZ σ/fθc-Ind

G
KZ σ)

= i′
θ,∗î

′∗
θ
F(c-IndGKZ σ/fθc-Ind

G
KZ σ),

so we see that |Yθ| (which is a priori contained in |Z(σ)|, as recalled before the
statement of the lemma) is contained in |Z(σ)| ∩ |Xθ|.

On the other hand, by Proposition 5.3.6 and Lemma 2.5.16 we have the identifi-
cations

î′∗
θ
F(c-IndGKZ σ) = ProFθ

(
limn(c-IndGKZ σ)/f

n
θ
c-IndGKZ σ

)
= limn Fθ

(
(c-IndGKZ σ)/f

n
θ
(c-IndGKZ σ)

)
.

Applying î′
θ,∗, we find that

(5.4.4) î′
θ,∗î

′∗
θ
F(c-IndGKZ σ) = limn i

′
θ,∗Fθ

(
(c-IndGKZ σ)/f

n
θ
(c-IndGKZ σ)

)
.

Since i′
θ,∗Fθ

(
(c-IndGKZ σ)/fnθ (c-Ind

G
KZ σ)

)
is filtered by copies of the coherent sheaf

i′
θ,∗Fθ

(
(c-IndGKZ σ)/fθ(c-Ind

G
KZ σ)

)
, we see that the set-theoretic support of every

coherent quotient of î′
θ,∗î

′∗
θ
F(c-IndGKZ σ) is contained in that of

i′
θ,∗Fθ(c-Ind

G
KZ σ/fθc-Ind

G
KZ σ) = F(c-IndGKZ σ/fθc-Ind

G
KZ σ),

which is |Yθ|. By Proposition 5.3.20, the scheme-theoretic support of F(c-IndGKZ σ)
is Z(σ), so in particular F(c-IndGKZ σ) has a quotient G whose set-theoretic support
is exactly equal to |Z(σ)| ∩ |Xθ|. The unit G → î′

θ,∗î
′∗
θ
G is then necessarily an

isomorphism, and so G is a coherent quotient of î′
θ,∗î

′∗
θ
F(c-IndGKZ σ). It follows

from the previous paragraph that G has set-theoretic support contained in that of
F(c-IndGKZ σ/fθc-Ind

G
KZ σ), which is |Yθ|. Thus |Yθ| is equal to |Z(σ)| ∩ |Xθ|, as

claimed. This concludes the proof of the first part.



A CATEGORICAL p-ADIC LANGLANDS CORRESPONDENCE FOR GL2(Qp) 167

Turning to the second part, write i′Xθ,red
: Xθ,red ↪→ X for the closed immersion.

Since Xθ is the completion of X at Xθ,red, we see from Remark B.3.23 that there is
a natural surjection

î′
θ,∗î

′∗
θ
F(c-IndGKZ σ) ↠ i′Xθ,red,∗i

′∗
Xθ,red

F(c-IndGKZ σ)

in ProCoh(X ). We noted in (5.4.4) that the source of this surjection is equal to

limn i
′
θ,∗Fθ

(
(c-IndGKZ σ)/f

n
θ
(c-IndGKZ σ)

)
,

so we see that the coherent sheaf i′Xθ,red,∗
i′∗Xθ,red

F(c-IndGKZ σ) is a quotient of

i′
θ,∗Fθ

(
(c-IndGKZ σ)/f

n
θ
(c-IndGKZ σ)

)
= F

(
(c-IndGKZ σ)/f

n
θ
(c-IndGKZ σ)

)
for n sufficiently large, whence it is killed by F(fθ)

n = F(fn
θ
).

We have already seen that |Yθ| ⊆ |Xθ|, and so Yθ,red ⊆ Xθ,red. Thus, letting i′Yθ,red

denote the closed immersion Yθ,red ↪→ X , the result of the previous paragraph shows
that F(fθ) acts nilpotently on i′∗Yθ,red

F(c-IndGKZ σ). This immediately implies that

F(fθ) also acts nilpotently on i′∗Yθ
F(c-IndGKZ σ), as required. □

We now study the interaction of our functor F with the localization functors
in Definition 5.4.1. By construction, we have an isomorphism FU j

∗ ∼−→ j′∗F.
Postcomposing the inverse of this isomorphism with j′∗, the unit of adjunction
1 → j′∗j

′∗ induces a morphism F → j′∗FU j
∗. Precomposing with j∗, the counit

j∗j∗ → 1 induces a natural transformation

(5.4.5) Fj∗ → j′∗FU .

Proposition 5.4.6. The natural transformation (5.4.5) is a natural isomorphism
of functors from Db

fp(AU ) to IndDb
coh

(
X ).

Proof. By the continuity of all functors involved, it is equivalent to show that (5.4.5)
is a natural isomorphism of the corresponding Ind-extended functors D(AU ) →
IndDb

coh

(
X ). By Lemma 5.4.2, j∗c-IndGKZ σ, j∗c-IndGKZ σco are compact generators

of D(AU ), so by the symmetry between σ and σco, it suffices to show that the
morphism induced by (5.4.5)

(5.4.7) F(j∗j
∗c-IndGKZ σ)→ j′∗FU (j

∗c-IndGKZ σ)

is an isomorphism.
Recall (as noted in Definition 5.4.1) that the functors j∗, j∗ and j′∗, j

′∗ are t-
exact, and F(c-IndGKZ σ) is a sheaf (i.e. is in the heart of IndDb

coh

(
X )), so the

same is true of j′∗FU (j∗c-Ind
G
KZ σ) = j′∗j

′∗F(c-IndGKZ σ). Similarly (as also noted in
Definition 5.4.1) we have j∗j∗c-IndGKZ σ = (c-IndGKZ σ)[1/f ] = colim×f c-IndGKZ σ,
and since F commutes with colimits, we have

(5.4.8) F(j∗j
∗c-IndGKZ σ) = F(c-IndGKZ σ)[1/F(f)] := colim×F(f) F(c-IndGKZ σ),

which is also a sheaf. Thus all the objects under consideration are in the hearts
of the respective t-structures, and we work at the abelian level in what follows.
Bearing in mind (5.4.8), we see that we need to prove that the natural map

F(c-IndGKZ σ)[1/F(f)]→ j′∗j
′∗F(c-IndGKZ σ)

is an isomorphism.
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Since F(c-IndGKZ σ) is scheme-theoretically supported on the closed substack Z(σ)
of X , it is easy to check that we can replace X by Z(σ), and j′ by its restriction
to the open immersion U(σ) ↪→ Z(σ). We claim that the result now follows from
Lemma 5.4.9 below, which we apply with Z = Z(σ), F = F(c-IndGKZ σ), and f equal
to our F(f). Indeed, it is only necessary to remark that in this case the coherent
sheaf F/fF is (by the right t-exactness of F) equal to F(c-IndGKZ σ/fc-Ind

G
KZ σ),

so the hypotheses of Lemma 5.4.9 are supplied by Lemma 5.4.3. □

Lemma 5.4.9. Let F be a coherent sheaf on a Noetherian algebraic stack Z, and let
f be an endomorphism of F . Let i : Y → Z be the scheme-theoretic support of F/fF
(a closed algebraic substack of Z) and let j : U ↪→ Z be the open immersion of the
complement of Y. Suppose further that f acts nilpotently on i∗F . Then f becomes
invertible on j∗F , and the natural map F [1/f ] ∼−→ j∗j

∗F is an isomorphism in
IndCohZ.

Proof. There is an exact sequence

0→ F [f ]→ F f−→ F → F/fF → 0.

Note that the morphism F [f ]→ F/fN is injective for N sufficiently large, so that
there is an inclusion of set-theoretic supports

Supp(F [f ]) ⊆ Supp(F/fN ) = Supp(F/fF) = |Y|.
Thus multiplication by f on F becomes an isomorphism after applying j∗, whence the
unit of adjunction F → j∗j

∗F induces a morphism F [1/f ]→ j∗j
∗F in IndCoh(Z),

which we will show is an isomorphism. In order to do this we can replace Z by
a smooth cover by a scheme Z, and U and F by their pullbacks to Z, which we
denote by U and F .

Let A be the coherent algebra of endomorphisms of F generated by OZ together
with f , and write W = SpecA, equipped with its canonical finite affine morphism
π :W → Z. As usual, F gives rise to a coherent sheaf G := OW ⊗π−1A π−1F on W
such that F ∼−→ π∗G. Since A acts faithfully on F , we see that the support of G
is all of W . Recall that this implies that for any coherent ideal sheaf I ⊆ OW , we
have that Supp(G/IG) = V (I). In particular, Supp(G/fG) = V (f).

Now π∗(G/fG) = F/fF , and so Y := Supp(F/fF) = π
(
V (f)

)
. We claim that

the inclusion V (f) ⊆ π−1(Y ) is an equality. Given this, we find that π−1(U) is
equal to the distinguished open subset D(f) of W , and so, if j′ : D(f) ↪→W is the
corresponding open immersion, we find (recalling that π is affine) that indeed

j∗j
∗F = π∗j

′
∗j

′∗G = π∗G[1/f ] = F [1/f ].
To prove the claim, write I ′ := (π−1IY )OW , so that I ′ cuts out a closed

subscheme of W with underlying reduced equal to π−1(Y ). Then i∗F = π∗(G/I ′G),
and our assumption that f acts nilpotently on i∗F implies that f acts nilpotently
on G/I ′G. Hence (again using the fact that G has full support on W ) we see that

π−1(Y ) = V (I ′) = Supp(G/I ′G) ⊆ V (f).

We’ve already noted the reverse inclusion, and the desired equality follows. □

We now make use of the explicit description of Ured proved in Section 3.7.
Write B := F[t, f(t)−1, x, y]/(xy), so that by Proposition 3.7.8 we may write Ured =
[SpecB/G], where the reductive group G and its action on B is specified in the
statement of Proposition 3.7.8. From this explicit description we see that BG =
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F[t, f(t)−1] unless σ|σco is of type (scalar), in which case BG = F[s, (s2 − 4)±1]
where s = t+ t−1. In either case there is a finite morphism of F-algebras

(5.4.10) BG → F[t, f(t)−1],

and the maximal ideals of BG are in bijection with the closed points θ of U . More
precisely, if σ = σa,b, and θ corresponds to the semisimple Galois representation

ρθ := nrαζω
−a ⊕ nrα−1ωa−1,

then the corresponding maximal ideal of BG is nθ := (t − α) ⊆ BG (respectively
nθ := (s− (α+ α−1)) ⊆ BG if σ|σco is of type (scalar)); and we have

(5.4.11) nθF[t, f(t)
−1] = (fθ(t)).

We may now apply the results of Appendix B.4.14 to the stack Ured = [SpecB/G],
taking G there to be our G, and R to be F.

Proposition 5.4.12. The functor FU induces an isomorphism

EndAfp
U

(
j∗c-IndGKZ σ

) ∼−→ EndCoh(U)

(
FU (j

∗c-IndGKZ σ)
)
.

Proof. By Proposition 5.3.20, FU (j
∗c-IndGKZ σ) = j′∗F(c-IndGKZ σ) is a coherent

sheaf on U . Write
S := EndCoh(U)

(
FU (j

∗c-IndGKZ σ)
)
,

so that S is a (not necessarily commutative) BG-algebra which, by Corollary B.4.21,
is of finite type as a BG-module. By (2.5.18), we have

(5.4.13) (c-IndGKZ σ)[1/f ]
∼−→ j∗j

∗c-IndGKZ σ.

Consequently, bearing in mind the full faithfulness of j∗, we find that

(5.4.14) EndAfp
U

(
j∗c-IndGKZ σ

)
= F[Tp, f(Tp)

−1].

The morphism

FU : EndAfp
U

(
j∗c-IndGKZ σ

)
→ EndCoh(U)

(
FU (j

∗c-IndGKZ σ)
)

induced by FU is thus a morphism

(5.4.15) F[Tp, f(Tp)
−1]→ S.

Our goal is to show that this morphism is an isomorphism.
As above, we choose a closed point of U , corresponding to a pseudorepresentation θ

and a maximal ideal nθ of BG. Recall from Theorem 5.2.24 that

ProFθ : ProD
b
fp(Aθ)→ ProDb

coh(Xθ)

is fully faithful, and recall from Lemma 5.3.8 that ProFθ (̂i
∗
θ
c-IndGKZ σ) = î′∗

θ
F(c-IndGKZ σ) =

î′∗
θ
FU (j

∗c-IndGKZ σ) is pure of degree zero. We thus obtain an isomorphism

(5.4.16) ProFθ : EndProAfp

θ

(̂i∗
θ
c-IndGKZ σ)

∼−→ EndProCohXθ

(̂
i′∗
θ
F(c-IndGKZ σ)

)
.

By Corollary B.4.23, the morphism

î′∗
θ
: S := EndCohU

(
FU (j

∗c-IndGKZ σ)
)
→ EndProCohXθ

(̂
i′∗
θ
F(c-IndGKZ σ)

)
is a completion at nθ, i.e. it induces an isomorphism

Ŝnθ

∼−→ EndProCohXθ

(̂
i′∗
θ
F(c-IndGKZ σ)

)
.
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Moreover, by Proposition 2.7.23, the map (2.7.22) induces the first of the identifica-
tions

(5.4.17) EndProAfp

θ

(̂i∗
θ
c-IndGKZ σ) = F[Tp, f(Tp)

−1]∧fθ(Tp)
= F[Tp, f(Tp)

−1]∧nθ
,

the second being induced by (5.4.11). Finally, the natural isomorphism î′∗
θ
FU

∼−→
(ProFθ )̂i

∗
θ

of Proposition 5.3.25 produces a commutative diagram
(5.4.18)

F[Tp, f(Tp)
−1] = EndAfp

U
(j∗c-IndGKZ σ) EndCohU (FU (j

∗c-IndGKZ σ)) =: S

F[Tp, f(Tp)
−1]∧nθ

(5.4.17)
= EndProAfp

θ

(̂i∗
θ
c-IndGKZ σ) EndProCohXθ

(̂i′∗
θ
F(c-IndGKZ σ)) = Ŝnθ

FU

(5.4.15)

î∗
θ

î′∗
θ

∼
ProFθ

whose top horizontal arrow is the morphism (5.4.15) that is the focus of our attention.
We now make some deductions. Firstly, we see that the completion of S (which

we recall is of finite type as a BG-module) at each maximal ideal of BG (which
is itself a finite type F-algebra) is commutative and reduced. Thus S itself is
commutative and reduced, and is in particular a finite commutative BG-algebra.
We have already observed that (5.4.10) makes F[Tp, f(Tp)

−1] a finite BG-algebra.
Somewhat confusingly, we have not shown that (5.4.15) is a morphism of BG-
algebras. However, we see from (5.4.18) that (5.4.15) induces isomorphisms of the
completions of its source and target at each maximal ideal nθ of BG. Now the
finiteness of each of F[Tp, f(Tp)−1] and S over BG shows that the maximal ideals of
each of them are partitioned into finite sets according to the maximal nθ of BG that
they lie over, and then the isomorphisms given by the bottom arrow of (5.4.18) show
that (5.4.15) respects these partitions of the maximal ideals in its source and target,
and furthermore induces bijections on each of the finite sets of maximal ideals given
by these partitions. Thus (5.4.15) in fact induces a bijection between the maximal
ideals in its source and target, and an isomorphism between the corresponding
completions of each of its source and target. It follows from Lemma 5.4.19 below
that (5.4.15) is an isomorphism, as desired. □

Lemma 5.4.19. Let k be a field, and let f : A→ B be a morphism between finite
type k-algebras. Assume that f−1 induces a bijection on maximal ideals, and that for
every maximal ideal m ⊂ B, the induced map f̂ : Âf−1(m) → B̂m is an isomorphism.
Then f is an isomorphism.

Proof. Since f−1 is bijective on maximal ideals, to prove that f an isomorphism,
it suffices to prove that Spec f is an open immersion. By [Stacks, Tag 02LC], it in
turn suffices to prove that f is étale and universally injective.

For each maximal ideal m ofB, it follows from our hypotheses together with [Stacks,
Tag 039M] that the map Af−1(m) → Bm is an étale homomorphism of local rings, and
is in particular flat and unramified. Hence f : A→ B is flat, by [Stacks, Tag 00HT]
and furthermore it is unramified at all maximal ideals of B (i.e. (Ω1

B/A)m = 0 for all
maximal m ⊂ B), by [Stacks, Tag 039G]. Thus f : A→ B is étale.

It remains to show that f is universally injective. By [Stacks, Tag 01S4], it
suffices to prove that B⊗A B → B induces a surjection on Spec. Since the image of
Spec(B)→ Spec(B ⊗A B) is closed, it suffices to show that for each finite extension
k′/k, any morphism ϕ : B ⊗A B → k′ necessarily factors through B. Given such

https://stacks.math.columbia.edu/tag/02LC
https://stacks.math.columbia.edu/tag/039M
https://stacks.math.columbia.edu/tag/00HT
https://stacks.math.columbia.edu/tag/039G
https://stacks.math.columbia.edu/tag/01S4
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a map ϕ, we have two maps ϕ1, ϕ2 : B → k′ (defined by ϕ1(b) = ϕ(b ⊗ 1) and
ϕ2(b) = ϕ(1 ⊗ b)) that agree on A, and we must show ϕ1 = ϕ2. Since ϕ1, ϕ2
agree on A, and f−1 is bijective on maximal ideals by hypothesis, we deduce that
ker(ϕ1) = ker(ϕ2) = m for some maximal ideal m ⊂ B. The map Âf−1(m) → B̂m

is an isomorphism by hypothesis, so it induces an isomorphism on residue fields
A/f−1(m)

∼−→ B/m; so ϕ1 = ϕ2, as required. □

Remark 5.4.20. Although we won’t need this in the sequel, the morphism (5.4.15)
is in fact a morphism of BG-algebras. To see this, writing mSpec for the set of
maximal ideals of a ring, it follows from the proof of Proposition 5.4.12 (in particular,
from the commutativity of (5.4.18)) that the diagram

mSpecBG

mSpecF[Tp, f(Tp)
−1] mSpecS

FU

commutes. Since the formation of (5.4.18) is compatible with finite base change
in F, we see that in fact the diagram

mSpec(BG ⊗F F′)

mSpecF′[Tp, f(Tp)
−1] mSpec(S ⊗F F′)

FU

commutes whenever F′ is a finite extension of F, and so it also commutes when F′ =
Fp. Since the functor A 7→ mSpec(A ⊗F Fp) is faithful on reduced F-algebras of
finite type (with F-linear morphisms) we conclude that the diagram

BG

F[Tp, f(Tp)
−1] S

FU

commutes, as claimed.

The following result is a mild reformulation of results from Section 2.7.

Proposition 5.4.21. For any choice of σ1, σ2 ∈ {σ, σco}, and for each i ≥ 0:
(1) the F[Tp, f(Tp)

−1]-module

ExtiDb
fp(AU )(j

∗c-IndGKZ σ1, j
∗c-IndGKZ σ2)

is finitely generated, where the F[Tp, f(Tp)
−1]-action is defined through the

action of HG(σ2) = F[Tp] on the second factor.
(2) if θ corresponds to a point of U , then the map

î∗
θ
: ExtiDb

fp(AU )(j
∗c-IndGKZ σ1, j

∗c-IndGKZ σ2)→ Exti
ProDb(Afp

θ
)
(̂i∗
θ
c-IndGKZ σ1, î

∗
θ
c-IndGKZ σ2)

exhibits the target as the completion of the source at the principal ideal
of F[Tp, f(Tp)−1] generated by fθ(Tp).
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Proof. Note that

ExtiDb
fp(AU )(j

∗c-IndGKZ σ1, j∗c-Ind
G
KZ σ2) ExtiD(A)(j∗j

∗c-IndGKZ σ1, j∗j∗c-Ind
G
KZ σ2)

∼
j∗

(because j∗ is fully faithful on the level of derived categories), and that ExtiA =
ExtiD(A) by definition. Part (1) is then part of Proposition 2.7.9, while part (2) is
Proposition 2.7.23. □

We can now deduce the following key statement.

Proposition 5.4.22. For any choice of σ1, σ2 ∈ {σ, σco}, and any i ≥ 0, the
functor FU induces an isomorphism

ExtiDb
fp(AU )

(
j∗c-IndGKZ σ1, j

∗c-IndGKZ σ2
) ∼−→ ExtiDb

coh(U)

(
FU (j

∗c-IndGKZ σ1),FU (j
∗c-IndGKZ σ2)

)
.

Proof. The case i = 0 and σ1 = σ2 is immediate from Proposition 5.4.12 (bearing
in mind the symmetry between σ and σco), which shows that

(5.4.23) F[Tp, f(Tp)
−1]

(5.4.14)
= EndAfp

U
(j∗c-IndGKZ σ2)

∼−→ EndCoh(U)

(
FU (j

∗(c-IndGKZ σ2)
)
.

By Proposition 5.4.21 and Corollary B.4.22, it follows that for each i ≥ 0 and pair
σ1, σ2, both

ExtiDb
fp(AU )

(
j∗c-IndGKZ σ1, j∗c-Ind

G
KZ σ2

)
and

ExtiDb
coh(U)

(
FU (j

∗c-IndGKZ σ1),FU (j
∗c-IndGKZ σ2)

)
are finitely generated over the finite type F-algebra F[Tp, f(Tp)

−1] (acting through
the second factor).

Since (5.4.23) is induced by FU , the morphism

FU : ExtiDb
fp(AU )

(
j∗c-IndGKZ σ1, j

∗c-IndGKZ σ2
)
→ ExtiDb

coh(U)

(
FU (j

∗c-IndGKZ σ1),FU (j
∗c-IndGKZ σ2)

)
is F[Tp, f(Tp)

−1]-linear, and so (since we have now seen that it is an F[Tp, f(Tp)
−1]-

linear morphism between finitely generated F[Tp, f(Tp)
−1]-modules) to show that it

is an isomorphism, it suffices to prove that it becomes one after completing at each
of the principal ideals fθ(Tp) of F[Tp, f(Tp)−1]. By (5.3.26) there is a commutative
diagram

ExtiDb
fp(AU )(j

∗c-IndGKZ σ1, j∗c-Ind
G
KZ σ2) ExtiDb

coh(U)

(
FU (j

∗c-IndGKZ σ1),FU (j∗c-Ind
G
KZ σ2)

)

ExtiProDb
fp(Aθ)

(̂i∗
θ
c-IndGKZ σ1, î∗θc-Ind

G
KZ σ2) ExtiProDb

coh(Xθ)

(
ProFθ (̂i

∗
θ
c-IndGKZ σ1),ProFθ (̂i

∗
θ
c-IndGKZ σ2)

)
FU

î∗
θ

î′∗
θ

ProFθ

Proposition 5.4.21 shows that the left vertical arrow is a completion at the principal
ideal generated by fθ. Corollary B.4.23 shows the same is true of the right vertical
arrow. It only remains to show that the lower horizontal arrow is an isomorphism,
and this is immediate from Theorem 5.2.24. □

Proposition 5.4.24. For each companion pair {σ, σco}, the functor

FU(σ|σco) : D
b
fp(AU(σ|σco))→ Db

coh

(
U(σ|σco)

)
is fully faithful.
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Proof. By Lemma A.4.6, it suffices to show that

FU(σ|σco) : D(AU(σ|σco))→ IndDb
coh

(
U(σ|σco)

)
is fully faithful. Using Proposition 5.4.22, this is immediate from an application of
the implication “(4) =⇒ (1)” of Proposition A.2.25, using the compact generators
j∗c-IndGKZ σ, j∗c-IndGKZ σco of D(AU(σ|σco)). □

Finally, we deduce the main results of this section.

Theorem 5.4.25.
(1) The functor FUgood

: Db
fp(AUgood

)→ Db
coh(Ugood) is fully faithful.

(2) The natural transformation

FjUgood,∗ → j′Ugood,∗FUgood

of functors from Db
fp(AUgood

) to IndDb
coh

(
X ) is a natural isomorphism.

Proof. Recalling the decomposition Ugood =
∐
U(σ|σco), this is immediate from

Propositions 5.4.24 and 5.4.6. □

5.5. The main theorem. We are now in a position to deduce our main theorem,
showing that if p ≥ 5, then there is a fully faithful functor D(A) = IndDb

fp(A)→
IndDb

coh(X ).

Theorem 5.5.1. The functors

(5.5.2) F : D
b
fp(A)→ Db

coh(X )

and

(5.5.3) F : D(A) = IndD
b
fp(A)→ IndDb

coh(X )

are fully faithful.

Proof. We put ourselves in the situation of Section A.5, taking the category Ac there
to be our Db

fp(A); so (in a somewhat unfortunate clash of notation) it follows from
Corollary 2.6.7 that A there is our D(A). We take (A′)c there to be our Db

coh(X ).
We let AcZ be Db

fp(AYbad
), and (A′

Z)
c be Db

coh,Ybad
(X ) = Db

coh(XYbad
).

The theorem will be an immediate consequence of Proposition A.5.3, once we
check that the functor (5.5.2) satisfies the hypotheses of that result. Note firstly
that by Corollary 2.6.7 and (B.2.12), we have equivalences

Db
fp(A)/Db

fp(AYbad
)→ D

b
fp(AUgood

)

and
Db

coh(X )/Db
coh(XYbad

)→ Db
coh(Ugood).

Then Hypothesis (1) is the claim that the functors

FUgood
: D

b
fp(AUgood

)→ Db
coh(Ugood)

and
FYbad

: D
b
fp(AYbad

)→ Db
coh(XYbad

)

are fully faithful, which is Theorem 5.4.25 (1) and Corollary 5.2.30. Hypothesis (2)
is precisely Theorem 5.4.25 (2), and finally Hypothesis (3) is Proposition 5.3.6
(with Y = Ybad). □
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Appendix A. Category theory

We begin by briefly collecting some standard results in category theory. In
addition to the material recalled here, we refer the reader to [DEG23, App. A.3] for
some recollections on Ind and Pro categories.

A.1. 1-categories. As we discuss in more detail at the beginning of Section A.2,
we typically fix a Grothendieck universe, and sets are called small if they belong to
this fixed universe.

A.1.1. Subcategories of abelian categories. Let A be an abelian category. By def-
inition, a Serre subcategory of A is a full subcategory B of A such that, for any
exact sequence X → Y → Z for which X and Z are objects of B, we also have
that Y is an object of B; equivalently, B is closed under passing to subquotients and
extensions in A (cf. [Stacks, Tag 02MP]). A localizing subcategory of A is a Serre
subcategory B of A for which the quotient functor A → A/B admits a right adjoint,
which is then necessarily fully faithful, by [Gab62, Prop. III.2.3(a)].

Following [Stacks, Tag 02MN], we define a weak Serre subcategory of A to be a full
subcategory B of A with the additional property that, whenever the four outermost
terms of a five term exact sequence in A are objects of B, so is the middle term.
Any weak Serre subcategory B (and thus any Serre subcategory) of A is an exact
abelian subcategory of A; that is, it is a full subcategory of A which is an abelian
category in its own right, and for which the inclusion B ↪→ A is exact. (Indeed, a
weak Serre subcategory of A is precisely an exact abelian subcategory of A which is
also closed under the formation of extensions in A; c.f. [Stacks, Tag 0754].)

A.1.2. Grothendieck categories. Recall that a Grothendieck category A is an abelian
category which is cocomplete, admits a set of generators, and for which the formation
of filtered colimits in A is exact. It then follows that A is also complete [KS06,
Prop. 8.3.27].

We say that an object X of a Grothendieck category A is compact if HomA(X, –)
commutes with filtered colimits, and we write Ac for the full subcategory of compact
objects. We say that the category A is compactly generated if it admits a set
of compact generators, in which case the natural functor Ind(Ac) → A is an
equivalence. (In the literature, compact objects are often called “finitely presented”,
and a compactly generated category is “locally finitely presented”.)

Recall that an abelian category is called locally Noetherian if it is a Grothendieck
category, and furthermore admits a set of Noetherian generators. A locally Noether-
ian abelian category is compactly generated, and its compact objects are precisely
the Noetherian objects (see e.g. [DEG23, Prop. A.1.1]).

An abelian categoryA is locally coherent if it is a compactly generated Grothendieck
category and if furthermore Ac is abelian, in which case Ac is a weak Serre sub-
category, hence an exact abelian subcategory, of A (for example by Lemma A.1.3
below). Any locally Noetherian category is locally coherent.

A Serre subcategory B of a Grothendieck category A is localizing if and only if it
is closed under arbitrary direct sums in A. Suppose furthermore that A is locally
Noetherian; then B and A/B are also locally Noetherian, and the right adjoint
A/B → A preserves filtered colimits. Furthermore the compact objects of B are
those objects of B which are compact in A, and the compact objects of A/B are

https://stacks.math.columbia.edu/tag/02MP
https://stacks.math.columbia.edu/tag/02MN
https://stacks.math.columbia.edu/tag/0754
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the images of the compact objects in A, so that the sequence of functors

B → A → A/B
is the Ind-extension of the induced sequence

Bc → Ac → (A/B)c = Ac/Bc.
(See for example [DEG23, Lem. A.2.7] for these facts.)

Lemma A.1.3. If A is a locally coherent abelian category, then Ac is a weak
Serre subcategory of A. If A is furthermore locally Noetherian, then Ac is a Serre
subcategory of A.

Proof. For the first statement, we have to check that Ac is an exact abelian subcat-
egory of A which is closed under extensions. This is consequence of the equivalence
of (1) and (2) in [Her97, Thm. 1.6], together with [Her97, Prop. 1.5].

For the second statement, we have to check that Ac is closed under subquotients
and extensions, which is clear, since in this case (i.e. when A is locally Noetherian) Ac
coincides with the Noetherian objects in A. □

A.1.4. Ind and Pro categories. If C is a small category, then, as usual, we write
Ind(C) for the category of small filtered diagrams of objects of C. We typically
consider directed systems {Xi}i∈I of objects of C, indexed by a directed set I, and
write colimi∈I Xi to denote the associated object of Ind(C). (Of course, one can
equally well consider systems of objects indexed by a filtered category, and we will
do so on occasion, using the same notation.) Regarding objects of C as constant
directed systems, we obtain a fully faithful embedding C ↪→ Ind(C). The object
colimi∈I Xi is then the colimit of the Xi in Ind C.

Recall that morphisms in Ind C are computed via the formula

HomInd(C)(colimi∈I Xi, colimj∈J Yj) = limi∈I colimj∈J HomC(Xi, Yj).

(This simply encodes the fact, already noted, that the natural functor C → Ind(C)
is fully faithful, together with the additional fact that the objects of C are compact
in Ind C.)

We define Pro(C) in a dual fashion, so that objects of Pro(C) can be written as
cofiltered limits limi∈I Xi of objects of C. We will usually apply these constructions
when C is a small abelian category, in which case Ind(C) and Pro(C) are also abelian
(but no longer small).

We have the following standard lemmas.

Lemma A.1.5. Let C and C′ be small abelian categories, and let f : C → C′ be an
additive functor. Then:

(1) f is left exact (resp. right exact, resp. exact) if and only if its cofiltered
limit-preserving extension Pro(f) : Pro(C) → Pro(C′) is left exact (resp.
right exact, resp. exact).

(2) If C′ has cofiltered limits, then f is left exact if and only if its cofiltered
limit-preserving extension Pro(f) : Pro(C)→ C′ is left exact;

(3) If C′ has exact cofiltered limits, then f is right exact if and only if Pro(f) :
Pro(C)→ C′ is right exact.

Proof. By for example [KS06, Prop. 8.6.6(a)] any exact sequence 0 → A → B →
C → 0 in Pro(C) can be written as a cofiltered limit of exact sequences in C.
By [KS06, Theorem 8.6.5(ii)], the functor C → Pro(C) is fully faithful and exact.
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Part (1) follows, and then part (2), resp. part (3), follows from part (1) and the
fact that the inverse limit functor Pro(C′)→ C′ is left exact, resp. exact under the
assumptions of part (3). □

Lemma A.1.6. Suppose that g : C′ → C is an exact functor between small abelian
categories, and continue to write g : Pro C′ → Pro C for its Pro-extension. Then:

(1) g : Pro C′ → Pro C admits a left adjoint f : Pro C → Pro C′, which is right
exact and cofiltered limit-preserving.

(2) f is exact if and only if the restriction f |C : C → Pro C′ is exact.

Proof. By assumption, g : Pro C′ → Pro C is exact and cofiltered limit-preserving,
so it is limit-preserving, and thus admits a left adjoint f : Pro C → Pro C′ by the
adjoint functor theorem. Being a left adjoint, f is right exact. We now prove that
it preserves cofiltered limits. Letting X = limi∈I Xi be a cofiltered limit of objects
of Pro C, and Y be an object of C′, we have

HomPro C′(f(lim
i
Xi), Y ) = HomPro C(lim

i
Xi, g(Y )) = colimiHomPro C(Xi, g(Y ))

= colimiHomPro C′(f(Xi), Y ) = HomPro C′(lim
i
f(Xi), Y ),

where the second equality is because g(Y ) ∈ C. Since every object of Pro C′ is a
limit of objects of C′, this equality remains true for arbitrary objects Y ∈ Pro C′.
Hence f(limiXi) = limi f(Xi), as required. The second part follows from parts (2)
and (3) of Lemma A.1.5, since Pro C′ has exact cofiltered limits. □

Remark A.1.7. In the setting of Lemma A.1.6, we may form the Ind-extensions
of f and g, which are a pair of adjoint functors Ind f : IndPro C → IndPro C′,
Ind g : IndPro C′ → IndPro C (as can be checked directly from the definition of
Hom-spaces in Ind-categories). Since Ind-completion preserves exactness, we see
that Ind g is always exact, and if f |C : C → Pro C′ is exact, then so is Ind f .

We now recall a standard result about projective objects of Pro C. (The dual
statement then gives a result about injective objects in Ind C.) We begin with the
following technical lemma, which is Exercise 6.11 in [KS06].

Lemma A.1.8. Let C′ be a full subcategory of a small category C. Then:
(1) if A = colimiXi ∈ Ind C is such that any X → A with X ∈ C factors through

some Y → A with Y ∈ C′, then A ∈ Ind C′.
(2) If A = limiXi ∈ Pro C is such that any A→ X with X ∈ C factors through

some A→ Y with Y ∈ C′, then A ∈ Pro C′.

Proof. The second statement follows from the first by passage to opposite categories,
so it suffices to prove the first. To this end, write D to denote the category of
morphisms (in Ind C) Y → A, with Y an object of C′. It follows from the hypothesis
(by a very similar argument to that in the last paragraph of this proof) that the
category D is filtered. Accordingly, the functor α : D → C′ mapping the morphism
Y → A to Y gives a filtered diagram in C′, so it has colimit colimD Y in Ind C′.

The morphisms Y → A that define the objects of D give rise to a tautological
morphism colimD Y → A, which we will show is an isomorphism. By Yoneda’s
lemma, it suffices to show that for any X ∈ C, the induced morphism

(A.1.9) HomInd C(X, colimD Y )→ HomInd C(X,A)

is an isomorphism.
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Since X ∈ C, we have

HomInd C(X, colimD Y ) = colimD HomC(X,Y ),

and the surjectivity of (A.1.9) follows from the hypothesis on A. For the injectivity,
suppose that X ⇒ colimD Y are two morphisms that induce the same morphism
to A. These morphisms then factor through some common Y , and we have that
the two composites X ⇒ Y → A coincide. Now the morphism Y → A factors
through some Xi, and if we choose i large enough, the composites X ⇒ Y → Xi

will coincide. Finally, the map Xi → A factors through some Z → A with Z an
object of C′, by hypothesis. So our morphisms X ⇒ colimD Y factor through the
tautological map Z → colimD Y , via X ⇒ Y → Xi → Z, and already coincide as
maps to Z. Hence they coincide, and we’ve proved injectivity. □

Lemma A.1.10. Let C be a small abelian category. Then Pro C has enough pro-
jectives. If C has enough projectives, then every projective object in Pro C is of the
form limi Pi with the Pi projective objects of C.

Proof. The first claim is dual to [KS06, Corollary 9.6.5]. We now prove the second
claim. The analogous result for injective objects of Ind-categories is immediate
from [KS06, Prop. 15.2.3], and we follow the proof of that result. Let P be a
projective object of Pro C, and let P → X be a morphism in Pro C, with X an object
of C. Since C has enough projectives, there exists a surjection Q → X, with Q
a projective object of C. Since P is projective, the morphism P → X factors as
P → Q→ X. The result follows from Lemma A.1.8 (with C′ there being the full
subcategory of projective objects of C). □

We finish up this discussion of Pro-categories by recording a technical result
related to countably indexed pro-objects.

Definition A.1.11. If C is a small category, we say that an object X of Pro C is
countably indexed if we can write X = limnXn, for some sequence of morphisms
· · ·Xn+1 → Xn → · · · → X0 in C.

Lemma A.1.12. Let C be a small abelian category, and 0→ A→ B → C → 0 a
short exact sequence in Pro C. If each of A and C is countably indexed, then the
same is true of B. Furthermore, if A = limnAn for some sequence of morphisms
· · · → An+1 → An → · · · → A0 in C, then we can write 0→ A→ B → C → 0 as a
projective limit 0 → An → Bn → Cn → 0 of short exact sequences in C, with the
same transition maps An+1 → An as before.

Proof. If we push out the given exact sequence along the various morphisms A→ An,
we obtain exact sequences

(A.1.13) 0→ An → Bn → C → 0

which are compatible as n varies. Since the formation of cofiltered limits is exact
in Pro C, we find that the limit of these sequences recovers the original short exact
sequence; in particular, B ∼−→ limnBn.

The class of Bn gives an element in Ext1Pro C(C,An). If we write C = limm Cm,
then [DEG23, Lems. A.3.13, A.3.14(2)] give an isomorphism

colimm Ext1C(Cm, An)
∼−→ Ext1Pro C(C,An).
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In particular, for some mn there is an extension

(A.1.14) 0→ An → Bn,mn
→ Cmn

→ 0

from which (A.1.13) is obtained by pulling back along the morphism C → Cmn . If

(A.1.15) 0→ An → Bn,m → Cm → 0

denotes the short exact sequence in C, obtained by pulling back (A.1.15) along the
transition morphism Cm → Cmn

(for m ≥ mn), then we find that (A.1.13) maps
isomorphically to the limit of these short exact sequences, and in particular, that
Bn

∼−→ limmBn,m. Consequently, we see that B itself is countably indexed.
Choosing an appropriate strictly increasing function m = m(n), and considering

the corresponding diagonal system of short exact sequences

0→ An → Bn,m(n) → Cm(n) → 0

we obtain an inverse system of short exact sequences in C whose limit over n coincides
with the given short exact sequence 0→ A→ B → C → 0. (More precisely, suppose
we have chosen m(n) suitably. The composite of the morphism Bn+1 → Bn (that
arises via their construction as pushouts) with the morphism Bn → Bn,m(n) factors
through some Bn+1,m(n+1), inducing a corresponding morphism of short exact
sequences (A.1.15) from level

(
n+ 1,m(n+ 1)

)
to
(
n,m(n)

)
.) This concludes the

proof. □

A.1.16. Socle and radical filtrations. We briefly recall some facts about socle and
radical filtrations in an abelian category C. We say that an object M ∈ C is simple
if its only subobjects (equivalently, quotients) are 0 and M . We say that M is
semisimple if it is a direct sum of simple objects, and that M has finite length if it
has a finite composition series, i.e. a finite filtration whose graded pieces are simple.
The length of a composition series is then independent of the choice of filtration,
and defined to be the length of M . We introduce the following notation.

Definition A.1.17. Let C be an abelian category. We write Cf.l. for the full
subcategory of C of objects of finite length.

When C = Mod(R) for a ring R, we will also write Modf.l.(R) for Cf.l.. Assume
now that C is complete and cocomplete (e.g. a Grothendieck category). If M ∈ C,
we let

rad(M) := ker

 ∏
q:M→N :N is simple

q

 =
⋂

q:M→N :N is simple

ker(q)

and

soc(M) := im

 ∐
q:N→M :N is simple

q

 .

Then we define

rad0(M) :=M, radi+1(M) := rad(radi(M))

and
soc−1(M) := 0, soci+1(M) := preimage in M of soc(M/ soci(M)).

Finally, we set
cosoc(M) :=M/ rad(M).
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If we write ∨ : C → Cop for the natural anti-equivalence, an induction on i then
shows that

(M/ radiM)∨ = soci(M∨).

As the following lemmas show, these notions behave mostly as expected in Grothendieck
categories: for example, since coproducts are then exact, we find that

(A.1.18) soc(M) =
∑

q:N→M :N is simple

q(N),

hence soc(M) is the sum of all simple subobjects of M . Lemma A.1.19 (2) then
shows that soc(M) is a semisimple subobject of M (indeed, the maximal semisimple
subobject of M). However, cosoc(M) need not be a semisimple quotient of M : see
Remark A.1.22 for a counterexample, which also shows that the next lemma need
not hold in an arbitrary abelian category.

Lemma A.1.19. Let C be an abelian category, and let M be an object of C. Assume
furthermore either that C is a Grothendieck category, or that M is of finite length.

(1) If M is semisimple, then every subobject, resp. quotient, of M is semisimple,
and every exact sequence 0→M ′ →M →M ′′ → 0 splits.

(2) If M =
∑
i∈IMi for a set I of simple subobjects, then M is semisimple.

