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ABsTRACT. Let p > 5 be a prime. We construct a fully faithful functor from
the derived category of all smooth p-adic representations of GL2(Qp) (with
a fixed central character) to a derived category of Ind-coherent sheaves on a
stack of (¢, I')-modules.
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1.1. Overview of our results. We fix a prime p > 5. Our goal in this paper is to
generalise the p-adic local Langlands correspondence for GL2(Q,). The existing form
of the correspondence (as initiated by Breuil, established in full generality by Colmez,
and then promoted to an equivalence of categories by Paskunas) relates locally
admissible representations of GL2(Q,) to finitely generated modules over various
kinds of deformation rings for two-dimensional mod p representations of the absolute

Galois group Gal(Q,,/Q,). Motivated by the “categorical” Langlands program,
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our generalisation relates arbitrary (p-power torsion) smooth representations to
complexes of (Ind-) coherent sheaves on a moduli stack of (¢, I')-modules.

Our results were announced in the survey [EGH25|, and we refer the reader to that
paper for an extensive introduction and motivation; here, we content ourselves with
emphasizing that the category of smooth representations is significantly larger than
that of locally admissible representations: for example, it contains the compactly
supported inductions of finite-dimensional representations of any open and compact
(modulo centre) subgroup of GL2(Q,), and these are never locally admissible.

To state our results more precisely, we introduce some notation. Let O denote
the ring of integers in a finite extension E of Q,, let F be the residue field of O, and
let A denote the category of smooth representations of G := GL2(Q,) on O-modules
on which p acts locally nilpotently, and which have a central character equal to some
fixed character ¢ : Q; — O*. Let D?p (A) denote the full sub-co-category of the
bounded derived category D’(A) of A consisting of objects with finitely presented
cohomology.

Let X be the formal algebraic stack over Spf © which parameterizes rank 2
projective étale (o, ')-modules with fixed determinant (e~!, where € denotes the p-
adic cyclotomic character. Finally, let Dé’oh(/’( ) denote the bounded derived category
of Ind-coherent sheaves on X with coherent cohomologies. (We refer to Section
for a precise definition of D% , (X).)

coh
Our main theorem is then the following.

Theorem 1.1.1 (Definition [5.1.33| and Theorem [5.5.1)). There exists an O-linear
fully faithful exact functor F : D?p(.A) < DV, (X).

coh

Using our assumption that p > 5, we show that the unbounded derived category
is compactly generated by D?p (A), so for formal reasons, any functor F as in the
statement of Theorem extends to a continuous (i.e. colimit-preserving) fully
faithful functor

F:D(A) — Ind D%, (X).

coh

Thus Theorem in fact gives a correspondence that takes account of all smooth
representations (and not just the finitely presented ones).

Remark 1.1.2. Although Theorem [1.1.1] is only phrased as an existence result,
the functor F that we construct in this paper enjoys several additional properties.
For example, Proposition proves that F has amplitude [—1,0], and Propo-
sition [5.3:20] describes some properties of the image under F of a natural set of
compact generators of D(A) (the compact inductions of Serre weights). These
results are in line with the general expectations described in [EGH25| Section 6].

The functor F is not an equivalence, and a sketch of the computation of its
essential image is given in [EGH25| Section 7.5.5]. We intend for the full details of
this computation to appear elsewhere.

1.1.3. Constructing the functor. We now describe our construction of the functor F.
We let O[G] denote the quotient of the completed group ring O[G] on which the
centre acts via (. Then general principles [EGH25, Rem. 6.1.23] suggest that F
must be of the form

(1.1.4) F(7) = Loo ®éncﬂ< ,
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for a pro-coherent sheaf L, of right O[G]-modules on X. The first step in proving
our theorem is to directly construct a suitable pro-coherent sheaf L., and then use
the formula to define the functor F.

Defined in this way, F a priori takes values in Pro D%, (X), and so one of our
problems is to show that F actually takes values in Db, (X). We then furthermore
have to show that F is fully faithful. Two key techniques used in the solution of these
problems are those of localization and completion, both in the geometric sense of
localizing or completing at points of X', and in a more categorical sense, in which we
pass from A to various of its quotient categories, or to blocks of its full subcategory
Aladm of Jocally admissible representations.

1.1.5. Constructing the kernel. Our construction of L., uses Colmez’s constructions
from |Coll0c|, extended to the context of (¢,I')-modules with coefficients in an
arbitrary Noetherian O/w®-algebra A. This extension is not formal, and it is the
subject of Section [4] which includes a systematic study of the base change properties
of Colmez’s functor D — D! K P,

We then construct Lo, by descent in Section[5.1} To be precise, if Spf A — X is a
smooth chart, where A is an I-adically complete Noetherian O-algebra, then we may
form the corresponding pro-system of étale (¢, I')-modules D 4,;». Via our extension

of Colmez’s constructions, we obtain a pro-system Dix /1 X P! of O[G]-modules

on Spf A which admits descent data from Spf A to X'. Descending it (and twisting
it appropriately), we obtain a pro-coherent sheaf of right O[G]¢-modules L, on X.

1.1.6. Localization. The localization theory of [DEG23| can be briefly summarized
as follows. In [Pa313|, Paskunas shows that the blocks of A“#™ are in bijection
with Gal(F /F)-conjugacy classes of 2-dimensional continuous F-valued pseudorep-
resentations 6 of Gq, having determinant Ce1, and we typically denote the block
of Al#dm corresponding to such a closed point by Az. In [DEG23| we explain that
these 0 are parameterized by (the closed points of) a scheme X which is a chain of
projective lines over F, and we show that the category A localizes in a natural way
to a sheaf of abelian categories over X. Indeed, if Y is a closed subset of | X|, with
open complement U, then in [DEG23| we define a certain localizing subcategory
Ay of A associated to Y, and set Ay := A/ Ay. In the case when Y is finite, Ay
consists, by construction, of locally admissible representations. In particular, when
Y = {6} is a single closed point, then (again by construction) Ay is the block Ajg.

By design, the process of passing to Ay is related to localization of sheaves on X,
because the closed points of |X| are also in bijection with the (Galois conjugacy
classes of) residual pseudorepresentations #, and the resulting bijection between
the closed points of |X| and | X| extends to a continuous morphism 7y : | X] = | X]|,
characterized by the following condition: for each pseudorepresentation , regarded
as a closed point of |X|, the completion X; of X along its closed subset 73! (6)
is the moduli stack of two-dimensional continuous Galois representations having
determinant (=1 whose underlying pseudorepresentations deform 6. (The stack X5
is an example of the moduli stacks of Galois representations constructed and studied
by Wang-Erickson in [Wanl1§|.)

1.1.7. Establishing properties of F. As already remarked, having defined L., we
are able to define a functor

F = Loo@([éﬂgﬂc : D?p(A) — Pro Dgoh(‘){)'
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We then prove the following theorem, which collects a number of results from
Section 5 of this paper.

Theorem 1.1.8.

(1) (Prop.[5.3.23|) The functor F factors through the full subcategory D, (X)
of ProD;,, (X), and so may be regarded as a functor

F: D?p(A) - Dgoh(‘)()'

(2) (Prop. [5.3.25]) For any closed subset Y of X, with open complement U, let
Xy denote the completion of X along 7 1(Y), and let U == n1(U). Then
the functor F induces a commutative diagram defining functors Fy and Fy

0 —— D} (Ay) —— D (A) —— D (Ay) —— 0

(1.1.9) lFY lF lF”

0 D(lzoh(XY) D(l:;oh(X) Dgoh(u) 0.

(8) (Cor.[5.2.30) For any finite set of closed points Y C X, the functor Fy is
fully faithful.

(4) (Thm.[5.4.25|) There is a dense open subset U C X such that the functor
Fu is fully faithful.

We deduce Theorem from Theorem More precisely, part (1)) of
the latter theorem is precisely the statement that F takes values in DY (X);
while the full faithfulness of F follows by combining the full faithfulness results of
parts and of Theoremwith general category-theoretic arguments. These
arguments are developed in Appendix see especially Proposition which
provides a criterion for full faithfulness of a functor that preserves a recollement-like
decomposition of its source and target categories. Part of Theorem shows
that F falls within the scope of Proposition [A-5.3] and requires the completion theory
of [DEG23] in its proof; in fact, we proceed by giving an independent definition of
the functor Fy as a completion of F, and then proving that commutes.

The proof of part of Theorem immediately reduces to the case in which
Y = {6} is a singleton, in which case Xy coincides with Xy, and we write F5 for Fy-.
As explained in the next paragraph, the full faithfulness of F5 is a consequence
of the results of [JNW24|. This case of part is then an input for the proof of
part , which also requires an explicit quotient presentation of the underlying
reduced Ueq of the stack U, which we construct (for this specific choice of U) in
Section

1.1.10. Relationship with other works. For a closed point 8§ € X, the functor Fy
discussed above turns out to be very closely related to one of the functors constructed
by Johansson-Newton—Wang-Erickson in [JNW24]. Indeed, the only (relatively
minor) difference between our functor F5 and the corresponding functor of |[JNW24]
is that while our functor takes values in D%, (Xj5), where Xj is the moduli stack

of Galois representations introduced above, theirs takes values in D’ (X7), for a
certain canonical algebraization Xz of A%; and our functor is then obtained as a
completion of theirs. Given this fact, Theorem m (4) is essentially a restatement

of the full faithfulness results of |[JNW24].
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However, establishing this relationship between F5 and the corresponding functor
of [INW24] is non-trivial, since Fy is defined in terms of Colmez’s D? X P! construc-
tion, while the functors of [ITNW24| are defined by certain explicit kernels, using
Morita-theoretic descriptions of the various blocks Ay due to Paskunas |[Pas13].
The relationship between the two is given by Proposition [5.2.18] which in partic-
ular provides a conceptual explanation for the particular choice of kernels made
in [JNW24].

More generally, we make full use of previously known results on the p-adic local
Langlands correspondence for GL2(Q,), including those of [Coll0c; [Pa313; |[PT21;
Pasl15} |JNW24; Kis09; [HT15; [Sanl6]. We will often need to restate, or slightly
extend, these results to fit our framework, and we claim no real novelty in doing so.

1.1.11. Sheaf- and category-theoretic techniques. As this introduction already in-
dicates, we rely on Pro- and Ind-categorical techniques to deal with completions,
and to pass from the coherent /finitely presented setting to the setting of sheaves
and modules not satisfying any finiteness conditions. It seems likely that some, and
perhaps all, of the resulting technicalities could be ameliorated by using the solid
formalism of Clausen and Scholze; but for various reasons, including a lack of facility
in those techniques on our part, we have decided to adopt the more traditional
Ind/Pro perspective.

Our arguments also rely heavily on the theory of oco-categories; in particular,
derived categories are, for us, always understood in the stable oo-categorical sense.
The most substantial reason we require these techniques is that we prove our results
via gluing arguments, and the traditional framework of triangulated categories is
inadequate for making such arguments. We note, though, that we take advantage
of this formalism at many other points of our arguments as well; in particular, we
frequently exploit the flexibility it allows with regard to constructing and canonically
characterizing derived functors.

While these techniques (Ind/Pro-categories and oco-categories) are standard tools
for experts in the categorical and geometric aspects of the Langlands program, they
may be less familiar to readers who (like ourselves) are approaching the paper from
the perspective of the traditional theory of the p-adic local Langlands correspondence.
To this end, and in order to have a uniform phrasing of several results from the
literature, we have included two appendices — Appendix [A] and Appendix [B] —
which provide background on category-theory (especially co-category theory) and
on coherent sheaf-theory on formal algebraic stacks.

1.1.12. A guide to the paper. Section [2] collects various background results from
Galois representation theory, smooth representation theory of GL2(Q,) in character-
istic p, and the existing theory of the local p-adic Langlands correspondence for this
group. We provide several complementary results, usually of a categorical nature,
to use later in the paper. We then describe the localization theory of [DEG23|
and generalize it to derived categories, and, using results of Heyer [Hey23; Hey24],
we prove some finiteness results for Ext-groups between certain non-admissible
representations.

Section |3| describes the Galois-theoretic side of our correspondence, building on
the results in Appendix [C] and on several previous works in the literature, including
especially |[EG23; Wanl8; JNW24|. We then specialize the discussion of coherent,
Ind-coherent, and Pro-coherent sheaves of Appendix [B] to the present context of
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moduli stacks of (¢,T')-modules, and carry out several explicit computations. We
conclude by building a connection between these objects and the localization theory
of [IDEG23|.

Sectioncontains our generalization of a significant part of Colmez’s work |Col10c],
to coefficients in arbitrary Noetherian O/w%-algebras. We begin by proving some
technical statements in Drinfeld’s theory of Tate modules, which is the natural
context for this generalization. We then work towards one of our main results,
which is Theorem on the GLy(Q))-stability of D X P!, and develop, along
the way, analogues of Colmez’s functors D, D*t+ D™ D! DY and DX —. We
make significant use of novel base change results, which will also be important in
Section [5] to construct L..; these results can be specialized to the classical context
of coefficients in a complete Noetherian local O-algebra, and yield new results even
in that context (see Theorem [£.10.21).

Section [p| contains our construction of the functor F, and the proof of The-
orems and We begin by constructing a version of D X P! for the
universal object on the stack X', which (as already explained) is done by descent,
as an application of the results of Section [4} the pro-coherent sheaf L., is then
obtained as an appropriate twist of this universal version of D K P!. We next make
a detailed study of L, starting from its (completed) pullbacks to the stacks Xy of
Galois representations, and of the functor F := Lo ®o[g), —- Sections and
establish the properties of F that are required to apply our full faithfulness criterion
(Proposition , which we do in Section where we conclude the proof of our
main result.

Appendix [A] assembles some background from 1-category and co-category theory,
with a significant focus on Ind- and Pro-completions of categories, which are the
context of our main full faithfulness criterion in Section[A5] One complication arises
from the interaction between Pro-completions and the formation of left derived
functors, which we study systematically in Sections and As already
mentioned, much of this material is standard; but we have found it helpful to collect
it here, to give a uniform phrasing to several results from the literature, and to have
a uniform foundation for the less standard material in this appendix.

Appendix [B] develops the theory of coherent sheaves on formal algebraic stacks,
both at the abelian and derived level, including various functorial operations on
these objects, and recasting some of the coherent completeness results of [AHR23|
and [AHL23| in our framework. Finally, Appendix |C| provides some complements to
the results of [EG23| and [Wanl8|.

1.1.13. A comparison with the proof outlined in [EGH25|. The results of this paper
were announced in [EGH25| Section 7|, which also gave a sketch of the proofs,
emphasizing the analogy between the results of [DEG23| Section 3.8], and Beauville—
Laszlo gluing of sheaves on X'. This was presented as an important step in the
proof. Furthermore, we indicated a proof of part (4]) of Theorem via an explicit
Morita-theoretic argument.

However, in the course of writing this paper, we found a more efficient way of
formulating these gluing results, avoiding explicit Beauville-Laszlo-type gluing, and
proceeding instead via the notion of a recollement of co-categories. This resulted in
the current proof of the full faithfulness of F, as well as a simplification of the proof of
the Beauville-Laszlo-type results of [DEG23| (which has been incorporated into that
paper). Furthermore, we found a more efficient proof of part of Theorem m
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which avoids the explicit constructions and computations required in the Morita-
theoretic approach, and instead uses the same results related to completions that
are used to prove the full faithfulness of the functors Fy for finite closed subsets Y’
of X.

In conclusion, although the overall structure of the argument sketched in [EGH25|
has been preserved, and none of the statements of loc. cit. need to be corrected,
several of the details of our arguments are different from those sketched there.

1.2. Acknowledgements. We would like to thank Bhargav Bhatt, George Boxer,
Ana Caraiani, Pierre Colmez, Laurent Fargues, Michael Harris, Eugen Hellmann,
Christian Johansson, Bao Le Hung, Brandon Levin, Jacob Lurie, Akhil Mathew,
James Newton, Vytautas Paskunas, David Savitt, Peter Scholze, and Carl Wang-
Erickson for helpful correspondence and conversations. We are particularly grateful
to Christian Johansson, James Newton, and Carl Wang-Erickson for sharing with
us preliminary versions of the results of their paper [JNW24]. We would also like to
thank Vytautas Paskunas for comments on an earlier version of this paper.

1.3. Notation and conventions. We fix throughout the paper a prime p > 5. Fix
an algebraic closure Q,, of Q. If K C Q,, is a finite extension of Q,, we write G i for

the absolute Galois group Gal(Q,,/K). Write Ix for the inertia subgroup of Gx. We
normalise local class field theory so that a uniformizer corresponds to a geometric
Frobenius element. Our convention for Hodge—Tate weights is that the p-adic
cyclotomic character € : Gq, — Q, has Hodge-Tate weight —1.

Let O denote the ring of integers in a fixed finite extension E of Q,, let @ be a
fixed uniformizer of O, and let F = O/w be the residue field of O. Fix an algebraic
closure F,, of F. Unless otherwise stated, all representations considered in this
paper will be on O-modules. We fix a continuous character ¢ : Q; — O, which
we also regard as a character of Gq, via local class field theory. Throughout the
paper we will work with representations of GL2(Q,) of central character ¢, and
representations of Gq, with determinant Ce~'. We say that we are in the even
(resp. odd) case if ¢ is an even (resp. odd) character.

We write G = GL2(Q,), K = GLy(Z,), and Z = Q) for the centre of G.
The diagonal torus in G is denoted by T, and we write B, resp. B for the upper-
triangular, resp. lower-triangular Borel subgroup containing 7', with unipotent
radicals U and U. The maximal compact subgroup of T is denoted by Tj. The
nth congruence subgroup of K is denoted K, = 1+ p"Ms(Z,), for n > 1. The
upper-triangular Iwahori subgroup of K is denoted Iw, and we write Iw; for its
pro-p Sylow subgroup and Z; = Iw; N Z = K7 N Z for the maximal pro-p subgroup
of Z. Since p > 3, there are isomorphisms

(131) IW]_ l) Zl X (IWl/Zl) and Kl l) Zl X (I(]_/Z]_)7

given by the determinant and the projection to the quotient. Since p > 5, the
groups Iw; and K are torsion-free, and so the same is true for their direct fac-
tors IWl/Zl and Kl/Zl.

If Z C H C G is a subgroup, we will write O[H], for the quotient of the group
algebra O[H| by the two-sided ideal generated by {z — ((2) : z € Z}.

Stacks. Our conventions on algebraic stacks and formal algebraic stacks are those
of [Stacks| and |[Eme|. The reader who is unfamiliar with this material may wish to
refer to the overview of [Eme] in [EG23, App. A]. If A is a topological ring of the
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kind for which Spf A is defined (see [Stacks| [Tag 0AIC]| for an extensive discussion
of this; we won’t need any examples beyond I-adically complete Noetherian rings)
and C is a stack then we write C(A) for C(Spf A); if A has the discrete topology,
then this is equal to C(Spec A).

Module categories. We will consider several categories of modules over noncom-
mutative rings R. Unless stated otherwise, we will work with left modules. We
write Mod(R) for the category of left R-modules and R-linear maps, Mod™!"(R)
for the full subcategory of modules of finite length, and Modfp(R) for the full
subcategory of finitely presented modules, which coincides with the full subcategory
of compact objects of Mod(R). We will introduce several variants in the course of
the text, such as the category of profinite modules over a profinite topological ring,
see Section Recall that the Jacobson radical of R, denoted rad(R), is the
intersection of all maximal left ideals of R. It coincides with the intersection of all
maximal right ideals, respectively two-sided ideals, of R. Unless stated otherwise,
we write “Noetherian” as a shorthand for “left and right Noetherian”.

Category theory and homological algebra. We employ the language of oo-categories
throughout the paper, and stable co-categories are the basic setting in which we
undertake our homological algebra. We also liberally employ the language of Ind and
Pro completion. Appendix [A] summarizes much of the material we use. Of course,
most of what we use can be found (often in more general form) in [Lur09|, [Lurl7],
and |[Lurl8|. On several occasions we cite [KS06], which provides an extensive
survey of many topics in homological algebra and category theory (in the traditional
language of derived categories). One caution we make is that its theory of Ind and
Pro categories is developed in the context of large categories, rather than in context
of small categories that we work with here.

We will be applying several of the constructions developed in [DEG23|. That
paper has a more abelian categorical flavour, and we wish to translate its results
into the derived context of this paper. The formation of left derived functors often
involves passing to Pro-categories, but for the applications we have in mind, we do
not wish to work in the derived category of the Pro-category, but rather in the Pro
category of the derived category. An explanation of how to arrange this is given in

sA3

2. BACKGROUND

In this section we gather together a range of results related to Galois represen-
tations as well as to smooth representations which we will require later on in the

paper.

2.1. Galois representations. We introduce various notation and concepts related
to two-dimensional representations and pseudorepresentations of Gq,.

2.1.1. Mod p Galois representations, Serre weights, and the weight part of Serre’s
conjecture. We write w =€ : Gq, — F’ for the mod p cyclotomic character. We
sometimes regard w as a character of Q, via local class field theory (which, as noted
above, is normalised so as to take a uniformizer to a geometric Frobenius element).
Concretely, then, w is the reduction mod p of the character z|x| (i.e. trivial on p,
and the reduction map to F,f on Z).
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For any x € F: , we let
nr, : Gq, — F:
be the unramified character taking a geometric Frobenius element Frob, to z. Thus

every character Gq, — F: is of the form nr,w?* for some uniquely determined = € F;
and 0<i<p-—1.

Definition 2.1.2. We say that an unordered pair of characters x1, x2 : GQp —

F: is generic if x1x5* # 1,w*!. Note that by Tate local duality, this implies
that HO(GQP,Xlxgl) and H2(GQP,X1X;1) both vanish, and Tate’s local Euler
characteristic formula then shows that H'(Gq,,x1x5 ') is a one-dimensional F,-

vector space.

We work throughout with the ring of integers O in the finite extension E of Q,
as our base ring, and so its residue field F plays a special notational role. We often
consider representations defined over F, or Gal(F,/F)-orbits of representations
defined over F,,. However, all the results we discuss are insensitive to base-change
from O to O (an extension of rings of integers arising from an inclusion £ C E’ of
finite extensions of Q,,), and so we are always free to enlarge F as necessary. Thus,
although we have (of course) tried to be correct in our treatment of questions of
fields of definition, we encourage the reader to not pay too much attention to this
purely technical issue.

This being said, let F’ now denote the unique quadratic extension of F, and
write wy : Iq, — (F’)* for a choice of fundamental character of niveau 2; writing Q,,
for the quadratic unramified extension of Q,, we can extend wy to a character
Gq,, — (F')* in such a way that Wit = wIGQp2' Then the 2-dimensional
absolutely irreducible representations Gq, — GLo(F) are precisely those of the

form nr, @)Indggl’2 wh for some k € Z/(p* —1)Z with (p+1) { k and some x € (F')*

with 2% € F* E| In this case x is uniquely determined up to multiplication by —1,
and k is uniquely determined up to multiplication by p.

Definition 2.1.3. A Serre weight is an irreducible representation o, = det* ®
Symb Ff, of GLy(F,), where 0 < a < p—1and 0 < b < p—1. It is sometimes
convenient to view a as an element of Z/(p — 1)Z, and we will do so without further
comment. We say that o, is Steinberg if b =p — 1, and non-Steinberg otherwise.

We now explain what it means to say that “o is a Serre weight for p”. We do not
attempt to motivate this description, which goes back to [Ser87], but we remark
that one possible motivation is given by Theorem (5}

Definition 2.1.4.

1) Ifp=nr,® Indgzp2 w¥ is irreducible, then o, is a Serre weight for p if
P
and only if k = (p+1)a+b—p (mod p?> —1) or k = (p+ 1)a+pb — 1
(mod p? —1).

1Although this expression involves objects only defined over F’, the representation itself is
defined over F. Since, as already noted, we allow ourselves to enlarge F' as convenient, questions of
precise fields of definition are of little consequence to us in any case.
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(2) If b # 0, then o, is a Serre weight for a reducible representation 7 if and
only if

_ . [nrywett *
(215) P = ( 0 a 1)

nr,w

for some z,y € F*.

(3) If b =0, then o, is a Serre weight for a reducible representation 7 if and
only if p can be written as an extension as in , and if p is furthermore
finite flat. If = = y then this further condition actually holds automatically,
while if x = y it is equivalent to requiring that the extension be peu ramifiée
(which by definition amounts to asking that the corresponding Kummer
class is given by an integral unit).

We now note a compatibility between central characters and determinants.

Definition 2.1.6. A Serre weight o, is compatible with ¢, or (-compatible, if
w2a+b = E'IQ .
P

It is immediate from the definitions above that if detp = (w™', and o is a Serre
weight for p, then o is compatible with (. Accordingly, we assume throughout the
paper that all Serre weights ¢ that we consider are compatible with (. We will
also sometimes think of a (-compatible Serre weight as being an O[K Z].-module,
letting K act through its quotient K/K; = GL2(F)) and letting Z act via .

Remark 2.1.7. Via local class field theory, we can view the condition of Defini-
tion as saying that ¢ (restricted to F) agrees with the central character of o.
In particular, b is even (resp. odd) if and only if ¢ is even (resp. odd); furthermore,
for each choice of b of the appropriate parity, there are two corresponding choices
of a for which o, is a compatible Serre weight.

The following definition will be used throughout the paper. Again, we do not
attempt to motivate this here, but we remark that it goes back to [Gro90|, and we
point to Corollary as one possible motivation.

Definition 2.1.8.

(1) The companion of a Serre weight o = g, with 0 < b < p — 3 is the Serre
weight 0° = 044p41,p—3-b. A Serre weight of the form o, p,_o is defined
to be its own companion. (We do not define a companion for a Steinberg
Serre weight.) We refer to the unordered pair of o, 0% as a companion pair.
We say that the unordered pair o, is of type if it is of the form
Oap—2, Of type t is of the form o,0,04+1-3, and otherwise we say

that it is of type [(gen)|
(2) Let {0,0°°} be a companion pair of Serre weights, and write 0 = g,. We

write O(o|o®) for the cuspidal E[GLy(F,)]-representation denoted ©(x)
in [CDT99, §3|, where x : F); — O* lifts = g (0+2)+(@=1{(+1) - Note
that by [CDT99) Lem. 3.1.1(4)], the Jordan—-Holder factors of O(x) ®o F
are {0,0%°}. If o is (-compatible, we will often regard ©(c|c°°) as an
E[KZ].-module, by letting Z act via ¢, and K via its quotient K/K; =
GL2(F)).
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2.1.9. Pseudorepresentations. We will make use of the notion of a pseudorepresen-
tation of Gq, on an O-algebra A. We will assume throughout, without further
comment, that all our pseudorepresentations are 2-dimensional and have deter-
minant (e~!. Since p > 2, a 2-dimensional pseudorepresentation is equivalent to
the data of a 2-dimensional determinant in the sense of [Cheldl Defn. 1.5], so
such a pseudorepresentation is equivalent (see [Chel4} Lem. 1.9, Prop. 1.29]) to a
continuous function 0 : Gq, — A satisfying

e 0(1)=2.

e O(gh) = 6(hg).

o (Ce71)(9)0(g™"h) — 0(g)0(h) + 0(gh) = 0.

Given a continuous representation p : Gq, — GL2(A), the function trp: Gq, —

A is a pseudorepresentation in this sense. If A is a finite field, or an algebraically
closed field, then any pseudorepresentation comes from a representation, by [Wanl18|
Corollary 2.9]. So we can and do identify F-valued pseudorepresentations with
semisimple representations with coefficients in F'.

Definition 2.1.10. We classify the 2-dimensional F,-valued pseudorepresentations
0:Gq, — F, into five “types” as follows; we explain the labels in Remark

(ssg) 0 : Gq, — F, is the trace of an absolutely irreducible two-dimensional
F-representation.
gen) 6 = x + Cw~'x~! for some character y : Gq, — F* such that the pair
Qp
{x; Cw™lx 71} is generic in the sense of Definition m
scalar) 6 = x + x for some character x : Gq, — F* such that x? = Cw™!. These
Qp
only exist if ¢ is odd and ((p) is a square.
(St) 6 = x + xw™! for some character x : Gq, — F* such that x? = ¢. These
only exist if ¢ is even and ((p) is a square.
(gen+) 0 = x 4+ (w™tx~* for some character x : Gg, — f: not defined over F.

Remark 2.1.11. The reason for the choice of terminology in Definition is that
the semisimple Galois representations of type [(scalar)| (resp. of type|(St)) have Serre
weights of the form o, ,_2 (respectively of the form ¢,0,04+1,p—3, Ta,p—1)-

Given any F,-valued pseudorepresentation 6 we write F5 for the (finite) subfield
of F, generated by F and the values of §. It only depends on the Gal(F,/F)-
conjugacy class of 6. We write (Rgs, 6un) for the universal deformation of 6 to

complete Noetherian local O @y gy W (Fj)-algebras, where by a deformation of [
to a complete local Noetherian O-algebra A with residue field F5, we mean a
2-dimensional pseudorepresentation ¢ : Gq, — A, with determinant Ce™!, such that

the composition Gq, LN/ Fy equals 0; the universal deformation exists by |Chel4,
Prop. 3.3]. We sometimes refer to Rgs as the (universal) pseudodeformation ring

for 6.

Remark 2.1.12. We will sometimes say that a pseudorepresentation 6 is F-rational
if F; = F. The first four items of Definition are all F-rational, and clas-
sify pseudorepresentations attached to semisimple representations Gq, — GL2(F)
all of whose irreducible summands are absolutely irreducible. The F-rational
pseudorepresentations of type correspond to irreducible representations
p: Gq, — GLo(F) that are not absolutely irreducible. These are precisely the



A CATEGORICAL p-ADIC LANGLANDS CORRESPONDENCE FOR GL2(Qj) 13

twists of unramified representations such that the characteristic polynomial of
Frobenius is irreducible quadratic.

Definition 2.1.13. We write (Eg, 6univ) for the Cayley-Hamilton RPS-algebra
associated to "™V, with anti-involution t. Explicitly, ﬁg is the quotient R"[Gq,]/J,
where Rgs [Gq,] denotes the completed group ring, and .J is the closure of the 2-sided
ideal in R°[Gq,] generated by the elements

g = 0" (9)g + (Ce1)(9)
for all g € Gq,-
Note that the identity

(2.1.14) 0" (g) =g+ (¢e M) (9)g ' € Ry
for g € Gq, shows that the natural map
(2.1.15) O[Gq,] — Ry

is surjective, and uniquely determines the embedding Rgs — Eg. The anti-involution
T 19w (Ce71)(g)g~" preserves the ideal J and descends to an Rgs-linear anti-

involution of }Nfg.
Note that for any two pseudorepresentations in the Gal(F,/F)-conjugacy class

of 0, the corresponding universal pseudodeformation rings and Cayley—Hamilton
algebras are canonically identified (using the Galois action on coefficients).
We will need the following structural properties of Ry.

Proposition 2.1.16. Let 6 be a 2-dimensional Fp—valued pseudorepresentation.
The ring Ry is Noetherian, of finite type as an Rgs-module, and p-torsion free. The

natural map Ry” — Z(Rg) is an isomorphism.

Proof. All statements of the proposition can be checked after making a finite
unramified extension O — O’ (using that Z(Rp) ®o O' — Z(Ry ®p O') is an
isomorphism). We can therefore assume without loss of generality that 6 does not

have type |(gen+)

Since Rgs is Noetherian (by |[Wan18|, Proposition 3.2]), the first statement is a
consequence of the second. The second statement is [Wanl8| Proposition 3.6 (ii)].
There remains to prove the claim that Eg is p-torsion free, and the map Rgs —Z (ﬁg)
is an isomorphism.

When @ is residually multiplicity-free (i.e. always except in case , the
claim follows from the fact that Eg is a generalized matrix algebra over Rgs, by
[Wan18, Proposition 3.6 (5)], since Rgs is a p-torsion free Noetherian integral
domain. In more detail, Rgs is formally smooth of dimension 3 over O @y gy W (Fy)
in case by e.g. [Pasl3] Proposition 6.2, Remark 6.6], and in case |(gen)| by
e.g. |Pas13, Proposition B.17, Remark B.28|. The structure of R in case |(St)|is
described in |Pas13] Remark 10.88, Corollary B.5], using |Pas13, Remark 10.88] to
identify Rgs with the ring denoted R¥ in loc. cit. This makes it clear that Rgs is
p-torsion free in this case as well.

Finally, when 8 is of type scalar)l, our claim is a consequence of |[Pas13], Corol-
lary 9.24, Corollary 9.25], using [Pas13, Corollary 9.33] to identify g{g with the ring
denoted R in loc. cit. (]
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Lemma 2.1.17. Let § be a 2-dimensional Fp—valued pseudorepresentation, and
assume that 6 does not have type |(scalar)| or |(gen+)|. Then every Rgs—algebm

automorphism of Eg that fizes all isomorphism classes of simple Rgz-modules is
mmner.

Proof. The assumptions on # mean that its irreducible summands are distinct and
absolutely irreducible. As recalled during the proof of Proposition Rgs is an
integral domain. Writing K for its field of fractions, it then follows from [BC09,
Thm. 1.4.4(ii)] that ﬁg is a generalized matrix Rgs—subalgebra of Ms(K), in such a
way that the pseudorepresentation UV : Eg — Rgs coincides with the restriction
of the trace function.

Each irreducible summand 6, of @ is the pseudorepresentation associated to a
unique simple ﬁg—module M;. Part of the generalized matrix algebra structure
on Eg is an idempotent e;; € Eg such that, for all z € Eg, we have

?(eiixeii) = gz(ﬂi)
Now we claim that the ¢(e;;) satisfy condition (3) in [BC09, Lemma 1.4.3], i.e.
O(p(ei)zplen)) = bi(x)

for all x € ﬁg. The assumption that ¢ fixes every isomorphism class of simple
Rg-modules implies that 6; o ¢ = 0; for all i (because if 6; is the trace of the simple
Rgz-module M;, then 0; o ¢ is the trace of ¢*(M;) = M;). In turn, this implies that

Oop=(>,0:)0p=>(0;09)=>,0; =0, and we can then compute that
O(p(ei)rp(en)) = (00 p)(enw™ (2)eir) = Oeip™ (2)ew) = Oi(p~ " (2)) = Oi(2).

Now the final statement of [BC09, Lemma 1.4.3] shows that ¢ is Eg—conjugate
to an automorphism that fixes all the e;;. It thus suffices to prove that every
R-automorphism ¢ of Eg which fixes all the e;; is inner. This follows by inspection
from the presentation of ﬁg described in Section below; we give details
in the case which is the only case that we will need in the rest of the paper.
Here R = qu = O[[ao,al,Xo,Xﬂ]/(aoXl + CL1X0), and

~ (R RX,+RX
Ref:(R 0; 1>CM2(R),

compare Remark The automorphism ¢ fixes ej1, €22, hence it preserves
the direct sum decomposition of Eg according to matrix entries, and it restricts
to the identity on Rej; and Ress. Since Autp(Res;) = R*, we can compose our
automorphism with an inner automorphism and thereby assume that p(ea1) = ea;.
It must then also restrict to the identity on the remaining summand. Indeed, we
may write p(X;e12) = z;e12 for some z; € R, and we have

rienn = xie12e21 = P(Xierz)ear = o(Xjerzea1) = p(Xi)p(e1n) = Xiern,
so that x; = X, as required. [

2.2. Representation theory. We introduce a range of notation and results related
to the basics of the representation theory of K (= GL2(Z,)) and G(= GL2(Q,)).
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2.2.1. Abelian categories of representations. We say that an O-module is locally
torsion if each element is annihilated by some power of the uniformizer w of O.
As usual, if T is a locally profinite group, then we say that a representation on a
locally torsion O-module is smooth if every element is fixed by an open subgroup
of I', and that a smooth representation is furthermore admissible if for any open
subgroup of I'; its submodule of invariants is finite over O. Since we are working with
representations on p-power torsion modules, it suffices to check this for a single open
pro-p-subgroup of I' (assuming that I admits such a subgroup). Following [Emel0,
Defn. 2.2.15], we say that a smooth representation m of ' is locally admissible if
every vector v € 7 generates an admissible representation, and is locally finite if
every vector v € m generates a representation of finite length.

We write sm. " for the category of smooth I'-representations on locally torsion
O-modules. Then sm.T" is a Grothendieck category. (See e.g. the proof of [DEG23|
Lem. 2.2.3], which extends directly to any I'.) We write (sm.T')24™ resp. (sm.T)"adm,
(sm. ) (sm. ), for the full subcategory of sm. I' consisting of admissible objects,
resp. locally admissible objects, finite length objects, finitely generated objects.

We will be most interested in the case when I' = G := GL2(Q,). We note that,
since the congruence subgroups K,, of G are open and pro-p, an object 7w of sm. G
is admissible if and only if 7%~ is O-finite for one (and hence every) n > 1.

Throughout the paper we have fixed a continuous character ¢ : Q) — O,
and will focus on representations having fixed central character (. We therefore
introduce notation for the various categories of representations having this fixed
central character, which will be in force throughout the paper. Namely, we write A
for the full subcategory of sm. G consisting of objects with central character ¢, and
similarly A2dm Aladm AfL - Afe  Then Al2dm coincides with the category of locally
finite objects of A, by [Emel0, Thm. 2.2.17]. We have the following results about its
structure; recall (see Section that a locally finite category is a Grothendieck
category admitting a set of generators of finite length.

Lemma 2.2.2.

(1) A-2d™ s q locally finite category.
(2) The inclusion A™ — A2dM induces an equivalence

(2.2.3) Ind AM =5 Aladm,

(8) Let E'/E be a finite extension with ring of integers O'. Then extension and
restriction of scalars define functors Ag9™ — AL2I™ gnd Apfd™ — Apdm,
If w1, mo € ALAm then

HOmAloadm (7T1,7T2) XRo o= HOmAl(;Jza;dm (7‘(‘1 R (9/,71'2 R O/).

Proof. Since every object of A"2d™ ig locally finite, the set of objects of Al2d™
of finite length is a set of generators of A2d™  Since A2I™ is an exact abelian
subcategory of A (in the sense recalled in Appendix , and A2d™ ig closed
under colimits in A, and A is a Grothendieck category, we see that Al2dm is a
Grothendieck category. Hence A"*d™ is a locally finite category, proving part (1).
Part (2) is then a consequence of Lemma 2). We now prove part (3). The
same argument as |Pasl3, Lemma 5.1] shows that for all w1, m € Ao we have

HOI’H_AO (ﬂ-la 71—2) R0 o’ = HOH’I_AO, (’/T1 Ko O/a T2 Q0 O/)
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(Note that since O is finite free over O, we have Homo (V, W)®00’ — Home: (V@0
O\ W ®p O') for all O-modules V, W.) Hence, for all T € Ap, we have 78 @0 O’ =
(7 @0 O")K. This immediately implies that — ®¢ O’ preserves locally admissible
representations. Finally, if © € Alé",dm, then 7 is also locally admissible when viewed
as an object of AL9™ by restriction of scalars: in fact, we immediately reduce to
the case in which 7 is admissible, and then 7% is a finitely generated O’-module,

hence a finitely generated @O-module. (]

2.2.4. Completed group rings. If T'° is a profinite group, we write O[['°] for the
usual Iwasawa algebra (i.e. completed group ring) of I'° with coefficients in O. It
is a profinite O-algebra. If I'° is a compact p-adic analytic group, then O[I'°]
is Noetherian |Laz65, Prop. V.2.2.4]. We also refer to [Emel0} Section 2.1] for a
recollection of some of the basic theory of these rings.

In fact, we will frequently consider Iwasawa coefficients with coefficients, especially
in the case when I'° = K. We recall the definition.

Definition 2.2.5. If A is an O-algebra, then A[I°] denotes the topological A-
algebra

A[T°] == lim A[T'°/H],
[r°] im [I°/H]

where H runs over a neighbourhood basis of normal open subgroups of I'°, each
of the group rings A[l'°/H] is endowed with the discrete topology, and A[I'°] is
endowed with the projective limit topology.

We next record some properties of A[K] (under the additional hypothesis that
A is a finite type O/w-algebra for some a > 1). Before doing so, we recall from
e.g. [LO96, Definition I1.2.1.1] that a filtered O-algebra (R, Fil' R);cz (possibly
non-commutative, decreasingly filtered, and with Fil® = R) is called Zariskian if
Fil' R C rad(R) and the Rees ring

Rees(R) == @ Fil' R
i€Z
is Noetherian. We will use [LO96| as our main reference for this material, with the
caveat that we will work with decreasing filtrations, whereas loc. cit. uses increasing
filtrations. A filtered R-module M is good if Rees(M) is finitely generated over
Rees(R), which, by |[LO96, Lem. 1.5.4], is equivalent to the existence of generators
mai,...,my of M as an R-module, and integers ki, ..., k,, such that

Fil' M = (Fil'"™ R)ym; + --- + (Fil" ™" R)m,,.

Lemma 2.2.6. Let a be the kernel of O[K1] — F, i.e. the two-sided ideal generated
by w and the augmentation ideal of O[K1]. Then the profinite topology on O[K1]
and O[K] is induced by the a-adic filtration, which is Zariskian.

Proof. First, recall that since K is a uniform pro-p group, the rings O[K;] and
gr.(O[K1]) are Noetherian: since the a-adic filtration on O[K;] is induced by a
p-valuation on G, by [Ven02, Lem. 3.24, 3.25], this is a consequence of |Laz65,
Thm. I11.2.3.3]. Since a = rad(O[K1]), we now see that the topology on O[K;] is
a-adic, by Lemma (8). Finally, since O[K1] is a-adically complete, [LO96,
Prop. 11.2.2.2] shows that O[K] is Zariskian, because the associated graded ring
gr,O[K1] is Noetherian. This concludes the proof for Kj.
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Since O[K] is a finite O[K;]-module, its a-adic filtration induces the profinite
topology, again by Lemma (8), and is a good filtration (by definition).
By [LO96, Thm. 1.5.7], we conclude that gr,(O[K]) is a finite gr, (O[K1])-module.
Hence gr,(O[K]) is a Noetherian ring, which by another application of [LO96| Prop.
I1.2.2.2] shows that O[K] is Zariskian with respect to the a-adic filtration. O

Lemma 2.2.7. Let A be a finite type O/w®-algebra for some a > 1.

(1) A[K] is topologically isomorphic to the a-adic completion of A ®o O[K].

(2) The rings A ®o O[K] and A[K] are Noetherian.

(3) A[K] is flat over A @0 O[K].

(4) The projective limit topology on A[K] coincides with its a-adic topology.

(5) Every morphism in Mod™(A[K7]) is strict with respect to the a-adic topology
(in the sense that the quotient topology on the coimage coincides with the
subspace topology on the image). The functor

(2.2.8) Mod®(A[K]) — ProMod™(A), M — M :=lim; M/a’M
18 ezact.
(6) Let A[K]-Mod'P(A) denote the abelian category of A[K]-module objects

in Modfp(A), so that the functor (2.2.8)) factors through the forgetful functor
Pro A[K]-Mod™(A) — ProMod™(A). Then if

X1*>X24)X3*>X4*>X5

is an exact sequence in Pro A[K]-Mod™®(A) and X1, X2, X4, X5 are in the
essential image of (2.2.8)), the same is true of Xs.

Proof. Proof of (I)): By Lemma the sequences of ideals J,, and a”(O/w®)[K]
are cofinal in (O/@w®)[K]. So the pro-objects

lim, (O/w")[K/K,] and lim,(O/w®)[K]/a"(O/@)[K]
are canonically isomorphic. Tensoring with A, we see that the same is true of
lim, A[K/K,] and lim, A® O[K]/a"O[K].

Passing to the inverse limit, we see that A[K7] is isomorphic to the a-adic completion
of A®p O[K], as desired. This concludes the proof of (1).

Proof of (2): Observe first that Reesq(4 ®o O[K]) is Noetherian, since it is
a quotient of A ®o Reesq(O[K]), which is Noetherian (because Rees,(O[K]) is
Noetherian, by Lemma [2.2.6] and A has finite type over O). Thus A ® O[K] and
gr, (A ®p O[K]) are also Noetherian, because they are quotients of Reesy(A ®o
O[K]). Finally, [LO96, Prop. 1.7.1.2] implies that A[K] is also Noetherian, since it
is complete with respect to a filtration whose associated graded is gr,(A ®o O[K]).

Proof of (3): By [LO96, Cor. L5.5, Rem. I1.1.1.2(1)] and the already observed
fact that Reesq(A @0 O[K]) is Noetherian, we deduce that the a-adic filtration on
A®o O[K] has the Artin—Rees property. The claim is then a consequence of [LO96|
Thm. I1.1.2.4], given that gr,(A ®o O[K]) is (as we have noted) also Noetherian.

Proof of : By part , it suffices to prove that

a"A[K] = ker(A[K] — A ®@p O[K]/a"O[K]).

Since a™ is a finitely generated ideal of O[K], a choice of (right) generators gives
an exact sequence

(A®o O[K])® - A®e O[K] — A®o O[K]/a"O[K] — 0
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for some ¢ > 0. This sequence stays exact after passing to the a-adic comple-
tion, because the a-adic filtration on A ® o O[K] has the Artin—Rees property
(compare [LO96, Lem. I1.1.2.5]). This concludes the proof of ().

Proof of (5)): By [LO96| Prop. 11.2.2.1], the a-adic filtration on A[K] is Zariskian.
By |LO96, Thm. 2.1.2(5)], every inclusion N — M of finitely generated A[K]-
modules is a topological embedding with respect to the a-adic topology on source
and target. This immediately implies both statements of .

Proof of @: By part , it suffices to prove this when X; = X5 = 0, and so,
writing X = X3, we have finitely presented A[K]-modules M = X, M’ := Xy,
and an exact sequence in Pro A[K]- Mod™(A)

(2.2.9) 0 M — X — M —0.

Now both M and M’ are countably indexed; indeed, M = lim,, M/a™, and similarly
for M’. Lemma [A.1.12| shows that (2.2.9) can be obtained as a countably indexed
limit of short exact sequences in A[K]- Mod™(A)

0— M/a" — X,, — M — 0.

(Here the projective system (M},) need not coincide with (M’/a™), but is isomorphic
to it in Pro A[K]- Mod™(A4).) We now pass to the actual limit over n of these short
exact sequences, to obtain a short exact sequence

0—-M-—-Y M =0

of A[K]-modules. (The exactness on the right follows from the fact that the
transition morphisms in (M/a™) are surjective.) We may equip Y with its inverse
limit topology (each X,, being endowed with its discrete topology), and then (from
its construction as a limit) we see that we have a strict short exact sequence of
topological A[K]-modules, in which each of M and M’ are endowed with their
a-adic topologies. Consequently, Y is an object of Modfp(A[[K ]) (being an extension
of two such objects). Furthermore, since Y is constructed as a countable limit of
discrete spaces, the topology on Y is completely metrizable, and so [EG23, Prop. C.6]
shows that it must coincide with the a-adic topology on Y (cf. the discussion of
Remark below). Thus we obtain a morphism of short exact sequences

0 M Y M 0
0 M X M 0

in Pro A[K]-Mod™(A). The five lemma implies that ¥ -~ X, concluding the
proof. |

Remark 2.2.10. As in the statement of Lemma [2.2.7] assume that A is of finite type
over O/w® for some a > 1. Then since the ring A is then countable, the completed
group ring A[K], endowed with its a-adic topology, is Polish. The general theory of
finitely generated modules over Noetherian Polish topological rings (recapitulated,
for example, in [EG23, Prop. C.6]) shows that any finitely generated A[K]-module
is endowed with a canonical completely metrizable topology, and that morphisms
between such modules are automatically continuous and strict with respect to this
topology.
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Since the topology on A[K] is its a-adic topology, this canonical topology on
any finitely generated A[K]-module is again the a-adic topology. One may then
interpret Lemma as providing another proof of the strictness of morphisms
with respect to canonical topologies.

Remark 2.2.11. Suppose that A is a finite type O/w®-algebra for some a > 1,
that M is an A[K]-module, and that M is finitely presented over A. Then M is
also finitely presented over A[K], and its canonical topology is discrete. Indeed,
we can write the complete metric space M as a countable union of closed subsets
M = U, iz}, and if M were not discrete, each subset {z} would have empty
interior, contradicting the Baire category theorem.

Remark 2.2.12. Note that the forgetful functor induces an equivalence between
A[K]-Mod™(A4) and the category O[K ] q-tors- Mod™P (A) of O[KJ-module objects M
in Mod?(A) which are a-power torsion (in the sense that the O[K]-action factors
through O[K]/a’ for some 4, depending on the module). Indeed, the a-adic topology
on any M € A[K]-Mod™®(A) is necessarily discrete, by Remark hence M
is a-power torsion. The inverse functor endows each N € O[K Ja-tors- Mod™®(A)
with its A ® o O[K]-module structure, which uniquely extends to an A[K]-module
structure, since N is a-power torsion. Hence, in the statement of Lemma @,
we may replace A[K]-Mod™(A) with the category of a-power torsion O[K]-modules
in Mod™ (A).

Remark 2.2.13. Write O[K]-ProMod®(A) for the category of O[K]-modules
in ProMod®(A). The forgetful functor A[K]-Mod™(A) — Mod™(A) is exact
and faithful, so its Pro-extension factors through an exact and faithful functor

Pro A[K]- Mod™®(4) — O[K]- ProMod™(A).

We claim that this functor is also full. Note that O[K]-ProMod™®(A) has cofil-
tered limits, and that the forgetful functor O[K]- Pro Mod™(A) — Pro Mod™(A)
preserves them; so it suffices to prove that if M = lim; M; € Pro A[K]- Mod™®(4),
and N € A[K]-Mod™(A), then every O[K]-linear morphism ¢ : M — N in
O[K]-ProModP(A) factors through a morphism M; — N in A[K]- Mod™®(A) for
some 1.

By definition, ¢ factors through an A-linear morphism ¢; : M; — N for some j,
which may not be O[K]-linear (i.e. it may not be a morphism in A[K]- Mod™(A)).
However, the O[K]-linearity of ¢ shows that for all z € K there exists i, > j such
that x¢; — ;2 vanishes on M;,. Since M; and IV are a-power torsion, there exists n
such that [, acts trivially on both, and so ¢, is automatically K,-linear. Choose
now representatives x1,...,z; of K/K, in K, as well as some ¢ > sup{iz,,..., s, }-

Then M; — M, £, N is O[K]-linear, as desired.

2.2.14. Smooth representations of compact p-adic analytic groups. If I'° is a compact
p-adic analytic group, then Pontrjagin duality induces an equivalence of categories

(2.2.15) ()Y 1 (sm.T°)°P = Mod.(O[I°]°P) = Mod.(O[T°]).
More precisely, when we apply Pontrjagin duality to a smooth I'°-representation, we
typically convert the resulting right O[I'°J-module structure to a left OJI'°J-module

structure by applying the continuous anti-involution of O[I'°] induced by g — g—!
(and this anti-involution is what provides the isomorphism between the second and
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third of the categories in ) However, in some contexts (particularly when
forming tensor products, as we will do extensively below), it will be convenient to
work directly with right O[I'°]-modules.

The equivalence restricts to an equivalence

(2.2.16) ((sm. T°)2dm)? =5 Mod™®(O[I°]),
where we regard the target as a full subcategory of Mod.(O[I'°]) via (A.1.36).

2.2.17. Smooth T'-representations as O[I']-modules in the non-compact case. If T is
a p-adic analytic group (compact or not), if I'° C T' is a compact open subgroup,
and if 7 is an object of sm.T', then the I'°-action on 7 induces a unique continuous
O[I'*J-action on 7 (where we endow 7 with its discrete topology). This action can
be extended to a suitably completed group ring O[I'] of T'. We recall its definition,
in the more general context where we allow coefficients.

Definition 2.2.18. If A is an O-algebra then we let
A[T] = O[T} Ro[re] AT
with its natural ring structure, as explained in [Sho20, §3].

Lemma 2.2.19. If M is a Hausdorff topological A-module equipped with an action
of T' by continuous automorphisms, and with a continuous A[I'°]-module structure,
such that the two resulting A[['°]-module structures on M coincide, then the induced
A[l']-module structure on M extends uniquely to an A[L']-module structure.

Proof. This is easily verified; see e.g. [Tim23| Prop. 2.23], whose proof carries over
verbatim. (]

As a special case of Lemma [2.2.19] we deduce the claim made above, namely that
if 7 € sm.T, then the action of O[I'°] on 7 induces an O[I']-action on 7. Thus we
obtain a fully faithful embedding sm.T" < Mod(O[I']). The following lemma shows
that this realizes sm.T" as a localizing subcategory of Mod(O[I']) (see Appendix
for a brief recollection of this notion).

Lemma 2.2.20. The fully faithful embedding sm.T" — Mod(O[I']) realizes sm.T’
as a localizing subcategory of Mod(O[I']).

Remark 2.2.21. The main result of [Hey21| shows that sm.I" is even a localizing
subcategory of Mod(O[I']), i.e. that extensions of smooth representations are auto-
matically smooth. However, we will not need this more general fact, but will satisfy
ourselves with recalling the (standard) proof of the easier result that we will be
using.

Proof of Lemma[2:2.20] It is immediate that the essential image of sm. T is closed
under subobjects, quotients, and colimits, and in particular under arbitrary direct
sums. So it suffices to prove that if V is an extension in Mod(O[I']) of two
objects 71, mo € sm.T', then V is smooth. Choose v € V', let I'° C I be a pro-p
open subgroup that fixes the image of v in 7o, and let n > 0 be such that @w™v = 0.
Replacing 7y by its cyclic O[I'°]-submodule generated by the image of v, which is
isomorphic to O/w™ with the trivial ['°*-action, it suffices to prove that

Extly, ro (O/@",m) = Extygoq ogre (O/@", m1)

is an isomorphism (equivalently, a surjection); indeed, it follows that v is contained
in a smooth I'°-submodule of V.
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We claim that it suffices to consider the case that 7 is finitely generated in
sm.I" (and so is a finitely generated torsion O-module); indeed, m is the fil-
tered colimit of its finitely generated subobjects in sm.T°, and Ext! 1o (O/@™, ),
Extyoq o[re](O/@", ~) commute with filtered colimits, because the categories sm.I'®
and Mod O[I'°] are locally Noetherian (see e.g. [DEG23|, Proposition A.1.1]). If m
is finitely generated, then every extension of O/w™ by 7 in Mod(O[I'°]) is a finitely
generated torsion O-module, and so its canonical topology as an O[I'°J-module is
discrete, which implies that the action of I'° is smooth, as required. (I

2.2.22. Smooth G-representations as O[G]-modules. When I' = G = GL(Q,) and
A is an O-algebra, we write A[G]. for the quotient of A[G] by the ideal generated
by z — ((2) for 2 € Z(G) = Q. The category A may thus be regarded as a
full subcategory of Mod(O[G]¢), and the inclusion A C Mod(O[G]¢) is exact and
colimit-preserving (see e.g. [EGH25, §E.2]). We recall the following result about the
structure of O[G].

Lemma 2.2.23. The ring O[G]¢ is coherent.

Proof. This is a consequence of |Tim23| Theorem 9.7] (see also [Sho20, Theorem 1.2]),
which states that O[G] is coherent, together with the fact that the quotient of a
coherent ring by an ideal that is generated by finitely many central elements is
coherent [Swal9l Corollary 3.6]. d

Remark 2.2.24. In the context of ' = G = GL2(Q,), an evident variant of
Lemma [2:2.20] shows that the essential image of the fully faithful embedding
A — Mod(O[G]¢) is again a localizing subcategory of its target.

Remark 2.2.25. An object m of A is finitely presented if it is the cokernel of a
map c-Ind% , (1) = -Ind% ,(02) where o1, 0 are smooth K Z-representations on
O-finite modules. By [Sho20, Proposition 3.4], 7 is finitely presented if and only
if the image of m under the embedding in Remark is finitely presented as
an O[G]¢-module. Since G = GL2(Qy), 7 is finitely presented if and only if it is
finitely generated (see e.g. [DEG23| Theorem 2.2.1] for a proof of this fact). For this
reason, and for consistency with our notation for modules, we will often write AP
for the category we have denoted A™. We can thus summarize our discussion by
saying that the inclusion of A in Mod(O[G]¢) induces an inclusion

(2.2.26) AP € Mod™(0[G]¢).

2.2.27. Smooth G-representations and duality. Pontrjagin duality induces an equiv-
alence of (sm.G)°P with the category Modl;°*"#(0) introduced in [Emel0, Sec-
tion 2.1]. The objects of Modf;®*"8(0) are (left or right, compare Section [2.2.14)
O[G]-modules endowed with a profinite topology that admits a neighborhood
basis of the identity consisting of open topological O[K]-modules, while the
morphisms in this category are the continuous O[G]-linear maps. The forget-
ful functor Modg,®*"#(0) — Mod(O[G]) is exact. There are also forgetful functors
Modg°*"8(0) — Mod.(O[K]) — Mod.(O), which factor through the category of
O[G]-modules in Mod.(O[K]), resp. Mod.(O). When working with the category
ModZ°*"#(0), or one of its full subcategories, we will sometimes write Hom%’ﬁ‘éﬂ
rather than Homyyoqerosus (o) -

We denote the image of A°P in Modg,**"#(0) by Modg :"**(0), and the image

of Aladm.op 1y ¢ This category is denoted €(Q) in [Pa3l3], but as we will not work
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with more general coefficients, we shorten the notation accordingly. It is a Serre
subcategory of Modg \""*(0).

Remark 2.2.28. If we regard the objects of € as left O[G]-modules, following the
discussion in Section then they have central character (~'. If we regard
them as right O[G]-modules (again as in that discussion), then they have central
character ¢, i.e. they are right O[G]¢-modules.

Since locally admissible representations of G are locally finite, every object P € €
is the cofiltered limit of its finite length quotients in €. We refer to the image
of A3dm:°P in ¢ as the (full) subcategory of coadmissible modules, and denote it
by ¢adm Equivalently, this is the full subcategory of € consisting of objects that
are finitely generated over O[K], or (again equivalently) over O[K,] for one, or
any, n > 1. Note that the topology on an object of €™ coincides with the
canonical compact topology it inherits as a finitely generated module over the
compact Noetherian ring O[K], by the uniqueness part of Lemma .
By (2.2.3)), we see that formation of projective limits (equipped with their projective
limit topologies) induces an equivalence

(2.2.29) Pro¢t! = ¢,

where, as usual, €™ denotes the full subcategory of finite length objects of ¢. The
following “automatic continuity” result is often useful.

Lemma 2.2.30. If M and N are objects of €, with M furthermore lying in €34
then the evident inclusion

Home (M, N) (= Hom@Siey (M, N)) € Hompjpep (M, N)
s an equality.

Proof. Tt suffices to prove that O[K]-linear morphisms between M and N are
automatically continuous. Since M and N are objects of Mod.(O[K]), and M is
finitely generated over O[K], this is a consequence of [VV97, Proposition 3.5]. O

We also have the following related result.

Lemma 2.2.31. The forgetful functor €°2m — Mod(O[G]¢) is fully faithful, and
its essential image is a Serre subcategory of its target.

Proof. The claimed full faithfulness is an immediate consequence of Lemma [2:2.30]
If M is an object of €°°*™ then (by definition) M is finitely generated over the
Noetherian profinite O-algebra O[K], and (as noted above) is equipped with the
canonical compact topology it inherits by virtue of this. Thus, any O[G]¢-submodule
of M is again finitely generated over O[K], and so is an object of €°2dm  Similar
arguments in the case of quotients and extensions show that €°°2™ is indeed a
Serre subcategory of Mod(O[G]¢). O

2.2.32. Induced representations. We write Ind§ : sm.T — sm. G for the functor
of parabolic induction with respect to B, and c—Ind?( 7 sm. KZ — sm. G for the
functor of compact induction. We adopt similar notation for other groups, and
for the induction functors on the categories of smooth representations with fixed
central character (note that Indg and c—Ind?( 7 preserve central characters when
these are defined). Then Ind$ is an exact functor, and c-Ind%, is an exact left
adjoint to Res% 2. The parabolic induction Indg(lT) of the trivial character of T" is
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a reducible representation, and we write St for its unique irreducible quotient, the
Steinberg representation of G. There is an exact sequence

0—=>1g — Indg(lT) — St — 0.

If o is a (-compatible Serre weight, and y = o™ is the highest weight of o viewed
as a character of Ty Z, then we write

He(o) = Endg(c-Ind$ , o)
Hr(x) = EndT(c-Ind%)Z X)-
There are canonical isomorphisms
(2.2.33) Hr(x) — Hr(ln,z) — FIT;]

(so in particular Hr(x) is canonically independent of x). We normalize our choice
of generator T}, in such a way that the Satake map Hg (o) — Hr(x) of [Herll] is
an injection which sends the usual spherical Hecke operator to T},, and determines
an isomorphism

(2.2.34) He (o) — F[T,].
If o is not a twist of Sym”, then |[BL94, Theorem 25| gives an isomorphism

(2.2.35) (c—Indf(Z 0) 1/T,] = Ind% (C—Indgoz x) ;

where B is the lower-triangular Borel subgroup. This isomorphism is compatible with
the Satake isomorphism, in the sense that it is an isomorphism of F[Tfl]—modules
(acting on the right-hand side by Ind%—functoriality), and so can be regarded as
characterizing the Satake morphism (for o not a twist of Sym").

If 0 == 04,0 is a twist of Sym®, so that Oa,p—1 is the corresponding twist of
Sym? ™!, then there is a short exact sequence

(2.2.36) 0 — c-Ind% ;040 = -Ind% ;041 — (WaanE—C(p) odet) ® St — 0,
with the first embedding being F[T},]-linear. Similarly, there is a short exact sequence
(2.2.37) 0= c-Ind% ;04 p 1 — -Ind% ;040 — (an,?—C(p) odet) —— 0,

where again the first embedding is F[T}]-linear. The composite of the injections
c—Ind?(Z Ca,0 = c—Ind?(Z Oa,p—1 and c—Ind?’;Z Oap—1 c—Indf(Z 0a,0, in either order,
is a non-zero scalar multiple of multiplication by Tg —((p).

2.2.38. Irreducible objects of A. Recall the following classification of the irreducible
objects of A.

Theorem 2.2.39.
(1) Every irreducible object of A is isomorphic to one of the following represen-
tations:
(a) ¢-nd$ , a4/ f(T,) for some C-compatible o4, and monic irreducible
feHa(oap), such that f is coprime to Tg —C(p) ifb=0,p—1;
(b) an irreducible subquotient of c-nd% , 040/ f(T}), or equivalently of
c-Ind% ; 00 p1/f(Tp), for some monic irreducible factor of T2 —¢(p).
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(2) The representations of part are pairwise non-isomorphic, with the
exception of the isomorphisms
c-Ind$, 0a0/f(Tp) = c-Ind%, Oap—1/f(Tp)
when f(T}) is coprime to Tg —¢(p), and
c-Ind% ; 000/ Ty =2 -Ind%  Garbp1-6/Tp-
(3) A representation c-Ind$ , 0,4/ f(T},) as in is absolutely irreducible if
and only if f has degree one.