Proof. Assume that M is semisimple, and consider an exact sequence as in the
statement of (1). By assumption, M =

⊕
i∈IMi for a set I of simple objects of C.

Furthermore, either C is a Grothendieck category, or I is finite. In either case, there
is a (possibly empty) subset J ⊆ I of I maximal with respect to the property that

M ′ ∩
⊕
i∈J

Mi = 0.

If I is finite, this is obvious. Otherwise C is a Grothendieck category by assumption,
so the formation of filtered colimits is exact in C. Thus, for any J ⊆ I, we have that

(A.1.20) M ′ ∩
⊕
i∈J

Mi = lim−→
K⊂J finite

(
M ′ ∩

⊕
i∈K

Mi

)
,

and so the existence of a maximal J follows from Zorn’s lemma.
Having chosen such a subset J , we define N :=M ′ +

⊕
i∈JMi. Note that this

sum is direct. Now if N ̸= M then there exists i ∈ I such that Mi ̸⊂ N , and so
N +Mi is a direct sum, which contradicts the maximality of J . We have thus
proved that the exact sequence in (1) splits, and that M ′′ is semisimple.

As an aside, note that this already implies (2), since (momentarily adopting
the notation of that statement) we have a surjection

⊕
Mi →M with semisimple

source.
Returning to the proof of (1), it remains to show that M ′ is semisimple. We

first note that if M ′ ̸= 0 then it contains a simple subobject. Indeed, if M ′ ̸= 0,
then (A.1.20) shows that there exists a finite K ⊂ I such that M ′ ∩

⊕
i∈KMi ≠ 0.

Now M ′∩
⊕

i∈KMi has finite length (since K is finite) and so it necessarily contains
a simple subobject, which is then a simple subobject of M ′.

We now prove that M ′ is semisimple. By (2) (which we’ve already proved) it
suffices to show that M ′ is equal to the sum of its simple subobjects. To this end,
then, let M ′

0 be the sum of the simple subobjects of M ′. By what we’ve already
shown, we know that the inclusion M ′

0 ↪→M is split, and so the inclusion M ′
0 ↪→M ′

is also split (by the restriction to M ′ of a retraction of M ′
0 ↪→ M). Thus we can
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write M ′ =M ′
0 ⊕M ′

1 for some M ′
1 ⊂M ′. By the construction of M ′

0, we see that
M ′

1 contains no simple subobjects. By what we’ve already proved, we conclude that
M ′

1 = 0, so that M ′
0 =M ′, as required. □

Corollary A.1.21. Let C be a complete and cocomplete abelian category, and
let M ∈ C.

(1) If C is a Grothendieck category, then sociM/ soci−1M is semisimple for
all i ≥ 0.

(2) If M has finite length, then sociM/ soci−1M and radiM/ radi+1M are
semisimple for all i ≥ 0.

Proof. The statements about soci are immediate by Lemma A.1.19 (2), which
shows that socM is semisimple, together with the fact that sociM/ soci−1M

∼−→
soc(M/ soci−1M) for all i, by definition. Assume therefore that M has finite length.
Arguing as in the previous case, it suffices to prove that M/ radM is semisimple.
By construction, M/ radM is a finite length subobject of a product

∏
i∈IMi of

simple objects. Since ∏
i∈I

Mi = lim←−
K⊂I finite

∏
i∈K

Mi

and M/ radM is Artinian, there exists a finite K ⊂ I such that

M/ radM →
∏
i∈K

Mi =
⊕
i∈K

Mi

is a monomorphism. Since K is finite, Lemma A.1.19 (1) now implies that M/ radM
is semisimple, as desired. □

Remark A.1.22. Lemma A.1.19 need not hold true if C is not a Grothendieck category.
For example, let C = Mod(Z)op be the opposite of the category of abelian groups.
The simple objects in C are the groups Z/q for q a prime number. Then G :=

∏
q Z/q

is a semisimple object in C, but the subgroup generated by 1 in all coordinates is a
quotient of G in C which is isomorphic to Z, which is not a semisimple object of C.

Similarly, now viewing G as an object of Cop (i.e. of Mod(Z)), we see that
radMod(Z)(G) = 0. However, G is not semisimple, since it contains non-torsion ele-
ments; hence the cosocle of an object need not be semisimple (even in a Grothendieck
category).

Lemma A.1.23. Let C be an abelian category, and let M,N be objects of C.
(1) If C is a Grothendieck category, and N is a subobject of M , then sociN =

N ∩ sociM for all i ≥ 0.
(2) If Cop is a Grothendieck category, and q :M → N is an epimorphism, then

radiN = q(radiM) for all i.

Proof. We begin by proving part (1), by induction on i. For the base case i = 0, the
inclusion socN ⊂ N ∩ socM is true by (A.1.18). On the other hand, the inclusion
N∩socM ⊂ socN holds because N∩socM is semisimple, by Lemma A.1.19 (1), and
so it is the sum of its simple subobjects; and by (A.1.18), these are also subobjects
of soc(N). By inductive assumption, we now have an inclusion N/ sociN →
M/ sociM , and the case i = 0 implies that

soc(N/ sociN) = (N/ sociN) ∩ soc(M/ sociM).
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Hence the preimage in N of soc(N/ sociN), which is soci+1N , coincides with the
preimage in N of soc(M/ sociM), which is N ∩ soci+1M . This concludes the proof
of part (1).

Part (2) now follows by duality, since it is equivalent to the statement that
q|radiM is an epimorphism onto radiN , and we already know that N∨ → M∨ →
M∨/ sociM

∨ factors through a monomorphism N∨/ sociN
∨ →M∨/ sociM

∨. □

We conclude this subsection with the following well-known fact about socle and
radical filtrations of objects of finite length.

Lemma A.1.24. Let C be a complete and cocomplete abelian category, and let M ∈ C
be an object of finite length. Then the socle and radical filtration of M have the
same length (i.e. number of nonzero graded pieces), called the Loewy length of M .

Proof. Let m be the length of the radical filtration, and n the length of the socle
filtration. Then m is minimal such that radm(M) = 0, and n is minimal such that
socn−1(M) = M . Since, by Corollary A.1.21, sociM/ soci−1M is semisimple for
all i, we see by induction on i that radi(M) ⊆ socn−1−i(M). This implies that
radn(M) = 0, and so m ≤ n. Similarly, Corollary A.1.21 and induction on j implies
that radm−1−j(M) ⊆ socj(M) for all j. Hence socm−1(M) =M , and so n ≤ m. □

A.1.25. Locally finite categories. A locally finite category is a Grothendieck category
admitting a set of generators of finite length.

Lemma A.1.26.
(1) If A is a locally finite category, and M ∈ A, then M is compact if and only

if it is Noetherian, if and only if it has finite length.
(2) If A is a locally finite category, and Af.l. is the full subcategory of objects of

finite length, then the inclusion Af.l. → A induces an equivalence IndAf.l. →
A.

(3) If Aop is a locally finite category, and Af.l. is the full subcategory of A
whose objects are of finite length, then the inclusion Af.l. → A induces an
equivalence ProAf.l. → A.

Proof. For parts (1) and (2), observe that the locally finite category A is locally Noe-
therian, hence its compact objects coincide with its Noetherian objects by [DEG23,
Proposition A.1.1], and (writing ANoeth for the subcategory of Noetherian objects)
we have IndANoeth ∼−→ A by [KS06, Proposition 6.3.4]. So it suffices to prove
that ANoeth = Af.l.. Since it is immediate that Af.l. ⊆ ANoeth, it suffices to prove
that every compact object X ∈ A has finite length, which is immediate since X is a
filtered colimit of subobjects of finite length. Part (3) is dual to part (2). □

If A is a locally finite category, then a block of A is an equivalence class of
isomorphism classes of simple objects under the equivalence relation generated by

S1 ∼ S2 if Ext1A(S1, S2) ̸= 0 or Ext1A(S2, S1) ̸= 0.

If B is a block of A, then we let AB denote the full subcategory of A containing
precisely those objects all of whose irreducible subquotients lie in B.

We let Af.l.
B denote the full subcategory of objects in AB that are of finite length

in AB, and note the following evident result.
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Lemma A.1.27. For any block B, the category Af.l.
B coincides with the subcategory

of objects of AB that are finite length, equivalently compact, equivalently Noetherian,
in A.

Proof. Since AB is a localizing subcategory of A, an object of AB is of finite length
in A if and only it is of finite length when regarded as an object of AB. The present
lemma then follows from Lemma A.1.26. □

We have the following general structure theorem for locally finite categories.

Proposition A.1.28. Let A be a locally finite category. Then there is a canonical
direct product decomposition

(A.1.29) A ∼=
∏
θ

AB,

where the product is over all the blocks B of A. For each block B, there exists a
pseudocompact topological ring EB and an equivalence between Aop

B and the category
of right-pseudocompact modules over EB.

Proof. This is a consequence of the results of [Gab62, Section IV.2]. □

The rings EB appearing in Proposition A.1.28 are only well-defined up to their
categories of pseudocompact modules — that is, up to some form of Morita equiv-
alence. In our applications, we will in fact be able to choose the rings EB to be
profinite, so that the categories of right-pseudocompact modules will simply be the
categories Modc(E

op
B ) of profinite right EB-modules, as we now describe.

A.1.30. Profinite modules over profinite rings. Recall that if R is a topological
ring whose underlying space is profinite, and which is equipped with an O-algebra
structure as an abstract ring, then R is in fact a profinite O-algebra in the strongest
possible sense, namely we may write R ∼−→ lim←−iRi, where the Ri are O-algebras
of finite cardinality, the transition maps are O-algebra homomorphisms, and R is
endowed with the inverse limit topology. This is a consequence of the equivalence
of [RZ10, Prop. 5.1.2 (b), (e)]. We will refer to such R as profinite topological
O-algebras from now on. (Note that by loc. cit., any compact (Hausdorff) ring
is necessarily profinite, and so we could equally well speak of compact topological
O-algebras; but profinite seems clearer.) The examples we care about in the main
body of the paper include the completed group ring OJΓK of a profinite group Γ,
the Cayley–Hamilton algebras of Section 2.1.9, and the endomorphisms algebras of
various profinite OJGKζ-modules.

Any profinite topological O-algebra R satisfies the requirements of [Gab62, § IV.3];
i.e. R is a left- and right-pseudocompact ring. We can thus consider the associated
category of left-pseudocompact R-modules, as introduced there, and recalled in the
next definition.

Definition A.1.31. We define Modc(R) to be the category whose objects are
separated and complete topological left R-modules which admit a neighborhood
basis at zero consisting of open R-submodules of finite R-colength. The morphisms
are the continuous R-linear maps. (These are precisely the left-pseudocompact
R-modules in the sense of [Gab62, Section IV.3].)

The category Modc(R) has the following standard properties. Note that, as
a consequence of Lemma A.1.32 (3)(4), every object of Modc(R) is topologically
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isomorphic to an inverse limit of R-modules of finite cardinality, and so it has a
profinite topology.

Lemma A.1.32. Let R be a profinite topological O-algebra.
(1) The category Modc(R) is abelian, and the forgetful functor

(A.1.33) Modc(R)→ Mod(R)

is faithful and exact.
(2) Modc(R)

op is a locally finite category.
(3) There is an equivalence

(A.1.34) ProModc(R)
f.l. ∼−→ Modc(R)

through the functor that sends a cofiltered diagram of objects of Modc(R)
f.l.

to its limit in Modc(R).
(4) The forgetful functor (A.1.33) induces a functor

(A.1.35) Modc(R)
f.l. → Mod(R)f.l..

The objects of Modc(R)
f.l. carry the discrete topology, and they are finite

sets. The functor (A.1.35) is fully faithful.
(5) Any finitely presented R-module has a unique topology making it an object

of Modc(R), referred to as its canonical topology. Passing to the canonical
topology yields a fully faithful, exact embedding

(A.1.36) Modfp(R) ↪→ Modc(R).

(6) The Jacobson radical rad(R) of R is the intersection of all maximal closed
left ideals of R, and so it is closed.

(7) If rad(R) = 0, then every M ∈ Modc(R) is projective, and can be written
as a direct product

M =
∏
m⊂R

(R/m)Im

over maximal closed left ideals m ⊂ R (with each Im being an appropriately
chosen indexing set).

(8) If R is Noetherian, then rad(R)n is open for all n ≥ 0, the canonical
topology on any M ∈ Modfp(R) is the rad(R)-adic topology, and the forgetful
functor (A.1.35) is an equivalence. The equivalence (A.1.34) may thus be
rewritten as an equivalence

(A.1.37) ProModf.l.(R)
∼−→ Modc(R).

Proof. Part (1) is proved in [Gab62, Section IV.3]. Part (2) is [Gab62, Section IV.3,
Th. 3], and it implies part (3) by Lemma A.1.26.

We now prove part (4). The existence of (A.1.35) follows from [VV97, Lemma 3.4(1)].
Furthermore, any M ∈ Modc(R)

f.l. is discrete: this is because M is Artinian in
Modc(R), and so it has a minimal open submodule M ′, which must be unique
(as can be seen by considering the intersection of two minimal open submodules);
and since M is separated, necessarily M ′ = 0, which shows that M is discrete.
Hence (A.1.35) is fully faithful. Finally, to see that M is a finite set, we can assume
without loss of generality that M is simple, and then it suffices to note that there
exists a continuous surjection R→M , hence M is both compact and discrete. This
concludes the proof of part (4).
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We now prove part (5). To prove existence of the canonical topology, note that
EndModc(R)(R) = EndMod(R)(R) = Rop. By (for example) Proposition A.1.48, we
thus obtain a functor Modfp(R) → Modc(R) whose composite with the forgetful
functor (A.1.33) is the embedding Modfp(R) ↪→ Mod(R). This functor is fully
faithful, by the “automatic continuity” result in [VV97, Proposition 3.5]. The same
result implies the uniqueness of the canonical topology. This concludes the proof of
part (5).

Part 6 follows from [Gab62, Section IV, Proposition 12], or can be proved directly.
We now turn to part 7, and so assume that rad(R) = 0, so that R →

∏
mR/m

is a monomorphism (the product ranging over closed maximal left ideals of R).
Since Modc(R)

op is locally finite (hence a Grothendieck category) the dual of
Lemma A.1.19 shows that R is a product of simple objects of Modc(R). Now any
M ∈ Modc(R) admits a surjection

∏
s∈S R→M for some index set S: to see this,

it suffices to use part (4) to write M = limi∈IMi as a limit of finite-cardinality
objects of Modc(R), and then take the limit of the system of surjections∏

m∈Mi

R =
⊕
m∈Mi

R→Mi.

This produces a surjection
∏
m∈M R→M . Applying Lemma A.1.19 to this surjec-

tion, we conclude that M is a direct product of simple objects (because so is R),
and a direct factor of

∏
m∈M R. Since

∏
s∈S R is indeed projective in Modc(R) for

any S, by e.g. [Bru66, Cor. 1.3], this concludes the proof of (7).
The first two statements of part (8) are [VV97, Corollary 3.14] (note that M is a

Noetherian object of Mod(R), hence of Modc(R)). Finally, to see that (A.1.35) is
an equivalence, it suffices to note that, when R is Noetherian, the forgetful func-
tor (A.1.33) actually induces an equivalence on the full subcategories of Noetherian
objects, by [VV97, Proposition 3.21]. □

There are the usual tensor product functors

–⊗R – : Mod(Rop)×Mod(R)→ Mod(O)
– ⊗̂R– : Modc(R

op)×Modc(R)→ Modc(O).
From the perspective of the equivalence (A.1.34), the completed tensor product
– ⊗̂R– can be interpreted as the Pro-extension of the usual tensor product, when we
restrict it to a functor –⊗R – : Modc(R

op)f.l.×Modc(R)
f.l. → Modf.l.(O). If M and

N are objects of Modc(R
op) and Modc(R) respectively, then there is a natural map

of O-modules

(A.1.38) M ⊗R N →M ⊗̂RN,
where the source is the usual tensor product, formed without regard to the topologies
on M and N , and the target is the completed tensor product, regarded as an O-
module by forgetting its topology. The image of (A.1.38) is dense in the defining
topology on M ⊗̂RN . Looking ahead, from the perspective of Lemma A.1.53, if R
is furthermore Noetherian, the functor M ⊗̂R− is associated to the complete right
R-module M in Modc(O), by Lemma A.1.59.

If R is a profinite O-algebra, the equivalence (A.1.34) shows that Modc(R) is
the Pro-category of an abelian category, and so it has enough projectives (by
Lemma A.1.10; alternatively, this fact was established in the proof of Lemma
A.1.32 (7)). We write T̂or

R

i for the left derived functors of – ⊗̂R–.
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Definition A.1.39. We say that a module M ∈ Modc(R
op), respectively M ∈

Modc(R), is topologically flat if M ⊗̂R– (resp. – ⊗̂RM) is an exact functor.

Lemma A.1.40. Let R be a Noetherian profinite O-algebra, and let M ∈ Modc(R
op).

Then M is topologically flat if and only if M is a flat R-module (in the usual sense
that M ⊗R (–) is exact on Mod(R)).

Proof. Since Definition A.1.39 is a specialization of Definition A.10.23, this lemma
is a consequence of Lemma A.10.24. □

Since a right exact functor on an abelian category with enough projectives is exact
if and only if its left derived functors vanish, we see that an object M of Modc(R

op)

(resp. of Modc(R)) is topologically flat if and only if T̂or
R

i (M, –) = 0 for all i > 0,

respectively T̂or
R

i (–,M) = 0 for all i > 0. From the very construction of left derived
functors, we see that projective objects of Modc(R

op) and Modc(R) are topologically
flat; we will see in Lemma A.1.44 below that the converse also holds. The following
lemma shows that the (derived) tensor product with finitely generated R-modules
coincides with the (derived) completed tensor product.

Lemma A.1.41. Let R be a Noetherian profinite O-algebra. If M is an object of
Modc(R

op) and N is an object of Modfp(R), then the natural map (A.1.38) induces

isomorphisms TorRi (M,N)→ T̂or
R

i (M,N).

Proof. The statement for i = 0 is immediate from the fact that the restriction of
M ⊗̂R– to Modfp(R) is naturally isomorphic to M ⊗R − (see Corollary A.1.54 for a
generalization). In turn, this implies the statement for all i, since we can compute
the left derived functors via a resolution of N by finite free R-modules. □

Remark A.1.42. In the context of Lemma A.1.41, we will often regard M ⊗R N as
a compact R-module, by identifying it with M ⊗̂RN . Note that the case i = 0 of
Lemma A.1.41 is true without the Noetherian assumption on R, and in fact applies
in the more general context of pseudocompact rings and modules (compare [Bru66,
Lemma 2.1]).

Remark A.1.43. Let R be a profinite O-algebra. Since rad(R) is closed in R (by
Lemma A.1.32 (6)), it inherits a profinite topology making it a subobject of R
in Modc(R). Thus we may consider the quotient R/ rad(R), and the associated com-
pleted tensor product functor (R/ rad(R)) ⊗̂R− on Modc(R). Evidently, R/ rad(R)
is again a profinite O-algebra, and this functor takes values in Modc

(
R/ rad(R)

)
.

Lemma A.1.32 (7) shows that if M is an object of Modc(R), then (R/ rad(R)) ⊗̂RM
is a product of simple discrete R-modules. In fact, (R/ rad(R)) ⊗̂RM may be char-
acterized as the maximal quotient of M in Modc(R) which is a product of simple
discrete R-modules. To see this, note that if N is a product of simple discrete
R-modules, and M → N is a surjection in Modc(R), then M → N factors through
M/ rad(R)M . Since N ∈ Modc(R), it actually factors through the quotient of M by
the closure of rad(R)M in M . Using the fact that (A.1.38) has dense image (applied
to rad(R)⊗RM → rad(R) ⊗̂RM) we see that this quotient is (R/ rad(R)) ⊗̂RM .

We next show that topological flatness is equivalent to being projective in Modc(R).
(This is standard, see for example [PT21, Lemma 2.4], but we provide a proof for
convenience.)
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Lemma A.1.44. Let R be a profinite O-algebra, and let M ∈ Modc(R). Then M
is topologically flat over R if and only if it is projective in Modc(R).

Proof. IfM is projective, then it is topologically flat, since T̂or
R

i (–,M) = 0 for all i >
0. We now prove the converse. By Remark A.1.43, we know that (R/ rad(R)) ⊗̂RM
can be written as a direct product

(R/ rad(R)) ⊗̂RM =
∏
m

(R/m)Im

over maximal closed left ideals m ⊂ R, for some appropriately chosen indexing
sets Im. Now choose a projective envelope Rm → R/m of R/m in Modc(R) (whose
existence is guaranteed by the fact that Modc(R)

op is a Grothendieck category,
which has injective envelopes, by [Gab62, Thm. II.6.2]). By definition, Rm has a
unique discrete simple quotient (namely R/m), and so Remark A.1.43 shows that
(R/ rad(R)) ⊗̂RRm

∼−→ R/m. So we obtain a morphism

(A.1.45)
∏
m

RImm →M

which induces an isomorphism after applying R/ radR ⊗̂R(–). We now apply
Nakayama’s lemma for Modc(R), which asserts that if N is an object of Modc(R) for
which

(
R/ rad(R)

)
⊗̂RN = 0, then N = 0. (See for example [VV97, Lemma 3.23].)

Together with the assumption that M is topologically flat, this implies that (A.1.45)
is an isomorphism, and so M is projective, as desired. □

A.1.46. Tensoring objects of abelian categories by modules. In preparation for the
statements of Morita theory, we now discuss a general formalism for tensor products
in abelian categories.

Definition A.1.47. Let R be a ring, and let A be an abelian category. Then a right
R-module in A is a pair consisting of an object M of A, and a ring homomorphism
Rop → EndA(M). The category of right R-modules in A is the category whose
objects are right R-modules in A, and whose morphisms are the morphisms of
underlying of objects of A which are compatible with the homomorphisms from Rop.

Given a functor F : Modfp(R) → A, we see that F (R) is naturally a right
R-module in A. We have the following standard result.

Proposition A.1.48. Let R be a ring, and let A be an abelian category.
(1) The functor F 7→ F (R) is an equivalence of categories between the category

of right exact functors Modfp(R)→ A and the category of right R-modules M
in A; we denote the functor F associated to M by M ⊗R –.

(2) If A is cocomplete, then the functor F 7→ F (R) is an equivalence of categories
between the category of colimit-preserving functors Mod(R) → A and the
category of right R-modules M in A; we denote the functor F associated
to M by M ⊗R –. Furthermore, the functor F is then left adjoint to the
functor HomA(M, – ) : A → Mod(R).

(3) If A is complete, then the functor F 7→ F (R) is an equivalence of cate-
gories between the category of right exact, cofiltered limit-preserving functors
ProModfp(R) → A and the category of right R-modules in A; we denote
the functor F associated to M by M ⊗̂R–.
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(4) The functor F 7→ F (R) is an equivalence of categories between the category
of right exact, cofiltered limit-preserving functors ProModfp(R) → ProA
sending R to an object of A, and the category of right R-modules in A; we
denote the functor F associated to M by M ⊗̂R–.

Proof. If R is commutative, then (1) is [Stacks, Tag 0GNN], and the same proof
works for general R. Part (2) then follows by passage to filtered colimits, see [Stacks,
Tag 0GNQ] and [Stacks, Tag 0GNS].

Alternatively, (2) is the special case k = Z of [NS16, Thm. 3.1]. Part (1) can
then be deduced by applying (2) with A replaced by IndA, noting that because M
is compact in IndA (being an object of A), the functor HomIndA(M, –) : IndA →
Mod(R) is filtered colimit-preserving, from which one deduces that its left adjoint F
preserves compact objects. (Cf. Lemma A.2.32 below for the analogous statement
in the context of functors between stable ∞-categories.)

Finally (3) follows from (1) by passing to cofiltered limits, and part (4) follows
from parts (3) and (1). □

Remark A.1.49. The equivalences of categories in Proposition A.1.48 give the usual
bifunctoriality of the tensor product, and even the trifunctoriality of the tensor-Hom
adjunction (see for example [Mit65, Chapter VI, Thm. 3.1] for this last point). In
addition, if S is a commutative ring, and R is an S-algebra, then there is an obvious
S-linear variant of Proposition A.1.48; see [NS16, Cor. 2.3].

Remark A.1.50. Proposition A.1.48 also applies to left R-modules M in A, which
(by definition) are right Rop-modules. As a consequence, if M is a left R-module
in A, we will sometimes write – ⊗R M : Modfp(Rop) → A for the right exact
functor previously denoted M ⊗Rop −. If A is cocomplete, it extends to a functor
Mod(Rop)→ A which is left adjoint to HomA(M, –) : A → Mod(Rop).

On the other hand, a left R-module M in A can also be regarded as a right R-
module in Aop, and so it defines a (covariant) right exact functor Modfp(R)→ Aop.
We will write HomR(–,M) : Modfp(R) → A for the corresponding contravariant
right exact functor. If A is complete, so that Proposition A.1.48 (2) applies to Aop,
then the functor HomR(–,M) extends to a contravariant functor Mod(R) → A
(sending colimits to limits) and there is a bifunctorial isomorphism

HomA(X,HomR(N,M)) ∼= HomR(N,HomA(X,M))

for all X ∈ A and all N ∈ Mod(R).
In applications, we will have a finitely generated two-sided ideal J of R, and a

left R-module M in A, and we will write M [J ] := HomR(R/J,M). Then M [J ] is
naturally a subobject of M in the category of left R-modules in A, and the R-action
on M [J ] factors through R/J . The right exact functor ⊗RM [J ] is therefore naturally
isomorphic to the composition

Modfp(Rop)
⊗RR/J−−−−−→ Modfp((R/J)op)

⊗R/JM [J]
−−−−−−−→ A.

Lemma A.1.51. Let R be a ring, and let A be a complete abelian category with
exact cofiltered limits. Let Mi be a cofiltered system of right R-modules in A, and
let M := lim←−iMi. Then the natural map (lim←−iMi ⊗R –) → lim←−i(Mi ⊗R –) is an
isomorphism of functors Modfp(R)→ A.

https://stacks.math.columbia.edu/tag/0GNN
https://stacks.math.columbia.edu/tag/0GNQ
https://stacks.math.columbia.edu/tag/0GNS
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Proof. Since both sides send R to lim←−iMi, it suffices (by Proposition A.1.48) to prove
that lim←−i(Mi ⊗R –) is a right-exact functor on Modfp(R), which is a consequence of
the exactness of cofiltered limits in A. □

We will also need the following variant of the above constructions, which produces
a formalism of “completed tensor products” in complete abelian categories.

Definition A.1.52. Let R be a Noetherian profinite O-algebra, and let A be
an abelian category. Then we say that a right R-module M in A is complete if
the natural morphisms M → M ⊗R

(
R/ rad(R)n

)
give rise to an isomorphism

M → lim←−nM ⊗R
(
R/ rad(R)n

)
(i.e. this limit exists in A, and is given by M).

Lemma A.1.53. Let R be a Noetherian profinite topological O-algebra, and let A
be a complete abelian category. Then the assignment F 7→ F (R) is an equiva-
lence between the category of right exact and cofiltered limit-preserving functors
Modc(R)→ A, and the category of complete right R-modules M in A; we denote
the functor F associated to M by M ⊗̂R–.

Proof. Suppose that F : Modc(R)→ A is right exact and cofiltered limit-preserving,
and write M := F (R). Then the restriction of F to Modfp(R) is given by M ⊗R –,
and since by Lemma A.1.32 (8) we have R ∼−→ lim←−n

(
R/ rad(R)n

)
in Modc(R), we

see that M is necessarily a complete right R-module. This shows that F 7→ F (R)
defines a functor between the categories in the statement of the lemma.

We now construct a quasi-inverse to F 7→ F (M). If M ∈ A is a complete right
R-module, then we have the right exact and cofiltered limit-preserving functor
M ⊗̂R– : ProModfp(R) → A of Proposition A.1.48 (3). Restricting this functor
to ProModf.l.(R), and recalling (A.1.37), we obtain a right exact and cofiltered
limit-preserving functor Modc(R)

∼−→ ProModf.l.(R)→ A.
Given M , the functor M ⊗̂R− takes R to lim←−nM ⊗R

(
R/ rad(R)n

)
, which coin-

cides with M , since M is assumed to be complete. On the other hand, given F ,
the functors F and F (M) ⊗̂R− : Modc(R) → A preserve cofiltered limits, and
are isomorphic to F (M) ⊗R − after restriction to Modf.l.(R); they are therefore
naturally isomorphic. This concludes the proof that F 7→ F (M) is an equivalence,
with quasi-inverse M 7→M ⊗̂R−. □

Corollary A.1.54. Let R be a Noetherian profinite O-algebra. Let A be a complete
abelian category, and let M ∈ A be a complete right R-module. Then the restriction
of M ⊗̂R– : Modc(R)→ A to Modfp(R) is M ⊗R –.

Proof. This is immediate by construction (or by the defining properties of the tensor
products). □

Next, we record a compatibility between our tensor product functors, and right
exact functors between abelian categories.

Lemma A.1.55.
(1) If A,B are abelian categories, R is a ring, F : A → B is right exact,

and M is an R-module in A, then there is a natural isomorphism of functors
Modfp(R)→ B

(A.1.56) (F (M)⊗R –)→ F (M ⊗R –).
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(2) If A,B are complete abelian categories, R is a Noetherian profinite topological
O-algebra, F : A → B is right exact and cofiltered limit-preserving, and M is
a complete R-module in A, then there is a natural isomorphism of functors
Modc(R)→ B

(A.1.57) (F (M) ⊗̂R–)→ F (M ⊗̂R–).

Proof. The existence of the natural morphism of functors (A.1.56) follows from
adjunction (i.e. from the deduction of part (1) of Proposition A.1.48 from part (2))
Since the functor F (M ⊗R –) is right exact and takes R to F (M), this morphism is
an isomorphism by Proposition A.1.48 (1).

For part (2), since Modc(R)
∼−→ ProModf.l.(R) (by Lemma A.1.32 (8)), and

both sides of (A.1.57) preserve cofiltered limits, it suffices to construct the isomor-
phism (A.1.57) after restricting to Modf.l.(R), which is a consequence of part (1)
and Corollary A.1.54. □

Now let A be a complete abelian category, and let R be a Noetherian profinite
O-algebra. If X ∈ Modc(R), then Lemma A.1.53 shows that the completed tensor
product with X gives rise to a functor

– ⊗̂RX : (complete right R-modules in A)→ A.
More precisely, given a morphism M1 →M2 of complete right R-modules in A, the
morphism M1 ⊗̂RX →M2 ⊗̂RX is the evaluation at X of the natural transformation
M1 ⊗̂R− →M2 ⊗̂R− arising from Lemma A.1.53.

Lemma A.1.58. Let A be a complete abelian category in which products are exact,
and let R be a Noetherian profinite O-algebra. Then for any object X of Modc(R),
and for any sequence of morphisms M1 → M2 → M3 → 0 of complete right
R-modules in A which is exact when viewed as a sequence in A, the resulting
sequence M1 ⊗̂RX →M2 ⊗̂RX →M3 ⊗̂RX → 0 is exact; or, more succinctly, for
any X ∈ Modc(R), the functor – ⊗̂RX (regarded as a functor from the category of
complete right R-modules in A to A) is right exact.

Proof. Note firstly that the claim is immediate if X = R. For general X, we may
choose a presentation

∏
i∈I R →

∏
j∈J R → X → 0, so that for any right exact

sequence M1 →M2 →M3 → 0 of R-modules, we have a commutative diagram∏
i∈IM1

∏
i∈IM2

∏
i∈IM3 0

∏
j∈JM1

∏
j∈JM2

∏
j∈JM3 0

M1 ⊗̂RX M2 ⊗̂RX M3 ⊗̂RX 0

0 0 0

with all rows and columns exact, except possibly the last row, which is therefore
also exact. □

Lemma A.1.59. Let R be a Noetherian profinite O-algebra. Let M be an object
of Modc(R

op). Then M is a complete right R-module in Modc(O). The functor
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M ⊗̂R− : Modc(R) → Modc(O) obtained from Lemma A.1.53 coincides with the
usual completed tensor product with M .

Proof. As a consequence of Lemma A.1.32 (3)(4), the canonical topology on M
is profinite, and so M is a right R-module in Modc(O). We now show that M is
complete, i.e. that the natural map M → lim←−nM ⊗R R/ rad(R)

n is an isomorphism.
This map is part of a natural transformation of functors Modc(R

op)→ Modc(O),
which induces the identity after evaluating at M = R, by Lemma A.1.32 (8). So it
suffices to prove that both functors preserve cofiltered limits, and to do so, it suffices
to prove that M 7→M ⊗R R/ rad(R)n preserves cofiltered limits. Since R/ rad(R)n
is finitely presented, this is a consequence of Lemma A.1.51. This concludes the proof
that M is complete. The last statement of the corollary now follows, because the
functor M ⊗̂R− and the usual completed tensor product are right exact, cofiltered
limit-preserving functors mapping R to M . □

Remark A.1.60. Let R be a Noetherian profinite O-algebra, and let A be a complete
abelian category. If M is a right R-module in A, we have associated to M a pro-
extended functor M ⊗̂R− : ProModfp(R)→ A (Proposition A.1.48 (3)). It is right
exact, and cofiltered limit-preserving. Since Modc(R) = ProModf.l.(R), there is an
exact and cofiltered limit-preserving inclusion functor

g : Modc(R)→ ProModfp(R),

which sends R to limnR/ rad(R)
n. Restricting M ⊗̂R− through g gives rise to a

right exact, cofiltered-limit preserving functor Modc(R) → A. It sends R to the
right R-module lim←−n(M ⊗R R/ rad(R)

n). If M is complete, we thus obtain the
functor associated to M in Lemma A.1.53. This explains why we have denoted both
functors by M ⊗̂R−.

The above discussion can also be understood in terms of the left adjoint f
to g, which is pro-extended from the inclusion Modfp(R)→ Modc(R) described in
Lemma A.1.32 (5): in fact, if limi∈IMi is a cofiltered system of finitely presented
R-modules, and N = lim←−j∈J Nj is a compact R-module written as a cofiltered limit
of finite length R-modules, then

HomModc(R)(lim←−
i

Mi, N) = lim←−
j

HomModc(R)(lim←−
i

Mi, Nj) = lim←−
j

lim−→
i

HomModc(R)(Mi, Nj)

= lim←−
j

lim−→
i

HomModfp(R)(Mi, Nj) = HomProModfp(R)(limiMi, limj Nj)

= HomProModfp(R)(limiMi, g(N)).

In more detail, the second equality is because objects of Modf.l.(R) are compact
in Modc(R)

op = Ind(Modf.l.(R)op), and the third equality is because finite length
objects are finitely presented, and Modfp(R)→ Modc(R) is fully faithful. It follows
immediately that the counit fg → idModc(R) is an isomorphism. Furthermore, by
Lemma A.1.6, the functor f is exact. We are therefore in the situation of [Gab62,
Proposition 5, §III.2], and we conclude that f is a Serre quotient functor.

The condition that M ∈ A be “complete” can therefore be understood as an
explicit characterization of the condition that the functor M ⊗̂R− : ProModfp(R)→
A factors through f (and, indeed, this characterization then shows that f is the
quotient of ProModfp(R) by the Serre subcategory generated by the kernel of
the canonical morphism R → limnR/ rad(R)

n). If this condition holds, then we
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can compute the resulting functor Modc(R) → A by restricting through g, since
fg

∼−→ idModc(R).

A.1.61. Morita theory for abelian categories. Now let C be a cocomplete abelian
category, and let P be an object of C. Let E := EndC(P ). Then E is a right
Eop-module in A, and so the functor

(A.1.62) HomC(P, –) : C → Mod(Eop)

admits a left adjoint –⊗E P , by Proposition A.1.48 (2).
Assume now that P is projective. Recall that the right orthogonal to P , which

we denote by T , is defined to be the full subcategory of C consisting of objects X
for which HomC(P,X) = 0. The object P is then a generator of C if and only if
T = 0. We have the following result.

Lemma A.1.63. Let C be a cocomplete abelian category, let P ∈ C be projective,
and let T be the right orthogonal to P . Then:

(1) T is a Serre subcategory of C.
(2) If, for any object X of C, we let X denote the image of X in Q := C/T ,

then HomC(P,X)
∼−→ HomQ(P ,X).

(3) The image P of P in C/T is a projective generator of Q.

Proof. Part (1) is because T is the kernel of the exact functor HomC(P, –). Part (2)
can be proved in the same way as [Gab62, Lem. III.2.1(c)]. We now prove part (3),
starting with the claim that P is projective in Q. If X → Y is a surjection in Q,
then by [Gab62, Cor. III.1.1] we can replace it by an isomorphic surjection, and
assume that it is represented by a surjection X → Y in C. Since P is projective
in C, this shows that HomC(P,X)→ HomC(P, Y ) is surjective. Now (2) shows that
HomQ(P ,X) → HomQ(P , Y ) is surjective. Hence P is projective in Q. Now it
remains to prove that the orthogonal to P in Q is zero, which is a direct consequence
of part (2). □

In the context of Lemma A.1.63, assume furthermore that C is a Grothendieck cate-
gory, and that P is a compact projective object of C (or equivalently, HomC(P, –) is ex-
act and commutes with direct sums). If E := EndC(P ), then from Lemma A.1.63 (2)
we see that also E := EndQ(P ), and then Lemma A.1.63 (3) together with [Gab62,
Cor. V.1.1] implies that

HomQ(P , –) : Q → Mod(Eop)

is an equivalence. Its left adjoint –⊗E P , as constructed in Proposition A.1.48 (2),
is then a quasi-inverse to this equivalence. In particular, if P is a compact projective
generator of C, then HomC(P, –) induces an equivalence C ∼−→ Mod(Eop) with
quasi-inverse –⊗E P .

Some of the Grothendieck categories of interest to us do not admit projective
generators (compact or not), and so the preceding discussion will not apply. However,
Lemma A.1.26 shows that, if A is locally finite, then its opposite category is naturally
the Pro-category of an abelian category, and so in particular does contain projective
objects. We now describe a variant of the preceding results which applies in this
context.

Let C be the opposite category to a locally finite category, and let P be a projective
generator of C. Then, following [Gab62, Section IV.4], the ring E := EndC(P ) can
be endowed with the structure of a right-pseudocompact topological ring, and the
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functor HomC(P, –) factors through Modc(E
op). We make the additional assumption

that P has finite cosocle, and that E is a Noetherian profinite O-algebra; this will
be true in all cases of interest in this paper. By [Gab62, Thm. IV.4.4], the functor

(A.1.64) HomC(P, –) : C → Modc(E
op)

is then an equivalence: this is in fact how Proposition A.1.28 is proved.
Proposition A.1.65. Under the assumptions in the previous paragraph, P is a
complete left E-module in C, and the functor – ⊗̂EP : Modc(E

op)→ C (as defined
in Lemma A.1.53) is a quasi-inverse to (A.1.64).

Proof. We begin by proving that P is complete, i.e. P ∼−→ lim←−n P/ rad(E)
nP .

Write ∨ : C → Cop for the natural anti-equivalence. Let I := P∨ ∈ Cop, and let
In := (P/ rad(E)nP )∨. Choose generators x1, . . . , xt of rad(E)n as a left ideal.
Then

In =

t⋂
i=1

ker(xi : I → I),

and we need to prove that I = lim−→n
In. By assumption, Cop is a locally finite

category, so it suffices to prove that for each finite length subobjects M ⊂ I, there
exists n such that

rad(E)n ⊂ AnnEop(M) := {x ∈ Eop : x|M = 0}.
The right-pseudocompact topology on E = EndC(P ), which coincides with the
left-pseudocompact topology on Eop = EndCop(I), is the rad(E)-adic topology,
by Lemma A.1.32 (8). So we need to prove that AnnEop(M) is open in the left-
pseudocompact topology on Eop. This is true by definition of this topology, see
[Gab62, Section IV.4, end of page 396], where AnnEop(M) is denoted l(M). This
concludes the proof that P is a complete left E-module in C.

It now suffices to prove that – ⊗̂EP is left adjoint to the equivalence HomC(P, –).
Recall that C = Pro Cf.l. and Modc(E

op) = ProModf.l.(Eop). We claim that HomC(P, –)
and – ⊗̂EP are Pro-extended from functors between Cf.l. and Modf.l.(Eop).

Assuming the claim, it suffices to prove that these restricted functors are ad-
joint. By Corollary A.1.54, – ⊗̂EP and – ⊗E P : Mod(Eop) → Ind(C) have the
same restriction to Modf.l.(Eop). By Proposition A.1.48, –⊗E P is left adjoint to
HomInd(C)(P, –), whose restriction to Cf.l. is HomC(P, –). Putting these together,
we see that indeed – ⊗̂EP and HomC(P, –) restrict to adjoint functors between
Modf.l.(Eop) and Cf.l.. This concludes the proof of the proposition.

There remains to prove the claim. Since HomC(P, –) and – ⊗̂EP commute with
cofiltered limits, it suffices to prove that they preserve objects of finite length. This
is true for HomC(P, –) because it is an equivalence. By dévissage, it now suffices
to prove that M ⊗̂EP has finite length if M is a simple Eop-module. Now M ⊗̂EP
is a quotient of (E/ rad(E)) ⊗̂EP , which equals P/ rad(E)P , by Corollary A.1.54.
Since P has cosocle of finite length, it suffices to prove that rad(E)P = rad(P ).
By [Gab62, Prop. IV.4.12], we have

rad(E) = {φ ∈ E : φ(P ) ⊆ rad(P )},
and so rad(E)P ⊆ rad(P ). If rad(P )/ rad(E)P ≠ 0, then there is a non-zero map
φ : P → rad(P )/ rad(E)P , because P is a generator of C; and φ lifts to a map
φ : P → rad(P ), because P is a projective object of C. But then φ ∈ rad(E), which
contradicts the fact that φ ̸= 0. □
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A.2. ∞-categories. We now recall some basic results about ∞-categories, and
especially stable ∞-categories, that we will use below. Our main references are
ultimately [Lur09; Lur17; Kerodon], but we find it convenient to refer to [BGT13;
NS18; Cis19] for some of the results we use. In order to deal with set-theoretic issues,
we follow the approach of [Lur09]. In particular, we typically fix a Grothendieck
universe, and sets are called small if they belong to this fixed universe. Furthermore,
all limits and colimits are assumed to be small. At one point in the sequel we employ
the technical device of enlarging the universe (allowing us to regard an a priori
large ∞-category as in fact being small), and so in Subsection A.4 below we briefly
recall how the process of enlarging the universe interacts with the ∞-categorical
constructions in which we’re interested. However, throughout the present subsection,
the universe remains fixed.

It will sometimes be useful to refer to the more traditional literature of triangulated
categories. To this end, we recall that the homotopy category of a stable∞-category
is a triangulated category [Lur17, Rem. 1.1.2.15], and that a functor A → B between
stable∞-categories is an equivalence (resp. is fully faithful) if and only if the induced
functor on homotopy categories is an equivalence (resp. is fully faithful).

The ∞-categories that we consider typically come in two sizes: small, and
presentable. More precisely, we say that an ∞-category C is small if it is equivalent
to an∞-category whose underlying simplicial set is small, i.e. if it is essentially small
in the sense of [Kerodon, Tag 03SM]. Following [Kerodon, Tag 06K6, Tag 06NF],
for every small regular cardinal κ, we say that C is κ-accessible if there exists
a small ∞-category C0 such that C is equivalent to the κ-completion Indκ(C0).
We then say that C is κ-presentable if it is κ-accessible and cocomplete, and we
say that C is presentable if it is κ-presentable for some small regular cardinal κ.
By [Kerodon, Tag 06PU], presentable ∞-categories are complete. In applications,
we will usually be able to take κ = ω, and we refer to Section A.2.14 for a review of
the Indω-construction (which we will simply denote by Ind).

If C is a stable∞-category, then it is ω-presentable if and only if it is ω-accessible:
in fact, if it is ω-accessible, then its cocompleteness follows from the fact that it has
filtered colimits and finite colimits. Hence, if C0 is a small stable ∞-category, then
Ind(C0) is ω-presentable, because it is stable, as explained in Remark A.2.16, and
ω-accessible, by definition.

We will refer to colimit-preserving functors between cocomplete stable∞-categories
as continuous. In many texts, such as [Lur09, Def. 5.3.4.5], continuous signifies the
preservation of filtered colimits, and so the functors between cocomplete stable ∞-
categories that we call continuous would there be called exact and continuous. Since
we have no occasion to consider non-exact functors, we have opted to incorporate
the exactness condition into our definition of continuous functors.

Finally, we will say that an arrow f : x→ y in an∞-category C is an isomorphism
if it represents an isomorphism in the homotopy category hC. In the literature,
this is often referred to as f being an equivalence, and we will sometimes use this
terminology interchangeably.

A.2.1. Anima, and morphisms in ∞-categories. In the theory of ∞-categories, the
∞-category of anima8 (referred to as the∞-category of spaces in [Lur09; Lur17], and
as the ∞-category of ∞-groupoids in other references), which we denote Ani, plays

8This is the terminology of [ČS24], and is short for animated set.

https://kerodon.net/tag/03SM
https://kerodon.net/tag/06K6
https://kerodon.net/tag/06NF
https://kerodon.net/tag/06PU
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the role that the category of sets plays in ordinary category theory. In particular,
if x and y are objects of an ∞-category C, then we may form MapsC(x, y), the
anima of morphisms from x to y. The basic constructions related to this notion are
described e.g. in [Lur09, §1.2.2] and [Cis19, §3.7].

The formation of MapsC(–, –) is functorial in each of its arguments. One way to
formulate this statement is via the existence of the Yoneda embedding (see [Lur09,
Prop. 5.1.3.1] or [Cis19, Thm. 5.8.13]), which is a fully faithful functor

(A.2.2) C ↪→ Fun(Cop,Ani);

here the target denotes the ∞-category of functors from Cop to Ani.

A.2.3. Spectra. Since the theory of stable ∞-categories inevitably bumps up against
the theory of spectra (in the algebraic topological sense), we give some brief reminders
regarding this latter theory for the non-expert. In fact, in the present paper, all
the stable ∞-categories that we consider will be R-linear (in a suitable sense) for
some commutative ring R, and hence, as we explain below, all the spectra that we
encounter will actually be objects of D(R) (the derived category of R-modules).
Nevertheless, the references we give for ∞-categorical results typically work in a
framework that involves the consideration of general spectra; thus we hope the
following recollections will be helpful.

Intuitively, the ∞-category Sp of spectra is obtained from the ∞-category of
pointed anima by making the suspension functor Σ become invertible. In particular,
to each pointed anima x, there is associated a “suspension spectrum” Σ∞x, which is
the image of x in the ∞-category of spectra with respect to the canonical functor
from pointed anima to spectra.

The category Sp carries a canonical right complete t-structure9, whose connective
part Sp≤0 contains the full subcategory of suspension spectra, and is obtained from
this by taking the closure under colimits and extensions [Lur17, Rem. 1.4.3.5]. Right
completeness means that any spectrum s can be written as a colimit

colim sn[−n]
∼−→ s,

where the sn are connective spectra. In fact, we may even arrange things so that
the sn are suspension spectra, say sn = Σ∞xn. Eliding the difference between a
pointed anima and its associated suspension spectrum, we may then write this as

colimΣ−nxn“
∼−→”s,

which in turn prompts the most naive notion of spectrum: namely, a spectrum
consists of a sequence (xn) of pointed anima equipped with transition morphisms
Σxn → xn+1. (From this perspective, the suspension spectrum of a pointed anima
x is given by the particular sequence (Σnx).) These transition morphisms may be
expressed in adjoint form as maps xn → Ωxn+1, and we say that the sequence (xn)
is an Ω-spectrum if these maps are homotopy equivalences. It turns out that any
“naive” spectrum is equivalent to an Ω-spectrum, and so one may restrict attention
to Ω-spectra when developing the theory.

Another way of thinking of an Ω-spectrum is that we start with a pointed
anima x0, which we then enhance to a sequence (xn) equipped with equivalences
xn

∼−→ Ωxn+1. In other words, (xn) is a sequence of successive deloopings of x0,

9We recall the notion of t-structure in Section A.6 below, and the notion of right completeness
in Section A.6.2.
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endowing x0 with the structure of an infinite loop space. Motivated by this, we write
x0 := Ω∞s; this construction then yields a functor Ω∞ : Sp→ Ani∗ (the codomain
denoting the ∞-category of pointed anima) which is right adjoint to Σ∞.

The preceding discussion is of course rather informal, but one rigorous version of
it can be found in [Lur17, §1.4]. The discussion of [Lur17, §1.4.2] presents a general
explanation of how to “stabilize” an ∞-category C admitting finite limits, yielding a
stable ∞-category Sp(C). If C is furthermore pointed, then [Lur17, Prop. 1.4.2.24]
shows that Sp(C) may be described as the ∞-category of “Ω-spectrum objects” in C.
(If C admits finite limits, and so in particular a final object, then we may consider
the ∞-category C∗ of pointed objects of C. The forgetful functor C∗ → C then
induces an equivalence Sp(C∗)→ Sp(C) [Lur17, Rem. 1.4.2.18], and so it is in fact no
loss of generality to assume that C is pointed; cf. [Lur17, Rem. 1.4.2.25].) Another
discussion of the description of Sp(C) in terms of spectrum objects, for a pointed
∞-category C admitting finite limits, can be found in [BGT13, §2.3].

In particular, taking C to be the∞-category Ani∗ of pointed anima, we obtain the
stable ∞-category Sp as its stabilization in the sense just discussed. (The functor
Ω∞ is described in [Lur17, 1.4.2.20]. The construction of the t-structure on Sp is
given by [Lur17, Prop. 1.4.3.4], and the left adjoint Σ∞ to Ω∞ is introduced in the
course of proving that result (and again in [Lur17, Prop. 1.4.4.4]). The description
of Sp≤0 is given in [Lur17, Rem. 1.4.3.5].)

The heart of the t-structure on Sp is the category of abelian groups. If A is an
abelian group, then one typically denotes the corresponding spectrum by HA; it
is the so-called Eilenberg–MacLane spectrum of A. We may furthermore describe
the homotopy groups of spectra in terms of the t-structure on Sp. Indeed, if s is a
spectrum, then we write π0(s) := τ≥0τ≤0s, and more generally π−n(s) := π0(s[n]) =
(τ≥nτ≤ns)[n]. Of course, the homotopy groups of spectra, defined in this manner,
also admit an interpretation as stable homotopy groups.10

If R is a commutative ring, then its associated Eilenberg–MacLane spectrum HR
has a natural E∞-structure. By [Lur17, Thm. 7.1.2.13], which is an unbounded
version of the Dold–Kan correspondence, we may identify the stable ∞-category of
HR-module spectra with the ∞-categorical version of the derived category D(R).
As indicated at the beginning of this section, these sorts of spectra are the only ones
that we will actually have occasion to consider in the present paper.

A.2.4. RHom in stable ∞-categories. If C is a stable ∞-category and x and y are
two objects of C, then in addition to forming the anima of morphisms from x to y,
we may also form the mapping spectrum from x to y, denoted by RHomC(x, y). One
way to express this is by saying that C is canonically enriched over spectra. (The
reference [HM24, App. C] gives a rather general discussion of enriched categories,
which applies in particular in our present context.) In the following discussion we
state, and sketch the proofs, of the basic results that we need related to this enriched
structure.

10For example, if we describe s as an Ω-spectrum (xm), then π−n(s) = πm−n(xm) (for
any m ≥ n), where π• on the right hand side denotes the usual homotopy groups, because
the equivalence xm

∼−→ Ωxm+1 induces an isomorphism πm−n(xm)
∼−→ πm−n+1(xm+1). More

generally, if s is the spectrum associated to a sequence (xm) of pointed anima equipped with
morphisms Σxm → xm+1, then π−n(s) = colimm πm−n(xm), the transition morphisms being
induced by the morphisms πm−n(xm) → πm−n+1(Σxm) → πm−n+1(xm+1). So, if x is a pointed
anima, then π−nΣ∞x is the (−n)th stable homotopy group of x.
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For a terse explanation of this enriched structure, see e.g. [Lur17, Rem. 7.1.2.2].
More details can be found in the discussion of [BGT13, §2.3]; see also the discussion
following [BGT13, Def. 2.15] (noting that those authors write maps where we
write Maps, and write Maps where we write RHom). Concretely, the discussion
following [Lur17, Rem. 1.1.2.8] shows that if x and y are objects of the stable
∞-category C, then we have MapsC(Σ

−nx, y)
∼−→ ΩMapsC(Σ

−n−1x, y), and so
the sequence

(
MapsC(Σ

−nx, y)
)
n∈Z

forms a spectrum, or more specifically, an Ω-
spectrum. This Ω-spectrum is the mapping spectrum from x to y, which (as already
indicated) we denote by RHomC(x, y). (Note that when C is a stable ∞-category,
the mapping anima MapsC(–, –) are canonically pointed, by the zero morphism.)

We may recover Maps from RHom by applying the functor Ω∞:

MapsC(x, y)
∼−→ Ω∞ RHomC(x, y).

Also, we find that

(A.2.5) π−nRHomC(x, y) = π0 MapsC(x[−n], y) = HomhC(x[−n], y),

where hC denotes the underlying homotopy category of C.
In the examples we care about, our stable ∞-categories will (in a suitable sense)

be R-linear for some commutative ring R; indeed, they will be derived categories of
R-linear abelian categories, or closely related to such. The corresponding mapping
spectra RHomC(x, y) will thus be module spectra over the Eilenberg–MacLane
spectrum HR of R. As already noted above, [Lur17, Thm. 7.1.2.13] identifies
the stable ∞-category of HR-module spectra with the ∞-categorical version of
the derived category D(R). Accordingly, we regard RHomC(x, y) as taking values
in D(R).

In traditional homological algebra, one often defines RHom on the derived category
of an R-linear abelian category as a derived functor (again with values in D(R)), and
so a priori RHom may be ambiguously defined. However, the exactness properties
that characterize derived functors in the ∞-categorical context (see e.g. the various
results discussed in Section A.7.14 below) will show that RHom as defined above
will coincide with any definition of RHom as a derived functor that comes up in
practice.

Relatedly, if A is an abelian category and C := D(A) (in the sense of Defini-
tion A.7.1 below), then for any two objects x, y of A (thought of as a full subcategory
of C in the canonical way), we deduce from (A.2.5) and standard homological al-
gebra (see e.g. [Stacks, Tag 06XU]) that π−nRHomC(x, y) agrees with the Yoneda
Ext-group ExtnA(x, y). In keeping with this observation, and with [Lur17, Nota-
tion 1.1.2.17], we employ the usual notation

(A.2.6) ExtnC(x, y) := π−nRHomC(x, y)

for any objects x, y of an arbitrary stable ∞-category C.11

11As indicated by our notation Sp≤0, we have employed cohomological conventions for the
t-structure on Sp. This contrasts with [Lur17], which uses homological conventions, and defines
πn(x) := τ≤0τ≥0x[−n] [Lur17, Def. 1.2.1.11]. However, the underlying stable ∞-category of
spectra is the same, hence so is the suspension functor on it; and since we have defined π−n(x) to
be τ≥0τ≤0x[n], which equals τ≤0τ≥0x[n], our notion of π−n(x) coincides with the one in [Lur17].
Note also that, because of this, our Sp≤0 coincides with the category of spectra whose stable
homotopy is concentrated in nonnegative degrees.

https://stacks.math.columbia.edu/tag/06XU
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A.2.7. Spectral variant of the Yoneda embedding. If C is a stable ∞-category, then
we may use RHomC to construct a variant of the usual Yoneda embedding (A.2.2).
Namely, y 7→ RHomC(–, y) gives a fully faithful exact functor

(A.2.8) C ↪→ Funex(Cop, Sp)

where Sp denotes the stable ∞-category of spectra, and Funex denotes the stable
∞-category of exact functors between stable ∞-categories. One construction of
this functor is given in [BGT13, Def. 2.15], where it is obtained as the stabilization
(in the sense of [Lur17, §1.4.2]) of the usual Yoneda embedding (A.2.2), bearing in
mind that Sp(C) ∼−→ C when C is itself a stable ∞-category.

A.2.9. RHom as a right adjoint. If C is a presentable stable ∞-category, then we
have an action of spectra on C [Lur17, Rem. 7.1.2.2, Prop. 4.8.2.18, Rem. 4.8.2.20].
More precisely, the∞-category PrL whose objects are presentable∞-categories and
whose morphisms are left adjoint functors admits a symmetric monoidal structure
(C,D) 7→ C ⊗ D, where C ⊗ D is the presentable ∞-category characterized by the
property that it receives a functor C × D → C ⊗ D which is colimit preserving in
each variable separately, and which is universal for this property. Furthermore, the
stable ∞-category Sp of spectra is idempotent with respect to this structure, and
the Sp-local objects of PrL, i.e. the presentable∞-categories for which C ∼−→ C⊗Sp,
are precisely the presentable stable∞-categories [Lur17, Prop. 4.8.2.18]. The inverse
equivalence C ⊗ Sp→ C then gives the action of Sp on C; in particular, this action
is colimit preserving in either variable.

The RHomC construction may also be interpreted as right adjoint to the action
of Sp on C. In a little more detail, for any object x of C, the functor –⊗ x : Sp→ C
is colimit preserving, and so admits a right adjoint, which we (temporarily) denote
by G. If S denotes the sphere spectrum (i.e. Σ∞S0, where S0 denotes the pointed
0-sphere), then S is a unit object for –⊗ x, and so, for any object y of C, we find
that

MapsC(x, y)
∼−→ MapsC(S⊗ x, y)

∼−→ MapsSp
(
S, G(y)

)
.

Now for any object t of Sp, we have that

MapsSp(S, t)
∼−→ MapsSp(Σ

∞S0, t)
∼−→ MapsAni∗(S

0,Ω∞t).

Thus
MapsC(x, y)

∼−→ Ω∞G(y),

and replacing y by Σny, we find that

MapsC(Σ
−nx, y)

∼−→ Ω∞ΣnG(y).

Now any spectrum t is identified with the Ω-spectrum given by the sequence
(Ω∞Σnt)n≥0. Thus we see thatG(y) is identified with the Ω-spectrum MapsC(Σ

−nx, y),
which is to say with RHomC(x, y). To summarize: if s is a spectrum and x, y ∈ C,
we have a natural isomorphism

(A.2.10) MapsC(s⊗ x, y)
∼−→ MapsSp

(
s,RHomC(x, y)

)
.

A.2.11. Formal properties of RHom. We recall (and verify) some properties of RHomC ,
which are analogues of the usual formal properties for MapsC. (The notion of a
stable ∞-category being compactly generated is recalled in some detail below; in
particular, it implies presentability.)
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Lemma A.2.12. Let C be a compactly generated stable ∞-category, and let x ∈ C
be an object of C. Then:

(1) The functor RHomC(x, –) commutes with small limits.
(2) If x = colimi∈I xi, then RHomC(x, –) = limi∈I RHomC(xi, –).
(3) If x is compact in C, then RHomC(x, –) commutes with small colimits.

Proof. The description (A.2.10) of RHomC(x, –) as a right adjoint immediately
implies part (1).

We now prove part (2). Since s⊗ – preserves colimits for any s ∈ Sp, we obtain
a natural isomorphism

MapsSp(s,RHomC(colimxi, –))
∼−→ lim

i
MapsSp(s,RHomC(xi, –))

and so part (2) follows from the Yoneda lemma in Sp.
Finally, we prove part (3). By Lemma A.2.32 below, applied to F := –⊗ x and

G := RHomC(x, –), it suffices to prove that –⊗ x preserves compact objects. The
compact objects in Sp are precisely the colimits of finite diagrams, all of whose
objects are shifts of the sphere spectrum S, or zero. Since S ⊗ x = x, and – ⊗ x
preserves colimits, we see that – ⊗ x sends compact objects to colimits of finite
diagrams, all of whose objects are shifts of x, or zero. Since such colimits are
compact if x is compact, this concludes the proof. □

A.2.13. RHom and adjoints. If F : C → D and G : D → C are (left, resp. right)
adjoint functors between ∞-categories, then they are necessarily exact (being
adjoints) and so are compatible with suspension. One then immediately verifies
that RHomD

(
F (x), y

) ∼−→ RHomC
(
x,G(y)

)
for any object x of C and y of D.

If F : C → D is a continuous functor between presentable stable ∞-categories,
then from the canonical nature of the Sp-action on each of C and D, one deduces
that F is compatible with these actions. Since F admits a right adjoint G, one
can also deduce this from the compatibility of adjunctions with RHom noted in the
preceding paragraph, together with the adjunction (A.2.10).

A.2.14. Ind-categories. We recall the notion of Ind-completion of ∞-categories,
following the exposition in [Lur09] and [BGT13, §2.4]. If C is a small ∞-category,
the Ind-category Ind(C) is defined to be the formal closure of C under filtered colimits.
Dually, we have the Pro-category Pro(C), which may be defined as Ind(Cop)op, and
enjoys analogous properties. The∞-category Ind(C) is characterised by the property
that it admits filtered colimits, and admits a fully faithful functor C ↪→ Ind(C) which
induces (via restriction) an equivalence of ∞-categories of functors

(A.2.15) Fun′
(
Ind(C),D) ∼−→ Fun(C,D),

for any D admitting filtered colimits, where the domain denotes the full sub-∞-
category of Fun

(
Ind(C),D

)
consisting of those functors that preserve filtered colimits.

See [Lur09, Prop. 5.3.5.10]. The embedding C ↪→ Ind(C) preserves all limits, and
if C admits finite limits then so does Ind(C).

If we take the target ∞-category D in (A.2.15) to be Aniop, and compose the
resulting equivalence with the Yoneda embedding (A.2.2) for Ind(C), we obtain a
functor

Ind(C) ↪→ Fun′
(
Ind(C),Aniop

)op ∼−→ Fun(C,Aniop)op = Fun(Cop,Ani),
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which is again fully faithful, and preserves filtered colimits (since the objects of C
are compact in Ind(C)). This functor identifies Ind(C) with the full subcategory
of Fun(Cop,Ani) generated by C under the formation of filtered colimits [Lur09,
Cor. 5.3.5.4].

Remark A.2.16. If C is furthermore a stable ∞-category, then so is Ind(C) [Lur17,
Prop. 1.1.3.6], and the canonical fully faithful embedding C ↪→ Ind C is exact
(see [Lur09, Prop. 5.1.3.2, 5.3.5.14]). Furthermore, if C and D are stable∞-categories,
then (A.2.15) restricts to an equivalence

(A.2.17) Funex′(Ind C,D) ∼−→ Funex(C,D)

(the source denoting exact and filtered colimit preserving — or equivalently, continu-
ous — functors, and the target denoting exact functors). Indeed, since the inclusion
C ↪→ Ind C is exact, the restriction of an exact functor Ind C → D is again exact;
while conversely, if F : C → D is exact, then Ind(F ) : Ind(C)→ D preserves cofibre
sequences, and so is also exact. (To see this claim regarding preservation of cofibre
sequences, note that by the proof of [Lur17, Prop. 1.1.3.6], every cofibre sequence
in Ind(C) is a filtered colimit of cofibre sequences in C. Since F preserves filtered
colimits, and a colimit of cofibre sequences in D is a cofibre sequence, this implies
that Ind(F ) preserves cofibre sequences, as claimed.)

In particular, taking D to be Spop in (A.2.17) and composing with the spectral
Yoneda embedding (A.2.8) for Ind(C), we obtain an exact and fully faithful functor
Ind C ↪→ Funex(C, Spop)op = Funex(Cop, Sp). In this way we may alternatively
regard Ind C as the full subcategory of Fun(Cop, Sp) generated by C under filtered
colimits.

Remark A.2.18. In fact, the equivalence (A.2.15) is part of an adjunction, as we
now briefly explain. Namely, we may consider the functor

(A.2.19) Fun
(
Ind(C),D)→ Fun(C,D)

given by restriction. Then “Indization”, i.e. the inverse to the equivalence (A.2.15),
is a left adjoint to this functor. This is a consequence of [Lur09, Prop. 4.3.3.7],
because the indization of a functor F : C → D is its left Kan extension through
the canonical embedding C → Ind(C), by [Lur09, Lem. 5.3.5.8]. The left adjoint
to (A.2.19) is furthermore fully faithful, since it induces an equivalence onto its
essential image Fun′

(
Ind(C),D

)
.

Remark A.2.20. If C is a 1-category, then [Kerodon, Tag 065F], shows that the
formation of Ind C is independent (up to canonical equivalence) of whether we regard
C as a 1-category and form its Ind-completion in the sense of Section A.1.4, or
whether we regard it as an ∞-category and form its Ind-completion in the sense of
the present discussion.

If C admits filtered colimits then we let Cc denote the full sub-∞-category of C
consisting of compact objects.

Lemma A.2.21. Suppose that C is an ∞-category admitting filtered colimits for
which Cc is small. If C′ is any sub-∞-category of Cc, then the inclusion C′ ↪→ C
extends (essentially) uniquely to a filtered colimit preserving functor Ind C′ ↪→ C,
which is again fully faithful.

https://kerodon.net/tag/065F
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Proof. The defining property (A.2.15) (taking C there to be C′ and D to be C) shows
the existence and essential uniqueness of the extension. Its full faithfulness is then
an immediate application of [Lur09, Prop. 5.3.5.11(1)] (taking the κ there to be ω),
and is in any case easily verified directly. (It is here that we use the compactness
in C of the objects of C′.) □

We say that C is compactly generated if it is ω-accessible, or equivalently if it
admits filtered colimits, if Cc is small, and if the natural functor Ind(Cc) → C of
Lemma A.2.21 (sending a filtered diagram in Cc to its colimit in C) is an equivalence.12

IfA is a small∞-category, then Ind(A) is idempotent-complete [Lur09, Cor. 4.4.5.16],
and the compact objects of Ind(A) are the idempotent completion of A [Lur09, Lem.
5.4.2.4]. We thus obtain a correspondence [Lur09, Prop. 5.4.2.17] between small
idempotent-complete ∞-categories and compactly generated ∞-categories. 13 If C
is compactly generated and furthermore stable, then it is in fact cocomplete (since
by the definitions of compact generation and stability respectively, it admits both
filtered and finite colimits). Hence, if C is a stable ∞-category, then it is compactly
generated if and only if it is ω-presentable.

We say that a sub-∞-category A of a stable ∞-category B is a stable sub-∞-
category if it is full as a sub-∞-category, stable as an∞-category, and if the inclusion
A ⊆ B is exact. (This is what in [NS18] is called a stable subcategory.) If C is
stable and admits filtered colimits, then Cc is a stable sub-∞-category of C, for
example by [Lur17, Lem. 1.1.3.3]. On the other hand, as we already noted, the
Ind-completion of a small stable ∞-category is stable. In particular, we see that a
compactly generated ∞-category C is stable if and only if Cc is stable.

Any functor F : C → D between small ∞-categories induces a filtered colimit-
preserving functor FInd(C) : Ind(C)→ Ind(D), corresponding under (A.2.15) to the

composite functor C F→ D → Ind(D); we will sometimes denote FInd(C) simply by F
if this will not cause confusion. If F is fully faithful, then so is FInd(C) [Lur09, Prop.
5.3.5.11(1)]. If F : C → D is an exact functor between small stable ∞-categories
then FInd(C) : Ind(C)→ Ind(D) preserves all colimits, because it preserves filtered
colimits and finite colimits, and thus it is continuous.

Remark A.2.22. Recall that there is a general notion of what it means for a set of
objects X belonging to a cocomplete stable ∞-category C to generate C; see e.g.
[EGH25, Def. A.8.5]. Briefly: we define X⊥ to be the full sub-∞-category of C
whose objects are those y for which RHomC(x, y) = 0 for all x ∈ X, and we say that
X generates C if X⊥ = 0. Equivalently, by e.g. [EGH25, Cor. A.8.7], X generates C
if and only if the only cocomplete stable subcategory of C containing all objects
of X is C itself. We say that X is a set of compact generators of C if every object
of X is compact, and if X generates C.

12Note that in [Lur09, Def. 5.5.7.1] and [BGT13, §2.4], compactly generated is taken to mean
ω-presentable (rather than merely ω-accessible), while [Kerodon, Tag 0673] gives essentially the
same definition as the one we give here, but omits the requirement that Cc be small. In the stable
case, ω-accessible and ω-presentable coincide, so in this case (which is our primary focus) our
definition coincides with those of [Lur09] and [BGT13].

13By [Lur09, Prop. 5.4.2.17], this correspondence can be upgraded to an equivalence of ∞-
categories, where the functors between compactly generated ∞-categories are those which preserve
filtered colimits and compact objects, but we will not need this result; and indeed we will consider
functors between compactly generated categories which at least a priori do not preserve compact
objects.

https://kerodon.net/tag/0673


A CATEGORICAL p-ADIC LANGLANDS CORRESPONDENCE FOR GL2(Qp) 201

Lemma A.2.23 below shows that the notion of compact generation introduced
above is compatible with this more general notion of generation. In particular, it
follows immediately from Lemma A.2.23 (2) that if C has a set of compact generators,
then C is compactly generated (because the existence of a set of compact generators
implies that (Cc)⊥ = 0).

Lemma A.2.23. Let C be a cocomplete stable ∞-category.
(1) If C is compactly generated, then (Cc)⊥ = 0.
(2) Suppose that C′ is a small stable sub-∞-category of Cc, with the property

that (C′)⊥ = 0. Then Cc is equal to the idempotent completion of C′, and
C is compactly generated. In particular, if (Cc)⊥ = 0 then C is compactly
generated.

Proof. Since Ind Cc is defined to be a subcategory of the presheaf category of Cc,
we see that the right perpendicular of Cc in Ind Cc is trivial; this proves (1).

We now prove (2). Since C is cocomplete, Lemma A.2.21 shows that the inclusion
C′ ↪→ C Ind-extends to a filtered colimit preserving fully faithful functor

(A.2.24) Ind C′ ↪→ C.

Part (2) will follow if we further show that (A.2.24) is an equivalence, since we have
already observed that the analogue of (2) holds for Ind C′.

Since the inclusion of C′ into C is an exact functor between stable ∞-categories,
the same is true of its Ind-extension (A.2.24), by Remark A.2.16. Thus this Ind-
extension is continuous. The source is furthermore cocomplete (being compactly
generated and stable), and hence its essential image is a cocomplete and stable
sub-∞-category of C, containing C′. Our assumption that (C′)⊥ = 0, interpreted
in light of Remark A.2.22, shows that this essential image coincides with C, as
required. □

The following standard result gives a convenient criterion to check the full
faithfulness of a functor by checking it on compact generators.

Proposition A.2.25. Let F : C → D be a continuous exact functor between
compactly generated stable ∞-categories C and D, and let X be a set of compact
generators of C. Suppose that F preserves compact objects. Then the following
conditions are equivalent:

(1) F is fully faithful, i.e. for all objects x, y ∈ C, the induced map

MapsC(x, y)→ MapsD(F (x), F (y))

is an isomorphism.
(2) For all objects x, y ∈ C, the induced map

(A.2.26) RHomC(x, y)→ RHomD(F (x), F (y))

is an isomorphism.
(3) (A.2.26) is an isomorphism for all x, y ∈ X.
(4) For all objects x, y ∈ X and each n ∈ Z, the induced map

ExtnC(x, y)→ ExtnD(F (x), F (y))

is an isomorphism.
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Proof. The first and second conditions are equivalent by the discussion in Sec-
tion A.2.11. More precisely, RHom is constructed as an Ω-spectrum from Maps,
while Maps is recovered from RHom by applying Ω∞.

The third and fourth conditions are equivalent by [Lur17, Remark 1.4.3.8]. The
second condition trivially implies the third, and it remains to prove the converse.

Assume then that hypothesis (3) holds, and consider the (full, stable) subcate-
gory Y of C consisting of the y ∈ C with the property that (A.2.26) is an isomorphism
for all x ∈ X. By assumption, Y contains every y ∈ X. In order to show that Y = C,
it therefore suffices to show that Y is closed under colimits in C, which follows by
noting that for any x ∈ X and any colimit colimi∈I yi, we have (by the compactness
of x and of F (x), the continuity of F , and Lemma A.2.12 (3))

RHomC(x, colimi∈I yi) = colimi∈I RHomC(x, yi)

= colimi∈I RHomD(F (x), F (yi))

= RHomD(F (x), colimi∈I F (yi))

= RHomD(F (x), F (colimi∈I yi)).

We now consider the (full, stable) subcategory Z of C consisting of the x ∈ C
with the property that (A.2.26) is an isomorphism for all y ∈ C. We have just seen
that Z contains X, so to show that X = C, it again suffices to show that Z is closed
under colimits in C.

To see this, we have (using Lemma A.2.12 (2) and the continuity of F )

RHomC(colimi∈I xi, y) = lim
i∈I

RHomC(xi, y)

= lim
i∈I

RHomD(F (xi), F (y))

= RHomD(colimi∈I F (xi), F (y))

= RHomD(F (colimi∈I xi), F (y)).

Thus (A.2.26) is an isomorphism for all x, y ∈ C, as required. □

A.2.27. Quotients. An important role in our arguments will be played by Verdier
quotients of stable ∞-categories. Given a stable sub-∞-category A of a stable
∞-category B (or, what is essentially the same data, an exact fully faithful functor
A ↪→ B between stable ∞-categories), the Verdier quotient B/A is a stable ∞-
category receiving a functor B → B/A whose composite with A ↪→ B is the zero
functor, and which is universal (i.e. initial) for these properties. In what follows, we
recall the construction of the Verdier quotient, and then discuss its interaction with
the formation of Ind-categories.

The key point in the construction of B/A comes by noting that, given an exact
functor of stable ∞-categories B → C, the objects in (the essential image of) A all
map to zero precisely if all the arrows in B with fibres lying in (the essential image
of) A become invertible in C. Thus the construction of Verdier quotients becomes a
special case of the construction of ∞-categorical localizations, a construction that
we now briefly recall.

If C is an ∞-category, and W is a collection of arrows of C, then the localization
C[W−1] is an ∞-category receiving a functor C → C[W−1] under which all the
elements of W become invertible, and which is universal (i.e. initial) for these
properties. This construction (under the slightly more circumlocutious name of “the
∞-category obtained from C by inverting the set of morphisms W ”) is the subject
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of [Lur17, Def. 1.3.4.1, Rem. 1.3.4.2], and in the context of small ∞-categories it is
also discussed in [NS18, §I.3], where it is called “Dwyer–Kan localization”. It is also
discussed in [Kerodon, Tag [01M4], where it is simply called “localization” (and it
this last terminological choice that we follow).

In [NS18, Thm. I.3.3] it is shown that if A is a stable sub-∞-category of the
stable ∞-category B, and if W denotes the set of arrows in B whose fibre lies in A,
then the localization B[W−1] is again stable, and hence (for the reason already
explained above) satisfies the universal property of the Verdier quotient.

Remark A.2.28. As already mentioned, in [NS18, § I.3], a smallness hypothesis is
imposed. In our setting, in which we use universes, this is not essential, since we
can always enlarge the universe to make any given ∞-category small. One could
worry that the universal property that C[W−1] satisfies is universe dependent (i.e.
that it ceases to hold if one enlarges the universe), but in fact this does not happen
(i.e. the localization of C at W remains such after any enlargement of the universe).
To see this, one notes [Kerodon, Tag [05ZN] that the size of any localization of C is
bounded in terms of the size of C itself.

Among all localizations of∞-categories, a particularly important class is given by
the so-called Bousfield localizations. These are localizations for which the canonical
functor C → C[W−1] admits a fully faithful right adjoint. This right adjoint then
realizes C[W−1] as a full subcategory of C itself. In [Lur09] and [Lur17], these
are referred to simply as “localizations”, and are characterized in terms of the
resulting full subcategories of C; in [Kerodon] they are called “reflective localizations”.
See [Lur17, Ex. I.3.4.3] for one explanation of why these “localizations” (defined as
they are in [Lur09], in terms of certain full subcategories of C) are localizations in
the sense that we are using here.

In practice, the right adjoint required for a Bousfield localization will be con-
structed via an application of the adjoint functor theorem (see the discussion
below for more on this), and so Bousfield localizations typically arise in the con-
text of large, rather than small, ∞-categories. We note, though, that [NS18,
Lem. I.3.4] shows that one can use Yoneda embeddings to map (the opposite of)
any localization functor C → C[W−1] into an associated Bousfield localization of
Fun(C,Ani)→ Fun(C[W−1],Ani); thus Bousfield localizations can be used as a tool
to study arbitrary localizations (such as localizations of small categories, which is
the actual context under consideration in [NS18]).

Since Ind-categories especially lend themselves to the construction of right adjoints
(again, see the discussion below), for our purposes, the role of Bousfield localizations
will be to aid in the analysis of Verdier quotients of Ind-categories of stable ∞-
categories. For example, if A ↪→ B is a fully faithful continuous functor of presentable
stable∞-categories, then it follows from [BGT13, Prop. 5.6] that the Verdier quotient
B/A is a Bousfield localization of B.

The following proposition describes how the formation of Ind-categories and the
formation of Verdier quotients interact.

Proposition A.2.29. Let A be an idempotent complete stable sub-∞-category
of the small idempotent complete stable ∞-category B. Then the Ind-extension
Ind(B)→ Ind(B/A) of the quotient functor B → B/A (of small stable ∞-categories)
is a Bousfield localization at the collection of arrows of Ind(B) whose cofibre lies
in Ind(A). Furthermore, A = (IndA) ∩ B (the intersection taking place in IndB).

https://kerodon.net/tag/01M4
https://kerodon.net/tag/05ZN
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Proof. The claim that Ind(B)→ Ind(B/A) is a Bousfield localization at the collection
of arrows with cofibre in Ind(A) is part of [NS18, Prop. I.3.5]. It thus follows that
the objects of Ind(A) ∩ B are precisely the objects of B that become equivalent to 0
in B/A. Since h(B)→ h(B/A) is by construction a Verdier quotient of triangulated
categories, the equality Ind(A) ∩ B = A thus follows from [Stacks, Tag 05RK],
since A is idempotent complete. □

Remark A.2.30. Suppose now that C ↪→ D is a fully faithful continuous functor
between compactly generated stable ∞-categories, which furthermore preserves
compact objects, so that it can be identified as the Ind-ification of its restriction
Cc ↪→ Dc to the sub-∞-categories of compact objects. Then Proposition A.2.29 can
be rephrased as the statement that the induced functor

Dc/Cc → D/C = IndDc/ Ind Cc

induces an equivalence
Ind(Dc/Cc) ∼−→ D/C.

It thus follows that, in this case, the Verdier quotient D/C is compactly generated.

A.2.31. Adjoint functors. By the adjoint functor theorem [Lur09, Cor. 5.5.2.9(1)], a
functor F : C → D between cocomplete and compactly generated stable∞-categories
is continuous if and only if it admits a right adjoint G. In particular, if F : C → D is
an exact functor between small stable∞-categories then F : Ind(C)→ Ind(D) always
admits a right adjoint; and passing to opposite categories, we see that the induced
functor Pro(C) → Pro(D) always admits a left adjoint. In addition, if F : C → D
is left adjoint to G : D → C, then the induced functors F : Ind(C) → Ind(D) and
G : Ind(D)→ Ind(C) are an adjoint pair. This can be seen either by the defining
properties of the Ind extended functors, or by [Lur09, Prop. 5.3.5.13].

The following is a special case of [Lur09, Prop. 5.5.7.2].

Lemma A.2.32. If F : C → D is a continuous functor between compactly generated
stable ∞-categories, then F preserves compact objects if and only if its right adjoint
G is continuous.

A.3. Recollements. We will use the notion of recollements, which in the ∞-
category setting were defined by Lurie in [Lur17, §A.8]. We recall the definition
here, in the context of recollements of stable ∞-categories.

Definition A.3.1. Let AU , AZ , and A be stable∞-categories, and let i∗ : AZ → A
and j∗ : AU → A be fully faithful exact functors. We will often regard AZ and AU
as full subcategories of A by identifying them with their essential images. We say
that A is the recollement of AZ and AU if the following hypotheses hold:

(1) i∗ and j∗ admit (necessarily exact) left adjoints i∗ and j∗.
(2) j∗i∗ = 0.
(3) i∗ and j∗ are jointly conservative, in the sense that if i∗X = 0 and j∗X = 0

for some object X of A, then X = 0.

We now describe a method for recognizing recollements. We will usually assume
the following hypothesis.

Hypothesis A.3.2. Let i∗ : AZ ↪→ A be a fully faithful functor between compactly
generated stable ∞-categories, which is continuous and preserves compact objects.
(Equivalently, i∗ is the Ind-extension of a fully faithful exact functor i∗ : AcZ ↪→ Ac.)

https://stacks.math.columbia.edu/tag/05RK
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We will freely regard AZ as a full subcategory of A, by identifying it with the
essential image of i∗. Set AU := A/AZ , and write j∗ : A → AU for the quotient
functor.

The following lemma contains the specializations of some results from Sec-
tion A.2.27 to the present context.

Lemma A.3.3. Assume Hypothesis A.3.2. Then:
(1) AZ ∩ Ac = AcZ .
(2) AU is compactly generated, and the functor j∗ is continuous and preserves

compact objects. The kernel of j∗ is AZ .
(3) j∗ has a fully faithful continuous right adjoint j∗ : AU → A.

In particular, the functors i∗, j
∗, j∗ are the Ind-extensions of their restrictions

i∗ : AcZ ↪→ Ac, j∗ : Ac → AcU , j∗ : AcU ↪→ A.

Proof. Applying Proposition A.2.29 to the inclusion AcZ ⊆ Ac, we see that AZ∩Ac =
AcZ , that j∗ is the Ind-extension of the quotient functor Ac → Ac/AcZ (hence it
preserves compact objects), and that the kernel of j∗ is AZ . Furthermore, j∗ has a
fully faithful right adjoint j∗ (and so in particular is continuous), because it is a
Bousfield localization, and AU is compactly generated, because it is equivalent to
Ind(Ac/AcZ). □

We can now state our criterion for recognizing recollements.

Lemma A.3.4. Assume Hypothesis A.3.2. Then the following conditions are
equivalent:

(1) A is the recollement of AZ and AU .
(2) i∗ admits a left adjoint i∗.
(3) i∗|Ac

Z
: AcZ → Ac admits a left adjoint.