Proof. See [DEG23, Theorem 2.12; Corollary 2.14], which builds upon the results
of [BL94; |Bre03] (see also [Pasl3] Section 5.3]). O

Remark 2.2.40. By (2.2.35)), the representations c—Indf(Z oan/f(Tp) for f(T,) # T,
occurring in Theorem 22& can be written as parabolic inductions from the lower-
triangular Borel subgroup B, or equivalently (after a twist) from B. For example,

a+b)

-Ind% , 0ap/(T, — \) = IndG (nry—1¢(pw” @ nryw
for all A € F*.

2.2.41. Tensoring between € and A. If M and N are respectively right and left
O[G]¢-modules, then we can form their tensor product M ®og), N € Mod(O).
There are the usual trifunctorial bijections

(2.2.42) Homo (M ®o[ap, N, W) — Hompjgy, (N, Home (M, W))
and
(2.2.43) Home (M Xo[6]. N, W) — Homo[[G]]c (M, Home (N, W))

given by evaluation maps. On the right hand side of , contrary to our usual
conventions, we are forming Hom of right O[G]¢-modules. Of course, we can always
use the anti-involution g — ¢! on O[G] to convert M and Home (N, W) to left
O[G]-modules, and then write the target of as Hompjgg (M, Home (N, W)),
now formed in the category of left O[G]-modules.

A key example of the tensor products over O[G]. that we will consider are
those of the form M ®pqqp. 7, where M is an object of € (thought of as a right
O[G]¢-module; see Remark and 7 is an object of A. Since the formation of
tensor products is compatible with filtered colimits, we will primarily focus on the
case when 7 is an object of A™, and then it will be convenient to also consider the
more general case when 7 is an object of Mod™(O[G]). We are going to describe
some general properties of this construction; see [JNW24| Section 6.1] for related
results.

The functor M ®ojap, — - Mod™®(O[G]¢) = Mod(O) is of course a special
case of the general construction in Section viewing M as a right O[G]¢-
module in the abelian category Mod(Q). Since M € €, we can also regard it as
a right O[G]¢-module in Mod.(O), and then Lemma [A.1.55| constructs a lift of
M ®oj[c), — through Mod.(O) — Mod(0O). As explained in Remark [A.1.49} for all

7 € Mod™(O[G]¢) and W € Mod.(O) there is an isomorphism
(2.2.44)  Homypoq,(0)(M ®@ofay, ™ W) = Hompygy, (ﬂ,HomModc(O)(M, W))

Furthermore, by Lemma, the formation of M ®p[gy, 7, for M an object of €
and 7 an object of Mod™?(O[G]¢), is compatible with the formation of cofiltered
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limits in €. We next describe the interaction of tensor products with the Pontrjagin
duality functor (-)V.

Lemma 2.2.45. Let M be an object of € and w be an object of Mod™(O[G]¢).

(1) There is a natural isomorphism of discrete O-modules
(M ®o1c1, m)Y HOYHO[[G]]C(W;MV%
or, equivalently, a natural isomorphism of compact O-modules
M Ro[6]: T = Homo[[G]]c (m, M\/)\/.

(2) If M is coadmissible, then M ®o[g), ™ is a discrete O-module of finite
cardinality.
(8) If 7 is of finite length, then there is a natural isomorphism of compact
O-modules
M ®o[g), ® — Home(M, 7)Y

(where Home (M, V) is endowed with its discrete topology, so its Pontrjagin
dual is a compact O-module).

Similarly, if = € Mod"™(O[KZ]¢), and M € Mod.(O[K Z]¢), then there is a
natural isomorphism of compact O-modules

M ®(9[[Kz]]< ™ ; HomModC(O[[KZ]]C)(Ma 7TV)V.

Proof. Part (1) follows from applying with W = @w™"0/0 and taking the
colimit over n (using the assumption that 7 is a compact object of Mod O[G]).

For part (2), note that if M is coadmissible, then its Pontrjagin dual M" is an ob-
ject of A24™  Since furthermore 7 is finitely generated, we see that Hompjygy, (7, M v
is a (literally) finite O-module. Thus M ®¢[g], 7 has a finite Pontrjagin dual, by
(1), and so is itself finite. This proves (2).

Finally we turn to (3), and so assume that 7 is finitely presented and of finite
length. Write M — 1&11z M; as a cofiltered limit of objects M; € € of finite length.
Then the M; have finite O[G]¢-length, and so

Hom%’“t(M ®O[[G]]< T, E/O) L) Homcgom(@ Ml ®@Hgﬂ< ™, E/O)
AN hquomo(Ml ®O[[G]]g W,E/O) = @Homo[[c]](Mi,ﬂ\/)
i i
= ligHomg(Mi,wv) 5 Home (M, V).
i

Here the first isomorphism follows from the compatibility with projective limits
provided by Lemma [A;T.51} the second isomorphism follows from the fact that the
Pontrjagin dual of a projective limit of finite length O-modules is the direct limit
of their Pontrjagin duals (note that by part (2), the tensor products M; ®o(g), ™
are finite length O-modules, since the M; are coadmissible, being of finite length);
the third isomorphism is provided by ; the fourth isomorphism is given by
Lemma and the fifth isomorphism follows from the fact that 7V is of finite
length (so that any homomorphism M — 7V in € factors through some M;). This
proves (3), and the same proof works for O[K Z].. O

Lemma 2.2.46. If P is a projective object of &, then:
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is a projective object of Mod, and so, in particular, it is

1) P jective object of Mod.(O[K Z]) (and so, i cular, it i
topologically O[K Z]¢-flat, and O[K Z]¢-flat).

(2) Tor?[[G]]C(P, ) = 0 for any object m of A and any i > 1.

Proof. Since PV is injective in the category A"#d™ it follows from [EP10, Corol-
lary 3.10] that P is also injective in the category (sm.KZ). of smooth KZ-
representations with central character (. Hence P is projective in the dual category
to (sm. KZ)., which is Modc(O[[KZﬂzp), compare Remark 2.2.28} Lemma
now implies that P is topologically O[K Z].-flat and O[K Z]-flat. This establishes
the first part of the lemma.

We now prove the second part. Since Tor; commutes with filtered colimits, we can
assume without loss of generality that = € A'. Since A is an abelian subcategory
of A, there exists a resolution

e-Ind€ ,(V,) — ,

where each V; is a smooth O[K Z].-module of finite O-length. By the first part of
the lemma, ¢-Ind% , V; is acyclic for the functor P ®o[ay, (), since

P &gy, ¢Indf, Vi = P ®q. (O[C]c ®opxz), Vi) = P @i 75, Vi
Hence Tor?[[GHC (P, 7) is the homology of
P ®o[c). -Ind, Va,
which by Lemma (1) is isomorphic to the homology of
Homojgy, (c-Ind% , Va, PV)Y.

This is concentrated in degree zero as a consequence of |Pas13, Corollary 5.18],
which implies that PV is an injective object of A. a

2.3. Morita theory for blocks of A"*I™ and ¢. Unlike A, the category Al-adm
is locally finite, by Lemma [2.:2.2] By the structure theory of locally finite categories,
recalled in Section A4 admits a decomposition into blocks. An extensive
analysis of the various blocks is made in [Pagl3|, and in what follows we recall,
and slightly expand, some of these results. The arguments in [Pas13| rely crucially
on Colmez’s functor “V”, but we postpone our discussion of this functor until the
following section; in this section we focus on those results whose statements can be
made without reference to Colmez’s functor.

2.3.1. Classification of blocks. Recall that, by definition, a block of A24™ is an equiv-
alence class of (isomorphism classes of) irreducible ob jectsﬂ under the equivalence
relation generated by

T ~ my if Exti‘(m,ﬂg) #0 or Exti‘(w%wl) #0.

The blocks B containing absolutely irreducible objects were classified in |[Pas13].
The remaining blocks were classified in [DEG23, Proposition 2.4.8, Remark 2.4.9]. In
summary, blocks come in five “types” as follows (we explain the labels in Remark
below):

2We note that it follows from the results of [BL94} [Bre03| that the irreducible objects of A
are automatically admissible, and hence lie in A"2d™  Thus we can equally well regard this as an
equivalence relation on the irreducible objects of A.
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(ssg) B = {n} where © = ¢-Ind%, 0/T},, for some (-compatible Serre weight o,
is an irreducible supersingular representation.
(gen) B = {Ind$ (1 ® w ' x2), nd%(x2 @ x1w™!)} for characters x1, X2 : Qy —
F* such that x1x2 = Cw and X1X2—1 £ 1wt
(scalar) B = {Ind%(x ® w='x)} for a character x : Q) — F* such that x* = (w.
(St) B={x,x® St,Indg(wX ®@w~tx)} for a character x : Q, — F* such that
X* =
(gen+) B is the set of irreducible subquotients of

c-Ind%, o/ fos (Tp) © e-Ind , 0°°/ f35(T,)

for some companion pair o|c® of (-compatible Serre weights, and some
irreducible monic polynomial fy € F[T,] of degree > 1. Here we have
written fy(Tp) = f» (0)_1T1§ieg = fo (C(p)/T,) for the irreducible monic
polynomials whose roots are A~1((p), where A runs through the roots of f.

Remark 2.3.2. Note that blocks of type [(gen)| can also be written in the form
{c-Ind$ , 0 /(T, — ), e-Ind% , 0° /(T,, — A= '¢(p))} for an appropriately chosen com-
panion pair of weights o|c® and A € F*. Thus the key point in the description of
blocks of type|(gen+)|is that the polynomial fi be of degree strictly greater than 1.

2.3.3. The full subcategory associated to a block. If B is a block of irreducible
objects of A, the discussion of Section yields a direct factor Agp of A. By
Lemma the category Ag is locally finite, and its subcategory Afg' of objects
of finite length coincides with its subcategory of compact objects, resp. Noetherian
objects. These coincide furthermore with the finitely generated objects, by the
following lemma.

Lemma 2.3.4. The category .Afgl' coincides with the full subcategory of finitely
presented objects of Ag.

Proof. Lemma implies that A%l' is the subcategory of Noetherian objects
of Ass. On the other hand, an object of Ay is Noetherian in Agg if and only if it is
Noetherian in 4, and the Noetherian objects of A are precisely the finitely generated
objects, by [DEG23, Corollary 2.2.4]. We conclude because finitely generated objects
are finitely presented (see Remark . g

2.3.5. Blocks of type|(gen+)| If B is a block of type[(gen+)| by [DEG23, Prop. 2.4.8,

Rem. 2.4.9] we have the following (mutually exclusive and exhaustive) possibilities:
® 0=0°=0,p-—2and f = f5. Then B is a singleton.
e {0,0°} ={00,0,0a4+1,p-3}, and fos = T3 — ((p) (hence ¢(p) is not a square
in 0*). Then B has three elements.
e ‘B has two elements.

If F/ is a splitting field of fos over F, then the set
B Qg F = {JH(’/T XE F,) e %}

is a union of blocks of AL34™. The group Gal(F’/F) acts transitively on B @p F’
and preserves its partition as a union of blocks; the stabilizer of each part is trivial,
except in the following case:

e 0 =0%= Oa,p—2; f% = f%7 and f% 7£ T;? - C(p)
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In fact, in this case, the element of order two of Gal(F’/F) sends each root A of fg
to A71¢(p) # A, and so it fixes each part. (This exception can be explained in Galois-
theoretic terms: for example, when deg f =2, fs = fa;, and fo # Tg —((p), the
block {¢-Ind% (074 p—2)/ fas } will correspond under Deﬁnition to an irreducible
but not absolutely irreducible Galois pseudorepresentation. Note that these are all
twists of unramified representations, hence have Serre weight o, ,—2, as explained
in Remark [2.1.12])

In keeping with Remark for any block of A (of type or not) we

write Fg3 for the splitting field of fu, except in the case just described, in which we
write Fygs for the index-two subextension of the splitting field (so that, in this case,
fs splits in Fy[T},] as a product of irreducible quadratic polynomials, each fixed by
the involution f — f*).

Definition 2.3.6. We say that a block B of A"2d™ is F-rational if Fgs = F.

The next result shows that every block B of A is equivalent to an Fg-rational
block of Ag,,.

Lemma 2.3.7. Let B be a block of type and let B’ be a block of Ap
contained in B @p Fy. Write O'/O for the unramified extension with residue
field Fos. Then B’ is Fys-rational, and restriction of scalars from O to O is an
equivalence of categories Ao — Ao .

Proof. By definition, Fs is a splitting field of fo, except when o = 04 p—2, f3 = f&,
and fog # Tg — ((p). In this case, fo splits as a product of irreducible quadratic
polynomial, which are fixed by the involution f — f*. Thus we have the following
mutually exclusive possibilities:

® 0=04p-2, and fos =17 — ((p). Then B’ has type (scalar)| and it has the
form {m} for some absolutely irreducible object my of Aer.

® 0 =0qp-2, f= [y, and fu # Tj —((p). Then B’ is an Fy-rational block
of type and it has the form {my} for some irreducible object 7y of
Aor.

e 0 =040, and fg = T2 — ((p). Then B’ has type [(St)| and it has the form
{mo, 71,2} for some absolutely irreducible objects m, 71, T2 of Ao .

e B’ has type[(gen)} and it has the form {7, 71 } for some absolutely irreducible
objects mg, m of Apr.

In all of these cases, B’ is Fogs-rational, and for all o # 8 € Gal(O’/O), we have
a* B’ £ *B’. Furthermore, restriction of scalars preserves local admissibility, by
Lemma (3), and so we may also regard each 7; as a locally admissible object
of Ap.

We now prove that 7; is an irreducible object of Ap s. Choose an irreducible
subobject 7 — m; of m; in Al('gadm. Then 7 is an irreducible subquotient of
e-Ind% , o'/ f/(T,,) for some irreducible monic f' € F[T,]. Since 7 ®p O’ is a
subobject of T; ®o O' = @ ecqal0r/0)Y i, we see that c—Indf(Z o'/ f(T,) and

-Indfz o/ fo(Ty) ® c-Indf ; 0%/ f35(T;)

have an irreducible subquotient in common after extending scalars to O’. By [DEG23|
Corollary 2.1.14] we deduce that (¢’, f') € {(o, fn), (0%, f3)}, and so 7 is an
irreducible object of Ap 5. Now, by construction, we know that @ ®o O’ has
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Apr-length equal to [0 : O]. This is the same as the length of m; ® O, and so
the inclusion m — m; is an isomorphism, as desired.

It follows from the previous paragraph that restriction of scalars defines a functor
Ao = Ao, and there remains to prove that it is an equivalence. We will do
this by an application of Morita theory. Let Z be an injective object of Ao/ g/ with
socle equal to the direct sum of the objects of B’. Then 7 is an injective object
of Ap m: in fact, Hom Apdm (-, 7)®0 O’ is exact, because it is naturally isomorphic to
HomAl(.;dm (-®0 0", IT®00") (by Lemma2.2.2(3)) and Z®o 0" = ©ycgaio0r/0)Y* L
is injective. Furthermore, 7 is an injective cogenerator of Ap @ this is a consequence
of the fact that 8 and B’ have the same number of elements, and non-isomorphic
irreducible objects 7;, 7; of B’ are not isomorphic in Ap (as can be seen by computing
Homy,, (75, mj) ®o O" = Homy,, (m; ®0 O',m; ®0 O') = 0, using that m; # v*7;
for any v € Gal(O'/0)). By Morita theory (see e.g. Section there remains
to prove that the restriction map

(2.3.8) EndAlt.ﬁdm () — End_Aléadm ()

is an isomorphism, or equivalently, is surjective. We can verify this after apply-
ing —®p O'. Now

End g pam (T)@00" = @  Hom g (a°, B°T) = P Ewd Agam (Y°T)
a,BEGal(0’/O) ~EGal(0'/0)

since *Z and B*Z are in different blocks of ALLI™ if o # 3, and (2.3.8) ®o O’ is the
diagonal inclusion. Since the image of (2.3.8) ® O’ also contains the idempotents
in the target (because it contains O’ ® '), this concludes the proof. O

Because of Lemma [2.3.7] one can often assume without loss of generality that B
is F-rational. As already mentioned, these blocks have been thoroughly studied
in [Pas13|, with the exception of F-rational blocks B of type note that
these are not equivalent to blocks of type |(gen), e.g. because they contain a unique
irreducible object. However, many of the invariants of %6 that we define in the
following sections become isomorphic to invariants of blocks of type after a
base extension, which will be enough for our intended applications.

2.3.9. The dual category associated to a block. We write € for the image of A
under Pontrjagin duality. By Proposition there exists a pseudocompact
O-algebra Ey such that €y is equivalent to the category of pseudocompact right
FEg-modules. The ring Fey is only well-defined up to its category of pseudocompact
modules, and one of the main results of Paskunas in [Pas13| is the computation of
an explicit choice of Ew, and of its centre. We will recall these results in detail in
the next section. For now, we content ourselves by noting the following particular
lemma, which follows directly from those more precise results, and then deriving
some consequences of it. We do this because |[Pasl3| only considers blocks that
contain absolutely irreducible representations (i.e. not of type|(gen+))) whereas it
will be important for us to have a uniform statement for all blocks. This will recur
throughout our discussion of “classical” p-adic local Langlands for GL3(Q,) (for
example, the absolutely irreducible case of Lemma (B) can be found in [PT21]
Corollary 6.7]), and as we already intimated in Se these amplifications
of the existing literature are straightforward consequences of those existing results.



30 A. DOTTO, M. EMERTON, AND T. GEE

Lemma 2.3.10. Let M be an object of €y with cosocle of finite length. Then
Ende,, (M) is finitely generated over the Bernstein centre Zg of Cyp, which is a
Noetherian, local, profinite O-algebra. Hence Ende,, (M) is a Noetherian profinite
O-algebra.

Proof. Tt suffices to construct a projective generator Py of €y, with cosocle of finite
length, such that Fy := Ende, (Ps) is finitely generated over its centre Z(Egy),
and Z(Fwy) is Noetherian and local. In fact, the equivalence implies
that Zg = Z(FEwy), and so Zg is Noetherian, local and profinite. Finally, if M has
cosocle of finite length, then Ende,, (M) is an Eg-submodule of Home,, (P%”, M) for
some n > 0, which is a quotient of Home, (Pg", Pg") & E,%”Z. Hence Ende,, (M)
is a subquotient of a finitely generated Zy-module, and so it is finitely generated
over Zy.

If B contains absolutely irreducible representations, then the existence of Py with
these properties is established in [Pa813|. Hence the lemma is true when B contains
absolutely irreducible representations. By Lemma [2.3.7] there remains to prove
the lemma in the case that B = {m} is F-rational of type If Py — 7y is
a projective envelope, and O — O’ is unramified quadratic, then Py ®0 O’ is a
projective generator of a block of €o. of type Hence End( Py @0 O') is finitely
generated over its centre, which is Noetherian and local. Since End(Py ®p Q') =
End(Py) ®0 O and Z(End(Pys) ®0 O') = Z(End(Py)) ®0 O, we deduce that
Z(End(Psg)) is Noetherian and local, and that End(Py) is finitely generated over
Z(End(Psg)), as desired. O

Lemma 2.3.11. Let P be a projective object of € with cosocle of finite length.

(1) The endomorphism ring E = Ende,, (P) is a Noetherian profinite O-algebra,
and P is a Noetherian object of €.

(2) The module P, with its natural topology as an object of €y, is an object
of Mod.(E).

(3) For alli > 0, the quotient P/ rad(E)'P is a finite length, hence coadmissible,
object of €.

(4) If P is furthermore a projective generator of €, then P is topologically flat
over E (hence projective in Mod.(E), by Lemma[A.1.44) and E has finite
global dimension.

Proof. Proof of : An application of Lemma shows that E is a (left and right)
Noetherian profinite O-algebra. To see that P is Noetherian in €, or equivalently
in €y, note that there exists a projective generator Py of €y, with finite cosocle
and Noetherian endomorphism ring Eg, such that P is a quotient of Py. Under the
equivalence Home,, (P, ) : €5 — Mod.(Egy ), P goes to a quotient of Eg, which
is a Noetherian Eg’-module. Hence P is Noetherian in Cg.

Proof of : Since the natural topology on P is profinite, it suffices to prove that
every open O-submodule of P of finite index in P contains an open left E-submodule,
which is exactly what is proved in [Pasl3] Lemma 2.7]. (Strictly speaking, this
reference works under the additional assumption that cosoc(P) is multiplicity free,
but this assumption is only used to ensure that F/rad(E) has finite F-dimension,
which follows from the fact that E is compact and has the rad(FE)-adic topology, by

Lemma |A.1.30] (8)).
Proof of (3): By Lemma [2.3.10, E is finitely generated over the Bernstein
centre Zoy, which is a Noetherian local ring. Writing m := rad(Zg), we deduce
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that E has the m-adic topology, and so the sequences rad(E)? and m‘E are cofinal
in E. It thus suffices to prove that P/m’P has finite length. Choose a projective
generator Py of €y with finite cosocle, and write Ew for its endomorphism algebra.
Since P has finite cosocle, there is a surjection P%” — P/m'P for some n, and
so Home,, (Py, P/m'P) is an EgP-quotient of ER". Hence Home,, (Py, P/m'P) is
a finite Eg/m’Eg-module. Since m’Fy is open in Ey, and Ey is profinite, the
quotient Eg /m’Egy is a finite set, and so we conclude that Homg,, (Pys, P/m'P) has
finite Eg-length. Since Home,, (Py,—) : €3 — Mod.(Ey) is an equivalence, we
conclude that P/m’P has finite €x-length, as desired.

Proof of : Assume that P is a projective generator of €g. Then, by Proposi-
tion [AT.65] P is a complete left E-module in €y, and the corresponding functor

~®pP : Mod.(EP) — €y

is an equivalence. Since the forgetful functor i : €5 — Mod.(O) is exact and
cofiltered limit-preserving, the composition io(— ®pP) is an exact and cofiltered limit-
preserving functor Mod.(E°?) — Mod.(O). By Lemma [A.1.55] this composition
is naturally isomorphic to the completed tensor product associated to i(P). By
Lemma this is the usual completed tensor product —® g P, which is therefore
exact, as desired.

Finally, the claim that F has finite global dimension can be verified as follows.
By [JNW24] Proposition 4.2.2] and Lemma it suffices to prove that every
simple left E°P-module M has a finite projective resolution (since there are finitely
many isomorphism classes of simple modules). For this, it suffices to prove that M
has a finite projective resolution in Mod.(FE°P), all of whose terms have finite length
E°P-cosocle, or equivalently, that M has a finite injective resolution in Mod,.(FE°P)°P,
all of whose terms have socle of finite length. Since Mod.(E°P)°P is a locally finite
category, general theory shows that M has an injective resolution M — J*® such
that, for all simple N € Mod.(E°P), we have

length, Homygoqd, (gor)or (IV, J') = length, Ext'fv[odc(Eop)op (N, M)

(see the explanation in [Pagl3, Remark 10.11]). It thus suffices to prove that for
any two simple modules M, N, the Ext-group Extfv[odc(E()p)op (N, M) is O-finite, and
vanishes for large enough ¢. Since Mod.(E°P)°? = Agy, this is a consequence of
known properties of Ext-groups between irreducible objects of Asy . O

In Section we have defined socle and radical filtrations for objects of a
complete and cocomplete abelian category, such as A, €, or Mod(O[G]¢). The next
lemma shows that, for finite length objects, the natural inclusions A — Mod(O[G]¢)
and € — Mod(O[G]) preserve these filtrations.

Lemma 2.3.12. If M € € has finite length, then the €-socle filtration and the
Mod(O[G]¢)-socle filtration of M coincide. The same statement is true with €
replaced by A, or “socle” replaced by “radical”.

Proof. This is an immediate consequence of Lemma [2.2.31] resp. Lemma [2:2.20 O

We now prove two finiteness results for the radical filtration of objects of €, or
equivalently, the socle filtration of objects of A.
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Lemma 2.3.13. If M is an object of € with cosocle of finite length, then M is
Noetherian in €, and M/rad, M is of finite length for each n > 0. Furthermore,
M = mn(M/radn M).

Proof. If cosoc(M) has finite length, then M is a quotient of a projective envelope P
of cosoc(M), and P is Noetherian by Lemma . Hence M is Noetherian.
If rad’ M / rad™* M has infinite length for some i, then (by the dual to Corol-
lary (1)) it is an infinite direct product of simple objects, and so it contains
an infinite ascending chain of subobjects. This contradicts the fact that M is
Noetherian and concludes the proof of the first statement of the lemma.

We now prove that M — @n M/rad™ M. Since € is dual to A4 we know
that

M = @1 M/M'
M'CM

where the limit is over the set of closed submodules M’ C M of finite €-colength.
Since we have just proved that rad™ M has finite colength for all n, it suffices
to prove that if ¢ : M — N is a surjection, and N has finite length, then there
exists n > 0 such rad” M C ker(q). However, rad” N = 0 for n large enough, and
then Lemma 2) implies that rad” M C ker(q), as desired. This concludes the
proof. O

Lemma 2.3.14. Let m € A™®, let B be a block of A¥2I™ and let n > 0. Then there
exists a unique subobject 7r(£) C 7 such that

(1) W/?Tgl) € Afg and has Loewy length < n.
(2) if 7' Cw, and /7’ € Af%) and has Loewy length < n, then ﬂg) cn.
The set {Tl'gl) :n > 0} is cofinal in the set of quotients of m contained in Ag’.

Proof. The uniqueness part is immediate. For the existence part, let Z be a direct
sum of injective envelopes of the simple objects of As. The dual of Lemma
implies that soca,,Z has finite A-length. Hence Hom 4(m,s0c 4., Z) is finitely
generated over 0. Choose generators ¢1, ..., @, of this O-module, and let

W%l) = ﬂ ker(y;).

Then
7r/7r‘(£) C @ socanZ,

and the right-hand side is an object of Ag? and has Loewy length < n. Hence (1)

holds, by Lemma [A.1.23] To see that (2) holds, we need to prove that ﬂgl) maps

to zero in 7/7’. Since Z is an injective cogenerator of Agy, it suffices to prove
that for all ¢ € Homu(n/7',Z), the composite wg) — 7 — 7w/ 5 T is zero.
Now Lemma implies that ¢ factors through soc4 ,Z, and all elements of

Hom 4 (7, s0c4,, Z) are zero on W$)7 by construction. This concludes the proof of

the existence of wgl ).

)

Finally, the cofinality claim follows from the second property of wg , since any

quotient of 7 contained in Af“ﬁ’ has finite A-length, hence finite Loewy length. [

We now consider the case of a projective generator with finite cosocle.
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Lemma 2.3.15. Let B be a block of A*¥™  and let Py be a projective generator
of €p with cosocle of finite length. Let Eg = Endey, (Py). Then:

(1) the functor M + Home,, (Py, M) = Hom&™ (Py, M) gives an equivalence
QtsB L) MOdC(E%p),

with quasi-inverse given by N N@E% Py.
(2) m— Py Qo[c), ™ gives an equivalence

~

AR 5 Mod™ (Ew),

with quasi-inverse given by M — Hom‘jf;‘t (Ps,M).

(8) If M is an object of €y with cosocle of finite length, then the module
Home,, (P, M) is finitely presented over EQY and over Ende,, (M).

(4) If M is an object of € with cosocle of finite length, then there is a natural
isomorphism

(2.3.16) M = Homg,, (Py, M) @py Py.

Proof. Part (1) is Proposition [A.1.65] whose assumptions are met because of
Lemma [2.3.11 . We now prove part (2). Restricting the equivalences in part (1)
to the subcategories of finite length objects, and recalling that

Mod,.(Eg)H 5 Mod™" (EZP)
by Lemma |A.1.32 (which applies since Fa is Noetherian, by Lemma [2.3.11 ),

we obtain inverse anti-equivalences
AL 5 Mod™ (EQP), 7+ Home,, (Py, )
and
Mod™ (EP) — A N s (N @py Ps)V.
Now Pontrjagin duality gives an anti-equivalence Modf‘l'(Eo%p) — Mod™" (Eg), and
we have
Homg,, (Pys, ") = Py Rofcre T

by Lemma|[2.2.45, On the other hand, if M € Mod™"(Eg) then N := MY is finitely
presented over Eg, and so N ®p, Ps = N ®@p,, Py, and

(N ®py Ps)” = Hompgep (N, Py) = Hom§h (Pg, M),

where the isomorphism is because both sides are right exact functors of N, and
send N = Eg} to Py. This concludes the proof of part (2).

We now prove part (3). By assumption, M is a quotient of Pg” for some n, and
so the module Home,, (Py, M) is a quotient of (Eg)®™, i.e. it is a finitely generated
Eg’-module. By Lemma it follows that Home,, (P, M) is finitely generated
over the Bernstein centre of €y, and so also over Ende,, (M). This concludes the
proof because Eq and Ende,, (M) are Noetherian, again by Lemma

Finally, part (4) follows because part (1) implies that

M = Homg,, (Pg, M) @ g, Pa,

and we can use part (3) to identify the completed tensor product with the uncom-
pleted tensor product. ([
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2.4. The p-adic local Langlands correspondence for locally admissible
GL2(Qp)-representations. We now recall the results of Paskunas from |[Pa313|
more precisely. A key ingredient in both the statement and proof of these results is
Colmez’s functor from GL2(Q,)-representations to Gq,-representations, and so we
begin by briefly recalling some of the basic properties of this functor.

2.4.1. Colmez’s functor V. We refer to the fundamental work [CollOc| for the
definition of a covariant exact functor

(2.4.2) (sm.G)" — (sm.Gq,)"™"

whose values on absolutely irreducible objects can be found in [Coll10c, Section VII.4],
see also |Pagl3, Section 5.7]. This functor is usually denoted V. Since we wish to
work with Galois representations of determinant (s~!, we will use the notation V
to denote the twist of this functor by the Galois character !, and so its values on
absolutely irreducible objects (as classified in Theorem and Remark
above) are as follows. Note that if E'/E is a finite extension with ring of integers O’,
then V commutes with — ®» O’, and with restriction of scalars from O’ to O: this
allows us to compute V on all irreducible objects.

Lemma 2.4.3.
(1) V(Ind$(x1 ® xaw ™)) = xaw™! for any smooth characters x; : Q, — F*.
G
(2) V(e-nd$, 044/T,) = IndGZ; (nr,c(p)w;’“) ®w L,
(8) V(xodet) =0 and V((x o det) ® St) = x for any smooth character x :
Q) — F*.
Proof. See |Pasl3, Section 5.7] and [Coll0c, Section VII.4]. O

Recall that O[Gq,] has an anti-involution f induced by g — (Ce™*)(g)g~'. We
write
VA = Mod"(0[Gq,]*)
for the functor obtained by precomposing the O[Gq,]-action on V' with . Follow-
ing [Pas13, Section 5.7], we also introduce a covariant exact functor

V:e— Mod.(O[Gq,])

as follows. We first introduce an autoequivalence W — W* of Modf'l'(O[[GQpﬂ) by
letting W* be the Pontrjagin dual of W, with the left O[Gq,]-module structure
obtained by composing the natural right O[Gq,]-module structure with f. In other
words, W* is the contragredient of W, twisted by (e~!. If M is an object of € of
finite length, we then define

V(M) = V(M) € Mod™ (0[Caq,]).

Then we extend V to ¢ by imposing compatibility with cofiltered limits, i.e. we use
the identification ¢ = Pro(€"!") of Lemma [A.1.26|and the fact that Mod.(O[Gq,])
is complete.

Remark 2.4.4. If M € € has finite length, and we regard V(M)V as a right O[Gq,]-
module via contravariant Pontrjagin functoriality, then it is naturally isomorphic to
ViMmY).
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Remark 2.4.5. Similarly to V, our functor V also differs from the V in [Pas13,
Section 5.7] by a twist by e~!. We also caution the reader that on [Pas15, p. 320],
Pagkunas also writes V to denote the contravariant functor on admissible Banach
space representations obtained by first dualizing to land in the isogeny category
associated to €, and then applying the functor V as we’ve recalled it above. We
will not do this.

2.4.6. Blocks and pseudorepresentations. The functor V induces a bijection between
the blocks of A"2dm and the Gal(F,/F)-conjugacy classes of two-dimensional F -
valued pseudorepresentations 6 of Gq, with determinant Cw™!. This bijection is
given as follows.

Definition 2.4.7.

(1) Assume that B is an F-rational block. If B = {r} has type or
type we set 0(B) := V(x). In all other cases, we set

0(B) ==V (r) + V(n)*

for any infinite-dimensional irreducible 7 € 8.

(2) Assume that B is not an F-rational block. By Lemma there exists an
Fy-rational block B’ of Ag,, equivalent to 8. We define §(8) to be the
Gal(F,/F)-conjugacy class of (8’).

Note that when B = {7} is an F-rational block of type[(gen+)| the compatibility
of V' with extension of scalars, together with Lemma (1), shows that V(r)

is an irreducible, not absolutely irreducible representation Gq, — GL2(F). This
implies that Fp ) = F for all blocks B. Lemma also implies that 0(-) is a
bijection, with the following explicit description on F-rational objects.

Lemma 2.4.8.
(1) 6{c-Ind% , 04/Tp} = w* ' ® IndQ”2 nr_c(p)wg"'l.

(2) 6{IndG(x1 ® xow ™), IndG (x2 @ xaw ™)} = w ™ (x1 + x2)-
(3) 0{Indf(x ®w™'x)} = 2w~ 'x.

(4) ?{X o det, (x o det) ® St, Ind%(ﬁwx Ruw i)} =0+w)yx.
(5) H{C—IndIG(Z(amb)/(Tg —tTy+C¢(p)} =w"'® NCre 47 42

Proof. This is a direct computation. In case (5), we have written Opo_yp 5, fOT
p

the two-dimensional unramified representation with characteristic polynomial of
Frobenius given by Tp2 —tT, + ((p). O

From now on we write B3 for the block corresponding to 0. Slightly more
informally, we will often label data associated to blocks in terms of pseudorepresen-
tations @, rather than using the notation B or By. For example, from now on we’ll
typically write €5 in place of €gp_. Note that since Fog, = Fy, this will not lead to
ambiguity when discussing fields of definition.

Remark 2.4.9. Our labelling of the blocks and pseudorepresentations is now seen to
be justified as follows:

is short for “supersingular”, because these blocks contain the supersingular
representations of GL2(Q,).
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is short for “generic”, because of Definition Note that these pseudorep-
resentations are the traces of the generic representations on the Emerton-Gee
stack for Gq,.
(scalar)| is for the scalar pseudorepresentations.
((St)| is short for “Steinberg”, because these blocks contain a twist of the Steinberg
representation of G.

becomes “gen” after extension of scalars.

2.4.10. Construction of projective objects. We now exhibit for every block 9B; a
particular projective object P of €5 with finite cosocle. If 0 is not of type [(St)
then P; will furthermore be a generator of <.

Definition 2.4.11. We define a projective object Pj of €5 in the following way:

(1) If 0 has type let 7 be the unique irreducible object of By, and let Prv
be a projective envelope of 7V in €. Then Pj := Pfaf.

(2) If 6 has type let m = (x o det) ® 7, and 7 = () o det) ® St be the
irreducible, infinite-dimensional objects of Bz. Let Prv and Py be their
projective envelopes in €. Then Py := Prv & Pry.

(3) Otherwise, Py = @ Prv is the direct sum of projective envelopes of the
duals of the irreducible objects 7 of By.

We also write

Eg == End@e). (Pp) = Ende, (Pp)
Ty = right orthogonal to P;in €5

2.4.12. The functor V and Cayley-Hamilton modules. In this subsection we stud
the restriction of V to &5 for all pseudorepresentations 0. When 6 has type
and O'/0O is the finite unramified extension with residue field Fy, Lemma
produces an Fg-rational block €5 of €o/, and shows that restriction of scalars

¢y — €5 is an equivalence. Since V' commutes with restriction of scalars, the
diagram

€5 —Vs Mod(0'[Gq,])

5 l

¢ — 5 Mod.(O[Gq,])

commutes. In the rest of this subsection, we will therefore be able to assume without
loss of generality that 6 is F-rational.

We begin by forming the profinite module V(Pg), noting that it has commuting
O-linear left actions of Ej (by functoriality) and O[Gq,]. By Lemma 2),
P5 is a pseudocompact left Ez-module, and so V(Pg) can be seen as an object of
Mod.(Ej). The following result is essentially a restatement of some of the results
of [PT21|, which in turn, since we are assuming p > 5, are essentially a restatement
of results from |[Pas13].

Proposition 2.4.13. Let 0 be a two-dimensional Fp—valued pseudorepresentation

Of GQP'
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(1) The O[Gq,]-action on V(P;) factors through Eg, and induces an isomor-
phism
R§ :—> EndModc(Eg) (V(Pg))

(2) V(Pyj) is free of rank one over each of ﬁg and Eg; in particular there
is an isomorphism Endwod, () (V(Pg)) ~ Egp, well-defined up to inner
automorphism.

(8) The composition of the isomorphisms in parts (1) and (2) is an isomorphism
Eg = Egp, well-defined up to inner automorphism.

Proof. Without loss of generality, 0 is F-rational. Furthermore, all statements in
the proposition may be checked after a finite unramified base extension —®0 O’. We
can therefore assume without loss of generality that § does not have type
The statement of (1) is then a consequence of [PT21, Theorem 6.3, Theorem 6.13],
together with the assertion in Proposition [2.1.16| that Eg is O-torsion free. The
statement in (2) concerning the Fj-structure of V(F) is contained in the last three
paragraphs of the proof of [PT21, Proposition 4.18].
If we choose an isomorphism 1 : V(P5) — Ej in Mod.(Ej), then we find that

EndModC(Eg) (V(Pg)) L) Egp

(with the isomorphism depending upon the choice of ¢, and thus being well-defined
up to an inner automorphism) and that \V/(Pg) is also free of rank one over its
endomorphism algebra Endyedq, () (V(Pg)). Combining this with the statement
of (1) proves the remainder of the proposition. O

Part (2) of Proposition allows us to regard V(P;) as an (Eg, Egp)—bimodule,
free of rank one with respect to the action of either ring. We now use Morita theory
to give an alternative description of the functor V. We recall that the functor V
is trivial on T3: this is a vacuous statement except in case in which case
it amounts to the statement that V((X o det)v) = 0. Thus V induces a functor
Q7 — Mod.(O[Gq,]) (again exact and cofiltered limit-preserving, because so is
V) which we continue to denote by V. Because our projective object P5 has been
chosen precisely so that it detects the quotient 9z, we can then use Morita theory
with respect to Pj to describe V. This is the subject of the following theorem, which
is essentially due to Paskunas. In particular, the statement of (1), to the effect that
V induces the indicated equivalence, is one of the main results of [Pa313].

Theorem 2.4.14. Let By be a block of A2 and let 6 be the associated Gal(F,,/F)-
conjugacy class of pseudorepresentations. Then the following are true:
(1) The functor V : & — Mod.(O[Gq,]) factors through Modc(ﬁg), is natu-
rally isomorphic to

(2.4.15) M + Home, (Py, M) ®p, V(Pp),
and induces an equivalence Qf — Modc(ég).
(2) The functor V1 : Afgp — Mod""(O[Gq,]) factors through Modf'l'(Rgp), and
s naturally isomorphic to

T = HOIIIEg(V(Pg), Eg) ®E§ (P§ ®O[[G]]< 7T),
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where Eg acts by right multiplication on the Hom-space, and Eg acts
through V(Pj).

Proof. As in Section [A.1.61} we write M for the image of an object M of &G

in Q. Then Lemma [A.1.63(2) shows that Home, (P, M) = Homgy(ﬁg, M) for
all M € & Hence Endg_(P5) = Ej is a Noetherian profinite O-algebra. By
Lemma|A.1.63|(3), Py is a projective generator of g, and it has finite cosocle in 3.
Hence Proposition [A.1.65| applies, and shows that Homgy(ﬁg, —) an equivalence
Q; — Modc(Egp), with quasi-inverse given by — ® B, Pg. For any object M of &g,
we now see that

V(M) = V(M) = V(Homgq,(Pg, M) ®p, Pj) — Home, (Py, M) ®p, V().

For the second isomorphism, we use the fact that V is exact and cofiltered limit-
preserving, and also the fact that V() is finitely generated (in fact, free of rank one)
over Ej, so that -® E§V(P§) can be computed as the usual tensor product. This
gives the factorization and the natural isomorphism of (1). Since, as we’ve already
noted, Homgg(ﬁg, —) is an equivalence, it then follows from Proposition (2)
that V induces an equivalence Q7 — Modc(fig). This completes the proof of (1).

We now prove part (2). By Remark the functor VT is the Pontrjagin dual
of V. So it follows from part (1) that

Vi(r) 2= (Home, (Py,7") ©m, V(Py))’

functorially in 7. Since V(Pj) is a free left Fz-module of finite rank, we deduce
from this that

VT(ﬂ') = HOIIlE‘g(\v/(Pg)7 Eg) ®E5 HOmgy(Pg, ﬂ,V)\/.
The result now follows from Lemma [2.2.45 (1). O

Remark 2.4.16. Write Z5 for the centre of the category ¢€;. Then there exists a
unique isomorphism Z(Rj;) — Zz such that the functor V is Z(Ry)-linear. This
is part of the results of |[Pagl3|; from our point of view, it is a direct consequence
of Theorem [2.4.14] except in case [(St)}, in which case we need the additional fact
that € — Qj induces an isomorphism of centres, which follows from [Pas13|
Theorem 10.80, Corollary 10.77].

Note also that by Proposition [2.1.16, the natural map Rgs — Z(Ry) is an
isomorphism. Hence we can reformulate the above as the existence of a unique
isomorphism Rgs — Z5 such that the functor V is Rgs—linear. It then follows
that the functors V and V' are also Rgs—linear. In fact, since V(r) = V(7V)*,
to prove the Rgs—linearity of V it suffices to check that for all z € Rgs C é; and

all M € Mod™" (Eg), we have the equality zp)/+ = 2}, as central endomorphisms
of M*. The equality zp;v = zy, holds by definition (here V denotes the Pontrjagin
dual). Now, again by definition, we have zp;+ = (27) v, and 23, = 2); (since the
functors M — M* and M — M"Y act in the same way on morphisms). Since the
anti-involution t is trivial on the centre of Eg, we conclude that z),- = 23, as
desired.

Since V : Q7 — Modc(ég) is an equivalence of categories, it also admits a
Morita-theoretic description. It is easy to make this explicit, since the natural
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isomorphism (2.4.15) shows that the equivalences Homg_ (Pg, ) and V(-) differ by
tensoring with the free rank one bimodule V(7).

Definition 2.4.17. We define 155 = Hompg, (V(Pp), Ep) ®p, Py and Eg = End%(]%).

If 6 is not of type|(St)} then ]55 is a generator of € (since the same is true of Fy).
Since V(P;) is an (R, EZP)-bimodule which is free of rank one over both rings, we
see that Homp_ (V(Py), E) is an (}Nzgp, Eg)-bimodule which is again free of rank one

over both rings. Thus ]55 is a projective object of €5, with a natural isomorphism
(2418) R;—)p L> Eg = End%(Pg).
Hence we can regard the functor V1 as a functor
L af £l
(2.4.19) Vi AP — Mod (Ep),
and the functor V' as a functor

(2.4.20) Vi AP — Mod™" (Rp).

Remark 2.4.21. The main reason to introduce ﬁg is to obtain the canonical iso-

morphism (2.4.18]), and therefore avoid making a choice of isomorphism as in
Proposition(3). Throughout the paper we will mostly work with ﬁg, rather
tha1~1 P;. As an exception, in Section @ we will need an explicit presentation
of E7 when 6 = 1 + w, and so it will be convenient to choose an isomorphism
P; = ﬁg. By construction, this choice is equivalent to the choice of an Eg-basis of

the free rank-one Egz-module \V/(Pg). A convenient choice of basis is described in
Lemma [3.6.24]

Lemma 2.4.22.

(1) There is a natural isomorphism

V() = Home, (Fy, -)

of functors € — Mod.(Ry). In particular, the functor
M— M ®E§P§
provides a quasi-inverse to the equivalence V : Q7 — Modc(ﬁg).
(2) There is a natural isomorphism
VT(*) = ﬁg ®o[G]e ~
of functors A%) — Modf'l'(Eg).
(3) If 0 is not of type|(St)|, then VT : Afgp — Modf'l'(Eg) is an equivalence.

Proof. The claimed natural isomorphism in (1) follows from the definition of ]35 to-
gether with . The rest of part (1) is then a special case of Proposition
The statement of (2) is dual to the statement of (1) in the same way that the
statement of part (2) of Theorem is dual to the statement of part (1) of that
theorem, and is proved in an identical manner. N
The final part is immediate from Lemma , since Pj is a projective
generator of €. g
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2.5. Localization of smooth representations of GL3(Q,). In this and the
next section we recall various results from our paper [DEG23|, and explain how
to translate them from the abelian categorical context (which is the focus of that
paper) to the stable co-categorical context in which we are working. Along the way,
we establish various relationships between the stable co-categories of representations
that we will be considering.

2.5.1. A chain of projective lines. One of the main results of [DEG23] is a localization
theory for A over the Zariski site of a scheme X over F, which is a chain of projective
lines of length (p £+ 1)/2, with ordinary double points (where the sign is equal
to —((—1)). There is a bijection between companion pairs of {-compatible weights
and the irreducible componentsﬂ of X, and we write X (o|c°) for the component
corresponding to the pair {0, 0}.

If 0 = o4 is ¢(-compatible, and b # p — 1, there is a morphism (|[DEG23|
Definition 2.6.1])

(2.5.2) fo : SpecHg (o) = At — X (o]0)

which is an open immersion when b # p — 2 (given by x + T, the sign depending
on o), and is a degree two morphism when b = p—2 (given by x — (z+x71)*!). The
identification of Spec H¢ (o) with Al uses the isomorphism . When b =p—1,
we furthermore define f,, = f,, -

There is a bijection 2 — B, between the set of closed points of X and the set of
blocks of A2d™  given by

(2.5.3) B, = JJH (C-Indﬁz T OHg(o) ?/) ’

.Y

i.e. the union of the Jordan—Holder factors of c—IndIG( 7 0 @ (o) y for those o,y with
fo(y) = x. Composing with the bijection in Definition we see that there is
also a bijection between the set of closed points of X, and the set of Gal(F,/F)-
conjugacy classes of two-dimensional Fp—pseudorepresentations 0 of Gq,, having
determinant (w™!. Accordingly, we will typically denote a closed point 2 € X by .

Note that in the notation of Section the residue field of 9 is Fy.

Remark 2.5.4. Using the identification of closed points of X with F,-pseudorepresentations
that we have just described, we have the following explicit formula for the mor-
phism f, from (2.5.2): if 0 = 0,, then for ¢ € F; (regarded as an F,-point of
Spec He(0) via the isomorphism (2.2.34)) we have

(2.5.5) fo(t) = nry1w®t 4+ 0w,
while

Gaq, _
(2.5.6) fo(0) = IndGz; (nr_c(p)wg"’l) ®w L.

Hence the points 0, 00 of X (o|c®°) correspond to irreducible pseudorepresentations.

3In |DEG23| Prop. 2.5.4], we label the components as X (7), where 7 runs over the set of
isomorphisms classes of irreducible cuspidal representations of GL2(Fp) over E with central
character ¢. The map 7 +— JH(7T) (i.e. passing to the Jordan—-Holder factors of the semisimplified
mod p reduction) induces a bijection between the set of such 7 and the set of companion pairs. This
bijection is described in more detail in the proof of Propositionbelow. Compare also [DEG23|,
Rem. 2.5.7].
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2.5.7. Localization of abelian categories. We associate to every closed subset Y C | X|
the full Serre subcategory Ay C A of objects all of whose irreducible subquotients
are contained in (Jgoy By. We write iy . : Ay — A for the fully faithful inclusion
functor. Write U :== X \ Y, let Ay .= A/ Ay denote the Serre quotient, and write
jir + A — Ay for the quotient functor. We write A§9 for the full subcategory of
finitely generated objects of Ay, and AfLI,D for the essential image of A® in Ap.
When Y = {6} is a singleton, the category A{g} agrees with the category As
of , and we will denote it by A5 from now on. On the other hand, if Y = X
then Ay = A, so all the results we recall below about the categories Ay apply in
particular to A itself.

The following proposition summarizes some of the fundamental properties of the
categories Ay established in [DEG23| (see Appendix for a brief recollection of
some material on locally Noetherian categories).

Proposition 2.5.8.

(1) The categories Ay and Ay are locally Noetherian.

(2) The compact objects of Ay (resp. Ay) are the finitely generated objects A§§’
(resp. Ag)),

(8) The inclusion iy . : Ay — A is exact, preserves colimits, preserves injectives,
and preserves compact objects.

(4) The quotient functor jj; : A — Ay admits an exact and fully faithful right
adjoint ju . : Ay = A. In particular, Ay is a localizing subcategory of A.

(5) The assignment U — Ay defines a stack Ae of abelian categories on Xza,.

Proof. The first four points are immediate from [DEG23| Lem. 3.1.2, 3.1.7, Prop.
3.1.13 (2), Cor. 3.5.8], together with the observation that by [DEG23, Propo-
sition A.1.1], the Noetherian objects of A, resp. Ay, are precisely the compact
objects, and since Ay C A is a Serre subcategory, the inclusion preserves Noetherian
objects. The final point is [DEG23, Theorem 3.3.1]. O

The exact functor iy, induces an exact functor ji\y,* : Pro(Agﬁ’) — Pro(AP),
which by the adjoint functor theorem has a left adjoint 7% : Pro(A®) — Pro(AﬁE).
This functor was denoted (-), in [DEG23].

Lemma 2.5.9. The functor i} : Pro(A®) — Pro(Agf) is exact.
Proof. By |IDEG23, Cor. 3.5.5], the functor
W) g + A — Pro(AP)
is exact. The lemma then follows immediately from Lemma (2). O

Remark 2.5.10. If Y C X consists of a single closed point 6, then we will typically
write 5 , and 7 rather than iy, and 73

Remark 2.5.11. Passing to Ind-extensions, we obtain an adjoint pair of functors,
still denoted (i%,y.«), between Ind Pro A™ and Ind Pro A, The functor i} was

also denoted (-), in [DEG23].
If 6 is a closed point of U, then the functor % : AP — Pro .Agp factors through .Agj,

and we continue to denote the resulting functor Af,? — Pro Afap by /z\g Bearing in
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mind this slight abuse of notation, we have a natural isomorphism
O~ % - £ f]
(2.5.12) iy — igji + AT — Pro A7
Similarly, the composite %jU,*, which is a priori a functor AfUp — Ind Pro .Agp , is

actually valued in Pro Afgp , and there is a natural isomorphism

(2.5.13) i 5 iUt A = Pro AP

to see this, it suffices to precompose the Ind-extension of (2.5.12)) with jy ., and
use the fact that the counit jj;ju .« — 1 is an isomorphism. See also [DEG23|
Section 3.5.21] for related material.

The functors ?;‘, and jy,. can be explicitly computed in some cases. By [DEG23|
Lem. 3.5.2], if 7 is an object of AP, there is a natural isomorphism
(2.5.14) ipm =5 lim 7,
where 7’ runs over the coﬁltered set of quotients of m lylng in .AY Furthermore,

the unit of adjunction ™ — Zy*Zyﬂ' corresponds under ) to the inverse limit
of the corresponding quotient maps. When o is a Serre Welght and 7 = c-Ind¢ K70,
we can produce an explicit cofinal set in in the following way.
Definition 2.5.15. Let o be a Serre weight, and let Y C X be a closed subset.
(1) If f71(Y) is finite, we define fy € H(o) = F[T}] to be the unique monic
squarefree generator of the ideal of f;1(Y). If Y = {8} is a singleton, we
write fz for fy.
(2) If f1(Y) is infinite, we define fy := 0.

When Y = {f} is a single F-rational point, the polynomial f7 has degree one,
unless o = 04,2, in which case f; can have degree two (and can be reducible). Fur-
thermore, by [DEG23, Lemma 3.1.8(2)], (¢-Ind%, a)/fg(c—lndf(z o) is the maximal
multiplicity-free quotient of c—Indg’; z 0 which is an object of Aj.

Lemma 2.5.16. Let 0 = 04 be a Serre weight, and let Y C X be a closed subset.
(1) (a) The set {c-Ind%, o/ frc-ndS, 0 :n > 1} is cofinal in [2.5.14), and

so we have

(2.5.17) e-nd$, 0 = limy, (¢-Ind$ , o)/ f3e-Ind$ , 0.
(b) The unit morphism
c-Ind%, 0 = ju.jhe-Ind% , o

s given by the natural map

(2.5.18) c-nd$, o — (¢-Ind% , 0)[1/ fy].
2) Let 8 € X be a closed point, and let 7 : G — GLy(F,) be a semisimple
Qp

Galois representation with trace 0. Then & zgc IndKZ o # O if and only if o is
a Serre weight of p.

Proof. Part (1a) is [DEG23| Cor. 3.5.3], while Part (1b) is [IDEG23, Prop. 3.1.13(1)].
We now prove part . By part .7 c—IndKZ o) # 0 if and only if f{e} is
not a unit in H (o). By Definition [2.5.15) m this occurs if and only if there exists
t € Spec H(o) such that f,(t) = 0. By (2.5.5) and (2.5.6)), this occurs if and only if
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= — — — Ga,
te F; and § = nr,—1w* L 4+nrw % ort = 0 and = IndGZP2 (nr,c(p)wgﬂ)@wa_l.
Bearing in mind Definition [2.1.4] this is equivalent to o beingg Serre weight of p. [

Remark 2.5.19. In the setting of Lemma [2.5.16| (Ta)), if fy = 0 then ¢-Ind%, o is
an object of A§§7 and so (2.5.17) exhibits its completion as a constant pro-object.

Similarly, the localization ji¢-Ind%, o is equal to zero, as is the right-hand side
of (2.5.18]), which is by definition the Hg(c)-module localization

c—Ind?’;Z 0 ®@ne(o) Ha(o)[1/ fr]

2.5.20. Tensor product and completion. If P is a projective object of € with finite
length cosocle, then we have seen in Lemma that FE := End¢(P) is a compact
Noetherian O-algebra and that P € Mod.(E). Hence P is a right O[G]¢-module
in Mod.(E), and so Lemma [A.1.55 shows that the functor

P ®o[c). — : Mod®(O[G]¢) — Mod.(0)
can be lifted through the forgetful functor Mod.(E) — Mod.(O) to a functor
(2.5.21) P ®o[c). — : Mod®(O[G]¢) — Mod.(E).

Since Mod,(E) = ProMod'" (E), this is an instance of Lemma [A.10.10) (21). Since
A is a full subcategory of Mod™ (O[G]¢), the restriction of (2.5.21) to .A™® extends
uniquely to a cofiltered limit-preserving functor

(2.5.22) P®ojc).— : Pro(A®) — Mod.(E).
This is an instance of Lemma [A.10.10) ., which strictly speaking considers the
Pro-extension to all of Pro(Mod™?(O[G]¢)), but in what follows we will be focussed

on its full subcategory Pro(.Afp) In partlcular, in that context we have the following
exactness result.

Lemma 2.5.23. The functor P Q@o[q], (-) is evact on A®, and hence the Pro-
extended functor P@o[cﬂg(*) : Pro(AP) — Mod,(E) is also exact.

Proof. The forgetful functors Mod.(E) — Mod(E) and Mod(E) — Mod(O) are
exact, and so it suffices to verify the claimed exactness after applying their composite,
i.e. after forgetting the topology and E-module structure on P ®ojg), 7. Doing
this, we are reduced to considering the tensor product with P and 7 thought of as
abstract O[G]-modules, and the claimed exactness follows from the Tor-vanishing

of Lemma [2.2.46] (2). O

Regarding 6 as a closed point of X, we may consider the completion functor 7;;

we will use it together with (2.5.22)) to relate (2.5.21)) to its restriction to .A%p. We
first note the following.

Lemma 2.5.24. If 7w is an object ong), then P®oj[cy. 7 15 a finite length E-module.

Proof. 1t suffices to show that P ®p[gp, 7 has finite O-length, or equivalently that
(P®ojay, 7)Y has finite O-length. By Lemma (P®O[[G]]< 7)Y is isomorphic
to Homopjgy, (7, P¥) = Homy (7, PY). By Lemma 7 has finite A-length, and
so Hom 4 (7, P¥) = Hom 4(m, soc 4, PV) for some n > 0, by Lemma 1). This
concludes the proof since soc 4, P has finite A-length, by the dual to Lemma

O
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Lemma [2.5.24) shows that (2.5.21) restricts to a functor
(2.5.25) P&ojey () : AP — Mod"" (E).

Because of the equivalence (|A.1.37]), the restriction of (2.5.22)) to Pro(Ag’ ) therefore

coincides with the Pro-extension

Pro(AP) — Pro(Mod""(E)) — Mod.(E)

of (2.5.25)), which we will also denote P@o[[G]]C (-)-

Lemma 2.5.26. If P is a projective object of & with finite length cosocle and E =
Ende, (P), then the natural transformation

P®o[g). (5) = P&;’O[[G]]ﬁé,jg(*)

of functors A — Mod,(E) (induced by the unit of adjunction idp, o —f@% *22) is
an isomorphism.

Proof. Choose m € AP, and let P, = P/rad,, P. By Lemma [2.3.13] P, has finite
C-length, and
r= @1 pP,.

Similarly, let w, = Wén) be the quotient of 7 defined in Lemma 2.3.14l By the
cofinality statement in Lemma [2.3.14] the isomorphism (2.5.14)) can be rewritten as

/i\g,*/@'\gw - lim,, 7.
By Lemma and Lemma respectively, we have isomorphisms of finite
torsion O-modules
Hom 4 (7, soc’y PY) — Hom 4 (, soc’y PY)
and
Hom 4 (7, soc’y P¥) — Hom 4 (m,,, PV)

(induced by pullback and pushforward, respectively). Applying Homep(—, E/O), we
obtain by Lemma [2.2.45| (1) a pair of isomorphisms

P ®oc1e ™ — P ®0[c], ™,
and

P ®o[c], ™ = P, ®o[c]c Tn-
We thus find that

P ®o[c). ™ — Im(P, ®ojcy, 7) - Wm(P, ®ofcy; ™n)
AN @(P ®o[6], Tn) = P@o[[g]];i\g’*/%w
(the first isomorphism being an application of Lemmal|A.1.51)in the category Mod.(E),

and the final isomorphism holding because P @)o[[g]] ¢ (—) is cofiltered limit-preserving
by construction), as required. (I
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2.6. Derived categories of smooth representations. We now write D(Ay)
for the (unbounded) derived stable oo-category of the Grothendieck category Ay .
(See |[EGH25 App. A.1] and Appendix for a brief recollection of the material
on stable co-categories that we use below, and Appendix for a recollection of
t-structures.)

Since the inclusion iy, : Ay — A is exact and preserves colimits, it induces (by
Lemmas [A.7.26[ and [A.7.22) a continuous t-exact functor

(2.6.1) iv.. : D(Ay) — D(A).

(Here and below, we will use the same notation for exact functors between abelian
categories, and their t-exact extensions to derived categories.) Recall that in the
notation of Definition we write D 4, (A) for the full subcategory of D(A)
consisting of objects all of whose cohomologies lie in Ay, and similarly D 4, (O[G]¢)
(where D(O[G]¢) is the derived category of O[G] -modules).

Lemma 2.6.2. The t-exact continuous functor iy. : D(Ay) — D(A) is fully
faithful, and induces an equivalence D(Ay) — D, (A). Furthermore we have a
commutative diagram of t-exact fully faithful continuous functors

D(Ay) ——=—— Dy, (A) —— D(A)

E § §

D4, (O[G]¢) —— Da, (O[G]¢) —— Da(O[G]¢)

Proof. We begin by noting that since we have a colimit-preserving, exact and
fully faithful functor A — Mod(O[G]¢), we have a continuous t-exact functor
D(A) — D(O[G]¢). By an identical argument to the proof of [EGH25, Prop.
E.2.2], taking into account Remark this functor satisfies the hypotheses of
Theorem [A.7.27] so it induces the right-most vertical equivalence in the commutative
diagram above.

In turn, the right-most equivalence restricts to the middle equivalence. It therefore
suffices to show that the composite

D(Ay) — D(A) — D(O[G]¢)

is fully faithful and induces an equivalence D(Ay) — D4, (O[G]¢). Since iy :
Ay — A preserves injectives by [DEG23, Cor. 3.5.8], and its right adjoint has finite
cohomological amplitude by [DEG23, Cor. 3.6.3], this follows from an application of
Theorem to the fully faithful functor Ay — Mod(O[G]¢). O

We recall the following standard lemma.

Lemma 2.6.3. If A is a coherent ring and M is a finitely generated A-module
for which RHom 4 (M, -) is of bounded amplitude, then M is compact as an object

of D(A).

Proof. By for example [Wei94 Lem. 4.1.6], M has a finite length resolution by
finitely generated projective A-modules, and is therefore compact in D(A) (see for
example [BN93, Prop. 4.6]).

Proposition 2.6.4. The objects of A™ are compact in D(A).
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Proof. By Lemma there is a fully faithful continuous functor D(A) <
D(O[G]¢). By Lemma the ring O[G] is coherent, so it follows from
Lemma [2.6.3] that it suffices to show that for any finitely generated object 7 of A,
the functor RHompjyg <(7r,f) has bounded amplitude.
To this end, recall that by for example [Dot25| Section 2.4.14] we have a short
exact sequence
0 — ¢-Ind§ 67 — ¢-Ind$ , 7 =7 =0

where N is the normalizer of the Iwahori subgroup Iw, and § is the nontrivial
quadratic character of N/TwZ. We can therefore reduce to showing that for any
finitely generated mw, and any subgroup H of G which contains IwZ with finite
coprime-to-p index, the functor RHomp[gg C(C—Indg 7,—) has bounded amplitude.

Since 7 is finitely generated, and G/K Z is countable, 7 is countably generated
over O. Hence we can write m as a countably-indexed filtered colimit colim; V; of
finitely generated H-subrepresentations. Then

RHomoyg), (c-Indf 7, -) = Rlim; RHomoyzy. (Vi, ).
Using the fact that R7 lim; = 0 for j > 2 (since the limit is countably indexed) we
are reduced to checking that RHomeyzy, (Vi, ~) has bounded amplitude. Since V;
is an H-linear direct summand of c—Indﬁ,lZ(Vi) (since the index of Iw1Z in H is
prime-to-p), it suffices to check that RHomo1y, 2], (Vi, —) has bounded amplitude.
This is a consequence of the fact that the ring O[Iw; Z]¢ has finite global dimension,

which follows from [Ven02, Thm. 3.26]. More precisely, the decomposition (1.3.1])
shows that we have an isomorphism of rings

and since p > 5, we see that Iw; is torsion-free, and thus so is Iw;/Z; (being a
direct factor of the former group). Thus [Ven02, Thm. 3.26] applies to the target of
this isomorphism. O

Remark 2.6.5. If p = 2 or 3 then Iw; has a nontrivial p-torsion element, namely
—1 € Q, when p = 2, and a conjugate of (3 € Q,({3) C M2(Q,) when p = 3. So
we anticipate that the analogue of Proposition [2.6.4 would fail in these cases.

Definition 2.6.6. We write D;’p (Ay) for D;fp (Ay ), and similarly D?p(AU) for D:fp (Ap).
Y U

Corollary 2.6.7. Let Y C X be a closed subset with open complement U C X.
Then
(1) The canonical functors Db(A%)) — D?p(.Ay) and Db(AfUp) — D}’p(AU) are
equivalences.
(2) The categories D(Ay) and D(Ay) are compactly generated, and we have
D(Ay)® = ch’p(.Ay) and D(Ap)¢ = D?p(AU). Hence the natural maps
Ind D¢ (Ay) — D(Ay) and Ind D} (Av) — D(Av) are equivalences.
(3) ji; + A — Ay induces equivalences
D(A)/D(Ay) — D(Av)
and
(4) The functor ju . : D(Ay) — D(A) is fully faithful, continuous, and is right
adjoint to ji; : D(A) — D(Ay).
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Proof. This is immediate from Proposition [A.7.29| (whose hypotheses hold by
Lemma Proposition and Proposition [2.6.4]). O

We now give an explicit set of compact generators (in the sense recalled in
Remark [A.2.22)) for the compactly generated categories D(A) and D(Ay).

Corollary 2.6.8. Letting o range over the (-compatible Serre weights, the col-
lection {c-Ind%, o} is a set of compact generators of D(A), and the collection
{jic-Ind$ , o} is a set of compact generators of D(Ay).

Proof. The second statement follows from the first. For the first, by Proposi-
tion [A.7.13|it suffices to show that {c-Ind% , o} is a set of weak generators of A, i.e.

that for each m € A, there exists a non-zero map c-Ind% , o — 7 for some o. This
is standard; see e.g. the proof of [DEG23| Lem. 2.2.3]. O

Finally we turn to the exact functor 7}, : Pro(A®) — Pro(.Ag)) from Lemma [2.5.9
Note that since iy, is exact, it induces a t-exact functor

(2.6.9) iy, : Pro D}, (Ay) — Pro D} (A).
Lemma 2.6.10. Let
(2.6.11) it Pro D?p(A) — Pro Dgp(.Ay)

be the Pro-extension of the t-exact functor D?p(A) — Pro D?p (Ay) whose restriction

to hearts is ;*Y Then ;*Y is left adjoint to jL\y*

Proof. This is immediate from Lemma and Proposition [A.8.17| (applied with
C=AP ¢ = A® and f=7%). 0

2.7. Finiteness of some Ext groups. In this subsection we prove some results on
extension groups between parabolic inductions which we will use in the proof of our

main theorem (see Proposition [5.4.21]).

2.7.1. Removing the central character. We will make significant use of the results
of Heyer [Hey23; [Hey24| on parabolic induction and its adjoints. Since Heyer’s
papers work with the category sm. G of all smooth O-representations of G, possibly
without a central character, we begin by explaining how to relate Ext groups in A
and sm. G.

By Lemma the inclusion A — Mod(O[G]¢) induces a t-exact equivalence

D(A) = Dan(O[G]¢),

where the right-hand side denotes the full subcategory of complexes with smooth
cohomology. By [EGH25, Proposition E.2.2], we have a commutative diagram

D(sm.G) —~— Dy (O[G])

(2.7.2) T T

D(A) —=— D, (O]G]¢).

Writing A := O[Q,] and B := O, we can thus study the relationship between Extf4

and Exti.m. ¢ as a particular case of the following problem: Suppose given a morphism
¢ : A — B of commutative rings and a (not necessarily commutative) A-algebra
R, and write S := B®4 R. Then, if M and N are two S-modules, which can then
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also be regarded as R-modules via the canonical morphism R — S, what is the
relationship between Exty (M, N) and Extg (M, N)?

To begin with, if M is an R-module and N is an S-module, then deriving the
tensor—-Hom adjunction gives

RHompz(M, N) =5 RHomg (B @5 M, N).
Now, if M is itself an S-module, then
B®4 M =5 (Beh4 B) @k M.
Thus we obtain, for S-modules M and N, an isomorphism
(2.7.3) RHomp (M, N) — RHomg ((B ®4 B) ®% M, N).
Lemma 2.7.4. There exists an isomorphism of functors D(A)°P x D(A) — D(O):
RHomgy,. () = RHom4(—, -) @ RHom 4(—, -)®?[~1] @ RHom4(—, -)[~2].

Proof. We apply the above discussion with A = O[Q,], B = O, and the morphism
A — B being ¢ : O[Q,] — O; and we take R = O[G] and S = O[G]. Choosing a
uniformizer of Q, and an isomorphism 1+ pZ, = Z,, then induces an isomorphism

A= O[U)IVHFy],

and we note that the group ring (denoted [F;]) of the cyclic group F is semisimple
in residue characteristic p. Computing with a Koszul complex in the variables U
and V', we see that

BeL B~ B2]e B[1]*? @ B.
Using (2.7.3]) we have

RHom@[[G]] (M, N) L)
RHomojg), (M, N) ® RHompjgy. (M, N)®*[~1] @ RHome[gy (M, N)[-2].

The result now follows from ([2.7.2]). O

2.7.5. Extensions of universal parabolic inductions. We begin by introducing some
notation involving the connected components of X. We refer to Section for
motivation and some related material.

Definition 2.7.6. Let 0|0 be a companion pair of Serre weights.
(1) Define a polynomial f € F[t] by

() = t if o|o is of type|(gen)|
Tt =<(p) if olo is of type [(scalar)| or [(St)

(2) Let Ypaa C X be the closed subset determined by the finite set of points
which become of type [(ssg)l |(scalar)| or [(St)| after a finite extension of O.
Let Ugooa be the complement of Yiaq.

(3) If {0,0°°} is a pair of companion weights, let

U(o|o) = Ugooa N X (c]0°°),
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We fix for the rest of this section a companion pair of Serre weights {o, c°°}, and
a choice of 01,09 € {0,0%} (possibly with o1 = 032). Recall from Section |2.2.32
that we write

He(o;) = Endg(c-Ind$ , 04),
Hy = Endp(c-Ind], , 1) > FIXF],

where Ty = T'(Z,) is the maximal compact subgroup of the diagonal torus T'. We let
xi = (0;)™1, viewed as a character of TpZ. In Section [2.2.32) we have canonically
identified the endomorphism algebras EndT(c—Indg0 27 Xi) with Hp, and via the
Satake morphisms, we have identified each of the Hq(0;) with F[T},] (with T}, being
identified with the spherical Hecke operator T, € Hea(0;)).

In the rest of this section we will denote the element f(7T},) of Hg(0;), where the

polynomial f is defined in Definition by f. In the notation of Definition [2.7.6}
the vanishing set of f in Spec Hg(0;) coincides with f; 1 (Ypaa N X (0]0)).
We now write j*,j. for the functors jg(alow),jU(a|gco)7* defined in Proposi-

tion [2.5.8, Then (2.5.18) implies that
(2.7.7) Gujre-Ind$, o = e-Ind% , 03[1/ f].
Since

(e-tndf, Sym® @ det® ) [1/(T2—¢(p))] = (e-IndE, Sym” ™! @ det” ) [L/(T2 =((p)))

in the case that oy or oy is a twist of Sym", we can and do replace it by the
corresponding twist of Sym? ™!, (We do this in order that the isomorphism ([2.2.35)
is valid.)

Since ([2.2.35)) is equivariant for the Satake map, and Ind% preserves colimits, we
may combine (2.2.35)) with (2.7.7) to obtain an isomorphism
(2.7.8) juj*e-nd%, o7 = Tnd< ((c-lndiﬂz Y[/ f]) .
In particular we see that Hp[1/f] acts on j,j*c-Ind%, o5 and thus on the Ext

groups
Ext’y (juj*c-Ind% , 01, juj e-Ind% , 09).

Proposition 2.7.9. The Hrp[1/f]-modules Ext'y(j.j*c-nd% , o1, j.j*c-Ind% , 09)
are finitely generated and torsion-free.

Proof. We begin by noting that (2.7.7) induces an isomorphism of Hp[1/ f]-modules
(2.7.10)
Ext’y (j.j*c-Ind% ; 01, juj*c-Ind , 02) = Extly (c-Ind% ; 01[1/T,], ¢-Ind% 5 021/ f]).

Indeed, it suffices to show that for all ¢ we have
Ext’y(e-Ind%, o1[1/f]/e-Ind$, 01[1/ Ty, e-Ind$E, 0a[1/ ) = 0,

and this is immediate from [DEG23| Corollary 3.1.15] (with Y taken to be the
vanishing locus of f in X, as before). Furthermore, by (2.2.35]) we have

(2.7.11) c-Ind% , 01[1/T,] = Ind% (C-Ind%oz Xl) .

We now use some results of Heyer |[Hey23; Hey24]|. By [Hey23, Theorem 4.1.1],
the functor Ind% : D(sm.T) — D(sm. G) of parabolic induction has a left adjoint
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L(U,-). By [Hey23, Corollary 4.1.3| there is a spectral sequence of Hr[1/ f]-modules
(27.12) By’ = Extly, (L77(U,nd§(c-Indg, z x1)), (e-IndF, 5 x2)[1/f])

= Extt (IndG(c nd%, , v1), Ind< ((c nd?, , x2)[1/ f])) .
As previously recalled, the target of this spectral sequence is isomorphic to

Ext gjc(c IndKZ(Ul)[l/T ], IndKZ(crg)[l/f]).
(In fact, this is (2.7.11)) for the first term, and (2.7.7) and (2.7.8) for the second

term.)

We now compute the Ey page of . For all w € W(G,T), the intersection
T NwUw™! is trivial. Using this, the statement and proof of |Hey24, Example 4.2.1]
go through unchanged to show that L(U, IndG(c—IndTO 7 X1)) is concentrated in
degrees [—1,0], and that there are natural isomorphisms

LU, IndG(c IndToZ X1)) = c—Ind%)Z X1,

(2.7.13) ) . ;
YU, Indg(c—IndToz X1)) = 05 ® (c-Indg, 7 ad(s)"x1),

where s € W(G,T) is the nontrivial element, and §; = w™! ® w is the B-positive
root. Here we have used |Hey24|, Lemma 4.1.6] to compute &5, and we have also
used the natural isomorphism of objects of sm.T

ad(s)” (C'IndTOZ)( 1) = C'IndTOZ(ad(S)*(Xl))-
We now analyse the spectral sequence (2.7.12)). By (2.7.13)) and Lemma [2.7.15

below, the E47-terms are finite free Hp[1/ f]—modules so the Ext-groups
(2.7.14) Extiy, o(e-Ind% ,(00)[1/Ty), Tnd$ 5 (2)[1/f])
are finitely generated Hp[1/ f} modules. By (2.7.10) and Lemma [2.7.4] the same

is true of the ExtA(]*] c—IndKZ 01, J+J c—IndKZ 02). Furthermore, we see from
Lemmathat if some Ext’ T(Feg” e-Ind% , 01, j,j*c-Ind$ , 02) has Hp[1/ f]-torsion,
then the same is true of the groups (2.7.14) for j = i,i + 1,i + 2. However, the
vanishing result of Lemma|2.7.15(shows that (2.7.12) degenerates at F3, and since all
the objects on the Ey page are free Hp[l/ f]-modules, it furthermore shows that the
groups could only have non-zero torsion in degrees 2 or 3. In particular, it is
impossible for them to have non-zero torsion for a range of degrees j = 4,7+ 1,7+ 2,
so they are torsion-free, as required. [l

Lemma 2.7.15. For any (-compatible smooth character ¢ : Ty — F*, the Ext-
groups

EXt;m. T(C_Ind%JZ 1/’7 C-Indgoz XQ[I/f])

are finite free Hp[1/f]-modules, and are zero for i > 4.

Proof. By Frobenius reciprocity, we have a natural isomorphism

Extl,, T(C'IndT 2, c-Ind, 1oz X2[1/ f]) = Extl, 102, Reb:roz c- IndTgZ x2(1/f])-

Since the ring O[TpZ] is Noetherian (e.g. by [Tim23, Section 2.1]), the cate-
gory sm.TpZ is locally Noetherian (e.g. because it is a localizing subcategory
of Mod O[T, Z], by Lemma [2.2.20). Thus Extg,, 5, (1,—) commutes with filtered
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colimits (e.g. by [DEG23| Proposition A.1.1(3)]). On the other hand, we have an
isomorphism of Hr[1/ f]-modules
Rest, 7 c-Ind7, 7 x2[1/f] = x2 @ He[1/f],

and thus an identification

Ex tsm T(C IndTOZ ¢7 C- IndTgZ X2[1/f]) = EXti‘m.TgZ(wv XQ) QF HT[l/fL

which shows that the Ext-groups are finite free over Hp[1/f]. Since TyZ = Q) X Z,
these Ext groups are furthermore concentrated in degrees i € [0, 3], as required. O

Remark 2.7.16. Assume that x; # Js ® ad(s)*x1. There are two actions of Hr
on ExtYy (j.j*e-Ind% 5 01, j.j*c-Ind% , 09), arising from the action of H(o;) on the
two factors. The proof of Proposition [2.7.9] shows that they coincide when 2 = x1,
and are related by the automorphism T, — Tp_1 of Hr when yo = 65 ® ad(s)*x1

2.7.17. Ext and completion. We now show the compatibility with completion of
the formation of Ext-modules. Recall that we have fixed a companion pair of
Serre weights {0,0°} and a choice 01 = 0, 02 = 0°°. We continue to write j., j*
for jU(J|Uco)’*,j[*](U‘UCO). Fix a closed point § of U(c|c), and let f; € Ha(o2) be
the squarefree monic polynomial associated to {f#} C X in Definition [2.5.15

Lemma 2.7.18. Let m; == c—Ind%Z oi. Then the natural map

(2.7.19) ExthDb (A )( *(m1),1 9< 2)) = hmExthDb (A )( 5(m1), w2/ fgm2)

s an isomorphism.

Proof. By (2.5.17)), we have
i5(m2) = lim,, 72/ f s € Pro(AP).

By LemmalA.2.12|(1), applied to the compactly generated oo-category Ind Pro Dfp(Ag),
we have natural isomorphisms

RHomPro D} (.Ae)(’\ (71-1)7 9(772)) 1%Hornlmd Pro D} (Ae (A (ﬂ-l) 23(772))
= hmRHomlndPron (Ag )( 7(m1), 7T2/f9 m) = hm RHomPron (Ag )( 3( 1) 7T2/f§n772)

(where lim,, is formed in the derived co-category D(F') of F-vector spaces, and we
have used that Pro D?p(Ag) — Ind Pro Dfp(Ag) is fully faithful and limit-preserving).

The map (2.7.19)) is thus an edge map in a spectral sequence
(2.7.20)

EY? = RPlim Ext], Db (4 )( (m1), w2/ ) :>Ext’;,+qu 4 )(A (m1), 5 (m2)).

We now claim that, for all 7 € .Ag’ and i € Z, the F-vector space

(2.7.21) Exth, by () (i(T1),7)

is finite-dimensional. Assuming the claim, the Mittag-Lefller criterion shows
that EY? = 0 whenever p > 1, and so (2.7.20) degenerates at Fs, and (2.7.19)
is an isomorphism, as desired.

We now prove the claim. By Lemma [2.6.10] the functor
/z\g : Pro D?p (A) — Pro Dfp (Ag)
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is left adjoint to the inclusion, and so ([2.7.21)) is isomorphic to
Extp, D?p(A)(ﬂ'l, T) = Extbé,p(A) (71,7).
In turn, since A = Ind(A®), the equivalence (A.9.4)) induces an isomorphism
Exte(a)(m1,7) — Bxty 4 D (A) (m1,7) = EXthp(A) (m1,7),

and so we have reduced to proving that Extijb( (71, 7) has finite F-dimension. By
dévissage, we can assume that 7 is irreducible. Then the claim is a consequence
of [DEG23| Proposition 4.2.4]. O

Continue to write m; = c—Indf(Z ;. By Remark [2.5.11f the exact functor %
induces a map

i A~ o
71—

EXtZD?p(AU)(j*ﬂ'l’j*ﬂ'Q) — EXtDb(ProAg)(i%ﬂ-l’ 971'2)

which can be composed with the t-exact functor p : D?(Pro Afgp) — Pro Db(Ag))
of (A.9.1) to produce a map

(2.7.22) T+ Bty (4 (77m1,47m2) — Bt

7 Tk n%
Pro Db(A™P) (igm, igma)
o

Proposition 2.7.23. Let m; := c—Indf(Z ;. Then (2.7.22)) induces an isomorphism

(2.7.24) ExtiD?p () 7T, 5 m2)f, S Exty, ( A%p)(igm,ing).

Proof. By Remark E)EL as well as the fact that j, is fully faithful and t-exact, it
suffices to prove that ig induces an isomorphism

% 5 “x
27

(2.7.25) Extipn ) (7] "1, 425" T2) = Bty po g (i1, 55m2).
0

By Proposition the group Extzbb(A) (Juj*mi, juj*me) is Hr[1/ f]-torsion free
and in particular fg-torsion free, so that for any n > 1, the exact sequence

)

(2.7.26) 0— juj mo i Juj Ty — ’/TQ/fg’ng =0
induces an isomorphism
(2.7.27) Exthyo 4 (G2 "1, i *72) [ f3 2 Extipn gy (g * 71, T2/ f572).
By Lemma , we see that % induces an isomorphism
Extlb?p(A) (71, 2/ f5T2) — Ext;ro Db(Ag)(%m, T/ fgm2),
hence (bearing in mind Remark an isomorphism
(2.7.28) % : ExtiDb(A) (Jug*m1, M2/ fgma) — Ext;ro Db(Ag’)(/i%ﬂ-l’ T2/ fgma)-

o~

( Afj)(%m,f) to the exact sequence
6

%

On the other hand, applying Ext, .,

“ I8 =
0 — izmy =2, izTy — T/ fgma — 0
obtained by applying % to (2.7.26)), we obtain an injection

(2.7.29) EXty, o o Ag,)@gm,?gm) /15 Xty b A%p)(%m, o/ foma).
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We conclude from the discussion above that the composition of (2.7.27)) and (2.7.28|)
is an isomorphism

EXtiDh(A)(j*j*ﬂl,j*j*ﬂ?)/fgﬂ = Ext;me(A%p)(%m,Wg/fgm),

which can also be factored as a composition
Extu ) (Jd"m1, xd " m2) [ f5 = ExthDb(Afgp)(zgm,zgﬂg)/fg
.7.29) ; ~
EXt;’ro Db(.A%p) (Zgﬂ-l’ 7T2/f£ﬂ-2)7

It follows that both arrows in this composition are isomorphisms, and so

i Tk Sk
21, 02T

B2 Bt ) (507 70,305752) = Bt o (3m1 .75

becomes an isomorphism after quotienting out by fg. Hence, to conclude the proof
that (2.7.25)) is an isomorphism, it suffices to prove that the natural map

i T x . i Tk “x n
Extp, Db(AP) (571, Ggm2) — Jm Extp, Db (AP) (G571 5m2)/ I3
n

is an isomorphism. Since (2.7.29)) is an isomorphism, the right-hand side is isomorphic
to

l'%nExt;ro Db(Ag))(/i\%ﬂ—17 T2/ f5m2).
So it suffices to prove that
EXtp, po Ay (izm, isms) — 1%11 Extp, po ) (izmy, w2/ foma)
is an isomorphism. This is Lemma Il

Remark 2.7.30. Proposition (and the fact that Hr[1/f] is a principal ideal
domain) shows that the F[T=", f(T},)~']-module

Ext% (j*j*c—lndf(z o1, j*j*c—lndgz 02)

is finite free. A further analysis of the spectral sequence (2.7.12)) then allows one to
determine its rank:

e If i = 0 then the rank is 1 if 0y = 09, and zero otherwise.

e If i = 1 then the rank is 1 unless {0, 0} is of type in which case
the rank is 2.

o If i = 2 then the rank is 0 if 01 = 02 and {0,0°} is not of type |(scalar)|
and otherwise the rank is 1.

e If i = 3 then the rank is 0.

3. THE MODULI STACK OF RANK 2 ETALE (p,I')-MODULES

In this section we will recall some of the main results of [EG23; [EG22|, specialised
to the case of GL2(Q,), and prove some additional results in this setting.
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3.1. Etale (p,T)-modules. We begin by recalling some definitions and notation
from [EG23|. We write I := Gal(Q,((p=)/Qp), so that the cyclotomic character
induces an isomorphism y : I' Z;. For each a € Z;, we write 0, € I' for the
element with y(o,) = a. If we choose a compatible system of p"™-th roots of 1,
then these give rise in the usual way to an element ¢ € (Q@))b. As usual, let

[e] denote the Teichmiiller lift of £ to an element of W(O‘(’Q/(&\ )). There is then a
continuous embedding o

b
Z,[T] — W(OQ;U/(C;o))

(the source being endowed with its (p, T)-adic topology, and the target with its weak
topology), defined via T' — [¢] — 1. We denote the image of this embedding by A*.
This embedding extends to an embedding

Z,(T)) = W ((Qp(G))")

(here the source is the p-adic completion of the Laurent series ring Z,((7'))), whose
image we denote by A.

We have commuting actions of ¢ and I" on A which are given by the explicit
formulae

p(T)=(1+T)" -1,
oo (T)=(1+1T)"—1.
Note that AT is visibly (¢, T')-stable.
There is a left inverse ¥ to ¢ defined as follows. We have a decomposition A =

@f;ol(l +T)ip(A), and ¥ : A — A is defined to be the projection onto the i = 0
factor; so in particular 1 (¢(z)) = x. This restricts to a surjection ¢ : AT — A™.

Remark 3.1.1. Our notation and conventions differ from that of [EG23|, for two
reasons. Firstly, since we are only working over Q,, and not over an extension
K/Q,, we have dropped K from the notation. Secondly, and more significantly, we
use (¢, I')-modules for the full cyclotomic extension Q,({pe)/Qp, and we make no
use of (¢,I")-modules for the Z,-subextension.

The theories of (¢, T')-modules for the two extensions are equivalent (via taking
invariants for the group of roots of unity in Z)), but in most of [EG23| the Z,-
theory was used, because it was convenient when proving the existence of various
moduli stacks to work with a pro-cyclic pro-p group. However, for applications to
the p-adic Langlands program (or more generally in arguments involving explicit
formulas for the actions of ¢ and T'), it is much more convenient to work with the
full cyclotomic extension. Since we make no use of the Z,-subextension, and we
want to avoid notational clutter where possible, we have written I' for the group
denoted T in [EG23|, and A, AT for the rings denoted Abp and (A’)ap respectively
in [EG23|.

We now introduce coefficients. Recall that O is the ring of integers in our fixed
finite extension E/Q,. Let A be a p-adically complete O-algebra. Frequently, we
will work modulo a fixed power w® of w, and thus assume that A is actually an
O /w?-algebra (and sometimes we impose further conditions on A, such as that of
being Noetherian, or even of finite type over O/w?®). We write

AL =A@z, A=1mAY/(p,T)" @z, A =lm(lm A" /(p™,T") ®z, A),
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and
A= Adz, A= (i A" /", T") @z, AL/T))

If A is a Noetherian O/w®-algebra for some a > 1, then A, = A[T] and A4 =
A((T)) are flat A-algebras, and the morphism A} — A, is flat and injective.
If A — B is a (faithfully) flat homomorphism of Noetherian O/w®-algebras, then the
morphisms A} — A} and A4 — Ap are (faithfully) flat. (All of these statements
follow easily from the facts that completions and localizations of Noetherian rings
are flat, see [EG21), Lem. 5.1.7].)

The rings Ajg, A 4 have natural topologies, which are discussed further in
Section By |EG23, Lem. 2.2.17], the actions of ¢, on AT and A extend to
continuous A-linear actions on AY and A 4. Similarly, the action of 1 extends
to continuous A-linear surjections ¥ : Ag — Aa, ¥ : AX — Az, satisfying
Plp(z)) = .

By definition, a projective étale (¢, I')-module with A-coefficients is a finitely
generated projective A 4-module D, equipped with

e a p-linear morphism ¢ : D — D with the property that the corresponding
morphism ®p : p*D — D is an isomorphism (i.e. D is given the structure
of an étale p-module over A 4), and

e a continuous semi-linear action of I' that commutes with .

Here the notion of continuity is with respect to the canonical topology on D inherited
from that on A4 (see [EG23, Rem. D.2]). Our étale (¢, I')-modules will usually be
assumed to be projective, and we will often write “étale (, I')-module” for “projective
étale (¢, I")-module” when no confusion should arise. We will also sometimes write
“étale (o, I')-module over A” for “étale (¢, I')-module with A-coefficients”.

Remark 3.1.2. In the case that A is Artinian, there is the usual equivalence of
categories (see |[Fon90|) between the category of (projective) étale (¢,I')-module
with A-coefficients and the category of finite projective A-modules with an action
of Gq,, given by the functor D — (W(C’) @4 D)?=".

3.2. Moduli stacks of étale (p,T')-modules.

Definition 3.2.1. We write X for the stack of projective étale (¢,T')-modules
of rank 2 with determinant (e~!, as defined in Definition Explicitly, if A
is a p-adically complete O-algebra, then X' (Spf A) is the groupoid of pairs (D, )
where D is a rank 2 projective étale (¢, I')-module with A-coefficients, and 6 is an
identification of A2D with (the (¢, T')-module corresponding to) (e~ 1.

Theorem below summarises the basic properties of X. In order to state it,
we make the following definitions. Our notation for Serre weights is as in Section [1.3
recall in particular that we assume throughout this paper that our Serre weights o
are compatible with ¢ in the sense of Definition 2:1.6]

Definition 3.2.2. Let A € {(a,b) € Z% : a > b} be a regular Hodge type, and let
7: Iq, — GL2(E) be an inertial type (i.e. a representation with open kernel that
extends to the Weil group of Q,) such that the pair (\, 7) is compatible with ¢e*,
in the sense of Definition Then we write X7 for the w-adic formal algebraic
substack of X denoted X" sA7CT i . If 7 is the trivial representation, we

will often write XY for XM 7,
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Definition 3.2.3. If 0 = 0, is a Serre weight, then we define
Z(o) = (X177 a7berys o F) e
This is a closed algebraic substack of X' (since X(1=®=a=b).e1ys j5 o5_adically formal).

The next theorem collects some of the basic properties of the moduli stacks we
have just introduced. Recall that by [EG23| Theorem 6.6.3], the finite type points
of X are in bijection with Gal(F,,/F)-conjugacy classes of continuous representations
p:Gq, — GLy(F,) with determinant (e~!. This bijection sends p to the image
of the classifying map SpecF, — X of the (p,')-module corresponding to p under

the equivalence of Remark [3.1.2]

Theorem 3.2.4.

(1) X is a Noetherian formal algebraic stack.

(2) The underlying reduced substack Xyeq is of finite type over ¥, and is equidi-
mensional of dimension 1.

(8) The irreducible components of Xrea admit a natural surjection to the set of
C-compatible Serre weights. The fibres of this surjection are single irreducible
components X (o) unless 0 = o4 ,—1 for some a, in which case we have two
irreducible components X (o)*.

(4) The stack Z(o) is algebraic, and coincides with X (o) unless 0 = 04,p—1 for
some a, in which case it is the scheme-theoretic union of X(o,,0) and the
two irreducible components X (o)*.

(5) Let x € |X| be a finite type point, with corresponding representation p :
Gq, = GLa(F,). Then x € |Z(0)| if and only if o is a Serre weight of p.

Proof. The first three parts are a special case of Theorem Part is
immediate from [EG23, Thm. 8.6.2]. Finally, Definition [2.1.4) was formulated in such
a way that part is true by definition; see e.g. [EG23, §8.5] for an elaboration of
this point. ([

We now describe a choice of (), 7) so that ¥*™ ®¢ F = Z(0).

Lemma 3.2.5. Let o be a Serre weight.
(1) If o = Sym® @ det?, and b # p — 2, we let A = (1 —-a,—a—"0), and we let T
be trivial.
(2) If o = SymP 2 @det®, we let X\ = (1,0), and we let T = w;”(“*”(p“) @

W=D+

Then the special fibre XM @p F is reduced, and X ™ @o F = Z(0).

Proof. The top-dimensional cycle of X" ®¢ F is always [Z(o)]; this is immediate
from the definitions in case (1), and from the geometric Breuil-Mézard conjec-
ture [EG23, Theorem 8.6.2] in case (2). (In case (2), note that 7 is the inertial
type corresponding to the representation ©(o|0°) of Definition (2), whose
semisimplified mod w reduction is ¢.) It thus suffices to show that XM @ F is
reduced.

In case (1), if furthermore b # p — 1, the reducedness follows from Fontaine-
Laffaille theory. If b = p — 1, it suffices to prove that for any semisimple p : Gq, —
GLy(F), there exists a versal ring to XY ®x F at p which is reduced. (This
follows for example from an application of Lemma [B:3.34] to the nilradical of the
structure sheaf of X" ®o F.) When 7 is not a twist of 1 © w™!, we can take the
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versal ring to be R%' A 5 i.e. the special fibre of the crystalline lifting ring
of p with weight A, which is reduced by [Kis09, Corollary 1.7.14]. When p is a
twist of 1 @ w™!, we can apply e.g. Corollary below. We thus conclude that
XN @0 F = Z(0), as desired.

In case (2), we know by |[CEGS25, Theorem 1.3] that X*™ ®¢ F is generically
reduced. Furthermore, by [LMM23, Theorem 1.1.2], X7 is normal, so that X" ®0
F is 57, and thus reduced, as claimed. ([l

3.3. A continuous map from |X| to |X|. We now construct a continuous map
Tss ¢ |X| = | X| from the underlying topological space of the stack X’ to the underlying
topological space of the chain X of projective lines constructed in Section [2.5.1

3.3.1. Soberization. Recall that a topological space is sober if every irreducible
closed subset has a unique generic point. The inclusion of the full subcategory of
sober spaces into the category of all topological spaces (and continuous maps) admits
a left adjoint, the soberization of a space, which we will denote sob(—). Concretely
(see e.g. [Stacksl [Tag 0A2N]), for any topological space S, we define sob(S) to be the
set of irreducible closed subspaces of S. The topology on sob(S) is defined by letting
its closed subsets be the collection of subsets sob(T"), where T ranges over the closed
subsets of S. Of course, the natural morphism (unit of adjunction) S — sob(S) is a
homeomorphism if and only if S itself is sober.

3.3.2. Underlying topological spaces of stacks. If Z is an algebraic stack of finite
presentation over a field & (and so is in particular quasi-compact and quasi-separated),
then we write (as usual) |Z| for the underlying topological space of Z, |Z|g for its
subset of finite type points and |Z|. for its subset of closed points. We endow each
of these subsets with the subspace topology. We always have that | 2| C | Z]s,
with equality for schemes (or more generally Deligne-Mumford stacks), but not
in general. We have that | Z|g is dense in |Z|, and that |Z| is sober [Stacks| Tag
0DQP|. This implies that the inclusion |Z|g < |Z| induces a homeomorphism

(3.3.3) sob(|Z]g) — | Z].
3.3.4. Finite type points of X. As already recalled, by [EG23, Thm. 6.6.3], the finite

type points of X are in bijection with Gal(F,/F)-conjugacy classes of continuous
representations p : Gq, — GLa(F,) with determinant (e~*. Furthermore, the finite
type point associated to p is closed if and only if p is semisimple; and the closure
of {p} contains a unique closed point, which is associated to the semisimplification

p°*. Thus we obtain a map (of sets!)

(335) |X|ft — |X|C1,ﬁ0—>ﬁss.

We caution the reader that this map is not continuous.

3.3.6. Constructing the morphism. We let X denote the chain of projective lines
over F recalled in Section so that |X|q is in bijection with the set of blocks
of A24m "and hence is also in bijection with the set of residual pseudorepresentations.

Thus we obtain a bijection |X|q — |X|u, which, when composed with (3.3.5)),
yields a morphism

(3.3.7) | X = | X]a1-
Lemma 3.3.8. The map (3.3.7)) is continuous.


https://stacks.math.columbia.edu/tag/0A2N
https://stacks.math.columbia.edu/tag/0DQP
https://stacks.math.columbia.edu/tag/0DQP
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Proof. The closed subsets of | X|. consist of finite unions of points and irreducible
components, and so it suffices to show that the preimage of each of these in |X|g is
closed.

To see that the preimage of a point is closed, it suffices to prove that it is a finite
union of closed sets, and so it suffices to prove that if p,p’ € |X|g, and ¢ € ﬁ
(the closure in |X| of {p}), then (p')*® = p*. This is a consequence of [EG23, Thm.
6.6.3 (3)]. In more detail, we find that (7)* € {7’} C {p}, and so (7)*® must
coincide with the unique closed point of {p}, which is p*, as desired.

On the other hand, the preimage of an irreducible component of X, corresponding
to the companion pair {o,0°}, is equal either to |X(c)|g U |[X(0°°)]g, if the pair
{o,0%} is not of the form {04,0,04+1,p-3}, or to |X (a0t U |X(0ap-1)T | U
|X(04.p=1)" |0U|X (0at1,p—3)|s otherwise. In either case, this is a union of irreducible
components of |X|g, and thus closed. O

Note that |X| = |Xjea| (essentially by definition), and so, since X,oq is an
algebraic stack of finite presentation over F, the discussion in Section [3.3.2] applies
to |X|. In particular, we have a canonical homeomorphism sob(|X|g) — |X].
Since X is a finite type scheme over F, we also have a canonical homeomorphism
sob(| X)) — |X|. Soberizing the map (3.3.7), and post- and pre-composing with
the second of these homeomorphisms and the inverse of the first, we obtain the
continuous morphism

(3.3.9) s+ 1] = sob(|X ) *BED sob(|X|0) < [X]
that we wished to construct.

3.4. Stacks of Galois representations. As we recall in greater generality in
Appendix Wang-Erickson has associated to each pseudorepresentation  of
Gq, over F,, with determinant (w™!, a Noetherian formal algebraic stack Xj. If A
is an O-algebra in which p is nilpotent, then X5(Spf A) is the groupoid of continuous
representations of Gq, on rank two projective A-modules of determinant ¢ e~ !, whose
associated residual pseudorepresentation is Gal(F,/F)-conjugate to 6. Passage to
the associated pseudorepresentation yields then a morphism

(3.4.1) Xy — Spf Rgs.

Oun the other hand, passage to the associated étale (¢, I')-module yields a morphism
(3.4.2) i’g Xy — XL

Theorem 3.4.3.
(1) The morphism (3.4.1)) is representable by algebraic stacks.
(2) The morphism (3.4.2) is a completion of X at the closed subset |Xy| C |X],
which coincides with 71 {0}.
Proof. Part (1) is a special case of Theorem [C.2.13] The first claim of part (2) is

a special case of Theorem [C.2.12| (bearing in mind Remark |C.2.17). Finally, since
|X5| and m ;' {0} are closed subsets of |X| with the same set of finite type points,

the equality |Xy| = m;' {6} follows from (3.3.3). O

Furthermore, as explained in Appendix Wang-Erickson shows in [Wanl18|
Section 3.2| that there is an algebraic stack Xz of finite type over Spec Rgs, such
that A% can be identified with the completion of X7 at the maximal ideal of Rgs.
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By definition, X3 represents the moduli problem of 2-dimensional “compatible

representations” of the Cayley—Hamilton algebra ﬁg (see Definition [2.1.13]) with
determinant ¢e~'. In particular, there is a canonical rank two vector bundle Uy

lying over X3, endowed with an action of }N%g.
Following [JNW24], we now give descriptions of Xz, together with the bundle 25

lying over it, and the Rg-action on this bundle. We will also define a versal ring
to A5 at its unique closed point, and make the following definitions.

Definition 3.4.4. Let 6 be a 2-dimensional Fp—valued pseudorepresentation.

(1) We write R for the versal ring to Ay defined in Sections (3.4.5(—3.4.13
and Ve for the versal object on RZ".

(2) For all pairs (A, 7) as in Definition we will write Rg’T for the quotient
of RY" defined by Spf R’ = Spf RY" x x X7,

(3) If o is a Serre weight, and (A, 7) is the pair associated to o in Proposi-
tion @ we will write Rg for the ring Rg’T. By Lemma we thus
have Spf i¢ /ww = Spf Ry /@ X x /o Z(0).

When 6 is clear from the context, we will sometimes omit it from this notation.

3.4.5. The case . In this case, # is the trace of an absolutely irreducible
representation p : Gq, — GLo(F). We let RZ" be the universal deformation ring
of p, to complete Noetherian local O-algebras, with determinant (e~!. Then X5 =
[Spec R / o] for the trivial action of o, Vg = (Rgcr)692 placed in degree —1, and

R is isomorphic to Mo (Rger) with its natural action on Ujz. See for example [JTNW24,
Section 3.1].

3.4.6. The case . After a twist (which possibly changes {) , we can assume
without loss of generality that 8 = nryw” + nrklc(p)w’l for some A € F* and some
0 <7 <p—2, such that X\ # +((p)*/? if r € {0,p — 2}. As explained in [JTNW24,
Section 3.2|, the stack X7 admits the following description as a torus quotient: Let

S = Olag, a1, X][b, ¢}/ (bc — X),

with grading

deg(b) = 2,deg(c) = —2,deg(ag) = deg(ay) = 0.
Then Xz = [Spec S/G,,] (the G,,-action being determined by the grading on S).
The map Rgs — S, corresponding to the morphism X; — Spec Rgs, induces an
isomorphism

~

Rgs — Olag, a1, X],

identifying Rgs with the degree zero component of S.

This description of X5 allows us to identify the category Coh(Xy) with the category
of finitely generated graded S-modules. As usual, if M is a graded S-module, we
write M (7) for the graded shift given by

M{(i)y = M(n +1).

The universal rank two vector bundle Uz on X5 corresponds to the graded module
S(1) @ S(—1). The action of Ry on Uy is described by identifying Ry (as an
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RZ"-algebra) with the matrix order

R»®  RM
(3.4.7) Ends g (p) = ( R Rﬁf) C My(S)

acting by left multiplication on U5 (thought of as column vectors) (see |[JNW24,
Thm. 3.2.1]). We write e;; for the matrix in M>(S) with 1 in the ij-th entry, and

zero elsewhere, and we normalize our presentation of S in such a way that Rgzeq; (i.e.

the first column of Eg) is the Eg—projective envelope of the simple module nryw”.

Then the completion RZ™ of S at the maximal homogeneous ideal is a versal ring

to X at pi:=nryw” @ nry-ipmw

3.4.8. The case . In this case,  is not multiplicity-free, and so X7z does not
have a natural presentation as a G,-quotient of an affine scheme. Rather, X7 is the

stack denoted Rep(F) in [JNW24] Section 3.3], where F = Eg, and so it is a global

quotient Rep(E) = [Rep™(E)/ SLy] for some affine scheme Rep”(E) = Spec A. A
presentation of A as an Rgs—algebra is given after the proof of [JNW24, Proposi-
tion 3.3.9]; we remark that

A ®R§s Rgs/m = F[a, b,c1,co, dl,dg]/(a2 + cic9, b2 + dyds, 2ab + (Cldg + ngl)),

which is not a reduced ring (since for example c1da — cody is a nonzero element
which squares to zero). There is a unique maximal SLo-invariant ideal n of A, and
it is a maximal ideal; the corresponding morphism

SpecA/n = Spf A — Xy — X

classifies the unique scalar Galois representation p : Gq, — GL2(A/n) having
trace . We write Rgcr for the n-adic completion of A, which is a versal ring to X
at the closed point corresponding to this p.

3.4.9. The case |(St)} After a twist (which possibly changes (), we can assume
without loss of generality that § = 1 4+ w™!. As explained in |[JNW24, Section 3.4],
the stack X7 admits the following description as a torus quotient: Let

S = Olag, a1, Xo, X1][bo, b1, c]/(Xo — boc, X1 — bic, a1bg + aghy),
with grading
deg(by) = deg(by) = 2, deg(c) = 2, deg(ag) = deg(ar) = 0.
Then Xz = [Spec S/G,,] (the G,,-action being determined by the grading on S).
The map Rgs — S, corresponding to the morphism X; — Spec Rgs, induces an
isomorphism
RY® — Olao, a1, Xo, X1]/(a0X1 + a1Xo),

identifying Rgs with the degree zero component of S. Note that our a; is denoted
ay = ay + p in [JINW24], and our X is denoted b;c.

The universal rank two vector bundle Uz on X7 corresponds to the graded
module S(1) ® S(—1). The action of Ry on Uy is described by identifying Ry (as
an R7"-algebra) with the matrix order

R®  RP%hy + R
(3.4.10) Ends. g, (Ty) = (Rg}sc 0 ORBS g 1) C My(S)
[ [
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acting by left multiplication on %5 (thought of as column vectors) (see [JNW24,
Thm. 3.4.1]). Again we write e;; for the matrix in M5(S) with 1 in the ij-th entry,
and zero elsewhere. Then the modules Egell, égegg are the Eg—projective envelopes
of the simple modules 1, w™! respectively. We let RV*" denote the completion of S
at its maximal homogeneous ideal; then RY®" is a versal ring to X at the closed
point corresponding to p = 1@ w™!.

It will also be useful to have some notation for the scheme-theoretic union of
the (finitely many) substacks X; C X where 6 is of type |(St), and so we make the
following definition.

Definition 3.4.11. We write X'(St) == Uz ¢ tych?

Remark 3.4.12. For 0 of type [(St), the stack Xj ., coincides with one of the
irreducible components X (c,,,—1)* (with a and the sign + depending on 6). Thus
X (St)yeq is the disjoint union of four irreducible components X (o, ,—1)* (assuming
that it is non-empty, i.e. that ¢ is even).

3.4.13. The case|(gen+)| If 0 is a F,-pseudorepresentation of type |(gen-+)| then
there exists a smooth character x : Gq, — F: such that 0 = y + Cw™'x 7!, and x
does not factor through F*. Writing F5/F for the extension generated by the values

of 6, we can identify 6 with an F4-valued pseudorepresentation 5/, and by definition,
we have equalities

Rgs - Rg/S7R§: R@H}:@: %5/7265: Xg/.
Up to natural isomorphism, these objects only depend on the Gal(F,/F)-conjugacy
class of 6.
Note that Fg almost always coincides with the extension F7/F generated by the

values of y, and then 9 is the trace of a semisimple reducible Galois representation,
classified by a morphism SpecFjz — A7. We then let Rger be the versal ring at
Spec Fz — Xy defined in Section

The only exception is when y and (w ™'y ™!

are Galois conjugates over F, in
which case @ is the trace of an irreducible Galois representation p : Gq, — GL2(Fp),
for which p ®p_ F’§ is reducible. We have a morphism Spec F’§ — X classifying
P OF, F’g7 and we let

Spf Rger — X§ XW(F@) W(F%)

be the versal morphism to Spec FZ — Ay xw(x,) W (F7) defined in Section W
Note that the composite Spf Rger — X5 is versal to Spec F'§ — Xy.

3.5. Coherent sheaves on stacks of Galois representations. We fix throughout
this section a 2-dimensional Fp-valued pseudorepresentation 0 of Gq,- We will
discuss some coherent sheaf theory on the stacks X7 and A5 defined in Section
To ease notation, we write R := RY® and m := mpr. We write Xy to denote the
underlying reduced substack of A%; this coincides with the underlying reduced
substack of the base-change X5 Xgpec r Spec R/m.

Remark 3.5.1. We saw above (see in particular Section [3.4.8| that in case [(scalar))
that in fact X7 Xspec R Spec R/m is reduced, except in case |(scalar)
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Adopting notation from Appendix[C.2.9] we write k5 : X5 — Xg for the completion
map, and

coh coh

k%« DYy (Xg) — Pro DS, (Xp)

coh coh

kg, : Doon(X5) = Dloy(Xg),

for the pushforward and completed pullback functors. Their basic properties are

summarized in Theorem [C.2.15| (see also Remark |C.2.17)).

3.5.2. Tensoring pro-coherent sheaves with compact modules. We now fix a (not
necessarily commutative) R-algebra E which is finite and flat as an R-module.
We regard F as a topological R-algebra by endowing it with its m-adic topology.
With this topology, E is a Noetherian profinite O-algebra, and so we can apply
the material of Section [A.T.30] We also suppose given a coherent sheaf § on Xj
endowed with a right action of E extending the natural R-action on §. We write
F = %S, so F is the m-adic completion of §; then F is an object of Pro Coh(X%)
endowed with a right F-action extending the R-action on §.

Our goal in this subsection is to discuss the various functors we can obtain by
tensoring § and F with different flavours of E-modules. We first discuss things on
the abelian level, before turning to the analogous constructions on the level of stable
oo-categories.

By Proposition we have a right exact functor

(3.5.3) §®p —: Mod®(E) — Coh(X5),

characterized up to unique isomorphism by sending F to §. Similarly, we have a
unique right exact functor

(3.5.4) F®g —: Mod™(E) — Pro Coh(X;)

sending F to F. Since F = 2%3, we thus have a natural isomorphism

(3.5.5) f@E*L)kgo(g(X)E*).

On the other hand, by definition, F is complete as an R-module object of
Pro Coh(A5). Rema@l then shows that F is also derived complete, and
in turn, by Lemma [A.10. we see that F is complete and derived complete as
an E-module. We thus obtain, by Lemma [A:1.53] a unique right exact and cofiltered
limit-preserving functor

(3.5.6) F ®p—: Mod.(E) — Pro Coh(&X;)
sending F to F.

Lemma 3.5.7. With the notation of the previous paragraph, there exists a unique
(up to isomorphism) right exact functor

(3.5.8) F®p —: Mod™"(E) — Coh(Xy)

such that the following diagram commutes:

Mod"!(E) —— Mod®(E) ——— Mod,(E)

EE3|rer-  EFD[ses  EEB|ren
ks kX
Coh(X;) —— Coh(X5) —— Pro Coh(&X;).

Furthermore, F Qg is the Pro-extension of F Qg —.
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Proof. By Corollary [A.1.54] the restriction of (3.5.6) through Mod™(E) — Mod.(E)
is (3.5.4)). Hence (3.5.5)) shows that the rightmost square commutes.

We now construct the left-hand square. Each of the quotients
3/m"§ = @p (B/m"E) = F @p (E/m"E)

is an object of Cohx,(Xy), since Xy was defined to be the underlying reduced
substack of the vanishing locus of m. If N is a finite length E-module, then it is
annihilated by some power of m, so we find more generally that § ® g N lies in
Cohx,(X5), which is to say that restricts to a right exact functor

(3.5.9) F®p —: Mod™" (E) — Cohx, (X5).

Theorem shows that kg, is an equivalence Coh(Xj) — Cohg,(X7) We
deduce the existence and uniqueness of , and the commutativity of the left-
hand square. Finally, bearing in mind that Mod,(E) = ProMod"™"(E) and F @
preserves cofiltered limits, we see that the commutativity of the outer rectangle
implies that F ® g— is the Pro-extension of F ®g —, as desired. O

We now apply Lemma[A.10.10| to construct derived versions of the various tensor
products just introduced. Namely, Lemma |[A.10.10 shows that (3.5.3) induces a
right t-exact functor

(3.5.10) §®%—: D} (E) — D™ (Coh(Xy)),

while Lemma [A.10.10 shows that (3.5.4) induces a right t-exact functor
(3.5.11) F®p—: DE(E) — Pro DS,y (&),

where we implicitly use the equivalence D(Coh(X;)) — Db, (X5). Finally,
Lemma [A.10.10 shows that (3.5.8) induces a right t-exact limit preserving
functor

(3.5.12) F&p :ProD, (E) — ProDl,, (X;).

For simplicity, from now on we will make the additional assumption that E has
finite global dimension; in our applications, this will be true by Lemma [2.3.11 .
The functor (3.5.10) then factors through D’(Coh(X7)), by Lemma [A.10.26

Lemma 3.5.13. Assume that E has finite global dimension. Then there exists a
unique (up to isomorphism) right t-exact functor

(3.5.14) F®% —: D{, (E) — D*(Coh(Xy))
such that the following diagram commutes:
D}, (E) =25 D, (B) —=25 Pro D}, (B)
F®
[rot- @EN e
kg
DP(Coh(X5)) LN DP(Coh(x (—> Pro D% | (Xy).

Proof. The upper triangle commutes by Lemma,[A The two directions in the
lower triangle are right t-exact functors Df (E) — Pro Db . (Xj), sending E to F,

coh

resp. %S = F. Hence they are naturally isomorphic, by Lemma |A.10.10| (2).
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We now construct (3.5.14), and prove the commutativity of the left-hand square.
Since k : Db(Coh(X5)) — Dgoh,%o (X5) is an equivalence, by Theorem |C.2.15] it
suffices to prove that the composite

L
D, (E) — DL (B) 2255 Db(Coh (X))

factors through D20h7x0 (X3), i.e. the full subcategory of D%, (X7) whose objects are

the bounded complexes of coherent sheaves whose cohomology is set-theoretically
supported on the vanishing locus X of m := rad(R) in X. By induction on the
amplitude of objects in D?, (E), it suffices to prove that F@L N € Dgoh,xo (Coh(Xp))
whenever N is an object of Mod“'(E), which is a consequence of the fact that IV is
annihilated by a power of m. O

3.5.15. Tensoring pro-coherent sheaves with G-representations. We now fix a pro-
jective generator P of &5, chosen to have finite length cosocle, and write

E = Ende, (P).

Recall from Lemma [2.3.10|and Lemma |2.3.11 that E has finite type as a module
over its centre (which is the Bernstein centre of ¢5), has finite global dimension,

and is Noetherian. Hence, by Lemma , the natural topology on E (that
it inherits as the endomorphism ring of the compact O[G]¢-module P) coincides
with its m-adic topology, and makes F a Noetherian profinite O-algebra. Recall
also from Remark [2.4.16| that there is a unique isomorphism R — Z(E) = Z(€y)
such that the functor V is R-linear. Furthermore, we assume given a coherent sheaf
§ on Xz with a left F/°P-action, so that we are in the situation of Section m
Applying the functor to P, we obtain an object F ®pP of Pro Coh(X5).
Since P is projective in Mod.(F) (by Lemma (), this coincides with the

object }"@ép obtained by applying (3.5.12) to P. The right O[G]-action on P

induces a right O[G]¢-action on F®pP. An application of Lemma [A.10.10)
then produces a right t-exact functor

(F@pP) ®@61c), — Dip(O[G]¢) — Pro Do, (Xp).

Another application of Lemma|A.10.10 , this time to P itself, yields a right
t-exact functor

P @§ya), —: DE,(O[Glc) — Pro Dy, (E).
In fact this functor may be factored as a composite
(3.5.16) P ®pay, —: Di(O[G]¢) = D™ (Mod.(E)) — Pro Dy, (E),
where the first arrow is the restriction to
D}, (0[G]e) = D’ (Mod™(0[G])) € D~ (Mod ™ (O[G]¢))
of the (right t-exact) derived functor of the functor
P ®ojqj, —: Mod™(O[G]¢) — Mod.(E)

arising from an application of Theorem and the second arrow is the t-exact
functor

D™ (Mod.(E)) =+ D~ (ProMod""(E)) £ Pro D}, (E)
obtained as a special case of the diagram (A.8.5)), taking C there to be Mod™" (E),
and recalling the equivalence Mod.(E) — ProMod" (E). That this composite
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coincides, up to natural isomorphism, with the functor P ®é[[G]]c — follows from
Lemma [A.10.10] (2), since both functors are right t-exact, and both take O[G]¢ to
the E-module object P in Mod,(E) — ProMod""(E).

We will often make implicit use of the following lemmas involving these two
functors.

Lemma 3.5.17. The composite

D2 () BB, b (0161 22, pro ()

18 t-exact.

Proof. Let F denote the composite functor appearing in the statement of the lemma.
By Corollary it suffices to prove that the restriction of F to A® (which
is the heart of D’(A®) Df’p(A)) takes values in the heart ProMod™" (E) of
Pro D}, (E).

By the alternative description of P ®é[[G]]< — provided by , it suffices to
prove that the composite

AP C DL (A) DY, (O[G]c) — D~ (Mod,(E))

has essential image in Mod.(E). To do so, it suffices to prove that the composite

AP Dt (A) L2, D (O[G]c) — D™ (Mod,(E)) — D~ (Mod(E))

has essential image in Mod(E), where the final arrow is the t-exact extension of
the forgetful functor Mod.(E) — Mod(E) (which is exact and conservative, by
Lemma (). Now the composite Dy (O[G]¢) = D~ (Mod(E)) is right -
exact and takes O[G]¢ to P, hence coincides with the left derived functor of the
usual tensor product P ®op[g), —» by Theorem Hence our claim follows from

Lemma [2.2.46| (2). O

Lemma 3.5.18. There is a natural isomorphism of right t-exact functors Dfp(O[[G]]C) —
Pro Dcoh(X )

~ ~L ~ ~L
(3.5.19) (F®gP) ®é[[gl]< = (F®gP) ®(L9[[G]]< -— Fep(P ®éHG]]< )

and there is a natural isomorphism of right t-exact functors Pro Dfp(O[[G]]C) —
Pro Dcoh(X )

~ ~L ~L ~L ~ ~L ~L
(35.20)  (F®pP)&ocy.—= (F8RP)Boja), - — F Op(P Bore. -

Proof. Recalling again that P is projective in Mod.(E), Lemma [A.10.10 shows
that to prove (3.5.19), it suffices to note that each functor takes O[[G]]C to the
obJect .7:®EP F ®@pP of ProCoh(X;). On the other hand, since P®O[[G]]< , Tesp.
(F ®EP) ®O[[G]]<_’ is the Pro-extension of P®O[[G]}C —, resp. (F ®EP) ®0[[G]1< -, and

F @é, is cofiltered limit-preserving, the isomorphism (3.5.20)) can be taken to be
the Pro-extension of (3.5.19)). (]
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3.5.21. The universal vector bundle. Recall from Section [3.4] that the universal
object on Xj is denoted Ug. It is a free Ox_-module of rank two with a left action

of ﬁg. Its pullback via @g to Pro Coh(Aj) is denoted

(3.5.22) Vy = k505

We may apply the discussion of Section to Uy and Vy, viewing them as right
Rgp—modules. In particular, from the commutative diagram of Lemma we
obtain the commutative diagram

Vg® gop—

Mod"" (R%) — Coh(X;)

(3.5.23) m,®k) j

COh(%g)

We now describe the main properties of 25 and of Vj that we will use in Section
These results are essentially due to Johansson-Newton—Wang-Erickson |[JNW24].

Proposition 3.5.24. Assume that 6 does not have type . Then Vg, which is a
complete right R2P-module object in Pro Coh(Xy), is topologically flat (in the sense

of Definition[A.10.23).

Proof. By the discussion in Section [3.4.13] we can assume without loss of generality
that F = F5z. We need to prove that the functor

Vg@ﬁ%pf : Modc(égp) — Pro Coh(Ap)

is exact. Since Modc(égp) = Pro Modf'l'(ﬁgp), it suffices to prove that its restriction
to Mod”'(ﬁ%p) is exact. By Lemma , this restricted functor is the same as the
composite

V5® gor—

Mod™ (%) — Mod(F5?) ——* Coh(;) = Pro Cab(2;).

The last arrow is exact, so it suffices to prove that the composite of the first two
arrows is exact. B
Assume first that 6 does not have type|(scalar)l We will prove that Uy is flat as a

right ]:ng-module7 or equivalently, flat as a left g-module. This can be verified after
base change to a quadratic unramified extension @'/, hence we can assume without
(gen)}

loss of generality that 6 has type|(ssg)| or type For type the flatness
of Wz over Ry is clear from Section 3.4.5} Indeed, we have Xj = [Spec Rgs/[.l,z],

while U5 = RP*(1) @ RP(1), and Ry = My(RE®) with its standard left action
on Yy (thought of as column vectors). Thus Uy is a direct summand of Eg and
@ the flatness of Uy over Ry

is in particular Eg—ﬂat, hence f{g—ﬂat. For type
is [JNW24; Prop. 5.3.1].

Finally, assume that 6 has type |(scalar)l Let p : Spec A — Xj be the presentation
described in [JNW24, Section 3.3] (and recalled in Section [3.4.8)). Write V5 := p*%0y.
Since p* is exact and faithful, it suffices to prove that the composite

£1/5 o opy TR " f
WA O O
Vy Ofpor Mod™ ™ (RZ”) — Mod P (RZ") ——— Coh(X5) — Mod"(4)
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is exact. This follows from the proof of [JNW24, Prop. 5.4.2], which shows that if N
~ ROP
is the unique simple left R2"-module, then Tor; ? (V5, N') = 0. (More precisely, loc.

cit. writes E for }N?,g, and proves that Tort (p*V*, M) = 0, where M is the unique
simple E-module, V is Uy, and V* is the coherent dual of Uy, viewed as a right
Eg—module via the dual action. Now |[JNW24, Prop. 2.2.4] shows that V* with
the dual right Eg—action is isomorphic to the pullback of V under t : E%p = }Nﬁg,

op

and so we deduce that Tor?? (p*V, MT) = 0. Since M is the unique simple left
RZP-module, this is what we wanted.) O

Theorem 3.5.25. Let 0 be a 2-dimensional Fp—valued pseudorepresentation of Gq, .
(1) The natural map
Ry = REndp,, pv_(x)(Vg)
is an isomorphism, and the functor

Vs ®f~z%p 1 D, (RP) = Pro DY, (Xp)

defined in Lemma[A.10.10] (2L), is fully faithful.
type |(St

(2) If 0 does not have the composite

Vs®Eop -
(A10.6 7@ Rop

D, (R2P) D}, (R2P) ——"— Pro DY, (X;)

s t-exact.

Proof. By Lemma the second statement of part (1) is a consequence of the
first statement. By the discussion in Section we can assume without loss of
generality that F = Fj.

We begin by proving the first part. By Theorem [C.2.15] the completion map

REHdDEOh (x5) (‘1?5) — REndPrO D?oh (X5) (Vg)
is an isomorphism. So it suffices to prove that the natural map
(3.5.26) R@ — REndDgoh(xﬁ) (ng)

is an isomorphism. If O’/O is a quadratic unramified extension, then the formation
of EXthﬁoh(xa) commutes with base-change to O’ (as can be seen e.g. by computing
with free resolutions after pullback by a smooth surjection p : Spec .S — X7). Thus
we can assume without loss of generality that 6 does not have type|(gen+)| It then
follows from [JNW24, Thms. 3.1.1, 3.2.3, 3.3.1, 3.5.1] that (3.5.26]) is an isomorphism.
This concludes the proof of the first part.

We now prove the second part. By Lemma [A710.15] it suffices to prove that the
functor

V5 ®zop— : Pro DYy (Rgor) — Pro DY, (Xy),
0

defined in Lemma [A.10.10 , is t-exact. By Lemma [A.10.25] it suffices to prove
that Vy is a topologically flat R%p—module. This is Proposition [3.5.24 O
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3.5.27. Completion at closed points. In Section [5.3] we will need the following results
about coherent sheaves on versal rings to X at closed points.

Recall from Section [3:34] that the closed points of X' are in bijection with
Gal(F,/F)-conjugacy classes of semisimple representations p : Gq, —+ GL (F,) with
determinant (™!, or equivalently, Gal(Fp /F)-conjugacy classes of 2-dimensional
Fp—valued pseudorepresentations 6. Given a 2-dimensional Fp—valued pseudorepre-
sentation 6, we will adopt without further comments the notation in Definition
for versal rings.

Definition 3.5.28. For any Serre weight o and 2-dimensional F,-valued pseudorep-
resentation #, we introduce the notation

M, 5 = (ProV)(i%c-Indf , o) € ProMod™" (Rg) = Mod,(Rp),

where we write ProV : Pro Ag’ — Pro Modf‘l'(~§) for the Pro-extension of (2.4.20)).
Similarly, we write

Mlg == (ProV7)(izc-Indf ; o) € ProMod"" (RP) = Mod,.(RZP).

The Eg—modules Ma,é have been computed in [Kis09| following work of Berger—
Breuil [BB10|; we recall these results in the next lemma.

Lemma 3.5.29. Let 0 = 0, be a Serre weight, and let 0 be a 2-dimensional
Fp—valued pseudorepresentation. Assume that M_5 # 0, and that 0 does not have
type (i.e. it is F-valued with absolutely irreducible summands). Then:
(1) If 6 has type @L then M, 5 is ég-linearly isomorphic to the Galois repre-
sentation VZ® @ gyer RS /w.

(2) If = nryw*? + nrklc(p)w“_l, then M_4 is Eg—linearly isomorphic to a

free F[S]-module of rank one on which Rg acts via the character

(3.5.30) nrsw Ry — F[S].
The restriction of (3.5.30)) to Rgs = Z(]?Eg) is a ring homomorphism
(3.5.31) B: R” - F[S],

which is surjective whenever 6 does not have type .
Proof. Part (1) follows from [Kis09, Lemma 1.5.3] (and its proof). Part (2) follows
from [Kis09, Lemma 1.5.9, Lemma 1.5.11], where the morphism £ is denoted 6. O

Remark 3.5.32. Using the description of the central embedding Rgs — Eg,
one sees that 3 classifies the deformation
nrs ™ (g ) e
of 6 to F[S].
We now deduce an alternative description of M_7. It will be useful to employ the
following notation: if J C Rg is a subset, we will write (J) for the two-sided ideal

generated by J, and J ﬁg for the right ideal generated by J. We also note that in

part (2) of the following lemma, which encompasses the cases when 6 has type
or |(St)} we employ the explicit presentation of Ry given above in Section resp.
Section [3.4.9]
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Lemma 3.5.33. Let 0 = 0, be a Serre weight, and let 0 be a 2-dimensional
Fp—valued pseudorepresentation.
(1) If 0 has type|(ssg), and M, 5 #0, then M, 5 is R -linearly isomorphic to
(B2 /)2,
(2) Suppose that 0 < b < p—2, let \ € F*, and assume that (b,\) # (p
2,+((p)'/?). Let 0 = 04 and 6 = nryw™™ + nry-1¢w® . Then M, 5
Ry/(ker B, e22), and M .. 5 = Rg/(ker B, e11).