Proof. By definition, (1) implies (2). For the converse implication, by Lemma A.3.3,
the only point to verify is that if X is an object of A with i∗X = 0 and j∗X = 0
then X = 0. But if j∗X = 0, then X is isomorphic to i∗Y for some Y ∈ AZ . Now i∗
is fully faithful, so the counit i∗i∗Y → Y is an isomorphism. If furthermore i∗X = 0,
this implies Y = 0, hence X = 0, as desired.

We now turn to the equivalence of (2) and (3). If (3) holds, then passing
to Ind-categories gives (2), by the discussion of Section A.2.31. Conversely, by
Lemma A.2.32 since i∗ is continuous, any left adjoint i∗ preserves compact objects,
and so restricts to a left adjoint of i∗|Ac

Z
. □

Consider now a continuous functor F : A → A′ of compactly generated stable
∞-categories, each of which satisfies Hypothesis A.3.2; that is, we have fully faithful,
continuous, and compact object preserving functors of compactly generated stable
∞-categories i∗ : AZ ↪→ A and i′∗ : A′

Z ↪→ A′. We say that F (AZ) ⊆ A′
Z if the

essential image of Fi∗ is a subcategory of the essential image of i′∗.

Lemma A.3.5. The following conditions are equivalent:
(1) F (AZ) ⊆ A′

Z .
(2) There exists a continuous functor FAZ

: AZ → A′
Z , characterized by the

existence of a natural isomorphism

(A.3.6) Fi∗
∼−→ i′∗FAZ

.
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(3) There exists a continuous functor FAU
: AU := A/AZ → A′

U := A′/A′
Z ,

characterized by the existence of a natural isomorphism

(A.3.7) j′∗F
∼−→ FAU

j∗.

(4) j′∗Fi∗ = 0.

Proof. The first, second and fourth conditions are equivalent by definition. The third
implies the fourth, because j∗i∗ = 0. Conversely, if the fourth condition holds, then
j′∗F : A → A′

U is the zero functor on AZ , so induces a functor FAU
: AU → A′

U

and a natural isomorphism as in (3), by the universal property of the quotient. □

Suppose now given A, A′, and F : A → A′ as above, and suppose that F (AZ) ⊆
A′
Z , so that the equivalent conditions of Lemma A.3.5 hold. We will write η, η′

(resp. ϵ, ϵ′) for the units (resp. the counits) of the adjunctions (j∗, j∗), (j
′∗, j′∗).

Precomposing the unit η′ : idA′ → j′∗j
′∗ with Fj∗, and taking into account (A.3.7),

we obtain a natural transformation

(A.3.8) Fj∗
η′Fj∗−−−−→ j′∗j

′∗Fj∗
j′∗(A.3.7)j∗−−−−−−−→ j′∗FAU

j∗j∗
j′∗FAU

ϵ
−−−−−→ j′∗FAU

,

which need not be an isomorphism in general.
Now suppose further that that each of i∗ and i′∗ admits a left adjoint i∗ and i′∗,

so that by Lemma A.3.4, each of A and A′ is a recollement. Postcomposing (A.3.6)
with i′∗, and recalling that i′∗ is fully faithful (and so the counit is an isomorphism),
we obtain an isomorphism

i′∗Fi∗
∼−→ i′∗i′∗FAZ

∼−→ FAZ
.

It follows that if we postcompose the unit of adjunction 1A → i∗i
∗ with i′∗F , then

we obtain a natural transformation

(A.3.9) i′∗F → i′∗Fi∗i
∗ ∼−→ FAZ

i∗,

which again need not be an isomorphism in general.

Remark A.3.10. Using terminology from [Sha22, Def. 2.3, Def. 2.6], if each of A, A′ is
a recollement, then a functor F that satisfies the conditions of Lemma A.3.5 defines
a morphism of recollements if and only if (A.3.9) is an isomorphism, and a strict
morphism of recollements if and only if both (A.3.8) and (A.3.9) are isomorphisms.

In the framework just described, we have the following criterion for F to be fully
faithful.

Proposition A.3.11. Suppose that F : A → A′ is a continuous functor between
stable ∞-categories each satisfying Hypothesis A.3.2, and suppose that F (AZ) ⊆ A′

Z .
Suppose furthermore that

(1) each of i∗ : AZ → A and i′∗ : A′
Z → A′ admits a left adjoint i∗ and i′∗

respectively;
(2) the natural transformations (A.3.8) and (A.3.9) are natural isomorphisms.

Then if each of FAU
and FAZ

are fully faithful, so is F .

Proof. Write F (A), FAZ
(AZ), FAU

(AU ) for the essential images of F, FAZ
, FAU

.
The natural isomorphisms (A.3.6) and (A.3.7) imply that we have a commutative



A CATEGORICAL p-ADIC LANGLANDS CORRESPONDENCE FOR GL2(Qp) 207

diagram

(A.3.12)
AZ A AU

FAZ
(AZ) F (A) FAU

(AU ).

i∗

FAZ

j∗

F FAU

i′∗ j′∗

Assumption (1) and Lemma A.3.4 show that A is the recollement of AZ and AU
via i∗ and j∗. Assumption (2) implies in particular that j′∗ and i′∗ restrict to
functors j′∗ : FAU

(AU )→ F (A) and F (A)→ FAZ
(AZ), which are then adjoint to

(the appropriate restrictions of) i′∗ and j′∗. We therefore see that all the proper-
ties in Definition A.3.1 are satisfied, and so F (A) is the recollement of FAZ

(AZ)
and FAU

(AU ) via i′∗ and j′∗. Furthermore, assumption (2) also shows that (A.3.12)
is a “strict morphism of recollements” in the sense of [Sha22, Def. 2.6] (compare Re-
mark A.3.10). We can therefore replace A′, A′

Z , A′
U by F (A), FAZ

(AZ), FAU
(AU )

respectively, thus reducing ourselves to the case that FAZ
and FAU

are equivalences
of categories. We may then apply [Sha22, Rem. 2.7], or equivalently [Lur17, Prop.
A.8.14], to conclude that F is also an equivalence, as required. □

A.4. Enlarging the universe, and the Ind Pro construction. In the sequel
we will use Ind Pro categories. In order to deal with the size issues that this entails,
we make a digression on change of universe.

A.4.1. Change of universe. Writing U for the universe (implicitly) considered in
Section A.2, we now choose another universe V with U ∈ V . We wish to compare
size-related notions, such as smallness, small colimits, and compact objects, with
respect to the two universes U and V .

To this end, we now say that an∞-category C is U -small if it is small with respect
to U . Given a U -small ∞-category C, we let IndU C denote the Ind category of C
built by formally adjoining U -small filtered colimits. Given an∞-category C, we say
that an object X in C is U -compact if MapsC(X, –) commutes with the formation
of U -small filtered colimits, and write CU−c to denote the full sub-∞-category of
C consisting of U -compact objects. We say that C is U -compactly generated if it
admits U -small filtered colimits, if CU−c is U -small, and if IndU CU−c → C is an
equivalence.

All these notions have evident V -analogues, given by replacing the universe U by
the universe V in the definitions. It is evident that, on a literal level, the notions of
U -compactly generated and V -compactly generated objects are distinct. However,
there is in fact a sense in which compactly generated categories are insensitive to
the choice of universe.14 Namely, if C is U -compactly generated, so that

IndU CU−c ∼−→ C,
then we define

CV := IndV CU−c.

This definition makes sense, because the U -small category CU−c is in particular
V -small. By construction, CV is V -compactly generated, and (CV )V−c = CU−c.
Thus CV “promotes” C to a V -compactly generated ∞-category whose V -compact

14We could phrase this in a precise mathematical manner by describing the construction C 7→ CV

that we define below as inducing an equivalence of certain ∞-categories of ∞-categories, although
we don’t do that here.
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objects coincide with the U -compact objects in the original ∞-category C. One can
think of CV as a “version” of C which is adapted to the larger universe V .

Similarly, any U -continuous functor (i.e. a functor compatible with U -small
filtered colimits) F : C → D between U -compactly generated ∞-categories extends
canonically to a V -continuous functor FV : CV → DV . If F preserves U -compact
objects, then FV preserves V -compact objects.

A.4.2. Ind Pro categories. As we already explained, our motivation for introducing
change-of-universe considerations is so that we may consider IndPro categories.
More precisely, if C is a U -small ∞-category, then we may define ProU C in the
obvious manner. This is no longer a U -small category, but it is V -small (e.g.
by [Hen17, Thm. 1(i)]), and so we may then define the Ind completion

IndV ProU C,
a V -compactly generated ∞-category.

We note the following lemma related to computing morphisms in IndV ProU C.

Lemma A.4.3. Let C be a U -small ∞-category, let X = limi∈I Xi be an object of
ProU C, written as a U -small cofiltered limit of objects Xi of C, and let Y be an object
of IndV C. Then the fully faithful embeddings ProU C ↪→ IndV ProU C and IndV C ↪→
IndV ProU C allow us to regard both these objects as belonging to IndV ProU C, and
we have

MapsIndV ProU C(X,Y )
∼−→ colimiMapsIndV C(Xi, Y ).

Proof. We may write Y = colimj∈J Yj , a V -small filtered colimit of objects Yj
of C. Furthermore, the embedding IndV C ↪→ IndV ProU C preserves V -small filtered
colimits. Then

MapsIndV ProU C(X, colimj Yj)
∼−→ colimjMapsProU C(X,Yj)

∼−→ colimj colimiMapsC(Xi, Yj)
∼−→ colimi colimj MapsC(Xi, Yj)
∼−→ colimiMapsIndV C(Xi, colimj Yj),

as claimed. □

Suppose now that F : C → D is an exact functor between U -small (and hence V -
small) stable ∞-categories, so that the induced functor FIndV C : IndV C → IndV D
admits a right adjoint G : IndV D → IndV C. The functor F also induces an exact
functor between V -small stable ∞-categories FProU C : ProU C → ProU D, whose
Ind-ification

FIndV ProU C : IndV ProU C → IndV ProU D
similarly admits a right adjoint

GIndV ProU D : IndV ProU D → IndV ProU C.
The following lemma shows that GIndV ProU D and G are compatible in the evident

way.

Lemma A.4.4. The functor GIndV ProU D is continuous, and so is determined by
its restriction to ProU D. Furthermore, if Y := limj∈J Yj is an object of ProU D,
written as a cofiltered limit of objects Yj of D, then

GIndV ProU D(Y )
∼−→ lim

j∈J
G(Yj).
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(The limit exists in IndV ProU C.) In particular, the restrictions of GIndV ProU D and
of G to D coincide.

Proof. Since FIndV ProU C is defined as the Ind-ification of FProU C, it preserves V -
compact objects, and so its right adjoint GIndV ProU D is continuous by Lemma A.2.32.
Furthermore, right adjoints necessarily commute with limits (which also implies the
claimed existence of limj∈J G(Yj) in IndV ProU C). Thus it remains to prove the
final claim of the lemma, namely that the restrictions to D of GIndV ProU D and of G
coincide.

Let Y be an object of D. Then G(Y ) is an object of IndV C, and we must exhibit
a canonical equivalence

MapsIndV ProU C
(
X,G(Y )

) ∼−→ MapsIndV ProU D
(
FIndV ProU C(X), Y

)
for any object X of IndV ProU C. Since FIndV ProU C is continuous, the formation of
both mapping spaces is compatible with the formation of colimits in X, and so it
suffices to consider the case when X = limi∈I Xi is an object of ProU C, written as
a cofiltered limit of objects Xi of C. We then find that

MapsIndV ProU C
(
X,G(Y )

) ∼−→ colimiMapsIndV C
(
Xi, G(Y )

)
∼−→ colimiMapsIndV D

(
F (Xi), Y

) ∼−→ MapsIndV ProU D
(
lim
i∈I

F (Xi), Y
)

∼−→ MapsIndV ProU D
(
FIndV ProU C(lim

i∈I
Xi), Y

)
,

the first and third equivalences being provided by Lemma A.4.3, the second equiva-
lence being provided by the adjunction between FIndV C and G (and recalling that
FIndV C is the Ind-ification of F , and so coincides with F on objects of C), and
the final equivalence being provided by the definition of FIndV ProU C as the Ind
Pro-ification of F . □

We also have the following useful lemmas.

Lemma A.4.5. FIndV ProU C commutes with all limits and colimits in IndV ProU C.

Proof. We already observed that FIndV ProU C admits a right adjoint GIndV ProU D,
so it commutes with colimits. Similarly, the functor FProU C : ProU C → ProU D
admits a left adjoint, and thus so does its Ind-extension FIndV ProU C ; so FIndV ProU C
also commutes with limits. □

Lemma A.4.6. Let F : C → D be an exact functor between U-small stable ∞-
categories. Then the following conditions are equivalent.

(1) F is fully faithful.
(2) FIndV C is fully faithful.
(3) FProU C is fully faithful.
(4) FIndV ProU C is fully faithful.

Proof. Since the restriction of FIndV C to C agrees with F by definition, the second
condition implies the first. Conversely, suppose that F is fully faithful, and let X,Y
be arbitrary objects of IndV C, which we write as filtered colimits X = colimi∈I Xi,
Y = colimj∈J Yj of objects Xi, Yj of C. Then FIndV C(X) = colimi∈I F (Xi),
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FIndV C(Y ) = colimj∈J F (Yj), so we have

MapsIndV D(FIndV C(X), FIndV C(Y )) = lim
i∈I

colimj∈J MapsD(F (Xi), F (Yj))

= lim
i∈I

colimj∈J MapsC(Xi, Yj) = MapsIndV C(X,Y ).

This shows that the first two conditions are equivalent; the remaining equivalences
follow by analogous arguments which we leave to the reader. □

A.4.7. Notational conventions. When we apply the preceding material, we will
again suppress the choice of V (as well as of the original universe U), and will
simply write IndPro C. When we implement this construction, it will be furthermore
understood that all U -compactly generated categories D under consideration, and
any U -continuous functors F between them, are replaced by their “V -versions” DV
and FV . This stipulation is required because, for example, we will want to view
a U -compactly generated category A as a full subcategory of IndPro(Ac), and we
will do this by means of the canonical embedding

AV = IndV (Ac)→ IndV ProU (Ac).

A.5. An application of Ind Pro categories to full faithfulness. We prove a
criterion for full faithfulness (Proposition A.5.3 below) which will in turn be used in
the proof of our main theorem.

A.5.1. Constructing a recollement. We return to the setting of Hypothesis A.3.2, so
that we assume given a fully faithful, continuous, compact object preserving functor
i∗ : AZ ↪→ A of compactly generated stable ∞-categories, with a corresponding
Verdier quotient functor j∗ : A → AZ which (by Lemma A.3.3) is also continuous and
compact object preserving. In fact, Lemma A.3.3 shows that this data is obtained by
Ind-extending the corresponding functors i∗ : AcZ ↪→ Ac and j∗ : Ac → AcU obtained
by restriction to the various full sub-stable-∞-categories of compact objects.

Starting with these functors on the categories of compact objects, we now take
Pro-extensions, to obtain functors that we denote î∗ : ProAcZ ↪→ ProAc and
ĵ∗ : ProAc → ProAcU . The evident Pro-analogue of Proposition A.2.29 shows that
ĵ∗ realizes ProAcU as the Verdier quotient ProAc/ProAcZ .

Next we Ind-extend these Pro-extended functors (using a change of universe, as
discussed in the preceding section, in order to regard these Pro-categories as being
small) to obtain functors (notated in the same manner)

î∗ : IndProAcZ ↪→ IndProAc

and
ĵ∗ : IndProAc → IndProAcU .

Again, Proposition A.2.29 shows that ĵ∗ realizes IndProAcU as the Verdier quotient
IndProAc/ IndProAcZ . Furthermore, we are now again in the context of Hypothe-
sis A.3.2, with the the role of AcZ , Ac, and AcU now being played by ProAcZ , ProAc,
and ProAcU .

We can now apply Lemma A.3.3 twice. Firstly, returing to the context of
i∗ : AZ ↪→ A and its quotient AU , we obtain the fully faithful right adjoint to j∗,
which (following the notation of that Lemma) we denote by j∗ : AU ↪→ A. But



A CATEGORICAL p-ADIC LANGLANDS CORRESPONDENCE FOR GL2(Qp) 211

secondly, considering the context of î∗ : IndProAcZ ↪→ IndProAc and its quotient
IndProAcU , we obtain the fully faithful right adjoint to ĵ∗, which we denote by

ĵ∗ : IndProAcU ↪→ IndProAc.
We can compare these two constructions. Indeed, the canonical fully faithful
embeddings AcU ↪→ ProAcU and Ac ↪→ ProAc induce fully faithful embeddings

AU
∼−→ IndAcU ↪→ IndProAcU

and
A ∼−→ IndAc ↪→ IndProAc,

and we see that we are in a particular instance of the general setting of Lemma A.4.4.
That lemma then shows that ĵ∗ restricts to j∗.

In the present situation, where we have made a preliminary Pro-extension before
performing an Ind-extension, there is one more functor that arises (that is not part
of the general package coming from Hypothesis A.3.2). Namely, the Pro-extended
functor î∗ has a left adjoint

î∗ : ProAc → ProAcZ .
Then, since Ind-extension preserves adjunctions, we see that its Ind-extension

î∗ : IndProAc → IndProAcZ
(which we denote by the same symbol) is left adjoint to (the Ind-extended version
of) î∗. Lemma A.3.4 then shows that the category IndProAc is the recollement of
IndProAcZ and IndProAcU , via î∗ and ĵ∗.

A.5.2. A criterion for full faithfulness. Suppose now that we have a functor FAc :
Ac → (A′)c with Ind-extension F : A → A′, Pro extension FProAc : ProAc →
Pro(A′)c, and IndPro extension FIndProAc : IndProAc → IndPro(A′)c. Suppose
also that we have a stable sub-∞-category i′∗ : (A′

Z)
c ↪→ (A′)c, and write A′

U , î′∗ etc.
for the corresponding constructions; and suppose further that FAc(AcZ) ⊆ (A′

Z)
c,

so that FAc restricts to a functor FAc
Z
: AcZ → (A′

Z)
c. Then FAc

Z
induces functors

FAZ
: AZ → A′

Z , FIndProAc
Z

: IndProAcZ → IndPro(A′
Z)
c, and functors FAc

U
:

AcU → (A′
U )

c, FAU
: AU → A′

U and FIndProAc
U
: IndProAcU → IndPro(A′

U )
c.

The following criterion for F to be fully faithful is used to prove the main theorem
of the paper (see Theorem 5.5.1).

Proposition A.5.3. Suppose, with notation as above, that the functor FAc : Ac →
(A′)c satisfies:

(1) FAc
U

and FAc
Z

are fully faithful.
(2) The natural transformation of functors AcU → A′

Fj∗ → j′∗FAU

(arising from precomposing the unit of adjunction idA′ → j′∗j
′∗ with Fj∗) is

a natural isomorphism.
(3) The natural transformation of functors Ac → Pro(A′

Z)
c

î′∗FAc → FProAc
Z
î∗

(arising from postcomposing î′∗FProAc with the unit of adjunction 1A → î∗î
∗)

is a natural isomorphism.
Then F and FAc are fully faithful.
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Proof. By Lemma A.4.6, assumption (1) implies that FIndProAc
U

and FIndProAc
Z

are fully faithful, and that the proposition is equivalent to proving that FIndProAc

is fully faithful. We will deduce this from Proposition A.3.11, applied with the
functor F : A → A′ in that proposition being our functor FIndProAc : IndProAc →
IndPro(A′)c. In order to apply this result, we need to verify that Hypothesis A.3.2
holds (which we have already done, in the paragraph preceding the statement of
this proposition) and to show that the natural transformations

(A.5.4) FIndProAc ĵ∗ → ĵ′∗FIndProAc
U

and

(A.5.5) î′∗FIndProAc → FIndProAc
Z
î∗

are natural isomorphisms. (These are the natural transformations (A.3.8) and (A.3.9),
with A there being our IndProAc.)

These statements follow easily from our assumptions (2) and (3), using Lemma A.4.5
(for FIndProAc

U
and FIndProAc

Z
), Lemma A.4.4 (for ĵ∗ and ĵ′∗), and the compatibility

of î∗, î′∗ with cofiltered limits. □

A.6. t-structures. We recall some of the key facts about t-structures that we will
use. We refer to [EGH25, App. A] for a more complete recollection, as well as
further references.

The data of a t-structure on the stable ∞-category D is determined by the
specification of a full sub-∞-category D≤0 ↪→ D. The full sub-∞-category D≥1 ↪→ D
is then defined to be the right orthogonal to D≤0. Of course D≤0 should satisfy
some conditions (e.g. D≤0[1] ⊆ D≤0), which amount to the requirement that the
image of D≤0 and D≥1 in the homotopy category of D define a t-structure on this
homotopy category in the usual sense.

For any integer n, we define D≤n := D≤0[−n], and D≥n := D≥1[1− n]. For any
pair of integers a ≤ b, we write D[a,b] := D≥a ∩ D≤b. We say that an object X of D
is bounded above (resp. below) if it lies in D≤n (resp. D≥n) for some n.

We say that the t-structure on D is bounded (resp. bounded above, resp. bounded
below) if every object of D is bounded (resp. bounded above, resp. bounded below).

The heart of the t-structure, often denoted D♡, is defined to be D≤0 ∩ D≥0 =:
D[0,0]. It is an abelian category.

Each inclusion D≤n ↪→ D admits a right adjoint τ≤n : D → D≤n, while each
inclusion D≥n ↪→ D admits a left adjoint τ≥n : D → D≥n. These satisfy various
relations; for example, if a ≤ b then there is a natural isomorphism τ≥aτ≤b

∼−→
τ≤bτ≥a of functors D → D[a,b]. For any integer n and any object X of D, τ≥nτ≤nX
is an object of D[n,n] = D♡[−n]. We then define the functor15 Hn : D → D♡ via
Hn(X) := (τ≥nτ≤nX)[n]. Recall also that for each X ∈ D and n ∈ Z there is a
fibre sequence

(A.6.1) τ≤n−1X → X → τ≥nX.

15We follow traditional homological algebra notation (with cohomological conventions) by
writing Hn. This suits our purposes, since the stable ∞-categories that we consider in the body of
the paper will typically be derived categories of various abelian categories of modules, or variants
thereof. In the case of the stable ∞-category of spectra, and other stable ∞-categories of a
more homotopical nature, it is more usual to write π−n. We have applied this convention in the
discussion of Section A.2.3 above, but in all other cases that we consider, we use the cohomological
notation established here.
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A.6.2. Completeness. If D is a stable ∞-category endowed with a t-structure, then
we have a functor

D → limD≤n

defined by X 7→ (τ≤nX) (the transition morphisms being given by the obvious
truncations). We say that D is right complete if this functor is an equivalence.
Unwinding this definition, the full faithfulness of this morphism is equivalent to
the requirement that for any object X of D, the canonical morphisms τ≤nX → X
induce an isomorphism colim τ≤nX

∼−→ X. The essential surjectivity is equivalent to
the requirement that if {Xn} is any sequence of objects endowed with identifications
Xn

∼−→ τ≤nXn+1, then colimnXn exists in D.
There is a dual notion of left complete; namely, this is the condition that the

canonical functor
D → limD≥n,

defined by X 7→ (τ≥nX), should be an equivalence. (Note that this is a limit with
n→ −∞.) The full faithfulness now amounts to the requirement that for any object
X of D, the canonical morphisms X → τ≥nX induce an isomorphism

X
∼−→ lim

n
τ≥nX.

The essential surjectivity is equivalent to the requirement that if {Xn} is any
sequence of objects endowed with identifications τ≥nXn−1

∼−→ Xn, then limnXn

exists in D.

A.6.3. t-exactness of functors. If D and D′ are two stable ∞-categories endowed
with t-structures, then a functor F : D → D′ is right t-exact (resp. left t-exact) if
F (D≤0) ⊆ (D′)≤0 (resp. F (D≥0) ⊆ (D′)≥0), and t-exact if it is both right and left
t-exact.

A.6.4. Some cautions. If D is a stable ∞-category endowed with a t-structure, it
is natural to ask whether if X is an object of D for which Hi(X) = 0 for all i, is
it necessarily the case that X = 0? While we recall some positive results in this
direction, Example A.6.11 below shows that it need not hold in general.

Lemma A.6.5. If X is an object of D which is bounded, and Hi(X) = 0 for all i,
then X = 0.

Proof. By assumption, X ∈ D[a,b] for some a ≤ b. We have the fibre sequence

τ≤b−1X → X → Hb(X)[−b] = 0,

so that τ≤b−1X
∼−→ X. Now τ≤b−1X is an object of D[a,b−1], and the lemma follows

by descending induction on the amplitude b− a ≥ 0. □

Lemma A.6.6. If the t-structure on D is left complete, and X is an object of D
which is bounded above and for which Hi(X) = 0 for all i, then X = 0.

Proof. Since Hi(X) = 0 for all i, we have Hi(τ≥nX) = 0 for all i, n, so Lemma A.6.5
shows that τ≥nX = 0 for all n. Since D is left complete, we deduce that X = 0, as
required. □

Remark A.6.7. There is an obvious analogue of Lemma A.6.6 for right complete
t-structures and objects that are bounded below.
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A.6.8. t-structures and Ind/Pro constructions. For later reference, we recall (from
[AGH19, Prop. 2.13] and [Lur18, Lem. C.2.4.3]) the following general facts about
t-structures and Ind-categories, as well as the dual version for Pro-categories.
Proposition A.6.9. Let D be a stable ∞-category endowed with a t-structure.

(1) IndD inherits a t-structure, characterized by the requirements that D ↪→
IndD is t-exact, and that the inclusions D≤0 ↪→ D, D≥0 ↪→ D, and D♡ ↪→
D induce equivalences Ind(D≤0)

∼−→ Ind(D)≤0, Ind(D≥0)
∼−→ Ind(D)≥0,

Ind(D♡)
∼−→ Ind(D)♡, respectively. If the t-structure on D is furthermore

bounded above, then the t-structure on IndD is right complete.
(2) ProD inherits a t-structure, characterized by the requirements that D ↪→

ProD is t-exact, and that the inclusions D≤0 ↪→ D, D≥0 ↪→ D, and D♡ ↪→
D induce equivalences Pro(D≤0)

∼−→ Pro(D)≤0, Pro(D≥0)
∼−→ Pro(D)≥0,

Pro(D♡)
∼−→ Pro(D)♡, respectively. If the t-structure on D is furthermore

bounded below, then the t-structure on ProD is left complete.

Remark A.6.10. Since neither of the references cited above explicitly state the result
about the heart, we recall a proof here in the case of Ind categories; the Pro category
case is formally dual.

On the one hand, the inclusion D♡ ↪→ D induces a corresponding inclusion
IndD♡ ↪→ IndD, which lies in (IndD)♡, since it lies in both (IndD)≤0 ∼−→
Ind(D≤0) ↪→ IndD and (IndD)≥0 ∼−→ Ind(D≥0) ↪→ IndD.

On the other hand, the functors τ≤0 : IndD → (IndD)≤0 ∼−→ Ind(D≤0) and
τ≥0 : IndD → (IndD)≥0 ∼−→ Ind(D≥0) are the Ind-extensions of the corresponding
functors for D (as can be seen from the second displayed equation in the proof
of [AGH19, Prop. 2.13]) and in particular commute with filtered colimits. Thus, if X
is any object of (IndD)♡, so that τ≥0τ≤0X

∼−→ X, then, if we write X = colimiXi

for some objects Xi of D, we find that X ∼−→ τ≥0τ≤0X
∼−→ colimi τ

≥0τ≤0Xi, which
describes X as an object of IndD♡, so that (IndD)♡ ⊆ IndD♡.

Example A.6.11. Let C be the category of finitely generated modules over k[ϵ] (the
dual numbers over a field k), and let Db(C) be the bounded derived category of the
abelian category C, in the sense of Definition A.7.1 and Remark A.7.5. As usual,
regard k as a k[ϵ]-module by having ϵ act by zero. Recall then that Ext1k[ϵ](k, k)
is one-dimensional over k, and that if we let x denote a basis vector, then Yoneda
product of Exts induces an isomorphism k[x]

∼−→ Ext•k[ϵ](k, k). Now consider the
sequence

k
x−→ k[1]

x−→ k[2]
x−→ · · · x−→ k[n]

x−→ . . .

of morphisms in Db(C). By the facts just recalled, the composite of any n
successive morphisms in this sequence corresponds to the (non-zero!) element
xn ∈ Extnk[ϵ](k, k). Thus none of the transition morphisms in this sequence are zero,
and it induces a non-zero object of IndDb(C). This is then an example (probably
the most standard example) of an object of IndDb(C) which is non-zero (as one can
see by computing its endomorphisms), but has all cohomologies equal to zero. Note
this object is bounded above, but not bounded below.

Similarly, if we instead consider the sequence

· · · x−→ k[−n] x−→ · · · x−→ k[−2] x−→ k[−1] x−→ k

of morphisms in Db(C), it gives rise to an object of ProDb(C) which is non-zero,
but has all cohomologies equal to zero; it is bounded below, but not bounded above.
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A.7. Derived categories. We recall a range of notation and results related to
derived categories of abelian categories, working in the framework of stable ∞-
categories.

Definition A.7.1. If A is an abelian category, then we define the derived category
D(A) of A to be the localization of the category CoCh(A) of cochain complexes
valued in A with respect to the class of quasi-isomorphisms. In symbols, if we
let W denote the collection of quasi-isomorphisms in CoCh(A), then D(A) :=
CoCh(A)[W−1].

Remark A.7.2. If we continue to let W denote the collection of quasi-isomorphisms
in CoCh(A), and let W0 denote the collection of cochain homotopy equivalences,
then [Lur17, Prop. 1.3.4.5] shows that CoCh(A)[W−1

0 ]
∼−→ Ndg

(
CoCh(A)

)
(the

dg-nerve of the dg-category CoCh(A)). Then

(A.7.3) CoCh(A)[W−1]
∼−→ CoCh(A)[W−1

0 ][W−1]
∼−→ Ndg

(
CoCh(A)

)
[W−1].

Remark A.7.4. Definition A.7.1 is the most general applicable definition of the
∞-categorical version of the derived category of an abelian category of which we
are aware. It is a stable ∞-category, by (A.7.3) and [NS18, Theorem I.3.3], and the
homotopy category of D(A) is the unbounded triangulated derived category of A,
as defined e.g. in [Stacks, Tag 05RU].

If A is a Grothendieck category, then an alternative definition of D(A) is given
in [Lur17, Def. 1.3.5.8]. The equivalence of that definition with Definition A.7.1 is
provided by [Lur17, Prop. 1.3.5.15]. By [Lur17, Prop. 1.3.5.21], we thus see thatD(A)
is presentable (hence cocomplete) whenever A is a Grothendieck category.

Remark A.7.5. If A is an abelian category, then the usual t-structure on the un-
bounded triangulated derived category of A, i.e. the one given by the vanishing of
cohomology groups (see e.g. [GM03, §IV.4]), induces a t-structure on D(A). We
can then define D+(A), D−(A), and Db(A) in the usual manner. Their homo-
topy categories are the corresponding triangulated subcategories of the unbounded
triangulated derived category of A. Since ∞-categorical enhancements of these
triangulated categories are unique up to equivalence [Ant21, Corollary 6.5, Corol-
lary 6.10], our definitions will coincide with most variants appearing in the literature,
such as [Lur17, Def. 1.3.2.7], which gives an alternative definition of D−(A) under
the assumption that A admits enough projectives.

The following definition uses the notion of a weak Serre subcategory, which was
recalled in Section A.1.1.

Definition A.7.6. Let A be an abelian category, and let B be a weak Serre
subcategory of A. Then we write DB(A) for the full subcategory of D(A) consisting
of those objects x all of whose cohomologies Hn(x) lie in B. We define D∗

B(A)
analogously, when ∗ is any of the boundedness conditions b,+, or −.

Remark A.7.7. Recall that, by definition [Lur09, § 1.2.11], (full) subcategories of
an ∞-category correspond to (full) subcategories of its homotopy category. Under
this correspondence, the subcategory DB(A) of Definition A.7.6 corresponds to the
subcategory of the triangulated derived category of A given by [Stacks, Tag 06UP].

Lemma A.7.8. Let A be an abelian category, and let B be a Serre subcategory.
Then the natural functor Db(A)/Db

B(A)→ Db(A/B) is a t-exact equivalence.

https://stacks.math.columbia.edu/tag/05RU
https://stacks.math.columbia.edu/tag/06UP
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Proof. This is [Miy91, Thm. 3.2]. □

Recall that a Serre subcategory B of an abelian category A is localizing if the
quotient functor A → A/B admits a right adjoint. This right adjoint functor is
necessarily fully faithful [Gab62, §III.2 Prop. 3].

Lemma A.7.9. Let A be an abelian category, and let B be a localizing subcategory.
Then the natural functor D(A)/DB(A)→ D(A/B) is a t-exact equivalence.

Proof. This is [Kra15, Lem. 5.9]. □

A.7.10. A criterion for compact generation. By Lemma A.1.3, if A is a locally
coherent abelian category, then Ac is a weak Serre subcategory of A, so that Db

Ac(A)
is defined. Then we have the following lemma.

Lemma A.7.11. If A is a locally coherent abelian category, then the natural functors
Db(Ac)→ Db

Ac(A) and D−(Ac)→ D−
Ac(A) are t-exact equivalences.

Proof. Bearing in mind that A is (by definition) compactly generated, and so
Ind(Ac) ∼−→ A, the lemma is an immediate consequence of [KS06, Thm. 15.3.1]. □

If R is a coherent ring, the category Mod(R) is locally coherent, and its compact
objects coincide with the finitely presented modules. We introduce the notation

Db
fp(R) := Db

Modfp(R)(Mod(R))

and
D−

fp(R) := D−
Modfp(R)

(Mod(R)),

and note the following immediate corollary of Lemma A.7.11.

Corollary A.7.12. Let R be a coherent ring. Then the natural functors Db(Modfp(R))→
Db

fp(R) and D−(Modfp(R))→ D−
fp(R) are t-exact equivalences.

The following proposition is closely related to [Kra05, Lem. 4.5]. By “a set of
weak generators” of an abelian category A, we mean a set X of objects of A having
the property that for each a ∈ A, there exists an x ∈ X and a non-zero morphism
x→ a.

Proposition A.7.13. Let A be a locally coherent Grothendieck category, and
suppose furthermore that Ac ⊆ D(A)c. Then:

(1) D(A) is compactly generated, and Db
Ac(A) coincides with D(A)c.

(2) Any subset X ⊆ Ac which is a set of weak generators of A is a set of
compact generators of D(A).

(3) The standard t-structure on D(A) is the one induced by the standard t-
structure on Db

Ac(A) via Proposition A.6.9 and the equivalence IndDb
Ac(A) ∼−→

D(A) induced by part (1).

Proof. By Lemma A.7.11, the full sub-∞-category Db
Ac(A) of D(A) is well-defined,

and equivalent to Db(Ac). Furthermore, the assumption that Ac ⊂ D(A)c, together
with an induction on amplitude, shows that Db

Ac(A) ⊂ D(A)c. Since Db
Ac(A) is

evidently idempotent complete, we see that part (1) of the proposition will follow
from Lemma A.2.23 (2), applied to C′ := Db

Ac(A) and C := D(A), provided that
we prove that

(
Db

Ac(A)
)⊥

= 0. To prove this, it suffices to show that if a ∈ D(A)
is not zero, and X ⊆ Ac is a set of weak generators of A, then there exists x ∈ X
such that RHomD(A)(x, a) ̸= 0; note that this will also establish part (2).
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Suppose then that a is a non-zero object of D(A). Since the homotopy category
of D(A) is the unbounded derived category of A with the usual t-structure, there
exists some n such that Hn(a) ̸= 0. We may represent the truncation τ≤na by
a complex · · · → an−1 → an → 0 → 0 → · · · in CoCh(A). Since coker(an−1 →
an) =: H

n(τ≤na) = Hn(a) ̸= 0, and since X is a set of weak generators of A by
assumption, we may find an object x of X and a morphism x→ an such that the
composite x→ Hn(τ≤na) is non-zero. Then the composite x[−n]→ τ≤na→ a (the
first arrow being induced by the chosen morphism x → an) is non-zero (since it
induces a non-zero morphism on Hn), and so in particular RHomD(A)(x, a) ̸= 0, as
required.

Finally, the claim in part (3) about t-structures is equivalent to the t-structure
on D(A) being compatible with filtered colimits, which is [Lur17, Prop. 1.3.5.21]. □

A.7.14. Derived functors. A very general mechanism for constructing left derived
functors is given by the following result [Lur17, Thm. 1.3.3.2], which characterizes
D−(C) (for abelian categories with enough projectives) by a mapping property.

Theorem A.7.15. If C is an abelian category with enough projectives, and if D is
a stable ∞-category equipped with a left complete t-structure, then F 7→ τ≥0F|C (the
restriction being taken by identifying C with the heart of D−(C)) is an equivalence
between the ∞-category of right t-exact functors D−(C)→ D which carry projective
objects of C into D♡, and the ordinary category of right exact functors C → D♡.

Furthermore, by restriction from D−(C) to Db(C), these categories are equivalent
to the ∞-category of right t-exact functors Db(C)→ D which carry projective objects
of C into D♡.

Proof. As already noted, the first claim is simply a restatement of [Lur17, Thm. 1.3.3.2].
The second claim is a consequence of the proof of that result, and is a manifestation
of the role that left completeness plays in that result, as we now explain.

Namely, suppose that F : D−(C)→ D is a right t-exact functor. Write D−,≥n(C)
to denote the full subcategory of D−(C) consisting of objects whose cohomology in
degrees < n vanishes (i.e. the “≥ n” part of the t-structure on D−(C)), and write

Fn := τ≥nF|D−,≥n(C) : D
−,≥n(C)→ D≥n.

The fact that F is right t-exact shows that the canonical functor

(A.7.16) τ≥nF → τ≥nFτ≥n

is an isomorphism, from which one easily verifies that the diagram of functors

D−,≥n−1(C)
Fn−1

//

τ≥n

��

D≥n−1

τ≥n

��

D−,≥n(C) Fn // D≥n

commutes. Thus, taking into account the left completeness of each of D−(C)
(by [Lur17, Prop. 1.3.3.16]) and D (by hypothesis), we may form the functor

lim
n
Fn : D−(C)→ D.

Again, the fact that (A.7.16) is an isomorphism shows that we have natural trans-
formations (for X an object of D−(C))

F (X)→ τ≥nF (X)
∼−→ τ≥nF (τ≥nX) = Fn(τ

≥nX),
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evidently compatible as n varies, and hence a natural transformation

(A.7.17) F (X)→ lim
n

(
Fn(τ

≥nX)
)
= (lim

n
Fn)(X).

If F furthermore takes projective objects of C to objects of D♡, then (A.7.17) is
a natural isomorphism. (Indeed, both source and target are right t-exact functors
from D−(C) to D which coincide on C, and take projective objects of C to D♡.)
Thus F can be recovered (and constructed) from the various Fn, and thus from its
restriction to Db(C). □

Corollary A.7.18. If C is an abelian category with enough projectives, and if D is
a stable ∞-category equipped with a left complete t-structure, then F 7→ F|C induces
an equivalence between the ∞-category of t-exact functors D−(C) → D and the
ordinary category of exact functors C → D♡.

Proof. This follows from Theorem A.7.15, noting that the t-exactness assumption
implies that all objects of C, projective or not, are carried into objects of D♡. See
also [Lur17, Rem. 1.3.3.6]. □

In the case of t-exact functors, we can in fact state results valid for any abelian
category (related, morally, to the fact that we don’t need projective resolutions to
compute the derived functors of exact functors). This is because of the following
very general mapping property satisfied by bounded derived categories [BCKW25,
Cor. 7.4.12].

Theorem A.7.19. If C is an abelian category, and D is a stable ∞-category,
then F 7→ F|C induces an equivalence between the ∞-category of exact functors
Db(C)→ D and the ∞-category of finite coproduct-preserving functors C → D which
take exact sequences in C to fibre sequences in D.

This has the following immediate corollary:

Corollary A.7.20. If C is an abelian category, and if D is a stable ∞-category
equipped with a t-structure, then there is an equivalence between the ∞-category of t-
exact functors Db(C)→ D and the ordinary category of exact functors C → D♡, given
by F 7→ F|C (the restriction being taken by identifying C with the heart of Db(C)).

We also note the following variant of the preceding corollary.

Corollary A.7.21. If C is an abelian category, if D is a stable ∞-category equipped
with a t-structure, and if F : Db(C) → D is an exact functor for which F|C takes
values in D♡, then F is t-exact.

Proof. The hypotheses imply that F|C is an exact functor C → D♡, which by
Corollary A.7.20 arises by restriction from a t-exact functor G : Db(C) → D.
Taking into account the equivalence of categories described in the statement of
Theorem A.7.19, the equality F|C = G|C is induced by an isomorphism F

∼−→ G.
Thus F is t-exact, as claimed. □

We now consider right derived functors. We begin with the following simple
lemma.