(a3

Proof. Recalling that when 6 has type @ we have Rgs = Rger, so that Eg is in
particular an *-algebra, we see that part (1) follows from Lemma [3.5.29| (1).

We now prove part (2). By Lemma 3.5.29|7 we have M, 5 = ﬁg/ ker(nrg wt?).
Since F[9] is a local ring, at least one of the orthogonal idempotents e1; and ego goes
to zero under nrgy yw®t?, and since the kernel is a two-sided ideal, it contains at most
one of e11, e22. Hence there exists ¢ = 1 or 2 such that (ker 3, e;;) C ker(nrg w®*?).
The inclusion must then be an equality, since Rg/ (ker B, e;;) = Rgs / ker(B) = F[5].

It remains to prove that ¢ = 2. If eqgs : Maﬁ — Maﬁ is not zero, then there exists

a nonzero ﬁg—linear map E§€22 — M_5. Bearing in mind that our presentation
of Eg is such that Rgegg is a projective envelope of nr)\flc(p)wafl, this contradicts
our assumption that either w*® # W™l (ie. b # p —2) or A # A"'¢(p) (when
b=p-—2). O
Remark 3.5.34. If § = 1 4+ w™!, then the kernel of 8 is (w,ai, Xo, X;). This

is proved in [HT15, Lemma 3.9], bearing in mind that (ag,a1, Xo, X1) are de-
noted (dg, —d1, co,c1) in loc. cit., as explained in [JNW24, Section 5.5].

Remark 3.5.35. If § = 1 4+ w™! we will also need the following connection with the
Hecke operator T),. If o € {Sym", Sym? ™!, SymP 3 @ det}, then T}, acts on M 5 by
V-functoriality. Lemmaprovides an identification Endy; 4 ﬁg)(Ma,é) =F[9],
and T, — 1 is a uniformizer of this ring: in fact, the exactness of /z\g and ProV implies
that
M, 5/(T, — )M, 5 =V (izc-Indf , o /(T}, — 1)e-Indf , 0),

and hence the left-hand side is a one-dimensional F-vector space; since M, 5 is
free of rank one over F[S] (by Lemma [3.5.29), we conclude that indeed T), — 1 is
identified with a uniformizer of F[S]. On the other hand, the map

B Rgs — EndModc(Eg) (M, 35) =F[S],
describing the restriction of the ég—action on M_ 5 to Z (ﬁg) = Rgs is surjective, by
Lemmal3.5.29] and so it sends ag to a uniformizer of F[.S], by Remark|3.5.34] Putting
the preceding observations together, we conclude that S(ag) is an F[S]*-multiple
of T, — 1.
Finally, we have the right Eg—modules MJ,? = Pro V1 (/i\%c—Indg 7 0), which are
obtained from M_5 by composing with the anti-involution f.

Lemma 3.5.36. Let 0 = o, be a Serre weight, and let 0 be a 2-dimensional
F,-valued pseudorepresentation.

(1) If 0 has type|(ssg)l, then Mi@ is I -linearly isomorphic to (Rg/w)@z.
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(2) Assume that 0 < b < p—2, let \ € F*, and assume thatN(b,)\) # (p—
2, ﬂ:C(p)l/z). Let? = nr>\wa+b+nr>\f1<(p)wa*1. Then Mig = Rg/(ker ,B, 611>,

and Mimﬁ = Eg/(ker B, ea2) (as right Eg—modules).

Proof. By definition, if g € Rg is the image of an element of Gq,, then gt =

(¢e™M)(g)g~". Our assumptions imply that 6 does not have type |(scalar)| or |(gen+)l
and so Ry is an order in MQ(RgS), as described in Section It follows from this

description of }~%§ that { coincides, at elements of Gq,, with the restriction to Eg of
the anti-involution

(3.5.37) (? Z) — (_dc _ab>

of Mp(R7"). Since the images of elements of Gq, are dense in Ry, we conclude
that t coincides with (3.5.37)). Thus the lemma follows from Lemma [3.5.33 (]

Remark 3.5.38. In case (2) of Lemma [3.5.36} it follows from (3.5.30) that the inertia

group Iq, acts on Mi,? via the character (w““’)T\IQp = w“*1|IQP. Hence, if W

is a left ﬁg—module, then W® Fer Mi,@ is an ﬁg—quotient of W on which Iq, acts

a—1

by w

Proposition 3.5.39. Let 0 = 04 be a Serre weight, and let 0 be a 2-dimensional

F,-valued pseudorepresentation. Let Rger, R% be the versal rings defined in Defini-
tion . Assume that b # 0, and M«i,@ #0. Then

(1) Ve @)%’I’Ml? has scheme-theoretic support Spec Rg/w, and

(2) if 6 does not have type |(scalar)|, then Ve @R%pM(ia = RZ/w.

Remark 3.5.40. The assumption that b # 0 in Proposition is due to the fact
that, for any 6, we have an exact sequence

0— Z%C—Indf(z Oap—1 — z%c—lnd%’;z Ta0 — ig(w“anLc(Z,) odet) =0

obtained by applying % to (2.2.37). Since V1 is zero on SL2(Qp)-invariant rep-
resentations of G, and VT is exact, we deduce that MJ _ = MJ 5 Hence
a,p—1, a,0

Ve @;sz Vol.fmO = Rg”’p’l/w, which can be larger than Rg“’o/w.

Proof of Proposition[3.5.39] By definition, the Galois representation Ve /mVVer is
semisimple with absolutely irreducible summands. Hence, after possibly replacing F
with a finite extension, we can assume that 6 does not have type Furthermore,

by Lemma [2.5.16| (2), Mi 7 7 0 if and only if o is a Serre weight of vver /myver. We

now proceed by cases, according to the type of 6.
Case @ Recall that Ry = Mg(Rger) acting on V7" = (Rg‘”)632 in the stan-

dard representation. Hence Mj—@ is Rger—linearly isomorphic to the direct sum
of Ve ®13£pr* with itself. On the other hand, by Lemma [3.5.36| (1), M s
9 0,0 0,0

R¥*-linearly isomorphic to (RZ/ @)®2, and so Ve ® Rer Mi,@ = RZ/w, as desired.




A CATEGORICAL p-ADIC LANGLANDS CORRESPONDENCE FOR GL2(Qj) 71

Case After a twist, we may assume that ¢ = Sym® and 6 = nryw® +
nry-iepmw ', for some A € F* and 0 < b < p — 2. Then Lemma [3.5.36( (2) shows
that

Ve Q%ﬁ%pM;ﬁ = V7" /(ker B, e11, cear) V'™,

where we have used that (ker 3,e11) = (ker 8, e11, cegl)ﬁg. Since Vger/eu VaVer is free
of rank one as an Rger—module, we see that nger ® fop Ml@ is a cyclic Rger—module
] )

with annihilator (ker 3, c) Rz

The proposition will thus follow in this case once we show that Rz*"/(ker 3, c) RZ*"
coincides with R7 /wo. Since these rings are abstractly isomorphic (being power
series rings over F in the same number of variables), it suffices to prove that the
quotient map Ry — R /(ker 8, ¢) R¥*" factors through RZ/ww. To this end, note
that we have an exact sequence of Rger—modules

0 — V7" /(ker B, ¢, e22) — V5’ ®Ryer RE™ [ (ker B, ) RZ™" — VZ'" /(ker B, ¢, e11) — 0
which exhibits the free rank two Ry®/(ker 8, c)-module V2" /(ker 8, ¢) as an ex-
tension of free rank one modules. The explicit form of Eg given in (3.4.7) shows

that this is actually a sequence of ﬁg—modules. Furthermore, since the quotient
nger /(ker 3, ¢, e11) has been proven in the previous paragraph to be isomorphic to

nger ®§%"Mi,§7 Remark |3.5.38 shows that Iq, acts by w™ ! on Vg"er/(ker B,c,e11).

Since det VX" is an unramified twist of w1, this shows that VZI® Rgenger /(ker 3, c)Rger

is an ordinary deformation of nr \w? @ nr A—lg(p)wfl, and its classifying map H%er -
Ryt / (ker B, ) R¥*" factors through RS /w, as desired.

_ Case|(St); This is similar to case |(gen)l After a twist, we may assume that
f=14+w'and o € {Sym? ' Sym? ° @det}. Bearing in mind the isomorphism

M 07 = M!  _ from Remark [3.5.40, the module M'_ has thus been com-
Sym?Y,0 SymP—1.6 ,0

puted in Lemma [3.5.36] Taking into account the explicit form of ker 8 given in

Remark we find that

(3541) nger ®%ngymp’1,§ - Rger/(w7 ai, XOa X17 C)R%er = F[[a()a b07 blﬂ/(aobl)
(3542) nger @ﬁgp ngmi‘”S ® det,? = Rger/(wy ai, X07 Xl; bOa bl)Rger = F[[GOa C]]

as Z*"-modules. Arguing as in case|(gen)} and using the fact that R®:0):e1ys /5 ig
. . -~ T o~
a power series ring over F[z,y]/(xy), we thus see that V®}LZpMU’§ = RZ/w, as

desired. (This presentation of R®9:<¥s /7 can be deduced from a more careful
analysis of the presentation of X7 described in Section @ or alternatively, it can
be deduced from [BCGP21, Lemma 7.3.7].)

Case After a twist, we may assume that 0 = w™'4+w™!, and o = Sym? 2.
This case was excluded in Lemma [3.5.36] so we will argue in a different way, by
applying the results of [San16|. In Definition we have defined an irreducible
E[KZ]-module ©(c|0) whose mod w reduction is isomorphic to o, and we now
fix an O[K Z].-lattice © in O(c|c®). We have isomorphisms

Vavcr @ﬁgp MJ’E - ngcr ®E§(ﬁ§ ®O[[G]] C/Z%,*/Z%C—Indgz 0')

5 V3 &g, (B @ore), e-ndiy o) <= HomiZy (V3™ &5 Pr0)",
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where the first arrow is Lemma [2.4.22] (2), the second arrow is Lemma [2.5.26

and the third arrow is Lemma [2.2.45. Now V7 Dz B, P is the object denoted N
in [Sanl16| (and we employ this same notation in what follows), and so we see that
Ve @)EEPM;E is the module denoted M5 () in [San16, (2.12)]. Following loc. cit.

and [Pas15], Section 2], we also consider the module
M(©) := Homp (Hom$2% (N, 09), 0).

Since V"er®~ — is exact, by Proposition [3.5.24] and P ®0[[KZ1]<_ is exact, by

Lemma we see that N is topologically flat in Mod.(O[K Z];), hence
prOJectlve in Mod (O[[KZ}]C by[A.1.44] By [Pas15, Lemma 2.14], we conclude that
M5 (o) is isomorphic to M(0)/wM(©). We claim that M (0) is a faithful finitely
presented Rg—module.

Assuming the claim, we conclude the proof of the proposition as follows. By the
claim, the natural map

RZ — Endl?%cr(M(@))
is injective, and so the natural map
R [w — EndR%er(M(G))/wM(@))

has nilpotent kernel. Since R;l /w is reduced, by Lemma we conclude that the
scheme-theoretic support of M5 () = M(0)/wM(©) is RZ [w, as desired.

To prove the claim, observe first that M(©) is finitely presented over Rge',
by |Pasl5, Proposition 2.15]. Then let a = Annpyer M(©). As shown during
the proof of [Sanl6, Theorem 4.10], the radical of a is the kernel of R — RZ.
However, it is also shown in loc. cit. that the assumptions of [Sanl6, Theorem 2.1],
or equivalently |[Pas15, Theorem 2.42|, are met. Hence a is a radical ideal, which
concludes the proof. O

Corollary 3.5.43. Let § = 1+w™t. Then R%p’o)’crys/w = Flao, bo, b1]/(aob1), and

R(l 0), cry:a/w ]%ép,()),crys/(w7 bl)

Proof. The claim about R%p 0),crys /oo is an immediate consequence of ({3.5.41]).
We now prove the claim about R%I’O)’Crys Jwo. It follows from e.g. [HT15, Theo-

rem 5.11] that the quotient map Rger/w N RE; crys
R&PVO),Crys/w N RSI,O),crys
0

/o factors through a surjection
/@ whose kernel is a minimal prime, and so it is generated
by either ag or b;. But it cannot be generated by aq: if this were the case, then the
map ]:L — I:Lp /0),crys /@ would factor through F, since the maximal ideal of BL is
generated by (ao, a1, Xo, X1). This would contradict the existence of lifts of 1 @ w™

to F[e]/€? that factor through Rgp 0015 ) and have nontrivial pseudocharacter
(for example, the lift nr;_. © nryqw™?). O

3.6. Complements in the Steinberg case. We assume throughout this section
that 6 is of typem (St)l Making a twist if necessary, we assume that in fact § = 14w
We will shorten notation to R := RBb Recall that in Section “ we have given an

explicit description of R, ﬁg, Xz, and of the bundle 25 lying over X7, together with
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its left Rg—action. Using the notation of that section, we write
1= (Xo,Xl)R - R,
this is the reducibility ideal in R.

3.6.1. The projective generator Py of €. Recall from Definition and Def-

inition [2.4.17| the projective objects Py, 135 € €. Neither of these is a projective
generator, which leads us to introduce yet another projective object.

Definition 3.6.2. Let § = 1 +w~'. We choose a &g-projective envelope Pry, of the
trivial character of G, we define the projective generator (with finite cosocle) Py
of €5 as
Pg = P§ D Pléa

and we write Ej := Ende, (Pj)-

We can now apply the Morita theory of Lemma taking the projective
generator in the statement of that lemma to be P4. Then Lemma [2.3.15 (3) shows
that Hom%(Pg, Py) is of finite type over Ejg, and (2.3.16|) gives an isomorphism

3.6.4. The ideal J of Eg. Let Oqy, denote O regarded as an object of €5 by letting G
act trivially. Since the €5-cosocle of Oy, is equal to 1Y, with multiplicity one, we
find that Olé is a quotient of Pry, and that

Hom&™ (Py, O1y) = Homgmt(Plé’Olé)

is free of rank one over . Since Olé is a quotient of Py, which is in turn a

quotient of Py, we see that Homgmt(Pg, Oy, ) is also a quotient of Ej. Thus we

have an isomorphism of E%p -modules
HOHICGOnt (Pg, Olé) ;> E%p/J

for some closed right ideal J of E; with the property that O —» E’/J (as O-
modules). More precisely, J can be taken to be the annihilator of any surjection
Pg — Olé in Q:g

We claim that J is in fact a two-sided ideal. In fact, since Homg’nt(ﬁg, Ory, ) =0,
J contains the two-sided ideal J’ generated by the idempotent of Ej associated

to f’g. Since the quotient Ez/J’ is commutative, we see that .J is a two-sided ideal,
and O — EZ’/J (as O-algebras). It also follows from Lemma [2.3.15 (1) that we
have the following isomorphism in &:

Ory, — (E/J) ©p, Py — Py/JP;.
Lemma 3.6.5. If M is an object in Modc(Egp), then the natural morphism
M[J]®g,P; — M ®g,P;
is injective, and induces an isomorphism

M[J) &g, Py > (M &g, Pg)5( Q).
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Proof. To ease notation, write N := M @Eng; note that this is the object of &5
that corresponds to M under the Morita equivalence of Lemma [2.3.15| (1). The
symbol M[J] denotes the J-torsion in M; since J is a left ideal of E%p, this is also

an instance of the construction in Remark [A.1.50} i.e. M[J] = Homggep (EZ"/J, M).
0
By Lemmas and below, G acts trivially on NS2(Q»)  since the trivial
character is the only square root of (~! : Q, — O contained in €. Hence
NSL2(Qp) is the image of the evaluation map

(3.6.6) Home, (O1y,, N) ®o O1y, = N.
The Morita equivalence gives an isomorphism
Homg_ (O1y, N) — Hom%’%‘}f(E%p /J, M) = M[J],
and so we may rewrite in the form
(3.6.7) M[J] ®o O1y, — (M &g, Pg) (@),

Recalling that E;/J = O, and that Py/JPy = Ol(v;, we may rewrite the source as
M[J] ®g, Py, and hence rewrite (3.6.7) as

M[J] ®g, Ps = (M ®g,Py)5( Q).

Tracing the maps through, one sees that the composition of this isomorphism with
the inclusion
(M &g, Py)5 () — M op, Py

coincides with the natural morphism in the statement of the lemma. ([

Lemma 3.6.8. Let B be a block of type |(St)l If M is an object of €y, then
MSL2(Qp) s q subobject of M in €. Furthermore, we have the equality

MSLz(Qp) — U Ni,
1€L
where {N; };cz is the set of €x-subobjects of M of finite O-type.

Proof. The first statement is true because the condition of being SL2(Q,)-invariant
is a closed condition. For the second statement, observe first that if v € MS2(Qp)
then (G - v) is a cyclic module over O[G/SL2(Qy)]¢, which is finitely generated
over 0. There remains to prove that if N C M is a €x-subobject of finite O-type,
then N C MSL2(Qre)  This is a consequence of Lemmam ([l

Lemma 3.6.9. Let R be a complete Noetherian local O-algebra with finite residue
field. Let W be a finite type R-module equipped with a continuous (for the mg-adic
topology on W) G-action, admitting a central character, say o : Q) — R*. Then a
is a square and W decomposes as a direct sum of eigenspaces Wg, where 8 runs
over the various square roots of o in the group of continuous R* -valued characters
of Q,, and G acts on W via (3 o det.

Proof. Replacing R by its Artinian quotients, we can assume that R is an Artinian
ring. Then W has the discrete topology, and so the G-action is smooth. Since W has
finite type, the upper unipotent subgroup U has an open subgroup that acts trivially
on W, and conjugating by diag(p~*,1) we see that U itself also acts trivially. It
follows that wUw ™! acts trivially, hence so does SL3(Q,), which is generated by U
and wUw™! (see [Col10c, Proposition II1.1.1] for a proof). Hence G acts on W via
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the determinant, and so « is a square. Twisting by a~'/2 (for some choice of this
square root), we can assume that « is trivial. But then the G-action factors through
Q;/(Q))?, and the lemma follows. O

3.6.10. The sheaves Wy and Wy. In this subsection we give an alternative description
of the pro-coherent sheaf

Vs &5, Py € ProCoh(Ap),
which will be useful in Section As usual, we have formed the completed tensor
product using the canonical isomorphism E; — R%p.
Recall from (3.6.3), and the surrounding discussion, that Home, (P, ﬁg) is an
Egp—module and an Eg—module, finitely presented over both. It is thus a complete

right Eg-module in Modc(Eg), and we obtain a right exact, cofiltered limit-preserving
functor

Home,(Pg, P;) &g, : Mod.(Ez) — Mod,(Ej)
whose composition with Modc(Eg) — Mod,.(O) is the usual completed tensor
product. The evaluation map

(3.6.11) Home, (P, P;) &g, Py — P;

is then an Eg—linear isomorphism. Formula ([3.6.11)) motivates the following defini-
tion.

Definition 3.6.12. If 0 is of type we write
Wg = Vg ®E§ Hom%(Pg, ﬁg)

and _
QH@ = %5 ®E§ Homgg(Pg, Pg)

Then Wy is a complete right Ez-module in Pro Coh(Xy), 25 is a right Ez-module
in Coh(Xy), and the restriction of the Eg-action to R coincides with the action of R
through the structure map Ay — Spf R, resp. X5 — Spec R. By , we have
an isomorphism

(3.6.13) Wy OB, Py — V& By

Lemma |3.5.7| that Wy algebraizes to 0y, in the sense that Wy is recovered as Egﬁﬂg.

Since Vj algebraizes to the universal rank two bundle Uz on Xz, we see by
o5

Remark 3.6.14. The sheaf 205 will often intervene in our discussion through its
quotient Wy/Wg[J], where J C Ej is the ideal defined in Section [3.6.4] This is
because of Theorem [3.6.44] below (which is essentially due to Johansson-Newton—
Wang-Erickson) and Proposition [5.2.18] (2).

3.6.15. Describing Ez. We next recall the structure of Ez. This is the subject
of |[Pas13], §10.5], and we refer to the discussion there for details of the computations,
and for detailed explanations of the notation that we use. (See also [JNW24| §5.5].)

We first recall from Remark[2.4.T6]that there is an identification of the centre of Eg
(equivalently, the centre of €; or again equivalently, the centre of the category Az)
with the pseudodeformation ring R = Rgs, such that the functors V, V1 and V
become R-linear.
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Next, to be precise, we note that the computations of [Pasl13, §10.5] concern
the endomorphism ring of Prv @ Psyv @ P1v, whereas we wish to describe the
endomorphism ring Ej of P := 15569 Pyv, where ﬁg is the twist of Py = Pryv @ Psyv
described in Definition (We remind the reader that where we write Py,

etc., Paskunas in |[Pas13| writes Prv, etc; while the notation P; and 155 doesn’t
appear in loc. cit.) There are therefore three endomorphism rings to be considered in
this subsection, namely Ej := Ende,(F5), Eg = End%(]%) and Ej := Ende, (Pyg).
One of the ingredients in our description of Ej; will be a choice of basis of the
free rank-one Egy-module V(P;), which provides an identification Ry — EZP as
in Proposition (3), and an identification P; — ]55. We will describe a
convenient choice of basis in Remark

In preparation for this, we recall that [Pas13, (252)], and the displayed equation
immediately above it on [Pas13, p. 160], yield identifications

— _ Req Re12
(3.6.16) By = Ende, (P5) = ( RY Rk T )
and
(3.6.17)
Rey R(plg R(,O?3 + R(p%3
Ende, (Pry ® Psyv @ Prv) = | RgY) + Royy Resy ReSs + Rpds |,
Rps1 RB + Rysa Res

where the various ¢, as well as 8, denote certain homomorphisms which are con-
structed in loc. cit., and e; denotes the idempotent of the endomorphism ring
corresponding to the i-th direct summand of Prv & Psyv @ Prv. Of course, the

isomorphism (3.6.16| is just the restriction to the upper left 2 x 2 block of the
isomorphism (3.6.17))

Lemma 3.6.18. There is a unique R-algebra isomorphism

(3.6.19) Endgy(Pﬂ-x @ Psiv D Plv)

R Rc RXo+ RX;
= | Rbo + Rby R Rby + Rby | C Msys(Frac(S))
R Rby 'ag + Rby ' X R
that preserves the displayed generators of (3.6.17)) and (3.6.19).
Proof. See [INW24, §5.5]. O

Remark 3.6.20. We can rewrite the isomorphism (3.6.19) more succinctly (but in a
manner that suppresses the explicit identification of generators) as

R Rc 1
Endgg(Pﬂ—;/ @ Psiv P Plv) >~ | Je! R I 1 R
R IYe R

where as usual we write I = (X, X1) C R to denote the reducibility ideal, and we
write IV := {a € FracR : al C R} for the fractional ideal-theoretic inverse of I.

Remark 3.6.21. Taken together, (3.4.10) and (3.6.19) yield isomorphisms

~ (R Rby+Rb . R Re
(3.6.22) Ry = (Rc R > and Ej & (Rbo " Rb R> :
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Analogously to the description of Ende, (Pry @ Psyv @ P1v) provided by Remark(3.6.20

we can also write
R Rc
I R

Lemma 3.6.24. We can choose a basis of V(Pg) as an Eg-module so that the iso-
morphism Ry = Egp of Proposition [2.4.13|(3) is given, in terms of the descriptions
of its source and target provided by (3.6.22)), by matriz transpose.

(3.6.23) By

Il

Proof. As noted in Proposition [2.4.13[ (3), choosing a basis of V(P;) gives rise to an
Rgs—algebra isomorphism
(3.6.25) Ry = B,

and changing this choice of basis composes (3.6.25) with an inner automorphism (of
either its source or target; either one amounts to the same thing).
A consideration of (3.6.22) shows that matrix transposition provides an Rgs—

algebra, isomorphism f{g — Egp, which is necessarily the composition of (3.6.25))
with an automorphism (again, of either its source or its target). It thus suffices to
show that any Rgs—algebra automorphism of Ry is inner. By Lemma [2.1.17} it in
turn suffices to note that any Rgs—algebra automorphism of Ry necessarily fixes the

isomorphism classes of the two simple modules 1,w ™! of Eg, because Ext}?(l, w™h)
0

and Ext%i(w_l, 1) are not isomorphic. O
6

Remark 3.6.26. Fixing an Ej-basis for V(P;) as in Lemma3.6.24|yields isomorphisms
Py = P; and Ejy — Eg, such that the isomorphism ([2.4.18) is given by matrix
transpose (when its source and target are described E5 — E5 and (3.6.22)). We

make such a choice of basis from now on. Thus we also obtain an isomorphism
Py — Prv @ Psyv @ Pyv, and so (3.6.17) and (3.6.19) can be interpreted as an

isomorphism

(3.6.27)
R Re RXy+ RX; R Re I
E; = | Rbo + Rb; R Rby+ Rby | =|Ict R Ic'],
R Rbytag + Rby ' Xo R R I'e R
and (3.6.22) and (3.6.23) can be interpreted as an isomorphism
~ ~ R Rc R Rc
(3.6.28) Eg = (Rbo + Rby R) - (Icl R) '

Accordingly, from now on, we drop E5 from the notation, and work exclusively
Wlth Eg and Eg
Recall from Section that J C Ej denotes the two-sided ideal for which

the quotient E5/J corresponds to Ol(v;, i.e. the module O with its trivial G-action,
under the Morita equivalence of Lemma [2.3.15]

Lemma 3.6.29. If we write a = (ag, a1, Xo, X1) C R, and describe Eg via ,
then we have
R Rc I R Rc I
J=\|Ic! R Ic'|c|Ic! R Ic!
R IYe a R IYe R
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Proof. The surjection E5 — Eg/J is obtained by applying Home_ (P, ) to the
composite P — Pyy. — O1y,. Applying Homg_ (P, ~) to the first arrow, we obtain

R Re I
the projection of | Ic™* R Ic™!' | onto its third column. The top two entries of
R IYe R

this third column are given by Home_(Pyryv, Plé) and Home (Ps;v, Plg) respectively,
each of which map to zero when we compose with the surjection Pyy — O, Thus
in fact Ej — E5/J is the composition

R Rc I
It R Ic! —>R:Hom¢(P1é,P1é)
R IYe R

— HOD’IQ(P]_ZJ,O]_%) L) H0m¢(015,01é) =0

(the first arrow being projection onto the bottom right entry; hence this factorization
only occurs in the category of R-modules, and not of R-algebras). Thus the lemma
will follow once we show that the kernel of the given morphism R — O is indeed
equal to a. Now [Pas13| Lem. 10.75] shows that this kernel is equal to the image of
the natural morphism

Homgg(Pﬂg @ Psyv, Plé) & HOmij(P]_E/; R Pﬂg D PStV) — H0m¢§(P1é, Plé)v

which we can recast more concretely (using our explicit description of Ej as a matrix
order) as the image of the morphism

(RolVe)@(I®Ict) = R

given by performing summandwise multiplication, then adding the results. This
image is equal to the ideal I + IVI, which one computes to be a. (]

3.6.30. Describing 27/Wy(J]. Recall that Eg acts on Uz = S(1) @ S(—1) through
its identification with a matrix order given by (3.4.10)), acting via left multiplication
on the elements of U; regarded as column vectors. Since we have chosen our

identification of P; and 135 to satisfy the conclusion of Lemma [3.6.24} the right

action of Eg on Uy is via the identification of £ with a matrix order given by (3.6.28]),
acting by right multiplication on elements of 2y (thought of as row vectors).
Recall also that in Section [B.6.10] we defined

W; = By © 5 Home, (Pg, P) = Uy © Home, (Py, Py)

(the isomorphism being induced by our identification of P with ﬁg), which we can
think as a coherent sheaf on X7 endowed with an E%p -action, or equivalently as a
graded S ®p E%p—module (regarded as a graded ring via the grading on S and the
trivial grading on Egp).

Note that Home, (Pg, Pj) coincides, as an (Eg, Ej)-bimodule, with the top two
rows of E7 when written as a matrix order as in ; here Ejz acts via right

multiplication, while Eg acts via left multiplication, using the description of (3.6.28)).
In particular, reading off the first two rows of Ez in this description, we find that

R Rc I>

(3.6.31) HOHle‘e(Pe’Pe);)([C—l R Ic?
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If we write (as usual) e; = (§9) € Ej, then we see that
HOmQ‘?(Pg, Pg) — E§ S ((E§62) QR 1671)

as an Eg—module. In fact, Egeg is simply the second column of Eg, regarded as a left
Eg—module. So this isomorphism simply expresses the fact that the third column
of the right hand side of is obtained from the second by tensoring over R
with e 1.

From this discussion, we compute that

(3.6.32) W= (S(1) @ S(-1)) ©p (B; @ (Bges) @p Ic™Y)
= S @ S(-1) & (S(-1)®gIc")

as graded S-modules, where the grading on S(—1) ®g Ic¢~! comes from the first
factor; i.e. we take the tensor product grading with R and Ic~!' concentrated
in degree zero. In fact, we can make Ej; (as described in (3.6.27)) act by right
multiplication on the target of the isomorphism (3.6.32): to see that this makes
sense, recall that b; = X;c~!, so that ¢! naturally embeds in S, and there is a
product morphism of graded S-modules

(3.6.33) S(—1)®@p Ict — S(1),

with image equal to (bg, b1)(1) (where (bg, b1) denotes the indicated homogeneous
ideal of S with its natural grading). Then (3.6.32)) is an isomorphism of graded
S ®pr Egp—modules. Finally, taking the direct sum of the identity morphisms on the

first two summands of (3.6.32)), and of (3.6.33]) on the third summand, we obtain a

surjection

(3.6.31) W, S @ S(=1) @ (S(—1) @ T) = S(1) & S(—1) & (bo, b1)(1).

Lemma 3.6.35. The kernel of (3.6.34)) is equal to 24[J]. Consequently, we have
an isomorphism of graded S ®pr E%p—modules

(3.6.36) W /W[J] > S(1) & S(—1) & (bo, by )(1).

Proof. Since is given by the identity on its first two summands, its kernel
coincides with the kernel of . As S is an integral domain, multiplication by
¢! induces an isomorphism S(—1) —» ¢~15(1). We may then factor as
the composite of this isomorphism with the morphism

(3.6.37) S(-1)®r I — S(—1)

induced by multiplication, and so the kernel of (3.6.34]) coincides with the kernel
of (3.6.37)).
If we consider the result of tensoring the short exact sequence of R-modules

0—-1I—-R—R/I—0

with S over R, then we see that the kernel of (8.6.34)) is isomorphic to Tort' (S, R/I).
Now R/I admits a free resolution with initial terms

(al 7X1

ao_Xo )R@Q (XO—);l)R

REBQ



80 A. DOTTO, M. EMERTON, AND T. GEE

(we regard the elements of R¥? as column vectors, and perform matrix multiplication
on the left), and so Torf*(S, R/I) can be computed as the cohomology of the three

term complex
(al 7;(1) (Xo X1)
R R S
Now since X; = b;c, and since multiplication by c is injective, this coincides with
the cohomology of the complex
ai —b1c>

502 (‘M’;C

g2 (o) g

One easily confirms that

a1 —by

gor (i ') oo )

is exact, and so

(3.6.38)
ker (8.6.34) — Tor{"(S, R/T) = (S (&) + S (32))/(S (&) + Se(32)),
the sums being taken in S%2.

With this explicit description of ker in hand, it is easy to prove the lemma.
Firstly, one directly checks from the description that a := (ag, a1, Xo, X1) C
R annihilates ker (3.6.34]), and then, using the description of J given by Lemma
one sees that ker (3.6.34) is an E2"-submodule of 25 which is annihilated by J. To
complete the proof of the lemma, it remains to show that

205/ ker (3.6.34) — S(1) ® S(—1) ® (bo, b1)(1)
is J-torsion free. Again, the Egj-action on this module is given by right multi-
plication by the matrix order of (3.6.27), and so one easily checks this; indeed,
extending scalars to Frac(S), it amounts to the fact that M;(Frac(S)) acts faithfully
on Frac(S)®3. O

3.6.39. Some constructions from [JNW24J. In [JNW24, Prop. 3.5.6] there is in-
troduced a certain finitely generated graded S-module Q*. Here (—)* denotes the
internal Hom with S on the category of graded S-modules, i.e. the graded duality
Homg ., (-, 5); in particular, the module Q* is constructed as Homg , (@, S) for
some other graded S-module @. The module @ is actually reflexive (in fact it is
maximal Cohen—Macaulay over the Gorenstein ring S), and so ) can be recovered
as (Q*)*. For our purposes, however, the most convenient description of Q* is the
one coming from the displayed formula above [JNW24, Prop. 3.5.6], which exhibits

Q™ as the image of the morphism

al ap

—b1  bo
(3.6.40) S-HeS(-1) ——= S(-1)a S(1).
Lemma 3.6.41. If we regard Q* as a submodule of S(—1) ® S(1) (by regarding
it as the image of the morphism (3.6.40))), then projection onto the second factor
induces an isomorphism Q* — (bg,by)(1).
Proof. If we regard elements of the direct sum as column vectors, then @Q* is the

span of the column vectors ( % ) and (). Thus, the image of Q* under the
projection is equal to (bg, by).
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Now if sg and sy are elements of S, then
(s1a1 + soao)bo = ao(s1(—b1) + sobo).
Thus, since S is an integral domain, we see that kernel of the projection is trivial.
This completes the proof of the lemma. O
We now recall one of the main results of [JNW24] §5.5].
Definition 3.6.42. Write X* := S(1) ® S(—1) & Q*.

Proposition 3.6.43. The graded S-module X* is mazimal Cohen—Macaulay, and
there are isomorphisms

~

E® 5 Endg.g(X*) - REndg g (X*).

The action of E%p is described by using the identification (3.6.27) of Ez with an
order in Ms(S), and having it act by matriz multiplication on the right of X* ==
S(1)® S(—1) ® Q* (regarded as a module of row vectors).

Proof. As the notation suggests, X* is the dual of X := S(—=1)®S(1)®Q. It therefore
suffices to show that Extg_gr(X,X) = 0 for i # 0, and that E; — Endg.g(X).
The first statement is proved in [JNW24, Prop. 3.5.2], and the second statement is
proved immediately before [JNW24, Rem. 5.5.2]. O

Theorem 3.6.44. The S ®@r EZ"-module Wg/Ws[J] is isomorphic to X*, and the
natural map
E%p — REndCoh(xg) (Qng/wg[J])

is an isomorphism. Consequently, the functor defined via Lemma [A.10.10 :
Wy/WslJ] @, — : Di,(Eg) — Pro Dy, (),
1s fully faithful.

Proof. Taken together, Lemmas [3.6.35 and [3.6.41] show that each of 205/205[J]
and X™* is isomorphic to S(1) ® S(—1) ® (bo, b1)(1) as graded S ®z E2’-modules.
This proves the first claim. The second claim follows from the first claim and
Proposition [3.6.43] By Theorem the completion map

REndpy () (W5/Wa(J]) = REndp,, po_ (x,) Wg/WelJ])

coh
is an isomorphism, the final claim is a consequence of the second one and Lemma[A-10.21]
[l

3.6.45. Tor-dimension of X* over Eg. It follows from [JNW24, Prop. 5.5.3] that
X *®é§f has amplitude [—1, 0] when evaluated on objects of Mod'* (Eg). Presumably
there is a “Tor-dimension 1” variant of the local criterion for flatness which allows
us to deduce that 25/205(J] = X* is of Tor-dimension 1, but we give a direct proof
as follows. We use the notion of Tor-dimension from Definition [A.10.23]

Lemma 3.6.46. The EZ"-module Wg/Wy[J] is of Tor-dimension 1.

Proof. By Theorem the Egp—modules Wy /Wy[J| and X* are isomorphic, so
it is equivalent to show that X™* has Tor-dimension 1. The explicit computations of
Example [3.6.48| below imply that the Tor-dimension of X* is at least 1. Thus we
need only show that it is also at most 1, which we now do.
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To begin, recall the isomorphism (|3.6.27)):

R Re RX, + RX, R  Re I
E§ = Rby + Rby R Rby + Rby =|Ic?! R Ict
R Rbytag + Rby ' X R R IYe R

acting by right multiplication on X* = S(1) ® S(—1) @ (bo, b1)(1). Note also that
S=---®Rc"BRI "B - ®RcORPIc eI’ ?’®--- I "®--,
while
(bo,b1) = @Ic" @I @ - olcolelc ' oPc?e - I "®---
Thus (using subscripts to denote graded pieces) we have

Rc " @ Rc "t glc™ if n <0,
I"e @Ittt g e ifn> 1.

(X")on—1 = {

In order to show that X* has Tor-dimension < 1, it suffices to show that it has a
projective resolution of length two. In fact, the composite

X"Qe_
Modfp(Eg) —— Coh(X5) = GrMod(S) — Mod(S)

is the usual tensor product, and so its derived functor can be computed by projective
resolutions on either variable; and the forgetful functor GrMod(S) — Mod(S) is
faithful and exact. Thus it suffices in turn to show that each (X*)q,_1 has such a
resolution.

If n <1, then in fact (X*)s,—; is isomorphic (as a right Ez-module) to one of
the rows of Ej, and is thus projective over Ej.

If n > 2, then

(X*)opy =" @I e g [me,
This has the following two step projective resolution:
0— PP temm o PP 5 (X %) — 0
where P = (R, IVe,R), Py = (Ic™!, R, Ic™1), the first map is given by
((—Xl,Xo,O,...,O), (0,— X1, Xo0,...,0),...,(0,...,0, —Xl,Xo)),

and the second map by (X, X7 2Xy,..., X7 1). 0

Remark 3.6.47. Note that the projective resolution of X* as an E2’-module con-
structed in the preceding lemma is in fact a graded resolution. Furthermore, it is
not difficult to describe explicit lifts of the action of each of by, b1, and ¢ to this
resolution. Indeed, for n < 1, the “resolution” of X3,,_; is of length one, i.e. X5, _;
is already its own projective resolution, and so nothing need be said about the
action of ¢ on these graded pieces, or the action of the b; on X3, _; for n <0.
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If n > 1, then we have the following commutative diagram (where we regard the
terms as column vectors):

-X; 0 - 0
Xo —X; - 0
0 O _Xl n—1 n—2 n—1
1 0 0 - X C(XGTXPTX e X))
0—— PP lem PPt A X3 ——0
el 0 .0 ¢l 0 ..
0 ¢cteoo0 0 ¢t 0
: . . . bo
0 0 - ¢t 0 0 - ¢t
0 0 - 0 0 0 - 0
O PléBncfnfl 2@71—!—16771 X; 1 0
~X; 0 - 0 (xg XP7'X0 e XJ) "
Xo —Xq - 0 0 0 1 1
0 0 -x
0 0 - Xo

which gives a lift of multiplication by by. One easily constructs analogous diagrams
which give lifts of multiplication by b1, and of ¢. These then allow one to compute

Torfy(X*, M) as a graded S-module for any Eg-module M.

Example 3.6.48. If 7 is an irreducible object of Ay, then there is an Eg-linear
isomorphism

Pg ®O[[G]]C T E@/Inﬂ-7
where m, is a maximal left ideal in Eg. Concretely, writing m for the maximal ideal
of R, we have

m Re I
m, =|Ic! R Ic'}],

R IYe R

R Rc I
mg = (Iec! m Ic '],

R IYe R

and

R Re I
m;=|Ic! R Ic!

R IYe m

Following the prescription of Remark [3.6.47] one can then compute

TOI‘??(X*, P; ®o[a), ™) = Tor?g(X*, E;/m;,)
as a graded S-module for each irreducible 7. Since these Tor-values are already
computed in [JNW24] Prop. 5.5.3] by a different method (namely, by computing
resolutions in €, rather than by resolving X* as we have done) we omit the full

details of the calculation, and simply record the result for future reference. As it
turns out, these Tor-values vanish for all but one value of 7, and are then as follows:

TorOE‘?(X*’ P§ ®O[[G]]g 7706) = S(l)/(ao, ai, b07 b17 w)7
TOI‘OE?(X*7P§ ®O|IG]]( St) = S(_l)/(a()?ahca W),
Torllag(X*,Pg ®o[6], 1¢) 2 S(-3)/(ag,a1,c, ).



84 A. DOTTO, M. EMERTON, AND T. GEE

3.7. Defining an open substack of X'. In this section, we shift our attention
away from the various stacks Xy, and back to the stack X. Our main goal is to
describe a certain “good” open substack of X — to be denoted Uyooa — and to
describe its underlying reduced substack explicitly.

We begin by noting that since § has fixed determinant (w™!, there are only
finitely many 6 of types |(ssg)l |(scalar)| or [(St)} even if we allow ourselves to replace F
by F,,. Note furthermore that 6 of type |(scalar)| (resp. of type|(St)) exist if and only
if ¢ is odd (resp. even).

Definition 3.7.1.

(1) We let Vyaq denote the reduced closed substack of X with |Vhad| = 75 (|Yoadl)s
where Yj,q is defined in Definition [2.7.6] Equivalently, Vyaq is the (finite)
union of the A5 4 for 0 of types |(ssg)|, |(scalar)| or |(St)l

(2) We let Ugood red be the open complement of Vpaq in Ared, and we let Ugood

be the open substack of X with underlying reduced substack Ugood,rea. Note
that [Ugood| = Tig' (|Ugood|), where Ugooa is defined in Definition

Remark 3.7.2. By the definition of Uyoo4, the finite type points of Uyo0q correspond to

those p: Gq, — GL2(F),) which are reducible, and furthermore have corresponding
pseudorepresentation of type [(gen )|

Definition 3.7.3. If {o,0°°} is a pair of companion weights, we set
u(a‘o—co)rcd = ugood,rcd N (X(O') U X(O’CO)),

U(U)red = Z/{g;ood,red N X(O)
Note that U(c]0°°)req is the open substack of X;.q whose underlying topological
space is 7,1 (U(c|0°)), where U(c|0®°) is defined in Definition m

Lemma 3.7.4. The stack Ugood,rea decomposes as a disjoint union of connected
components
Z/{good,red = H u(U|JCO)reda
o|oce

where {o,0°} runs over all companion pairs of Serre weights.

Proof. Since Y}.q contains all the X'

red.g fOT 0 of type|(St)} it in particular contains

all irreducible components of X,eq of the form X (o p—1)", 50 Ugood red is the union
of the U(0[0°)rea. Since Vpaq also contains the X, 5 for 0 of type it follows
from the description of the Serre weights associated to a representation p (as
recalled in Section that the U(0|0°°)rea are disjoint, and that each U(c|0) ed
is connected, because the components X (o) and X' (o) intersect along the split
locus, i.e. at those p which are direct sums of characters. (]

Definition 3.7.5. We let U(c|o°°) be the open substack of X with underlying
reduced substack U (0|0 ) ed.

Corollary 3.7.6. The stack Ugooq decomposes as a disjoint union of connected
components

Usooa = [ Ulo]o*),

o-lo-co

where {o,0} runs over all companion pairs of Serre weights.
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Proof. This is immediate from Lemma @ and the definitions of the stacks Ugood,
U(a|o®°). O

Definition 3.7.7. Let {0,0°} be a companion pair of Serre weights. As in
Definition [2.7.6] we write

t if o|o°° is of type [(gen)
t(1 —t?) if o|o is of type[(scalar)| or
We define a group scheme G over Spec O by
G- G, if 0|0 is of type [(gen)| or
) Cy x Gy, if 0|0 is of type [(scalar)

where C5 denotes the cyclic group {1,7} of order 2, and the semi-direct product
Cy x G, is defined by 7-u = u"'.

ft) =

Proposition 3.7.8. We have an isomorphism

(3.7.9) U(0|0%)rea = [SpecFt, f(1) ™, 2,y]/(zy) /G],
where
— the action of G, < G is given by
w- (ta,y) = (tude, u2y),

— and if {o,0} is of type [(scalar)| then the action of Cy is given by
T (t7 z, y) = (tila Y, ;L‘)

If o = 04 then the representation p : Gq, — GLa (Fp) corresponding to a finite

type point of U(c |0 )rea 15 of the form
_ nry—1(w™? *

7.1 =N ¥ .
(3 7 0) 4 ( *y nrtwa—l>
More precisely, by (3.7.10) we mean the following: if y = 0, then p is an extension
of nrw® 1 by nr,-1(w™?, and is split if and only if x = 0 (note that since t> # 1
if {0,0°°} is of type |(scalar)| or |(St), there is a unique non-split extension up to
isomorphism); and similarly if x = 0, it is an extension of nry—1{w=% by nr;w® 1,
and is split if and only if y = 0.

Proof. This is a straightforward consequence of the relationship between X (o|0)
and the special fibre of a tamely potentially crystalline stack of cuspidal type,
and in particular of the explicit description of these special fibres in [LMM23|.
Since [LMM23] does not fix the determinant of the stacks that it considers, we begin
by explaining how to reduce to that context. To that end, we write X for the stack
of projective étale (p,I')-modules of rank 2 as in [EG23|, and we write Xo(o|o°)
for the union of the irreducible components Xz(0) and X3(0°°) of X5 yed-

We will construct a certain open substack U of Xa(c|0®). If o is not of

type then U will admit the description
U= [SpecF[tr, 15" 2,y)/ (2y) /(G x Gon),
where the action of G,,, x G, is given by

(ulaUQ) : (tlatQ;x,y) = (tlatQauluglxaul_luﬂy)'
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If o is of type|(scalar)| then I will admit the description
U= [SpecF[ty", i3, (t — ta) ! 2, y]/(2y)/Ca X (G X G,

where C5 exchanges the two copies of G,,, the action of G,, x G,, is as above, and
the action of Cy is via

7 (t1,te, 2,y) = (t2,t1,y, ).
Furthermore, in either case, the representation p: Gq, — GLz2 (F,) corresponding
to a finite type point of U(0|0) eq is of the form

o~ nrg, wet? o

P= ( sy nrt2wa_1) '

Admitting the existence of such a U, we deduce the proposition as follows: by
the definition of X (i.e. Definition [C.1.1)), there is an open substack U’ of X (o|c<°)
determined by the pullback diagram

U —u

-
J/ ltth
~ ,—2a—b

SpecF(w)Gm

It follows from the definitions that U’ is given by the right hand side of , and
to see that U’ = U(0|0°)yeq, it suffices to note that they have the same F,-points.

We now turn to the construction of U. Replacing o by o if necessary, we may
assume that 0 < b < (p — 3)/2 unless o is of type After twisting, we
can and do furthermore assume that a = 1. We write ©(c|c®) for the cuspidal
representation of GLy(F,) in Definition 2.1.§) (2). By [CDT99, Lem. 3.1.1(4)], the
Jordan—Holder factors of ©(y) ®o F are {o,0°}. It then follows (for exampleﬁ)

from [CDT99, Lem. 4.2.4] that p: Gq, — GL2(F,) has a potentially crystalline lift

of type 7 := w3+2 ®wh *+2) and Hodge—Tate weights 0, 1 if and only if p corresponds

to an F-point of Xs(c|oc°).

Consequently, we see that in the notation of [EG23| Defn. 4.8.8], any open
substack of (X597 which is also reduced is in fact an open substack of
Xa(olo©). We will now exhibit U as such an open substack. Firstly, note that
by [BBHKLLSW24| Thm. 4.5] it is equivalent to produce an open substack of the
special fibre of the stack denoted Z7 in [LMM23|, where in the notation of that
paper, we take f = 1, so that K = Q,,, and we have 7 = 7((12), (b + 2,0)).

Suppose firstly that we are not in the case. Write G = GLy /F with its
usual upper-triangular Borel subgroup B = TU, where T is the diagonal maximal
torus, and U the subgroup of upper-triangular unipotent matrices. Write LG for
its loop group in the variable v, LT G for the positive loop group, and respectively
write L+ I and L] G for the Iwahori subgroup of matrices which are upper-triangular
modulo v and for the principal congruence subgroup of matrices congruent to the
identity modulo v.

As in [LMM23, §3.1|, write A(n) C LG for the subfunctor with A(n)(R) given by
those A € GL2(R((v))) satisfying

4This is a particular case (possibly a motivating one) of the Breuil-Mézard conjecture [BM02)
(in a weak form in which we pay no attention to the size of the multiplicities, but only to whether
or not they are non-zero), which was proved in general by Kisin [Kis09|. For a reformulation in the
framework of moduli stacks of étale (¢, I')-modules, see |[EG23| §8.5].
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(1) det A € v- R[Jv]*.
(2) A € M3(R]v]), and A is upper-triangular modulo v.
(3) vA~1 is upper-triangular modulo v.

Write LG™ C LG for the subfunctor

LG™(R) = A(n)(R) (1 1) (UW 1)'

Then by [LMM23, Lem. 3.2.1, 3.3.7] (and in the case p = 5 and b = 1, [LMM23| Cor.
3.3.15] and its proof) we can identify the special fibre of Z7 with the quotient stack
(LY G\LG")/B — conj]

By [LMM23, Lem. 3.1.2(3)], this has an open substack U given by

with XY = 0.{ (LTG\LW ()”( ;) <1 1) (UH 1)) /B Conj}
GG )= D)

Note that
Conjugation by an element of U acts as follows:

1 =z o2 XN\ (1 —z\ | (14 aYeltl 422y 2ttt g bty b2y w2 X
0 1) \2y o /)\0 1)~ Y 2pbtl 1—2Yobt! Uk G
w2 X
€L (vb+2Y v)
Since we have B =T x U and LtG = GLy x L] G, L*1 = B x LT G, it follows
that U is equal to the quotient stack

(G @) (e 2))smmeon]

with XY = 0. By construction, the étale ¢-module corresponding to an Fp—point
b+2
vngzY f

of this stack is given by taking ¢ to be the matrix (8 3)(
can immediately read off .

Suppose now that we are in the case. We follow the analysis of this case
in [LMM23, §5.5.1]. Accordingly, we set w = wqn, Z = t(1,1), and it follows from the
discussion in loc. cit. that in this case we have an open substack U given by the
quotient by simultaneous conjugation of the pairs of matrices (¢, V) satisfying the
equation

), from which we

N-eNep~! =0,
where ¢ is regular semisimple and N is nilpotent (more precisely, N is in the

nilpotent cone of GLs); and the corresponding étale p-module is given by the matrix
¢ (vly + N). Indeed in the notation of [LMM23| §5.5.1], we take

a A\ D B
e=(05) v=( )

Since the regular semisimple matrix ¢ is conjugate to an element of T, this
stack is isomorphic to the quotient of the pairs of matrices (¢, N) as above where
now ¢ € T is regular semisimple, by conjugation by the normalizer N(T) =T x Cs.
This is the required description. [
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Write j' : Ugooa — X for the open immersion.

Lemma 3.7.11. The functor j. : Db, (Ugooa) — Ind Db, (X) is t-ezact.

Proof. By Corollary we can replace Ugooa by U := U(c|c°) for a companion
pair {o,0°}. Write X — colim &,, as a colimit of algebraic stacks with the
transition maps being thickenings, and define j/, : U, — X, to be the base-
change of the open immersion j' : & < X. Then (as noted in Remark [B.2.17),
the functor j, : D%, (U) — Ind Db, (X) is equivalent to the colimit of functors
(31)« = Db, Un) — Ind D%, (X,), these functors (or, more precisely, their Ind-
extensions) being instances of the general construction associated to an
open immersion of Noetherian algebraic stacks admitting affine diagonals.

To prove the lemma it thus suffices to show that each (j},). is t-exact. By
Remark (and the discussion that precedes it), it suffices to show that each
of the open immersions j;, is cohomologically affine; this we now do. (Recall that
a morphism f : X — ) of algebraic stacks is cohomologically affine (|Alpl3, Defn.
3.1)) if it is quasi-compact, and if furthermore f. : QCoh(X) — QCoh(Y) is exact.)

By Proposition[3.7.8] U;cq is the quotient of an affine scheme by a linearly reductive
group (note that since we are assuming that p > 2, the group scheme G/ SpecF is
linearly reductive by [Alp13, Ex. 12.4(2)]; recall that an fppf group scheme G/S
is linearly reductive if the corresponding morphism BG — S is cohomologically
affine). Thus Uyeq is cohomologically affine over SpecF (see |[Alp13, Ex. 12.9]), and
consequently each U, is cohomologically affine over Spec O, by |Alp13| Prop. 3.9].
Furthermore each X, has affine (and hence cohomologically affine) diagonal. We
now factor j/, as

T,
un A Z/{n XSpec O Xn — Xna
the first arrow being the graph of j/, and the second arrow being the second
projection. Since I'j; is a base-change of Ay, , it is affine (and in particular
cohomologically affine). Since U,, — Spec O is cohomologically affine, so is its
pullback over X,,. Thus j/, is the composite of cohomologically affine morphisms,
and hence is itself cohomologically affine, as required. O

Although we don’t need it in what follows, we end this section by showing that
the morphism 7 : |X| — | X defined in (3.3.9)) is a quotient map.

Lemma 3.7.12. Let {0,0°°} be a companion pair of -compatible Serre weights.
Then the restriction

s+ [U(0]0%)| = 7 (|U (0]o)]) = [U(]o*)]
1S a quotient map.

Proof. Since (as noted in the proof of Lemma (3.7.11))) the group G in Deﬁnitionm
is linearly reductive over F, it follows from (3.7.9) and |Alp13, Theorem 13.2] that

the algebraic stack U (o|0°°),eq has a good moduli space p : U(c|6°°)req — U, given
by the spectrum U of the ring of G-invariants of F[t, f(t)~!, z,y]/(zy). This ring
of invariants is equal to F[t, f(t)~1], resp. F[t +t~1,1/(t? +t=2 = 2)], if {0,0} is
of type [(gen)} resp. of type m and the induced morphism on F,-valued points
sends an F,-valued point of U(c|0°) of the form (3.7.10) to the point F,-valued
point ¢, resp. t +t 1, of U.

Now we may (uniquely) identify Spec U with U(c|0®°) in such a way that an F-
valued point ¢, resp. t + ¢~ 1, of U is identified with the F,-valued point of U(c|o®®)
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corresponding to the pseudorepresentation nr,—1(w™? + nrtwi’l. With this identifi-
cation, we see (using the above description of its effect on F,-valued points) that
the morphism

U(o]o®) ]t = U010 )realts = [U| = [U(o]o®)|s

induced by the good moduli space morphism p is precisely (the restriction to U (o |o°)
of) the morphism which maps each finite type point to its associated pseu-
dorepresentation. Soberizing, we find that the morphism induced by p on underlying
topological spaces in fact coincides with mg. By |Alpl3, Theorem 4.16(v)], p induces
a quotient map, so we are done. O

Lemma 3.7.13. The morphism 7y : |X| — | X| is a quotient map of topological
spaces.

Proof. Since |X| is Noetherian, and since |X|g — |X|g is surjective, the mor-
phism |X| — |X]| is also surjective, by Lemma below. Hence it suffices to
show that mg @ 72 (| X (0]0°)]) — | X (0|0)| is a quotient map for each com-
panion pair {o,0°}. Let S C |X(0]|0®)|, and assume that 7w '(S) is closed
in 7;1(|X (a|0°)]), or equivalently in |X|. We need to prove that S is closed.
By Lemma we see that S N |U(co|o®)| is closed in |U(c|o)|. Hence
either S N |U(c|0)| is a finite set of closed points, or |U(o|o®)| C S. Since
X (o|o®)\U(o|o) is a finite set of closed points, the first possibility implies that S
is a finite set of closed points, which concludes the proof in this case. Similarly, the
second possibility implies that X (c|c®) \ S is a finite set of closed points, and so S
is open in X (o|o). Hence m;}(S) is a closed and open subset of 7' (| X (o]c°)]),
which is a connected topological space. This implies that 7 1(S) = 7.1 (| X (o|0°)])
and so S = X(o|o°°), since 7y is surjective. This concludes the proof that S is
closed. g

Lemma 3.7.14. If f : T — S is a continuous surjective map of topological spaces,
and T is Noetherian, then the induced map sob(T) — sob(S) is surjective.

Proof. Let A be an irreducible closed subspace of S. Let {B;} denote the (finite,
because T is Noetherian) set of irreducible components of f~!(A). Then, since f is
surjective, we have A = | f(B;), and so (since A is irreducible), we have A = f(B;,)
for one of the components B;,. Thus the induced map sob(T") — sob(S) is indeed

surjective. O

Remark 3.7.15. In fact the morphism f has a lift to a morphism A,.q — X, which
in turn admits a thickening to a morphism X — X , where X is a certain formal
scheme over Spf O with underlying reduced equal to X. The formal scheme X , and
the morphism from X to it, are characterized as being initial in the category of
morphisms from X to formal algebraic spaces over Spf O. In other words, X is the
formal moduli space associated to X. Since we do not need this result in this paper,
we don’t give a proof here (although we intend to give a construction elsewhere).

4. D' P!

In this section we study analogues for general coefficients of some of the con-
structions of |CollOc|. Throughout the discussion, all étale (¢,I")-modules are
automatically understood to be projective, with the exception that from Section [.7]
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onward we exploit the relationship between étale (¢, T')-modules and Galois repre-
sentations, and so allow ourselves at times to consider étale (¢, I')-modules (and
especially so-called formal étale (¢,I')-modules) that are not necessarily projective.

Our ring of coefficients is typically taken to be a Noetherian O/w®-algebra, for
some a > 1; the main exception to this occurs in our use of formal étale (p,T')-
modules, where the coefficients are instead taken to be a complete Noetherian local
O-algebra with finite residue field. At certain points we also restrict our coefficients
to be a finite type O/w?-algebra; we do this sometimes for topological reasons
(the various topological modules under consideration will then be Polish topological
groups, which lets us apply the open mapping theorem), and sometimes because we
wish to complete at maximal ideals and pass to the formal context.

4.1. Tate modules and topologies. The coefficient rings A 4 and AZ introduced
in Section 3] and many of the various modules over these rings that we study
below, are examples of Tate A-modules in the sense of |[Dri06, §3]. We now recall
this notion and some of its basic properties; see also [EG21, §5] and [EG23, App. D]
for some related results and discussion.

Definition 4.1.1. Let A be a commutative ring. An elementary Tate A-module
is a topological A-module which is isomorphic to P & Q*, where P, Q) are discrete
projective A-modules, and Q* := Hom4 (Q, A) equipped with its natural projective
limit topology (where we write Q* as the projective limit of the (Q')*, where Q' is
a finite direct summand of @, and give each (Q’)* the discrete topology). A Tate
A-module is a direct summand of an elementary Tate A-module.

A morphism of Tate modules is a continuous morphism of the underlying A-
modules.

Definition 4.1.2. A submodule L of a Tate A-module M is a lattice if it is open,
and if furthermore for every open submodule U C L, the quotient L/U is a finitely
generated A-module. A subset of a Tate A-module is bounded if it is contained in
some lattice.

Remark 4.1.3. If A is Noetherian, then a submodule L of a Tate A-module M is
a lattice if and only if it is open and bounded. Indeed if L is open and bounded,
then by definition there is a lattice L’ D L, and for any open submodule U C L, the
quotient L' /U is a finitely generated A-module; so the submodule L/U C L'/U is
also a finitely generated A-module.

If Ais an O/w%algebra for some a > 1, then Aj and A 4 are elementary
Tate modules, and A; is a lattice in A 4; furthermore every finitely generated
projective A 4-module has a natural topology, making it a Tate A-module. (See for
example [EG21, Ex. 5.1.13].)

In fact, by [Dri06, Thm. 3.10], there is a natural bijection between finitely
generated projective A 4-modules, and pairs (M, T) consisting of a Tate A-module
M and a topologically nilpotent automorphism 7T : M — M, by giving M the A 4-
module structure determined by Tm := T'(m). (Here T is topologically nilpotent if
and only if for each pair of lattices L, L’ C M, we have T™L C L’ for all sufficiently
large n.)

Definition 4.1.4. If M is a finitely generated projective A 4-module, then we refer
to an A{-submodule M C M which is also a lattice as an A7 -lattice (or A*-lattice
if A is clear from the context).
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Remark 4.1.5. Let A be an O/w-algebra. If M is a finitely generated projective
A j-module, and 9t C M is a lattice, then 9T need not be an AX—lattice. However,
since multiplication by T is topologically nilpotent, for all sufficiently large n we
have Tt C M, so that M is an A[T"]-module. Since M is a finite projective
A((T™))-module, and the rings A[T"], A((T™)) are respectively isomorphic to A%
and A 4, this means that we can often reduce questions about lattices to the case of
AT lattices.

We recall the following lemma due to Drinfeld [EG21) Lem. 5.1.20].

Lemma 4.1.6. If M is a finitely generated projective A 4-module, and if M is a
lattice in M, then M /9N is A-flat if and only if it is A-projective. If MM is furthermore
an A:Z -lattice, then these conditions are in turn equivalent to M being A:Z—projective.

4.1.7. The weak topology on lattices. If A is a complete Noetherian local ring, and
L is a lattice in an A-Tate module, then in addition to its Tate-module topology, it
has a weak topology, as we now explain. Lemma [{.1.8] below shows that we have an
isomorphism (of A-modules, i.e. disregarding topologies) L — Jim, L/mi L. If we
endow L/m% L with its quotient topology induced by the Tate module topology on
L, then the right-hand side inherits an inverse limit topology, which we then can
transport to L via this isomorphism; this is (by definition) the weak topology on L.

Lemma 4.1.8. If A is a complete Noetherian local ring, and L C M is a lattice in
a Tate A-module, then L is ma-adically complete. The A-module L with the weak
topology is an object of Mod.(A), hence it is profinite if A has finite residue field.

Proof. Since M is a direct summand of an elementary Tate module, and the direct
sum of lattices is a lattice, it suffices to prove the lemma under the assumption that
M = P ® Q* is elementary.

We begin by proving the lemma when L = @Q*. Since A is a local ring, @ is free,
and so Q* is isomorphic to a product [[,.; A for some index set I. Then Q* is
my-adically complete because ® 4 A/m’ commutes with arbitrary products, since
A/m", is finitely presented. For the second claim of the lemma, note that the Tate
module topology on [],.; A is the product topology with respect to the discrete
topology on A, hence the quotient topology on [],.; A/m’ is the product topology
with respect to the discrete topology on A/m’. It follows that the weak topology
on [[;c; A is the product topology with respect to the m 4-adic topology on A, which
makes [[;c; A4 an object of Mod.(4).