Lemma A.7.22. If F : A → B is an exact functor between abelian categories,
then F induces a t-exact functor D(A) → D(B), whose restriction to the heart
of D(A) is F .
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Proof. We obtain a functor CoCh(A) → CoCh(B) by applying F degreewise.
Since F is exact, it preserves quasi-isomorphisms, so it induces the required functor
D(A)→ D(B) by the universal property of localization. □

Suppose now that F : A → B is an additive functor between Grothendieck
categories. Then F induces a functor CoCh(A) → CoCh(B), and thus a functor
F : CoCh(A) → D(B). Write Q : CoCh(A) → D(A) for the localization functor.
Following [Cis19, 7.5.23] we make the following definition, which is a “lifting” to
the ∞-categorical setting of a definition on the level of homotopy categories that
goes back to Quillen (see [Qui67, Def. 1.4.1], or [Cis19, Def. 2.3.1] for a more recent
treatment).

Definition A.7.23. Let F : A → B be an additive functor between Grothendieck
categories. A right derived functor RF of F is a functor RF : D(A)→ D(B) which
is equipped with a natural transformation F → RF ◦Q, and is such that for any
other functor G : D(A)→ D(B) together with a natural transformation F → G ◦Q,
there is a unique (up to a contractible space of choices) natural transformation
RF → G giving rise to the given F → G ◦Q.

Lemma A.7.24. If F : A → B is an exact functor between Grothendieck categories,
then the right derived functor RF exists. Furthermore RF is t-exact, and agrees
with the extension of F in Lemma A.7.22.

Proof. This is immediate from the definitions. □

In fact, the right derived functor RF exists for any additive functor F , although
it is only well-behaved if F is left exact, in a sense made precise by Lemma A.7.25
below. Right derived functors can be computed using resolutions by K-injective
complexes of injective objects: see [Stacks, Tag 079P] and [Stacks, Tag 070K] in the
context of triangulated categories. Alternatively, in the context of ∞-categories and
Definition A.7.23, we can give CoCh(A) the model category structure of [Lur17,
Proposition 1.3.5.3]. The fibrant objects are then precisely the K-injective complexes
of injective objects: compare [Hov99, Remark 2.3.18] for this fact, bearing in mind
that the “dg-injective complexes" in loc. cit. are precisely the K-injective complexes
of injective objects, by [AF91, 1.2.I] (where K-injective complexes are called π-
injective). Then, as explained in [Cis19, Section 7.5.25], the existence of RF , and
the fact that it can be computed by K-injective complexes of injective objects,
both follow from the fact that F sends weak equivalences between fibrant objects
of CoCh(A) to weak equivalences in CoCh(B), which in turn follows from [Lur17,
Proposition 1.3.5.14], asserting that every weak equivalence between fibrant objects
of CoCh(A) is a chain homotopy equivalence.

Lemma A.7.25. Let F : A → B be an additive functor between Grothendieck
categories. Then the right derived functor RF is left t-exact. Furthermore, the
natural map F → H0RF (induced by the natural transformation F → RF ◦Q) is
an isomorphism if and only if F is left exact.

Proof. Both claims follow easily from the existence of injective resolutions, and
the fact that bounded below complexes of injective objects are K-injective, see e.g.
[Stacks, Tag 070J] and [Stacks, Tag 05TD]. □

We next quote two results from [EGH25] concerning the interplay between derived
functors and adjunctions.

https://stacks.math.columbia.edu/tag/079P
https://stacks.math.columbia.edu/tag/070K
https://stacks.math.columbia.edu/tag/070J
https://stacks.math.columbia.edu/tag/05TD


220 A. DOTTO, M. EMERTON, AND T. GEE

Lemma A.7.26. Let F : A → B be an exact, colimit-preserving functor between
Grothendieck categories, and write G : B → A for its right adjoint. Then the
right-derived functor RG : D(B)→ D(A) is right adjoint to F : D(A)→ D(B). In
particular, F : D(A)→ D(B) is continuous.

Proof. This is [EGH25, Prop. A.7.1]. □

Theorem A.7.27. Let F : A ↪→ B be the inclusion of a localizing subcategory into
a Grothendieck category, with right adjoint G : B → A. Suppose further that:

(1) For any objects X and Y of A with Y injective, there is an epimorphism
Z → X such that ExtiB(F (Z), F (Y )) = 0 for i > 0.

(2) The formation of products in B is exact.
(3) The derived right adjoint RG has finite cohomological dimension.

Then F : D(A)→ D(B) is fully faithful, with essential image equal to DA(B).

Remark A.7.28. Note in particular that condition (1) is satisfied if F preserves
injectives.

Proof of Theorem A.7.27. This is a combination of parts (1) and (2) of [EGH25,
Prop. A.7.3]. □

We end this section with a result on the compatibility of localization of locally
Noetherian categories with passage to derived categories. Rather than consider the
general case, we will assume various additional hypotheses that will hold in our
application of this material in Section 2.6.

Suppose that B is a locally Noetherian abelian category and that i∗ : A → B is an
inclusion of a localizing subcategory; so i∗ is exact and is compatible with colimits,
and by Lemma A.7.26, we have a continuous t-exact extension i∗ : D(A)→ D(B).
Write j∗ : B → B/A for the quotient functor, which is also exact and compatible
with colimits, and j∗ : B/A → B for its fully faithful right adjoint, which (as recalled
in Appendix A.1) preserves filtered colimits. If we suppose further that j∗ is exact,
it is furthermore compatible with all colimits, and so we have continuous t-exact
extensions j∗ : D(B)→ D(B/A), j∗ : D(B/A)→ D(B).

Proposition A.7.29. Suppose as above that B is a locally Noetherian abelian
category and that i∗ : A → B is an inclusion of a localizing subcategory. Write
j∗ : B → B/A for the quotient functor, and j∗ : B/A → B for its right adjoint.

Suppose that:
(a) Bc ⊆ D(B)c.
(b) j∗ : B/A → B is exact.
(c) i∗ : D(A)→ D(B) is fully faithful, with essential image DA(B).

Then
(1) j∗ induces equivalences D(B)/D(A) ∼−→ D(B/A) and Db(Bc)/Db(Ac) ∼−→

Db(Bc/Ac).
(2) j∗ : D(B/A)→ D(B) is fully faithful, and is right adjoint to j∗ : D(B)→

D(B/A).
(3) D(B), D(A) and D(B/A) are compactly generated.
(4) D(B)c coincides with Db

Bc(B), which in turn is equivalent to Db(Bc). The
analogous statements hold for D(A)c and D(B/A)c.
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Proof. By assumption we have Bc ⊆ D(B)c. Since i∗ : A → B preserves colimits
and compact objects, and (by assumption) i∗ : D(A) → D(B) is continuous and
fully faithful, we see also that Ac ⊆ D(A)c. Then the statements of (3) and (4)
for D(B) and D(A) follow from Proposition A.7.13 and Lemma A.7.11; furthermore
i∗ : D(A)→ D(B) preserves compact objects.

We now prove part (1). By assumption, i∗ induces an equivalence between
D(A) and DA(B), hence the first statement of part (1) follows from Lemma A.7.9;
note that this implies that Hypothesis A.3.2 is satisfied by i∗ and j∗. The second
statement of part (1) follows similarly from Lemma A.7.8, provided we show that i∗
induces an equivalence between Db(Ac) and Db

Ac(Bc). Certainly i∗ induces a
fully faithful functor i∗ : Db(Ac) → Db

Ac(Bc). It thus suffices to note that any
object of Db

Ac(Bc) is compact in D(B) (by the already proved statement of part (4)
for D(B)) and contained in DA(B), and thus in the essential image of D(A); and
D(B)c ∩ D(A) = D(A)c = Db(Ac) by Lemma A.3.3 (and the already proved
statement of part (4) for D(A)). This concludes the proof of part (1).

Finally, by Lemmas A.7.26 and A.7.24, j∗ : D(B/A)→ D(B) is right adjoint to j∗ :
D(B)→ D(B/A). Hence the statements of part (2), as well as part (3) for D(B/A),
are immediate consequences of Lemma A.3.3, which also shows that j∗ preserves
compact objects. Thus the objects of (B/A)c = j∗(Bc) are compact in D(B/A)c,
and so the statement of part (4) for D(B/A) follows from Proposition A.7.13 and
Lemma A.7.11. □

A.7.30. Colimits of abelian and derived categories. If {Ai}i∈I is a filtered system of
abelian categories indexed by I, with exact transition functors, then we can form
A := colimiAi, which is again an abelian category. By Lemma A.7.22 we get an
induced system {Db(Ai)}i∈I with t-exact transition functors, and the universal
property of Corollary A.7.20 shows that

colimiD
b(Ai)

∼−→ Db(A),

the colimit being formed in the ∞-category of small ∞-categories.
Similarly, a consideration of the universal property of the Ind construction shows

that we obtain an equivalence

colimi IndD
b(Ai)

∼−→ IndDb(A),

the colimit now being formed in the ∞-category of compactly generated stable
∞-categories (whose morphisms are the continuous functors).

A.8. Left derived functors via Pro-categories. The goal of this section is to
study how certain constructions of derived functors interact with the formation
of Pro-categories. The reason for these considerations is as follows: if C is any
abelian category, then Pro C has enough projectives, and so passing to Pro C can
be a convenient first step in the construction of left derived functors. On the other
hand, these derived functors are then a priori defined on D−(Pro C), which is an
inconvenient source category for the applications we have in mind; we would prefer
to work with ProDb(C). More precisely, then, the following discussion will explain
how we can form derived functors whose source is this latter category.

Another motivation for passing to Pro C is to construct left adjoints which might
otherwise not exist. With this in mind, we also show that our construction of derived
functors is compatible with the formation of such adjoints.
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Finally, we note that our discussion is closely related to the discussion of [KS06,
Ch. 15], which considers the analogous constructions for Ind (rather than Pro)
categories, in the setting of triangulated (rather than stable ∞-) categories. For a
more precise explanation of the connection, see Remark A.8.12 below.

A.8.1. The Pro-categorical context. Throughout this discussion, we let C and C′
denote two small abelian categories. We begin with the following consequence of
Theorem A.7.19.

Corollary A.8.2. If C and C′ are two small abelian categories, then an exact
functor Db(C)→ ProDb(C′) is t-exact if and only if its limit-preserving extension
ProDb(C) → ProDb(C′) is t-exact. Furthermore, the functors F 7→ F|Pro C and
F 7→ F|C induce equivalences between the following categories:

(1) The∞-category of t-exact limit-preserving functors ProDb(C)→ ProDb(C′).
(2) The ∞-category of t-exact functors Db(C)→ ProDb(C′).
(3) The ordinary category of exact limit-preserving functors from Pro C to Pro C′.
(4) The ordinary category of exact functors C → Pro C′.

Proof. The first statement of the corollary is immediate from Proposition A.6.9,
which also implies that the∞-category of t-exact limit-preserving functors ProDb(C)→
ProDb(C′) is equivalent to the category of t-exact functors Db(C) → ProDb(C′).
The result is then immediate from Corollary A.7.20. □

The category Pro C has enough projectives, by Lemma A.1.10, while ProDb(C′)
is left complete with respect to its natural t-structure, by Proposition A.6.9. Thus
we have the following particular case of Theorem A.7.15 and Corollary A.7.18.

Proposition A.8.3.
(1) F 7→ τ≥0F|Pro C is an equivalence between the ∞-category of right t-exact

functors D−(Pro C) → ProDb(C′) which carry projective objects of Pro C
into Pro C′, and the ordinary category of right exact functors Pro C → Pro C′.

(2) F 7→ F|Pro C is an equivalence between the ∞-category of t-exact func-
tors D−(Pro C) → ProDb(C′) and the ordinary category of exact functors
Pro C → Pro C′.

By Proposition A.8.3 (2), the natural identification Pro C ∼−→
(
ProDb(C)

)♡
induces a t-exact functor p : D−(Pro C) → ProDb(C). Of course, the canonical
inclusion C ↪→ Pro C (which is exact) induces t-exact functors i : Db(C)→ D−(Pro C)
and j : D−(C) → D−(Pro C). There are also the canonical inclusions Db(C) ↪→
D−(C) and Db(C) ↪→ ProDb(C).

Lemma A.8.4. We have a commutative diagram of t-exact functors:

(A.8.5)

D−(C)

Db(C) D−(Pro C)

ProDb(C)

j

i

p
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The horizontal and diagonal arrows in (A.8.5) are fully faithful.

Proof. The commutativity follows directly from Corollary A.7.20, since all the
functors are t-exact, and their restrictions to the hearts are either the identity
functors or the natural embedding C ↪→ Pro C. The full faithfulness of the diagonal
arrows holds by definition. The full faithfulness of i is a consequence of [KS06, Thm.
15.3.1]. □

As was already remarked on above, in applications, it is much more convenient to
have the domain of our left-derived functors be equal to ProDb(C), rather than the
∞-category D−(Pro C), which is rather hard to work with. In other words, under
appropriate hypotheses, we would like to canonically factor the left derived functors
constructed by Proposition A.8.3 through the functor p of (A.8.5). It turns out that
this is possible whenever the functor we are deriving is cofiltered limit-preserving,
i.e. it is Pro-extended from C.

To this end, suppose that f : C → Pro(C′) is right exact, so that Pro(f) :
Pro(C)→ Pro(C′) is right exact and cofiltered limit-preserving. Write

F : D−(Pro C)→ ProDb(C′)

for the right t-exact functor corresponding to Pro(f) via Proposition A.8.3 (1). We
will also consider the composite

(F ◦ i)|C : C ⊂ Db(C) i−→ D−(Pro C) F−→ ProDb(C′);

recalling from Remark A.2.20 that Pro C is naturally identified with the∞-categorical
Pro-completion of C, this functor can be Pro-extended to a functor

Pro((F ◦ i)|C) : Pro C → ProDb(C′).

Lemma A.8.6. With the notation of the preceding paragraph, the functor F|Pro C :

Pro C → ProDb(C′) preserves cofiltered limits; equivalently, it is naturally equivalent
to Pro((F ◦ i)|C).

Proof. Set
G := Pro

(
(F ◦ i)|C

)
: Pro C −→ ProDb(C′).

By the Pro-version of the adjunction remarked upon in Remark A.2.18, there is a
canonical natural transformation

η : F|Pro C −→ G,

which we need to prove is an isomorphism. Concretely, if X = limiXi with the
Xi objects of C, then G(X) := limi F (Xi); and so the morphisms F (X) → F (Xi)
induce a morphism ηX : F (X)→ G(X). From this description, we see that ηX is
an isomorphism whenever X ∈ C.

Since the t-structure on ProDb(C′) is left complete, it suffices to prove for every
n ≤ 0, the truncation

(A.8.7) τ≥nη : τ≥nF|Pro C −→ τ≥nG

is an equivalence. When n = 0, we have Pro(f) = τ≥0F|Pro C
∼−→ τ≥0G, so by

induction it suffices to show that if (A.8.7) is an isomorphism for some n ≤ 0, then
it is also an isomorphism for n− 1. Considering the fibre sequences

Hn−1(X)[1− n] −→ τ≥n−1X −→ τ≥nX,
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we see that it suffices in turn to show that the induced morphism

(A.8.8) Hn−1(F (X))→ Hn−1(G(X))

is an isomorphism for all objects X of Pro C. We already know that it is an
isomorphism when X ∈ C.

Suppose that we have a short exact sequence

0→ Y → P → X → 0

in Pro C, where P is projective. Bearing in mind that F sends projective objects
of Pro C into Pro C′, so that in particular Hn−1(F (P )) = 0, we obtain a diagram of
exact sequences in Pro(C′)

0 //

��

Hn−1
(
F (X)

)
//

��

Hn
(
F (Y )

)
∼
��

Hn−1
(
G(P )

)
// Hn−1

(
G(X)

)
// Hn

(
G(Y )

)
in which the last vertical map is an isomorphism by inductive assumption. Since Pro C
has enough projectives, it follows that in order to show that (A.8.8) is an isomorphism
for all X, it is enough to show that Hn−1

(
G(P )

)
= 0 for all projective objects P

of Pro C.
Suppose furthermore that X is an object of C; then the morphism Hn−1

(
G(P )

)
→

Hn−1
(
G(X)

)
vanishes (because the natural morphismHn−1

(
F (X)

)
→ Hn−1

(
G(X)

)
is an isomorphism). If now Q→ X is another (not necessarily epi) morphism with Q
a projective object of Pro C, then by lifting to a morphism Q→ P , we see that the
morphism Hn−1

(
G(Q)

)
→ Hn−1

(
G(X)

)
also vanishes.

In particular, if we write P = limi Pi for objects Pi of C (which is possible by
Lemma A.1.10), and recall that the truncation functors on ProDb(C′) are compatible
with cofiltered limits, we have

Hn−1
(
G(P )

) ∼−→ limiH
n−1
(
G(Pi)

)
.

Since (as shown in the previous paragraph, taking Q to be P andX to be Pi) the mor-
phismsHn−1

(
G(P )

)
→ Hn−1

(
G(Pi)

)
are all zero, we deduce thatHn−1

(
G(P )

)
= 0,

as required. □

Lemma A.8.9. Let f : C → Pro(C′) be right exact, and let F : D−(Pro C) →
ProDb(C′) be the right t-exact functor corresponding to Pro(f) via Proposition A.8.3 (1).
Then we can extend the commutative diagram (A.8.5) to a commutative diagram

(A.8.10)

D−(C)

Db(C) D−(Pro C) ProDb(C′)

ProDb(C)

j
F◦j

i

p

F

Pro(F◦i)
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Proof. We only have to prove that the bottom right triangle commutes. Since p
restricts to the identity on Pro C, it follows from Lemma A.8.6 that(

Pro(F ◦ i) ◦ p
)
|Pro C = Pro(F ◦ i)|Pro C = Pro

(
(F ◦ i)|C) = F|Pro C .

Proposition A.8.3 now shows that Pro(F ◦ i) ◦ p and F are naturally isomorphic, as
required. □

Theorem A.8.11. If C and C′ are two small abelian categories, then the above
constructions induce equivalences between the following categories.

(1) The ordinary category of right exact functors f : C → Pro C′.
(2) The ordinary category of right exact cofiltered limit-preserving functors

Pro(f) : Pro C → Pro C′.
(3) The ∞-category of right t-exact functors F : D−(Pro C) → ProDb(C′)

which carry projective objects of Pro C into Pro C′ and for which τ≥0F|Pro C
is cofiltered limit-preserving.

(4) The ∞-category of right t-exact limit-preserving functors F ′ : ProDb(C)→
ProDb(C′) which carry projective objects of Pro C into Pro C′.

Under these equivalences, we have F ′ = Pro(F ◦ i), and F = F ′ ◦ p.

Proof. The equivalences between the first three categories are immediate from
Proposition A.8.3 (1), so it remains to see that the functors F 7→ Pro(F ◦ i) and
F ′ 7→ F ′ ◦ p are inverse equivalences of categories between (3) and (4). This
follows from Lemma A.8.9, which shows that the composites in each direction of
the purported equivalences are naturally equivalent to the identity functors. Indeed,
to show that F ′ 7→ F ′ ◦ p 7→ Pro(F ′ ◦ p ◦ i) is isomorphic to the identity, we need
to check that F ′ = Pro(F ′ ◦ p ◦ i) = ProF ′

|Db(C). This is precisely the statement
that F ′ is cofiltered limit-preserving (or equivalently, limit-preserving, since F ′ is
exact). On the other hand, the statement that F 7→ Pro(F ◦ i) 7→ Pro(F ◦ i) ◦ p
is isomorphic to the identity follows from the commutativity of the bottom right
triangle in (A.8.10). □

Remark A.8.12. The functor p : D−(Pro C)→ ProDb(C) (or, more precisely, its re-
striction to Db(C)) constructed above is a Pro-analogue, in the∞-categorical context,
of the morphism J : Db(Ind C) → IndDb(C) constructed in [KS06, Thm. 15.4.3]:
see Section A.9 for an elaboration of this point. Our Theorem A.8.11 is then a Pro-
(and ∞-categorical) analogue of [KS06, Prop. 15.4.7].

A.8.13. A compatibility. Suppose now that C itself has enough projectives, so that
we can apply Theorem A.7.15 to construct derived functors whose source is D−(C).
We will show that this is compatible with the equivalences of Theorem A.8.11. Note
firstly that by Corollary A.7.18, the t-exact functor

j : D−(C)→ D−(Pro C)

appearing in (A.8.5), which is the functor given by the functoriality of the formation
of the derived category D−, can also be thought of as being the derived functor
arising from the exact functor C → Pro C.

As in Lemma A.8.9, we suppose that f : C → Pro(C′) is a right exact functor, and
we write F : D−(Pro C) → ProDb(C′) for the right t-exact functor corresponding
to Pro(f) via Proposition A.8.3 (1). We also write FC : D−(C) → ProDb(C′),
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F−
C : D−(C) → D−(Pro C′) for the right t-exact functors corresponding to f via

Theorem A.7.15.
We can then consider the following variant on the commutative diagram (A.8.10):

(A.8.14)

D−(C) D−(Pro C′)

Db(C) D−(Pro C) ProDb(C′)

ProDb(C)

j
FC

F−
C

p′

i

b

a

p

F

Pro(F◦i)

Lemma A.8.15. Suppose as above that C has enough projectives, and that f :
C → Pro(C′) is right exact. Then the diagram (A.8.14) commutes; in particular,
Pro(F ◦ i) = Pro(FC ◦ a).

Proof. Note firstly that FC is naturally isomorphic to p′ ◦ F−
C , by Theorem A.7.15

and the t-exactness of p′. We next show that Pro(F ◦ i) = Pro(FC ◦ a). Since FC ◦ a
is right t-exact, its Pro-extension is a right t-exact functor

Pro(FC ◦ a) : ProDb(C)→ ProDb(C′)

satisfying

(τ≥0 Pro(FC ◦ a))|Pro C
∼−→ Pro(τ≥0FC ◦ a)|Pro C

∼−→ Pro f.

Thus, to show that Pro(FC ◦ a) coincides with Pro(F ◦ i), we have (according to
Theorem A.8.11) to show that Pro(FC ◦ a) takes projective objects of Pro C to the
heart Pro C′ of ProDb(C′).

By Lemma A.1.10, any projective object in Pro C is of the form limiXi, with the
Xi being projective objects of C. Thus, for such an object,

Pro(FC ◦ a)(limiXi) := limi FC(Xi)

indeed lies in Pro C′, since each FC(Xi) lies in Pro C′ (as each Xi is projective in C,
and FC is associated to f via the construction of Theorem A.7.15). This concludes
the proof that Pro(FC ◦ a) = Pro(F ◦ i).

At this point, bearing in mind Lemma A.8.9, in order to conclude the proof
that (A.8.14) commutes, there remains to check that in fact FC = F ◦ j, which we
will do by applying Theorem A.7.15. Note first that the t-exactness of j implies that

τ≥0(F ◦ j)|C = τ≥0F |Pro C ◦ j|C = f ;

so by Theorem A.7.15, it suffices to show that F ◦ j takes projective objects of C to
Pro C′. To this end, note that

(F ◦ j) ◦ a = F ◦ i = Pro(F ◦ i) ◦ b = Pro(FC ◦ a) ◦ b = FC ◦ a.

Since the restriction of a to C is the identity functor, this implies that the restriction
of F ◦ j to C agrees with the restriction of FC to C, and since FC takes projective
objects of C to Pro C′ by construction, we are done. □
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A.8.16. Deriving adjoint functors. Let g : C′ → C be an exact functor between small
abelian categories. We continue to write g for its Pro-extension g : Pro(C′)→ Pro(C),
which by Lemma A.1.6 has a left adjoint f : Pro C → Pro C′, which is right exact
and cofiltered limit-preserving.

Proposition A.8.17. As above, let g : C′ → C be an exact functor between
small abelian categories, let g : Pro C′ → Pro C be its Pro-extension, and let f :
Pro C → Pro C′ be the left adjoint of g. Let F : ProDb(C) → ProDb(C′) and
G : ProDb(C′) → ProDb(C) be the limit-preserving functors determined by f, g
respectively by Theorem A.8.11 and Corollary A.8.2, which are respectively right
t-exact and t-exact.

Then:
(1) F is left adjoint to G.
(2) If furthermore f is exact, then F is t-exact, and is the Pro-extension of the

t-exact functor Db(C)→ ProDb(C′) determined by f .
(3) Continuing to assume that f is exact, the Ind-extensions of F and G are

adjoint t-exact functors.

Proof. The composite G ◦ F : ProDb(C) → ProDb(C) is again right t-exact and
limit-preserving, and takes projective objects of Pro C into Pro C. Theorem A.8.11
(in particular, the equivalence of ∞-categories that it provides) thus implies that
the unit of adjunction idPro C → g ◦ f induces a morphism idProDb(C) → G ◦ F. For
any objects X of ProDb(C) and Y of ProDb(C′), this morphism induces functorial
maps

MapsProDb(C′)

(
F (X), Y

)
apply G−−−−−→ MapsProDb(C)

(
GF (X), G(Y )

)
−→ MapsProDb(C)

(
X,G(Y )

)
.

We claim that this composite is an isomorphism, thus showing that F and G are
indeed adjoints.

Writing each of X and Y as the limit of objects in Db(C) and Db(C′) respectively,
and using the fact that F and G are limit-preserving, we reduce to the case when
X and Y are in fact objects of Db(C) and Db(C′). An obvious dévissage using the
fibre sequences (A.6.1) for X and Y (and the exactness of F and G) reduces us the
case that X is an object of C and Y is an object of C′.

We are thus reduced to a consideration of the morphism

MapsProDb(C′)

(
F (X), Y

)
→ MapsProDb(C)

(
X,G(Y )

)
with X and Y objects of C and C′ respectively. The adjunction property of τ≥0 lets
us rewrite this as

MapsProDb(C′)

(
τ≥0F (X), Y

)
→ MapsProDb(C)

(
X,G(Y )

)
,

and then (using the t-exactness of G) as

MapsPro C′

(
f(X), Y

)
→ MapsPro C

(
X, g(Y )

)
.

This is precisely the map induced by the unit of adjunction for f and g, and so is
indeed an isomorphism, as required. This concludes the proof of the first point. The
second point then follows from Corollary A.8.2, and the third point is clear, since
Ind-extension preserves t-exactness and adjoints. □
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A.9. Pro-categories and the co-Yoneda embedding. Let C be a small abelian
category. We may restrict the t-exact functor p of (A.8.5) to a t-exact functor

(A.9.1) p : Db(Pro C)→ ProDb(C).
If B is an exact full abelian subcategory of Pro C, containing the image of the
canonical embedding C → Pro C, then the composite of (A.9.1) with the canonical
t-exact functor Db(B)→ Db(Pro C) induces a t-exact functor

(A.9.2) q : Db(B)→ ProDb(C).
The functor (A.9.1) need not be fully faithful in general, by e.g. [KS06, Rem.
15.4.5, Ex. 15.2], and so the functor q certainly need not be fully faithful in general.
Nevertheless, it is sometimes the case that q is fully faithful: for example, by
Lemma A.8.9, this is true when B = C. Our goal in this section is to give a useful
sufficient condition for full faithfulness of q (see Lemma A.9.9).

Before doing so, it will be useful to give another description of (A.9.1). In order
to do this, we first explain the “dual” set-up, where we consider Ind-categories rather
than Pro-categories. This will let us speak of presheaves, Yoneda embeddings, and
so on, rather than their “co” variants. Passing to opposite categories at the end of
the discussion will then give the description we need.

If C is a small abelian category, the functor p : D−(Pro Cop) → ProDb(Cop)
induces, by passage to opposite categories, a t-exact functor p̌ : D+(Ind C) →
IndDb(C), which we may restrict to a functor

p̌ : Db(Ind C)→ IndDb(C).
By Corollary A.7.20, p̌ is the unique (up to equivalence) t-exact functor Db(Ind C)→
IndDb(C) inducing the identity on hearts. Using the Yoneda embedding, we can
also give the following alternative description of p̌: the canonical functor Db(C)→
Db(Ind C) gives rise to an exact functor

(A.9.3) Db(Ind C)→ Funex
(
Db(C)op, Sp

)
, X 7→ RHomDb(Ind C)(–, X).

If we regard IndDb(C) as a stable sub-∞-category of Funex
(
Db(C)op, Sp

)
via the

discussion of Remark A.2.16, then we see that p̌ and (A.9.3) are exact functors

Db(Ind C)→ Funex
(
Db(C)op, Sp

)
,

both of which induce the canonical equivalence Ind C ∼−→
(
IndDb(C)

)♡. By Theo-
rem A.7.19, they must coincide.

Concretely, this means that if X is an object of Db(Ind C) and Y is an object
of Db(C), then

(A.9.4) RHomDb(Ind C)(Y,X)
∼−→ RHomIndDb(C)

(
Y, p̌(X)

)
.

Returning now to the “un-dualized” setting of Pro-categories, we find that the
restriction (A.9.1) of p admits a co-Yoneda description. Concretely, if X is an object
of Db(Pro C) and Y is an object of Db(C), then the canonical morphism

(A.9.5) RHomDb(Pro C)(X,Y ) = RHomD−(Pro C)(X,Y )

→ RHomProDb(C)
(
p(X), Y

)
induced by p is an isomorphism. (Here we have used the commutativity of (A.8.5)
to identify the restriction of p to Db(C) with the canonical embedding of Db(C) into
ProDb(C), and so to identify Y with p(Y ).)
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We then have the following lemma, which specializes, in the case when B equals
Pro C and p = q, to the fact that (A.9.5) is an isomorphism.

Lemma A.9.6. Let C be a small abelian category, and let C ⊆ B ⊆ Pro C be an
exact full abelian subcategory of Pro C. If X and Y are objects of Db(B) and Db(C)
respectively, then q induces a natural isomorphism

RHomDb(B)(X,Y )
∼−→ RHomProDb(C)

(
q(X), Y ),

where we used the commutativity of (A.8.5) to identify the restriction of p to
Db(C) with the canonical embedding of Db(C) into ProDb(C), and so to identify Y
with q(Y ).

Proof. A standard truncation argument reduces to the case when X is an object of
B and Y is an object of C. We may and do write X = limiXi for some objects Xi

of C. We then consider the sequence of morphisms

(A.9.7)
colimiRHomDb(C)(Xi, Y )→ colimiRHomDb(B)(Xi, Y )→ RHomDb(B)(X,Y )

→ RHomDb(Pro C)(X,Y )
∼−→ RHomProDb(C)

(
q(X), Y

) ∼−→ colimiRHomDb(C)(Xi, Y )

(with the first three morphisms being the evident ones, the first isomorphism being
that of (A.9.5), and the second isomorphism arising from the definition of morphisms
in the Pro category). Evidently the composite of this sequence of morphisms is the
identity.

Passing to cohomology, we see that the natural morphism

ExtiDb(B)(X,Y )→ ExtiDb(Pro C)(X,Y )

is surjective for all i ≥ 0, for any objects X and Y as above. Since this morphism
is an isomorphism when i = 0, a standard argument then shows that it is in fact
an isomorphism for all i ≥ 0. (For the sake of completeness, we have recalled this
argument in Lemma A.9.8 below; note that Yoneda Ext functors computed in any
abelian category are element-wise effaceable in the sense of that lemma.) Thus in
fact RHomDb(B)(X,Y )

∼−→ RHomDb(Pro C)(X,Y ), and the lemma follows by another
consideration of (A.9.7). □

Lemma A.9.8. Let η• : F • → G• be a natural transformation of abelian group-
valued δ-functors on an abelian category A. Suppose that η0 is an isomorphism,
and that ηn is an epimorphism for each n. Suppose also that Fn is element-wise
effaceable for each n > 0 (in the sense that if α ∈ Fn(X) for some object X of A,
then there exists a monomorphism X ↪→ Y in A with respect to which the image
of α in Fn(Y ) vanishes). Then η• is in fact a natural isomorphism.

Proof. We prove that ηn is an isomorphism for each n ≥ 0 via induction on n, the
case n = 0 holding by hypothesis. Thus, we assume that ηi is an isomorphism for
all 0 ≤ i < n, and prove that ηn is an isomorphism. In fact, we need only show
that ηn is a monomorphism, since it is an epimorphism by assumption. Choose an
object X in A, and an element α ∈ ker

(
ηn(X) : Fn(X)→ Gn(X)

)
.

By hypothesis we may find a monomorphism X ↪→ Y such that the image of α
in Fn(Y ) vanishes. Let Z denote the cokernel of this embedding; we then have a
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commutative diagram with exact rows

Fn−1(Y ) //

��

Fn−1(Z) //

��

Fn(X) //

��

Fn(Y )

��

Gn−1(Y ) // Gn−1(Z) // Gn(X) // Gn(Y )

A straightforward diagram chase (using that the left two vertical arrows are isomor-
phisms) shows that α itself vanishes. Thus we see that ηn is indeed a monomorphism,
as required. □

The next lemma provides the promised criterion for the functor q to be fully
faithful.

Lemma A.9.9. Suppose that C ⊆ B ⊆ Pro C is an exact full abelian subcategory
of Pro C. Suppose further that for any objects X,Y of B, writing Y = limi Yi as a
cofiltered limit of objects of C, the canonical morphism

(A.9.10) RHomDb(B)(X,Y )→ lim
i

RHomDb(B)(X,Yi)

is an isomorphism. Then q : Db(B)→ ProDb(C) is fully faithful.

Proof. An easy argument with truncations (taking into account the exactness of q)
reduces the proposition to verifying that the natural morphism

(A.9.11) RHomDb(B)(X,Y )→ RHomProDb(C)
(
q(X), q(Y )

)
is an isomorphism whenever X is an object of Db(B) and Y is an object of B.
Similarly, our assumption that (A.9.10) is an isomorphism when X ∈ B implies
that (A.9.10) is also an isomorphism when X ∈ Db(B).

Write Y = limi Yi. Since (A.9.10) is an isomorphism, and q(Y ) coincides
with Y (viewed as an object of Pro C), we see that it furthermore suffices to
prove that (A.9.11) is an isomorphism when Y is replaced by each of the Yi; that is,
we reduce to the case when Y is an object of C. The result in this case follows from
Lemma A.9.6. □

A.10. Derived tensor products. We develop derived analogues of the various
constructions considered in Section A.1.46.

A.10.1. The derived category of finite length R-modules. Let R be a Noetherian
profinite O-algebra. By (A.1.37), we have Modc(R)

∼−→ ProModf.l.(R).

Definition A.10.2. Write Db
f.l.(R) to denote the full subcategory of Db

(
Modc(R)

)
consisting of objects whose cohomologies are of finite length, i.e. lie in Modf.l.(R).

Remark A.10.3. Since Modf.l.(R) is a Serre subcategory of Modc(R), Definition
A.10.2 makes sense, as a particular instance of Definition A.7.6. Despite what
the notation may suggest, Db

f.l.(R) a priori depends on the structure of R as a
topological ring, since it is defined as a full subcategory of Db

(
Modc(R)

)
. Part (1)

of Lemma A.10.4 shows in particular that it admits another description depending
only on the structure of R as an abstract ring.

Recall that by Lemma A.1.32 we have natural fully faithful exact embeddings
Modf.l.(R) ↪→ Modc(R), Modfp(R) ↪→ Modc(R), and Modf.l.(R) ↪→ Modfp(R). The
following lemma shows that the derived extensions of these functors remain fully
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faithful, and, in the case of the first embedding, identifies the essential image with
the stable ∞-category Db

f.l.(R) introduced in Definition A.10.2.

Lemma A.10.4.

(1) The natural t-exact functor Db
(
Modf.l.(R)

)
→ Db

(
Modc(R)

)
is fully faithful,

and induces an equivalence Db(Modf.l.(R))
∼−→ Db

f.l.(R).

(2) The natural t-exact functor Db
(
Modfp(R)

)
→ Db

(
Modc(R)

)
is fully faithful.

(3) The natural t-exact functor Db
(
Modf.l.(R)

)
→ Db

(
Modfp(R)

)
is fully faith-

ful.

Proof. By Lemma A.1.32 (2), Modc(R)
op is a locally finite category, in the sense re-

called in A.1.25, i.e. it is a Grothendieck category with compact objects Modf.l.(R)op

(see Lemma A.1.26 (1) for this assertion regarding compact objects). Since Modf.l.(R)op

is abelian, Modc(R)
op is a locally coherent abelian category, and part (1) of the

lemma is therefore immediate from Lemma A.7.11 by passing to opposite categories.
To prove (2), it follows from Proposition A.2.25 (2) that it suffices to show that the

embedding Modfp(R)→ Modc(R) induces an isomorphism on all Exti. This follows
from [VV97, Prop. 3.16]. (Note that Corollary 3.12 of the same reference shows
that the objects of Modfp(R) are Noetherian when regarded as objects of Modc(R),
so that the cited Proposition does indeed apply.)

Part (3) follows immediately from parts (1) and (2). □

Remark A.10.5. Lemma A.10.4 gives rise to the following convenient t-exact fully
faithful embedding:

(A.10.6) Db
f.l.(R)

∼−→ Db
(
Modf.l.(R)

)
↪→ Db

(
Modfp(R)

) ∼−→ Db
fp(R),

with the first equivalence being the inverse of the equivalence of part (1) of the
lemma, the fully faithful embedding being that of part (3) of the lemma, and the
final equivalence being that of Corollary A.7.12. The utility of (A.10.6) is that while
the source is defined with reference to the topology of R, the target depends only
on R as an abstract ring.

Remark A.10.7. By the discussion in Section A.2.31, the Pro-extension of (A.10.6)
has a left adjoint

(A.10.8) ProDb
fp(R)→ ProDb

f.l.(R).

This left adjoint is t-exact, and maps the constant object R ∈ ProModfp(R) to
limnR/ rad(R)

n ∈ ProModf.l.(R). To see this, we apply Proposition A.8.17 with g :

Modf.l.(R) → Modfp(R) taken to be the inclusion, noting that the left adjoint
ProModfp(R)→ ProModf.l.(R) to Pro(g) is exact and sends R to limnR/ rad(R)

n,
by Remark A.1.60.

Note furthermore that the composite

Db
f.l.(R)

(A.10.6)−−−−−→ Db
fp(R) ⊂ ProDb

fp(R)
(A.10.8)−−−−−→ ProDb

f.l.(R)

is the natural embedding of Db
f.l.(R) in ProDb

f.l.(R). (These functors being t-exact,
this statement can be checked on restriction to the hearts.)
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A.10.9. Derived tensor products. We now return to the setting of Definition A.1.47.
We assume in addition that the ring R is coherent, so that Mod(R) is locally coherent,
with compact objects given by the abelian category Modfp(R). By Corollary A.7.12,
the natural functor

Db(Modfp(R))→ Db
fp(R) := Db

Modfp(R)(Mod(R))

is an equivalence. Similarly, bearing in mind the fact that Modfp(R) → Mod(R)
preserves projectives, it follows from [Lur17, Prop. 1.3.3.7] (see also [EGH25, Prop.
A.5.7]) that the natural functor

D−(Modfp(R))→ D−
fp(R) := D−

Modfp(R)
(Mod(R))

is an equivalence.
We now apply the machinery of Appendix A.8 to construct various derived

versions of the tensor products provided by Proposition A.1.48 and Lemma A.1.53.

Lemma A.10.10. Let R be a coherent ring, and let A be an abelian category.
(1) The functor F 7→ F (R) gives equivalences of categories between the category

of right R-modules M in A and the following categories of functors.
(a) The category of right exact functors

M ⊗R – : Modfp(R)→ A.
(b) The category of right exact cofiltered limit-preserving functors

M ⊗̂R– : ProModfp(R)→ Pro(A)
taking R to an object of A.

(c) The category of right t-exact functors

M ⊗LR – : Db
fp(R)→ D−(A)

taking R to an object of A.
(d) The category of right t-exact functors

M ⊗LR – : D−
fp(R)→ D−(A)

taking R to an object of A.
(e) The category of right t-exact limit-preserving functors

M ⊗̂LR– : ProDb
fp(R)→ ProDb(A)

taking R to an object of A.
Furthermore, we have a commutative diagram

(A.10.11)

Db
fp(R) D−

fp(R) D−(A) ProDb(A)

ProDb
fp(R)

(1c)

(1d)

(1e)

(2) The functor F 7→ F (R) gives equivalences of categories between the category
of right R-modules M in Pro(A) and the following categories of functors.
(f) The category of right exact functors

M ⊗R – : Modfp(R)→ Pro(A).
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(g) The category of right exact cofiltered limit-preserving functors

M ⊗̂R– : ProModfp(R)→ Pro(A).

(h) The category of right t-exact functors

M ⊗LR – : Db
fp(R)→ ProDb(A)

taking R to an object of Pro(A).
(i) The category of right t-exact functors

M ⊗LR – : D−
fp(R)→ ProDb(A)

taking R to an object of Pro(A).
(j) The category of right t-exact limit-preserving functors

M ⊗̂LR– : ProDb
fp(R)→ ProDb(A)

taking R to an object of Pro(A).
Furthermore, we have a commutative diagram

(A.10.12)

Db
fp(R)

D−
fp(R) ProDb(A)

ProDb
fp(R)

(2h)

(2i)

(2j)

(3) Suppose furthermore that R is in fact a Noetherian profinite topological
O-algebra. Then the functors F 7→ F (R) and F 7→ lim←−n F (R/ rad(R)n) give
equivalences of categories between the category of complete right R-modules
in Pro(A) (in the sense of Definition A.1.52) and the following categories
of functors.
(k) The category of right exact functors

M ⊗R – : Modf.l.(R)→ Pro(A).

(l) The category of right exact cofiltered limit-preserving functors

M ⊗̂R– : Modc(R)→ Pro(A).

(m) The category of right t-exact functors

M ⊗LR – : Db
f.l.(R)→ ProDb(A)

for which limn

(
M ⊗LR

(
R/ rad(R)n

))
(computed in ProDb(A)) lies

in Pro(A) (the latter being regarded as the heart of ProDb(A)).
(n) The category of right t-exact limit-preserving functors

M ⊗̂LR– : ProDb
f.l.(R)→ ProDb(A)

taking R to an object of Pro(A).
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Proof. We begin with part (1). The equivalences between the category of right
R-modules in A and the categories of functors in (1a) and (1b) are established in
Proposition A.1.48, and the existence of the derived functors in (1c)–(1e) follows
from Theorem A.7.15 and Proposition A.8.3. By Theorem A.8.11 and Lemma A.8.15,
in order to see that these constructions induce the claimed equivalences of categories
(and to see the commutativity of (A.10.11)), we must show that in each of (1c)–(1e),
the assumption that R is taken to an object of A implies that all projective objects
in the heart of the source are taken to objects in the heart of the target. In (1c)
and (1d) this is clear, since the projective objects of Modfp(R) are direct summands
of finite free R-modules. The case of (1e) then follows from Lemma A.1.10.

The proof of part (2) is almost identical. Turning to part (3), the equivalence
between the category of complete right R-modules in Pro(A) and the category
of functors in (3l) is established in Lemma A.1.53. The equivalence between (3k)
and (3l) is immediate from the definition of the Pro-category (recalling also the
equivalence Modc(R)

∼−→ ProModf.l.(R) of (A.1.37)), as is the equivalence between
(3m) and (3n). By Theorem A.8.11, we are reduced to showing that any functor as
in (3n) necessarily takes projective objects of Modc(R) to objects of Pro(A). This
follows from the fact that every projective object of Modc(R) is a product of finite
projective R-modules (see [Gab62, §IV.3, Cor. 1]), and the assumption that the
functor in (3n) is limit-preserving. □

We now describe the cohomology of the derived tensor product with a right
module in Pro(A).
Lemma A.10.13. Let R be a coherent ring, let A be an abelian category, and
let {Mi : i ∈ I} be a cofiltered system of right R-modules in A. Let M := limiMi, a
right R-module in Pro(A). Then for all X ∈ D−

fp(R) and p ∈ Z, we have

Hp(M ⊗LR X) = limiH
p(Mi ⊗LR X)

as objects of ProDb(A)♡ = Pro(A), where M ⊗LR − and Mi ⊗LR − are defined as in
Lemma A.10.10 (2i).

Proof. Since truncation functors commute with cofiltered limits in ProDb(A), the
functor

limi(Mi ⊗LR –) : D−
fp(R)→ ProDb(A)

is right t-exact. It takes R to limiMi, computed in ProDb(A), which coincides
with the limit computed in Pro(A), which is M . (This is because Pro(A) →
ProDb(A) is Pro-extended, and so preserves cofiltered limits.) By the uniqueness
assertion in Lemma A.10.10 (2i), limi(Mi ⊗LR –) is isomorphic to M ⊗LR −. Hence
Hp(M ⊗LR X) = limiH

p(Mi ⊗LR X), as desired. □

Remark A.10.14. In the context of Lemma A.10.13, the cohomology Hp(Mi ⊗LR X)
does not change depending on whether we regard Mi⊗LR as a functor F : D−

fp(R)→
D−(A) as in Lemma A.10.10 (1d) or as a functor F ′ : D−

fp(R) → ProDb(A) as
in Lemma A.10.10 (2i). In fact, in (A.8.10) we have described a t-exact functor
pj : D−(A) → ProDb(A) inducing the natural inclusion on hearts. Now pjF is
right t-exact and sends R to Mi, and so it is isomorphic to F ′.

There are several compatibilities between the functors in Lemma A.10.10. Most of
these follow straightforwardly from our constructions, in the manner of the following
lemma.



A CATEGORICAL p-ADIC LANGLANDS CORRESPONDENCE FOR GL2(Qp) 235

Lemma A.10.15. Let R be a Noetherian profinite O-algebra, and let A be an abelian
category. Let M be a complete right R-module in Pro(A). Then the composite

Db
fp(R)

(A.10.8)−−−−−→ ProDb
f.l.(R)

(3n)−−→ ProDb(A)
is naturally isomorphic to (2h).

Proof. As explained in Remark A.10.7, the first arrow is t-exact and maps R to
lim←−nR/ rad(R)

n. By construction, the second arrow is right t-exact and sends
lim←−nR/ rad(R)

n to M . So the composite is right t-exact and sends R to M , as
desired. □

There is however one subtlety, relating to the compatibility of the functors of
parts (2h) and (3m) of Lemma A.10.10. Considering this compatibility leads to the
following definition and lemmas.

Definition A.10.16. Let R be a Noetherian profinite O-algebra, and let A be an
abelian category. Let M be a right R-module in Pro(A). Then we say that M is
derived complete if the natural morphisms M → M ⊗LR

(
R/ rad(R)n

)
(where the

derived tensor product is computed by the functor in part (2h) of Lemma A.10.10)
give rise to an isomorphism M

∼−→ limnM ⊗LR
(
R/ rad(R)n

)
in ProDb(A).

Lemma A.10.17. Let R be a Noetherian profinite O-algebra, and let A be an
abelian category. Let M be a derived complete right R-module in Pro(A). Then M
is complete.

Proof. By the definition of the t-structure on Pro(A), the functor τ≥0 preserves
cofiltered limits, and so we have

M = τ≥0M
∼−→ τ≥0

(
limnM ⊗LR

(
R/ rad(R)n

))
∼−→ limn τ

≥0
(
M ⊗LR

(
R/ rad(R)n

)
∼−→ limnM ⊗R

(
R/ rad(R)n

)
,

as required. □

We now consider the converse to Lemma A.10.17. We begin with the following
lemma.

Lemma A.10.18. Let R be a commutative Noetherian profinite O-algebra, and
let E be a finite R-algebra (i.e. E is finite as an R-module). Let A be an abelian
category, and let M be a right E-module in Pro(A).

(1) M is complete if and only if it is complete as an R-module.
(2) Suppose furthermore that E is flat over R. Then M is derived complete if

and only if it is derived complete as an R-module.

Proof. Writing

M ⊗R R/ rad(R)n =M ⊗E (E ⊗R R/ rad(R)n) =M ⊗E E/ rad(R)nE,
and bearing in mind Lemma A.1.32 (8), the first part follows from the cofinality
of (rad(R)nE)n≥0 and (rad(E)n)n≥0 (which in turn follows from the finiteness of E
over R).

The second part follows in the same way, noting that if E is flat over R then we
have

M ⊗LR R/ rad(R)n =M ⊗LE (E ⊗LR R/ rad(R)n) =M ⊗LE E/ rad(R)nE. □
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The following lemma presumably holds in greater generality, but for simplicity,
we will only prove it in the case of profinite O-algebras that are finite flat over a
commutative ring.

Lemma A.10.19. Let R be a commutative Noetherian profinite O-algebra, and let
E be a finite flat R-algebra. Let A be an abelian category, and let M be a complete
right E-module in Pro(A). Then M is derived complete.

Proof. By Lemma A.10.18, we can assume without loss of generality that E = R
is commutative. Let m := rad(R). We need to prove that limnM ⊗LR R/mn

is concentrated in degree zero. Note that this coincides with M ⊗̂LR limnR/m
n

(where M ⊗̂LR is the functor in Lemma A.10.10 (2j)). Choose generators of m, say
m = (f1, . . . , fr), and write mn := (fn1 , . . . , f

n
r ). Then the pro-objects limnR/m

n

and limnR/mn are isomorphic. So it suffices to prove that M ⊗̂LR limnR/mn =
limnM ⊗LR R/mn is concentrated in degree zero, i.e. the pro-object limnH

p(M ⊗LR
R/mn) is zero for all p ≠ 0. Since M is complete, Lemma A.10.13 allows us
to replace M by M/mNM , and so to assume that M is an R/mNR-module, for
some N > 0.

Let Kn be the Koszul complex on (fn1 , . . . , f
n
r ), normalized as a cochain complex

in degrees −r, . . . ,−1, 0 with ∧tR⊕r in degree −t. There is a map of complexes
Kr+i → Kr, given by ∧t(diag(f i1, . . . , f ir)) in degree −t, and inducing the natural
map R/mr+i → R/mr on H0. Consider now the inverse system of complexes in
Pro(A) given by M ⊗R Kr, Since M is an R/mNR-module, the transition map
M ⊗R Kr+N → M ⊗R Kr is zero for any r in all degrees t ≠ 0, because it is
given by a matrix with entries in mN . Hence the pro-object limrH

t(M ⊗R Kr) ∈
Pro(A) is zero for all t ̸= 0. Since Kr is a complex of finite projective R-modules,
the complex M ⊗R Kr represents the image of Kr under the derived functor
D−(Modfp(R)) → D−(Pro(A)) of M ⊗R –. Since M⊗LR is the composite of this
derived functor with D−(Pro(A)) → ProDb(A), which is t-exact and induces an
equivalence on hearts, we conclude that limrH

t(M ⊗LR Kr) = 0 for all t ̸= 0.
Of course, Kr need not be a projective resolution of R/mr. However, we can

define an inverse system of fibre sequences K ′
r → Kr → R/mr[0] in Db

fp(R), and it
is proved in [Stacks, Tag 0921] that for all r there exists i such that K ′

r+i → K ′
r is

zero. This shows that limrK
′
r = 0, and so limrKr

∼−→ limr R/mr[0] in ProDb
fp(R).

Hence

lim
r
(M ⊗LR R/mr[0]) =M ⊗̂LR lim

r
R/mr[0] =M ⊗̂LR lim

r
Kr = lim

r
M ⊗LR Kr.

The previous paragraph shows that limrM ⊗LR Kr is concentrated in degree zero,
hence so is limr(M ⊗LR R/mr[0]), as desired. □

The following result is the reason for introducing Definition A.10.16.

Lemma A.10.20. Let R be a Noetherian profinite O-algebra, and let A be an
abelian category. Let M be a derived complete right R-module in Pro(A). Then we

https://stacks.math.columbia.edu/tag/0921


A CATEGORICAL p-ADIC LANGLANDS CORRESPONDENCE FOR GL2(Qp) 237

have a commutative diagram

Db
f.l.(R) Db

fp(R)

ProDb(A)

ProDb
f.l.(R) ProDb

fp(R)

(A.10.6)

(3m)

(2h)

(3n)

Pro (A.10.6)

(2j)

Proof. Note firstly that by Lemma A.10.17, all of the functors in the diagram are
defined. It evidently suffices to check that the functor

M ⊗̂LR– : ProDb
f.l.(R)→ ProDb(A)

of (3n) is given by the composite of the embedding

ProDb
f.l.(R) ↪→ ProDb

fp(R)

deduced from (A.10.6) and the functor

M ⊗̂LR– : ProDb
fp(R)→ ProDb(A)

of (2j). Since each of these functors ProDb
f.l.(R)→ ProDb(A) is right t-exact and

limit-preserving, it suffices by Lemma A.10.10 (3) to show that they agree on the
object R of Modc(R) = (ProDb

f.l.(R))
♡. By their definitions, they respectively

take R to M and to limnM ⊗LR
(
R/ rad(R)n

)
, and since M is derived complete by

assumption, we are done. □

We have the following criterion for the full faithfulness of a derived tensor product.

Lemma A.10.21. Let R be a coherent ring, and let A be an abelian category.
Suppose that M is a right R-module in Pro(A), and that the natural morphism

R→ REndProDb(A)(M)

is an isomorphism. Then the functor M ⊗LR – : Db
fp(R) → ProDb(A) defined in

Lemma A.10.10 (2h) is fully faithful.

Proof. By Lemma A.4.6, it is equivalent to prove that the induced continuous
functor

D(R) = IndDb
fp(R)→ IndProDb(A)

is fully faithful. Since D(R) is compactly generated by R, the result is immedi-
ate from Proposition A.2.25, together with the full faithfulness of ProDb(A) →
IndProDb(A). □
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A.10.22. Topological flatness. We now introduce various notions of flatness, in the
context of Lemma A.10.10.

Definition A.10.23. Let R be a Noetherian profinite O-algebra, and let A be an
abelian category.

(1) Let M be a right R-module in A. The Tor-dimension of M is the amplitude
of the right t-exact functor M⊗LR – : D−

fp(R)→ D−(A), i.e. the smallest n ≥
0 such that the restriction of M ⊗LR – to D−

fp(R)
♡ (i.e. the abelian category

Modfp(R)) factors through D−(A)≥−n.
(2) Let M be a right R-module in A. We say that M is flat if M ⊗R – :

Modfp(R)→ A is exact, or equivalently, if M has Tor-dimension zero.
(3) Let M be a complete right R-module in Pro(A). We say that M is topolog-

ically flat if M ⊗̂R– : Modc(R)→ Pro(A) in Lemma A.1.53 is exact.

Lemma A.10.24. Let R be a Noetherian profinite O-algebra, and let A be an
abelian category. Let M be a complete right R-module in Pro(A). Then M is flat if
and only if M is topologically flat.

Proof. By Corollary A.1.54, the restriction of M ⊗̂R– to Modfp(R) is M ⊗R –.
Hence, if M is topologically flat, then M is flat. On the other hand, the inclusion
Modf.l.(R)→ Modc(R) factors through Modfp(R). Hence, if M is flat, then M ⊗̂R–
restricts to an exact functor on Modf.l.(R), and since Modc(R) = ProModf.l.(R),
we see that M ⊗̂R– is exact, by Lemma A.1.5 (2) and (3). Thus M is topologically
flat, as desired. □

Lemma A.10.25. Let R be a Noetherian profinite O-algebra, and let A be an abelian
category. Let M be a complete right R-module in Pro(A). If M is topologically flat,
then the functor

M ⊗̂LR– : ProDb
f.l.(R)→ ProDb(A),

defined in Lemma A.10.10 (3n), is t-exact.

Proof. By definition, M ⊗̂LR– is the Pro-extension of the composite

Db
f.l.(R) = Db(Modf.l.(R))

i−→ D−(Modc(R))→ ProDb(A),

where the first arrow is induced by the inclusion Modf.l.(R) ⊂ Modc(R) (and
is t-exact) and the second arrow is the derived functor of M ⊗̂R–. Since M is
topologically flat, M ⊗̂R– is exact, and so both arrows are t-exact. The lemma thus
follows from Corollary A.8.2. □

Lemma A.10.26. Let R be a Noetherian profinite O-algebra, and assume that R
has finite global dimension (i.e. there exists n such that every left R-module has a
projective resolution of length ≤ n). Let A be an abelian category, and let M be a
right R-module in A. Then the functor M ⊗LR – : Db

fp(R)→ D−(A) defined in (1c)
factors through Db(A).

Proof. An induction on the amplitude of X ∈ Db
fp(R) shows that it suffices to check

that M⊗LRX ∈ Db(A) whenever X ∈ Modfp(R). However, by assumption, M⊗LRX
is represented by a complex concentrated in degrees [−n, 0]. □
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Appendix B. Coherent sheaves on formal algebraic stacks

In this appendix, after recalling some of the basic framework and results related to
the theory of coherent sheaves on algebraic stacks, we develop various constructions
and results on coherent and pro-coherent sheaves on formal algebraic stacks. These
include assorted pullback and pushforward functors, as well as results related to the
theorem on formal functions.

B.1. Coherent sheaf theory on algebraic stacks. There are various competing
approaches to defining both the abelian and the derived category of quasi-coherent
sheaves on an algebraic stack; see [EGH25, App. B.2] for a discussion of some of
them. In the context of a Noetherian algebraic stack X with affine diagonal, it
follows from [HR17, Prop. 1.3, Rem. 1.5] that these various approaches lead to an
unambiguous definition of Db

coh(X ), the stable ∞-category of bounded complexes
of OX -modules having coherent cohomology. A similar discussion applies to quasi-
coherent cohomology, although the coherent case will be the most important one for
us in the present paper.

For definiteness, we will use sheaves on the lisse-étale site of X as our model for
Db

coh(X ), and the various related categories of sheaves that we will have to consider.
We make this choice primarily to make contact with various pieces of literature
(e.g. [Con05] and [AHL23]) whose results we are going to cite.

As in the preceding discussion, we assume that X is a Noetherian algebraic
stack with affine diagonal, and we let OX denote the usual structure sheaf on the
lisse-étale site of X . We let Mod(OX ) denote the abelian category of sheaves of
OX -modules on the lisse-étale site of X , and we let D(OX ) denote the derived
∞-category of Mod(OX ).

We let Coh(X ), resp. QCoh(X ), denote the abelian category of coherent, resp. quasi-
coherent, sheaves of OX -modules (see e.g. [Ols07, §6]). These are both weak Serre
subcategories of Mod(OX ), and Coh(X ) is a Serre subcategory of QCoh(X ) (see e.g.
[Stacks, Tag 07B4], [Stacks, Tag 0GRB]). We have the following standard lemma
about the structure of QCoh(X ).

Lemma B.1.1. Let X be a Noetherian algebraic stack. Then QCoh(X ) is a locally
coherent Grothendieck category, and QCoh(X )c = Coh(X ).

Proof. QCoh(X ) is a Grothendieck category by [Stacks, Tag 0781]. To see that
coherent sheaves are compact in QCoh(X ), choose a smooth surjective morphism
p : X → X with X a Noetherian scheme. Then p∗ preserves colimits, and sends
coherent sheaves on X to coherent sheaves on X. It then follows from [Stacks,
Tag 06WT] that every F ∈ Coh(X ) is compact in QCoh(X ), since p∗F is compact
in QCoh(X). Conversely, compact objects of QCoh(X ) are coherent, because
every object of QCoh(X ) is the filtered colimit of its coherent subsheaves ([LM00,
Proposition 15.4] or [Stacks, Tag 0GRF]). □

In particular, the embeddings QCoh(X ) ↪→ Mod(OX ) and Coh(X ) ↪→ Mod(OX )
are both exact, and so induce t-exact functors of associated derived ∞-categories
D
(
QCoh(X )

)
→ Dqc(X ) and D

(
Coh(X )

)
→ Dcoh(X ), where the targets denote

the full subcategories of D(OX ) consisting of objects whose cohomology sheaves lie
in QCoh(X ), resp. Coh(X ). The first of these functors restricts to an equivalence

(B.1.2) D+
(
QCoh(X )

) ∼−→ D+
qc(X ),

https://stacks.math.columbia.edu/tag/07B4
https://stacks.math.columbia.edu/tag/0GRB
https://stacks.math.columbia.edu/tag/0781
https://stacks.math.columbia.edu/tag/06WT
https://stacks.math.columbia.edu/tag/0GRF
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by [AJPV18, Prop. 1.6] or [HNR19, Thm. C.1]; note however that the first reference
uses a slightly different framework to the one we are using here, which is explained
and compared with our framework of lisse-étale sites in [AJPV15]. By Lemma A.7.11
(whose hypotheses hold because of Lemma B.1.1) the equivalence (B.1.2) restricts
to a t-exact equivalence

(B.1.3) Db
(
Coh(X )

) ∼−→ Db
coh(X ).

In the body of the text, we will not work directly with quasi-coherent sheaves
that are not coherent. Rather, we will work with Ind-coherent sheaves; that is, we
will consider the stable ∞-category IndDb

coh(X ). Proposition A.6.9 shows that the
t-structure on Db

coh(X ) extends canonically to a t-structure on IndDb
coh(X ). Since

Dqc(X ) is cocomplete, there is a t-exact functor IndDb
coh(X ) → Dqc(X ), which

restricts to an equivalence

(B.1.4)
(
IndDb

coh(X )
)+ ∼−→ D+

qc(X )
(see Remark B.1.5 below). Then, when it comes to a consideration of functors such
as Rj∗ for an open immersion j : Y → X , which are usually defined on the categories
D+

qc, we will extend them to the categories IndDb
coh(X ); furthermore, we will often

construct such functors using this Ind-coherent perspective, as in the discussion of
Section B.1.8 below.

Remark B.1.5. In the literature one finds a definition of a stable infinity cate-
gory IndCoh(X ) which is not necessarily compactly generated, but is rather defined
by a universal mapping property, which incorporates (B.1.4); see for example [CW24,
Defn. 5.10]. However, in our setting this more sophisticated definition agrees with
our IndDb

coh(X ); for example, all of the stacks that we consider in this paper are
“coherent ind-geometric stacks” in the sense of [CW24], so this agreement follows
from [CW24, Prop. 5.30].

B.1.6. Operations on coherent and quasi-coherent sheaves. Let X and Y be algebraic
stacks, both assumed to be Noetherian and having affine diagonal, and let f : Y → X
be a morphism. In this context one can define pushforward and pullback functors
on both the abelian and derived categories of quasi-coherent sheaves, as well on
various related categories. We now recall some details of these constructions.

Remark B.1.7. The hypotheses we have placed on X and Y are certainly unnecessarily
restrictive; our goal here is simply to give some details regarding, and references for,
the construction of these functors in the specific framework that we have adopted.
One motivation for taking care on this point is that we wish to combine citations
to works on sheaf theory on algebraic stacks, such as [AHR23; AHL23] with the
∞-categorical framework, and so we want to ensure that the functors we compare
in these various different contexts are indeed the ones we imagine they are. Another
is that we will extend some of these constructions to the context of formal algebraic
stacks, where there are fewer existing references to rely on, and we want to be
sure that our constructions in this context are well-founded (for some choice of
foundations).

The construction of pullbacks and pushforwards is simplest in the case when f
is representable by schemes. (One simple but important case when this holds is
when f is an immersion.) In this case U 7→ U ×X Y gives a continuous functor u
(in the sense discussed in [Stacks, Tag 00WU]) from the lisse-étale site of X to the

https://stacks.math.columbia.edu/tag/00WU
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lisse-étale site of Y. Adopting notation from loc. cit., we thus obtain a functor us
from the category of sheaves on the lisse-étale site of Y to the category of sheaves
on the lisse-étale site of X .

This functor u is the restriction to lisse-étale sites of the analogously defined func-
tor on big flat sites. This latter functor induces a morphism of (ringed) topoi [Stacks,
Tag 06W8]. Unfortunately, the functor u on lisse-étale sites typically does not define
a morphism of topoi: the left adjoint us to us is typically not exact, see e.g. [Stacks,
Tag 07BF].

Nevertheless, the morphism f induces functors f∗ : QCoh(Y)→ QCoh(X ) and
f∗ : QCoh(X )→ QCoh(Y). In the Stacks Project, these are defined using big sites:
the pullback f∗ is induced by the left-adjoint of the “big site version” of the functor
us considered above, and the push-forward f∗ being defined via slightly elaborate
manipulations, for which see [Stacks, Tag 070A]. In the context of small lisse-étale
sites, however, we can describe f∗ rather directly. Namely, there is a canonical
morphism OX → us(OY), so that us induces a functor f∗ : Mod(OY)→ Mod(OX ),
which by [Ols07, Lem. 6.5] restricts to a functor QCoh(Y) → QCoh(X ). (Note
that our assumption that Y and X are Noetherian implies that f is necessarily
quasi-compact.) If f is furthermore proper, then f∗ restricts to a functor Coh(Y)→
Coh(X ): see [Ols07, Thm. 10.13] for a proof of the (stronger) derived statement,
although note that (as the proof of this result indicates) under the assumption that
f is representable by schemes, this result follows directly from the corresponding
result for schemes.

We may then construct the left adjoint f∗ : Mod(OX ) → Mod(OY) of f∗,
via composing the left adjoint us to us with the extension of scalars from usOX
to OY . The functor f∗ then restricts to functors QCoh(X ) → QCoh(Y) and
Coh(X )→ Coh(Y). (For this material, see again [Ols07, Lem. 6.5].)

We may right derive the left exact functor f∗ to obtain a functor Rf∗ : D+(Y)→
D+(X ), which restricts to a functor Rf∗ : D+

qc(Y)→ D+
qc(X ), and even to a functor

Rf∗ : D+
coh(Y) → D+

coh(X ) if f is proper. (See [Ols07, Lem. 6.20, Thm. 10.13].)
Recall that in general Rf∗ need not have bounded amplitude, and consequently
need not take Dqc(Y) to Dqc(X ); see e.g. [Stacks, Tag 07DC].

One may also consider the left-derived functor Lf∗. The treatment of this functor
in the lisse-étale formalism of [Ols07] is complicated by the failure of u to induce
a morphism of topoi. However, in the very particular case when f is a smooth
morphism (e.g. an open immersion, which is the case used in Section 5.4), u does
induce a morphism of topoi; indeed, the functor us is then simply given by restriction
along f , and so is exact (see the remark at the bottom of [Ols07, p. 60]). In this
case f∗ is exact, as it coincides with the exact functor us, and by Lemma A.7.22
it induces a t-exact functor D(OX )→ D(OY), which restricts to t-exact functors
Dqc(X )→ Dqc(Y) and Dcoh(X )→ Dcoh(Y).

If f : X → Y is not representable by schemes, then the construction of pull-
backs and pushforwards is more involved; cf. [AJPV15, Rem., p. 488]. The refer-
ence [AJPV15] gives a construction in this case, using a similar framework to the
lisse-étale site (namely, a version of the flat site), and building on the methods
of [Ols07].

B.1.8. Pushforward along an immersion. In the main body of the paper, we will
frequently need to consider the derived functors of f∗ or f∗ in the case when f is a
closed or open immersion, which we will typically denote by i or j respectively —

https://stacks.math.columbia.edu/tag/06W8
https://stacks.math.columbia.edu/tag/07BF
https://stacks.math.columbia.edu/tag/070A
https://stacks.math.columbia.edu/tag/07DC
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possibly with additional decorations — rather than f . If i is a closed immersion,
then i∗ is exact: this is easily checked directly, by working locally on the target
and so reducing to the case of schemes (see also [Ols07, Cor. 6.6]). Thus, by
Lemma A.7.24, Ri∗ is simply the t-exact functor induced by i∗ following the
prescription of Lemma A.7.22. We will thus write simply i∗ rather than Ri∗.

If j : U → X is an open immersion, we can give an alternative construction
of Rj∗ directly as a functor on Ind-coherent complexes. To begin with, note that
j∗ : QCoh(U) → QCoh(X ) is fully faithful, hence the counit j∗j∗ → idQCoh(U) is
an isomorphism. Since j∗ : QCoh(X )→ QCoh(U) is exact, it follows from [Gab62,
Proposition 5, §III.2] that j∗ is a Serre quotient by its kernel, which is a localiz-
ing subcategory of QCoh(X ). Since (by Lemma B.1.1) the categories QCoh(X )
and QCoh(U) are locally coherent with compact objects Coh(X ) and Coh(U) re-
spectively, [Kra97, Theorem 2.6] shows that j∗ realizes Coh(U) as the quotient
of Coh(X ) by its kernel, which is the Serre subcategory CohZ(X ), whose objects are
those coherent sheaves on X with set-theoretic support contained in Z := |X | \ |U|.
Lemma A.7.8 then provides a t-exact equivalence

Db
(
Coh(X )

)
/Db

CohZ(X )

(
Coh(X )

) ∼−→ Db
(
Coh(U)

)
,

which (B.1.3) allows us to interpret as a t-exact equivalence

(B.1.9) Db
coh(X )/Db

coh,Z(X )
∼−→ Db

coh(U),

where Db
coh,Z(X ) is the full subcategory of complexes whose cohomology is set-

theoretically supported on Z.
The functor Db

coh(X ) → Db
coh(U) implicit in (B.1.9) is of course simply the t-

exact extension of j∗. The Ind-extension of this functor is then a continuous t-exact
functor j∗ : IndDb

coh(X )→ IndDb
coh(U) which restricts (via the equivalence (B.1.4)

for each of X and U) to the functor j∗ : D+
qc(X )→ D+

qc(U) considered above. The
right adjoint of j∗ is then a functor

(B.1.10) IndDb
coh(U)→ IndDb

coh(X )

which restricts (again via the equivalence (B.1.4) for each of X and U) to the
functor Rj∗ considered above. Since j∗ preserves compact objects (equivalently, is
constructed via Ind extension from the corresponding functor on compact objects),
its right adjoint (B.1.10) is also continuous, by Lemma A.2.32. Thus (B.1.10) is
the Ind-extension of its restriction Db

coh(U)→ IndDb
coh(X ), which in turn may be

regarded as the composite

Db
coh(U)

Rj∗−→ D+
qc(X )

∼−→
(
IndDb

coh(X )
)+

↪→ IndDb
coh(X ).

Consequently, the functors Rj∗ and (B.1.10) canonically determine one another.

Remark B.1.11. In fact, in the cases of interest to us in the main body of the
paper, the relevant open immersions j will be furthermore cohomologically affine.
Hence Rj∗ will be t-exact, and so, just as in the case of closed immersions, will
be obtained from j∗ by an appropriate application of Lemma A.7.22. From the
preceding explanation of how to recover (B.1.10) from Rj∗, we conclude that (B.1.10)
is also t-exact in this case. Consequently, in this case we will denote both Rj∗ and
its continuous extension (B.1.10) simply by j∗.



A CATEGORICAL p-ADIC LANGLANDS CORRESPONDENCE FOR GL2(Qp) 243

B.2. Coherent sheaf theory on formal algebraic stacks. Let X be a Noetherian
formal algebraic stack with affine diagonal, written as a colimit

(B.2.1) X ∼−→ colimn Xn
with the Xn being algebraic stacks and the transition maps being thickenings. Note
that the Xn are then closed substacks of X , and are thus also Noetherian with affine
diagonal. We then write

(B.2.2) Db
coh(X ) := colimnD

b
coh(Xn),

the transition maps being given by pushforward of sheaves as described in Sec-
tion B.1.8 above, and the colimit being formed in the ∞-category of stable ∞-
categories. Since any two presentations of X of the form (B.2.1) are mutually
cofinal, we see that the resulting colimit is (up to canonical equivalence) independent
of the choice of presentation (B.2.1). Since the transition maps are t-exact, the col-
imit Db

coh(X ) is endowed with a canonical t-structure. Furthermore, each Db
coh(Xn)

is idempotent complete, hence the same is true of Db
coh(X ), by [Kerodon, Tag 042P]:

to see the idempotent-completeness of Db
coh(Xn), by [Lur17, Lemma 1.2.4.6] it

suffices to prove that the homotopy category of each Db
coh(Xn) is idempotent com-

plete, which is a consequence of the equivalence (B.1.3) and the fact that the
bounded derived category of an abelian category is idempotent complete [BS01,
Corollary 2.10].

We let Coh(X ) denote the heart of the t-structure on Db
coh(X ). The discussion

of Section A.7.30 shows that there are canonical equivalences

(B.2.3) colimn Coh(Xn)
∼−→ Coh(X ) and Db

(
Coh(X )

) ∼−→ Db
coh(X ).

The presentation (B.2.1) allows us to define the topological space |X | := colimn |Xn|,
and then |Xn|

∼−→ |X | for any choice of n. If F ∈ Coh(X ), then it can be represented
by an object Fn ∈ Coh(Xn) for some n, and the set-theoretic support suppFn ⊂ |Xn|
is independent of the choice of representative. Using the t-structure on Db

coh(X )
we can thus associate to each closed subset Z ⊂ |X | of the underlying topological
space of X (or equivalently, of |Xn|, for any n) a full sub-∞-category Db

coh,Z(X )
consisting of objects whose cohomology sheaves are set-theoretically supported on Z.
By construction, (B.2.2) induces an equivalence

(B.2.4) colimnD
b
coh,Z(Xn)

∼−→ Db
coh,Z(X ).

As well as considering the bounded derived category Db
coh(X ) of a Noetherian

formal algebraic stack X with affine diagonal, we will also have occasion to consider
the associated Ind and Pro categories (and even the associated Ind Pro category). If
we present X as in (B.2.1), then (as noted in Section A.7.30) we have an equivalence

colimn IndD
b
coh(Xn)

∼−→ IndDb
coh(X ),

the colimit now being formed in the ∞-category of compactly generated stable
∞-categories (whose morphisms are the continuous functors). Since Db

coh(X ) is
idempotent complete, it is the subcategory of compact objects in IndDb

coh(X ). We
also note the following result.

Lemma B.2.5. Let X be a Noetherian formal algebraic stack with affine diagonal.
Then Db

coh(X ) is the full subcategory of IndDb
coh(X ) (resp. ProDb

coh(X )) given by
those objects whose cohomology is coherent and concentrated in finitely many degrees.

https://kerodon.net/tag/042P


244 A. DOTTO, M. EMERTON, AND T. GEE

Proof. We give the argument in the Ind case, the argument in the Pro case being
dual to it. It suffices to prove that if x ∈ IndDb

coh(X )[a,b] is a bounded object with
coherent cohomology, then x is compact in IndDb

coh(X ). When a = b we have an
isomorphism x

∼−→ Hb(x)[−b], and Hb(x) ∈ IndCoh(X ) is assumed to be contained
in Coh(X ) ⊂ Db

coh(X ). HenceHb(x) is compact, and so is x. In general, by induction
on b − a, we see that x is part of a cofibre sequence τ≤(b−1)x → x → Hb(x)[−b]
where the first and third term are compact, so x is also compact, as required. □

B.2.6. Completion along a closed substack. Let X be a Noetherian formal algebraic
stack with affine diagonal, and let Z ↪→ X be a closed substack of X . We define the
completion of X along Z to be the substack X̂ = X̂Z of X that classifies morphisms
T → X for which the induced map on underlying topological spaces |T | → |X | has
image landing in |Z|. By definition, then, X̂ depends only on the closed subset
Z := |Z| of |X |, not on its particular realization as a closed substack Z of X , and
we will sometimes write X̂Z rather than X̂Z . Note that X̂ is again a Noetherian
formal algebraic stack. To see this, note for example that [Eme, Lem 8.13] implies
that X̂ is locally Noetherian; since X is furthermore assumed Noetherian, i.e. to
be quasi-compact and quasi-separated in addition to being locally Noetherian, it is
straightforward to deduce that X̂ is also Noetherian.

If we choose a presentation X̂ ∼−→ colimnZn for X̂ as a colimit with respect to
thickenings of Noetherian algebraic stacks Zn, then we may choose our presenta-
tion (B.2.1) for X so that each composite

Zn ↪→ X̂ → X

factors through Xn, inducing a closed immersion

in : Zn ↪→ Xn.

The canonical monomorphism i : X̂ ↪→ X may then be written as the colimit of the
closed immersions in. Passing to the colimit, the (t-exact) pushforward functors
in,∗ : Db

coh(Zn)→ Db
coh(Xn) then induce a t-exact functor

(B.2.7) i∗ : Db
coh(X̂ )→ Db

coh(X ).

Proposition B.2.8. Let X be a Noetherian formal algebraic stack with affine
diagonal, let Z be a closed substack of X , and let X̂ denote the completion of X
along Z. Then (B.2.7) is a t-exact fully faithful functor Db

coh(X̂ ) ↪→ Db
coh(X ), whose

essential image coincides with Db
coh,Z(X ), i.e. the full sub-∞-category of Db

coh(X )
consisting of objects whose cohomology sheaves are set-theoretically supported on Z :=
|Z|.

Proof. We may replace Z by Zred, which is a closed algebraic substack of X . Then,
if we choose a presentation X ∼−→ colimn Xn as in the discussion above, we see that
Z is in fact a closed substack of each Xn, that

X̂ ∼−→ colimn X̂n,

where all the indicated completions are taken along Z, and that

Db
coh(X̂ )

∼−→ colimnD
b
coh(X̂n),

where the colimit is formed in the ∞-category of stable ∞-categories.
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Since a filtered colimit of fully faithful t-exact morphisms is fully faithful and
t-exact, and

Db
coh,Z(X ) = colimnD

b
coh,Z(Xn)

by (B.2.4), to prove that (B.2.7) is fully faithful with essential image Db
coh,Z(X ), it

then suffices to show that pushforward induces a t-exact equivalence

(B.2.9) Db
coh(X̂n)

∼−→ Db
coh,Z(Xn)

for each n. This allows us to assume that X = Xn for some n, i.e. that X is algebraic.
In this case, let I denote the coherent ideal sheaf cutting out Z in X , and let

Z(n) denote the closed substack of X cut out by In. Then X̂ ∼−→ colimnZ(n), and
so we have to show that pushforward induces a fully faithful t-exact functor

colimnD
b
coh(Z(n)) ↪→ Db

coh(X ),
with essential image equal to Db

coh,Z(X ). If X is an affine scheme, this is proved
in [EGH25, Proposition B.1.9, Proposition B.1.17]: it amounts to the statement
that the first two arrows of [EGH25, (B.1.8)] are equivalences. The general case
can be proved in the same way. Alternatively, it can be deduced as a special case
of [HP23, Theorem 2.2.3]. □

We use the same notation (namely i∗) to denote the extension of (B.2.7) to the
corresponding Ind categories; this is a fully faithful embedding

(B.2.10) i∗ : IndDb
coh(X̂ )

∼−→ IndDb
coh,Z(X ) ↪→ IndDb

coh(X ).

Lemma B.2.11. The functor (B.2.10) satisfies the conditions of Hypothesis A.3.2,
taking AcZ := Db

coh(X̂ ) and Ac := Db
coh(X ).

Proof. This is an immediate consequence of the construction of (B.2.10) as an
Ind-extension of a fully faithful functor. □

Write U := X \ Z (an open substack of X ), and let j : U ↪→ X denote the
canonical open immersion. If we again choose a presentation (B.2.1) for X , and
write Un := U ×X Xn, then we obtain a compatible presentation colimn Un

∼−→ U
of U . As we noted in (B.1.9), restriction induces equivalences

Db
coh(Xn)/Db

coh,Z(Xn)
∼−→ Db

coh(Un).
Passing to the colimit over n, and recalling the statement of Proposition B.2.8, we
obtain an equivalence

(B.2.12) Db
coh(X )/Db

coh(X̂ )
∼−→ Db

coh(U).
Passing to Ind-categories, and taking into account Proposition A.2.29, we obtain

an equivalence

(B.2.13) IndDb
coh(X )/ IndDb

coh(X̂ )
∼−→ IndDb

coh(U),
which we use to identify its left and right hand sides from now on. Taking into
account this identification, as well as the prescription of Hypothesis A.3.2, we then
write j∗ to denote the composite

(B.2.14) j∗ : Db
coh(X )→ Db

coh(X )/Db
coh(X̂ )

∼−→ Db
coh(U),

as well as its Ind-extension

(B.2.15) j∗ : IndDb
coh(X )→ IndDb

coh(X )/ IndDb
coh(X̂ )

∼−→ IndDb
coh(U).
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By Lemma A.3.3, the functor (B.2.15) admits a right adjoint j∗ : IndDb
coh(U) →

IndDb
coh(X ).

Remark B.2.16. Although we don’t need it in the present paper, we remark that
the Pro-extension of j∗ also admits a left adjoint j!, which is the Pro version of
“extension by zero from U”. As far as we understand, defining j! in this way was
the original motivation for introducing pro-coherent sheaves (by Deligne in [Har66,
Appendix]).

Remark B.2.17. The functors j∗ in (B.2.14) and (B.2.15) are induced by the functors
j∗n arising from the open immersions jn : Un ↪→ Xn, in the sense that if we write each
ofDb

coh(X ) andDb
coh(U) as colimits over n, following the prescription of (B.2.2), then

j∗ is obtained as colimit of the functors j∗n. Thus the notation j∗ is compatible with
our notation for operations on derived categories of coherent sheaves on algebraic
stacks.

Each of the functors j∗n has a corresponding right adjoint as in (B.1.10), which
we denote by jn,∗ : Db

coh(Un) → IndDb
coh(Xn). Since the functor j∗ is compatible

with the formation of (filtered, and hence all) colimits (since it is right adjoint to
the compact object-preserving functor j∗), one finds that j∗ is similarly the colimit
of the jn,∗.

Although it might be better to write Rj∗ rather than j∗, to indicate the derived
nature of this functor, in the discussion of Subsection B.1.8 we have reserved
the former notation to denote the derived functor of j∗ in the context of derived
categories of complexes of quasi-coherent sheaves, rather than in the context of
Ind coherent complexes. Thus we content ourselves with writing simply j∗ in the
Ind coherent case, trusting that context will resolve any possible ambiguity. This
also allows us to maintain notational consistency with the general discussion of
Appendix A related to Hypothesis A.3.2. In any event, in our eventual applications,
the relevant open immersions j will be cohomologically affine, and so the functors
j∗ that we have to consider will in fact be t-exact; thus no confusion should arise
from our choice of notation.

Remark B.2.18. Our definition of the categories Coh(X ) and Db
coh(X ) is less ex-

pansive than some others in the literature, since, by definition, any object of either
category is supported on a closed algebraic substack of X . Thus, for example,
the structure sheaf OX will not be an object of Coh(X ) or Db

coh(X ), unless X
happens to be an algebraic stack, rather than merely formally algebraic. Rather,
in our setting, the structure sheaf will be realized as an object of ProCoh(X ), or
ProDb

coh(X ), namely the pro-object limnOXn
.. In other papers, the ∞-category

that we denote by Db
coh(X ) might instead be denoted Db

coh,Xred
(X ): the category

of coherent complexes whose cohomologies are set-theoretically supported on the
closed substack Xred of X .