Now, if L C Q* is any lattice, then by definition there exists an A-finite direct
summand Q' C @ such that (Q')* C L. Writing Q" for the complement of Q’, so
that Q = Q' ® Q", we see that Q* = Q" ® Q" and (Q')* = Q"*. Hence there
exists an A-submodule V' C Q’* such that L =V @& Q”*. Since Q'* is finite, we see
that V is also finite. By the results of the previous paragraph, this immediately
implies that L is m4-adically complete, and that the weak topology makes L an
object of Mod.(A).

Finally, if L C M is any lattice, then it is contained in P’ & Q* for some finite
A-summand P’ C P. Since M = (P/P")® (P' @ Q*), and (P’ @ Q*) = (P™* ® Q)*,
we can conclude the proof by an application of the results in the previous paragraph
(applied with Q* replaced by (P™* & Q)*). O
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Ezample 4.1.9. In the case when L is an A -lattice in a finitely generated projective
A j-module, the weak topology on L coincides with its (m4,T)-adic topology,
whereas the Tate module topology coincides with its T-adic topology.

4.1.10. Completions and completed tensor products. Suppose that A is a ring, and
that M is a topological A-module endowed with an A-linear topology, i.e. M is
an A-module with a topological abelian group structure, such that 0 € M admits
a neighbourhood basis consisting of A-submodules of M. Note that the product
morphism A x M — M is then jointly continuous, when A is equipped with its
discrete topology. We may then consider the completion of M (either as a topological
group, or as a topological A-module; the result is the same). In symbols, if we let U
run over the partially ordered set of open A-submodules of M, then

M = lim M/U.
U

Suppose now that A — B is a ring homomorphism. If M is a topological A-module
endowed with an A-linear topology, then we equip M ®4 B with the B-linear
topology defined by the images of the various U ® 4 B, as U runs over the open
A-submodules of M. We then define M ®4B to be the completion of M ® 4 B
with respect to this topology. Thus, if we let U ® 4 B denote the image of U ®4 B
in M ®4 B, then

(4.1.11) M®4B :=lim(M @4 B)/(U®4 B) = lim(M/U) ®4 B
U U

(each of the terms in each of the inverse limits being endowed with its discrete
topology). The symbol ® 4 was also used in Section to denote the completed
tensor product on categories of compact modules, but this should not lead to
ambiguities, since in the current context, the ring A is not a profinite topological
ring.

We will most often apply this notion in the case when A — B is a morphism
of Noetherian O/w®-algebras, in situations related to the above discussion of
finite projective A 4-modules and their lattices. If M4 is a finite projective A 4-
module, then its Tate module topology is A-linear, and M4 is complete, as is any
lattice in M 4. The tensor product Mp := M4 ®a , Ap is a finite projective A -
module, and hence is again complete. There is a canonical continuous morphism
Mas®4 B — Ma®a, Ap. Since the target is complete, it induces a morphism
from the completion of the source to the target, which is in fact an isomorphism

(4.1.12) MA@)AB;)MA@AA Ap.

If My C My is a lattice, then we may also consider the completed tensor
product M4 @4 B. If M4 is an Ajg—lattice, then this completion naturally identifies
with 97 4 ®A: AE, in the sense that the natural map
(4.1.13) MA®aB = Ma @1 Af

is a topological isomorphism. Indeed, the natural A-linear topology on 914 is the
TA:—adic topology, hence the B-linear topology on

Mo @a B =Ma@p+ (Al ®4 B)

is the (A ®4 B)-adic topology. Since A} ®4 B is a Noetherian ring with T-adic
completion A;g, and 94 is a finite AX—module7 we see that 904 ®A: Ajg is the
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T-adic completion of M4 ® 4 B. The inclusion My C M4 induces a continuous
morphism M4 &4 B — Mp, which is open (by Lemma below), but which
need not be an inclusion in general.

The following lemma collects together various basic statements about lattices in
finite projective A 4-modules, and their behaviour under completed tensor product.

Lemma 4.1.14. Let A — B be a morphism of Noetherian O/w®-algebras. Let M4
be a finite projective A 4-module, and as above write Mg = M4 ®@aB = M4 ®Ra,AB.
(1) An A% -submodule My C My is an A -lattice if and only if it is finitely
generated and the A g-span of M4 is My.
(2) Ma contains an AT -lattice M4.
(8) If Ly is a lattice in M4, and Lo is an A-submodule of M4, then Lo is
a lattice if and only if it is commensurate to Ly, in the sense that for n
sufficiently large we have T" L1 C Lo C T "L4.
(4) If Ma C M4 is a lattice then the evident sequence

(4.1.15) My @AB — Mp — (My/9Ma) @4 B — 0,

1s exact, and the image of the morphism M4 @AB — My @)AB =Mp isa
lattice in Mp, while its kernel is finitely generated over B. In addition, this
kernel is discrete (with respect to the topology induced on it by M4 @4B),
and the morphism M 4 ®aB — Mp is open.

If furthermore either A — B is flat or M /M4 is flat as an A-module
then is exact on the left as well, i.e. we have a short exact sequence

0= My @B = Mp — (My/M4) @4 B — 0.

In particular, M@ 4B is then a lattice in Mp.
(5) If A — B is injective, and M is a lattice in Mg, then M N My is a lattice
m MA.

Proof. Part is [EG23, Lem. D.9]. Part follows from part , because we
can choose a surjection f : (A4)" — My for some sufficiently large r, and set
M4 = f((A%)"). The “only if” direction of (3] is immediate from the topological
nilpotence of T'. For the converse, since Lo contains T L1, it is open, while if U C Lo
is open, then Ly /U is a submodule of the finitely generated A-module (T~"L;)/U,
and is therefore finitely generated, so Lo is a lattice by definition.

We turn to proving part . By Remark we can, without loss of generality,
assume that M4 is an AT-lattice. As explained above, in this case we have that

My DaB =My N AL
and that
MA ®AB = MA ®AA AB = MA ®A:[1/T] AE[l/T] = MA ®A: AE
Now MA/SDTA = UnZO(Tfnf)ﬁA)/gﬁA, so that
(MA/WA) ®AX AE = U ((T_nf)ﬁA)/gﬁA) (X)AJg AE

n>0

= J (@ " 0a)/9Ma) ©4 B = (Ma/Ma) ©4 B.
n>0
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Thus tensoring the short exact sequence
0— Mo — Mg — My/Ms —0

with Ajg over AX, and reinterpreting the various terms according to the preceding
isomorphisms, we obtain the exact sequence , establishing the first claim
of . Furthermore, since the image of 914 @B = M4 (@AXAE in Mp is finitely
generated over AE and generates Mp over Ap, it is a lattice in Mp, by .

If A — B isflat, then so is A: — AE, and thus the preceding right exact sequence
becomes short exact. On the other hand, if M4/, is A-flat, then Lemma
shows that 94 is projective over Aj. Thus M4 ®AX AE is projective over A7,
and in particular is T-torsion free, and so again we find that it embeds into its
localization (94 Oat AN T Y = Mp.

To complete the proof of , we must prove our claims about the kernel of the
left-most arrow in , and also prove that 9T ®4 B — Mp is an open mapping.
Since M4 is a finite projective A 4-module by assumption, we may find a second
finite projective A 4-module M/, so that M4 @ M/, is free of finite rank over A 4. If
we choose an A-lattice M, in My, then M4 & M, is a lattice in My & M/,. The
formation of the various completed tensor products, kernels, and images in play is
compatible with taking direct sums, and so replacing M4 by M4 & M/, and 94
by M4 ® N,, we may assume without loss of generality that M4 is free. In this
case, we may choose a free Aj{—lattice Ma C M) C My. Furthermore, part (3)
shows that there exists ng > 0 so that 779, C M4 for n > ng, and the sublattices
T’} (n > ng) then form a basis of neighbourhoods of 0 in M 4.

Since M4 is flat over A:, we see that the kernel of the morphism

Ma@aB =My @p4 Al = Mp

+
is identified with Torf“‘ (Ma/M4,A}), and we begin by explaining why this is a
finite B-module. From what we have already proved, we know that
+
is exact on the left, so that Torf‘A (Ma/MM, AL) = 0. A consideration of the short
exact sequence
0— MY/ Mg — Ma/Ma — Ma/IN) — 0

then yields a surjection

+

A

+
Tort (M4 /M4, A;) — TortA(My /My, AL).

Now the source of this surjection is finite over A% (since M4 /M 4 is finite over AT)
and killed by some power of T' (since 9 /M 4 is). Thus it is finite over B, and
+

thus so is TorlAA (Ma/M4,AL), which is what we wanted to prove.

Next, consider the neighbourhood basis T} C M4 of 0 in M 4. By definition,
the images

(Tr9N}) ®aB = im((T"M}) ®4B — M ®4B)

form a neighbourhood basis of the topology on 9’} ®4B. Again, by what we have
already proved, for each n the morphism (T"9’}) @B — Mp is injective, and so
(TMm'}) @AB) has trivial intersection with ker(91 4 ®@4B — Mpg). This shows that
this kernel is discrete in 94 & 4 B. Also, the image of (T"9}) ®4B is a lattice in
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Mg, and so M4 @ 4B has a neighbourhood basis of zero whose members have open
image in Mp. Thus M4 @4 B — Mp is open, as claimed. This completes the proof
of (4).

Finally for , by parts and there is an Ag—lattice M C Mp and an
integer n > 0 such that 779 C M C T "N'. By |[EG23, Lem. D.11], M' N M4 is
a lattice in My, and (T?O) N My = T N My) for all integers i. In particular
we have

TN N Ma) CMNAMy CT (O N My),
so M N My is a lattice in M4 by . O

We also note the following result, showing that certain tensor products are
automatically complete.

Lemma 4.1.16. If A — B is a finite morphism of Noetherian O/w®-algebras
and M 4 is a finite projective A o-module, then the natural morphism My ®4 B —
M4 &4B is a topological isomorphism. Furthermore, if M4 is a lattice in My, then
the natural morphism M4 @4 B — My @AB 18 a topological isomorphism.

Proof. We begin by proving the second statement. By Remark [I.1.5] without loss of
generality 94 is an AX—lattice. By ([#.1.13)), the completed tensor product M4 & 4 B
identifies with 914 Dat A7 Since AT, = A[T] is Noetherian and 91, is a lattice

in Ma, My, is finitely presented over Ajg. The map
My @4 B = Ma @1 A

is part of a natural transformation of right-exact functors on finitely presented
Aj—modules. Hence, to prove that it is an isomorphism, it suffices to prove that it
is an isomorphism when 914 = A, ie. that A, ®4 B = Af. Since B[T] is finitely
presented as an A[T]-module, this follows because A} ®4 B = A[T] ® 41y B[T] is
the T-adic completion of B[T].

We now prove the first statement. By we have M4 @4B = My ®a, AB,
so we need to prove that the natural map

(4.1.17) My ®aB— Ms®a, Ap

is a topological isomorphism. Since it is continuous and open (by Lemma ,
it suffices to prove that it is bijective. Since M4 is a direct summand of a finite
free A 4-module, it suffice to prove that is bijective when M4 = A 4. This
holds because Ay = A4[1/T] and A, = Al ®4 B, as proved in the previous
paragraph. (I

We close this section by establishing some additional properties related to the
topology of finite projective A 4-modules.

Lemma 4.1.18. Let A be a Noetherian ring, let M be a topological A-module
endowed with an A-linear topology, and suppose furthermore that there is a sequence
(ln)n>0 of continuous morphisms p, : M — A for which the induced morphism
M — [1;2, A is injective. Then the induced topology on any finitely generated
A-submodule of M is discrete.

Proof. Consider a morphism f : A™ — M, and write v,, == p, o f. Let ¢; (i =
1,...,m) denote the standard basis vectors of A™, and write

S, = {(Vo(el), ce I/O(em)), e (z/r(el), ceey I/T(em))} C A™.
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Then, if K, := ker(1g x - - - X 1/,.), we find that K,. = S (the “orthogonal complement”
of S, with respect to the usual pairing A™ x A™ — A).

The S, form an increasing sequence of subsets of A™, and hence the S;* form a
decreasing sequence of orthogonal complements. The Artinian property of orthogonal
complementsﬂ implies that this decreasing sequence stabilizes. If we recall that M —
[1,2, A is injective by assumption, we then see that K = ker(f) = (,>, K = K,
for some sufficiently large ro. Hence, if N := im(f) then B

Nﬂker(ﬁA—) ﬁA):O.
n=0 n=0

Hence N inherits the discrete topology, as claimed. O

Ezample 4.1.19.

(1) If A is a Noetherian O/w*-algebra, then Lemma [4.1.18| applies to finite
projective A 4-modules, and hence also to lattices in such modules.

(2) If (M,)n>0 is an inverse system of topological modules satisfying the hypothe-
ses of Lemmal4.1.18] then the same is true of the inverse limit M := mn M,,.

Lemma 4.1.20. Let A be a Noetherian O/w®-algebra, I-adically complete with
respect to some ideal I C A. If M 4 is a finite projective A 4-module, then any lattice
in M4 is closed in the I-adic topology of M 4.

Proof. Let 9 be any lattice in M 4. Applying Remark we see that it is no loss
of generality to assume that 91 is an Aj—lattice. Choose another finite projective
A s-module M/, such that M4 @ M/, is free, and choose an AT -lattice M in M.
Then it suffices to prove the result for the Ajg—lattice MM in My & M), and so
it is no loss of generality to further assume that M4 is free. Then we may choose a
free A-lattice L in M4, and by part (3) of Lemma we may assume (scaling
L by a power of T if necessary) that L contains 9.

Now the I-adic topology on A 4 := A((T)) evidently induces the I-adic topology
on Ajg = A[T], and so the I-adic topology on M, induces the I-adic topology
on L. Thus it suffices to prove that the I-adic topology on L induces the I-adic
topology on 9. This follows directly from Artin—Rees (applied to the ideal T Aj{
in the Noetherian ring A, using the fact that AX—lattices are finitely generated
over A, by Lemma ). O

Remark 4.1.21. Note that the statements of parts (4) and (5) of Lemma
and the statements of Lemmas [£.1.18| and [£.1.20] depend only on the structure of
My as a Tate A-module. Thus if M4 is any Tate A-module which is topologically
isomorphic (as a topological A-module) to a finite projective A 4-module, these
statements apply to M 4.

4.2. D" and D*!. Unless stated otherwise, in this section we assume that A is
a Noetherian O/w*-algebra for some a > 1. We prove some analogues with
coefficients of some results from [Coll0c; |Coll0a]. Our overall strategy, and many
of our arguments, is based on those of Colmez, but the presence of the coefficient
ring A means that we sometimes have to find new ways to argue.

5f S is a subset of A™_ then the formation of S+ is order reversing, and S C S1-+. These
properties then imply that S+ = S+11 and that S+ St is order preserving. Thus S~ is
an increasing sequence of submodules of the Noetherian module A™, and so stabilizes. Thus the
decreasing sequence S;- = S;-1+ also stabilizes.
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Remark 4.2.1. Throughout this section we do not make any use of the action of T,
and our results are equally valid for étale ¢-modules over A 4. We will occasionally
exploit this in our proofs.

We begin by defining the -operator on (¢, I')-modules.

Proposition 4.2.2. Let D be an étale (p,T")-module with A-coefficients. Then
there is a unique A-linear morphism ¢ : D — D such that

P(p(a)m) = ayp(m),
Ylap(m)) = P(a)m

for any a € Ay, m € D. The morphism 1 is furthermore continuous, open, and
surjective, and commutes with T'.

Proof. Since D = A 4p(D), we see that the required properties of ¢ uniquely
determine it if it exists. In fact, the same observation, expressed in the more precise
form of the isomorphism ®p : Ay ®a ., D 5 D, allows us to construct 1, namely
as the composite

o1
DB As®a,,D"3 Ay®a, D=D.

The relations ¢ (¢(a)m) = ap(m), Y(ap(m)) = ¥ (a)m then follow immediately.
That 1) is continuous and open follows from the continuity of <I>151 and the continuity
and opennesﬁ of 1 on A4, the surjectivity of ¢ follows similarly (and is also
immediate from the relation ¢(p(m)) = m), and the fact that ¢ commutes with
the T-action again follows by the same argument (or by the uniqueness). O

Lemma 4.2.3. Let 9 be an Al -lattice in an étale (¢,T)-module D with A-
coefficients. Then:
(1) Y(M) is an A -module.
(2) If p(M) C M then M C (IN).
(3) If MC AL - (M), then (M) C M.
(4) If Y(9M) C M, then »(T1M) C TN, and for any x € D there exists
N >0 such that for all n > N, we have y"(x) € T~19N.
Proof. In the case A = O/w® this is [Coll0a, Lem. I1.4.1], and the same proof
works more generally, as we now briefly sketch. The first two parts follow from the
identities ap(x) = ¥ (p(a)x) and P(ap(x)) = ¢(a)z for a € A4, x € D. For the
third part, note that ¥(>_, a;ip(x;)) = >, ¥(a;)x;.
Finally for the fourth part, note firstly that
Y(T19M) € (p(T)19M) € T 1p(M) € TN
Furthermore, for each k£ > 1 we have
Y("(T) 1) € M HT) (M) € (T I
For any x € D we have x € o*(T)~'90 for all k sufficiently large, and the result
follows. ]

Lemma 4.2.4. Let D be an étale (o, I")-module with A-coefficients. Then there
exists an A% -lattice M C D with (M) = M. Furthermore if M’ C D is another
AT -lattice with p(IM') = M’ then TN C M C T—1M.

6The openness of 1 on A 4 is clear from the fact that w(go(T")AZ) = T"@Z)(AX) = T"AX for
any n > 0.
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Proof. By, for example, [EG21}, Lem. 5.2.7], we can choose AT-lattices 9,91, C D
with () C Ny C Ny C Ajap(fﬁl). For each n > 0, set M,, = ¢¥"™(MNp); then by
parts (1)-(3) of Lemma (9M,,)n>0 is an increasing sequence of AT -lattices, each
of which contains 91y and is contained in 91;. By Lemma M = Up>oM,,
is an AT-lattice in D, and by construction we have 1 (9) = 9.

We now show that 9% C 77190, by arguing as in the proof of Lemma [4.2.3] (4).
Indeed since any two A*-lattices are commensurate (by Lemma 3), there
exists some integer n > 0 such that 9 C o™ (T)~!9M, so that M’ = (M) C
T-19m.

Finally, the inclusion T9% C 9 is equivalent to 9t C T~ !9, and thus follows
from the previous paragraph upon reversing the roles of 2T, M. (]

Proposition 4.2.5. Let D be an étale (¢,T')-module with A-coefficients.

(1) D contains a mazimal A% -lattice D} C D with the property that 1)(D*) = D*.
Furthermore, if M is any bounded A -submodule for which (M) = N, then
N C DA

(2) D contains a minimal 1)-stable AT -lattice D*; furthermore 1(D%) = D",

(3) We have Dt C Df C T—1 D",

Proof. By Lemma there exists an AT-lattice M C D with (9M) = M.
Let D* denote the sum of all the AT-lattices M’ C D with ¢(9') = M'; then
M C DEC T by Lemma so D! is an At-lattice by Lemma .
By construction ¢)(D¥) = D¥ and (again by construction) D is maximal with this
property. If 91 is any bounded A*-submodule for which 1(0) = M, then D¥ + N is
an At-lattice satisfying ¢(D* + 9) = D* + 9. Thus D* + 90 C D* by the property
we’ve just proved, and so 9t C D¥. This concludes the proof of part .

We claim that if 9 C D! is an A7-lattice with ¥(9) C M, then in fact
Y(M) = M. Granting this, parts and follow easily. Indeed, we let D? be
the intersection of all v-stable AT-lattices in D; then Db C Dt (because Diis a
1-stable A*-lattice), so that (by the claim) D is equal to the intersection of all the
At-lattices M C DF with 4 (9) = M. Tt follows from Lemma that for any such
At-lattice 9T we have TD¥ C M, so we have TD¥ C D' C D (which establishes
part ), so D1 is an A T-lattice by another application of Lemma . Part
follows from another application of the claim, since D is ¢-stable (by construction).

It remains to prove the claim. To this end, suppose that 9t C D* and (91) C M.
Then we argue as in the proof of |Col10a, Prop. I1.5.11]: since ¥ (D¥) = D¥, the
composite

Df/9m 5 D* fp(9) — Df/m
is a surjective endomorphism of the finitely generated A-module D! /9, and is thus
an isomorphism. In particular D /+(901) — D! /9 is injective, so (M) = M, as
required. ([

Lemma 4.2.6. Let D be an étale (p,T')-module with A-coefficients, and let M C D
be any A -lattice. Then there exists an N > 0 such that for all n > N, we have
Y™(OM) € T-1DE.

Proof. Since any two AT-lattices are commensurate (by Lemma ), there
exists some integer N > 0 such that 9 C ™ (T)"'D% Then for any n > N
we have ™ (M) C " N(T~1D%) C T'DF (recalling that T~1 D! is ¢-stable, by
Lemma. ]
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We close this subsection by describing the behaviour of D¥ and D% under mor-
phisms of (¢, T')-modules, and under change of coefficients.

Lemma 4.2.7. If f : D1 — D is a morphism of étale (p,T')-modules with A-
coefficients, then f restricts to morphisms f* : D§ — Dg and f%: Di — Dg. If f is
furthermore injective (resp. surjective) then so are f* and f* (resp. f%).
Proof. Once we know that f# and f% exist, the injectivity statement is obvious,
while the surjectivity statement for f? follows from the defining property of Dg,
since f(D?) is a 1-stable AT-lattice in D if f is surjective.

We next note that f(Dg) is a bounded A*-submodule of Dy on which v acts
surjectively (since Dﬁ is an At-lattice in D; on which v acts surjectively), and so
f(Dn) C D’i by Proposition u , as claimed. Since Dh - Dl, we then find

that f(Dh) C Dti Let 9 := f~1(D5) N Dﬁ Then M is an AT-lattice, because it
contains TD? (note that f(TDu) Tf(Dﬁ) CTD: C Dh by Proposition [4.2.5) u 5 @))-
Furthermore 90 is v-stable by definition, so it contains Dﬁ, as required. O

Lemma 4.2.8. Suppose that A — B is a morphism of Noetherian O/w®-algebras,
and that D 4 is an étale (p,T')-module with A-coefficients. Let Dp := D4 ®@4B. The
following then hold:

(1) DﬁB contains the image of the natural map Di‘ ®4B — Dg.

(2) D% is equal to the image of the natural map D% 4B — Dp.

(8) If A — B is surjective, then there is a canonical surjection Di — D%.

(4) If A — B is flat, then there is a canonical isomorphism DhA ®4B = D%.

Proof. Since Di is a 1p-stable AT -lattice satisfying w(DﬁA) = Di, we see that the
image 91 of the map Di ®4B — Dp is a 1-stable A j-lattice for which (M) is
dense in 9. Since ¢ is open, we see that in fact ¥(M) = N, and so N C D%,
proving (1).

Now write DV for the image of the map D ®AB — Dp; to prove (2), we must
show that 91 is equal to Dh v Lemma {4. 1 14 . N is a y-stable AL-lattice
in Dpg, and therefore contains Dh To see that 91 is contained in DB, we argue as
in the proof of Lemmam Namely, let 91 be the preimage of D% in Di‘ under

C D4 — Dp; we must show that 91 = D.h4~

To see this, note that 97 is an Ajg—lattice, because it contains TDEU by Proposi-
tion together with part (1) of the present lemma. Since 9 is i)-stable, we
must then have I = Di‘, as required. This concludes the proof of part (2).

As discussed prior to the statement of Lemma the completed tensor
product of (2) can be reinterpreted as the usual tensor product — ® At A7 Since

the natural morphism D’

A — AJ; is surjective when A — B is, part (3) then follows.
Finally, part (4) follows from part (2) and Lemma [4.1.14] (4). O

Remark 4.2.9. Part (4) of Lemma shows that the formation of D? satisfies flat
base-change in A. Unlike D%, D! need not satisfy flat base-change in general.

4.3. DT, D™*, and D™. We continue to assume that A is a Noetherian O /w-
algebra for some a > 1, and write D to denote an étale (o, I')-module with coefficients
in Ay. As in the preceding subsection, we will prove various analogues with
coefficients of some results from [Col10c; [Col10a). Just as was noted in Remark [£.2.1]
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regarding the results of the preceding subsection, the I'-action continues to play no
role in the discussion of this subsection.

Definition 4.3.1. Let D™ be the A-submodule of D consisting of those z € D for
which the sequence {¢"(z)},>0 is bounded. Let D' be the A-submodule of D
consisting of those z € D for which the sequence {¢"(2)},>0 tends to zero (i.e. the
submodule consisting of those z on which ¢ acts topologically nilpotently).

Lemma 4.3.2. TDT* C D+ C D+.

Proof. The second inclusion is obvious from the definitions, while the first follows
from the fact that if (a,) is a bounded sequence, then (¢"™(T)a,) is a sequence
converging to 0. O

Lemma 4.3.3. DT C Db.

Proof. We follow the proof of |[Col10al, Prop. I1.5.14|. Fix some z € DT. Then
also ¢(z) € D, and so Lemma shows that T'p(z) € D*'; ie. that the
sequence {¢"(T¢(2))}n>0 tends to zero. Since D" is a lattice, we thus find that
©"(Tp(z)) € D¥ for some sufficiently large value of n. Since D? is t-stable, and
since " (" (Tp(2))) = (Tp(z)) = Y(T)z = —z, we thus have z € Df, as
required. ([l

The following corollary provides a useful characterization of D¥.

Corollary 4.3.4. D% is an Al -lattice in D, and is the (unique) mazimal ¢-
invariant bounded subset of D.

Proof. We saw in Lemma that TDT C DT. Thus, if we show that Dt is a
lattice in D, it is in fact an Ajg—lattice.

By definition any ¢-bounded subset of D is contained in D¥. In particular, if 9
is any p-stable lattice in D, then 9 C D*. Such a lattice exists, by |[EG21}, Lem.
5.2.7], and thus DT contains a lattice, and so is open. By Remark this proves
the lemma, provided that we show that DT is also bounded; but this follows from

Lemma [4.3.3] O

Our goal in what follows is to show that the formation of each of D™ and
DT is compatible with flat base change. In the case of D1 this is relatively
straightforward, but the case of D is more involved.

A general observation is that, when analyzing constructs such as Dt and D++
(and the related construct D™ of Definition below) whose definitions involve
dynamical aspects of the action of ¢, complications can sometimes arise from the
existence of a descending chain of ideals in A that do not stabilize. The following
lemma (which is presumably standard) sometimes allows us to get around this
problem, by reducing our analysis to the case of an Artinian coefficient ring, for
which this complication cannot occur.

Lemma 4.3.5. If A is a Noetherian ring, then there exists an embedding A — B
with B Artinian.

Proof. First recall that if f is any element of A, then for n large enough, the natural
map A — Ay x A/f" is an embedding. Now, if A is non-zero, and if p is a minimal
prime of A, then we may choose an element f € A such that the distinguished open
D(f) is a neighbourhood of p in Spec A which contains no other associated primes
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of A. Thus p is the unique associated prime of Ay, and so the natural map Ay — A,
is an embedding. Thus, for n large enough, the natural map A — A, x A/f™ is an
embedding. Since p was chosen to be minimal, the localization A, is Artinian.
We continue by applying the same argument to A/f™. By Noetherian induction
(in Spec A) the process eventually terminates, and we obtain an embedding of A
into a finite product of Artinian local rings, as required. O

We now return to the setting of étale (¢, I')-modules over Noetherian O/w®-
algebras.

Lemma 4.3.6. The induced action of @ on each of D/D% and D/D™ is injective.

Proof. This follows from the fact that each of DT and DT is ¢-saturated in D
(i.e. if o(x) is in D, resp. DT, then so is z itself), as is evident from their
definitions. O

The preceding lemma admits a kind of converse, characterizing DT+,

Lemma 4.3.7. D+ is an AT -lattice in D, and is furthermore the (unique) minimal
p-tnvariant lattice M of D for which ¢ acts injectively on D /N.

Proof. Tt follows from Lemma and Corollary that DT is a T-invariant
lattice, and thus is an Ajg—lattice in D. The injectivity of ¢ on D/D** was proved
in Lemma If 9 is any ¢-invariant lattice in D, and if x € D', then by
definition we see that ¢"(x) € 9 for some value of n. Thus, if ¢ is injective on D/IM,
then we see that = € 9, and hence that Dt C 9. O

We also note the following technical property of DT+,

Lemma 4.3.8. The action of ¢ on Dt is uniformly topologically nilpotent, i.e.
given any lattice MM C D, there is some n such that ™ (DTT) C M.

Proof. Any lattice 9 contains an Az—invariant sublattice, and replacing 9t by
such a sublattice if necessary, we may assume that 97 is itself an Ajg—lattice. Since
D7 is a lattice, by Lemma m it is finitely generated over A%, say by elements
T1,...,Tm. By definition, we may find some n such that ¢™(z;) € 9 for each i.
Then

P(DH) = (AR (@1, ) © A" @), 9" (@) S O,

as required. ([
It is now easy to establish flat base-change for D*+.

Lemma 4.3.9. If A — B is a flat morphism of Noetherian O /w®-algebras, if D 4 is
an étale (p,T")-module over A 4, and if we write Dg == D4 @AB, then the resulting
morphism Dj+ ®aB — Dg induces an isomorphism Djﬁ' ®aB = DE"'.

Proof. Since A — B is flat, and since DJATJF is a lattice in D4 by Lemma it
follows from Lemma that DX*‘ ®4B — Dp identifies its source with a
lattice in Dp. Using the uniform topological nilpotency of Lemma [I.3.8 we see
that ¢ acts topologically nilpotently on the completed tensor product Dj‘"" RaB,
and so this lattice is contained in D§+.

Furthermore, since B is flat over A, and since ¢ is injective on D4 /D:XJr by
Lemma we see that ¢ is injective on (Da/D} 1) ®4 B = Dg/(D}T ®4B).
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(The indicated identification is provided by Lemma |4.1.14 ) Lemma m
now shows the reverse inclusion, namely that Dg+ C DXJF ®aB. This proves the
lemma. ]

Our next goal is to prove Lemma [4.3.12] which shows that DT is compatible
with flat base-change for DT.

Lemma 4.3.10. Let A — B is an embedding of Noetherian O/w®-algebras, and
Dy is an étale (¢, T')-module with A coefficients, so that the embedding of A into
B induces an embedding Dy — Dp = D4 Q/Z}AB, then we have DT = D4 N Dg.
Equivalently, the natural map DA/DX — DB/DE 18 injective.

Proof. Since DX is a bounded p-invariant subset of Dp, it is contained in D} and
thus in the indicated intersection. On the other hand, this intersection is a bounded

p-invariant subset of D4 (using Lemma [4.1.14 to see the boundedness), and
thus is contained in D7, by Corollary O

Lemma 4.3.11. Let D be an étale (¢,T')-module over the Noetherian O/w®-
algebra A. Then for all sufficiently large n, we have =" ((D/D*)[T])N((D/DM)[T]) =
0.

Proof. Let M, denote the kernel of the endomorphism T'w™ of D/D*; we must
show that M, [T] = 0 if n is sufficiently large. Applying Lemmas and
we see that we may replace A by an Artinian overring, and thus we assume that A
is Artinian for the remainder of the proof.

Since ¢ is injective on D/D*, by Lemma we find that
M,, == ker Te"™ = ker p(Tp") = ker p(T)" ! D ker Tp" ™ = M, ;1.

Thus M, [T] is a descending sequence of A-submodules of the finite type A-module
(D/D™)[T], which therefore stabilizes. Suppose that the sequence stabilizes at ng,
and write N = M, [T] = M,[T] for n > ng. Then we see (by definition of the
M,,) that ¢"(N) C (D/D%)[T] for n > ng. Thus |J,, ¢"(N) is a bounded subset
of D/D™ (i.e. it is contained in a finite type A-module) and so N = 0 (by the
definition of DT). This is what we had to prove. O

Lemma 4.3.12. If A — B is a flat morphism of Noetherian O/w®-algebras, if
D4 is an étale (p,T')-module over A 4, and if we write Dg = Dy ®aB, then the
resulting morphism DX @B — Dpg induces an isomorphism D:X ®4B = Dg.

Proof. Since A — B is flat, and since D} is a lattice in D4 by Corollary it
follows from Lemma that Dj ®4B — Dpg identifies its source with a lattice
in Dp. This lattice is furthermore (-stable, and thus is contained in D}, (by another
application of Corollary . Our goal is to show that in fact DX ®4B = D];
or equivalently that D};/(D} ®4B) = 0. Since every element of Dp/(D} ®4B) is
T-power torsion, it in fact suffices to show that (D%/(D} ®4B))[T] = 0, and this
is what we will do.

Lemma shows that the morphism (Da/D})[T] — Da/D} induced by
Te™ is injective if n is sufficiently large. Base-changing over the flat A-algebra B,
we find that the morphism (DB/(DX @AB)) T] — DB/(DX @AB) induced by T'¢"
is again injective if n is sufficiently large. (Here and below we use Lemma
to make the evident manipulations of various tensor products and completed tensor
products with B.) Composing with ¢" for any r, and recalling Lemma we



A CATEGORICAL p-ADIC LANGLANDS CORRESPONDENCE FOR GL2(Qj) 103

that the same is true of the morphism (Dp/(D} ®4B))[T] — Dp/(D} ®aB)
induced by ¢"(T)p", if n is sufficiently large (depending on r). Thus no non-zero
element of (Dp/(D} ®4B))[T] has a bounded ¢-orbit; in fact, since D} ® 4B is a
lattice in Dp, the bounded subsets of DJBr / Dj ®4B are precisely those contained
in some B-module of finite type. So we see that indeed (D};/(D} ®4B))[T] = 0,
as required. O

Finally, we introduce and study some basic properties of D™ in our context of
(p,T')-modules with coefficients.

Definition 4.3.13. If D is an étale (¢, I')-module with coefficients in A 4, for some
Noetherian O/w®-algebra A, then we write D™ = ﬂ ©"(D), equipped with its
n

actions of ¢ and I

Remark 4.3.14. In the case that A = O/w?®, the A-module D™ is related to
the maximal abelian subrepresentation of the corresponding Galois representation
(see |Coll0a, Rem. II.1.2|, and Lemma below). Since this notion does not
behave well in the context of general families of étale (¢, T")-modules (e.g. because
of the fundamental phenomenon of generically reducible families specializing to
irreducible objects), it should not come as a surprise that D™ does not behave well
in families; for example, it is not compatible with flat base-change in general.

Lemma 4.3.15. D" is a finite type A-submodule of DT .

Proof. Clearly D™ is p-stable, while since ¢ is injective on D we see that D™ is
also p-saturated. Since D™ C (D) by definition, we then see that o(D"") = D"".

Since D¥T is also both y-stable and p-saturated, we see that D™ N D+ is again
p-stable and @-saturated. It then follows that also (D™ N D¥+) = D N D+,
The uniform topological nilpotency of Lemmathen shows that D" N DT+ = (.

Now consider the image M of D™ in D/D™; evidently ¢(M) = M. Suppose that
m € M[T], and let m’ € M be such that ¢(m’) = m. Then p(Tm’) = o(T)p(m’) =
©(T)m = 0, and thus Tm’ = 0 (by Lemma [4.3.6). Consequently we see that
@(M[T) D M[T], and hence that ¢"(M[T]) 2 M[T] for all n > 0. Lemma
then implies that M[T] = 0, and so we see that in fact M = 0. Thus D™ C D*.
(In more detail: if x € M[T], then the inclusion ¢™(M[T]) 2 M[T] shows that there
exists y € M[T] such that ¢"(y) = z. Hence y € =" ((D/D™)[T]) N (D/D")[T],
which by Lemma is zero for n large enough, and so x = ¢"(y) is also equal
to 0.)

Putting what we’ve shown together, we see that D™ embeds into DT /DT,
which is a finite type A-module by Lemma [£.3.2] together with Corollary [£.3.4] and
hence D™ is itself a finite type A-module. O

Corollary 4.3.16. We have D™ C D",
Proof. This is immediate from Lemmas [£.3.15] and [£.3:3] O

4.4. From (¢,T')-modules to equivariant sheaves. We now explain how some
of the constructions of [Coll0a, §II1.1, §V] extend to our setting. We apply some
results from [SVZ14, §3], in which some of the more formal aspects of Colmez’s
constructions are presented in a natural level of generality. With these general results
in hand, the extension of Colmez’s constructions to the case of étale (¢, I')-modules
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with coefficients is for the most part immediate, and we frequently refer to [Coll0al
for the proofs of results when they are literally identical in our setting.

We write PT for the monoid (ZP\O{O} le), and P for the group (Qo; le ). Then
there is a natural action of P* on Z, (respectively of P on Q,) via (8 ll’)x =azr+b.
The basic motivation for Colmez’s constructions is as follows: we can regard an étale
(p,T)-module D as being the global sections of a PT-equivariant sheaf of A-modules
on Z,. We are then able to extend its Pt-equivariance to an equivariance under the
category of all non—degeneratdﬂ piecewise affine-linear maps between open subsets
of Z,, and then (by an appropriate limiting process) to the category of all local
diffeomorphisms (in the sense of Definition below) between open subsets of Z,,.

With these constructions in place, it becomes possible to localize D in an equi-
variant manner over other locally analytic Z,-manifolds, such as P-equivariantly
over Q,, and (our ultimate goal) GL3(Q,)-equivariantly over P1(Q,). In fact, the
exposition becomes simpler if we construct the localization over Q, en route to the
construction of the equivariant structure under local diffeomorphisms, and so we do
this. We discuss localization over P1(Q,) in the next subsection.

Suppose now that M is any PT-module with coefficients in a Noetherian O/w®-
algebra A. Write U™ := (1 le) Let ¢ denote the endomorphism

0

e (51)~ (o)
of UT, as well as the endomorphism of M induced by the action of (75 (1)) . Then if
we€ Ut and m € M, we find that o(um) = ¢(u)p(m). Consequently for each n > 1
we see that ¢" (M) is ¢"(U™T)-stable, and so we obtain an induced morphism

(4.4.1) AlUT]) @ apon () ¢" (M) — M.

Definition 4.4.2. We say that a PT-module M with coefficients in A is étale if
the morphisms (4.4.1) are isomorphisms for all n > 1.

Our interest in étale P*-modules comes from the following lemma.

Lemma 4.4.3. If D is an étale (,T')-module over a Noetherian O/w®-algebra A,
then D is an étale PT-module with A-coefficients, where the action of PT on D is
via the continuous maps

(p’(“)a ’1’) 2= (1+T)"p" 0 0y(2)

foraeZy,beZy k€Zsg, and z € D. (Recall that o, € T is the element with
X(0q) = a, where x is the cyclotomic character.)

Proof. This is immediate from the definitions. Indeed by definition, the condition
that D is étale as a (¢,T')-module is equivalent to the morphisms (4.4.1) being
isomorphisms. O

By [SVZ14, Thm. 3.32], there is an equivalence of abelian categories between the
category of étale Pt-modules with A-coefficients, and the category of P-equivariant
sheaves of A-modules on Q,; the inverse functor is given by passage to the module
of sections over Z,. Following Colmez, for any open set U C Q,,, we write D X U
for the sections over U of the sheaf corresponding to D, so that in particular we
have DX Z, = D. As is the case for any P-equivariant sheaf of A-modules on Q,,

In the sense of having non-zero derivative at every point.
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there is a P-equivariant action on D K Q, of C(Q,, A), the ring of A-valued locally
constant functions on Q,, and thus there is in particular a P-equivariant action
of the ring C.(Qp, A) of compactly supported A-valued locally constant functions.
Similarly for each open U C Q,, there is a natural action of C.(U,A) on DX U.

If U C Q, is open then we write Resy : DX Q, — D XU for the restriction
map. If U CV C Q, are open subsets then we have the restriction map Resg :
DXV — DX U, which we will usually denote simply by Resy. If U is compact
then the restriction map Resy : DX Q, — D X U admits a section given by
extension by zero, and we accordingly identify the action of the locally constant
function 1y € C.(Qp, A) with Resy.

By [SVZ14, Prop. 3.26] (and its proof), the global sections D X Q, are given
explicitly by

(4.4.4) DR Q, =lim D,
P

where the right hand side denotes the inverse limit of the inverse system
oD p
equivalently,

DR Qp = {(2n)n>n~ | ¥(2n+1) = 2y, for all n}.

(Here N can be any element of ZU{—o0}; we take advantage of this flexibility in some
of the constructions introduced below.) We can therefore endow D K Q, with the
projective limit topology (where D has its canonical Tate module topology). Note
that if U is compact and open, then DIXU also has a canonical Tate module topology;
indeed D X U is a direct summand of some D X #Zp, which is homeomorphic
to DXZ,=D.

Furthermore, the action of P on DX Q, is determined by the following properties.

(1) The restriction map Resz, : DX Q, — D = DK Z, is given by
(Zn)neZ —z€eD=DKX Zp.
(2) The extension by zero map D = DX Z, - DX Q,, is given by

2o {(#"() 0

this is continuous and P*-equivariant.
(3) (8 (1)) acts via (zp)nez = (Zn41)nez-
(4) the elements (%), for b € p~NZ,, act via the transformation

It follows from the definitions that this action of P is continuous.

Definition 4.4.5. If a € C.(U, A), we write m,, for the corresponding continuous
endomorphism of DX U.

Lemma 4.4.6.

(1) For any n > 0 the restriction map Resynz, : DX Z, — D X p"Z, is equal
to " o Y™.
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(2) Let a: U — A be locally constant, and let n > 0 be large enough that for
all a € U, we have a + p"Z, C U, and &|qypnz, is constant. Let I,,(U) for
a system of coset representatives for U modulo p"Z,. Then

My, = Z a(i) Res;ypnz, -
i€, (U)

Proof. The first part follows from the identity Resynz, = (p(: (1)) olz, o (P;" ?),

and the second is immediate from the identity o = Zieln(U) a(i)liyprz, O

Ezample 4.4.7. For future reference, note that D X Z;° = DY¥=0_ with the identifica-
tion being induced via the embedding DXZ) — DXZ, = D given by extension by
zero. Indeed, the sections of D = D X Z,, which are supported on Z; are precisely
those in the kernel of Res,z, = ¢ 09, and ¢ is injective.

Our next goal is to extend the P-equivariant localization of D over Q, to an
equivariant structure under the category of local diffecomorphisms. As already
noted, this will then allow us to localize D over more general one-dimensional p-adic
manifolds, such as P1(Q,).

Definition 4.4.8. If U,V are compact open subsets of Q,,, then we say that a map
f:U — V is alocal diffeomorphism if it is C* (in the sense of [Col10bl Section L.5.1]),
and if its derivative is non-vanishing on U.

Definition 4.4.9. For all n > 0, let X,, C D be a subset. We say that the sequence
X, tends uniformly to 0 as n — oo if for any A-lattice 9t C D there exists N > 0
such that X,, C 9 for all n > N. (This is a slight rephrasing of the definition
in |Col10al Section V.1.2].)

Fix m >0, and for alln > 0, let X,, C DX 171”Zp be a subset. We say that the

sequence X, tends uniformly to 0 as n — oo if its image under ™ : D&#Zp =D
tends uniformly to 0.

Proposition 4.4.10. Suppose that f : U — V is a local diffeomorphism. Then
there is a continuous A-linear morphism f, : DXU — DXV, defined as follows:
For each sufficiently large n, write I,(U) for a system of coset representatives for U

modulo p"Z,, and then for each z € DX U, define
— 1 fri) ) AT
fe(z) = nl;ngo Z < 0 1 Resprz, 0 1)7);

this limit exists, and is independent of the choices of I,(U).
Furthermore,

Resjipnz, | f«(2) — Z <f/(§i) f(li)> Resynz, (<(1) _1%) z> 1jEV

i€l,(U)

tends uniformly to zero as n — oo.
Ezample 4.4.11. Let f : Z,, — pZ, be multiplication by p. Then

£u(2) = lim. Z)(ﬁ D) Resiz, ()= (5 0) 2 =02

i€l (U
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and so f, = ¢ : D — DK pZ, = ¢(D).
Similarly, let f : pZ, — Z, be multiplication by p~!. Then

fe i 9(D)=DXRpZ, - DXRZ, =D
is given by =1 : (D) — D. Thus the composite

D—DRZ, =% DRpzZ, > DRZ, = D

1o 1), ie. by the operator 1.

is given by ¢
Proof of Proposition[{.4.10 Note firstly that if the limit exists, it is necessarily
independent of the choices of I,(U). Indeed if I,,(U), I} (U) are two such choices, this
follows by considering the limit for both choices together with the third choice I)/(U)
defined by I/(U) = I,,(U) if n is even and I}, (U) if n is odd.

Exactly as in the proof of [Coll0a, Prop. V.1.3], we can reduce the statement
of the proposition to the case that U = V' = Z,,, and that f is regular in the sense
that v, (f'(x)) =0 for all z € Z,,. If A is a finite O /w*-algebra, this case is [Coll0al,
Lem. V.1.2|, and essentially the same proof works in our setting, as we now explain.

Write )
Uy = Z (f él) fg”) Respynz, ((é 12> z) .
i€l, (U)

We will show next that for any AT-lattice 9 containing z, u, — u,_1 tends to 0
uniformly in z € 9MN; it then follows that f.(z) exists, and that f, is A-linear and
continuous.

For i € Z,, write r,, ;(z) = ( (1) *11) The argument of the second paragraph
of the proof of [Col10a), Lem. V 1.2] goes through unchanged, and shows that we
can write

(4.4.12) Uy~ Uy =Y ((1) f(lj)> 0" (95 — Png) - T i (2)),

JEIL(Zyp)

where g;, h, j € Pt (and the difference g; — h,, ; is as elements of the group ring,
rather than as elements of P1). Furthermore, g;, h, ; enjoy the following properties:
we have g; € (ZOZ (1)), and gj_lhmj € (1+P“(;”)Zp p“(’;)zp) for some integer a(n), and
a(n) — oo as n — 0.

Let 90t be an AT-lattice containing z. Then there is a I-stable A T-lattice 9V D M
such that r, ;(97) C M’ for all j € Zp7 n > 0. Indeed ({77 )M=(1+T)IM=m
for all j € Z,, and by Lemma there is an A*- lattlce M” containing all
the ™ (9M). Then we can take 93”(' to be the A*-submodule I'N” of D generated
by ym for v € T',m € 9", which is a lattice by compactness of T' (see |[EG23|
Lemma 5.1.5]).

Writing

(gj - hn,j) : Tn,j(z) =9j- (]- - gjlhn,j) : 'rn.,j(z)v
we see that it suffices to show that there is a nested sequence of A*-lattices 91,, with
the properties that for all j we have (1 — g; e, ) () C 9M,,, that the intersection
of the M, is 0, and that M, is p-stable and I'-stable for n sufficiently large. Indeed
it then follows from that u,, —u,—1 € M, for n sufficiently large, uniformly
in z € M.

It is therefore enough to show that there exists a sequence m(n), tending to co
with n, such that if we put 90, == 79 then (1 — gj_lhnd-)(im’) CM,. In fact,
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M, is T-stable for all n, since M’ is T-stable; and M, is p-stable for all n large
enough, by [EG21, Lemma 5.2.7]. Recalling that gj_lhmj € (1+P“(;")Zp p“(’;)zp) and
that a(n) — oo, we see in turn that it is enough to show that for each m > 0, there
exists an M > 0 such that if h € (“’%MZP lezp), then (1 — h)(O) C T™(9M).
Writing h = (1+1(’JM‘1 plfb), we have

(1=h)(z) = (1= (A+T)P )2+ 1A +T)P"1(z — 014 pral2))-

Certainly (1— (1+T)?"'?) eT m A for M sufficiently large uniformly in b (because
Ais an O/w?-algebra), so it suffices to show that z — o4 ,m,(2) € T™M for M
sufficiently large, for all z € 9" and a € Z,. This follows from [EG23, Lem. D.28 (3)],
since A is an O/w®-algebra.

Finally, we note that by we have for any £ > 1 and z € M

1 )\
Resitpnz, (Unth—Unik-1) = > (O f(lj)) (g5 =hnthg) Tnikg(2)),
J€Intk(Zp),f(J)Ei+P"Zp
which is contained in 9,4 for n sufficiently large (uniformly in z € 9t and ¢ € Z,).

Thus we have in particular that Res;ipnz, (f+(2) — u,) € 9, and the result
follows. .

The operators m,, and f, enjoy the following properties.

Proposition 4.4.13. Let U,V be compact open subsets of Z,.
(1) For all locally constant maps a1, : U — A, we have My, © Ma, = Moy an-
(2) If f : U =V is a local diffeomorphism and o : V. — A is locally constant,
then
f* O Maof = My © f*
(B)Iff:U—=Vandg:V — W are local diffeomorphisms, then (go f). =
s © fx-
(4) If « : U — A is locally constant and V C U, then m,, commutes with Resy .
(5) If a2 Z; — A is constant on a +p"Zy, for all a € Z), then

P
Mo = Z a(i) Resiypnz, -
i€(Z/pnZ)*

Proof. All but the second and third properties were already established above.
In the case that A is a finite O/w?-algebra, the second and third results are
respectively [Coll0al Prop. V.2.4, V.1.6], the proofs of which go over unchanged in
our setting. O

In summary, the sheaf U — D X U is equivariant for the action of local diffeo-
morphisms.

4.4.14. Defining —-X Q,, more generally. For any 1)-stable A-submodule M C D,
we let M XZ, = M, and we let M K Q, denote the set of sequences (x,)n>0 With
Ty € M and (xn41) = 2, for all n > 0. Equivalently, we have M K Q,, = @w M.
We endow M X Q,, with its usual projective limit topology, where M C D has the
subspace topology, and then M X Q,, is closed in the infinite product [, -, M, and
has the subspace topology (with the product having the product topology). To see
that it is closed, one can for example note that it is the intersection of the sets of
sequences (z,,) with ¥(z,4+1) = , for n < N, which are closed for any N because ¢
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is continuous. Note that M K Q, need not be an A[P]-submodule of DX Q,, e.g.
if M is not an Aj;—submodule of D. However, this will be the case when M = Di, DF:
see Lemma [£.4.18]

Remark 4.4.15. As Colmez explains in |Coll0al Section V.1.2|, Proposition
is motivated by considering the case of A% = A[T] with its (¢, ')-structure.
Indeed, we may interpret Aj as the A-module of A-valued measures on Z,, and
Proposition [£.4.10]in the case of a local diffeomorphism f : Z, — Z, computes the
pushforward of measures under f. Here we should note that Ajg is also w-invariant,
because Aj; = Ai‘, and so the preceding discussion can be applied to it: indeed,
by [SVZ14, Corollary 3.30], an A[P*]-submodule of an étale (¢, T')-module D with
A-coefficients is étale in the sense of Definition if and only if it is ¢y-stable.

A general étale (¢, I')-module D need not contain an A -lattice that is simultane-
ously ¢ and t/-invariant — it contains such a lattice if and only if Dt = D% — and
so in general it is only D that localizes, rather than any of its lattices. Nevertheless,
as we will see in what follows, the lattices D1, D!, and D¥ do interact in important
ways with the localization of D.

4.4.16. Key examples: D! X Q, and DI Q,. Since each of D! and D¥ is 1)-stable,
both D X Q, and DI Q, are defined. Furthermore, the inclusion D! C Dt
evidently induces an embedding

(4.4.17) D'NQ, — DFRQ,.
Lemma 4.4.18.

(1) The embedding (4.4.17) is open.
(2) We have natural identifications of finite A-modules

(D'RQ,)/(D'RQ,) = (DF/DF) K Q, = DF/DF.
(3) D*RQ, and D* X Q, are B(Q,)-stable A-submodules of DX Q,,, and the
embedding (4.4.17) is A[B(Q,)]-equivariant.
Proof. We have a short exact sequence
0 — D* — D* — D*/D" — 0.

Since 1 acts surjectively on each term, the passage to @1 " is exact, and we have a
short exact sequence

0—D'XQ, —» D'RQ, —~ (D*/D")KQ, — 0.

Since D*/D" is a finite A-module, its surjective endomorphism ¢ is bijective, so we
may identify (Df/D%)XQ, with D*/D"%. This proves (2), and also shows that (4.4.17)
identifies D% X Q,, with the kernel of the composite

Dﬂ X Q proj. to 1st factorDﬁ Dﬁ/Dh
P ’
proving (1). Finally, part (3) is immediate from the definitions. |

4.5. The GL2(Q,)-representations DXP!. Continue to let A denote a Noetherian
O/w*-algebra, and let D be an étale (¢,T')-module with A-coefficients. In the
preceding subsection we have explained how to localize D to a sheaf over Q,,
equivariantly with respect to the action of local diffeomorphisms. By general
principles, this structure then allows us to localize D over other 1-dimensional
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locally analytic p-adic manifolds, such as P1(Q,). Since PGL2(Q,) acts on P}(Q,)
via diffeomorphisms, the resulting sheaf on P(Q,) will be PGL2(Q,)-equivariant,
and in particular its global sections will afford a PGL2(Q,)-representation.

In fact, we follow Colmez in making a slightly more involved construction (via
explicit formulas) which depends on our choice of character ¢, and leads to a G-
representation with central character (¢2. In the case when ¢ = £2 we obtain the
construction of the preceding paragraph.

Let w:= (9 §). Then w acts on Z, via the local diffeomorphism 2z — 1/z, and
we let H,, : DRZS — DXZ} be the composite w. om¢.-2 (where we think of Ce?
as the function (72 : ZX — O* — A* C A). We set

DXRP' = {z=(2,2)€DxD, Resyx (22) = Hw(ResZ; (z1))}-

This is a closed subspace of D x D.

Ifg= (‘Z Z) € G, and U is a compact open subset of Q, not containing —d/c,
then we write o, : U — A for the function ay(x) = ((e72?)(cz + d). The action of g
on Pl(Qp) via Mo6bius transformations induces a diffeomorphism g : U — gU, and
we define H, : DX U — DX gU to be g« o mq,. Note that this specialises to the
definition of H,, above.

We have a restriction map Resy : D XP! — DX U defined by

Resy(z) = Resynz, (21)+Huw(Reswunpz, (22)) = Resunpz, (21)+Huw(Reswunz, (22))-

Theorem 4.5.1. There is a unique action (g,z) — g-z of GL2(Q,) on DXP?! such
that for all open compact subsets U of Q,, and all elements z = (21, 23) of DK P!,
we have

(4.5.2) Resy(g-2) = Hy(Resg-1unz, (21)) + Hygw(Resgu)-10npz, (22))-
Proof. In the case that A is a finite O/w-algebra this is |[Col1l0c, Thm. I1.1.4]. The

proof only makes use of the properties of f, and m, in Proposition and
therefore goes over immediately in our setting. O

Remark 4.5.3. It is immediate from the definition that D X P! has central charac-
ter (e~2. Furthermore, comparing our definitions with |Col10c, Construction II.1],
we see that our D X P coincides (in the case that A is a finite O/w?algebra) with
the representation denoted D M. -2 P! in the notational scheme of loc. cit.

As explained in |[Col10c, Rem. II1.1.7], it follows from the proof of Theorem m
that if 2 = (21,22) € DX P!, then 2; = Resz, z, and 2o = Resz, (w - z). These
relations imply that w(z1,22) = (22,21) for all (21,22) € DX P!, Furthermore,
[Coll0c, Rem. II.1.7 (iii)] shows that if U C Q, is compact open, then Resy admits
a continuous A-linear section vy, defined by

w:DRU - DRP!
Z (ResUmzp (2), Hy(Resynwz, (z))) .

The A-module DXU is therefore a direct summand of DXIP!, and we will sometimes
identify it with this direct summand, and write Resy for ¢y o Resy. Similarly, if
M C D is an A-submodule, we will write 9 X Z,, for the image of 9 under ¢z, .
We single out a special case of this discussion in the next lemma.

(4.5.4)

Lemma 4.5.5. The map
(4.5.6) DXP! - (DXZ,) @ (DKpZ,)
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given by z — (Resz, z,Resyz, (w- 2)) (or equivalently by (21, z2) — (21, Respz, (22)))
18 a homeomorphism, the inverse morphism being given by

vz, T wotpz, : (Y1,¥2) = (Y1,y2 + Hu(Reszx (y1)))-
The induced action of w on (DK Z,) ® (D K pZ,) is

w(y1,y2) = (Y2 + Hu(Reszx (1)), Respz, (1))
Proof. The verification that the maps are mutually inverse is formal, and their
continuity follows from the continuity of H,, Reszg, and Respz,. The formula

for w is an immediate consequence of the fact that w(z1,22) = (22,21) for all
(21,22)€D|ZP1. O

Corollary 4.5.7. For all g € G, the map DXP! — DXP!, 2+ g- 2z is continuous.

Proof. By Lemma it suffices to prove that z — Resy (g 2) is continuous for all
open compact subsets U C Q,. This is true by the formula for Resy (g - 2) given in
Theorem together with the fact that the operators f, and m, are continuous

(using Proposition [4.4.10| for f). O

Remark 4.5.8. Since D K pZ, = (¢ o ¥)(D) = ¢(D) is a direct summand of
D = (D) ® D¥=Y, the subspace topology on D X pZ, makes it a Tate A-module.
The map ¢ : D — D X pZ, is a topological isomorphism with inverse . Similarly,
DX p"Z, is a Tate A-module for all n € Z, and it is topologically isomorphic to D
via the action of diag(p%,1) € P. The homeomorphism then shows that
DKXP! is a Tate A-module. In particular, it makes sense to talk about A-submodules
of DX P! being lattices, and we will do so without further comment.

Lemma 4.5.9. Let n € Z. Then Resynz, : DRPY — DX p"Z, is open, and sends
lattices to lattices. The same is true for Resynz, : D — DX p"Zy, if n > 0.

Proof. By construction, the map Res,nz, is continuous, surjective and A-linear. We
now show that it is open. The equivariance properties of Resynz, under the action
of G show that it suffices to prove this when n = 0, in which case Resz, is the
projection onto a direct summand, by Lemma [£5.5] Hence it is open.

There remains to prove that Res,nz, sends lattices to lattices. It suffices to show
that if f: M — N is a surjective, continuous and open morphism between A-Tate
modules, and 9 C M is a lattice, then f(9) is a lattice in N. Let U C f(9) be
an open A-submodule; we need to prove that f(9)/U is a finite A-module. Since f
induces an isomorphism

MM fH0)) = )/,
this is a consequence of the fact that 9 is a lattice and 9 N f~1(U) is open. O

Lemma 4.5.10. Let MM C D be a lattice. Then:
(1) (MR Z,) +w(MKZ,) is open in DX P, and
(2) {z € DK P! :Resz, z € M, Resz, (wz) € M} is a lattice in DX P!,

Proof. For any A-submodule L C D X P!, it follows from Lemma that L is
open if and only if the image of L under

p: DRP' — D@ o(D),
2 (2,Respz, (w - 2)),

(21,22) = (21, Respz, (22))
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is open.
Let L:==(MXZ,) +w(MXZ,). Recall from (4.5.4) that

MR Zy, = 17, (M) = {(m, Hy Resyxm) :m € M} € DR Pl
Then
pMRZ,) ={(m,0) :m eM} C D& (D)
and
p(w(MMRZ,)) = {(Hw Reszx m, Resyz, m):m €M} C D (D).
To see that p(L) is open, consider the A-linear map
AiD®D— D& (D), (x,y) — (x+ Hy Resyx y, Resyz, Y).

Then p(L) = A9 @ M), and since M @ M is open in D @ D, it suffices to prove
that A is open. To do so, it suffices to find neighborhood bases (M,,), (L) of 0 € D
such that A(M,, ® L,,) is open for all n. Choose M,, arbitrarily, and choose L,, such
that H,, ReSZ; (L) € M, using the continuity of H,, o Reszg. Then

)\(Mn ©® Ln) 2 Mn D ReSpr (Ln)

Since Respz, : D — ¢(D) is open (because it coincides with @), this concludes the
proof of part (1).

Now let L := {z € DX P! : Resz, z € M, Resz, (wz) € M}. Since Resz, and w
are continuous (using Corollary for w), L is open. Hence p(L) C D & ¢(D)
is also open. On the other hand, p(L) is contained in 9 @ Res,z, M, which is a
lattice in D @ ¢(D), by Lemma so that p(L) is also bounded, and so it is a

lattice, by Remark O
We now study the continuity of the G-action on D X P!,

Lemma 4.5.11. The action of G on DX P! that was constructed in Theorem
18 continuous.

Proof. We claim that it is enough to show that the action map
(4.5.12) Hx (DRP! - DRP!

is jointly continuous for some open subgroup H of G.

Indeed, assume that this is the case, and let (¢g,z) € G x (D X P!) be arbitrary.
Any open neighbourhood of gz € D K P! contains a neighbourhood of the form
gx + M, where M C DK P! is a lattice. Since g € G acts continuously on D X P!,
¢~ !9 ¢ DXP! is open. By the continuity of , there is an open subgroup H’
of H and a lattice L C DX P! such that H'(z + L) C 2+ ¢~ '9M; so (¢H')(x+ L) C
gr +9M, and gH' x (x + L) C G x DX P! is an open neighbourhood of (g, z).

We now turn to establishing the continuity of . If H = U;U; and DXP! =
U;V; are open covers of H and D X P! respectively, then it suffices to check that
each U; xV; - DX P! is jointly continuous. We claim that it suffices to show that
H x D — DXP! is continuous. Indeed, since w is a continuous automorphism of
DX P!, if we write

DXP!'=DXZ,Uw(DXZ,) =DUwD,
then we deduce that wHw x wD — D X P! is continuous, and so the action map

(HNwHw) x DRP! - DX P!
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is continuous, and since H NwHw is also an open subgroup of G, we will be done.
We now take H to be the usual Iwahori subgroup of matrices which are upper
triangular modulo p, so that by the Iwahori decomposition we may write

H = wU(pZ,)wB(Z,)

where B is the (upper triangular) Borel subgroup, and U(pZ,) = ((1) p%f’). In
summary, we have reduced to showing that

(4.5.13) wU (pZ,)wB(Z,) x D — DX P*

is jointly continuous.
Now, the continuity of

(4.5.14) B(Z,)xD - D=DKXZ,Cc DXP!

is more or less immediate from the definition of the B(Z,)-action on D and the
continuity assumptions in the definition of a (¢, I')-module. More precisely, it follows
from the existence of a neighborhood basis of zero in D consisting of (¢, T')-stable
lattices, which in turn follows from the compactness of I" (see [EG23, Lemma 5.1.5]
for a proof in the case that A is a Noetherian F,-algebra, which goes over unchanged
to the case of Noetherian O/w?-algebras).