We use the definition that we do because it fits well with the general definition
of Ind-coherent sheaves on Ind-schemes, and also because it ensures that there are
no hidden issues related to completion or adic topologies lurking in the background;
objects of Db

coh(X ) and IndDb
coh(X ) are, by definition, adically discrete. Issues of

adic topologies and completions are then handled by the use of Pro categories.
We also note that we are, in fact, unaware of a general treatment of stable

∞-categories of coherent sheaves on formal algebraic stacks in the more expansive
sense that includes the structure sheaf OX as one its objects, although presumably it
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can be realized as a special case of Clausen–Scholze’s theory of stable ∞-categories
of solid modules on analytic stacks. The one exception is the case of formal algebraic
stacks obtained as completions of algebraic stacks; in this case, [Con05] introduces
the corresponding triangulated category. We refer to Proposition B.4.10 below for a
discussion of how to relate this more standard approach to our approach via Pro
categories.

B.3. Pullback of pro-coherent sheaves. In this section we consider various
pullback and pushforward functors defined on abelian categories of coherent and
pro-coherent sheaves.

B.3.1. Representable morphisms. Assume that Z,X are Noetherian formal algebraic
stacks with affine diagonal, and assume that f : Z → X is representable by algebraic
stacks. Choose a presentation X = colimn Xn as in (B.2.1), and let Zn := Z ×X Xn,
which is a closed algebraic substack of Z. By [Eme, Lemma 4.8], the natural map
colimnZn → Z is an isomorphism, hence it is a presentation of Z as in (B.2.1).
Write xmn : Xm → Xn for the transition map (which is a closed immersion), and
similarly for zmn : Zm → Zn. The map f is then the colimit over n of morphisms
fn : Zn → Xn of algebraic stacks. Since the transition maps xmn, zmn are closed
immersions, the diagrams

Coh(Xn) Coh(Zn)

Coh(Xm) Coh(Zm)

f∗
n

f∗
m

xmn,∗ zmn,∗

commute. Since Coh(X ) = colimnCoh(Xn) and Coh(Z) = colimnCoh(Zn), we can
thus define

f∗ = colimn f
∗
n : Coh(X )→ Coh(Z).

If f is furthermore proper (in the sense of [Eme, Definition 3.11, Remark 3.13],
i.e. its pullback to any algebraic stack is proper) the pushforwards fn∗ preserve
coherence, as recalled in Section B.1.6. We can thus define

f∗ = colimn fn∗ : Coh(Z)→ Coh(X ).

Up to natural equivalence, the functors f∗, f∗ are independent of the choice of
presentation of X . They form an adjoint pair.

Remark B.3.2. We will denote the Pro-extensions of f∗ and f∗ by the same symbols,
to avoid confusion with the completed pullbacks to be defined in Section B.3.6.

Remark B.3.3. If i : Z → X is a closed immersion, then it is representable by
algebraic stacks and proper, and by the discussion above we have an adjunction

(i∗, i∗) : ProCoh(X )→ ProCoh(Z).

The right adjoint i∗ is exact and fully faithful, and the unit 1→ i∗i
∗ is surjective.

If Z is furthermore algebraic, and we let X̂ denote the completion of X along Z,
then Coh(Z) is a full subcategory of Coh(X̂ ), and i∗ is the restriction to Coh(Z) of
the functor Coh(X̂ )→ Coh(X ) obtained by restricting the t-exact functor (B.2.7)
to the heart of its domain. This can be checked by computing i∗ with respect to a
presentation X = colimn Xn such that Z is a closed substack of Xn for all n.
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B.3.4. Presentation of pro-coherent sheaves. The functors i∗ and i∗ can be used to
give presentations for pro-coherent sheaves, as in the following lemma.

Lemma B.3.5. Let X be a Noetherian formal algebraic stack with affine diagonal,
and choose a presentation X ∼−→ colimn Xn as in (B.2.1), Write in : Xn ↪→ X to
denote the canonical closed immersion. Then, for any pro-coherent sheaf F on X ,
we have F ∼−→ limn in,∗i

∗
nF in ProCoh(X ).

Proof. We first consider the case when F is actually coherent. Then by definition
F = (im)∗Fm for some m and some object Fm of Coh(Xm). Thus

limn in,∗i
∗
nF = limn≥m in,∗i

∗
n(im)∗Fm

∼−→ limn≥m(im)∗Fm
∼−→ (im)∗Fm = F .

In the general case that F is pro-coherent, write F ∼−→ limi∈I Fi as a cofiltered
limit of coherent sheaves Fi. Then

limn in,∗i
∗
nF

∼−→ limn limi∈I in,∗i
∗
nFi

∼−→ limi∈I limn in,∗i
∗
nFi = limi∈I Fi,

as required. In more detail, the first isomorphism holds because in,∗ and i∗n are
pro-extended, and so compatible with the formation of cofiltered limits; the second
isomorphism is an interchange of cofiltered limits; and the third isomorphism follows
from the case of coherent sheaves that we’ve already proved. □

B.3.6. Completed pullbacks. We continue to assume that f : Z → X is a morphism
of Noetherian formal algebraic stacks with affine diagonal, but we no longer assume
that f is representable by algebraic stacks.

Suppose firstly that X is algebraic, and choose a presentation Z = colimnZn as
in (B.2.1). Let fn : Zn → X be the restriction of f to Zn. We can then define a
functor

f̂∗ : Coh(X )→ ProCoh(Z)
F 7→ limn f

∗
nF .

Up to natural equivalence, this functor is independent of the choice of presentation
of Z.

Lemma B.3.7. Let f : Z → X be a morphism of Noetherian formal algebraic stacks
with affine diagonal. Suppose that X is in fact an algebraic stack, let i : Y → X
be a closed immersion, and let f ′ : Z ×X Y → Y and i′ : Z ×X Y → Z denote the
base-changes of f and i respectively. Then the natural diagram (where the right
hand vertical arrow is defined following Remark B.3.2)

Coh(X ) ProCoh(Z)

Coh(Y) ProCoh(Z ×X Y)

f̂∗

f̂ ′∗

i∗ i′∗

commutes.

Proof. By the definition of f̂∗, we are reduced to noting that the pushforward
functor for a closed immersion of algebraic stacks commutes with arbitrary base
change. □

In the more general case that X is not necessarily algebraic, we as usual choose a
presentation X = colimn Xn. Then we can form the fibre product Zn := Z ×X Xn, a
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closed formal algebraic substack of Z with a map fn : Zn → Xn. By Lemma B.3.7,
the diagrams

Coh(Xn) ProCoh(Zn)

Coh(Xm) ProCoh(Zm)

f̂∗
n

f̂∗
m

xmn,∗ zmn,∗

commute, where the vertical arrows are induced by the transition maps xmn : Xm →
Xn. We can thus pass to the colimit and obtain a functor

(B.3.8) f̂∗ : Coh(X )→ ProCoh(Z),
which is independent (up to natural isomorphism) of the choice of presentation of X .
We continue to denote by f̂∗ the Pro-extension

f̂∗ : ProCoh(X )→ ProCoh(Z).
We can also consider the composite functors

ProCoh(X ) x∗
n−−→ ProCoh(Xn)

f̂∗
n−→ ProCoh(Zn)

zn∗−−→ ProCoh(Z).
where xn : Xn → X and zn : Zn → Z denote the closed immersions. (Noting that
the target of fn : Zn → Xn is algebraic, the functor f̂∗n is defined by the discussion
above, while x∗n and zn∗ are defined in Remark B.3.2.)

Lemma B.3.9. With notation as above, the functor f̂∗ : ProCoh(X )→ ProCoh(Z)
is naturally isomorphic to limn zn,∗f̂

∗
nx

∗
n.

Proof. Lemma B.3.5 gives a natural isomorphism of functors

id
∼−→ lim

n
xn,∗x

∗
n

on ProCoh(X ). Applying f̂∗, we find that

f̂∗
∼−→ lim

n
f̂∗xn,∗x

∗
n

∼−→ lim
n
zn,∗f̂

∗
nx

∗
n

(the first isomorphism following from the fact that f̂ commutes with cofiltered limits
by its construction as a Pro-extension, and the second claim following from the
definition of (B.3.8)), as claimed. □

Remark B.3.10. Let f : Z → X be a morphism of Noetherian formal algebraic stacks
with affine diagonal, and let i : Y → X be a closed immersion. As in Lemma B.3.7,
we can form the Cartesian diagram

(B.3.11)
Z X

Z ×X Y Y.

f

f ′
i′ i

Analyzing the definitions, we see that we have commutative diagrams
(B.3.12)

ProCoh(X ) ProCoh(Z)

ProCoh(Y) ProCoh(Z ×X Y)

f̂∗

f̂ ′∗

i∗ i′∗

ProCoh(X ) ProCoh(Z)

ProCoh(Y) ProCoh(Z ×X Y)

f̂∗

f̂ ′∗
i′∗i∗



250 A. DOTTO, M. EMERTON, AND T. GEE

and furthermore, for all F ∈ ProCoh(X ), the image under f̂∗ of the unit F →
i∗i

∗F is naturally isomorphic to the unit of (i′∗, i′∗) evaluated at f̂∗F . Note that
commutativity of the leftmost square in (B.3.12) is a generalization of Lemma B.3.7
to the case where X is not necessarily algebraic.

We will often apply this construction in a context where Y is furthermore algebraic,
and f : X̂Z → X is the completion of X at a closed subset Z ⊂ |X |. Then (B.3.11)
becomes a Cartesian diagram

X̂Z X

Ŷ|Y|∩Z Y

f

f ′

i′ i

since the pullback X̂Z ×X Y is the completion of Y at |Y| ∩ Z. We will sometimes
write iZ for the closed immersion i′, so that we have an adjunction

(B.3.13) (i∗Z , iZ,∗) : ProCoh(X̂Z)→ ProCoh(Ŷ|Y|∩Z),

as in Remark B.3.3, and the image under f̂∗ of the unit of (i∗, i∗) is the unit of
(i∗Z , iZ,∗).

Remark B.3.14. If f : X → Y and g : Y → Z are morphisms of Noetherian formal
algebraic stacks with affine diagonal, then ĝf

∗
is naturally isomorphic to f̂∗ĝ∗. To

see this, we can assume without loss of generality that Z is algebraic. Choose a
presentation Y = colimn Yn, and let Xn := X ×Y Yn. Then Xn is a closed formal
algebraic substack of X , and X = colimn Xn (note that any map SpecA → X
factors through some Xn, because the composite SpecA→ X → Y factors through
some Yn).

Choose also a presentation X = colimm X ′
m, and define Xn,m = Xn×X X ′

m. Then
Xn = colimm Xn,m for all n ≥ 0, by [Eme, Lemma 4.8], so that X = colimZ2

≥0
Xn,m,

where the colimit is taken with respect to the product order on Z2
≥0.

Now, if F ∈ Coh(Z), then by construction we have

f̂∗ĝ∗(F) = f̂∗(lim
n
g∗nF) = lim

n,m
f∗n,mg

∗
nF

where gn : Yn → Z, fn,m : Xn,m → Yn are the natural maps. This also coincides
with ĝf

∗
F computed with respect to the presentation X = colimZ2

≥0
Xn,m, as

desired.

Remark B.3.15. Let Z,X be Noetherian formal algebraic stacks with affine diagonal,
and assume that f : Z → X is representable by algebraic stacks (which is always
the case if Z is algebraic, by our assumption on the diagonal of X ). It then follows
from the definitions that f̂∗ : Coh(X )→ ProCoh(Z) takes values in Coh(Z), and
is naturally isomorphic to f∗. It follows that their Pro-extensions are also naturally
isomorphic, as functors f∗, f̂∗ : ProCoh(X )→ ProCoh(Z).

B.3.16. Completed pullbacks to completed stacks. As in Section B.2.6, we let X be a
Noetherian formal algebraic stack with affine diagonal, and let Z ↪→ X be a closed
substack of X . We write i : X̂ ↪→ X for the completion of X along Z. Following as
above the notational conventions of Appendix A.5, we write

(B.3.17) î∗ : ProCoh(X̂ )→ ProCoh(X ),
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(B.3.18) î∗ : ProCoh(X )→ ProCoh(X̂ )

for the Pro-extensions of i∗ : Coh(X̂ )→ Coh(X ) and î∗ : Coh(X )→ ProCoh(X̂ ).

Lemma B.3.19. With notation as above, write X̂ = colimnZn as a colimit of
thickenings of closed algebraic substacks of X , and let kn : Zn ↪→ X̂ and in : Zn ↪→ X
denote the corresponding closed immersions. Then the functor î∗ : ProCoh(X )→
ProCoh(X̂ ) agrees with the functor limn kn,∗i

∗
n.

Proof. Since Zn is algebraic, the functor k̂∗n, resp. î∗n, coincides with k∗n, resp. i∗n, by
Remark B.3.15. Lemma B.3.5 (applied to X̂ ) shows that

î∗
∼−→ lim

n
kn,∗k

∗
nî

∗ ∼−→ lim
n
kn,∗i

∗
n,

where we have applied the natural isomorphisms k∗nî∗ = k̂∗nî
∗ ∼−→ î∗n = i∗n of

Remark B.3.14, taking into account that in = ikn for each n. □

Remark B.3.20. If X is furthermore algebraic, the preceding lemma recovers the
definition of the completed pullback î∗. On the other hand, if we take X = X̂ ,
in = kn, and î∗ to be the identity of ProCoh(X̂ ), then we recover Lemma B.3.5.

Proposition B.3.21. Write i : X̂ ↪→ X for the inclusion of the completion X̂ of a
Noetherian formal algebraic stack X , with affine diagonal, along a closed algebraic
substack Z. Then the functor î∗ : ProCoh(X )→ ProCoh(X̂ ) is exact, and is left
adjoint to î∗ : ProCoh(X̂ )→ ProCoh(X ).

Proof. Since the completion X̂ only depends on the underlying topological space
of Z, if X = colimn Xn is a presentation as in (B.2.1), then we have X̂ = colimn X̂n.
It is therefore easy (and formal) to reduce to the case that X is algebraic, which we
assume from now on.

We begin by showing exactness, for which it suffices to show that the restriction
î∗ : Coh(X )→ ProCoh(X̂ ) is exact. Write I for the coherent ideal sheaf of Z in X ,
so that for any coherent sheaf F we have

(B.3.22) î∗F = limn F/In.

The exactness of î∗ then follows from a standard Artin–Rees argument, cf. [Stacks,
Tag 0G9M].

We now turn to the adjunction. Since both î∗ and î∗ are Pro-extended, it suffices
to show that if F is an object of Coh(X ) and G is an object of Coh(X̂ ) then

HomProCoh(X̂ )(̂i
∗F ,G) = HomProCoh(X )(F , î∗G),

or equivalently that

HomProCoh(X̂ )(̂i
∗F ,G) = HomCoh(X )(F , i∗G).

As usual, we write X̂ = colimn Xn, so that in : Xn ↪→ X is a closed immersion of
an algebraic substack. Relabeling if necessary, we can assume that G is supported
on X1, so that we can (slightly abusively) write i∗G = in,∗G for each n. Then we

https://stacks.math.columbia.edu/tag/0G9M
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compute that

HomProCoh(X̂ )(̂i
∗F ,G) =

HomProCoh(X̂ )(limn i
∗
nF ,G) = colimnHomCoh(X̂ )(i

∗
nF ,G) =

colimnHomCoh(Xn)(i
∗
nF ,G) = colimnHomCoh(X )(F , in,∗G) =

HomCoh(X )(F , i∗G),

as required. (In more detail, the first isomorphism is the definition of î∗, the second
holds by virtue of how morphisms are computed in the Pro-category, the third is by
the definition of Coh(X̂ ) and our assumption that G is supported on X1, the fourth
is the adjunction between i∗n and in,∗, and the fifth is again by our assumption
that G is supported on X1.) □

Remark B.3.23. We put ourselves in the context of Lemma B.3.19, so that i1 : Z ↪→
X is a closed immersion of an algebraic stack Z into a Noetherian formal algebraic
stack X with affine diagonal, i : X̂ → X is the completion of X along Z, and
k1 : Z → X̂ is the defining closed immersion. Then for any object F of ProCoh(X ),
there is a canonical surjection

(B.3.24) î∗F → k1,∗i
∗
1F

in ProCoh(X̂ ). In fact, as noted in Remark B.3.3, the unit of adjunction F → i1,∗i
∗
1F

is surjective, and so it remains surjective after applying the functor î∗, which is exact
by Proposition B.3.21. It now suffices to note that î∗i1,∗i∗1F = k1,∗i

∗
1F , because the

counit of adjunction î∗î∗ → id is an isomorphism, and i1,∗ = î∗k1,∗.
Applying the exact functor î∗ to (B.3.24) we obtain a surjection

î∗î
∗F → i1,∗i

∗
1F

of objects in ProCoh(X ).

Remark B.3.25. If X is a Noetherian algebraic stack with affine diagonal, and p :
SpecA→ X is a flat and surjective morphism, then the pullback p∗ : ProCoh(X )→
ProCoh(SpecA) reflects coherence, in the sense that if F = limi∈I Fi ∈ ProCoh(X ),
and p∗F is an object of Coh(SpecA), then F is an object of Coh(X ). To see this,
we first remark that p∗ is exact and faithful (and thus conservative) on Coh(X ),
and so the same is true of its Pro-extension, by e.g. [KS06, Prop. 6.1.10, Cor. 8.6.8].
Now, if G := p∗F is coherent, then G has descent data to X , since it’s pulled back
from X when thought of as a pro-coherent sheaf. It thus descends to a coherent
sheaf G′ on X . The isomorphism p∗G′ ∼−→ p∗F induces morphisms p∗G′ → p∗Fi for
all i, which are compatible with the transition maps in Fi, and with the descent data
on source and target. These morphisms therefore descend to a morphism G′ → F in
ProCoh(X ), which becomes an isomorphism after applying p∗. Since, as we already
recalled, p∗ is conservative, we conclude that G′ ∼−→ F and so F is coherent, as
desired.

More generally, if X = colimn Xn is a Noetherian formal algebraic stack with affine
diagonal, presented as in (B.2.1), and Spf A→ X is a smooth surjective morphism
which is representable by algebraic stacks, then the pullback p∗ : ProCoh(X ) →
ProCoh(Spf A) reflects coherence. To see this, let F ∈ ProCoh(X ), and assume that
p∗F is coherent. Then, if we define SpecAn := Spf A×X Xn, and write kn : Xn → X
for the closed immersion and for its pullback to Spf A, there exists n such that
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p∗F → kn,∗k
∗
np

∗F is an isomorphism. Hence F → kn,∗k
∗
nF is also an isomorphism.

Since Xn is an algebraic stack, we have thus reduced to the result of the previous
paragraph.

B.3.26. Passage to derived categories. By Proposition B.3.21 and Corollary A.8.2,
the functors (B.3.17) and (B.3.18) induce t-exact adjoint functors

(B.3.27) î∗ : ProDb
coh(X̂ ) ↪→ ProDb

coh(X )
and

(B.3.28) î∗ : ProDb
coh(X )→ ProDb

coh(X̂ ).

Remark B.3.29. Since î∗ is fully faithful (as a consequence of Proposition B.2.8),
the counit of adjunction î∗î∗ → id is a natural isomorphism. Thus the restriction of
î∗ to Db

coh,Z(X ) induces an inverse to the equivalence Db
coh(X̂ )

∼−→ Db
coh,Z(X ) of

Proposition B.2.8.

B.3.30. Scheme-theoretic support. It is unclear to us in what generality it is sensible
to define the notion of “scheme-theoretic” support for pro-coherent sheaves, but the
following definitions will suffice for us.

Definition B.3.31. Let z : Z ↪→ X be a closed immersion of Noetherian formal
algebraic stacks with affine diagonal.

(1) Let F be a pro-coherent sheaf on X . Then we say that F is scheme-
theoretically supported on Z if F is in the essential image of z∗ : ProCoh(Z)→
ProCoh(X ), or equivalently, if the unit of adjunction F → z∗z

∗F is an
isomorphism.

(2) Let F be a coherent sheaf on X , and assume that Z is algebraic. Then we
say that Z is the scheme-theoretic support of F if F is scheme-theoretically
supported on Z and the natural map OZ → EndCoh(Z)(z

∗F) is injective,
where End denotes the sheaf-End. This being the case, we say that |Z| is
the set-theoretic support of F .

Remark B.3.32. If X is a scheme, and F is a coherent sheaf on X , then the scheme-
theoretic support of F is the closed subscheme associated to the kernel of OX →
EndCoh(X )(F), which is a quasicoherent ideal sheaf. Hence Definition B.3.31 (2)
agrees with the usual definition of the scheme-theoretic support of F in this case.

Definition B.3.33. We say that an object F of ProDb
coh(X ) is pure of degree

zero if it is a pro-coherent sheaf: that is, it is contained in the heart ProCoh(X )
of ProDb

coh(X ). (Note that this is a priori a stronger condition than asking that
the cohomology sheaves of F vanish outside of degree zero.)

Lemma B.3.34. Let X be a Noetherian formal algebraic stack with affine diagonal.
(1) Suppose that F is an object of ProCoh(X ). Then F = 0 if and only if, for

every closed point x ∈ |X | with completion-at-{x} morphism ix : X̂x → X ,
we have î∗xF = 0.

(2) Suppose that G is an object of ProDb
coh(X ) which is bounded above. Then

G is pure of degree zero, resp. equal to zero, if and only if for every closed
point x ∈ |X |, î∗xG is pure of degree zero, resp. equal to zero.

Proof. Lemma A.6.6 shows that the second statement follows from the first by
considering cohomology sheaves.
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For the first statement, assume that î∗xF = 0 for every closed point x of X . Write
F = limj Fj as a cofiltered limit of Fj ∈ Coh(X ). Now fix an index j. For each
point x, there is (by assumption) an index j′x such that Fj′x → Fj becomes zero
after applying î∗x. We claim that x has an open neighbourhood Ux over which the
restriction of the transition morphism Fj′x → Fj vanishes. Granting this, we find
that the union of these Ux is equal to all of X (since it is an open substack of X
that contains every closed point). Since X is quasi-compact, we may therefore cover
X by finitely many of these Ux, and thus find a single index j′ (some index lying
above each of the finitely many corresponding j′x) such that Fj′ → Fj vanishes.
This implies that F itself is the zero object in ProCoh(X ).

It remains to prove the claim. Since î∗x is exact, by a consideration of the image
sheaf, it suffices to prove that, if G is a coherent sheaf on X , and î∗xG = 0, then there
exists an open neighborhood Ux of x such that G|Ux

= 0. By definition, the coherent
sheaf G is supported on a closed algebraic substack of X , and replacing X by this
closed algebraic substack, we may furthermore assume that X is itself algebraic.
Now î∗x can be thought of as the functor of I-adic completion (with I denoting the
coherent ideal sheaf on X cutting out the underlying reduced substack structure on
the closed subset {x}), and so this amounts to the standard fact that if the I-adic
completion of a coherent sheaf vanishes, then the coherent sheaf itself vanishes in a
neighbourhood of x. For the sake of completeness (and since our completions are
computed in the Pro-sense, rather than literally, and since we are working on an
algebraic stack rather than a scheme), we recall the proof. To this end, we choose
a smooth surjection p : X = SpecA → X from a Noetherian affine scheme onto
some open neighbourhood of x; since p is open [Stacks, Tag 04XL], it suffices to
prove that p∗G vanishes after restriction to some open neighbourhood of the closed
subset p−1(x) of X. Let I denote the ideal in A cutting out the underlying reduced
subscheme structure on p−1(x), and let M denote the finitely generated A-module
corresponding to the coherent sheaf p∗G. Our assumption that î∗xG = 0 implies that
the morphism M/InM →M/IM coincides with the zero morphism for sufficiently
large n; since this morphism is surjective, we see that its target vanishes, i.e. that
M = IM . A standard application of Nakayama’s lemma now implies that indeed
the coherent sheaf attached to M vanishes in some neighbourhood of p−1(x), as
required. □

Lemma B.3.35. Let z : Z → X be a closed immersion of Noetherian formal
algebraic stacks with affine diagonal. Then a pro-coherent sheaf F on X is scheme-
theoretically supported on Z if and only if, for every closed point x ∈ |X | with
completion-at-{x} morphism ix : X̂x → X , the pro-coherent sheaf î∗xF is scheme-
theoretically supported on Ẑx∩|Z|.

Proof. If x ∈ |X | is a closed point, then the image under î∗x of the unit of adjunction
F → z∗z

∗F is isomorphic to the unit î∗xF → zx,∗z
∗
x(̂i

∗
xF), by Remark B.3.10.

Since î∗x is exact (by Proposition B.3.21), the kernel and cokernel of F → z∗z
∗F

vanish under î∗x if and only if î∗xF is scheme-theoretically supported on Ẑx∩|Z|. Thus
the lemma follows from Lemma B.3.34 (1). □

B.3.36. Pullbacks to versal rings.

Lemma B.3.37. Let X be a Noetherian algebraic stack with affine diagonal, let
x ∈ |X | be a finite type point, and let ix : SpecR → X be a morphism from the

https://stacks.math.columbia.edu/tag/04XL
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spectrum of a complete Noetherian local ring R with finite residue field, sending the
maximal ideal m to x. Let Spf R be the formal m-adic spectrum of R. Then the
composite
(B.3.38)

Coh(X ) i∗x−→ Modfp(R)
(A.1.36)−−−−−→ Modc(R) = ProModf.l.(R) = ProCoh(Spf R)

is naturally isomorphic to the completed pullback for the composite Spf R→ SpecR
ix−→

X , where the first arrow is the completion at {m}.

Proof. Let F ∈ Coh(X ), and let M := i∗x(F), a finitely presented R-module. Then
the composite of (B.3.38) sends F to the object limnM/mnM of ProCoh(Spf R).
On the other hand, we can compute the completed pullback to Spf R using the
presentation

Spf R = colimn SpecR/m
n.

Then, by definition, we have î∗xF = limn i
∗
x(F)/mni∗x(F), as desired. □

Lemma B.3.39. Let X̂ be a Noetherian formal algebraic stack with affine diagonal.
Assume that |X̂ | = {x} is a singleton, and that X̂red is of finite type over SpecF.
Let vx : Spf R→ X̂ be a morphism from the formal m-adic spectrum of a complete
Noetherian local ring R with residue field k, and assume that vx is versal to the
induced morphism Spec k → X . Then

v̂∗x : Coh(X̂ )→ ProCoh(Spf R) = Modc(R)

is exact and faithful.

Proof. Since the formation of versal rings and of the completed pullbacks v̂∗x are
both compatible with base change to closed immersions (using the commutativity
of the leftmost square in (B.3.12) for the latter), we reduce to the case that X̂ is
algebraic and locally of finite type over SpecO. In this case vx is effective, by [Stacks,
Tag 0DR1], so by Lemma B.3.37 that it suffices to prove that the usual coherent
pullback for the map

vx : SpecR→ X̂
is exact and faithful. This follows from [Stacks, Tag 0DR2], which shows that vx is
flat and surjective. □

B.3.40. Completed pullback and internal Hom. If X is a Noetherian algebraic stack,
then by [Stacks, Tag 0GQN], Coh(X ) has an internal Hom functor HomCoh(X )(–, –).

Lemma B.3.41. Let X be an algebraic stack with affine diagonal, which is locally
of finite type over SpecO. Let ix : Spf R → X be a versal morphism at a closed
point x ∈ |X |. Then we have a natural R-linear isomorphism

î∗xHomCoh(X )(–, –)
∼−→ HomModc(R)(̂i

∗
x–, î

∗
x–).

Proof. By [Stacks, Tag 0DR1], the map ix is effective. By Lemma B.3.37, it suffices
to show that we have a natural R-linear isomorphism

i∗xHomCoh(X )(–, –)
∼−→ HomModfp(R)(i

∗
x–, i

∗
x–),

where i∗x is the coherent pullback for the map vx : SpecR→ X . Since ix is flat, by
[Stacks, Tag 0DR2], this is a consequence of [Stacks, Tag 0GQP]. □

https://stacks.math.columbia.edu/tag/0DR1
https://stacks.math.columbia.edu/tag/0DR2
https://stacks.math.columbia.edu/tag/0GQN
https://stacks.math.columbia.edu/tag/0DR1
https://stacks.math.columbia.edu/tag/0DR2
https://stacks.math.columbia.edu/tag/0GQP
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B.4. Coherent sheaves and formal functions in the case of “affine mod
reductive” quotient stacks. In this section we prove some results about stacks
of the form [SpecB/G], where B is a finite type algebra over a Noetherian ring R
and G is a reductive group scheme over R. Some of our results are deduced from
those of [AHL23]; since our setup is slightly different to theirs (see Remark B.2.18),
we begin by relating our approach to completions of algebraic stacks to that taken
in [Con05] and [AHL23].

B.4.1. OX̂ -modules. Suppose that X is a Noetherian algebraic stack with affine
diagonal, and that Z is a closed substack with coherent ideal sheaf I. We write X̂
for the formal completion X̂ of X along Z. In this context, [Con05] defines a sheaf
of rings

(B.4.2) OX̂ := limnOX /In+1

on the lisse-étale site of X , which is morally the structure sheaf of the comple-
tion X̂ , as well as an associated abelian category Coh(OX̂ ) of coherent sheaves
of OX̂ -modules. This allows one to also introduce the stable ∞-category Db

coh(OX̂ ).
Furthermore, writing Z [n] for the closed substack of X with ideal sheaf In, the func-
tors OX /In+1⊗OX̂

– induce an equivalence of categories (see [Con05, Theorem 2.3])

(B.4.3) Coh(OX̂ )
∼−→ lim

n
Coh(Z [n]).

Remark B.4.4. We note that the abelian category Coh(OX̂ ) is denoted simply
by Coh(X̂ ) in [Con05]. Similarly, the stable ∞-category Db

coh(OX̂ ) — or, rather, its
underlying triangulated category — is denoted16 Db

coh(X̂ ) in [Con05]. However, as
indicated in Remark B.2.18, the categories defined in [Con05] are larger than the
category Db

coh(X̂ ) that we consider, and so to distinguish the two we always denote
the categories of [Con05] by Coh(OX̂ ) and Db

coh(OX̂ ).

Rather than forming the actual projective limit in (B.4.2) to obtain a sheaf of
rings, one can consider the formal projective limit, so as to obtain an object of
ProCoh(X̂ ). More precisely, since every OX -module that is annihilated by a power
of I is also an OX̂ -module, we have an exact and fully faithful functor

(B.4.5) Coh(X̂ )→ Coh(OX̂ ),

and we can also define an exact and fully faithful functor

(B.4.6) Coh(OX̂ ) ↪→ ProCoh(X̂ ), F 7→ limn F/In+1.

(The claimed properties of this functor follow again from [Con05, Thm. 2.3], which
implies full faithfulness, together with a standard Artin–Rees argument to deduce
exactness, as in the proof of Proposition B.3.21.) The composition of (B.4.6)
and (B.4.5) is the natural inclusion of Coh(X̂ ) in its Pro-completion ProCoh(X̂ ).

As remarked on [Con05, p. 1], the sheaf OX̂ is a flat sheaf of OX -algebras. Thus
OX̂ ⊗OX – defines an exact functor

(B.4.7) Coh(X )→ Coh(OX̂ ).

16Strictly speaking, [Con05] only considers the “+” version of the derived category, which it
denotes by D+

coh(X̂ ).
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By definition, the composite of (B.4.7) and (B.4.6) is the functor î∗ : Coh(X ) →
ProCoh(X̂ ) defined in Section B.3.6.

It follows from Corollary A.8.2 (2), applied to C = Coh(OX̂ ) and C′ = Coh(X̂ ),
that (B.4.6) induces a t-exact functor

Db(CohOX̂ )→ ProDb(Coh X̂ ).

Remembering that Db
(
CohOX̂

) ∼−→ Db
coh(OX̂ ) and Db

(
Coh X̂

) ∼−→ Db
coh(X̂ ), we

obtain a t-exact functor

(B.4.8) Db
coh(OX̂ )→ ProDb

coh(X̂ ),
whose composition with the t-exact functor

(B.4.9) Db
coh(X̂ )→ Db

coh(OX̂ )

associated to (B.4.5) is again the natural inclusion of Db
coh(X̂ ) to its Pro-completion.

Proposition B.4.10. The functor (B.4.8) is fully faithful.

Proof. Either by inspection, or by an application of Corollary A.7.20, one sees
that (B.4.8) must coincide with the functor q of (A.9.2) (taking C to be Coh(X̂ )
and B to be Coh(OX̂ ), viewed as an exact abelian subcategory of Pro C via (B.4.6)).
We will prove its full faithfulness by applying the criterion of Lemma A.9.9. Let G
be an object of Coh(OX̂ ). Then G maps to limn G/In+1 under (B.4.6). It follows
from [Stacks, Tag 0BKY] and the Artin–Rees lemma that in fact

G ∼−→ R limn G/In+1

in the unbounded derived category D(OX̂ ) of OX̂ -modules, which is to say, the
corresponding R1 limn vanishes. Thus the natural morphism

RHomD(OX̂ )(F ,G)→ RlimnRHomD(OX̂ )(F ,G/In+1)

is an isomorphism, for any object F of D(OX̂ ). Restricting to objects F of the full
subcategory Db

coh(OX̂ ) of D(OX̂ ), we see that the hypothesis of Lemma A.9.9 is
satisfied, as required. □

It will be useful to give an alternative definition of the abelian category Coh(OX̂ )

(as a full subcategory of ProCoh(X̂ )); e.g. it allows us to give a simple proof of
Lemma B.4.13 below. This definition also has the merit of applying to a more
general class of formal algebraic stacks (although we don’t have cause to use it in
that greater level of generality).

Definition B.4.11. Let Y be a Noetherian formal algebraic stack with affine
diagonal. We define Coh(OY) as the full subcategory of ProCoh(Y) whose objects
are the pro-coherent sheaves F such that, for all morphisms i : Z → Y, where Z is
a quasicompact algebraic stack with affine diagonal, the pullback i∗F is coherent.

Remark B.4.12. As the preceding discussion already implied, in the case when X̂
is the completion of a Noetherian algebraic stack X at a closed substack Z [0] with
ideal sheaf I, the category Coh(OX̂ ), as defined in Definition B.4.11, coincides with
the essential image of (B.4.6).

In fact, we have X = colimnZ [n], where in : Z [n] → X is the closed substack
with ideal sheaf In+1. Every morphism Z → X from a quasicompact algebraic stack
factors through some Z [n] (this is a consequence of [Eme, Lem. 4.4], after passing to

https://stacks.math.columbia.edu/tag/0BKY
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a cover by a quasicompact scheme), and so the essential image of (B.4.6) is contained
in Coh(OX̂ ). Conversely, if F ∈ Coh(OX̂ ) (as defined in Definition B.4.11), then
the sequence (i∗nF)n defines an object of the right-hand side of (B.4.19), and so of
its left-hand side. The isomorphism F ∼−→ limn in,∗i

∗
nF from Lemma B.3.5 implies

that F is in the essential image of (B.4.6).

Lemma B.4.13. Let f : Y → X be a morphism of Noetherian formal algebraic
stacks with affine diagonal. Then the completed pullback functor f̂ restricts to a
functor

f̂ : Coh(OX )→ Coh(OY).

Proof. Let i : Z → Y be a morphism from a quasicompact algebraic stack with
affine diagonal Z, and let F ∈ Coh(OX ). We need to prove that i∗f̂∗F is coherent.
By Remark B.3.15, it is isomorphic to î∗f̂∗F , which is the same as (̂f ◦ i)

∗
F , by

Remark B.3.14. Again by Remark B.3.15, we conclude that i∗f̂∗F ∼= (f ◦ i)∗F ,
which is coherent, because F ∈ Coh(OX ). □

B.4.14. Reductive groups. We will require some coherent sheaf theory on stacks of
the form [SpecB/G], where B is a finite type algebra over a Noetherian ring R
and G is a reductive group scheme over R. The definition of “reductive group
scheme” in the literature is not always consistent, due to different conventions
about disconnected groups. However, the notion of a connected reductive group
is well-defined; indeed, over an an arbitrary base scheme S, a connected reductive
group G/S is a smooth S-affine group scheme all of whose geometric fibres are
connected reductive group.

Turning to the not-necessarily-connected case, if G/S is a finitely presented
smooth group scheme over an arbitrary base scheme S, then there is a unique open
subgroup scheme G◦ ⊆ G with the property that for all points s ∈ S, the fibre
(G◦)s is equal to the identity component (Gs)

◦ of Gs. (See for example [Con14,
§3.1].) The formation of G◦ commutes with arbitrary base change. By [Con14, Prop.
3.1.3], if G/S is separated, smooth, and of finite presentation, and each fibre G◦

s is
reductive, then G◦ is open and closed in G, and the quotient G/G◦ is a separated
étale group scheme of finite presentation.

For us, a “reductive group scheme” will always mean the following.

Definition B.4.15. A group scheme G/S is reductive if G is smooth and affine,
G◦ is connected reductive, and G/G◦ is finite étale.

The following result of Alper gives an alternative characterisation of reductive
group schemes, which we use in the proof of Theorem B.4.17 below. Recall that by
definition [Alp14, Defn. 9.1.1], a group scheme G/S is geometrically reductive if and
only if it is finitely presented, flat and separated over S and the morphism BG→ S
is adequately affine in the sense of [Alp14, Defn. 4.1.1].

Proposition B.4.16. Suppose that G/S is a smooth affine group scheme, and
that G◦ is (connected) reductive. Then G is reductive (in the sense of Defini-
tion B.4.15) if and only if it is geometrically reductive.

Proof. As noted above, since G◦ is connected reductive, the component group
scheme G/G◦ is separated. The result is then immediate from [Alp14, Thm. 9.7.6].

□
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Now let B be a finite type R-algebra for a Noetherian ring R, let G be a reductive
group scheme over R, and suppose we are given an action of G on SpecB (in the
category of R-schemes); that is, a morphism

G×SpecR SpecB → SpecB

of R-schemes satisfying the usual axioms for an action. We then write [SpecB/G] for
the usual stack quotient. In more detail, the pair of morphisms G×SpecR SpecB ⇒
SpecB — the first being the obvious projection, and the second being the action
morphism — are the source and target map for a smooth groupoid over SpecB,
and [SpecB/G] is the quotient stack of SpecB with respect to this groupoid.

The following theorem summarizes results of Alper and of Alper–Hall–Lim, but
since the paper [AHL23] only states them in the case that G is connected reductive,
we explain the straightforward deduction of the non-necessarily-connected reductive
case from their results. We remind the reader that a finite type morphism f : Y → X
of Noetherian algebraic stacks is cohomologically proper [AHL23, Def. 2.1(2)] if for
every coherent sheaf F on Y, the derived pushforward f∗F lies in D+

coh(X ).

Theorem B.4.17. Let G be a reductive group scheme over a Noetherian ring R,
and let B be a finite type R-algebra with an action of G. Then:

(1) BG is of finite type over R (and is in particular Noetherian).
(2) [SpecB/G]→ SpecBG is cohomologically proper.
(3) Suppose that I ⊆ B is a G-equivariant ideal, and that BG is IG-adically

complete. Write Y = [SpecB/G], Y [n] = [Spec(B/In+1)/G], and let Ŷ =
colimn Y [n] be the completion of Y along i : Y [0] ↪→ Y. Then the functor

(B.4.18) î∗ : Db
coh(Y)→ ProDb

coh(Ŷ)

is t-exact and fully faithful, and the functor

(B.4.19) OŶ ⊗OY – : Coh(Y)→ Coh(OŶ)

is fully faithful. If furthermore G is a linearly reductive closed subgroup of
GLn,R, then the essential image of (B.4.18) is Db

coh(OŶ).

Proof. Part 1 is immediate from [Alp14, Rem. 9.1.5, Thm. 6.3.3].
We now turn to part 2. By[AHL23, Ex. 2.7], the morphism [SpecB/G◦] →

SpecBG
◦

is cohomologically proper. Furthermore, the morphism SpecBG
◦ →

SpecBG is finite and therefore cohomologically proper, so that the composite
[SpecB/G◦]→ SpecBG is cohomologically proper. Since the map

[SpecB/G◦]→ [SpecB/G]

is finite étale and surjective, and [SpecB/G]→ SpecBG is of finite type, the claim
follows from [AHL23, Thm. 6.1(1)].

Finally, we consider part 3. The t-exactness of î∗ is Proposition B.3.21. As noted
after (B.4.7), it follows immediately from the definitions that we may factor î∗ as
the composite

Db
coh(Y)

OŶ⊗L
OY

–
−−−−−−→ Db

coh(OŶ)
(B.4.8)−−−−→ ProDb

coh(Ŷ).

Both arrows are t-exact, and the second is fully faithful, by Proposition B.4.10. So,
to prove that (B.4.18) is fully faithful (resp. an equivalence if G is linearly reductive
and closed in GLn,R), it suffices to show that OŶ ⊗

L
OY

– is fully faithful (resp. an
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equivalence if G is linearly reductive and closed in GLn,R). This will also imply
that (B.4.19) is fully faithful, and complete the proof of the proposition.

It suffices therefore to show that the pair (Y,Y [0]) satisfies derived formal functions
(resp. is derived coherently complete) in the sense of [AHL23, Defn. 3.2]. By [AHL23,
Prop. 3.5], it is in turn enough to show the pair (Y,Y [0]) satisfies formal functions
(resp. satisfies formal functions and is coherently complete) in the sense of [AHL23,
Defn. 3.2].

We begin by showing that (Y,Y [0]) satisfies formal functions. Since the preimage
of [Spec(B/I)/G] in [SpecB/G◦] is [Spec(B/I)/G◦], [AHL23, Thm. 6.1(2)] reduces
us to showing that the pair ([SpecB/G◦], [Spec(B/I)/G◦]) satisfies formal functions.
Noting that BG

◦
is IG

◦
-adically complete by Lemma B.4.20 below, this is part

of [AHL23, Cor. 4.9].
Finally, under the additional assumption that G is linearly reductive and closed

in GLn,R, the fact that (Y,Y [0]) is coherently complete follows from [AHR23, Thm.
1.6], bearing in mind that [SpecB/G]→ SpecBG is a good moduli space, by [Alp13,
Thm. 13.2], and that Y [0] = [Spec(B/I)/G] has the resolution property, by [AHR23,
Rem. 2.5], since G→ Spec(R) is assumed to be embeddable. □

The following lemma and its proof are presumably standard.

Lemma B.4.20. Let G be a finite group acting on a ring A, and let I ⊆ A be a
G-equivariant ideal. If AG is IG-adically complete, then A is I-adically complete.

Proof. Since A is finite over AG (being both finite type and integral), A is IGA-
adically complete. It therefore suffices to show that rad(IGA) = rad(I), i.e. that
I ⊆ rad(IGA). To this end, let x ∈ I be arbitrary. Then x is a root of the monic
polynomial

∏
g∈G(X − g(x)), all of whose non-leading coefficients are contained

in IG. Thus x|G| ∈ IGA, as required. □

We now record some consequences of Theorem B.4.17.

Corollary B.4.21. Let G be a reductive group scheme over a Noetherian ring R,
let B be a finite type R-algebra with an action of G, and let F and G be coherent
sheaves on Y = [SpecB/G]. Then for each n ≥ 0, ExtnOY

(F ,G) is of finite type as
a BG-module.

Proof. Since the morphism f : Y → SpecBG is cohomologically proper (by Theo-
rem B.4.17 2), we see that each cohomology group Hi(Y,H) is of finite type over
BG, for any coherent sheaf H on Y . In particular, we can apply this observation to
the Ext sheaves Ext•OY

(F ,G) (which are coherent, since F and G are). The result
then follows from the sheaf-Ext-to-Ext spectral sequence

Ep,q2 := Hp
(
Y,ExtqOY

(F ,G)
)

=⇒ Extp+qOY
(F ,G). □

Corollary B.4.22. Let G be a reductive group scheme over a Noetherian ring R,
let B be a finite type R-algebra with an action of G, and let F and G be coherent
sheaves on Y = [SpecB/G]. Then for each n ≥ 0, ExtnOY

(F ,G) is of finite type as
an EndOY (F)-module and as an EndOY (G)-module.

Proof. The action of BG on G makes EndOY (G) a BG-algebra, and the action of
EndOY (G) on ExtnOY

(F ,G) is compatible with this algebra structure and the a priori
action of BG on the Extn. The corollary thus follows from Corollary B.4.22. The
proof for EndOY (F) is the same. □
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Corollary B.4.23. As above, let R be a Noetherian ring, and let B be a finitely gen-
erated R-algebra endowed with an action of a reductive group scheme G over SpecR.
Furthermore, let I ⊆ B be a G-equivariant ideal, let B̂G denote the IG-adic com-
pletion of BG, and let Ŷ denote the completion of Y := [SpecB/G] along the zero
locus i : [Spec(B/I)/G] ↪→ Y of I. Let F and G be coherent sheaves on Y. Then
for each n ≥ 0, the functor î∗ induces an isomorphism

ExtnDb
coh(Y)(F ,G)

∧ ∼−→ Extn
ProDb

coh(Ŷ)
(̂i∗F , î∗G),

where the (–)∧ in the source indicates the IG-adic completion.

Proof. The morphism R → B factors through BG, and so we may rewrite the
G-action on SpecB in the form

(G×SpecR SpecBG)×SpecBG SpecB → SpecB.

Since BG is Noetherian (by Theorem B.4.17 (1)), we may replace R by BG, and G
by G×SpecR SpecBG, and so we assume from now on that R = BG. The IG-adic
completion B̂G of BG is flat over BG (since BG is Noetherian). We then set B′ =

B̂G⊗BGB, G′ = Spec B̂G×SpecBGG, and Y ′ := Spec B̂G⊗SpecBGY = [SpecB′/G′].

From the flatness of B̂G over BG, we see that (B′)G
′
= B̂G ⊗BG BG = B̂G. We

write i′ : [Spec(B′/IB′)/G′] ↪→ Y ′ for the base-change of i.
Let f : Y ′ → Y denote the canonical morphism, and write f∗ for the induced

pullback morphism on coherent sheaves. Since f is flat, the derived pullback f∗ is a
t-exact functor

f∗ : Db
coh(Y)→ Db

coh(Y ′).

For any F ,G ∈ Coh(Y), flat base-change shows that then f∗ induces isomorphisms

(B.4.24) B̂G ⊗BG ExtnDb
coh(Y)(F ,G)

∼−→ ExtnDb
coh(Y′)(f

∗F , f∗G).

If we let Ŷ ′ denote the completion of Y ′ along the zero locus of IB′, then f

induces an isomorphism Ŷ ′ ∼−→ Ŷ. Considering the commutative diagram

Coh(Y) Coh(Y ′)

ProCoh(Ŷ) ProCoh(Ŷ ′)

f∗

f̂∗

∼

î′∗î∗

and noting that î′∗ is fully faithful by Theorem B.4.17 (3), we deduce from (B.4.24)
that î∗ induces isomorphisms

B̂G ⊗BG ExtnDb
coh(Y)(F ,G)

∼−→ Extn
ProDb

coh(Ŷ′)
(̂i′∗f∗F , î′∗f∗G)

∼−→ Extn
ProDb

coh(Ŷ′)
(f̂∗î∗F , f̂∗î∗G) ∼−→ Extn

ProDb
coh(Ŷ)

(̂i∗F , î∗G).

Corollary B.4.22 shows that each ExtnDb
coh(Y)(F ,G) is of finite type as a BG-module.

Thus tensoring it with B̂G over BG coincides with IG-adically completing it. This
proves the corollary. □
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B.5. Another version of formal functions. Let R be a complete Noetherian
local O-algebra with maximal ideal m and finite residue field, and let S be a finite
type R-algebra equipped with an action of a reductive group scheme G over R
(where “reductive” is as in Definition B.4.15). We may then form the algebraic stack
X := [SpecS/G] over R. We furthermore assume that SG is finite over R and local
(so that SG is again a complete Noetherian local ring). This assumption implies that
X has a unique closed point z0, corresponding to a G-equivariant maximal ideal mS .
This is because |Z| → | SpecSG| induces a bijection on closed points, by [Alp14,
Thm. 5.3.1 (5)]; recall from [Alp14, Rem. 9.1.5] that the map Z → SpecSG is an
adequate moduli space (using that G → SpecR is geometrically reductive in the
sense of loc. cit., by Proposition B.4.16).

Then:
(1) We write X to denote the mR-adic completion of X, and X̂ to denote the mS-

adic completion of X. Note that |X̂ | consists of a single point (corresponding
to the unique closed point z0 of X).

(2) We say that a morphism Spf A → X̂ , for A a complete Noetherian local
O-algebra with finite residue field, equipped with its mA-adic topology, is
versal if it is versal to the induced morphism SpecA/mA → X̂ , in the sense
of e.g. [EG21, Defn. 2.2.9]. Precisely, this means that given a commutative
square consisting of the solid arrows in the following diagram

(B.5.1) SpecB0
//

��

SpecB1

��yy

Spf A // X̂

where B1 → B0 is a surjection of finite type Artinian local R-algebras, and
where the corresponding homomorphisms A → B0 and B1 → B0 induce
isomorphisms on residue fields, then the dotted arrow can be filled in.

(3) We write (Ver/X̂ ) for the category of versal morphisms with target X̂ , where
a morphism

(g : Spf B → X̂ )→ (f : Spf A→ X̂ )

is given by a commutative diagram of morphisms of formal algebraic stacks

Spf B //

g

##

Spf A

f

��

X̂

,

or, equivalently, a local morphism α : A→ B of complete Noetherian local
O-algebras together with an isomorphism f ◦ (Spf α) ∼−→ g.

Remark B.5.2. It will sometimes be useful to consider a versal morphism Spf A→ X̂
as a versal morphism to the unique closed point of X , by implicitly composing it
with the completion morphism X̂ → X , Accordingly, we sometimes refer to the
objects of (Ver/X̂ ) as versal morphisms to the closed point of X .

In this subsection we give a description of Coh(X ) in terms of a category of
coherent sheaves on (Ver/X̂ ), whose definition we turn to next. We begin by noting
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that if Spf A→ X̂ is an object of (Ver/X̂ ), then we have equivalences

Coh(OSpf A)
∼−→ lim

n
Coh(SpecA/mnA)

∼←− Coh(SpecA).

Furthermore, if φ : Spf B → Spf A is a morphism in (Ver/X̂ ), then the completed
pullback

φ̂∗ : ProCoh(Spf A)→ ProCoh(Spf B)

restricts to a functor

φ̂∗ : Coh(OSpf A)→ Coh(OSpf B)

by Lemma B.4.13.

Definition B.5.3. A coherent sheaf F on (Ver/X̂ ) consists of the following data:

• for every object f : Spf A → X̂ of (Ver/X̂ ), we have a finitely presented
A-module F(x) (the sections of F over Spf A);

• given a morphism φ : g → f of (Ver/X̂ ), lying over a morphism Spf B →
Spf A, or in more usual terms, a 2-commutative diagram

Spf B
φ
//

g

##

Spf A

f

��

X̂

,

we have a pullback isomorphism cφ : φ̂∗F(g) = B ⊗A F(g)
∼−→ F(g); these

pullback isomorphisms satisfy the following cocycle condition:
• given morphisms ψ : h → g and φ : g → x, lying over Spf C → Spf B →
Spf A, the isomorphism cφ◦ψ coincides with the composite cψ ◦ (idC ⊗Bcφ),
after we identify C ⊗A F(f) and C ⊗B (B ⊗A F(f)) in the natural manner.

If F and G are two coherent sheaves on (Ver/X̂ ), a morphism α : F → G is
defined to be a collection of morphisms αf : F(f)→ G(f), compatible in an evident
manner with the pullback isomorphisms cφ. We write Coh(Ver/X̂ ) for the resulting
category of coherent sheaves on (Ver/X̂ ).

Lemma B.5.4. Let f : Spf A→ X̂ be an object of (Ver/X̂ ), and let F ∈ Coh(OX̂ ).
Then f̂∗F is an object of Coh(OSpf A) = Coh(SpecA), and the resulting functor

(B.5.5) f̂∗ : Coh(OX̂ )→ Coh(SpecA)

is exact and faithful.

Proof. The coherence of f̂∗F is a consequence of Lemma B.4.13. The exactness of
f̂∗ is immediate from Lemma B.3.39, which implies that f̂∗ is exact on the larger
category ProCoh(X̂ ). There remains to prove that f̂∗ is faithful, or equivalently
(because of the exactness) conservative. The isomorphism F ∼−→ limi F/mi+1

S F
arising from Lemma B.3.5 exhibits any F ∈ Coh(OX̂ ) as a cofiltered limit of objects
of Coh(X̂ ), with surjective structure maps. If F ̸= 0, then F/mi+1

S F ̸= 0 for some i,
and then f̂∗(F/mi+1

S F) ̸= 0, by Lemma B.3.39. Hence f̂∗F ̸= 0, since it surjects
onto f̂∗(F/mi+1

S F). This concludes the proof. □
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By Lemma B.5.4, there is a faithful restriction functor

(B.5.6) Coh(OX̂ )→ Coh(Ver/X̂ )

sending a coherent OX̂ -module F to the coherent sheaf on (Ver/X̂ ) whose sections
on f : Spf A→ X̂ are given by f̂∗F(Spf A). Writing i : X̂ → X for the completion
map, we also have the composite

(B.5.7) Coh(OX )
î∗−→ Coh(OX̂ )

(B.5.6)−−−−→ Coh(Ver/X̂ ).

Proposition B.5.8. With the notation and assumptions introduced above, the
functor (B.5.7) is fully faithful.

Proof. We will show that both arrows of (B.5.7) are fully faithful. For the first
arrow, taking into account the isomorphism F ∼−→ limn F/mn+1

R F arising from
Lemma B.3.5, it suffices to prove that î∗ is fully faithful on the full subcategory of
mR-power torsion objects, i.e. that the restriction

Coh(X ) (B.4.5)−−−−→ Coh(OX )
î∗−→ Coh(OX̂ )

is fully faithful. This restriction can be written as the composite

Coh(X )
imR,∗−−−−→ Coh(X)

OX̂⊗OX
–

−−−−−−→ Coh(OX̂ ),

where imR
: X → X is the mR-adic completion morphism, and so it is fully faithful,

by Proposition B.2.8 and Theorem B.4.17 (3). This concludes the proof that the
first arrow of (B.5.7) is fully faithful.

We now prove that the second arrow, i.e. the functor (B.5.6), is fully faithful. We
have already seen that it is faithful, as a consequence of Lemma B.5.4. We now
have to show that it is also full.

To this end, let v : Spf Ŝ → X̂ be the versal morphism given by the colimit of
the flat covers SpecS/miS → [(SpecS/miS)/Gi].

Suppose that F and G are objects of Coh(OX̂ ), and that we are given a mor-
phism α between their restrictions to Coh(Ver/X̂ ); that is, for each f : Spf A→ X̂
in (Ver/X̂ ) we are given a morphism αf : F(f)→ G(f), compatible with all base
changes in (Ver/X̂ ). If we write Ĝ := G ×SpecR Spf Ŝ = colimnGn to denote the
mS-adic completion of GS := G ×SpecR SpecS (compare [Eme, Lem. 4.8]), then
since F(v) and G(v) are pulled back from F and G, they are naturally Ĝ-equivariant
modules over Ŝ, and F and G are recovered by descending F(v) and G(v) with
respect to this equivariant structure. We will prove that the morphism αv is also
equivariant for the action of Ĝ; it then descends to the desired morphism from F
to G.

The equivariance of each of F(v) and G(v) is encoded by isomorphisms ıF(v) :

p̂∗F(v) ∼−→ â∗F(v) and ıG(v) : p̂∗G(v)
∼−→ â∗G(v). Our goal then is to show that

(B.5.9) ıG(v)p̂
∗(αv) = â∗(αv)ıF(v)

(as morphisms p̂∗F(v)→ â∗G(v) of OĜ-modules).
Since Ĝ is the mS-adic completion of GS , which has finite type over SpecS,

it suffices to check that (B.5.9) holds after pulling back along every morphism
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f : Spf A → Ĝ arising as the completion of GS at a closed point lying above mS .
Fixing such an f , the compositions

Spf A
f−→ Ĝ⇒ Spf Ŝ

v−→ X̂

coincide, and the resulting morphism u : Spf A→ X̂ is an object of (Ver/X̂ ): this is
a consequence of the fact that the projection map p : Ĝ→ Spf Ŝ is a completion of
the smooth morphism GS → SpecS.

The definition of morphisms in Coh(Ver/X̂ ) gives the commutativity of the two
squares in the following diagram, where the horizontal morphisms are induced by
the sheaf property of F and the fact that vp = va as morphisms Ĝ→ X̂ ,

f̂∗p̂∗F(v) F(u) f̂∗â∗F(v)

f̂∗p̂∗G(v) G(u) f̂∗â∗G(v)

f̂∗p̂∗(αv)

∼

f̂∗ıF(v)

αu

∼

f̂∗â∗(αv)

∼

f̂∗ıG(v)

∼

That (B.5.9) holds after pulling back along f is now immediate from the commuta-
tivity of the diagram, and we are done. □

Appendix C. Stacks of (φ,Γ)-modules

In this appendix we prove some minor variations on results of [EG23]. We freely
use the notation and conventions of [EG23]. In particular, we fix a finite extension
K/Qp, and for each integer d ≥ 1 we write Xd for the corresponding moduli stack
of rank d projective étale (φ,Γ)-modules.

C.1. Fixed determinant stacks. We begin by extending some of the results
of [EG23] to the case of moduli stacks of étale (φ,Γ)-modules with fixed determinant.
There is a natural morphism ∧d : Xd → X1, sending a rank d projective étale (φ,Γ)-
module D to ∧dD. Let χ : GK → O× be a character. Write χ : GK → F× for the
reduction of χ modulo ϖ.

Definition C.1.1. We define Xχd as the pullback

Xχd Xd

Spf O X1

⌜
∧d

χ

More explicitly, Xχd (A) is the groupoid of pairs (D, θ) where D is a rank d projective
étale (φ,Γ)-module with A-coefficients, and θ is an identification of ∧dD with χ.

If χ is a de Rham character, λ is a Hodge type, and τ is an inertial type, we
define

(C.1.2) X crys,λ,τ,χ
d := X crys,λ,τ

d ×Xd
Xχd .
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When τ is trivial, we will often omit it from the notation. By construction, X crys,λ,τ,χ
d

is a closed substack of Xχd , and by [EG23, Thm. 4.8.12], it is a p-adic formal algebraic
stack. It is non-zero if and only if (λ, τ) is compatible with χ in the following sense.

Definition C.1.3. We say that (λ, τ) is compatible with χ if χ det(τ)−1 is crys-
talline, and for each σ : K ↪→ Qp we have HTσ(χ det(τ)−1) =

∑d
i=1 λσ,i.

Corollary C.1.4. If (λ, τ) is compatible with χ, and λ is regular, then X crys,λ,χ
d ×Spf O

SpecF is equidimensional of dimension [K : Qp]d(d− 1)/2.

Proof. The proof of [EG23, Thm. 4.8.14] goes over immediately, replacing the
crystalline deformation rings with their fixed determinant variants (whose dimensions
are known by the proof of [Kis08, Thm. 3.3.8]; for a precise statement see for
example [BG19, Thm. A]), and the reductive group GLd by SLd. □

Definition C.1.5. We say that a Serre weight k is compatible with χ (or is
compatible with χ) if

χ|IK = ε−d(d−1)/2
∏

σ:k↪→Fp

ω
−

∑d
i=1 kσ,i

σ .

Remark C.1.6. The conventions of this paper for Serre weights are opposite to those
of [EG23]. This has the slightly unfortunate consequence that in the particular case
that K = Qp and d = 2, Definition C.1.5 compares with Definition 2.1.6 as follows:
a Serre weight σa,b is compatible with ζ in the sense of Definition 2.1.6 if and only
if it is compatible with ζ

−1
ε−1 in the sense of Definition C.1.5. (To see this, take

take k1 = a+ b, k2 = a (where we have suppressed the unique choice of σ from the
notation), and note that ω = ε.)

Definition C.1.7. We say that a Serre weight k is Steinberg if for all σ : k ↪→ Fp
and all 1 ≤ i ≤ d− 1 we have kσ,i − kσ,i+1 = p− 1.

The following is the analogue for Xχd of some of the results of [EG23] for Xd.

Theorem C.1.8. Xχd is a Noetherian formal algebraic stack. Its underlying reduced
substack Xχd,red is of finite type over Fp, and is equidimensional of dimension [K :

Qp]d(d− 1)/2. The irreducible components of Xχd,red admit a natural bijection with
the Serre weights which are compatible with χ, except that each Steinberg weight
which is compatible with χ corresponds to multiple irreducible components, indexed
by the dth roots of unity in Fp. In each case, a component corresponding to a Serre
weight k has a dense open substack which is maximally non-split of niveau one and
weight k.

Proof. The argument of the proof of [EG23, Thm. 6.5.1] goes through almost
unchanged to show that every irreducible component of Xχd,red has dimension at
least [K : Qp]d(d− 1)/2, replacing the appeal to [EG23, Thm. 4.8.14] with one to
Corollary C.1.4. (The one possibly subtle point is that Xχd,red only depends on χ,
so in making the comparison to X crys,λ,χ

d we are free to replace χ by a crystalline
character which is compatible with λ.)

We now consider the morphism

(C.1.9) f : Xχd,red ×Gm → Xd,red
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given by forgetting θ and taking unramified twists, as in [EG23, §5.3]. Note that
any family of (φ,Γ)-modules with determinant χ is essentially twistable in the sense
of [EG23, Defn. 5.3.1] (because any twist preserving the determinant would have to
be by a dth root of unity).

Let Z be an irreducible component of Xχd,red, and let f(Z) be the scheme-theoretic
image of Z ×Gm in Xd,red. Since we have already shown that Z has dimension
at least [K : Qp]d(d − 1)/2, it follows from [EG23, Lem. 5.3.2], that f(Z) has
dimension at least [K : Qp]d(d − 1)/2. (Use [Stacks, Tag 0DS4], together with
the fact that the forgetful morphism Xχd,red → Xd,red has fibres of dimension (at
most) 1.) Since Xd,red is equidimensional of this dimension, we see that Z must have
dimension exactly [K : Qp]d(d− 1)/2, and that f(Z) is an irreducible component
of Xd,red, so that f(Z) = X kd,red for some Serre weight k. Since Z was arbitrary, we
have in particular shown that Xχd is equidimensional of dimension [K : Qp]d(d−1)/2,
as claimed.

It follows from Definition C.1.5 and [EG23, Defn. 5.5.1] (together with the defining
property of X kd,red) that k is compatible with χ. It therefore remains to show that
the association of k to Z is surjective, and that it is injective if k is not Steinberg,
and to determine the Steinberg components.

Let X k,χd be the closed substack of Xχ
d,red,Fp

given by the fibre product

X k,χd X k
d,red,Fp

SpecFp X1

⌜
∧d

χ

Then X k,χd is nonempty and has dimension [K : Qp]d(d − 1)/2 (for example by
another appeal to [Stacks, Tag 0DS4]), so there is at least one irreducible component
of Xχd,red corresponding to k. Note also that if X k

d,red,Fp
is generically maximally

non-split of weight k, so is X k,χd .
If k is Steinberg then the classification of the irreducible components follows

easily from [EG23, Thm. 5.5.12] and the definition of being maximally non-split of
weight k, so we assume from now on that k is not Steinberg. We need to show that
X k,χd is irreducible. We prove this by induction on d. The inductive argument is
similar to the proof of [EG23, Thm. 5.5.12] given in [EG22], but much simpler, as
we are already using the conclusions of [EG23, Thm. 5.5.12]. We content ourselves
with explaining the key differences in the argument. The case d = 1 is trivial, and
the case d = 2 is easy and is left to the reader. If d ≥ 3 then after possibly replacing
all representations with their duals (which has the effect of reversing the order of
the ki) we can and do assume that kd−1 is also not Steinberg.

Let Uk,χ be a dense open substack of X k,χd which is maximally non-split of
weight k, and let ν1 : Uk,χ → Gm be the character given by [EG23, (5.5.10)]
(which by definition determines the unique quotient character of each Fp-point of
Uk,χ; this character is the unramified twist of α := ε1−dωk,1 by ν1). Let Z be an
irreducible component of X k,χd , and let U be its intersection with Uk,χ. Since U
has dimension [K : Qp]d(d − 1)/2, the locus in Gm where the fibres of ν1 have

https://stacks.math.columbia.edu/tag/0DS4
https://stacks.math.columbia.edu/tag/0DS4
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dimension at least [K : Qp]d(d− 1)/2− 1 is nonempty, and since it is Zariski closed
it is either finite or all of Gm.

If this locus were finite, then since the dimension of Uk,χ is [K : Qp]d(d− 1)/2,
there would be some fibre of dimension [K : Qp]d(d−1)/2. By the usual computations
of the dimensions of extension groups, this would necessitate some Xχ

′

d−1 having
dimension at least [K : Qp](d−1)(d−2)/2+1, a contradiction. It follows that for each
Fp-point of Gm, the fibre of ν1 has dimension [K : Qp]d(d− 1)/2− 1. Furthermore
by the inductive hypothesis, we see that such a fibre has precisely one irreducible
component of dimension [K : Qp]d(d − 1)/2 − 1, and this irreducible component
contains a dense open substack of the universal extension of the fixed twist of α
by a dense open substack of the (irreducible, by the inductive hypothesis) X kd−1,χ

′

d−1

(where χ′ is determined by χ and the twist of α determined by the point of Gm).
Since this analysis was independent of the choice of irreducible component Z, we
see that Z is unique, as required. □

C.2. Stacks of Galois representations. As in [EG23, §6.7], we write XGal
d for

Wang-Erickson’s formal algebraic stack (see [Wan18, Thm. 3.8, Rem. 3.9]), which is
characterised by the following property: if A is an O-algebra in which p is nilpotent,
then XGal

d (A) is the groupoid of rank d projective A-modules TA with a continuous
action of GK (where TA has the discrete topology). The universal object Vd on XGal

d

is an object of ProCoh(XGal
d ). By [EG23, Thm. 6.7.2], there is a monomorphism

(i.e. a fully faithful functor, compatible with the structure of fibred categories)

(C.2.1) XGal
d → Xd.

In order to describe this monomorphism, it is convenient to recall that Xd can be
regarded as classifying rank d projective étale (φ,GK)-modules with A-coefficients,
in the sense of [EG23, Defn. 2.7.7]; these objects are equivalent to rank d projective
étale (φ,Γ)-modules with A-coefficients, by [EG23, Prop. 2.7.8]. We adopt this
perspective for the duration of this discussion.

The monomorphism (C.2.1) is then given by the following construction: if TA ∈
XGal
d (A), where A is a finite type O/ϖa-algebra then

(C.2.2) TA 7→ DA(TA) := TA ⊗AW (C♭)A = TA ⊗AWa(C
♭)A

(so that DA(TA) becomes a rank d projective étale (φ,GK)-module withA-coefficients
when equipped with the φ-action induced by the φ-action on W (C♭)A, together
with the diagonal GK-action). Recall that, by definition,

W (C♭)A := lim←−iWi(C
♭)A,

Wi(C
♭)A :=Wi(O♭C)A[1/v],

Wi(O♭C)A =Wi(O♭C) ⊗̂Zp
A := (Wi(O♭C)⊗Zp

A)∧v-adic,

where v ∈Wi(O♭C) is any element of the maximal ideal of Wi(O♭C) whose image in
O♭C is not zero. Furthermore, the Frobenius φ : Wi(O♭C) → Wi(O♭C) is v-adically
continuous, and so extends uniquely to an A-linear continuous endomorphism of
Wi(C

♭)A, still denoted φ.

Lemma C.2.3. If A is a finite type O/ϖa-algebra, then the sequence

0→ A→Wa(C
♭)A

φ−1−−−→Wa(C
♭)A → 0



A CATEGORICAL p-ADIC LANGLANDS CORRESPONDENCE FOR GL2(Qp) 269

is exact.

Proof. The claim that Wa(C
♭)φ=1
A = A is [EG23, Lem 2.2.19]. There remains to

prove that φ − 1 is surjective on Wa(C
♭)A. Since p is nilpotent on Wa(C

♭)A, it
suffices to prove that φ− 1 is surjective on C♭

A =Wa(C
♭)A/p.

The action of φ − 1 on C♭ is surjective, because C♭ is algebraically closed.
Thus it also acts surjectively on C♭ ⊗Zp A. Let z ∈ C♭

A be arbitrary. Since
C♭
A = (OC♭ ⊗̂ZpA)[1/v], there exists z′ ∈ C♭⊗Zp A with y := z− z′ ∈ v(OC♭ ⊗̂ZpA).

Then y = (φ − 1)(−
∑
n≥0 φ

n(y)) is in the image of φ − 1, as is z′ (since it is an
element of C♭ ⊗Zp

A), and hence so is z = y + z′, as required. □

Lemma C.2.4. If A is a finite type O/ϖa-algebra, and MA ∈ Xd(A) is an étale
(φ,GK)-module, then MA is in the essential image of (C.2.1) if and only if the
natural map

(C.2.5) Mφ=1
A ⊗AW (C♭)A →MA

is an isomorphism.

Proof. If MA is in the essential image of (C.2.1), then (C.2.5) is an isomorphism,
by a consideration of (C.2.2) and the fact that W (C♭)φ=1

A = A (see Lemma C.2.3).
Conversely, if (C.2.5) is an isomorphism, it suffices to show that the GK-module
Mφ=1
A is a projective A-module of rank d. By [Stacks, Tag 058S], it suffices to show

that W (C♭)A is a faithfully flat A-algebra. By [EG23, Prop. 2.2.12], it suffices in
turn to show that the Laurent series ring A((T )) is a faithfully flat A-algebra. Since
A is Noetherian, and A((T )) is a localization of a completion of the flat A-algebra
A[T ], we see that A((T )) is a flat A-algebra. To see that it is faithfully flat, we can
use the morphism of A-modules A((T ))→ A given by

∑
aiT

i 7→ a0. □

Lemma C.2.6. Let SpecA → Xd be a morphism whose source is a finite type
O/ϖa-algebra for some a ≥ 1, and let I be a nilpotent ideal in A. Suppose that
the composite SpecA/I → SpecA→ Xd factors through XGal

d . Then the morphism
SpecA→ Xd itself factors through XGal

d .

Proof. Since A is Noetherian, we immediately reduce to the case where I is generated
by a single element ε such that εn = 0 for some n ≥ 1. We prove the lemma by
induction on n (the case n = 1 being trivial).

Let MA be the finite projective étale (φ,GK)-module over W (C♭)A corresponding
as above to the given morphism SpecA→ Xd. By Lemma C.2.4, we need to show
that the natural map (C.2.5) is an isomorphism.

We now consider the exact sequence

(C.2.7) 0→ εMA →MA →MA/εMA → 0.

Let J := AnnA(ε), so that εn−1 ∈ J . Since W (C♭)A is flat over A (as we noted in
the proof of Lemma C.2.4), and MA is finite projective over W (C♭)A, we see that
the natural map MA/J → εMA is an isomorphism. By our inductive assumption,
the morphism SpecA/εn−1A→ Xd classifying MA/ε

n−1MA factors through XGal
d ,

hence the same is true for the morphism SpecA/JA → SpecA/εn−1A → Xd
classifying MA/J

∼−→ εMA.
It follows from Lemma C.2.4 that the natural map

(εMA)
φ=1 ⊗AW (C♭)A → εMA

https://stacks.math.columbia.edu/tag/058S
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is an isomorphism. In particular, we see that φ − 1 is surjective on εMA, since
it is surjective on W (C♭)A, by Lemma C.2.3. Applying the snake lemma to the
endomorphism φ− 1 of (C.2.7), we deduce that

0→ (εMA)
φ=1 → (MA)

φ=1 → (MA/εMA)
φ=1 → 0

is exact. Since W (C♭)A is flat over A, we obtain a commutative diagram with exact
rows

0 (εMA)
φ=1 ⊗AW (C♭)A (MA)

φ=1 ⊗AW (C♭)A (MA/εMA)
φ=1 ⊗AW (C♭)A 0

0 εMA MA MA/εMA 0

Since the left and right hand vertical arrows are isomorphisms (by the inductive
hypothesis), the five lemma implies that so is the middle vertical arrow, as required.

□

If L/K is a finite extension, then we have maps (with obvious notation) XGal
K,d →

XGal
L,d and XK,d → XL,d, in each case given by restricting the action of GK to its

subgroup GL. The second morphism is analyzed in detail in [EG23, Lem. 3.7.5],
where it is shown to be representable by algebraic spaces, affine, and of finite
presentation.

Lemma C.2.8. If L/K is a finite extension, then the following diagram is Cartesian.

XGal
K,d XK,d

XGal
L,d XL,d

Proof. This is immediate from Lemma C.2.4 (since the criterion of that lemma does
not involve the GK-action or GL-action at all!). □

C.2.9. Stacks with fixed pseudorepresentation. Let A be an O-algebra in which p is
nilpotent, and assume SpecA is connected. If TA ∈ XGal

d (A), then the O-subalgebra
B ⊆ A generated by the values of the A-valued pseudorepresentation θA associated
to TA is Artinian and local with finite residue field, by [Che14, Lem. 3.10, Defn. 3.12].
If θ is a d-dimensional Fp-pseudorepresentation of GK , we define Xθ(A) ⊂ XGal

d (A)

to be the full subgroupoid of objects TA such that θA⊗B Fp is Gal(Fp/F)-conjugate
to θ. It follows from [Che14, Cor. 3.14] (see also [Wan18, Thm. 3.5] for a restatement
in terms of the stacks XGal

d ) that

(C.2.10) XGal
d =

∐
θ

Xθ,

where θ runs over representatives of the Gal(Fp/F)-conjugacy classes of d-dimensional
Fp-pseudorepresentations of GK .

We write Fθ for the field extension of F generated by the values of θ. Then θ can be
regarded as a Fθ-valued pseudorepresentation. The universal (pseudo)deformation
ring of θ, to complete Noetherian local W (Fθ)⊗W (F) O-algebras, will be denoted
Rps

θ
. Note that there is a natural morphism

(C.2.11) Xθ → Spf Rps

θ
,
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since for any test morphism Spf A→ Xθ (with A, as above, an O-algebra in which p
is nilpotent), the inclusion B ⊆ A (where, as above, B denotes the sub-O-algebra of
traces) induces the composite morphism Rps

θ
→ B ⊂ A, giving rise to a morphism

Spf A→ Spf Rps

θ
. Up to natural isomorphism, the ring Rps

θ
and the map (C.2.11)

only depend on the Gal(Fp/F)-conjugacy class of θ.
The following theorem confirms the expectation of [EG23, Rem. 6.7.4].

Theorem C.2.12. The morphism

Xθ → Xd

induced by (C.2.10) and (C.2.1) is a monomorphism which induces a closed immer-
sion on underlying reduced substacks, and exhibits Xθ as the completion of Xd along
its closed substack Xθ,red.

Proof. That the morphism is a monomorphism is immediate from [EG23, Thm. 6.7.2].
To see that it induces a closed immersion on underlying reduced substacks, we begin
by noting that there is a finite extension L/K such that every representation
ρ : GK → GLd(Fp) corresponding to an Fp-point of Xθ factors through Gal(L/K).
Indeed, this is a basic fact that underlies the entire framework of [Wan18]. To see
it directly, note that we may firstly replace K by the fixed field of ker θ, and thus
assume that θ is trivial, so that ρ(GK) is unipotent. We can then repeatedly (a
total of (d− 1) times) replace K by its maximal elementary abelian p-extension.

By [EG23, Thm. 6.6.3(2)], the trivial GL-representation gives rise to a closed
residual gerbe Z ↪→ XL,d, and so also of XGal

L,d . As recalled above, the right hand
vertical arrow in the Cartesian diagram of Lemma C.2.8 is representable by algebraic
spaces, and so the fibre product Z ×XL,d

XK,d is a closed algebraic substack of
XK,d contained in XGal

K,d which (by virtue of our choice of L) contains Xθ,red as a
closed substack (indeed, as a connected component). Thus the induced morphism
on underlying reduced substacks is indeed a closed immersion.

Finally, write X̂d → Xd for the completion of Xd along Xθ,red. Then the morphism
Xθ → Xd factors through a monomorphism Xθ → X̂d, which we need to prove is
an equivalence. Since it is a monomorphism, it is fully faithful, and the essential
surjectivity is a consequence of Lemma C.2.6. □

We will write Xθ for the algebraic stack denoted RepD in [Wan18] (with D := θ);
this is of finite type over SpecRps

θ
, and is in fact (by definition) a quotient stack

RepD = [Rep□
D
/GLd],

where Rep□
D

is a finite type scheme over SpecRps

θ
.

Theorem C.2.13. The morphism (C.2.11) is representable by algebraic stacks, and
it arises as the mRps

θ
-adic completion of Xθ → SpecRps

θ
.

Proof. This is immediate from [Wan18, Thm. 3.8]. □

Corollary C.2.14. Let S := Γ(Rep□
D
,ORep□

D

) and Si := S ⊗Rps

θ
Rps

θ
/(mRps

θ
)i. Then

SGLd is a finite local Rps

θ
-algebra (so in particular a complete local Noetherian ring),

and each SGLd
i is a finite local Rps

θ
/(mRps

θ
)i-algebra.
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Proof. By [Wan18, Thm. 3.8], the map Rps

θ
→ SGLd is an adequate homeomorphism

(i.e. it is an integral universal homeomorphism, which is a local isomorphism at
all points of residue characteristic zero; see [Alp14, Defn. 3.3.1]). By [Alp14, Rem.
5.2.2], the map

SGLd ⊗Rps

θ
Rps

θ
/(mRps

θ
)i → (S ⊗Rps

θ
Rps

θ
/(mRps

θ
)i)GLd = SGLd

i

is also an adequate homeomorphism. The property of being an adequate homeomor-
phism is stable under base change and composition, so that Rps

θ
/(mRps

θ
)i → SGLd

i

is an adequate homeomorphism, and by Theorem B.4.17 (1), it is furthermore of
finite type.

It thus suffices to prove that if f : R→ R′ is an adequate homeomorphism of finite
type between O-algebras, and R is local, then R′ is local and f is finite (and therefore
local). That R′ is local is immediate from R → R′ being a homeomorphism, and
that f is finite is immediate from it being integral and of finite type, as desired. □

We now specialize some of the framework of Appendix B to the context at hand.
In all of the following discussion, we freely use the equivalence

Db
(
Coh(Z)

) ∼−→ Db
coh(Z)

for any Noetherian algebraic, or formal algebraic, stack Z having an affine diagonal
(see (B.1.3)).

We write kθ : Xθ ↪→ Xθ for the completion map, and we write X0 for the
underlying reduced substack of Xθ. Recall from Appendix B.3.16 (in particular
Proposition B.3.21) that we have a t-exact fully faithful functor

kθ,∗ : Db
coh(Xθ)→ Db

coh(Xθ),

whose Pro-extension

k̂θ,∗ : ProDb
coh(Xθ)→ ProDb

coh(Xθ),

which is again t-exact, admits a t-exact left adjoint of “m-adic completion”

k̂∗
θ
: ProDb

coh(Xθ)→ ProDb
coh(Xθ).

We use the same notation to denote the various functors on hearts that are induced
by these t-exact functors; Corollary A.7.20 shows that in turn these various t-exact
functors are determined by the induced functors on hearts.

The canonical morphism Xθ → SpecRps

θ
endows any object F of Coh(Xθ) with

an Rps

θ
-module structure. This structure is natural in F, i.e. Coh(Xθ) is enriched

over Rps

θ
-modules, and so any object of ProCoh(Xθ) is again endowed with an

Rps

θ
-module structure. Similarly, the adic morphism Xθ → Spf Rps

θ
induces a natural

Rps

θ
-module structure on any object F of Coh(Xθ), or, more generally, on any

object of ProCoh(Xθ). The functors kθ,∗, k̂θ,∗, and k̂∗
θ

are all compatible with these
Rps

θ
-module structures, i.e. they are functors of categories enriched over Rps

θ
-modules.

We summarize the situation in the following result.

Theorem C.2.15. The functor

kθ,∗ : Db
coh(Xθ) ↪→ Db

coh(Xθ),
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is t-exact and fully faithful, with essential image equal to Db
coh,X0

(Xθ), i.e. the full
sub-∞-category of Db

coh(Xθ) consisting of objects whose cohomology sheaves are
set-theoretically supported on X0.

The Pro-extended functor

k̂θ,∗ : ProDb
coh(Xθ) ↪→ ProDb

coh(Xθ)

is again t-exact and fully faithful, as is the restriction of its left adjoint

k̂∗
θ
: Db

coh(Xθ)→ ProDb
coh(Xθ).

The restriction of k̂∗
θ

to Db
coh,X0

(Xθ) is an inverse equivalence to the equivalence
Db

coh(Xθ)
∼−→ Db

coh,X0
(Xθ) induced by kθ,∗.

Proof. The claim of the first paragraph is a special case of Proposition B.2.8. That
k̂θ,∗ is t-exact and fully faithful follows immediately, as the Pro-extension of a t-exact
and fully faithful functor is again t-exact and fully faithful. Remark B.3.29 shows
that k̂∗

θ
restricts to an equivalence Db

coh,X0
(Xθ)

∼−→ Db
coh(Xθ).

It remains to show that k̂∗
θ
: Db

coh(Xθ) → ProDb
coh(Xθ) is fully faithful. To

this end, as in Corollary C.2.14 we write Rep□
D

= SpecS, and then apply Theo-
rem B.4.17 (3), taking R = Rps

θ
, B = S, I = mRps

θ
B, and G = GLd; note that

by Corollary C.2.14, BG is a complete local ring, and is in particular IG-adically
complete. □

Finally, since the assumptions of Definition B.5.3 are satisfied by the algebraic
stack Xθ, we have the following specialization of Proposition B.5.8.

Proposition C.2.16. Let X̂θ be the completion of Xθ (or equivalently, Xθ) at its
unique closed point. Then the functor

Coh(OXθ
)→ Coh(Ver/X̂θ),

sending a coherent sheaf F to the coherent sheaf (f : Spf A→ X̂θ) 7→ f̂∗F(Spf A),
is fully faithful.

Remark C.2.17. There are obvious analogues of these results in the fixed determinant
case, which are proved in exactly the same way (replacing the pseudodeformation
ring with the fixed determinant version, and GLd with SLd; see also [JNW24, §2.1].)
We will use these analogues in the main body of the paper.
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