Accordingly, we can factor (4.5.13)) as
(4.5.15) wU (pZyp)wB(Zy,) x D — wU(pZ,)w x D — DX P!

with the first arrow continuous; so we just have to show that the second arrow is
continuous. Since w is a continuous automorphism, this amounts to showing that

U(pZ,) x w(DRZ,) — DX P!

is jointly continuous. Writing DX Z, = DX Z5 U DX pZ,, and taking into account
the continuity of (4.5.14]), we see that it is enough to show that

U(pZ,) x w(D R pZ,) - DX P!
is jointly continuous.
It follows from the definitions (see the proof of [Coll0c, Prop. I1.1.8]) that U(pZ,)

preserves w(D X pZ,), and more precisely if b € pZ,, then (}?) takes (0,2) €
w(DXpZ,) C DRP! to (0,2') with

ISP, ((1) 11) . ((1 +Ob)2 b(11+b)> . ((1) 1/(11+ b)) )

Noting that ((1J 1/(11+b)) takes pZ, to 1 + pZ,, and that w is a continuous automor-

phism of D X (1 + pZ,), the result follows from the continuity of (4.5.14)). O

In our later applications, rather than appealing to this continuity directly, we
will use the following consequence of it.

Corollary 4.5.16. The G-action on D X P! extends to an A[G]-module structure
on DX P, uniquely characterized by the requirement that the induced A[K]-action
on DRP! is continuous. Furthermore, the endomorphisms of D X P induced by
the elements of A[G] are all continuous.

Proof. We will show that the action of K on D X P! extends to a continuous
action of AJK]. Such an extension is unique if it exists (by continuity, together
with the density of A[K] in A[K]), and by the definition of A[G], this will yield
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the required A[G]-action. The final claim of the lemma will also then follow, by
combining the continuity of the G-action and the O[K]-action on D X P!,

In order to construct the required A[KJ-action, choose a lattice L C D X P1.
Lemma shows that the action map K x (D X P') — D X P! is jointly
continuous, and so we see that for each k € K, there is an open subgroup Uy
of K and a lattice Ly C L such that (kUy) - Ly C L. Since K is compact, it is
covered by finitely many of the kU, and if we let L’ denote the intersection of the
corresponding lattices Ly, we see that K - L'’ C L. The A-submodule generated by
K - L' is therefore open and bounded, and so it is a lattice. Replacing K - L’ by
this lattice, and recalling that L was arbitrary, we see that D I P! contains a basis
of K-stable lattices L,. Then each (D X P!)/L, is a discrete A-module with a
continuous action of K, hence is a smooth K-representation, and thus is canonically
an A[K]-module (with jointly continuous action map). Consequently

DXP!=1lim(DXPH/L,
H

n

inherits a continuous A[K]-action, as required. O

We now need to consider the restriction map Resq, : DX P! — DX Q,, which
by definition is given by

zZ = (Reszp ((po" (1)) Z))nzo'

The verification that this defines a morphism to D X Q,, is formal; see the proof
of [Coll0c, Prop. II.1.14]. The action of P on D X Q,, extends to an action of the
Borel subgroup B(Q,) of G by letting the diagonal matrix ((Z) g) act via ((e72)(2).

Lemma 4.5.17. Resq, : DX P! - DX Q, is continuous and B(Q,)-equivariant.

Proof. The B(Qj)-equivariance is formal; see the proof of [Coll0c, Prop. I1.1.14].
Since D X Q, has the inverse limit topology, the continuity of Resq, follows from
the continuity of Resz, and of the action of (pn 0). O

01
We then define
DR P! :={z € DRP', Resq,(z) € D'KQ,},
D*RP! = {z € DHP', Resq,(z) € D'KQ,}.

By Lemma DR P! and D! X P! are closed A-submodules of D X P!, In
the case that D has rank two and determinant (¢~!, we will show that they are in
fact lattices, but this is not obvious; indeed our proof will be closely intertwined
with the proof that D X P! is G-stable, and as in the original work of Colmez, this
is ultimately established via p-adic interpolation from the crystalline case. We end
this section by establishing two properties of these modules.

Lemma 4.5.18. (D! X P')/(D K P) is a finite A-module, and D* X P is an
open submodule of D! K P,

Proof. By definition, Resq, induces an injection
(D*RPY)/(DFRPY) < (DK Q,)/(D R Q).

and the target is a finite A-module by Lemma [£.4.18] This proves the first statement,
and since Resq, is continuous, the second statement also follows from Lemma [1.4.18]
which asserts that D? X Q, is open in D'K Q,. ([
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Lemma 4.5.19. D* X P! contains D* K Z,.

Proof. Let t = (8 ?) By definition, we need to prove that if = € D¥XZ, and n > 0
then Resz, (t"z) € D% Recall that DT K Z, := 1z (D"). Applying (4.5.4), we see
that there exists zg € DT such that z = (29, Hy Ressz 2p) as elements of D X P,
Since Dt is p-stable, and Dt C D! by Lemma it thus suffices to prove that
Resz, (t"z) = ¢"(20) for all n > 0.
Applying (4.5.2)) we see that
Resz, (t"2) = H (20) :
indeed, the second summand in (4.5.2) vanishes, because Resyz, (Hy Resyx 20) = 0.
We now observe that Hi» = t}}, where t" : Z,, — p"Z, is the diffeomorphism of
multiplication by p™: indeed, by definition
Ht" = t:} O Mayn
and the function a;» is identically 1 on Z,. Now Example .4.11] shows that
th =¢":D— DXRp"Z, =" (D),
which concludes the proof. [l

4.6. The action of GL3(Q,) on lattices in DXP!. We continue to assume that A
is a Noetherian O/w-algebra. Our goal in this section is to prove Propositionm
which gives a criterion for D? X P! to be G-stable, or (equivalently) O[G]-stable
(with respect to the O[G]-action on D X P! given by Corollary . The study
of this question is intertwined with the study of certain lattices in D K P?.

We embed Q,; into G via

X ~ , O
(4.6.1) QX (‘%p 1);

in particular, the composite of this embedding with det : G — Q. is the identity
on Q).

Remark 4.6.2. Note that since D™ C D is ¢- and I'-stable, D"" C D = DX Z, C
DXQ,C DXP!is Q) -stable.

Lemma 4.6.3. The kernel of Resq, : DX P! - DX Q, is w- D™. In particular,
ker Resq, is a finite A-module.

Proof. Since D™ is a finite A-module by Lemma it is enough to prove that
ker Resq, = w - D". This follows formally from the definitions, exactly as in the
proof of |[Coll0c, Prop. II.1.14]. O

We have the following variant on [Col10a, Lem. I11.3.6], which is proved in the
same way.

Lemma 4.6.4. If M C DX Q,, is a closed B(Q,)-stable A-submodule, then
M= MR Q,

where My := Resz, (M) C D is a I'- and ¢-stable A% -submodule on which ¢ acts
surjectively.
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Proof. Since M is B(Qp)-stable, it follows from the definition of the action of P
on DX Q, that M, is AX—, I'-, and -stable, and that 1 acts surjectively on M.
It also follows that, if we write D X Q,, := yan D, then the image of M under the
kth projection (for any k > 0) is equal to My. We therefore have M C My K Q,,
and it remains to show that this inclusion is an equality. Thus, let z = (2,)n>0 €
My X Q. The just-established equality of images shows that for each £ > 0 we can
find up = (Uk,n)n>0 € M with uy , = z;. By the definition of the projective limit
topology on D X Q,, we see that u, — z as k — oo, and we are done, since M is
closed in D X Q,, by hypothesis. (I

Lemma 4.6.5. If 9 C DX P! is a B(Q,)-stable lattice, then
DK Q, C Resq, (M) C D' K Q,.

Proof. Since each Res,-nz, : DX P! - DX p "Z, takes lattices to lattices, by
Lemma [£.5.9] we see that

Resq, (M) = im Res),—nz, M= DR Q= lim D W p~"Z,,

is an inverse limit of open, and hence closed, A-submodules of the various D X
p~"Zy, and so is a closed A-submodule of D X Q,,. Now Lemma shows that
Resq, (M) = My K Q,, where My := Resz, M is an A{-submodule of DKZ,, = D
which is 1)-stable and on which 1) acts surjectively. As already noted, 9, is also a
lattice in D. Thus D! C My C Dﬁ7 by Proposition and the lemma follows. O

Lemma 4.6.6. If M C DX P! is a B(Q,)-stable lattice, then it is G-stable, and
hence in fact O[G]-stable.

Proof. Since the group G has a neighbourhood basis of the identity given by open
subgroups (e.g. the congruence subgroups of GL2(Z,)), it follows from Lemma
and [EG23, Lem. D.13] that there is an open subgroup H C G such that HO =
M. Since B(Qp)M = M we have B(Q,)HB(Q,)M = M, and since we have
B(Q,)HB(Q,) = G by the Bruhat decomposition, we conclude that 9t is G-stable.

To see the final assertion, it suffices to note that since O[K] is dense in O[KT,
and since M is closed in D X P!, the K-stability of 9 implies the O[K]-stability
of M, and G-stability and O[K]-stability together imply O[G]-stability. O

Proposition 4.6.7. Suppose that there is a B(Q,)-stable lattice M C D X P!,
Then D* X P! is an O[G]-stable lattice in D X P!,

Proof. By Lemma [£.6.5] we have
DR P! C M + ker Resq, € D* K P

Since ker Resq, is a finite A-module, by Lemma it follows that 90T+ ker Resq,
is a lattice. By Lemma (D*RPY)/(D* X P') is a finite A-module, hence
D! X P! is a lattice, and D? P is open in D! P!, hence D! K P! is a lattice.
Since D* K P! is B(Q,)-stable, the proposition follows from Lemma m O

We also have the following “converse” to Proposition [4.6.7}
Lemma 4.6.8. If D' X P! is G-stable, then it is a lattice in D X P,
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Proof. Under the assumption that D X P! is G-stable, we have
DR P! C {x € DRP' |Resz, z € D" and Resz, wz € D*}.

Since D" is a lattice in D, it follows from Lemma[4.5.10] (2) that D# K P! is a closed
A-submodule of a lattice. By Remark it thus suffices to show that D% X P! is
open. To this end, note that it follows from Lemma that D? X P! contains
D*XZ,, and since D*KP! is assumed to be G-stable, it also contains w-(D* K Z,).
It therefore contains D X Z, + w - (D* K Z,), which by Lemma [4.5.10] (1) is an
open neighborhood of the identity, as required. ([l

4.7. Formal (¢, I')-modules. In this subsection, which is an interlude in our main
discussion, we briefly extend some of the previous theory to the context of what we
call formal étale (p,T")-modules.

Let R be a complete local Noetherian O-algebra with finite residue field. Following
Dee |Dee01] we let A denote the mp-adic completion of Ar, and we define a
formal étale (p,T')-module with R-coefficients to be an étale (¢, I')-module over
A r; that is, a finitely generated A r-module equipped with commuting semilinear
actions of ¢ and I', with the underlying ¢-module being étale in the usual sense. We
do not demand that a formal étale (¢, I')-module is projective; if it is, we explicitly
refer to it as a projective formal étale (¢, T')-module; note that it is then in fact
free, since A r is a local ring. Note that if R is furthermore a finite O-module, then
Ay = Ap, so that the categories of (projective) formal étale (¢, T')-modules with
R-coefficients and étale (¢, T')-modules with R-coefficients are equivalent.

Of course, in the case that R is Artinian this agrees with the usual definition of
a (not necessarily projective) étale (¢, I')-module, and as we recalled in Section
in this case there is an equivalence of categories between the category of étale
(p,T')-modules with R-coefficients and the category of finitely generated R-modules
equipped with a continuous action of Gq,. We write V' — D(V) for the functor
taking a representation of Gq, to the corresponding (¢, I')-module, and D +— V(D)
for the quasi-inverse functor.

Returning to the general case that R is a complete local Noetherian O-algebra
with finite residue field, it is shown in |[Dee01] that this equivalence extends to
an exact equivalence of categories between the category of formal étale (¢,T')-
modules with R-coefficients and the category of finitely generated R-modules with
a continuous action of Gq,, where now

D(V) = limD(V/m}V)
k

and similarly for V(D). (It is also shown in [Dee01] that this construction is
compatible with extension of scalars, so we do not record R in the notation D.)

If D is a formal étale (p,I')-module with R-coefficients then we write Dy =
D/m%D. Then Dy is a not-necessarily-projective étale (¢, I')-module over R/m%,
which however is projective if D is, and D = lim, Dj. We extend many of the
definitions that we have made in earlier parts of Section [4] to the case of formal
étale (¢,T')-modules by passage to projective limits. Strictly speaking, in case D is
not projective, so that the Dy need not be projective, the various definitions and
constructions that we have made will not apply to the Dy; however, since R/ m’f% is
a finite O-algebra, Dy is of finite length over A, and we may ignore the coefficients
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and directly apply the definitions of [Coll0a] and [Coll0c|. To be precise, we make
the following definition.

Definition 4.7.1. Let R be a complete Noetherian local O-algebra with finite
residue field, and let D be a formal étale (¢, I')-module with R-coefficients. We set:
o Df = 1'£1k D,ﬁC and DY := @k D,E. These are 1-stable submodules of D.
e DXP! = im, Dy X P!, with its natural action of O[G].
¢ PN Q, = lim D with its natural action of B. Hence D! X Q, =
@k D,ﬁc X Q,. We define D'® Q, and D X Q, in a similar way as inverse
limits over k, so there is a B-equivariant map

Resq, : DRP' - DK Q,

defined as the inverse limit of the restriction maps for Dj.
o D'RP' = lim, D; K P!, and D*®P' = lim D} ®P'.
o DV = @k Dpr.

Each of the objects appearing in these various inverse limits has a natural topology,
and so each of the objects being defined has a natural inverse limit topology. In fact,
except for D X P!, each of the objects appearing in the various inverse systems in
these definitions is profinite, and so these inverse limit topologies are also profinite.
Recall also that the formation of inverse limits of profinite R-modules is exact; we
will use this fact frequently below.

Lemma 4.7.2. Let R be a complete local Noetherian O-algebra with finite residue
field, and let D be a formal étale (¢, T")-module with R-coefficients. Then:

(1) (DR Q,)/(DF R Q,) = (D}/DF) B Q, = D*/D =1lim_D}/Dj.

(2) D™ =, ¢"(D).
Proof. The first claim follows from Lemma[£.4.1§ and the exactness of the formation

of inverse limits of profinite modules. Noting that since ¢ is injective we may identify
N, ¢"(D) with ]'glw D, the second claim is clear, as limits commute with limits. O

We next recall the description of D™ and D¥/ DY in the context of the comparison
between formal étale (o, I')-modules and Galois representations. Using this, we will
see in Lemma [4.7.11| below that D™ and D?/DF are both finite R-modules.

Definition 4.7.3. We equip every finitely generated R-module with its canoni-
cal (i.e. mpg-adic) topology. We write Repp(Gq,) for the category of continuous

representations of Gq, on finitely generated R-modules, and Rep‘}%b (Gq,) for the

subcategory of abelian representations, i.e. representations for which the action

of Gq, factors through Gaéb . We also write Repr(Q,;) for the category of continuous
P

representations of Q; on finitely generated R-modules.

We recall the following result, which is simply a reformulation of local class field
theory for Q, in our context.

Lemma 4.7.4. Pullback along the local Artin map Q — G?pr induces an equiva-
lence of categories Rep?%b(GQp) — Repp(Q)).

Proof. The local Artin map identifies G?pr with the profinite completion of Q). The
lemma follows immediately from this, together with the fact that any continuous
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action of Q, on a finitely generated R-module extends to its profinite completion
(since R is profinite). O

Definition 4.7.5. If V is an object of Repr(Gq,), then we write V2P respec-
tively Vap, for the maximal abelian R[Gq,]-submodule of V', respectively abelian
R[Gq,]-quotient module of V' (where, as above, “abelian” has the meaning that the
action of Gq, factors through Gg ).

Definition 4.7.6. We let D™ : Repr(Gq,) — Repr(Q,’) be the functor given by
D™ (V) := D(V)™ (which has an action of Q¢ by Remark {4.6.2 -

Lemma 4.7.7.
(1) If V € Repr(Gq,) then D™ (V) = D™ (V?P).
(2) The restriction of the functor D™ to Rep‘}‘%b(GQ ) is naturally isomorphic to
the equivalence of categories Rep%g (GQP) - Repr(Q,) of Lemmam

Proof. For the first part, since l&nk commutes with limits, we have l'&nk(Vk)ab & J/ab,

Indeed, V2P is naturally isomorphic to ker(V & [I;e; V), where {z;:j € J} is
a set of generators of the commutator subgroup of Gq,. Hence it suffices to prove
that the natural map D™ ((V},)*?) — D" (V}) is an isomorphism. This is proved
in |[Col10al Rem. 11.1.2].

Turning to the second part, if we regard Z,» as a Z,[Z/nZ]-module (via the
action of geometric Frobenius), then there is an isomorphism of Z,[Z/nZ]-modules
Z,(Z/nZ) = Z,n». We can choose these isomorphisms compatibly in n, in the sense
that, for m | n, the natural surjection Z,[Z/nZ] — Z,[Z/mZ] becomes identified
with the trace map Tr), : Z,» — Zpm. Equivalently, we may find elements 6,
of Z,» such that d,, freely generates Z,» as a Z,[Z/nZ]-module, and such that
Try (8,) = O if m | n.

Next, if V' is a finite-cardinality Z,-module with a continuous action of 2, choose
n such that this action factors through Z/nZ, and define an isomorphism

(4.7.8) V5 (V @z, Zpn)? = (V @g, Z,)?

(invariants being taken with respect to the diagonal action of 2) via

v»—)Z (v® dn)

where (i) denotes the action of the coset i mod n € Z/nZ. The trace relations
between the various d,, ensure that this isomorphism is independent of the choice
of n (provided that the action of Z on V' factors through Z/nZ). This isomorphism
intertwines the action of Z on V with the inverse of the action of Z on the second
factor of (V ®z, Z )Z.

Now, if V' is endowed with a continuous action of G?pr = Q) — p2 x I', where
p corresponds to geometric Frobenius, and the projection to I' = Z, is the cyclotomic
character, then D™(V) — (V @z, Z,,)Fmb7 with the ¢-action being induced by the
action of Frobenius on Zp and the I'-action being induced by the action of T on V.
The isomorphism then induces a Q; -equivariant isomorphism

V 5 DY (V).
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By construction it is natural in V', and so by passing to inverse limits, it induces a
corresponding isomorphism for any finite type R-module endowed with a continuous
Ggap—representation. O

Lemma 4.7.9. There is a natural isomorphism of functors Repp(Gq,) — Repr(Q,’)
DV} /D(V)F = D™ (Vi) w2,

Proof. Since D +— Dﬁ/Dh and D — D™ are both compatible with passage to
inverse limits, it suffices to prove this when R is an Artin ring. Write ()Y =
Homgz,(—, Qp/Zy). It is shown in |[Coll0a, Prop. 1.2.3] that if we put D := D(V)
and D == D(VV ® ¢) then there is a Z,-linear map

D®rD — Q,/Z,

which identifies D with the Pontrjagin dual of D (i.e. the space of continuous
Z,-linear maps D — Q,/Z,, equipped with the weak topology), and vice versa.
This map is invariant under ¢ and T', and by [Col10al Prop. I11.5.19] it descends to a
map

D¥/D*@p D™ — Q,/Z,
which once again is (p, T')-invariant, and puts the two factors in Pontrjagin duality

(which now coincides with Z,-duality, since the two sides have finite Z,-length). By
Lemma [4.7.7 we have

Dnr —_ Dnr((V\/ ® 6)ab) o~ Dm((vab)v ®€)7

so it suffices now to prove that D™ is compatible with duals and tensor products.
This is standard: for example, in order to prove that the natural map

D™ (V1) ®z, D™ (V2) — D™ (V1 ®@z, Va)
is an isomorphism, it suffices to extend scalars to Zp, where it yields the isomorphism
(Zy @2, Vi) @5 (Zp @z, Va) = Z), @z, (Vi @z, V2). O

Remark 4.7.10. To illustrate the twist in Lemma [£.7.9] with an example, recall
from |Coll0aj, Ex. 11.4.5, I1.5.16] that when V' is the trivial character of F[Gq,] we
have
D(V)* = T 'F[T] and D(V)? = F[T].
Then the action of I' on T! is via
AT = A+ T 1)~ = EMNT+O0(T*) " =g (NT " u(T)
for some u(T) € 14+ TF[T].

Lemma 4.7.11. Let R be a complete Noetherian local O-algebra with finite residue
field, and let D be a formal étale (o, T)-module with R-coefficients. Then D/D°"
and D™ are finite R-modules.

Proof. By Lemma it suffices to prove this for D™. Write V := V (D), so that
by Lemma the lemma is equivalent to the claim that D™ (V#P) is R-finite.
By definition D™ (V2P) is mg-adically complete, and since D™ is exact on abelian
R[Gq,]-modules (by Lemma @), we know that D" (V) @r F = D"(VaP @z F).
By Lemma the module D™ (V" @ F) is F-finite. This implies the required
finiteness by [Stacks|, Tag 031D]. O
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We also note the following application of the preceding results, which we will
need below. If z € Spec(R), we use the notation k(x) to denote the residue field of
the localization of R at the prime ideal corresponding to x.

Lemma 4.7.12. Let R be a reduced O-flat complete Noetherian local O-algebra
with finite residue field. Let V' be a continuous R[Gq,]|-module which is finite
free over R of rank at least 2, and such that there exists a Zariski dense set of
closed points x € Spec(R[1/p]) such that V ®pr k(x) is an absolutely irreducible
k(z)[Gq,]-module. Then D™ (V) = 0.

Proof. By Lemma we need to prove that V2P = 0. Since V2" is O-torsion
free, and V2P[1/p] C V[1/p]*> (where V[1/p]®® is the maximal abelian submodule
of V[1/p]), it suffices to prove that V[1/p]*> = 0. However, V[1/p]?" is contained in
a finite free R[1/p]-module, hence its associated primes are minimal in R[1/p], since
R[1/p] is reduced. To show that V'[1/p]*® = 0 it thus suffices to show that it vanishes
after localization at any minimal prime 5 of R[1/p]. To do so, it suffices to prove that
V[1/p]®r k(n) is an absolutely irreducible k(n)[Gq,]-module. However, if this is not
the case, then the properness of the Grassmannian of V[1/p] over Spec R[1/p] shows
that V[1/p] ®g k(z) is an absolutely reducible k(z)[Gq,]-module for all z € {n}:
in fact, the Gq,-fixed locus is closed in the Grassmannian. This contradicts our
assumption on V. ]

We next establish some properties of the functor D! K Q,. It turns out that this
functor is very well behaved in the formal context, thanks to the following result of
Colmez, which shows that the formation of D* X Q,, is exact on étale (i, I')-modules
of finite A-length.

Theorem 4.7.13. Let R be a complete Noetherian local O-algebra with finite residue
field. For any short exact sequence

0— Dy —Dy—D3—0

of (not necessarily projective, formal) étale (p,I')-modules with R-coefficients, each
of which is of finite length as an A-module, the sequence

0-DIRQ, » DiRQ, » DiXQ, -0
is also short exact.

Proof. This is immediate from |[Col10a, Thm. I11.3.5]. |

Corollary 4.7.14. Let R be a complete Noetherian local O-algebra with finite
residue field. Then D — D! X Q, is a right exact functor on the category of formal
étale (o, T')-modules with R-coefficients.

Proof. Given an exact sequence 0 — Dy — D — Dy — 0 of formal étale (p,T")-
modules with R-coefficients, the sequence (D1)r — Dy — (D2)r — 0 is exact for
all £ > 1, and its terms have finite A-length. By Theorem it stays exact
after applying (-)* X Q,, and then the corollary follows from the exactness of @
on profinite R-modules.

k

Before formulating our next result, we note that if D is a formal étale (¢, T')-
module over R, and if M is a finitely generated R-module, then D ® p M (which
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agrees with D ®KR(KR ®pr M); see Lemma [A.1.41| and Remark |A.1.42) is again a

formal étale (p,I')-module, and

(D@r M), = Dy @p M = Di @ p s, (M/mpM)
is a not necessarily projective étale (¢, ')-module over R/m%,, for each k > 1.
Lemma 4.7.15. Let R be a complete Noetherian local O-algebra with finite residue

field, and let D be a formal étale (¢,T')-module over R.
(1) If M is a finitely generated R-module, then there is a natural isomorphism

(D'RQ,) @r M — (D®r M) R Q,.

(2) If D is furthermore projective, then D! K Q, is topologically flat over R
(and so in particular flat over R).

Proof. For the first part, by Proposition [A.1.48 it suffices to show that the
functor M +— (D @ M)* K Q,, is right exact (on the category of finitely generated
R-modules). This follows from the right exactness of M +— D ® g M and the right

exactness of D — D! X Q, (Corollary {4.7.14).

Now suppose that 0 — M; — My — M3 — 0 is a short exact sequence of
profinite R-modules. Write this as the inverse limit of a short exact sequences of
finite-cardinality R-modules 0 — M;; = My ; — M3 ; — 0. Since D is projective,
it is R-flat, and so each of the sequences

0—>D®RM1J‘—>D®RM2’Z‘ —>D®RM3’Z'—>0
is again short exact. By Theorem [£.7.13] we find that
0= (D®rM ;) RQ,— (D®rM;)RQ, > (D®r Ms,;)!KQ, -0

is short exact. Applying the isomorphism of (1) (noting that it does indeed apply,
since the finite R-modules M;; are in particular finitely generated), we find that
the sequence

0— (D’j X Qp) Rnr Ml,i — (l)’j X Qp) XRnr M2,i — (l)ﬁ X Qp) XRnr Mg’i —0

is short exact. Passing to the inverse limit over i, and recalling that the formation
of inverse limits of profinite modules is exact, we find that the sequence

0— (D'XQ,)@rM; — (D*XRQ,) &rM; — (DR Q,) rMsz — 0
is exact. Bearing in mind Lemma |A.1.40} this proves (2). O
Lemma 4.7.16. Let R — S be a morphism of complete local Noetherian O-algebras

with finite residue fields, let D be a formal étale (p,T')-module over R, and write
Dg := D®gS. Then the natural map

(D" R Q,) ®rS — DZ X¥Q,
1S surjective.

Proof. Suppose to begin with that R and S are both Artinian. It follows from
Lemma that the morphism D! @z S — Dg is surjective. (Since S, being
Artinian, is finite over R, the tensor product is automatically complete. Also,
although the cited Lemma assumes projectivity of D, the claimed surjectivity
follows in general from [Coll0a, Prop. I11.5.17].) Passing to the inverse limit over 1,
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and taking into account (as always) that these inverse limits of profinite O-modules
are exact, we find that

lim(D* ©p §) —» D5 RQ,
P

is surjective. Now the natural morphism
(D' R Q) ®rS — lim(D* @g )
%

evidently has dense image, and hence is surjective (being a continuous map of
profinite O-modules). This completes the proof of the lemma in the Artinian case.

The general case follows by writing the morphism R — S as the inverse limit
of the morphisms R/m¥ — S/m%, and then passing to the inverse limit from the
Artinian case (yet again using the fact the formation of inverse limits of profinite
O-modules is exact). O

4.8. Base-change and the action of GL2(Q,,) on D*XP!. We now return to the
setting of a morphism A — B of Noetherian O/w*-algebras, and a projective étale
(p,T')-module with A-coefficients D4. As in Section we write Dp = D4 ®4B;
then Dp is naturally an étale (¢,T')-module with B-coefficients.

Remark 4.8.1. Lemma gives a topological isomorphism of Tate A-modules
DsRP' =5 Dy @ (DaRpZy).

Now D, is a finite projective A 4-module, while Dy X pZ, = ¢(D4) is a finite
projective p(A 4)-module. Since ¢ induces an isomorphism of A 4 onto its image,
we see that Dy X pZ, is isomorphic (as a Tate A-module) to a finite projective
A 4-module. Hence D4 X P! itself is isomorphic to a finite projective A 4-module,

and hence Example 4.1.19| and Remark [4.1.21| apply to D4 X P!,

Lemma 4.8.2. Let A — B be a morphism of Noetherian O/w-algebras for some
a>1. Let D4 be an étale (p,T')-module with A-coefficients. Then there is a natural
isomorphism

(DAXPYHYSAB = Dy R P!,
which induces a morphism

(DY, RPY)&4B — D, RPL.

Proof. The isomorphism D%Q ®4B = DgQ induces a morphism (D,XP') @4 B —
D R P! To show that this is an isomorphism, consider the following commutative
diagram, where the vertical maps are the homeomorphisms z + (Resz, z, Res,z, (w-

z)) of Lemma [4.5.5}
(DARPYHY®4B DpX P!

! |

(DARZ,)&aB® (DaRpZ,) &aB —— (DpRZ,) @ (D RpZ,)

Now (D4 X Z,) ®4B := D4 ®4B maps isomorphically to Dg = Dg X Z, by the
very definition of Dp, and so it suffices to show that also
DpRpZ, = (Da R pZ,) @48,
i.e. that
e(Dp) = (p(Da)) ®aB.
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Since 1) is the projection onto a direct summand as a (A 4)-module, we are done.
To see that this induces a morphism (DE4 XPHY®4B — D% X P! as claimed, it
suffices (by the definition of D) to consider the commutativity of the diagram

(DARPYHY&,B ——— DX P!

| |

(DAXQ,)®sB—— DpXQ,

induced by Resq,, together with the fact that, by Lemma m (2), the bottom
horizontal arrow induces a morphism (DE4 XQ,) ®4B — D]hg X Q,. O

Lemma 4.8.3. Let A — B be a morphism of Noetherian O/w®-algebras for some
a>1, and let D4 be an étale (o, T')-module with A-coefficients.

(1) If M4 C Do X P is a lattice then the image of the natural morphism
My @B — (DA RPHY®AB = D K P! is a lattice in D WP, In
particular if A — B is flat then 9 4 ®aB is a lattice in Dg X PL.

(2) If A — B is injective, and M is a lattice in D M P, then M N (D4 X P)
is a lattice in D4 X P1L.

Proof. This follows from Lemma together with parts (4)) and () of Lemmal4.1.14]
4.8.1) O

(taking into account Remark

Lemma 4.8.4. Let A — B be a morphism of Noetherian O/w®-algebras for some
a > 1. Let Dy be an étale (¢,T")-module with A-coefficients, and let Dg = Dy ®4B.
(1) If A < B is injective, and if DEB X P! is an O[G]-stable lattice in Dp X P!,
then Di‘ X P! is an O[G]-stable lattice in Dy X P*.
(2) If DE‘ X P! is an O[G]-stable lattice in Do X P!, then D?g XP!isa
O[G]-stable lattice in Dp K PL.
(8) In the situation of , if A — B is furthermore flat, then (DE‘4 XPYH®B
maps isomorphically to DEB X P

Proof. We begin with . By Proposition m Dil X P! is a O[G]-stable lattice if
and only if D% X P! is a lattice if and only if there exists some B(Q,)-stable lattice
in D4RP. Now, (D%KP)N(D4AKP?) is a lattice in D4 KP! by Lemmal[4.8.3) @),
and it is B(Q,)-stable because both D% X P! and D4 X P! are O[G]-stable, so we

are done.
We now turn to . By Lemma , the image M p of the morphism
(D, RP')&4B — Dp R P!
is a lattice in D X P!, It is O[G]-stable by construction, so it follows from
Proposition m that DEB X P! is a O[G]-stable lattice.

Finally, let us put ourselves in the situation of , so that A — B is furthermore
assumed to be flat. Then Lemma shows that (Di1 X P!)®4B maps
isomorphically onto its image in Dg X P", i.e. onto M p, while Lemma shows
that Mp C D?B X P'. Combining this last fact with the conclusion of Lemma ,
we find that Resq, (Mp) = D% X Q,. Thus to show that Mp = D% X P!, it suffices
by Lemma to show that ker Resq, = wDY is contained in M p. Since Mp is
G-invariant, it is equivalent to show that D C M p. Since DY C Dg, it suffices
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in turn to show that DE (regarded as a submodule of Dg = D K Z,, and thus
of Dp X P!) is contained in M.

Now, by Lemma we have an inclusion DX = D XZ, C Dil X P!, which
induces a morphism (DX) ®aB — Mp. By Lemma this morphism is an
injection whose image is identified with Dg when we identify 9ig with its image in
DhB X P!. This completes the proof. O

Lemma 4.8.5. Let (A, m) be a complete local Noetherian O /w®-algebra, and suppose
that D4 is an étale (p,T')-module with A-coefficients. Suppose that for each n > 1,
(Dajmn)* WP is an O[G]-stable lattice in D4 jmn WP, Then Dlj4 X P! is an
O[G]-stable lattice in Dy X P1L.

Proof. By Lemma it is enough to prove that Dix X P! is O[G]-stable; so

by definition we need to prove that if f € O[G] and if z € D4 X P! satisfies

Resz, ((% 9)z) € DY for all n > 0, then Resz, (% %) fz) € DY for all n > 0.
Now, for each m > 1 the assumption that (D4/mm)? K P! is O[G]-stable

means that the image of Resz, ((pon ?)fa;) in Dy/mm is contained in Di‘/mm. By
Lemma (3), this means that for each n > 0, Resz, ((pon ?)fx) is contained in

Di‘ 4+ m™D,4. Since this holds for all m, the lemma follows by an application of
Lemma [4.1.20] O

We now specialize to the case that D has rank 2.

Theorem 4.8.6. Let A be a complete local Noetherian O/w®-algebra with finite
residue field, and suppose that D4 is an étale (p,T')-module of rank 2 with A-
coefficients and determinant (e~'. Then DE\ X P! is a O[G]-stable lattice in
D,XP!.

Proof. By Lemma we may assume (by replacing A by A/m"™ where m is
the maximal ideal of A) that A is Artinian, in which case D4 corresponds to a
2-dimensional representation ps : Gq, — GL2(A). By Lemma @), we can
assume that A is a quotient of the universal (fixed determinant) framed deformation
ring S for ps (mod m).

As explained in [Col10c, §II.3.4], there is a universal formal étale (¢, I') module D
over S, and it is proved there that D!XP! is G-stable; indeed, by [Col10c, Lem. I1.3.6],
this follows from the results of Berger—Breuil [BB10] together with the Zariski density
of the so-called crystalline benign points in the generic fibre Spec S[1/p], which
footnote 7 of [Col10c| explains is known for p > 3. (In fact, Zariski density statements
of this kind are now known in much greater generality; see [BIP23a, Thm. 6.1,
Rem. 6.2] and [BIP23b, Cor. 1.3].) The first paragraph of the proof of |[Coll0c|
Prop. I1.2.15] then shows that Di‘ X P! is G-stable, and hence also O[G]-stable,
for any Artinian quotient A of S, as required. (]

Before stating the next main result of this section, we note the following (pre-
sumably standard) lemma.

Lemma 4.8.7. If A is a Noetherian ring, then for some finite set my,...,m, of
mazimal ideals of A, the natural map A — [[_, Am, is injective.

Proof. As in the proof of Lemma [£:3.5] we may assume A is non-zero, and then
choose an element f € A and a positive integer n so that A — Ay x A/ f™ is injective,
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and so that Ay contains a unique associated prime p. We then see that Ay — An,,

and hence also Ay — An,, is injective, for any maximal ideal m; D p. Note that
maximal ideals n of A/ f™ correspond to maximal ideals of A containing f, and that

for any such n, the composite A — A/f™ — (A/f")n — (A//F)n factors through

the natural map A — En. Thus we may continue by Noetherian induction and
establish the lemma. O

Theorem 4.8.8. Suppose that p > 3. Assume that A is a Noetherian O /w®-algebra
for some a > 1, and that D is a projective étale (¢,T')-module of rank 2 with
A-coefficients and determinant (e~'. Then D! X P! is a O[G]-stable lattice in
DXP!.

Proof. Since X is of finite presentation, the morphism Spec A — X that classifies D
may be factored as Spec A — Spec Ay — X for some finite type O/w*-subalgebra
Ap of A. The morphism Spec Ay — X corresponds to a rank 2 étale (¢, T')-module
D4, with Ag-coefficients, such that D — D, ®4,A. By Lemma (2), it then
suffices to show the result for D 4,; replacing A by Ay, we may thus suppose that A
is in fact of finite type over O/w®.

By Lemma and Lemma , we can further reduce to the case that A is
a finite product of complete local Noetherian O /w®-algebras with finite residue fields.
This immediately reduces to the case of a single such complete local Noetherian
O /w?-algebra, which is Theorem m a

Remark 4.8.9. Note in particular that as a consequence of Lemmas [£.6.3] and [£.6.5]
and Theorem [£.8:8] we have a short exact sequence of B-representations

(4.8.10) 0 — ker Resq, = wD™ — D*K P! - D"KQ, — 0.

Lemma [4.1.18| (and Remark [4.8.1)) show that the induced topology on wD™ is
discrete.

Corollary 4.8.11. Let R be a complete local Noetherian O-algebra with finite residue
field, and let D be a free rank 2 formal étale (p,T')-module with R-coefficients and
determinant Ce~'. Then D*RIP' is O[G]-stable, and we have a short exact sequence
of B-representations

(4.8.12) 0 — kerResq, = wD™ — D' R P! - D*KQ, — 0.

Proof. Using the exactness of projective limits of profinite sets, this is immediate
from Theorem [4.8.8 and Remark [4.8.9) ([

Recall from Definition and Lemma that if A is a finite type O/w®-
algebra for some a > 1, the Iwasawa algebra A[K] is a topological A-algebra (where
A has the discrete topology), whose topology agrees with the a-adic topology, where
a denotes the ideal in A[K] generated by the augmentation ideal of A[K7].

Corollary 4.8.13. Suppose thatp > 3. Assume that A is a finite type O /w*-algebra
for some a > 1, and that D is an étale (p,T")-module of rank 2 with A-coefficients and
determinant Ce~'. Then D'R P! is a finitely generated A[K]-module. Furthermore,
the topology on D* P coincides with its a-adic topology.

Proof. Consider the A[K]-submodule A[K]D* C D*RP!. This is a lattice (since it
contains DT and wD™), and it is finitely generated over A[K], because D is finitely
generated over Ay = A[T] (being an A¥-lattice in D) and thus over A[U(Z,)].
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The quotient (DX PY)/(A[K]D™) is finitely generated over A and thus over A[K],
so that D% X P! is indeed finitely generated over A[K]. Now Corollary
shows that D! X P! is in fact a topological A[K]-module, when endowed with its
natural topology as a lattice in an A-Tate module. Since this topology is complete
and first countable (and so completely metrizable), the general theory of finitely
generated modules over Polish topological rings (cf. [EG23, Prop. C.6] as well as
Remark [2.2.10)) shows that the topology on D K P! is its canonical topology as a
finitely generated A[K]-module, which in turn is precisely its a-adic topology (as

was noted in Remark [2.2.10f). [l

4.9. Non-flat base-change. Let A — B be a morphism of Noetherian O/w®-
algebras, and suppose given a projective rank two étale (¢, I')-module D4 over A 4
with determinant (¢~!. As usual, we then write

Dpi=Ds®a, Ap=Ds®4B.
Then by Lemma we have a natural base change morphism
(4.9.1) (D4, RPYH)&4B — DL RPL.

Lemma 4.9.2. The morphism (4.9.1) is an open mapping, whose image is a lattice
in Dg R PL. Its kernel and cokernel are both finite over B, and are both discrete
(with respect to their induced and quotient topologies, respectively).

Proof. By Theorem the source and target of are lattices in Dy X
P!, resp. Dg X P!. By Lemma (4) (together with Remark , the
morphism is thus an open mapping, whose kernel is finite over B and
discrete, and whose image is a lattice in Dg X P'. Thus the cokernel of is a
quotient of lattices, and hence is discrete and B-finite. ([

Our main focus in this section is on base-change results for non-flat morphisms;
in the flat case, we have the following result.

Lemma 4.9.3. If A — B is a flat morphism of Noetherian O /ww®-algebras, and D 4
is an étale (p,T)-module of rank 2 with A-coefficients and determinant (=1, then
(D, RP)&4B = D, K P,

Proof. This follows from Lemma and Theorem O
4.9.4. Base-change in the formal context. Let R — S be a finite morphism of
complete Noetherian local O-algebras, with maximal ideals m and n respectively,
each having finite residue field. Let Dg denote a projective rank 2 formal étale (p, T')-
module with R-coefficients and with determinant (e !, and set Dg := D ®pS =
Dr ®p S. Taking inverse limits of the morphisms (4.9.1) for A = R/m", B = S/n",

and using Lemma to replace a completed tensor product by a tensor product,
we obtain a natural base-change morphism

(4.9.5) (D%, XP'Y@r S — DL R PL
Lemma 4.9.6. The kernel K and cokernel C of (4.9.5)) are finite S-modules.
Proof. Consider the short exact sequence

0— DLNQ, » DLRQ, — D%4/D% —0
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arising from Lemma [£.7.2] Taking the tensor product of this short exact sequence
with S over R, and taking into account Lemma |4.7.15 , we obtain an exact
sequence of B-representations

0 — Torf(D% /D%, S) — (DLRQ,)®rS — (DLERQ,)@rS — (D% /DL)RRS — 0.
Lemma [4.7.15| () shows that (D% K Q,) ®z S — D% X Q,, while Lemma |4.7.16

shows that (D)hR XQ,) ®rS — leg X Q, is surjective. Thus we can rewrite the
preceding exact sequence in the form

(4.9.7) 0 — Torf (D% /D%, S) = (D% R Q,) ©r S — DL R Q, — 0.
Next, the exact sequences of (4.8.12)) give rise to a diagram of B-representations

(w-D¥)@r S — (DLRP) @ S — (DL R Q,) ®r S —— 0

T e

0—>w-D§r—>Dg®P1—>DFS&Qp—>O
Applying the snake lemma, we obtain an exact sequence of B-representations
(4.9.8) ker((w-D¥)@g S — w- D¥) — K — Torf (D% /D%, S)
— coker((w -DF)®rS —w- Dgr) —C —0.

By Lemma 4.7.11|, Dy and D%/DE% are finite R-modules, and D¢" is a finite S-
module. It follows from (4.9.8) that K and C are finite S-modules, as required. [J

We can now exploit the correspondence between formal étale (¢, I')-modules
and Galois representations to say something more precise about I and C. Write
V :=V(Dg), so that Dr — D(V). Lemma shows that

DY =, DY (V) = veb
as R-linear Q) -representations, while Lemma shows that
D% /D% 5 DH(V)/DHV) 5 Vo, @ e
as R-linear Q, -representations. Of course, there are analogous isomorphisms for
Vs =V RgrpS= V(Ds)

Since K and C are finite over S, Lemma [3.6.9] and Remark [£.5:3 show that G acts
on each of them through a direct sum of 3 o det-eigenspaces, where 5 runs over the
characters 3 : Q; — OX with 82 = (e~2. We can then read off 3 as the restriction
of the G-action to the image of the embedding (4.6.1)); in other words, the G-actions
on K and C are entirely determined by their restriction to this image, i.e. by their
structure as Q; -modules.

We can then rewrite the exact sequences of B-representations (4.9.7)) and (4.9.8)

in the form
(4.9.9) 0 — Torf(Vap @ e, 8) = (DL RQ,) @r S — DR Q, =0
and
(4.9.10) ker((w V™) @r S = w- (V®@grS)™) = K — Tor{ (Vapb ® 1, )
— coker((w-V*®) @ S —w - (V&g S)™) = C — 0.
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As an example of how the preceding results can be applied, we establish the
following result, which greatly constrains the circumstances in which X and C can
be non-zero.

Lemma 4.9.11. Write V = V/m, a continuous two dimensional representation
of Gq, over the residue field k == R/m (which is a finite extension of F). Then
the base-change morphism s an isomorphism unless VP X D xw for some
continuous character x : Gq, — k*.

Proof. As already noted, each of I and C is a finite S-module equipped with
a continuous G-action, and admitting (e~! as a central character, so that, by
Lemma G acts on each of them through a direct sum of 8 o det-eigenspaces,
where 3 : QX — O* and % = (™.

Considering and (4.9.10)), we see that any such character 5 must then
contribute to one of V& ®p S, (Vs)2P, or Torf(Va, @ €1, S). Thus the reduction
B: Q, — F* must be a constituent of either VorV®w ! Since detV = (w™!,

while BZ = Cw™2, we find that V>~ —5 B & Bw, proving the lemma. O

4.9.12. Compatibility with completion. If R is a complete local Noetherian O /w®-
algebra with finite residue field (for some a > 1), then in addition to the theory of
formal étale (¢, I')-modules that we have discussed in Section we can also consider
the context of the theory of projective étale (p,I')-modules with R-coefficients, as
developed in the preceding sections. Given a projective étale (¢, I')-module D with
R-coefficients, we may form D= h£1k D/mk D, a projective formal étale (p,T')-
module with R-coefficients. We wish to compare some of the preceding constructions
for D with the analogous constructions for D itself.

Before doing this, we need a brief discussion on topologies. Recall that if L
is a lattice in an R-Tate module, then in addition to its Tate-module topology,
it has a weak topology, as described in Section In particular, D admits a
weak topology, obtained as the inverse limit topology of the quotient topology on
Df /m% D% under the isomorphism Df —» Hm, (D /m% D%) of Lemma On the
other hand, (13)tl = l&nk(D Jm% D) is endowed with the inverse limit topology with
respect to the R/m’-Tate module topology on (D/mkD)".

Recalling that D X Q,, := lim DF, we also define a weak topology on D% X Q,,
as the inverse limit topology arising from the weak topology on each of the terms in
the inverse limit that defines it.

Lemma 4.9.13. Let R be a complete Noetherian local O/w®-algebra with finite
residue field, and let D be a projective étale (p,T')-module with R-coefficients. Then
there are natural topological isomorphisms:

(1) D' = (D),

(2) D'RQ, =5 (D)!KQ,,

(3) D™ = (D)™,
where D' and D" X Q, are endowed with their weak topologies, and D™ (a finite
R-module, by Lemma is endowed with its mp-adic topology. If D furthermore
has rank two and determinant (=, then there is a natural topological isomorphism:

(4) D!FRP! =5 (D) R P!,
where DY X P! is endowed with its weak topology.
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Proof. Throughout the proof we use the fact that completed tensor products
~®pR/mk coincide with usual tensor products — ®g R/mk, = (=) /mk, since R/m}
is finitely presented over R (see Lemma

Write D), = D/m’f%D for k > 1, so that D = yLnk Dy. The natural map
D — D is an injection (because Ap — jAXR is an injection and D is projective).
Lemma (2) shows that for each k& we have a short exact sequence

0 — M, — D*/mk, D% — (Dy)* = 0
(defining M), and Lemma (4) shows that each My, is a finite R/mf-module,
and so is a finite set. Note that all arrows in this exact sequence are continuous for
the R/mk-Tate module topology on (Dj)? and the quotient topology on Df /m% D¥.
Passing to the inverse limit over k, we obtain a continuous surjection Df — (IA))h
Since this map is also obtained by restricting the injection D — lA), it is also an
injection. Since D! is weakly compact, by Lemm and (D)? is Hausdorff, this
map is a topological isomorphism. This proves (|1).
Part [2| follows directly from part . More precisely, we see that

D" R Q, = lim D* > lim(D)* = (D)" ® Q.
P P

We now turn to part (3). Note firstly that each surjection D — Dy restricts
to a morphism D™ — (Dy)™, which, taken together, yield a morphism D™ —
@k(Dk)m. This is in fact an injection, being the restriction of the embedding D —

D. Since (D)™ C (Dy,)*, we furthermore find (using part () that @k(Dk)“r C

D € D. Now ¢ acts bijectively on each (D)™, and thus on @(Dk)nr. Thus in
fact (D)™ = @(Dk)“r C D™ (by the definition of D™"). This gives the opposite
inclusion to the one already proved, and so establishes part .

Finally, we turn to part . By our definition of the functors (-)", (-)f X P!
and (-)* X P! on formal étale (¢,I')-modules (see Definition [4.7.1)), we have a

commutative diagram

w-DY ——— DIKP! —— DIRQ, —— 0

| | l

0 —— w- (D)™ — (D)!RP! —— (D)KQ,.

The first, resp. third vertical arrow is an isomorphism by part , resp. part . The
first, resp. second row is exact by Remark [£.8.9] resp. Lemma[£.6.3] An application
of the snake lemma then shows that the middle arrow is a bijection. Since D! XIP! is
profinite in its weak topology, by Lemma and the middle arrow is continuous
for this topology, it is therefore a topological isomorphism, as desired. (To see this
continuity, it suffices to check that each D! X P! — D,i X P! is weakly continuous;
since this map factors through (D% X P')/m*, it is equivalent to check that it is
strongly continuous; and this is true because it is a restriction of D%? — D?Q.) O

4.9.14. Base-change in the finite type contert. We now turn to the setting of a
morphism of finite type O/w®-algebras A — B, and a projective rank two étale
(p,T)-module D4 over A 4 with determinant (e~!, corresponding to a morphism
Spec A — X. Recall (Definition that we have defined a substack X'(St) of X.
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Corollary 4.9.15. Let A — B be a morphism of finite type O/w®-algebras, and
let D4 be a projective rank two étale (p,I")-module with A-coefficients, with deter-
minant Ce~*. Then the kernel and cokernel of the base-change morphism (4.9.1)

(D, ®P')®4B — D%, K P!
are supported on Spec B x x X (St).

Proof. Extend (as we may) the morphism A — B to a surjection Alzy,...,2,] — B
(for some n > 1). Since A — Alxy,...,x,] is flat, the base-change morphism

(DY, ®PY) RaA[z1,. .. 20] = Dg[m_m X Pl

is an isomorphism (by Lemma )7 and so we see that, in proving the lemma,
we may replace A by Afz1,...,2z,] and D4 by Dapg, .. 2], and hence assume that
the morphism A — B is furthermore surjective (and so, in particular, finite).

Now let IC, resp. C, denote the kernel, resp. cokernel, of . By Lemma
is open, and K and C are each finite over B.

We now study the completions of K and C, in order to reduce to the results in
the formal case considered above. R

Let n be a maximal ideal of B, with preimage m in A. Since A — A, is flat,
Lemma [£.8.4] (3) shows that the base-change morphism

(DY MNP @44y — Dy RP!
is an isomorphism. Similarly,
(D ®P!)@pB, — DE P!

is an isomorphism. Thus, tensoring (4.9.1) with B, over B, we obtain an exact
sequence that can be rewritten as

0— Ko — (D} KP)®; By — Dy HP' —Co— 0.

(Recall that if M is a finite B-module with the discrete topology, then M & Bén =
M ®p En = Z/W\n) Taking into account the isomorphism of Lemma (14), we
may further replace Dz and Dp by their formal completions, obtaining the exact
sequence

0— Ko — (f)iT &Pl)@)gmﬁn%ﬁ%“ XP! = C, = 0.

m

By Lemma [L.1.16] we can rewrite this as
0= Ky — (ﬁ%m ®P1)®Em B, —>ﬁ%" XP! = C, — 0.
The result is now immediate from Lemma 9. 111 O

4.10. Some explicit base-change computations. In this section we investigate
two particular instances of the base-change we studied in Section [£.9.4] In light of
Lemma [4.9.11] the interesting cases are those when D := D(V), for V a free rank 2
module over the complete Noetherian local ring R equipped with a continuous action
of Gq,, such that furthermore V™ is a twist of w ® 1. We will be primarily focused
on the case when V is in fact already semisimple, and so (up to a twist) isomorphic
to w @ 1; thus we begin with some considerations related to the corresponding versal
deformation.
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Throughout this section we let # = w1, and we will denote the versal deformation
ring Rger from Definition @, resp. the versal object Vg"er, by R, resp. V. Then V
is a versal deformation of w @ 1 with fixed determinant e, and R is equal to the
m-adic completion of the ring S introduced in Section where m is the maximal
ideal of S corresponding to the closed point of A% given by the representation
w @ 1; namely m = (ag,a1,bo,b1,¢). Thus R = Olag, a1, bo, b1, c]/(apbs + a1by)
(and the character ¢ is implicitly fixed to be €2, so that det(V) = (e71). The
natural map Rgs — R from the pseudodeformation ring is injective with image
RE® = Olag, a1, boc, bic]/(agbic + aiboc). Furthermore, V 2 R®? endowed with
a certain Gq,-action, which can be written down essentially explicitly, see for
example [HT15| Section 3], [JNW24, Section 3.4] or [Pasl3, Appendix B], but we
won’t need that here. Rather, we use the fact (see for a discussion) that
O[Gq,] acts on V' through its quotient Rg, and that the action map Rg — M3 (R)
is injective with image

RP*  RP’by+ R,

(e "),

4.10.1. Computing abelian subrepresentations and quotients. Our key tool for study-
ing base-change problems involving V' and its various specializations will be the
exact sequence . In order to use it, we will need to compute V" and Vyy,
(and the analogous objects for the specializations of V). A convenient way to do
this is in terms of the “abelianization” of Eg, i.e. its maximal commutative quotient.
One easily verifies that this quotient is equal to

Rgs/(boc, blc) 0
0 Rgs/(boc, blc) ’

which is the quotient of Eg by its ideal

g (boc, 310) RE°bo + REb
Rc (boc, bic)

Thus, if S is any quotient of R, and Vg := V ®r S = S92 is the corresponding
Gq,-representation, then we see that

(4.10.2) (Vs)* = Vg[J] = S[c] @ S[(bo,b1)] € S® S,
while
(4.10.3) (VS>ab = Vs/JVS = S/(bo, b1)S @ S/CS.

Since V/mV = w @ 1, we see that Gq, acts on the first summand of (Vg)ap, through
a deformation of w, and on the second summand through a deformation of 1.
Since Gq, acts on both summands through its abelianization, we can regard these
as representations of Q.

For example, if we apply the above discussion to the case of V itself (i.e. we take
S = R), we obtain the following result.

Lemma 4.10.4.
(1) V&b =0.
(2) Vab = R/(bo,b1) ® R/(c), with Q) acting on the first summand via a
deformation of w, and on the second summand via a deformation of 1.
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Proof. The first claim follows from (4.10.2) and the fact that R is an integral domain,
so that R[c] = R[(by,b1)] = 0. (Alternatively, it also follows from Lemma [4.7.12])
The second claim follows immediately from (4.10.3)). O

If I denotes an ideal in the versal ring R, and if we write D = D(V) and
D’ :=D(V/IV), then we can study the base-change morphism

(4.10.5) (DR PYY ®r R/I - D" R PL

If we let K and C denote the kernel and cokernel respectively of this morphism,
then (since, as already noted in Lemma [4.10.4{ above, we have V> = 0), we deduce
from (4.9.10), together with (4.10.2)) and (4.10.3), that IC and C admit the alternate
descriptions as the kernel and cokernel of a morphism

(4.10.6) Torl'(V/JV @ e~ R/I) — w- (V/IV)[J];

in particular they are finite R/I-modules.
More generally, choose a descending sequence of ideals I,, C I, write

D, =D(V/L,V)=D(V)®r R/I,,
and let /C,, and C,, denote the kernel and cokernel of the base-change morphism

(4.10.7) (D} ®P') ®py, R/I — D"RP.

Then {K,, }»>1 and {C,, },,>1 are projective systems of finitely generated R/I-modules.
There are evident morphisms K — lim K, and C — @1” Cy, which are easily seen
to be isomorphisms. In the following lemma we make the stronger observation that,
under a natural assumption on I,,, these in fact are isomorphisms in the category
ProMod®®(R/T).

Lemma 4.10.8. Maintain the notation of the previous paragraph, and assume
further that the ideals I, are cofinal with the powers of I,. Then the natural maps
induce isomorphisms K — lim,, K, and C — lim,, C,, in Pro Modfg(R/I). In
particular, both lim,, IC,, and lim,, C,,, which a priori are objects of Pro Modfg(R/I),
are in fact isomorphic to objects of Mod™®(R/I).

Proof. Since the pro-objects K, and C, arising from I, and I]" are isomorphic,
we can assume without loss of generality that I,, = I7". Just as in the preceding
discussion, we then apply ([4.9.10), together with (4.10.2) and (4.10.3), to deduce
that the KC,, and C,, fit into the projective system of exact sequences

w- ker(((V/I{LV)[J]) @y R/T— (V/IV)[J]) = K

= Tor?/H (((V/II"V)/J(V/I?V)) ® e—l,R/I)

Sw- coker(((V/I{LV)[J]) @r/ip RJT — (V/IV)[J]) —Cp — 0.

If we regard this projective system of exact sequences as giving an exact sequence in
the category Pro Mod'™® (R/I), then the Artin—Rees lemma shows that it is isomorphic
in that category to the exact sequence
(4.10.9)
w-ker((V[J]) @r R/I — (V/IV)[J]) — lim, K,, — Tor{' ((V/JV) @, R/I)
— w - coker ((V[J]) @g R/T — (V/IV)[J]) — lim,, C, — 0.
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(More precisely, we are using the fact that the functor
Mod®(R) — Pro Mod™ (R), M ~ lim,, M /I M

is fully faithful and exact, which is a standard consequence of the Artin—Rees lemma.)
As already noted in Lemma [4.10.4] above, we have V&> = V[J] = 0, so that m
simplifies to

0 — lim, K,, — Tor{(V/JV)®e ', R/I) = w - (V/IV)[J] — lim, C, — 0.

Since the inner two terms are in fact objects of Mod'8(R/I), the same is true of
the outer two terms, as claimed. Furthermore, taking into account the description
of K and C as the kernel and cokernel of (and the evident naturality of the
formation of (4.9.10)), we obtain the claimed isomorphisms. O

In the remainder of this section we consider the “extreme case” of base-change
along R — R/mpr — F. Thus, again writing D := D(V'), and also writing
D=D{V)=Dw®1),
we will study the base-change morphism
(4.10.10) (D"RPY) @r F - D' KPL.
Lemma 4.10.11. Let 7, := Indg(w ®@w™1). Then we have an isomorphism
D'RP! 1Y @ (1g — St),
where (1g — St)Y is the Pontrjagin dual to the unique non-split extension of St
by 1G'
Proof. This follows from [Col10c, Section VII.4.7], where it is shown that
D(1)*XP! = (14 — St)Y
and
D(w)*XP! = 7Y,
(Note that, since we have ¢ = &2 in this subsection, our symbol X coincides with

the X of loc. cit.) O

As usual, we denote the kernel and cokernel of (4.10.10) respectively by K and C.
Taking Lemma [4.10.4] into account, we see that the exact sequence (4.9.10]) of
B-representations associated to the base-change morphism (4.10.10) may be written
as

(410.12) 0—-K—- (121D (w'ew) - (121)® (w '®w) = C —0.

(Here we have used the fact that the F-dimension of Torf(R/I, F) is equal to the
minimal number of generators of I, for any ideal I C R.)

Since, by Lemma the G-action on each of I and C (and hence also the
B-action) has to be a direct sum of representations of the form o det, we see that
in fact either

K-—~1% and C=0
or
K- (5% and € =5 10
We write 1), here, rather than 1 as in , to emphasize the fact that here we
regard K and C as G-representations, as opposed to Gq,-representations; in other
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words, since K and C are the kernel and cokernel of , which is a morphism
in &, we consider them as objects of &5.

Since ExtY(1g,m,) = 0 by [Pas13, (165)], we deduce from Lemma
together with the preceding computations of I and C that

(4.10.13) (DRPY@rF - nl @ EY,

where E is either a three-step extension of the form (1g — St — 1¢) or else an
extension of the form (St — 1%?), depending on which of the two possibilities for
the structure of K and C holds.

We will show that in fact the second case is the one that holds, and, furthermore,
that E is the universal extension F(St) of 1¢ by St. We will do this by finding
certain O-specializations V' of V such that the induced map (D* X P!) @z F —
(D(V')ERP') ®¢ F is surjective, and such that the target is a successive extension
of Y/ by St¥ by 1%, the latter extension having been arbitrarily chosen in advance.

4.10.14. Construction of specializations. Let T # 0 € Homz(Q,;, F), and let 7+ be
its orthogonal line in H'(Gq,,F(w)) under local Tate duality. We write p, for the
non-split extension

0—-w—=p,—1—=0

corresponding to 7+, and we choose a lift p, : Gq, — GL2(0) of p, with determi-
nant ¢ such that p,[1/p] is absolutely irreducible. To construct this lift, we may need
to replace F with a finite extension; since we ultimately need to construct such lifts
just for the two members of some chosen F-basis of Homz(Q,', F), we make such a
replacement once and for all. The existence of the lift is then a very special case
of [BIP23al Prop. 1.12], but it is easily seen to exist by a direct argument; indeed p..
is unobstructed, so the corresponding universal deformation ring is formally smooth,
and the reducible locus is formally smooth of codimension 1. We write D, == D(p,)
and D, :==D(p,).

Lemma 4.10.15. The natural map (D2 XP)@p F — ﬁi X P! is an isomorphism.

Proof. This follows by a consideration of (4.9.10) (with the map of local rings
taken to be O — F). Indeed, taking into account Lemma [4.7.12] and noting that
(pr)ab @0 F — (P, )ap — 1, we see that this sequence simplifies to

05 K—>w'lowow'low—C—0,

from which (recalling, as always, that the action of G on K and C has to be via
representations of the form o det) we see that K = C = 0, as required. (]

Recall from [Col10c, Prop. VII.4.27] (and the discussion preceding the statement
of that result) that we have a short exact sequence

0= (1g — 1)’ —» DERPL - St¥ 0,

where (1g — 74 )Y denotes the dual to unique non-split extension of m, by 1g.
Indeed, in the notation of loc. cit. , we have D; = D(w) and Dy = D(1), D KP! =
(1g — 7o)V, and (DR PY)y = StV. Write

(4.10.16) EY = (D' ®PY)/x,
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so that EY is an extension of St by 1Y, dual to an extension E, of 1¢ by St.
By [Coll0c, Thm. VII.4.18, Prop. VIL.4.27|, the map E, — 7 is an F-linear
isomorphism

(4.10.17) Ext}(1g,St) = Homz(Q),F).

Of course, the representations p, are not specializations of our versal representa-
tion V, since they have the wrong residual representations. However, after enlarging

E if necessary (e.g. replacing E by E(w'/?) suffices), we may find a Gq,-invariant
lattice pss C pr with reduction equal to w & 1, and such that

(4.10.18) wpss C wpr C pss C pr.
Lemma 4.10.19. There is an isomorphism
(D(pss) ®PY) @0 F =5 7 @ EY.
Proof. We apply to the base-change of D(ps) X P! along the surjection

O — F. Taking into account Lemma [4.7.12] and the fact that (pss)ap QU F =w® 1,
we see that this sequence simplifies to

0-K—=(19)dwWw'leow 1916w leow) —C—0.

Thus either K =C =0, or K = C = 1}. If we also take into account Lemma [4.10.11]
we conclude that, correspondingly, either

(D(pss) RPYHY @0 F = 7Y @ (1¢ — St)Y,
or else that
(D(pss) RPH @0 F =5 7 @ (St — 1¢)",

for some extension (St — 1) of 1¢ by St.
To conclude the proof, it therefore suffices to show that there is an embedding

EY < (D(pss) ®P') @0 F.

To this end, observe first that the functor D — D% X P! preserves injections: in
fact, inspecting Definition we see that there are natural injections Df X Pt —
DXP! - D92 and D — D%? is exact.

We thus see that Df X P! is w-torsion free, and applying (-) X P! to ,
we obtain a chain of inclusions

w(Di,KPY) Cc w(DKP!) c DI, KP! c DI KP!,
from which we deduce that (D% X P!) ®o F has a submodule isomorphic to
coker (D, ®P') ®o F — (DI R P') ®0 F).

It therefore suffices to prove that this cokernel is isomorphic to EY. By Lemma[4.10.15
and (4.10.16) (i.e. by the definition of E.), it suffices to prove that

image((D% M PY) @0 F — (DR PY) 0o F 5 D! RPL) = 7.
We have a commutative diagram
(D, RPHY®oF —— (DEIXP!)®p F

D ®P' — , D'®P!
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where the lower horizontal arrow is induced by a non-zero map w ® 1 — p,., and so
has image D(w)? X P! = 7. This concludes the proof, since the cokernel C of the
left vertical arrow is finite-dimensional. O

Definition 4.10.20. Recall that dimp Ext'(15,St) = 2 (e.g. by |[Pa3l13, Sec-
tion 10.1], or above). The universal extension E(St) is defined to be the
pushout along St of any two linearly independent extensions of 1¢ by St. Alterna-
tively, we may describe E(St) as the preimage in injg(g/z(St) of the 1g-isotypic
component of the first layer of the socle filtration. It sits in a short exact sequence

0 — St — E(St) — 15% — 0.
Thus its Pontrjagin dual sits in a short exact sequence
0— (15)%% = E(St)Y — St¥ — 0.
Theorem 4.10.21. We have an isomorphism
(D"RPYHY@rF =1’ E(St)".

Proof. Let pss be one of the lattices considered in Lemma [£.10.19] Then pg is
obtained by base-changing V' along some (O-algebra morphism R — O. Considering
the exact sequence for this base-change, and again taking into account
Lemma (which applies to both V' and ps;), we deduce that the induced map

DXRP' = D(ps) X P!
is surjective. Consequently
(DHPY)@rF — (D(pss) XP') @0 F

is also surjective. Lemma [£.10.19] shows that the target has a direct summand
isomorphic to EY. Considering , we deduce that the direct summand EY
of the source surjects onto EY. Letting 7 range over a pair of basis vectors of
Homgz(Q,',F), we find that in fact EY appearing in must be the dual to
the universal extension F(St), as required. O

In fact, in the sequel, our application of Theorem [£.10.21] will be via the following
corollary, which does not use its full strength, but only its particular consequence

(4.10.22) Home, (D' ®P') @5 F, 1) =0.

Corollary 4.10.23. Suppose thatigs : Spf S — Xy is a versal morphism at the closed
point of Xz, where S is a complete local Noetherian O-algebra with finite residue
field. Write Dg for the corresponding formal étale (p,I')-module with S-coefficients
(i.e. Dg = D(?ng)). Then Dg X P! has no €5-quotients of O-finite length.

Proof. Without loss of generality (cf. [Stacks, Tag 06T5|) we can and do suppose
that S = R[x1,...,2,] is a power series ring over R, where R is the versal ring
considered above. If

Home, (D% K P!, 1Y) # 0,
then there exists k£ > 0 such that

Hom%((D?g R P') @s S/ms, 15) # 0.
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(This is because Dg X P! is a profinite S-module, hence has the mg-adic topology by
Lemma |A.1.32 , and we are working with continuous homomorphisms.) Filtering
S by powers of the maximal ideal, we deduce that

(4.10.24) Home, (D% B P') @5 F,1%) #0.

Writing S, = (R/m%)[z1,...,2z.]/(x1,...,2,)", we have S = im Sy, and by
definition

Dy®P' =lim D§ WP,
Applying part (3) of Lemma to the finite free morphism R/m% — S, and
using Lemma [4.1.16| to replace ® with ®, we find that

D{RP! =1im(D},,.. BP') @y, Sn-
n
Since F is finitely presented over R and S, and cofiltered limits are exact in €z, we
conclude that
(DFRP) @5 F = im((D}y )y IP') @pymy, S @5 F) = (DR PY) @5 F.

n

Then (4.10.24) contradicts (4.10.22)), and we are done. [

5. THE FUNCTOR

We now construct our functor F : D?p(A) — Db

b w(X), and prove our main
theorem, i.e. that F is fully faithful.

5.1. The definition of the functor. In this section we construct the pro-coherent
sheaf Lo, of O[G]¢-modules over X, and use it to define our functor F.

5.1.1. Interpreting linearly topological modules as pro-coherent sheaves. We begin
by explaining a general procedure that converts certain topological modules into
pro-coherent sheaves. We have the following (slightly ad hoc) definition.

Definition 5.1.2. Let A be a Noetherian ring endowed with the discrete topology.
We say that a linearly topological A-module M is pro-coherent if M is complete, and
if for any open A-submodule U of M, the quotient M /U is finitely generated over A.
(Of course, it suffices to check this condition for U running over a neighbourhood
basis of 0.) Note that the natural morphism M — lim, M /U (the projective limit
being taken over all open submodules of M, where each quotient is endowed with
its discrete topology) is then a topological isomorphism.

Remark 5.1.3. Any lattice in an A-Tate module is pro-coherent when equipped with
its induced topology.

For any finitely generated A-module N, we write N to denote the coherent sheaf
obtained by localizing N over Spec A.

Definition 5.1.4. If M is a pro-coherent linearly topological A-module, then we

write M = limgy ]\/f/T] , regarded as a pro-coherent sheaf on Spec A, i.e. an object of
Pro Coh(Spec A).

Remark 5.1.5. Any finitely generated A-module may be regarded as a pro-coherent
A-module by _endowing it with the discrete topology; in this case the two possible
meanings of N evidently coincide.
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Remark 5.1.6. If A is a finite type O/w*-algebra, and M is a finitely presented
A[K]-module, the canonical completely metrizable topology on M coincides with
its a-adic topology, and so it is pro-coherent. The functor Modfp(A[[K]})

Pro Coh(Spec A), M +— M is isomorphic to M — lim,, M/a"M, and so it is ex-

act, by Lemma [2.2.7] “ ).

Remark 5.1.7. Not every pro-coherent sheaf lim; F; on Spec A need be of the form M
for some pro-coherent linearly topological A-module, even if the transition morphisms
Fi — Fi are surjective. Indeed, if we let M := lim F;(A), then the morphisms
M — F;(A) need not be surjective (see e.g. |Stacks| |Tag 0ANX]).

On the other hand, if the indexing set I is countable and the transition morphisms
are surjective, then M is indeed a pro-coherent module, and the natural morphism
M — lim; F; is an isomorphism.

The following lemma shows that the formation of M gives rise to a fully faithful
functor with certain natural exactness properties.

Lemma 5.1.8. The formation ofM induces a fully faithful A-linear functor from
the A-linear additive category of pro-coherent linearly topological A-modules (whose

morphisms are continuous A-linear morphisms) to the A-linear abelian category
Pro Coh(Spec A). Furthermore:

(1) If f : M — N is a topological embedding of pro-coherent linearly topological
A-modules, then the induced morphism M — Nisa monomorphism.

(2) If f : M — N is a continuous, open, and surjective morphism of pro-
coherent linearly topological A-modules, then the induced morphism M — N
is an epimorphism.

Proof. Let M and N be two pro-coherent linearly topological A-modules. Then

Hom$™ (M, N) L m Hom ™ (M, N/V)
—> L%l h%l’l Homy (M/U7 N/V) ; 1%1 1% HomCoh(Spec A) (M/Uv N/V)

where U (resp. V) runs over the open submodules of M (resp, N): the first
isomorphism follows from the isomorphism N — @V N/V, the second follows from
the fact that N/V is discrete, so that any continuous morphism M — N/V factors
through M /U for some open submodule U of M, and the third follows from the fact
that localization induces an equivalence of categories Mod™(A) — Coh(Spec A).
The right-most expression in this sequence of isomorphisms is precisely equal to
Homp,, Coh(Spec A)(M N ); thus we do indeed obtain a fully faithful functor.

If M < N is a topological embedding, then as V' runs over the open submodules
of N, the intersections M NV run through a neighborhood basis at 0 consisting of
open submodules of M. Thus the induced morphism M — N arises as the formal
inverse limit of the inverse system of injections M /(M NV) < N/V. This proves (1).

If M — N is continuous, open, and surjective, then every open submodule of NV
is the image U of an open submodule U of M. In this case the induced morphism

M — N corresponds to the formal inverse limit of the inverse system of surjections
M/U — N/U, proving (2). O
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In the next lemma, if f : Spec B — Spec A is a morphism of affine schemes,
then we continue to write f* for the Pro-extension of the usual pullback f* :
Coh(Spec A) — Coh(Spec B).

Lemma 5.1.9. Suppose that M is a pro-coherent and first countable linearly
topological module over the Noetherian ring A. If B is a Noetherian A-algebra, and
f : Spec B — Spec A is the corresponding morphism of schemes, then f*]T/.f =
(M &aB)~.

Proof. Let {U, },>0 be a cofinal sequence of open submodules of M, which exists by
virtue of our assumption that M is first countable. Then M ® 4B = 1£1n(M JUn)®a
B by ; to ease notation, let N denote this (first countable, pro-coherent)
linearly topological B-module. Since the transition morphisms (M /U,,4+1) ® 4 B —
(M/U,) ® 4 B are surjective, we see that each of the canonical morphisms N —
(M/U,) ®4 B is surjective, and that if we let V;, denote the kernel of this morphism,
then V,, forms a cofinal sequence of open submodules of V.

Now M = lim,, .7\7/\U/n7 so that

F*M = lim,, f*M/U, = lim, (M/U,) ®4 B) — lim,, N/V, = N,
as claimed. 0O

If L is a lattice in a Tate module over a complete Noetherian local O-algebra,
then L is equipped not only with its Tate-module topology, but also with its weak
topology, as defined in Section We let LY denote L equipped with its weak
topology; this is again a pro-coherent topology on L, and the aim of the following
lemma is to give a description of the associated pro-coherent sheaf.

Lemma 5.1.10. Let S be a complete Noetherian local O-algebra, and let L be
a lattice in a Tate S-module. Then, under the identification ProMod™®(S) —
Pro Coh(Spec S), L* is an object of ProMod™"(S) < ProMod™®(S), and it is

isomorphic to the image of L under the map
Pro Mod'™(S) — ProMod"" ()
induced by (A.1.36) and (A.1.37).

Proof. By Lemma L™ is an object of Mod,.(S), and so every open S-submodule
of L has cofinite S-length. By definition, this shows that L* € ProMod'" (9).
This proves the first claim.

For the second claim, choose a neighborhood basis of the origin U; C L consisting
of open submodules such that L/U; is S-finite, for all i. Then, by definition, Le
Pro Mod™(S) is lim; L/U;, and so its image in ProMod™"(S) is lim, ,, L/(U;, m™L).
Since (U;, m™L) forms a basis of the weak topology on L, we see that Lwis isomorphic
to the image of L in ProMod®" (9). O

5.1.11. Interpreting D* X P! as a pro-coherent sheaf. Suppose now that A is a
Noetherian O/w®-algebra for some a > 1, and that D is an étale (¢,I')-module
of rank 2 with A-coefficients and determinant (¢~!. Then we have seen (in Theo-
rem that D X P! is an O[G]-stable lattice in D X P!. In particular, it is
pro-coherent as i@ological A-module, and so we may form the associated pro-

coherent sheaf D X PL. Since O[G] acts on D* KP! by continuous endomorphisms
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(by Corollary 4.5.16]), we obtain an induced action of O[G] on D ¥ P1, making it
a left O[G]-module object in Pro Coh(Spec A).

—_——

We intend to apply the construction of D% X P! to the universal case, i.e. over X.
Since & is only a formal algebraic stack, rather than a scheme, we will do this via
descent. We first describe the construction over algebraic stacks, before moving to
the case of the formal algebraic stack X.

5.1.12. Descent for algebraic stacks. Suppose given a Noetherian algebraic O/w®-
stack Z (for some a > 1) with affine diagonal, equipped with a morphism Z — X.
Pulling back the universal rank 2 étale (¢, I')-module on X to Z gives rise to a rank 2
étale (o, I')-module Dz on Z, and we wish to construct the associated pro-coherent

sheaf of O[G]-modules th X P! on Z.

Let Spec A — Z be a flat surjection of finite presentation from the spectrum
of a Noetherian O/w®-algebra. Write R := Spec A Xz Spec A. Then R is an
affine scheme with the structure of an fppf groupoid over Spec A. The morphism
Z — X then corresponds to a rank 2 étale (¢, ')-module D with A-coefficients and
determinant (e ~!, endowed with descent data with respect to R. Concretely, if we
let s,t: R = Spec A denote the two projections, and if we let s* D, respectively t* D,
denote the base-changes of D, computed with respect to the corresponding (flat)
morphisms A = B (where we write R = Spec B), then we have an isomorphism
s*D =5 t*D of étale (¢,I')-modules over B, satisfying an appropriate cocycle
condition.

Lemma then shows that D X P! is again equipped with descent data with
respect to R, and Lemma shows that these descent data restrict to descent
data on the O[G]-stable sublattice D*XP!. (We will write that D*XIP! is preserved
by the descent data.) These descent data are necessarily G-equivariant, since the
G-action on D! P! is computed in terms of the (¢, T')-module structure on D, and
the descent data on D X P! are induced by descent data of (¢, T')-modules on D.
Since O[K] is dense in O[K], and acts continuously on D X P!, we find that the
descent data are furthermore O[K]-equivariant, and hence also O[G]-equivariant.

Lemma 5.1.13. In the context of the preceding paragraph, there exists a neighbor-
hood basis M, C D* X P of the origin consisting of A[K]-stable lattices that are
preserved by the descent data.

Proof. Assume first that there is a neighborhood basis 91,, of the origin consisting of
lattices that are preserved by the descent data. Since D% X P! is finitely generated
over A[K], and the action of A[K] is continuous, for all n there exists ¢ such that
0N, is an A[K;]-module. Hence the (finite) intersection M;, = (¢ 9(My) is an
A[K]-stable lattice, and it is preserved by the descent data, since these data are
O[K]-equivariant. Thus 9, is the required neighborhood basis.

There remains to construct a neighborhood basis 91,, of the origin consisting of
R-equivariant lattices. Since D!KP? is an R-equivariant lattice in DXP!, it suffices
to do this for D X P!. By Lemma we have an isomorphism of R-equivariant
Tate A-modules

DXP' = Do (DKXpZ,),

and D X pZ, is a direct summand of D. So it suffices to construct a neighborhood
basis of the origin 9/, C D such that each 91/, is preserved by the descent data. We
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can achieve this by setting DM, := T"- D*; these are lattices in D, by Corollary -
and they are preserved by the descent data by Lemma [£.3.12]

Lemma [5.1.13| shows that the descent data on D X P! preserve a neighbourhood

basis of the origin, and hence the associated pro-coherent sheaf D X P! may again
be equipped with descent data, and so descends to a pro-coherent sheaf on Z, which

we will denote by DhZ X PL. Concretely, if we choose a basis 0, as in Lemma|[5.1.13
and define X,, := (D¥ X P1)/9M,,, then we have an isomorphism

(5.1.14) DR P! 5 lim, X,,,

where each X,, is a coherent sheaf with O[K]J-action (i.e. a left O[K]-module in
Coh(Spec A)) and descent data to Z. Note that X,, is a smooth representation
of O[K], and so the O[K]-action on X,, factors through O[K]/a® for some i,
since X, is finitely generated over A. In other words, using terminology from
Remark X,, is an a-power torsion O[KJ-module in Coh(Spec A).

The right-hand side of descends to a pro-system of a-power torsion
O[K]-modules F,, in Coh(Z), and so

—_~—

(5.1.15) DL ®P! = lim, F,

acquires the structure of an O[K]-module in Pro Coh(Z). Since the descent data on
DERP! are also O[G]-equivariant (as we noted above), this O[K]-module structure

on th X P! extends to an O[G]-module structure.

Remark 5.1.16. One easily verifies that the pro-coherent sheaf of O[G]-modules

th X P! is canonically independent of the choice of presentation of Z of the
form [Spec A/R]. Indeed, any two such presentations may be dominated by a third,
and by Lemma , if Spec A’ — Spec A — Z are fppf morphisms, giving rise
to rank 2 étale (¢, T')-modules D and D’ over A and A’ respectively, then D! X P!
is obtained from (D’)f X P! via descent along the first arrow. This implies the
analogous fact for the corresponding pair of pro-coherent sheaves of O[G]-modules

(D"t X P! and D" X P!, and hence the pro-coherent sheaves of O[G]-modules on Z
obtained by descending each of these are canonically isomorphic, as required.

The next lemma describes the base-change properties of th X Pl

Lemma 5.1.17. Let Z be a Noetherian algebraic stack over O/w®, with affine
diagonal, and equipped with a morphism Z — X, inducing the pro-coherent sheaf of

O[G]-modules th X P! on Z, as above. Further, let f : W — Z be a morphism of
Noetherian algebraic stacks, giving rise to the composite morphism W — Z — X,

and hence similarly inducing a pro-coherent sheaf of O[G]-modules D?/v X P! on W.
Then there is a base-change morphism of pro-coherent sheaves of O[G]-modules

—~—

f*(DL ®PL) — D} RPL,

whose kernel and cokernel are coherent sheaves on W, and which is furthermore an
isomorphism if f is flat.
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If Z and W are furthermore of finite type over O/w® (for some a > 1), then
the kernel and cokernel of the base-change morphism are set-theoretically supported
on W x x X(St).

Proof. We may find a commutative diagram

Spec B SEL AN Spec A
I
W—2Z2
in which the vertical arrows are fppf surjections, and then use these vertical arrows

to construct each of th X P! and D?/v X P! via descent from the corresponding

pro-coherent sheaves Di‘ X P! and D?B X P! (using evident notation).
Lemmas and [£:8:2] then yield a canonical morphism

P e N o

g* (D, X P!) » DL K P!,

which, by Lemma , is even an isomorphism if f is flat (since then the
morphism g : Spec B — Spec A is also flat). This morphism is compatible with the
descent data, and so induces the desired morphism

/(DL RPL) - DI K PL
The claim about its kernel and cokernel can be checked after pulling back to Spec B

(i.e. after “undoing” the descent), where it follows from Lemma [£.9.2] The final
claim in the finite type case similarly follows from Corollary [4.9.15 O

5.1.18. Descent for X. We now wish to define the pro-coherent sheaf of O[G]-

modules Dg( X P! associated to the universal étale (¢, I')-module Dy on the formal
algebraic stack X.

To this end, write X —= colim X, as a colimit of algebraic stacks under thicken-
ings; let i, : X, — A),4+1 denote the nth transition morphism, and let &k, : X, = &
be the closed immersion. By Lemma we have pro-coherent sheaves of

O[G]-modules ngn X P!, endowed with O[G]-equivariant morphisms

D%, WP =i, (Df XP)

(obtained by applying the adjunction between ¢} and i, . to the base-change mor-
phisms of Lemma [5.1.17)), which we may push forward to X so as to obtain O[G]-
equivariant morphisms

k1,4 (Dy, | BPY) = kg1 win (D, KPY) =k, (D, KP).
We thus obtain a projective system (kn,*(Din X Pl)) of pro-coherent sheaves of
O[G]-modules on X, and we define

—_~— —_~—

5.1.19 D% P! = lim, k, .(D% RP?),
X ) Xn

the inverse limit being formed in the category Pro Coh(X). It has the structure of a
left O[G]-module in Pro Coh(&X). Since any two descriptions of X" as a colimit of
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closed algebraic substacks are mutually cofinal, it is well-defined independently of
the choice of such a description used in its construction.

Remark 5.1.20. If we combine ([5.1.19)) and ([5.1.15)), we find that there is a countable
sequence F,, of a-power torsion O[K]-modules in Coh(X), and an O[K]-linear
isomorphism

—_~—

(5.1.21) D% ®P! 5 lim, F,
in Pro Coh(X).

Our next results describe some of the base-change properties of DuX X Pl We
first consider its behaviour with respect to versal rings. In the statement of the next
lemma, we make use of the completed pullback functor ¢ from Section [B.3.16

Lemma 5.1.22. Let Z — X be a morphism of finite type with Z an algebraic stack
with affine diagonal. Let S be a complete local Noetherian O-algebra with finite
residue field, and let i, : Spf S — Z be a versal morphism at a finite type point x
of |Z|, corresponding to a formal étale (¢,T")-module Ds with coefficients in S.

Then i, (th X P'), which is an object of Pro Coh(Spf S) = Mod.(S), is naturally
isomorphic to ﬁbs X P!, as defined in Section .

Proof. Since Z is algebraic, i, is the mg-adic completion of a morphism i, : Spec.S —
Z, i.c. the formal étale (p,T)-module Dg is the mg-adic completion of an étale
(¢, T)-module with coefficients in S, which we denote by Dg. By Lemma ?;‘3
is the composite

Pro Coh(Z) 25 ProMod™(5) Mod,(S)

where the first map is the Pro-extension of the usual coherent pullback i} : Coh(Z) —
ModP(S). Since Z is of finite type over ©/w® for some a, we see from [Stacks,
Tag 0DR2| that i, is flat. Hence Lemma [5.1.17 shows that

it (DL ®P) = (DR PL).

Applying Lemma [5.1.10] we conclude that

—_~—

7t (DL RPY) = (DL RPHY € Mod.(S),

where the right-hand side is endowed with its weak topology. By Lemma [4.9.13 ,
we conclude that

(DL RPL) = DY R P,
as desired. O

Lemma 5.1.23. Let S be a complete local Noetherian O-algebra with finite residue
field, and let i, : SpfS — X be a versal morphi/s\m at a finite type point x of
|X|, corresponding to a formal étale (o, T")-module Dg with coefficients in S. Then
i (Dg( X P1), which is an object of ProCoh(SpfS) = Mod,(S), is naturally iso-
morphic to ﬁhs X P, as defined in Section .
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Proof. Fix a presentation X = colim, X,, as a colimit of algebraic stacks under
thickenings, and let SpfS,, := Spf S xy A}, so that Spf S = colim,, Spf S,,. Let
in : Spf S, — X, be the morphism induced by i,, which is versal to X, at z. By
Lemma [B.3.9 we have

75 (D% R PY) = lim, i}, (D%, KP?),
the limit being taken in Mod.(S). By Lemma[5.1.22] we have natural isomorphisms

(5.1.24) in (D% XP!) =D} KP.
Applying lim,, to (5.1.24) concludes the proof. (I

We now consider the base-change properties of DE( X P! with respect to finite
type morphisms of algebraic stacks into X

Remark 5.1.25. In anticipation of the statement of Lemma we recall the
stack X(St) from Definition and we note that if ) — X is a finite type
morphism whose domain is an algebraic stack, then Y x y X'(St) is a formal algebraic
substack of ), equal to the completion of ) along its closed algebraic substack
Y X x X(St)rea. Thus Coh(Y x» X(St)) embeds as a full subcategory of Coh(Y),
with essential image equal to the full subcategory of Coh()) consisting of sheaves
set-theoretically supported on Y X x X(St)red. Consequently, Pro Coh() x » X(St))
embeds as a full subcategory of Pro Coh(Y).

Lemma 5.1.26. Let f : Y — X be a finite type morphism whose domain is an
algebraic stack with affine diagonal (so that Y is necessarily of finite type over O /w®
for some a > 1), and let Dy denote the pullback to Y of the universal (p,T')-module
over X. Then there is a base-change morphism

f*(D% ®P1) — D}, K P!
(where f* denotes the pullback functor on pro-coherent sheaves of Remark
of O[G]-module objects in ProCoh(Y), whose kernel and cokernel, which a pri-
ori are O[G]-module objects of ProCoh()), are in fact O[G]-module objects of
Pro Coh(y X x X(St)).
If f is furthermore a closed immersion, then this kernel and cokernel are in fact
objects of Coh(Y xx X(St)).

Proof. As in the discussion at the beginning of Section [5.1.18 write X as a colimit
of thickenings of closed algebraic substacks k,, : X,, — X, so that X := colim &,.
Since ) is an algebraic stack, and the morphism f is of finite type, we see that f
factors through X, for n sufficiently large, and so relabelling the &, if necessary,
we may assume that f factors through a morphism f, : YV — &), for each n.

From (5.1.19)) we obtain isomorphisms

(5.1.27) DY RP! lim, f k(DY RPY) 5 lim, f(Df, KP1).

(To see the first isomorphism, recall that f* is defined to be the pro-extension of
pullback on coherent sheaves, and so commutes with arbitrary cofiltered limits; the
second isomorphism holds simply because f = k, o f, and k, . is fully faithful.)
Now Lemma [5.1.17] gives us, for each n, a base-change morphism

—_—~

(5.1.28) fi(D% RP!)— D}, KP!,
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whose kernel and cokernel, which we denote by K,, and C,, respectively, are coherent
sheaves on ) which are set-theoretically supported on Y(St) := ) xx X(St). B
definition, this means we may regard C,, and K,, as coherent sheaves on the formal
algebraic stack J(St). The morphisms form a projective system as n varies,
and thus so do the C,, and K,; we then let C = lim,,C,, and K := lim,, K,,, the
inverse limits being formed in Pro Coh()(St)), or equivalently in Pro Coh(Y).

Passing to the inverse limit over the morphisms (5.1.28]), and taking into account
the isomorphism , we obtain the desired base-change morphism

f* (D% RP!) - D}, R P,
whose kernel and cokernel are isomorphic to K and C respectively.

Assume now that f is a closed immersion; it remains to prove that in this case C
and K are in fact objects of Coh(Y(St)) (and not merely pro-objects). Since f is a
closed immersion, the stack Y(St) is a closed formal algebraic substack of the formal
algebraic stack X (St), and so Coh(Y(St)) fully faithfully embeds into Coh (X (St)).
Thus, we may regard each of C,, and /C,, as objects of Coh(X (St)), and hence regard
C and K as objects of Pro Coh(X (St)). It then suffices to show that C and K are in
fact objects of Coh(X(St)).

If X(St) is empty, then of course this entire discussion is vacuous and there is
nothing to prove. Otherwise, after making an unramified quadratic base-change in
our coefficients and a twist, if necessary, we may write

st) =[] 45
where @ runs through _the four quadratic twists of 1 +w™". By the results of
Section for each 0 there exists a finite type Z-graded Rgs—algebra S, and an
isomorphism

1

colim,, [Spec(S/m%wsS)/Gp) — Xy
6

Writing i, : &, — A% for the completion of A% at its unique closed point, we thus
deduce from Theorem m . that the completed pullback is an equivalence

+ - Coh(Xy) 5 Coh(Ou, ).

Thus, in order to show that lim, K,, and lim,, C,, are objects of Coh(X(St)), i

suffices to show (for each ) that lim,, i.K,, and lim,, i,C,, are objects of Coh(Oy, )
Let v : Spf R¥*" — &5 be the versal ring at the closed point induced by the com-

pletion of S at its maximal homogeneous ideal mg, so that there is an isomorphism

(5.1.29) colim,, [Spec(R¥ /mver RY") /G ] — Xy

To ease notation, we write R := R"" for the remainder of the proof, and let I C R,
resp. I, C R, be the ideal of the pullback of ) — X to Spf R, resp. the ideal of the
pullback of X, = X to Spf R. Since X is Noetherian, the I,, are cofinal with the
powers I7'.

Since v : Spf R — X, is smooth and surjective, and the coherence of a pro-
coherent sheaf can be tested after pulling back to a flat cover (by Remarkm, it
now suffices to prove that the pullbacks v * lim,, i Kn and v* lim,, *C’ are objects of
Coh(Spf R). Bearing in mind the isomorphism (5 , we see that the morphism
v : Spf R — X, is representable by algebraic stacks7 and so the pullback v* coincides
with the completed pullback 7%, by Remark For simplicity, in the following
we will also write v for the induced morphisms Spf R/I — YV, Spf R/I,, = X .
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Applying v*?; to (5.1.28)), we obtain an exact sequence

0 — v 5K, — v is fi (DY KPY) — 05 D5 B P — v*3C, — 0.

—_—~

Lemma |5.1.22| shows that vﬁ;ng X Pl = ﬁ?a/z X P!. Similarly, using the fact that
v* = 0%, the commutative diagram (B.3.12)) implies that

Vi (D, BPY) = (D, WP @1, R/,
and so we have an exact sequence

0= v" i3 Ky — (D, ®WPY) @pyr, R/T— Dy RP' — 07i3C, — 0.

By Lemma |4.10.8, it follows that lim,, v*/z‘\;ICn and lim,, ’u*/i\;Cn are objects of
Coh(Spf R), as desired. O

5.1.30. Defining Lo, and F. Recall from Remark that the centre Z of G
acts on D? X P! by multiplication by (¢72 : QY — O, ie. DK P! is a left
O[G]¢c-=2-module.

Definition 5.1.31. We let L, denote the right O[G]¢-module in Pro Coh(X)

obtained by twisting the left O[G]..-2-action on DE( X P! by ¢(~!codet, and then
turning the resulting left O[G].-1-action into a right O[G]¢-action by precomposing

with g — g~ L.

Lemma [A.10.10] (and the equivalence D”(Coh(X)) —» Db, (X) of (B.1.3))

then allows us to define a right ¢-exact functor

(5.1.32) D}(O[G]c) = Pro D2y (X), T Lo @y, T
Definition 5.1.33. We let
(5.1.34) F : D (A) — Pro D’ (X)

denote the right t-exact functor
given by the composite of (5.1.32)) and the t-exact fully faithful functor
Dg,(A) — Dg,(0[G]¢)

induced by ([2.2.26]).

Remark 5.1.35. We will see below in Proposition [5.3.23| that F factors through a
functor D?p(A) — Db, (X), though this does not seem obvious from its definition.

coh
The following result will allow us to get something of a handle on the pro-coherent
structure of L.
Lemma 5.1.36. Ifi:)Y <— X is the inclusion of a closed algebraic substack, then:
(1) each (i*Loo)k, 1is a coherent sheaf on Y, and
(2) i*Loo — lim, (i* Loo ) ¢, -
Proof. Evidently the twists and duals in Definition [5.1.31] play no role in these
assertions, and so it is enough to prove the statements of the lemma with L.,

replaced by DEY X PL. Let p: SpecA — Y be an fppf and surjective morphism.
By Remark [B:3:25] the coherence of a pro-coherent sheaf can be established after
pulling back to a flat cover, so it suffices to prove that
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—_~—

(1) each (p*i*Dg{ X Pl) g, is a coherent sheaf on Spec A, and
(2) p*i* D% K P 5 lim,, (p*i* D% P, .

—_~—

Both of these statements follow immediately from the assertion that p*i*DEv XPlis

isomorphic to M for some finitely presented A[KJ]-module M, which we now prove.
Consider the base-change morphism

P S

(5.1.37) p*i*(D% B P1) — D" X P!

of Lemma That lemma shows that we have an exact sequence of right
O[G]-modules in Pro Coh(Spec A) of the form

—_~

(5.1.38) 0— K —p*i*(D} RPY) —» DY KPPl — C — 0,
where K and C are furthermore coherent sheaves.

Recall from Remarks [2.2.12| and [2.2.13| that we write A[K]- Mod™(A) for the cat-
egory of a-power torsion O[KJ-modules in Coh(Spec A), and O[K]- Pro Mod™(A)
for the category of O[K]-modules in ProCoh(Spec A). The forgetful functor
A[K]-Mod™(A) — Coh(Spec A) is exact and faithful, and by Remark [2.2.13] it
extends to an exact, fully faithful, cofiltered limit-preserving functor
(5.1.39) Pro A[K]- Mod™(4) — O[K]- ProMod™ (A).

The functor

(5.1.40)  Mod®(A[K]) — O[K]- ProMod®(A), M s M :=lim; M/a' M
factors through ([5.1.39) via the functor

(5.1.41) ModP(A[K]) — Pro A[K]- Mod™®(A), M — lim; M/a' M

obtained from ([2.2.8)), and Corollary [4.8.13|implies that Di‘ X P, which is a priori
an object of O[K]-ProMod™®(A), is contained in the essential image of (5.1.41).

By (5.1.21]), the same is true for p*i*(DE( X P1). The exact sequence (5.1.38) can
therefore be viewed as an exact sequence in Pro A[K]- Mod(A).
We are now in a position to apply Lemma @ (bearing in mind Re-

mark [2.2.12), which shows that p*i*(Dg( X P1) is contained in the essential image
of (5.1.41)) if this is true for K and C (recalling that we have already seen that

P

this is true of Dil X P!). Finally, since K and C are objects of Coh(Spec A) in
the essential image of , they are the coherent sheaves underlying a-adically
discrete O[K]-modules in Mod™(A4), and so (again bearing in mind Remark
they are contained in the essential image of , as desired. O

Remark 5.1.42. As already alluded to above, the significance of Lemma/5.1.36]is that
it gives us a concrete description of the pro-coherent structure of L.,. Namely, if we
write X = colim,, &}, as an Ind-algebraic stack with closed transition morphisms,
and write i,, : X, = X for the corresponding closed immersion, then (bearing in

mind Lemma (B.3.5) we have

(5.1.43) Lo 5 iy (6%, Loo ) k., -

n

Actually, it follows from Proposition [5.3.20| below that that (L), is supported
on a w-adic formal algebraic closed substack of X', and so (5.1.43) does not convey
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the whole truth of the matter. Nevertheless, it is a key intermediate step in the
ultimate analysis of L,

5.2. Completing L.,. A key tool in our analysis of the functor F will be completion:
both in the sense of completion at a block Ay of the category A, and completion
along the various substacks A7 of X'. In fact, we will show that these two notions
of completion are compatible, in an appropriate sense, with respect to F (see
Proposition . Relatedly, we will introduce a “completed-at-6” version of F, and
prove that 1t is fully faithful (see Theorem . This will be a key ingredient in
the proof that F itself is fully faithful.

5.2.1. A completed version of F. We begin by defining a completed version Fg of F.
It is in fact convenient to do this for any closed subspace Y C |X|. Recall that
in (3.3.9) we have defined a continuous map 7y : |X| — | X]|.

Definition 5.2.2.

(1) fY C |X] is a closed subset, then we write Xy for the completion of X

along 7,1 (Y). By Proposition we identify D! ) (Xy) with Db, (&),
i.e. the full subcategory of complexes whose cohomology sheaves are set-
theoretically supported on Y.

(2) We Write/i\’y’* Pro D?,, (Xy) — Pro Dé’oh()() : Pro Dé’oh(ﬁc’) — ProDb,, (Xy)

for the adjoint pair of t-exact functors deﬁned in Appendix [B

Remark 5.2.3. We remind the reader that we have already deﬁned functors iy«
and ly*, on derlved categories of G-representations, in ) and -, and
similarly for 7 3. This is the reason for the notation 4.

Remark 5.2.4. In the case that Y = {#} is a single closed point (identified with
a conjugacy class of F,-valued pseudorepresentations as in Section we also
have the stack X7 — & introduced in . By Theorem Ay is canonically
isomorphic to Ay, which we will therefore also denote by A%. Furthermore, we
will tacitly use results and notation from Section [3.:4] and Section [3.5] so that, for
example, kg : X7 — X7 is the m-adic completion morphism.

Lemma 5.2.5. For any closed subset Y C |X|, we have a natural isomorphism of
right t-ezact functors DY ' (O[G]¢) — Pro Db (Xy)

5 (Lo ®0[[G]] ) =5 Y Lo ®é[[G]]< -

Proof. By Lemma [A10.10] (2), it suffices to note that each functor takes O[G]¢ to
z’{,‘L (Note that this argument is just a particular case of an evident variant, in

the derived context, of Lemma [A.1.55]) O
Definition 5.2.6. For any closed subset Y C |X|, we let Fy denote the functor
Fy = iyFiy, : Dfp(Ay) — ProD?,, (Xy).

In particular, for any 2-dimensional Fp—valued pseudorepresentation 8, we let Fy
denote the functor

(5.2.7) Fg:=1Fig, : Db,(Az) — Pro Db, (Xp).
By Lemma|5.2.5/we have a natural isomorphism of functors Dfp(.A ) — ProD?., (X5)

(5.2.8) Fg(-) =i5F(ig,, () = i (Loo @&y, i5..(1)) = i Lo ®pay, 7. ().
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5.2.9. An alternative description ofggLoo. Our next goal is to give an alternate de-
scription of the functors Fy, which will allow us to relate them to the functors studied
in [JNW24], and thus also to the results of Colmez |Coll0c| and Pagkunas [Pas13|.
In view of -, the key step in giving such a description is to describe the
sheaf 72 5 Locs which we do in Proposition 8 below, by relating it to the sheaf

Vg Rz By Pe, whose definition we now recall.
We have defined in Definition |2.4.17] a projective object P of Qﬁe, whose endo-
morphism algebra E is equipped with a canonical isomorphism E = ROP If 0 is

not of type|(St), then Pe is even a projective generator of €. If 0 is of type [(St)

then Py is not a projective generator of €5; rather, we have the projective generator
Py, with endomorphism algebra Eg, introduced in Definition [3.6.2} In Section [3.6.4]
we have also introduced a two-sided ideal J C Eg.

On the other hand, recall from (3.5.22) that V5 denotes the universal object on &7,

and is a complete right Eg—module in Pro Coh(X;). When 6 has type |(St)} recall
furthermore the sheaf Wj from Definition [3.6.12 it is a complete right Eg-module
in Pro Coh(X5).

We will need two preliminary results. For the first one, recall from the
exact and fully faithful functor

Coh(Ox,) — Pro Coh(X5),
F > lim, F/m? F.
im,, F/ i
Lemma 5.2.10. For every compact open subgroup H C G, the pro-coherent sheaves
Vs @5, (Pyu
and
(i Loo)n

on Xg are objects of Coh(Ox,). Furthermore, the natural maps
!/

(5.2.11) i Loo =+ lim(if Lec)
and
(5.2.12) Vs ®p Py > im Vs &5 (Pp)u

are isomorphisms in Pro Coh(Xp).

Proof. Let R == R m := mpes and F = Vg ®E (P Ju. To show that F €
Coh(Ox;) it suffices to prove that F — lim, ]-‘/m"“]-', and that each F/m"H1F
is an object of Coh(X5).

For the first statement, we begin with the isomorphism ]55 = lim,, ]55/ m"“f’
arising from the fact that ﬁg is a complete Eg—module in Mod.(O) (by Lemma,

hence a complete R-module (by Lemma [A.10.18)). We then use the facts that the
functor (=) preserves cofiltered limits in Mod.(O[H]°?) (by Lemma|A.1.51)), and

the functor V5 @ f,~ preserves cofiltered limits in Mod.(Ey) (by deﬁmtlon) This
implies that 7 — lim,, /m"*1F and also that

F/wrHF = Vg @p (Py/m™ Py)u
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Now P; /m"HP is coadmissible: in fact, it is a quotient of P o/ rad(E 5) P for
some j, since Ee is a finite R-module, and P, /rad(E )JP is coadmissible, by

Lemmam . Hence (P /m""‘lP )y is finitely presented over E (in fact, even
over O). We conclude that

]_-/mn+1]_— =V ®E§ (ﬁg/m”Hﬁg)H = (Vg/merVg) ®E§ (]%/mwrl]%)H,

and since V5/m" V5 is a coherent sheaf on Xj, this implies that F/m" ™1 F is a
coherent sheaf on A%, as desired. This concludes the proof that V5 ® E;(ﬁﬁ) H €
COh(O/y?).

Similarly, let G := (A" *Loo) - By definition we have X5 = colim,, X5/m" !, and

Xg/m" ! is an algebraic stack. Writing i~ B - : Xg/m™ ! — X for the restriction of

zg, Lemma shows that

(5.2.13) B Lo =lm(i | o),
where i* 1 loo —gg‘ Lo/ m”"’l?’g*L Since Pro Coh(X%) has exact cofiltered limits,

the comvarlant functor (—) g preserves cofiltered limits of right O[H]-modules in
Pro Coh(Aj) (by Lemma |A.1.51). We thus deduce that

gfhm(e i1 oo VH

and since (z5 1 Loc) = G/m" TG, we conclude that G — lim,, G/m""!G, and
(using Lemma m (1)) that G/m™*'G is coherent. This concludes the proof that
(% Loc) 1 € Coh(Ov,).

The isomorphism now follows from and Lemma . Fi-
nally, the isomorphism follows from the isomorphism ﬁg = limgy (ﬁg) H
(which is valid for every object of €) and the fact that V5 ® F,  Ppreserves cofiltered

limits. O

Before stating the next result, we recall from Remark [2.2.28| that objects of €,
such as Py, can be regarded as right O[G]¢-modules in a natural way.

Proposition 5.2.14. Let 0 be a 2-dimensional Fp—valued pseudorepresentation
of Gq, of determinant Cet
(1) If S is a complete Noetherian local O-algebra with finite residue field, and

i's : Spf S — Xy is a versal morphism at the closed point of Xy, then there
is a natural isomorphism of right O[G]¢-modules

(5.2.15) (55 @5, Pp) /(5 V @ Pg)=( %) 575

where the left-hand side has the right O[G|¢-action induced from that on ]557
and the right-hand side has the right O[G|¢-action induced from that on L
(Here, “natural” means “natural in the versal morphism i ”.)

(2) If 0 is not of type |( m then (5.2.15)) induces a natural isomorphism of right
O[G]¢-modules

(5.2.16) 5V ®p Py 05
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(3) If 0 is of type then (5.2.15) induces a natural isomorphism of right
O[G]¢-modules

(5.2.17) (5 Ws/i3W35lJ]) BE,P7 — 74 Loo,

where J C Eg is the two-sided ideal defined in Section and/i\gwg[J] denotes
the Eg-submodule of?ig*Wg consisting of elements annihilated by J.

Proof. The existence of these isomorphisms is a consequence of Colmez’s results
in [Coll0c, IV 4], as we now explain. It will be convenient to follow the exposition
of [CD14].

We first note that the isomorphism 4’y gives rise to a formal étale (¢, I")-module
Dg with coefficients in S, and Lemma together with Definition shows
that

T Lo = (DL RPY)(¢C e o det).

Secondly, we recall that the morphism Xy — X is defined so the induced fam-
ily of étale (p,I')-modules over A5 is the one that corresponds to the universal
Galois representation V4. Consequently, we see that V(Dg) (the 2-dimensional
representation of Gq, over S determined by Ds) coincides with ?ig*Vg. Our desired
isomorphism can then be rewritten in the form

~

= ~ = \SLy(Q, -
(V(Ds) &5 Fy)/(V(Ds) 85 Py) "% =5 (DY RPY) (e o det),
and it is in this form that we will prove it.

Let A be an Artinian quotient of S, and set D4 := Dg®g A. Then V(D 4) ®E§ ﬁg

is a finite length object of €; C €, so it is the Pontrjagin dual ITY of an object IT of
the category Rep,..(¢) considered in [CD14} Section III.1].

The (¢, I')-module denoted D(II) in |Col10c] is, by the definition just preceding the
statement of [Coll0c¢, Thm. IV.2.12], isomorphic to the (¢, T')-module of V(II)¥ @ ¢,
where V is normalized as in [Col10c|. This is the same as V(I)¥ in our notation.
Hence D(II) is equal to (in our notation)

D(V(I)") = D(V(IIY) @ ("'e) = DV(V(Da) 05 Fy) ¢ le).

By Lemma [2.4.22[ (1) (i.e. the very definitions of ]Sg and Ey), we have

V(V(Da) 5, Fy) = V(Da).
and so we conclude that
D(II) = Dy ® (¢ e,
Now |CD14} Prop. II1.44] produces a natural map of left O[G]-1-modules
Bp1 : 1Y — D(II)* K1 P?

whose kernel is equal to (ITV)S"2(Q#), Furthermore, by |Col10c, Prop. I1.1.11], we
have

D(I)f K1 P! = (D4 B PY) (¢ e o det),
since by our conventions, X is shorthand for M..-2» (compare Remark {4.5.3).
We thus obtain a map of left O[G];-1-modules

Bp1: V(Da) @5 Py — (D4 RPY)(( e o det),
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whose kernel is equal to (V(Da) D, §5)5L2(Qr’). We claim that fp: factors
through (DE‘4 X Pl)(¢~le odet). By |CD14, Prop. I11.44(3)], this holds provided
that IT52(Qw) = 0, i.e. provided that (V(D4) ®p, Py)sr,(q,) = 0. By construction,

V(Da) @ ]35 is a quotient of products of copies of ]35. By definition such a
o
product never contains the projective envelope of a character as a factor, and thus

V(D) ®f_ Py admits no non-zero map to a character, and hence has no non-zero
0

SL2(Q,)-invariant quotients, as required.
Thus we have obtained a natural morphism of left O[G].-:-modules

Bp1: V(Da) ®p Py — (D, ®BP)(¢C e o det),

whose kernel is equal to (V(Da) ®z_ ]%)SLQ(QP). Furthermore, it is shown in the
]

second paragraph of the proof of [CD14], Thm. II1.45] that the cokernel of fp: is
SL2(Qp)-invariant and of finite O-length.

Applying the above discussion to A := S/ mg, we have for each £ > 1 a natural
exact sequence

0 = kery = V(Dg/mr) O, }55 Py (D{f;/m,é X P (¢ e odet) — cokery — 0

where kery and cokery are of finite O-length. Thus by Mittag-Leffler we can pass to
the inverse limit and obtain an exact sequence

0 — lim kery, — V/(Dg) 6@%% — (D5 R P")(¢"e o det) — lim cokery, — 0
k k

whose kernel is equal to (V(Dg) D5, ]%)SLZ(QP), and whose cokernel is SLa(Qjp)-

invariant. This cokernel vanishes by Corollary so after turning the left
O[G]-1-action into a right O[G]¢-action, we obtain the isomorphism (5.2.15)).

If 6 is not of type then (V(Dg) @Egﬁg)SLz(Qp) = 0, because there are no

SL3(Qp)-invariant objects in €, so we obtain (5.2.16).

Finally, if 0 of type then by (3.6.11)) and the definition of Wy (i.e. Defini-
tion 3.6.12), we have a natural isomorphism of left O[G].-1-modules

5 W5 ®p, Py — i Vs @, Py — V(Ds) 85 Fy.
Thus, to prove (5.2.17)), it suffices to note the natural isomorphism
GW5lJ] @, Py — (IgW5 B, Py)5> ()
provided by Lemma [3.6.5] O
We can now give our alternative description of %*LOO.

Proposition 5.2.18.
(1) If 6 is not of type|(St)), then there is an O[G]¢-equivariant isomorphism

(5.2.19) Vy®p, Py = i Loo.
(2) If 0 is of type|(St)}, then there is an O[G]-equivariant isomorphism
(5.2.20) (W5/W3lJ)) @&, Py — i Loo.
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Proof. We give the argument in case ; case is formally identical, and we leave
it to the reader. We simplify our notation by writing R = Rgs, with maximal
ideal m.

Let H be a compact open subgroup of G. Recall from Lemma [(-2:10] that
(V385 P;)m and (15 L) mr are objects of Coh(O;). As in the statement of Propo-
sition we let S be a complete Noetherian local O-algebra with finite residue
field, and 4’ : Spf S — A% be a versal morphism at the closed point of A3. Since /z\’s*
is a right exact functor, it commutes with the formation of H-coinvariants, by

Lemma Thus the isomorphism ([5.2.16)) induces an isomorphism
(5.2.21) 15 (V585 Pg)ir) — 1§ (i Loo)nr)

which is natural in the morphism . By Proposition |[C.2.16} this collection of
isomorphisms induces an isomorphism

(5.2.22) (Vs©p P — (5 Loo)ur

Since the isomorphisms are deduced from the O[G] -module isomor-
phisms (5.2.16)), they are compatible in H as H-varies, and indeed compatible
with the O[G]¢-module structure on the projective systems formed (by allowing H
to vary) by their left and right hand sides. Passing to the limit over H in the iso-
morphisms (5.2.22)), and taking into account the isomorphisms (5.2.11)) and (5.2.12)),
we obtain the desired isomorphism . O

5.2.23. An alternative description of Fgz. Using Proposition 5.2.1§|, we can now give
an alternate description of Fy, and establish its full faithfulness.

Theorem 5.2.24. Let 0 be a 2-dimensional Fp—valued pseudorepresentation of Gq, .
(1) The functor Fg : D} (Ag) — Pro D}y, (Xp) is fully faithful, and moreover
factors through a (necessam’ly fully faithful) functor D?F(Ag) — Db, (Xg).

(2) If 0 is not of type |(St)|, then Fy is t-exact.

(8) If 0 is of type |(St)}, then Fg has amplitude [~1,0].

Proof. We begin by supposing that 6 is not of type We have natural isomor-
phisms of functors

(5.2.25) Fg(-) i Loo ®5(6], 1..(7) —==+ (V5®

By Lemma [3.5.17] the functor
Py @51, i7,.(-) : Di;(Ag) = Pro Dgy (Ep)

is t-exact. By Lemma [2.3.15 , its restriction to the heart A%D is an equivalence

Py @ojay, 5., () : AP > Mod"™ (Ep).

Hen.ce, by Corollary |A.7.20] the functor ]35 ®é[[G]]< ig’*(f) factors through a t-exact
equivalence

Py @516, i5..() - Dy (Ag) =5 DY (Ep).
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It therefore suffices to prove that
Vs ®F 1 Pro D}, (Ey) — Pro Dl ()

restricts to a t-exact and fully faithful functor D?, (E ) — Db .. (X5). To do so, we
apply Lemma [3.5.13] which produces a commutative diagram

ot (B) T3 pjy ) B o (5

5
Y E_ e
l\%@ L l%@,%e;\‘ 7|y Rk -
k A*

Db, (%) —= Db, (X5) —= ProD?,
.. ~L .
Commutativity of the outer rectangle shows that V5 ® B, Testricts to a functor

V§® Dfl( )%Dcoh(‘)()

Bearing in mind the commutativity of the upper triangle, we now see that this
restriction is fully faithful, by Theorem|3.5.25 , and t-exact, by Theorem [3.5.25 .
This concludes the proof in the case that # does not have type

We now turn to the case that 6 is of type Using (5.2.20)) and arguing as
above, we see that there is a natural isomorphism of functors from D}’p(Ag) to

ProD?., (X;5)

coh
(5.220) Fa(-) > W/ Wall)) Bk, (P ©5 10y, i7,. ().

Again, the functor Py ®gq;. 4. (-) induces a t-exact equivalence Dp (Ag) —
D}, (Ez). We see by Lemma [3.5.13| that there is a commutative diagram

(A.10.8)
Db, (Eg) —— Db (By) B2 pro ) ()
(5.2.27) lw;/w;[ﬂeaé; Qng/ang[ﬂ@é, lwa/wy[ﬂ@é -

*

kg ke

Dgoh(XE) (—> Dcoh(%ﬁ) —— Pro Dcoh(Xg)'
This immediately implies that
(5.2.28) Fa() = Wy/WylJ]) &5, (Pg ©byar, i5.,())-
factors through DY, (X5). Furthermore, by Lemma [3.6.46} the functor

( §/m§[ ])®E7 Dfp(E ) - Dcoh(%ﬁ)

has amplitude [—1,0], so we see that indeed F; has amplitude [—1,0]. Finally, the
full faithfulness of Fy follows as above, using ([5.2.26) and Theorem |3.6.44 O

In the context of Theorem[5.2.24 we have the following more precise description
of the values of Fy on irreducible objects of Az. In its statement, we will identify
coherent sheaves on Xz with graded S-modules, where S is the graded ring in

Section and we will continue to denote by %g : DY, (X5) = Pro Db | (X;) the
t-exact, fully faithful completion functor.

Corollary 5.2.29. Let =1 + w‘l. Then:
Fg(ﬂ—a) = 9 )/(GJOvalvbOvblaw)[O}a

S(1
Fg(St) = k>S(—1)/(ao, a1, ¢, @)[0],
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Fy(1g) 2 k2S(-3)/(ao, a1, ¢, @)[1].

Proof. By Theorem [3.6.44} the graded S-module corresponding to 205/205[J] is the
module X* from Definition [3.6.42] Bearing in mind the isomorphism (|5.2.28)), and

the commutativity of the leftmost square in ([5.2.27)), the corollary thus follows from
3.6.48

the computations of Tor?g(X *,—) in Example O

We next note the evident extension of Theorem [5.2.24] to the case of a finite
closed subset Y C X.

Corollary 5.2.30. For any finite set of closed points Y C X, the functor Fy :
Dy (Ay) — ProD!, (Xy) factors through a fully faithful functor Df (Ay) —
‘Dgoh (XY)

Proof. We can write Fy : D?F(Ay) — ProD?

coh
[1Fs: 1 Dk (Ag) = [] Pro Dl (Ap),
1% [15% 0cy

so the result follows immediately from Theorem [5.2.24] O

In view of Theorem [5.2.24 and Corollary [5.2.30} we will freely regard Fy (resp.
Fy) as a fully faithful functor D?p(Ag) — DY, (X5) (resp. a fully faithful functor

coh
D} (Ay) = D}

coh

(Xy) as a product

(Xy)) from now on.

5.2.31. The relationship to Colmez’s functor V. Recall from Section [2.4.] that
Colmez’s functor V is exact, so in particular it induces a t-exact functor Dé’p (Ag) —

Dgl.(Eg). If § is not of type |(St), then by Lemma [2.4.22] we have a natural
isomorphism of t-exact functors

By ®é[[G]]C () = Vi),
so we see from ([5.2.25)) that there is a natural isomorphism of ¢t-exact functors from
D?p (Ag) to Dgoh(Xg)
~ ~L = ~ ~L
(5.2.32) Fa(-) == V505, (P ®@b161, -) — Va®5,V ().

If 6 is of type|(St)| then (5-2.32) does not hold in general, and Fy is no longer
t-exact. However, we have the following related result, which will be used in the
proof of Proposition [5.3.20] below.

Corollary 5.2.33. Suppose that 0 is of type |(St), and that ™ € Afgp admits no
SL2(Qp)-tnvariant quotient. Then there is a natural isomorphism

Op_ IR PRV SU e |
HFy(m) — Vg ®gV (m).

Proof. By Lemma [A.1.58| (noting that products are exact in the category of pro-
coherent sheaves on a formal algebraic stack) and (5.2.26)), we have a right exact
sequence

Wg[J] (/g\)Eg(Pg Xo[6]. ) — Wy ®E5(P§ Xo[G]¢ m) = HOFg(W) — 0.



A CATEGORICAL p-ADIC LANGLANDS CORRESPONDENCE FOR GL2(Qj) 157

The leftmost term vanishes, because

WylJ] @, (P @ojcp. ™) = (WelJ] ®E,Pj) ®ofc]. T
WelJ]®

= WglJ]®E,P5/J) @opcr. ™
= WylJ] @g,(P5/J @opay, ™)
= Wy[J] ®E, (0 @o[c]. ),

which vanishes by our assumption that m admits no SLo(Q,,)-invariant quotient. (The
second equality holds because, by construction, the map Egp — Endpyo con(a,) (WglJ])

factors through E2"/J, hence the functor Wg[J] ®E, factors through Mod.(Eg) —
Mod.(Eg/J), M — M/J.)

It follows from the discussion above that HFg(m) is naturally isomorphic
to Wg@)Eg(Pg ®o[a], ™), which in turn is isomorphic to Vg @’Eg(ﬁ? ®ola]c T)s

by (3.6.13)). The corollary now follows from Lemma [2.4.22[ (2). O

5.3. Finiteness properties of F. Our next goal is to prove Proposition [5.3.23
which shows that our functor F takes finitely presented representations to (bounded
complexes of) coherent sheaves. Since one of the main steps of the argument
will be to establish finiteness and concentration properties of the completions of
F(C—Ind?( 5 0) at closed points, we begin by establishing a compatibility between F
and Fy, where Y is a finite set of closed points of X.

5.3.1. Compatibility between F and Fy. Let Y be a finite set of closed points of X.
Then Corollary [5.2:30] shows that the functor Fy factors through a fully faithful
functor D?p (Ay) — DP,, (Xy), and we write ProFy : Pro D¢ (Ay) — Pro Db (Xy)
for its Pro-extension

(5.3.2) ProFy = Pro(i5Fiy,.) = iy Pro(F)iy..,

which is also fully faithful by Lemma Note that since F = L, ®é[[G]]< —, the
Pro-extension of F is the functor

Lee ®opcy,— : Pro Dg,(A) = Pro Dly (X)

coh

from Lemma [A.10.10 . If we precompose ([5.3.2) with /z\gi, the unit of the

adjunction gives a natural transformation of functors Dfp(A) — Pro D%, (Xy)
(5.3.3) W — (ProFy )it
which identifies with the natural transformation
T (Loo ®5a7, () = 15 (Loo Bopap vty ()
induced by the restriction to D&(A) of the unit of adjunction idp,, DY (A) /Z\y*/l\;

(Note that L ®é[[G]]< restricts to Lm(X)é[[G]]< on Dé’p(.A), by the discussion above,
or equivalently by (A.10.12).)
Applying Lemma we can rewrite ([5.3.3) as a natural transformation
Vs “Jx ~L >~ %
(5.3.4) i Loo @567, () = iy Loo @0y vty ()

Assume now that Y = {#} is a singleton, and apply Proposition |5.2.18/ This gives
us a projective generator P of €7 with finite cosocle, with compact endomorphism
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ring F, and a complete right E-module V' in Pro Coh(Aj), such that
VEEP =5 VErP = P Lo

(where the first isomorphism follows from the fact that P is projective in Mod.(E),

by Lemma[2.3.11] (4)). By Lemma[3.5.18] the natural transformation (5.3.4) is thus

isomorphic to
~L ~L ~L o~ %
(5.3.5) V&P ®é[[G]] () = Vep(PRog), ivsiy(5)-

Proposition 5.3.6. For any ﬁmte set of closed points Y C X, the natural trans-
formations (5.3.5)) and (5.3.3)) : z’}iF — (Pro Fy)ZY are isomorphisms.

Proof. As in the proof of Corollary [5.2.30] we may immediately reduce to the case

that Y = 0 is a singleton. Since ([5.3.3)) is naturally isomorphic to (5.3.5), it suffices
to prove that (5.3.5) is an isomorphism. To do so, it suffices to prove that for all

projective P’ € & with finite cosocle, the natural transformation

~L e
(5.3.7) P @561 () = P®ojc.ig..15()
is an isomorphism. We know that P ®éHG]]< — D?p (A) — Pro D!, (E) is t-exact,
by Lemma |3.5.17 Hence its Pro-extension P@éﬂcﬂcf is also t-exact, and so
both sides of (5.3.7]) are t-exact functors. By Corollary [A.7.20] it thus suffices

to prove that (5.3.7) becomes an isomorphism after restriction to A™. This is
Lemma [2.5.20 O

We can now prove that F(c-Ind%, o) is pure of degree zero (in the sense of
Definition [B.3.33)) after completed pullback to Aj.

Lemma 5.3.8. Let 0 be a Serre weight. Let 0 be a 2-dimensional Fp—valued
pseudorepresentation. Then

LF(emdf, o) PP pro By (ie-nd$, o)

is a pro-coherent sheaf, i.e. it is pure of degree zero. Furthermore, Fg(c- IndKZ o/ fge- IndKZ o)
is pure of degree zero unless 0 is of type |(St)| E and o is Steinberg.

Proof. This is immediate if 6 is not of type |(St)| since F5 (and thus ProFy) is
t-exact by Theorem m . Note that in this case the only piece of mformatlon

we need about i pe-Indg, o and 7% (c—IndKZ U/fec IndKZ o) is that they are objects

of Pro .A; , a consequence of the t-exactness of 7 25.

Suppose now that 6 has typem After twisting we may suppose that 0 = 1+w™1,
so that by Lemma 2.5.16|(2]), we only need to consider o € {Sym det ® Sym? ™3, Sym?P '},
as otherwise 7 zec IndKZ o= 0 To handle the cases ¢ = Sym” and det ® Sym?~ 3, we
first recall that by definition we have f; =T, — 1, and by (2.5.17] m we have

Pe-Ind, 0 = limy, (e-Indf, o)/ (T}, — 1)".
Then, by an obvious dévissage, it suffices to show that Fg((c—lndg 20)/(T, — 1)) is
pure of degree zero. If ¢ = det ® Sym? 3, we have
Fg(c—lndgz det ® Sym” ™ /(T), — 1)) = Fg(ma),
which is pure of degree zero by Corollary [5.2.29]
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In the case o = Sym”, we have a non-split short exact sequence
(5.3.9) 0 — St — c-Ind%, Sym® /(T}, — 1) — 1g — 0,

so that ¢-Ind$ , Sym® /(T}, — 1) is the cone of a non-zero map 1¢[—1] — St. It then

follows from Corollaryand the full faithfulness of I5 that Fg(c-Ind?( 7 Sym” /(Tp—
1)) is quasi-isomorphic to the image under the t-exact, fully faithful functor
k* Db, (X5) — Pro DY, (X;) of a complex (in degrees —1 and 0)

S(=3)/(ag,a1,c, ™) LN S(-1)/(ag,a1,c, @),

where ¢ is non-zero, and we regard graded S-modules as objects of Coh(Xp). Since
every non-zero S-linear endomorphism of S/(ag,a1,c, @) = F[bg, b1] is injective
(such an endomorphism is given by multiplication by a non-zero element of the
integral domain F[bg, b1]), we deduce that Fg(C—Ind%Z Sym® /(T, — 1)) is pure of
degree zero.

Finally, suppose that o = Sym?~!. Since % is exact, applying it to yields
a short exact sequence

5.3.10 0 — ite-IndG Sym® — ie-IndG Sym?~' — St — 0.
0 KZ 7] KZ

Now Corollary ﬂ shows that F5(St) is pure of degree zero, and since we have
already seen that ProFy (z c-Ind% , Sym®) is pure of degree zero, the same is true

of ProFy; (ch—lndKZ SymP~ % ). O

5.3.11. Completed stalks of F(c-Ind%, o). Recall from Section [3.3.4) that the closed
points of X are in bijection with Gal(F,,/F)-conjugacy classes of 2 dimensional F,-
valued pseudorepresentations 6, or equivalently of semlslmple Galois representations
p:Gq, — GLy(F,). Given p with trace 6, we write it : (X/w)y — X /w for the
completion at the closed subset {p} C |X/w|. In thls subsectlon we study the
pullback z’*F(c—IndKZ o).

We begln by specializing the framework of Section [B.3.30] to the situation at
hand. In Definition [3:4.4) we have constructed a morphism

Spf RY™ — X5

mapping the unique point of the source to the unique closed point p of the target.
It thus induces a morphism

(5.3.12) v : Spf R /@ — (X/w)%.

If o is a Serre weight, we have defined a reduced closed algebraic substack

z: Z(0) = X/w in Definition We also have introduced in Definition [3.4.4]
a quotient RZ of RZ*" such that Spf RS = Spf R"er/w Xx /= Z(0). Noting that we

may factor z'% as a composite

i

(X /@), SN Xa/w A X /w,

we see that we have a commutative diagram
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A

Spf RY" jw —— (X /w)hs — Xg/w —— X/w

(5.3.13) T z{ _, T

Spt RS jw —— Z(0)5 =t Z(0),

with Cartesian squares, where i; , is the completion at {p} N [Z(0)|, and 2 is the

completion of z at {p}. (If p & \2(0)|, then Z(o)7 is empty.)
We now note that ?gF(c—Indg 4 0) is in fact a pro-coherent sheaf, i.e. pure of

degree zero. Indeed, Lemma shows that ?g‘F(c—Indf( 4 0) is pure of degree zero,
. . . . P
while the discussion of Section |B.3.26|shows that i is t-exact. By Remark [B.3.14

have 7% = 3”7 hen
we have i7" = i"5i7, hence

(5.3.14) WF(c-IndF , 0) L2 F(e-IndF , o)
is again pure of degree zero.
As a special case of Lemma[B.3.39] we have an exact and faithful pullback functor
v* : Pro Coh((X/w)%) — Mod(Ry™" /).
We apply 7% to the object g%*F(c—IndIG(Z o) of ProCoh((X/w)%), so as to obtain
an object of Modc(Rger /w). The following proposition provides some quite precise

information about this latter object.

Proposition 5.3.15. Let o be a Serre weight, and let p : Gq, — GLy(F,) be a
semisimple Galois representation. Let 0 be the trace of p.
(1) If p & | Z(0)|, then’z'\%‘F(c-Indgz o) =0.
(2) If p € | Z(0)|, then ?T“ig‘F(c—Ind%Z o) is (the compact Rg/w-module associ-
ated to) a finitely presented Rg/w—module, and the natural map
R /@ — Endpz /o (0775 F(c-Ind§ ; 0))
18 injective.
(3) If p € | Z(0)| and o # det® @ Sym?~? for any a, then
0% F(c-Indf , 0) = RS /.
Proof. The first statement is immediate from (5.3.14]) together with Proposition|5.3.6}
since if p ¢ |Z(0), then o is not a Serre weight of 5, by Theorem (), and so
izc-Ind ;0 = 0, by Lemma [2.5.16 (2).
We now prove the remaining two statements, initially under the additional
i

assumption that if § has type then o is not a determinant twist of Sym".
Under this additional assumption, we claim that

(5.3.16) Pro Fg(?gc—lndf(z o) = Vg ®E§ ProVT (/{gc—lndgz o).
Indeed, we first note that Lemma [5.3.8 shows that
Pro Fg(ggc—lndgz o) — H°Pro Fg(ggc—lndgz o),

so that we may replace the left-hand side of ([5.3.16) by its H°.
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If 6 does not have type we then see that the isomorphism follows by
passing to H? in the (Pro-extension of) the isomorphism . On the other hand,
if @ does have type then we are assuming that o is a twist of either Sym? >
or Sym? !, in which case ¢-Ind$ , o/(T}, —1)™ does not have any SLy(Q,)-invariant
quotient, for any n > 0. We may thus apply Corollary to find that

H Pro Fg(/z%c-lndffz o) = lim,, HOFg(C—Ind?(Z o/(T, —1)")
5 lim, Vy ®5 V1 (c-Ind§, 0/(T, — 1)) 5 V58 5 ProVi (ize-Indf , o),

again yielding the desired isomorphism ([5.3.16|).
We then find that

(5.3.17) 0*irF(c-Ind§, o) = 6*1';5?5* (c-Ind%, o)

Prop. Py = G (5.3.16) .~ =~ = G
B39 v*z’ﬁ*ﬁ ProFg(ize-Indg ;o) == U*Z/;E (Vg ®p Pro Vi (izc-Ind 5 0))

Lem. [AT55] /~s s o Tk G r S Tk G
(® Z%ﬁVg) ®, Pro Vi(ize-Ind% , o) = V5 ®g, Pro Vi(ize-Ind% 4 o),

where we have followed Definition in writing V2" for the versal object on Ry
Under our running assumption that if 6 has type then o is not a determinant
twist of Sym?, the proposition follows from Proposition [3.5.39 (noting that Mi@
there is by definition equal to Pro VT(/Z'\%C—IHd?( 70)).

It remains to treat the case when @ is of type and o is a twist of Sym?, where,

as usual, we make a twist so as to assume that in fact 6 = 1 +w ™! and o = Sym°.
We need to show that

ﬁ*?ﬁ*F(c—IndﬁZ Sym®) = R(10)erys /o

Recall that applying Zg to (2.2.36) and ([2.2.37) gives rise to a sequence of injections

z%c—Ind?( 7 Sym? ™! — igc—Indf( 2 Sym® — igc—Ind?( 7 Sym? !

such that the composition is a unit multiple of T, — 1, the cokernel of the first
map is 1g, and the cokernel of the second map is St. Then Corollary and
Lemma [5.3.8] yield a sequence of morphisms

(5.3.18) Pro Fg(gsc—lndgz Sym?~!') = Pro Fg(ggc—lndgz Sym?)

— Pro Fg(ggc—Ind?(Z Sym?~ 1)
whose composite is a unit multiple of T}, — 1; note that the second arrow is (as
indicated) an injection, since F5(St) is pure of degree 0, and the first arrow is (as
indicated) a surjection, since Fz(1¢) is pure of degree —1.

Applying ﬁ*i’ﬁ*g to (5.3.18)), and using the case o = Sym?~! of the proposition,
which we have already proved, we obtain (in the notation of Section |3.4.9)) a sequence
of maps of Rger—modules

R(p,O),crys/w = F[[CL()7 bo, bl]]/(aobl) — ﬁ*ggF(c—Indgz Symo) — F[[CLQ, bo, blﬂ/(a0b1)
whose composite is a unit multiple of ag, by Remark [3.5.35] Hence

ﬁ*?*F(c—Indf(Z SymO) ~ R(p,O),crys/(w’ bl) " R(l,O),crys/w' O

D



162 A. DOTTO, M. EMERTON, AND T. GEE

5.3.19. F on finitely presented representations. If o is a Serre weight, we continue
to write z : Z(0) — X /w for the closed immersion defined in Definition

Proposition 5.3.20. Let o be a Serre weight. Then F(c—Indf(Z o) is pure of degree
zero, and is in fact a coherent sheaf, whose scheme-theoretic support is Z(o). If
furthermore o # SymP~2 @ det® for any a, then z*F(c-Ind%, o) is an invertible
sheaf on Z(o).

Proof. In the discussion preceding the statement and proof of Proposition [5.3.15)
we noted that for every closed point p of X, the pullback ZgF(c—Ind[G( 7 0) is pure of
degree zero. Since F is right t-exact, it then follows from Lemma (2) that
the same is true of F(¢-Ind%, o), which is therefore a pro-coherent sheaf.

We will now show that F(c-Ind% , o) is scheme-theoretically supported on Z (o),
in the sense of Definition (1). Recall the commutative diagram (5.3.13).
By Lemma [B:3:35] it suffices to prove that for every closed point p of X, the
pro-coherent sheaf /i\%*F(c—Indg‘; 7 0) on (X/w)y is scheme-theoretically supported
on the completion Z(c)2 — Z(o) at {p} N|Z(c)|. We thus need to prove that the
unit of the adjunction

(23, 2p,+) : ProCoh((X/w)%) — ProCoh(Z(0)%)
of is an isomorphism at ?%‘F(C—Indgz o). By Proposition ?%“F(c—lnd?(z o)
is an object of the full subcategory Coh((’)(;(/w)%) of Pro Coh((X/w)%). The com-
pleted pullback functor ¥* is faithful on this subcategory, by Lemma (applied
with X = (X /@)%, which is a completion of (X5/w), and so falls within the scope
of Lemma [B.5.4). It is therefore enough to show that the natural map

0 F(e-Indf ; 0) = (8% F(c-Indf  0)) @peer RS

is an isomorphism. This is a consequence of Proposition

At this point in the proof, we have shown that F(c-Ind% , o) is a pro-coherent
sheaf, scheme-theoretically supported on Z(¢). In particular, the unit of adjunc-
tion F(e-Ind$, o) = 2,2*F(c-Ind%, o) is an isomorphism, and F(c-Ind% , o) is
isomorphic to Lo ®o[qy, c—Indf( 4 0 (i.e. we can replace the derived tensor product
in the definition of F by a non-derived one). We then find that

Lem.m

Z*F(c-Ind% , 0) = 2* (Lo ®ola]. c-Ind% , o) 2" Lo ®o[a]c cInd$, o

= 2Ly Ro[k] O = (Z*Loo)Kl QO[K /K] O

Since (2*Loo)k, is coherent, by Lemma (1), we see that F(c-Ind%, 0) is
indeed coherent.

In order to show that the scheme-theoretic support of F(c-Ind%, o) is Z(0), we
need to prove that the natural map

(5.3.21) Oz() = Endy,  (2*F(c-Indf ; 0))

is injective. Applying Lemma [B.3.34] to the kernel of ([5.3.21)), we see that it suffices
to show that ([5.3.21]) becomes an injection after applying i _, for any closed point p

p,0)
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of Z(0). By Lemma [B.3.41}, applying ﬁjﬁ’ﬁfa to (b.3.21]) yields the natural map
(5.3.22) RY/w — Endygoq.( R%)(aﬁggz*F(c_Indgz o))
= Endypoq, (ro) (ﬁ*/i\%kF(c-Inng 7));

here the equality is obtained by an application of to the outer rectangle in the
commutative diagram (5.3.13), taking into account the fact that 6*?%* F(c-Ind%, o)
is an RZ-module (by Proposition . The map is injective, again by
Proposition m Since /2\ pulls back the morphism to a morphism in
Coh(O(x/w)n) (by Lemma, and v* is faithful on Coh(Ox/x2) (as we have
already seen earlier in this proof), this concludes the proof that (5.3.21)) is injective.

Finally, assume that o # Sym? 2 ® det® for any a. It remains to prove that
2*F(c-Ind$ , o) is an invertible sheaf on Z(0). Since Z(o) is reduced, it suffices
to show that its fibre dimension is equal to 1 at all finite type points of Z(o).
Since is injective, the fibre dimension is positive at all finite type points
of Z(0o), hence the loci of fibre dimension = 1 and < 1 coincide. By semicontinuity,
this locus is an open subset of |Z(c)|, and by Proposition (3), it contains all
closed points. It is therefore equal to |Z(0)]. O

Proposition 5.3.23. The functor
F: Dg (A) — Pro D%, (X)

coh

has essential image contained in Db, (X). Furthermore it is of amplitude [—1,0].

Proof. Since D?p (A) = DP(AP), it follows from Lemma that it suffices to
show that for each m € AP, F(7) has cohomology in Coh(X), which furthermore
vanishes outside of degrees —1, 0.

We begin by showing the vanishing. By Lemma [B:3.34] it suffices to prove that

~,

%*HiF(w) = 0 for all closed points # of X and all i # —1,0. Since ig‘ is exact, this is

equivalent to H* (’z\gk F(7)) = 0. Since (5.3.3) is an isomorphism (by Proposition [5.3.6))

o~

we reduce to showing that H!(Pro Fg(izm)) vanishes for i # —1,0. This follows from
Theorem [5.2.24

We now prove that H°F(n) and H~'F(r) are coherent, for all 7 € A™. Recall
that m admits a presentation

eIndS, W = e¢Ind$,V =7 =0

with V,W finite O-modules. A dévissage using Proposition [5.3.20] shows that
H7'F(c-Ind%, V) = 0, and H°F(c-Ind%, V) is coherent. The right t-exactness
of F then implies that H°F(r) is coherent for all 7 € A®. Now, since AP is abelian,
we have a short exact sequence

0= = cndf,V-o7—0
with 7/ € AP, We thus obtain an exact sequence
0— H 'F(r) » HF(x') = HF(c-Ind%, V) — HF(n) — 0,

and we conclude that H~'F(7) is coherent, as required. O
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5.3.24. F preserves the recollement. We now show that for any (not necessarily
finite) closed subset Y C X, the functor Fy takes D ' (Ay) to Db (Xy).

Proposition 5.3.25. Let Y be a closed subset of X with open complement j : U —
X, and write U .= w3 (U) and jj; : D5, (X) — Db, (U) for the pullback functor.

coh coh

(1) The essential image of the functor Fy : D¢ ' (Ay) — Pro Db (Xy) is con-
tained in Db, (Xy), and there is a commutatwe diagram

Dt (Ay) —22 D (A)

v | . |F

‘Dgoh (XY) Dgoh(‘)()
(2) The composite DY, (A) RN Dgoh(/l’) Dgoh( ) factors through a functor

Fy: Dfp(AU) - D(l:)oh(u)‘
Furthermore, if 0 is a closed point of U then there is a natural isomorphism

(5.3.26) ’*FU — (ProFy )z— DY (Ay) — Pro DS ().

Proof. We begin by noting that, for every § ¢ Y, it follows from Proposition m
that

(5.3.27) z “Fiy,. = (ProFy )Z iy« =0

(where we have used that ’L%Z'K* =0). It follows from and Lemma
that j/;Fiy . = 0; equivalently, bearing in mind Proposition we see that
the composite Fiy . : Dfp(Ay) — DY, (X) has essential image contained in the
full subcategory D? , (Xy) = Dé’ohyy(X ) consisting of complexes whose cohomology
sheaves are set-theoretically supported on Y. In particular, we may write Fiy , =
?’Y,*F’Y for some functor Fy : D¢ (Ay) — D2, (Xy).

We therefore have the following commutative diagram, which immediately gives .

D, (Ay) —= Dp,(A) —— Dl (X) —— Pro Dl (Ay)
by«
Fy
Dgoh(XY)
The existence of Fy is a formal consequence of (5.3.27)), Corollary [2.6.7] and the
commutativity of the diagram. Finally, (5.3.26)) follows from (5.3.3)). (|

Definition 5.3.28. By Proposition [5.3.25 and Corollary 2.6.7} the Ind-extensions
of the functors F, Fy,Fy give continuous, right t-exact functors, that we continue
to denote by the same symbols

F: D(A) — Ind DL, (%),
(.AY) — Ind Dcoh(XY)
(AU) — Ind Dcoh (u)
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5.4. Localization to Ugeoq- Recall that in Definition [2.7.6] we defined a finite
subset Ypaq C |X| with dense open complement Ugqoq, and in Definition m
we defined Uyooa as the open substack of X with underlying topological space
o' (Ugood). Our goal in this section is to establish some properties of our functor F
after restriction to Ugooa and Ugood; in particular, we will show that the functor Fyy,
is fully faithful (see Theorem .

By Lemma|3.7.4] Uyooq decomposes as the disjoint union of open subsets U(o|o°),
and correspondingly Ugeoq decomposes as the disjoint union of open subsets U (o|o°?).
Accordingly, we will be able to work with each open subset U(o|0°°) separately, and
a key tool in our analysis will be the explicit description of the stack U(c|0°)yeq in
Proposition We will need to study the coherent sheaf F(c-Ind% , 0); if {0, 0}
is not of type|(scalar)] then this is an invertible sheaf on Z(o) (see Proposition [5.3.20)),
and our analysis could be simplified, but we give a uniform treatment of all o|c®
below.

We now fix a companion pair {0,0°°}. To simplify notation, we make the
following definitions.

Definition 5.4.1.

(1) We set Y = Ypaqa N X(o|0), U = U(olo®®) = X(olc®°)\Y, U =
U(o|o®°) =1 (U). We also set U(c) =UN Z(0o).

(2) We write j* : D(A) — D(Ay), j* : Ind Db, (X) — Ind D%, (U) for the
t-exact localization functors, and j,, j. for their t-exact fully faithful right
adjoints (see Corollary and Lemma.

(3) We write f = f(t) for the polynomial defined in Definition 2.7.6] so
that f;'(U(c|o®)) C SpecHg (o) is the non-vanishing locus of f(T},) €
Ha (o) = F[T,]. Note that this implies

jeg*e-Ind%, 0 =5 colimy s ¢-Ind , o,

by Lemma [2.5.16]

We begin by specializing Corollary [2.6.8] to the situation at hand.

Lemma 5.4.2. The localizations j*c—Indf(Z o, j*c—Ind%Z o form a set of compact
generators of D(Ay).

Proof. By Corollary the set of localizations {j*c-Ind$, o'}, where o’ ranges
over the (-compatible Serre weights, forms a set of generators of D(Ay). If o’ #
0,0, and o’ is not a twist of Sym?~!, then j*c—Indf(Z o’ = 0 by |[DEG23, Prop.
3.1.13] (i.e. essentially by the very definition of j*). It remains to note that by
and the definition of Ugeed, we have (for any r)

j*e-Ind$ , det” @ SymP ™! = j*¢-Ind% , det” ® Sym” . O

In preparation for the next result, we recall that F(c-Ind%, o/ fe-Ind$, o) is
pure of degree zero. (Indeed, c-Ind% , o/ fe-Ind$. , o is an object of Ay, and Proposi-
tion identifies F(c-Ind$ , o/ fe-Ind$ , o) with Fy (¢-Ind$, o/ fe-Ind$, o),
which Lemma [5.3.8| shows is pure of degree zero; note that ¢ is not Steinberg, by
the definition of a companion pair.) The following lemma describes the underlying
topological space of the scheme-theoretic support of this coherent sheaf, and shows
that its endomorphism F(f) is nilpotent. In its proof, we will make use of the fact
that F(c-Ind% , o) is scheme-theoretically supported on Z(c), by Proposition
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hence the set-theoretic support of its quotient F(c-Ind% , o/ fe-Ind% , o) (in the
sense of Definition [B.3.31)) is a priori contained in |Z(0)].

Lemma 5.4.3. Leti), : ) — X be the scheme-theoretic support of F(e-Ind% , o/ fe-Ind% , o).
Then

(1) VI = Hgevs,., [Z(@) 0] X5] = [Z(a) ]\ [t ().

(2) The endomorphism F(f) of the coherent sheaf i’J}“F(c—Ind%Z o) is nilpotent.
Proof. By Definition 2.7.6|7 we have f = ngybad fz, where f; € H(o) is as in
Definition 2.5.15|, so that ¢-Ind%., o/ fgc-Ind% 7 0 is the maximal multiplicity-free
quotient of ¢-Ind%,, o which is an object of Ag, and

Ind% , 0/ fe-Ind$, 0 = H c-Ind%, J/fgc—IndiZ 0.
0€Ybaa

Thus, if we let i’yy : Yy — & denote the scheme-theoretic support of the coherent
sheaf F(c-Ind% , o/ fgc—Indf( 7 0), we find that J = [[5cy. V5. It therefore suffices
to prove, for each € Yyaq, that [V = | Z(0)|N |5, and that F(f;) acts nilpotently
on 2’3}; (e-Ind$ , o).

By Proposition [5.3.25| we have

F(c-Ind% , o/ fye-Ind$ , 0) = it Fp(c-Ind% , 0/ fze-Ind% , o)

0,%
] G G
= 25,*25*F(c—1ndKZ o/ fze-Indg 5 o),

so we see that |V5| (which is a priori contained in |Z(0)|, as recalled before the
statement of the lemma) is contained in |Z(o)| N |AF].
On the other hand, by Proposition [5.3.6 and Lemma [2.5.16] we have the identifi-
cations
%*F(c—lnd%z o) = ProFz(lim,, (e-Ind$, U)/fgc-lnd?(z o)

= lim,, F5((c-Ind% , 0)/ 2 (c-Ind% , 0)).

Applying ?’5 . we find that

(5.4.4) %’jg‘F(c—Ind?{Z o) = lim, i'g’*Fg((c—Indgz 0)/f£(c—lnd?<z ).

Since i’g)*Fg((c—Ind?( 70)/ fg(c—Ind% 2 0)) is filtered by copies of the coherent sheaf

a Fg((c—Indiz a)/fg(c—Indf(Z 0)), we see that the set-theoretic support of every

6,x
coherent quotient of i%’*igF(c—Ind?( 4 0) is contained in that of

i

z"a*Fg(c—Indf(Z 0/ fze-Ind% , o) = F(e-Ind% , 0/ fze-Ind% , 0),

which is [V5|. By Proposition |5.3.20} the scheme-theoretic support of F(c-Ind%, o)
is Z(0), so in particular F(c-Indj ; o) has a quotient G whose set-theoretic support
is exactly equal to [Z(c)| N |AG[. The unit G — i G is then necessarily an
isomorphism, and so G is a coherent quotient of 2’5 ng(c—Ind?(Z o). Tt follows

from the previous paragraph that G has set-theoretic support contained in that of
F(c-Ind% , 0/ fye-Ind$ , o), which is |V5]. Thus |y is equal to |Z(a)| N |X], as
claimed. This concludes the proof of the first part.
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Turning to the second part, write 7’ X X5 1oq = X for the closed immersion.

Since Xy is the completion of X' at Aj Wwe see from Remark @ that there is

a natural surjection

red’

i z'*F(c—IndKZ O') = i

i G
0,% 0,red* ngmdF(C—IIldKZ U)

in Pro Coh(X). We noted in ((5.4.4) that the source of this surjection is equal to
lim,, i’g’ F; ((c Ind%., 0)/f£(c—1nd?(z 7)),

so we see that the coherent sheaf il‘)(@‘red’*il‘;a,re F(c-Ind$ , o) is a quotient of

i Fg((e-Ind% 7 0)/ f5 (e-Indf 7 0)) = F((c-Ind§ 7 0)/ f5 (c-Ind 5 7))
for n sufficiently large, whence it is killed by F(fg)" = F(f3).

We have already seen that |V5| C ||, and so V5 . 4 € Xe red- Thus, letting 47, .
denote the closed immersion Vg, 4 < &, the result of the previous paragraph shows
that F(fg) acts nilpotently on z";yrrch(c—IndIG( 5 0). This immediately implies that
F(f7) also acts nilpotently on i’;@F(C-IHd?{ 4 0), as required. O

in Definition By construction, we have an isomorphism Fyj* — j*F.
Postcomposing the inverse of this isomorphism with 57, the unit of adjunction
1 — j.4” induces a morphism F — j'Fyj*. Precomposing with j,, the counit
j*7+ — 1 induces a natural transformation

(5.4.5) Fj, — j'Fu.

Proposition 5.4.6. The natural transformation (5.4.5)) is a natural isomorphism
of functors from D{ (Au) to Ind DY, (X).

We now study the interaction of our functor F with the localization functors
ﬁ

Proof. By the continuity of all functors involved, it is equivalent to show that (5.4.5)
is a natural isomorphism of the corresponding Ind—extended functors D(Ay) —
Ind ch’oh(X ). By Lemma|5.4.2} j *-Ind$ Kz0,7 *c-Ind$ Kz 0 are compact generators

of D(Ay), so by the symmetry between o and ¢°°, it suffices to show that the
morphism induced by (|5.4.5))
(5.4.7) F(j.j*e-Ind$ , o) — j.Fy (j*c-Ind% , o)

is an isomorphism.

Recall (as noted in Definition [5.4.1] E ) that the functors j,,7* and j., 7" are t-
exact, and F(c-Ind%, o) is a sheaf (i.e. is in the heart of Ind D (X)), so the
same is true of j.Fy (j*c-Ind%, o) = j*]’*F(c-IndKZ o). Similarly (as also noted in
Definition we have j.j*c-Ind% , 0 = (-Ind% , 0)[1/f] = colimy s e-Ind¥ , o,
and since F commutes with colimits, we have

(5.4.8) F(j.j*c-Ind§, o) = F(e-Ind% 5 0)[1/F(f)] = colimyp(s) F(c-Ind§ , o),

which is also a sheaf. Thus all the objects under consideration are in the hearts
of the respective t—structures, and we work at the abelian level in what follows.
Bearing in mind , we see that we need to prove that the natural map

(C'IndKz o)[1/F(f)] = J*.?/*F(C'IndKZ o)

is an isomorphism.
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Since F(c-Ind , o) is scheme-theoretically supported on the closed substack Z(o)
of X, it is easy to check that we can replace X’ by Z(o), and j’ by its restriction
to the open immersion U (o) — Z(o). We claim that the result now follows from
Lemmabelow, which we apply with Z = Z(¢), F = F(c-Ind% , o), and f equal
to our F(f). Indeed, it is only necessary to remark that in this case the coherent
sheaf F/fF is (by the right t-exactness of F) equal to F(c-Ind%, o/ fe-Ind% , o),
so the hypotheses of Lemma, are supplied by Lemma O

Lemma 5.4.9. Let F be a coherent sheaf on a Noetherian algebraic stack Z, and let
f be an endomorphism of F. Leti:Y — Z be the scheme-theoretic support of F/fF
(a closed algebraic substack of Z) and let j : U — Z be the open immersion of the
complement of Y. Suppose further that f acts nilpotently on i*F. Then f becomes
invertible on j*F, and the natural map F[1/f] — j.j*F is an isomorphism in
Ind Coh Z.

Proof. There is an exact sequence

0= Flfl»FLFo F/fF >0,

Note that the morphism F[f] — F/f is injective for N sufficiently large, so that
there is an inclusion of set-theoretic supports

Supp(F([f]) € Supp(F/ ") = Supp(F/fF) = |¥|.
Thus multiplication by f on F becomes an isomorphism after applying j*, whence the
unit of adjunction F — j,j*F induces a morphism F[1/f] — j.j*F in Ind Coh(Z),
which we will show is an isomorphism. In order to do this we can replace Z by
a smooth cover by a scheme Z, and U and F by their pullbacks to Z, which we
denote by U and F.

Let A be the coherent algebra of endomorphisms of F generated by Oz together
with f, and write W = Spec A, equipped with its canonical finite affine morphism
7: W — Z. As usual, F gives rise to a coherent sheaf G := Oy ®,-14 7 'F on W
such that F —» 7,G. Since A acts faithfully on F, we see that the support of G
is all of W. Recall that this implies that for any coherent ideal sheaf Z C Oy, we
have that Supp(G/ZG) = V(Z). In particular, Supp(G/fG) = V(f).

Now 7.(G/fG) = F/fF, and so Y = Supp(F/fF) = n(V(f)). We claim that
the inclusion V(f) C #=1(Y) is an equality. Given this, we find that 7=1(U) is
equal to the distinguished open subset D(f) of W, and so, if j : D(f) < W is the
corresponding open immersion, we find (recalling that 7 is affine) that indeed

3" F = mejij"G = mGl1/ f] = F[1/ f].

To prove the claim, write Z/ = (77 'Zy)Ow, so that Z' cuts out a closed
subscheme of W with underlying reduced equal to 7=1(Y). Then i*F = m.(G/Z'G),
and our assumption that f acts nilpotently on i*F implies that f acts nilpotently
on G/Z'G. Hence (again using the fact that G has full support on W) we see that

7 H(Y) = V(Z') = Supp(G/Z'G) C V(f).
We’ve already noted the reverse inclusion, and the desired equality follows. O

We now make use of the explicit description of U.q proved in Section
Write B == F[t, f(t)~!, x,9]/(zy), so that by Proposition we may write Upeq =
[Spec B/G], where the reductive group G and its action on B is specified in the
statement of Proposition m From this explicit description we see that B =
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F[t, f(t)7!] unless o|o is of type in which case BS = FJs, (s? — 4)*1]
where s =t + ¢t~ L. In either case there is a finite morphism of F-algebras

(5.4.10) B® - F[t, f(H)7'],
and the maximal ideals of B are in bijection with the closed points 6 of U. More

precisely, if o = 04,5, and 0 corresponds to the semisimple Galois representation

= . e -1
Pg = NreCw™ “ @ nrg-1w -,

then the corresponding maximal ideal of B¢ is ng := (t — a) C BS (respectively
ng = (s — (a +a™1)) C BC if 0|0 is of type|(scalar))); and we have
(5.4.11) wF It £ = (£5(0)).

We may now apply the results of Appendix [B.4.14|to the stack Uy.q = [Spec B/G],
taking G there to be our G, and R to be F.

Proposition 5.4.12. The functor Fy induces an isomorphism
End gy (j7e-Indf 7 0) = Endoonw) (Fu (5 e-Indf £ 0)).
Proof. By Proposition [5.3.200 Fy(j*c-Ind% , o) = j*F(c-Ind$ , o) is a coherent
sheaf on U. Write
S := Endcon) (Fu (7 c-Ind 5 0)),

so that S is a (not necessarily commutative) BS-algebra which, by Corollary [B.4.21]
is of finite type as a BS-module. By (2.5.18)), we have

(5.4.13) (e-Ind%, 0)[1/f] = jj*e-Ind$ , 0.
Consequently, bearing in mind the full faithfulness of j., we find that
(5.4.14) End 41, (j*e-Ind% 4 o) = F[T,, f(T,) ']

The morphism

Fy: EndAlgD (j*c—Ind?(Z O’) — Endconw (FU(j*c—Ind?(Z 0))
induced by Fy is thus a morphism
(5.4.15) F[T,, f(T,)"'] = S.

Our goal is to show that this morphism is an isomorphism. 3
As above, we choose a closed point of U, corresponding to a pseudorepresentation
and a maximal ideal ngz of BG. Recall from Theorem [5.2.24| that

ProFy : Pro D} (Ag) — Pro D, (Xp)
is fully faithful, and recall from Lemma that Pro Fg(’i\%c—lnd?{ 5 0)= %*F(C—Indf( 4 0)=
ig‘ FU(j*c—Indf(Z o) is pure of degree zero. We thus obtain an isomorphism
(5.4.16) ProFg:End, e (/i\gc—Ind?(Z o) — Endpro con x, Gg‘F(c—Ind?{Z 7).
By Corollary the morphism
gg‘ 1S = Endconu (FU(j*c—Ind?(Z O')) — Endpyo con x5 Gg‘F(c—Ind?{Z J))
is a completion at ng, i.e. it induces an isomorphism

Suy — Endpro con x, (45 F(c-Ind %, 0)).
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Moreover, by Proposition |2.7.23] the map ([2.7.22)) induces the first of the identifica-
tions

(5417)  Endp,, g (i5e-Indf ; o) = F[Ty, £(T,) "1} (1, = FlTp, £(T,) 0

the second being induced by (5.4.11)). Finally, the natural isomorphism ?g‘FU =

(Pro Fg)% of Proposition [5.3.25( produces a commutative diagram
(5.4.18)
(5-4.15)

F[T,, f(T;) "] = End 4o (j*c-Ind ; 0) = Endcony(Fu(j*c-Indf ;o)) = S

Tx N
J{’Lﬁ lze

_ (5.4.17)
F(Ty, £(T,)"), B2 End

Pro Al (itc-Indf , o) Frog? Endpro con 2, (2 F(c-Ind% , 0)) = Sa,

whose top horizontal arrow is the morphism that is the focus of our attention.

We now make some deductions. Firstly, we see that the completion of S (which
we recall is of finite type as a B%-module) at each maximal ideal of B¢ (which
is itself a finite type F-algebra) is commutative and reduced. Thus S itself is
commutative and reduced, and is in particular a finite commutative B&-algebra.
We have already observed that makes F[T},, f(T,,) '] a finite BS-algebra.
Somewhat confusingly, we have not shown that (5.4.15) is a morphism of BS-
algebras. However, we see from (5.4.18) that (5.4.15)) induces isomorphisms of the
completions of its source and target at each maximal ideal n; of B&. Now the
finiteness of each of F[T}, f(7,) '] and S over B¢ shows that the maximal ideals of
each of them are partitioned into finite sets according to the maximal ny of BG that
they lie over, and then the isomorphisms given by the bottom arrow of show
that respects these partitions of the maximal ideals in its source and target,
and furthermore induces bijections on each of the finite sets of maximal ideals given
by these partitions. Thus in fact induces a bijection between the maximal
ideals in its source and target, and an isomorphism between the corresponding
completions of each of its source and target. It follows from Lemma below
that is an isomorphism, as desired. O

Lemma 5.4.19. Let k be a field, and let f : A — B be a morphism between finite
type k-algebras. Assume that f~! induces a bijection on mazimal ideals, and that for
every mazximal ideal m C B, the induced map f: A\f—l(m) — Em is an isomorphism.
Then f is an isomorphism.

Proof. Since f~! is bijective on maximal ideals, to prove that f an isomorphism,
it suffices to prove that Spec f is an open immersion. By [Stacks| [Tag 02LC|, it in
turn suffices to prove that f is étale and universally injective.

For each maximal ideal m of B, it follows from our hypotheses together with [Stacks|
Tag 039M] that the map A #-1(m) — Bm is an étale homomorphism of local rings, and
is in particular flat and unramified. Hence f : A — B is flat, by [Stacks, Tag 00HT]
and furthermore it is unramified at all maximal ideals of B (i.e. (Q} /a)m =0 for all
maximal m C B), by |Stacks| [Tag 039G|. Thus f : A — B is étale.

It remains to show that f is universally injective. By [Stacks, [Tag 01S4], it
suffices to prove that B®4 B — B induces a surjection on Spec. Since the image of
Spec(B) — Spec(B ®4 B) is closed, it suffices to show that for each finite extension
k' /k, any morphism ¢ : B®4 B — k' necessarily factors through B. Given such


https://stacks.math.columbia.edu/tag/02LC
https://stacks.math.columbia.edu/tag/039M
https://stacks.math.columbia.edu/tag/00HT
https://stacks.math.columbia.edu/tag/039G
https://stacks.math.columbia.edu/tag/01S4
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a map ¢, we have two maps ¢1,¢2 : B — k' (defined by ¢1(b) = ¢(b® 1) and
da2(b) = o(1 @ b)) that agree on A, and we must show ¢; = ¢o. Since ¢1, P
agree on A, and f~! is bijective on maximal ideals by hypothesis, we deduce that
ker(¢1) = ker(¢2) = m for some maximal ideal m C B. The map Af L(m) — B

is an isomorphism by hypothesis, so it induces an isomorphism on residue fields
A/f7(m) = B/m; so ¢ = ¢9, as required. O

Remark 5.4.20. Although we won’t need this in the sequel, the morphism
is in fact a morphism of B%-algebras. To see this, writing mSpec for the set of
maximal ideals of a ring, it follows from the proof of Proposition (in particular,
from the commutativity of (5.4.18)) that the diagram

mSpec B¢

1]

mSpec F [T, f(T,) "] <—mSpecS

commutes. Since the formation of (5.4.18) is compatible with finite base change
in F, we see that in fact the diagram

mSpec(BE @ F’)

_—— ]

mSpec F'[T,,, f(T},) '] <5, mSpec(S ®r F)

commutes whenever F” is a finite extension of F, and so it also commutes when F’ =
F,. Since the functor A — mSpec(A ®@r F,,) is faithful on reduced F-algebras of
finite type (with F-linear morphisms) we conclude that the diagram

/J

F[T,, f(Tp

commutes, as claimed.
The following result is a mild reformulation of results from Section
Proposition 5.4.21. For any choice of 01,04 € {0,0°}, and for each i > 0:
(1) the F(T,, f(T},)~']-module

EXtE?p(.AU) (j*c—lndg;(z Ul7j*c—1nd?('z 0'2)

is finitely generated, where the F [T}, f(T,)"*]-action is defined through the
action of Ha(o2) = F[T,] on the second factor.
(2) if @ corresponds to a point of U, then the map

ExtDb (v (G e- md¥ , o1, 5" c-Ind%, o) — Etime (Am)

exhibits the target as the completion of the source at the principal ideal

of F[Tp,f(Tp)’l] generated by f7(T}).

(z c-Ind$, 01,2 “e-Ind$, 09)
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Proof. Note that

Ext’b?p(AU)(j*c-Indgz Ul,j*c—Ind?;Z 02) %) ExtiD(A) (j*j*c-lndgz Ul,j*j*c-lndgz 02)

(beclause j« is fully faithful on the level of derived categories), and that Exti‘ =
Extp(4y by definition. Part (1) is then part of Proposition , while part (2) is
Proposition 2.7.23] O
We can now deduce the following key statement.
Proposition 5.4.22. For any choice of 01,02 € {0,0%°}, and any i > 0, the
functor Fy induces an isomorphism
EXtiD}’p(AU) (j*c-lndgz 01,5 c-Ind$, 03) — EXthi’oh(U) (FU(j*c-Inng o1),Fu(j*c-Ind$, 02)).

Proof. The case i = 0 and 01 = 09 is immediate from Proposition [5.4.12| (bearing
in mind the symmetry between o and ¢), which shows that

(5.4.23) F[T,, f(T,) "] End s (j*c-Ind , o)
5 Endoon) (Fu (5 (c-Ind% 5 02)).
By Proposition [5.4.21] and Corollary [B:4:22] it follows that for each ¢ > 0 and pair
01,02, both
EXtiD}’p(Au) (j*c-Indgz ol,j*c-lndgz 02)
and _
Exth ) (Fu(j*c-Ind% ; 01), Fu(j* e-Ind§ ; o))

are finitely generated over the finite type F-algebra F[T}, f(7,) '] (acting through
the second factor).
Since (5.4.23)) is induced by Fy, the morphism

Fy: Ethbﬁ’p(AU) (j*c—Ind?(Z Jl,j*c_Ind?{Z 02) — Ethﬁoh(u) (FU(j*c-Indgz o1), FU(j*c-Ind?;Z 02))

is F[T}, f(T,)']-linear, and so (since we have now seen that it is an F[T},, f(T,) |-
linear morphism between finitely generated F[T,, f(T},) ~!]-modules) to show that it
is an isomorphism, it suffices to prove that it becomes one after completing at each
of the principal ideals f4(T},) of F[T,, f(T,)~']. By there is a commutative
diagram

i . . Fu i - 7 ke
Ext’,)é,p(AU)(]*c—Ind?(Z o1, 5 e-nd$ , o) ——4— Ext’DsOh(u) (FU(]*C—IndQZ 01),Fy(j*e-nd%, 02))

Fg Pﬁ

i Tx G T G ProFg i S G " G
Extp,, Dl (A7) (ize-Indg 7 01, i5c-Ind 4 02) —3% Extp,, DY, (%) (Pro Fg(i5e-Ind , 01), ProFg(ize-Indy 4 03))

Proposition shows that the left vertical arrow is a completion at the principal
ideal generated by fg. Corollary [B.4.23] shows the same is true of the right vertical
arrow. It only remains to show that the lower horizontal arrow is an isomorphism,
and this is immediate from Theorem [5.2.241 O

Proposition 5.4.24. For each companion pair {o,c}, the functor
FU(U\UCO) : Dfl‘)p(AU(O"UCO)) — Dgoh (U(J|UCO))
1s fully faithful.
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Proof. By Lemma [A74.6] it suffices to show that
Fu(olocoy : D(Ap(ojocey) = Ind D2y (U(0]0))

coh

is fully faithful. Using Proposition [5.4.22] this is immediate from an application of
the implication “(4) = (1)” of Proposition |A.2.25] using the compact generators
j*e-Ind$ , o, 7*e-Ind$ , 0 of D(Au(s|oeo))- O

Finally, we deduce the main results of this section.

Theorem 5.4.25.
(1) The functor Fy,,_, :D?p(AUgood) — Db, (Usooa) is fully faithful.

(2) The natural transformation
F U006 = Tty FUsooa

of functors from D} (Auv,,,.) to Ind DY

ooh (X ) is a natural isomorphism.

Proof. Recalling the decomposition Ugeoqa = [[U(c|0°°), this is immediate from

Propositions and O

5.5. The main theorem. We are now in a position to deduce our main theorem,
showing that if p > 5, then there is a fully faithful functor D(A) = Ind Df (A) —

Ind D%, (X).
Theorem 5.5.1. The functors

(5.5.2) F: D}, (A) = DEy(X)

and

(5.5.3) F: D(A) = Ind D}, (A) — Ind D}, (X)
are fully faithful.

Proof. We put ourselves in the situation of Section taking the category A€ there
to be our D? (A); so (in a somewhat unfortunate clash of notation) it follows from
Corollary that A there is our D(A). We take (A’)¢ there to be our D2, (X).
We let 'APZ be Dfl?p(AYbad)’ and (-A/Z)p be Dgoh,Ybad (X) = Dgoh(XYbad)'

The theorem will be an immediate consequence of Proposition once we
check that the functor (5.5.2)) satisfies the hypotheses of that result. Note firstly
that by Corollary [2.6.7| and (B.2.12)), we have equivalences

D?p(A)/DFp(AYMd) - DFP(AUgOOd)

and
Db (X)/Db (Xybad)_>Db (ugood>-

coh coh coh

Then Hypothesis is the claim that the functors
FUgood : Dfl?p(AUgood) - Dals)oh (Z/{good)

and
FYbad : D?p (Aybad ) - Dgoh (Xybad)

are fully faithful, which is Theorem [5.4.25 and Corollary 5.2.30[ Hypothesis (2)
is precisely Theorem [5.4.25 , and finally Hypothesis (E is Proposition

(With Y = Ybad)~ O
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APPENDIX A. CATEGORY THEORY

We begin by briefly collecting some standard results in category theory. In
addition to the material recalled here, we refer the reader to [DEG23, App. A.3| for
some recollections on Ind and Pro categories.

A.l. 1-categories. As we discuss in more detail at the beginning of Section
we typically fix a Grothendieck universe, and sets are called small if they belong to
this fixed universe.

A.1.1. Subcategories of abelian categories. Let A be an abelian category. By def-
inition, a Serre subcategory of A is a full subcategory B of A such that, for any
exact sequence X — Y — Z for which X and Z are objects of B, we also have
that Y is an object of B; equivalently, B is closed under passing to subquotients and
extensions in A (cf. |[Stacks, Tag 02MP]). A localizing subcategory of A is a Serre
subcategory B of A for which the quotient functor A — A/B admits a right adjoint,
which is then necessarily fully faithful, by [Gab62, Prop. I1I1.2.3(a)].

Following [Stacks, |Tag 02MN], we define a weak Serre subcategory of A to be a full
subcategory B of A with the additional property that, whenever the four outermost
terms of a five term exact sequence in 4 are objects of B, so is the middle term.
Any weak Serre subcategory B (and thus any Serre subcategory) of A is an ezact
abelian subcategory of A; that is, it is a full subcategory of A which is an abelian
category in its own right, and for which the inclusion B < A is exact. (Indeed, a
weak Serre subcategory of A is precisely an exact abelian subcategory of A which is
also closed under the formation of extensions in A4; c.f. [Stacks, Tag 0754].)

A.1.2. Grothendieck categories. Recall that a Grothendieck category A is an abelian
category which is cocomplete, admits a set of generators, and for which the formation
of filtered colimits in A is exact. It then follows that A is also complete [KS06|
Prop. 8.3.27].

We say that an object X of a Grothendieck category A is compact if Hom 4 (X, —)
commutes with filtered colimits, and we write A° for the full subcategory of compact
objects. We say that the category A is compactly generated if it admits a set
of compact generators, in which case the natural functor Ind(A°¢) — A is an
equivalence. (In the literature, compact objects are often called “finitely presented”,
and a compactly generated category is “locally finitely presented”.)

Recall that an abelian category is called locally Noetherian if it is a Grothendieck
category, and furthermore admits a set of Noetherian generators. A locally Noether-
ian abelian category is compactly generated, and its compact objects are precisely
the Noetherian objects (see e.g. [DEG23| Prop. A.1.1]).

An abelian category A is locally coherent if it is a compactly generated Grothendieck
category and if furthermore A¢ is abelian, in which case A€ is a weak Serre sub-
category, hence an exact abelian subcategory, of A (for example by Lemma
below). Any locally Noetherian category is locally coherent.

A Serre subcategory B of a Grothendieck category A is localizing if and only if it
is closed under arbitrary direct sums in A. Suppose furthermore that A is locally
Noetherian; then B and A/B are also locally Noetherian, and the right adjoint
A/B — A preserves filtered colimits. Furthermore the compact objects of B are
those objects of B which are compact in .4, and the compact objects of .4/B are


https://stacks.math.columbia.edu/tag/02MP
https://stacks.math.columbia.edu/tag/02MN
https://stacks.math.columbia.edu/tag/0754
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the images of the compact objects in A, so that the sequence of functors
B—-A— A/B
is the Ind-extension of the induced sequence
B¢ — A° — (A/B)¢ = A°/B°.
(See for example [DEG23| Lem. A.2.7] for these facts.)

Lemma A.1.3. If A is a locally coherent abelian category, then A° is a weak
Serre subcategory of A. If A is furthermore locally Noetherian, then A€ is a Serre
subcategory of A.

Proof. For the first statement, we have to check that A° is an exact abelian subcat-
egory of A which is closed under extensions. This is consequence of the equivalence
of (1) and (2) in [Her97, Thm. 1.6], together with [Her97, Prop. 1.5].

For the second statement, we have to check that A€ is closed under subquotients
and extensions, which is clear, since in this case (i.e. when A is locally Noetherian) A€
coincides with the Noetherian objects in A. ([

A.1.4. Ind and Pro categories. If C is a small category, then, as usual, we write
Ind(C) for the category of small filtered diagrams of objects of C. We typically
consider directed systems {X;};cr of objects of C, indexed by a directed set I, and
write colim;c; X; to denote the associated object of Ind(C). (Of course, one can
equally well consider systems of objects indexed by a filtered category, and we will
do so on occasion, using the same notation.) Regarding objects of C as constant
directed systems, we obtain a fully faithful embedding C < Ind(C). The object
colim;¢c; X; is then the colimit of the X; in IndC.
Recall that morphisms in Ind C are computed via the formula

Homyy,q(c)(colim;er X, colimje 7 Y;) = lim;e s colimje y Home (X, ;).

(This simply encodes the fact, already noted, that the natural functor ¢ — Ind(C)
is fully faithful, together with the additional fact that the objects of C are compact
in IndC.)

We define Pro(C) in a dual fashion, so that objects of Pro(C) can be written as
cofiltered limits lim;c; X; of objects of C. We will usually apply these constructions
when C is a small abelian category, in which case Ind(C) and Pro(C) are also abelian
(but no longer small).

We have the following standard lemmas.

Lemma A.1.5. Let C and C' be small abelian categories, and let f : C — C' be an
additive functor. Then:

(1) f is left exact (resp. right exact, resp. exact) if and only if its cofiltered
limit-preserving extension Pro(f) : Pro(C) — Pro(C’) is left exact (resp.
right exact, resp. exact).

(2) If C' has cofiltered limits, then f is left exact if and only if its cofiltered
limit-preserving extension Pro(f) : Pro(C) — C' is left exact;

(8) If C' has exact cofiltered limits, then f is right exact if and only if Pro(f) :
Pro(C) — C’ is right exact.

Proof. By for example [KS06, Prop. 8.6.6(a)] any exact sequence 0 - A — B —
C — 0 in Pro(C) can be written as a cofiltered limit of exact sequences in C.
By [KS06, Theorem 8.6.5(ii)], the functor C — Pro(C) is fully faithful and exact.
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Part (1) follows, and then part (2), resp. part (3), follows from part (1) and the
fact that the inverse limit functor Pro(C’) — C’ is left exact, resp. exact under the
assumptions of part (3). O

Lemma A.1.6. Suppose that g : C' — C is an exact functor between small abelian
categories, and continue to write g : ProC’ — ProC for its Pro-extension. Then:
(1) g : ProC’ — ProC admits a left adjoint f : ProC — ProC’, which is right
exact and cofiltered limit-preserving.
(2) f is exact if and only if the restriction f|c : C — ProC’ is exact.

Proof. By assumption, g : ProC’ — ProC is exact and cofiltered limit-preserving,
so it is limit-preserving, and thus admits a left adjoint f : ProC — Pro(C’ by the
adjoint functor theorem. Being a left adjoint, f is right exact. We now prove that
it preserves cofiltered limits. Letting X = lim;c; X; be a cofiltered limit of objects
of ProC, and Y be an object of C’, we have

Hompyo ¢/ (f(lim X;),Y) = Hompyo e (lim X5, g(Y')) = colim; Homp,o ¢ (X5, g(Y))
= colim; Homp,o ¢/ (f(X;),Y) = Hompyo o (lim f(X;),Y),

where the second equality is because g(Y) € C. Since every object of ProC’ is a
limit of objects of C’, this equality remains true for arbitrary objects Y € ProC’.
Hence f(lim; X;) = lim; f(X;), as required. The second part follows from parts (2)
and (3) of Lemma[A.1.5] since ProC’ has exact cofiltered limits. O

Remark A.1.7. In the setting of Lemma we may form the Ind-extensions
of f and g, which are a pair of adjoint functors Ind f : Ind ProC — Ind Pro(’,
Indg : IndProC’ — IndProC (as can be checked directly from the definition of
Hom-spaces in Ind-categories). Since Ind-completion preserves exactness, we see
that Ind g is always exact, and if f|¢ : C — ProC’ is exact, then so is Ind f.

We now recall a standard result about projective objects of ProC. (The dual
statement then gives a result about injective objects in IndC.) We begin with the
following technical lemma, which is Exercise 6.11 in [KS06].

Lemma A.1.8. Let C' be a full subcategory of a small category C. Then:

(1) if A= colim; X; € IndC is such that any X — A with X € C factors through
someY — A withY €', then A € Ind(C’.

(2) If A =lim; X; € ProC is such that any A — X with X € C factors through
some A =Y withY € C’, then A € Pro(C'.

Proof. The second statement follows from the first by passage to opposite categories,
so it suffices to prove the first. To this end, write D to denote the category of
morphisms (in IndC) Y — A, with Y an object of C’. Tt follows from the hypothesis
(by a very similar argument to that in the last paragraph of this proof) that the
category D is filtered. Accordingly, the functor « : D — C’ mapping the morphism
Y — AtoY gives a filtered diagram in C’, so it has colimit colimp Y in IndC’.

The morphisms Y — A that define the objects of D give rise to a tautological
morphism colimp Y — A, which we will show is an isomorphism. By Yoneda’s
lemma, it suffices to show that for any X € C, the induced morphism

(A.1.9) Homypq (X, colimp V) — Homypq e (X, A)

is an isomorphism.
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Since X € C, we have
Homlnd C (X, COlimp Y) = colimD Homc (X, Y),

and the surjectivity of follows from the hypothesis on A. For the injectivity,
suppose that X = colimp Y are two morphisms that induce the same morphism
to A. These morphisms then factor through some common Y, and we have that
the two composites X = Y — A coincide. Now the morphism Y — A factors
through some X, and if we choose i large enough, the composites X = Y — X;
will coincide. Finally, the map X; — A factors through some Z — A with Z an
object of C’, by hypothesis. So our morphisms X = colimp Y factor through the
tautological map Z — colimp Y, via X =Y — X; — Z, and already coincide as
maps to Z. Hence they coincide, and we’ve proved injectivity. O

Lemma A.1.10. Let C be a small abelian category. Then ProC has enough pro-
jectives. If C has enough projectives, then every projective object in ProC is of the
form lim; P; with the P; projective objects of C.

Proof. The first claim is dual to [KS06, Corollary 9.6.5]. We now prove the second
claim. The analogous result for injective objects of Ind-categories is immediate
from |[KS06, Prop. 15.2.3|, and we follow the proof of that result. Let P be a
projective object of ProC, and let P — X be a morphism in ProC, with X an object
of C. Since C has enough projectives, there exists a surjection @ — X, with Q
a projective object of C. Since P is projective, the morphism P — X factors as
P — @ — X. The result follows from Lemma [A.1.8] (with C’ there being the full
subcategory of projective objects of C). (]

We finish up this discussion of Pro-categories by recording a technical result
related to countably indexed pro-objects.

Definition A.1.11. If C is a small category, we say that an object X of ProC is
countably indexed if we can write X = lim,, X,,, for some sequence of morphisms
o Xpp1 = Xy = --- = Xpin C.

Lemma A.1.12. Let C be a small abelian category, and 0 -+ A —- B - C — 0 a
short exact sequence in ProC. If each of A and C is countably indexed, then the
same is true of B. Furthermore, if A =lim, A, for some sequence of morphisms
cor = Aps1 > A — - — Ap in C, then we can write0 -+ A —- B —-C —0as a
projective limit 0 — A, — B,, — C,, — 0 of short ezxact sequences in C, with the
same transition maps An+1 — A, as before.

Proof. If we push out the given exact sequence along the various morphisms A — A,
we obtain exact sequences

(A.1.13) 0—+A4,—-B,—-C—=0

which are compatible as n varies. Since the formation of cofiltered limits is exact
in ProC, we find that the limit of these sequences recovers the original short exact
sequence; in particular, B — lim,, B,,.

The class of B,, gives an element in Extp . (C, A,). If we write C' = lim,, C),,
then [DEG23|, Lems. A.3.13, A.3.14(2)] give an isomorphism

colim,, Ext(Cpn, An) —= Extp, o (C, Ay).



178 A. DOTTO, M. EMERTON, AND T. GEE

In particular, for some m,, there is an extension

(A.1.14) 0—+A, = Bym, = Cn, =0
from which (A.1.13)) is obtained by pulling back along the morphism C' — C,,,, . If
(A.1.15) 0— A4, = Bym—Cpn—0

denotes the short exact sequence in C, obtained by pulling back (A.1.15)) along the

transition morphism C,, — C,,, (for m > my), then we find that (A.1.13) maps
isomorphically to the limit of these short exact sequences, and in particular, that
B,, = lim,, B,,.m. Consequently, we see that B itself is countably indexed.

Choosing an appropriate strictly increasing function m = m(n), and considering
the corresponding diagonal system of short exact sequences

0— An — Bn,nb(n) — C’m(n) =0

we obtain an inverse system of short exact sequences in C whose limit over n coincides
with the given short exact sequence 0 -+ A — B — C — 0. (More precisely, suppose
we have chosen m(n) suitably. The composite of the morphism B, 11 — B, (that
arises via their construction as pushouts) with the morphism B,, — By, ,(n) factors
through some B, 1 m(n41), inducing a corresponding morphism of short exact
sequences from level (n + 1,m(n+ 1)) to (n,m(n)).) This concludes the
proof. O

A.1.16. Socle and radical filtrations. We briefly recall some facts about socle and
radical filtrations in an abelian category C. We say that an object M € C is simple
if its only subobjects (equivalently, quotients) are 0 and M. We say that M is
semisimple if it is a direct sum of simple objects, and that M has finite length if it
has a finite composition series, i.e. a finite filtration whose graded pieces are simple.
The length of a composition series is then independent of the choice of filtration,
and defined to be the length of M. We introduce the following notation.

Definition A.1.17. Let C be an abelian category. We write Cf'" for the full
subcategory of C of objects of finite length.

When C = Mod(R) for a ring R, we will also write Mod"(R) for C'. Assume
now that C is complete and cocomplete (e.g. a Grothendieck category). If M € C,
we let

rad(M) = ker H q| = ﬂ ker(q)

q:M—N:N is simple q:M—N:N is simple
and
soc(M) =1im H q
q¢:N—DM:N is simple
Then we define
rad’(M) == M, rad""* (M) = rad(rad’(M))
and
soc_1(M) := 0,s0¢;41 (M) = preimage in M of soc(M/soc;(M)).

Finally, we set
cosoc(M) := M/ rad(M).
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If we write V : C — C°P for the natural anti-equivalence, an induction on 7 then
shows that

(M/rad" M) = soct(MY).
As the following lemmas show, these notions behave mostly as expected in Grothendieck
categories: for example, since coproducts are then exact, we find that

(A.1.18) soc(M) = > q(N),

q:N—M:N is simple
hence soc(M) is the sum of all simple subobjects of M. Lemma (2) then
shows that soc(M) is a semisimple subobject of M (indeed, the maximal semisimple
subobject of M). However, cosoc(M) need not be a semisimple quotient of M: see
Remark [A71.22] for a counterexample, which also shows that the next lemma need
not hold in an arbitrary abelian category.

Lemma A.1.19. Let C be an abelian category, and let M be an object of C. Assume
furthermore either that C is a Grothendieck category, or that M is of finite length.
(1) If M is semisimple, then every subobject, resp. quotient, of M is semisimple,
and every exact sequence 0 — M’ — M — M" — 0 splits.
2) If M =)>"._. M,; for a set I of simple subobjects, then M is semisimple.
icl p ] D

Proof. Assume that M is semisimple, and consider an exact sequence as in the
statement of (1). By assumption, M = P, ; M; for a set I of simple objects of C.
Furthermore, either C is a Grothendieck category, or I is finite. In either case, there
is a (possibly empty) subset J C I of I maximal with respect to the property that

M nEPm; =o.
ieJ
If I is finite, this is obvious. Otherwise C is a Grothendieck category by assumption,
so the formation of filtered colimits is exact in C. Thus, for any J C I, we have that

(A.1.20) M’H@Mi = lim (M’G@MZ),
icJ K CJ finite €K
and so the existence of a maximal J follows from Zorn’s lemma.

Having chosen such a subset .J, we define N := M’ + &D,_; M;. Note that this
sum is direct. Now if N # M then there exists ¢ € I such that M; ¢ N, and so
N + M; is a direct sum, which contradicts the maximality of J. We have thus
proved that the exact sequence in (1) splits, and that M” is semisimple.

As an aside, note that this already implies (2), since (momentarily adopting
the notation of that statement) we have a surjection € M; — M with semisimple
source.

Returning to the proof of (1), it remains to show that M’ is semisimple. We
first note that if M’ # 0 then it contains a simple subobject. Indeed, if M’ # 0,
then shows that there exists a finite K C I such that M’ N &, M; # 0.
Now M'NEP, jc M; has finite length (since K is finite) and so it necessarily contains
a simple subobject, which is then a simple subobject of M’.

We now prove that M’ is semisimple. By (2) (which we’ve already proved) it
suffices to show that M’ is equal to the sum of its simple subobjects. To this end,
then, let M{ be the sum of the simple subobjects of M’'. By what we’ve already
shown, we know that the inclusion M < M is split, and so the inclusion Mj — M’
is also split (by the restriction to M’ of a retraction of M} < M). Thus we can
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write M' = M/} & M/ for some M] C M’. By the construction of M}, we see that
M contains no simple subobjects. By what we’ve already proved, we conclude that
M =0, so that M{j = M’, as required. O

Corollary A.1.21. Let C be a complete and cocomplete abelian category, and
let M €C.
(1) If C is a Grothendieck category, then soc; M/soc;_1 M is semisimple for
all 1> 0.
(2) If M has finite length, then soc; M/soc;_1 M and rad’ M/rad"™* M are
semisimple for all i > 0.

Proof. The statements about soc; are immediate by Lemma (2), which
shows that soc M is semisimple, together with the fact that soc; M/soc; 1 M —
soc(M/soc;—1 M) for all i, by definition. Assume therefore that M has finite length.
Arguing as in the previous case, it suffices to prove that M/rad M is semisimple.
By construction, M/rad M is a finite length subobject of a product [],., M; of

simple objects. Since
[[v= m [[n
el KCI finite jeK

and M/rad M is Artinian, there exists a finite K C I such that

M/rad M — [[ Mi = P M;

i€k i€k
is a monomorphism. Since K is finite, Lemma|A.1.19[(1) now implies that M/rad M
is semisimple, as desired. O

Remark A.1.22. Lemma[AT.19|need not hold true if C is not a Grothendieck category.
For example, let C = Mod(Z)°P be the opposite of the category of abelian groups.
The simple objects in C are the groups Z/q for ¢ a prime number. Then G = Hq Z/q
is a semisimple object in C, but the subgroup generated by 1 in all coordinates is a
quotient of G in C which is isomorphic to Z, which is not a semisimple object of C.

Similarly, now viewing G as an object of C°P (i.e. of Mod(Z)), we see that
radyiod(z)(G) = 0. However, G is not semisimple, since it contains non-torsion ele-
ments; hence the cosocle of an object need not be semisimple (even in a Grothendieck
category).

Lemma A.1.23. Let C be an abelian category, and let M, N be objects of C.

(1) If C is a Grothendieck category, and N is a subobject of M, then soc; N =
N Nsoc; M for alli > 0.

(2) If C°P is a Grothendieck category, and q : M — N is an epimorphism, then
rad’ N = q(rad’ M) for all i.

Proof. We begin by proving part (1), by induction on 4. For the base case i = 0, the
inclusion soc N C N Nsoc M is true by . On the other hand, the inclusion
NnNsoc M C soc N holds because NNsoc M is semisimple, by Lemma (1), and
so it is the sum of its simple subobjects; and by (A.1.18), these are also subobjects
of soc(N). By inductive assumption, we now have an inclusion N/soc; N —
M /soc; M, and the case i = 0 implies that

soc(N/soc; N) = (N/soc; N) Nsoc(M/ soc; M).
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Hence the preimage in N of soc(IN/soc; N), which is soc;11 N, coincides with the
preimage in N of soc(M/ soc; M), which is N Nsoc;+1 M. This concludes the proof
of part (1).

Part (2) now follows by duality, since it is equivalent to the statement that
q|yaqi ar 18 an epimorphism onto rad’ N, and we already know that NV — MY —
MY /soc; MY factors through a monomorphism NV /soc; NY — MY /soc; MV. 0O

We conclude this subsection with the following well-known fact about socle and
radical filtrations of objects of finite length.

Lemma A.1.24. Let C be a complete and cocomplete abelian category, and let M € C
be an object of finite length. Then the socle and radical filtration of M have the
same length (i.e. number of nonzero graded pieces), called the Loewy length of M.

Proof. Let m be the length of the radical filtration, and n the length of the socle
filtration. Then m is minimal such that rad™ (M) = 0, and n is minimal such that
soc,—1(M) = M. Since, by Corollary soc; M/ soc;—1 M is semisimple for
all i, we see by induction on ¢ that rad’(M) C soc,_1_;(M). This implies that
rad" (M) = 0, and so m < n. Similarly, Corollary and induction on j implies
that rad”™ '~/ (M) C soc;(M) for all j. Hence soc,, 1(M) = M, andson <m. 0

A.1.25. Locally finite categories. A locally finite category is a Grothendieck category
admitting a set of generators of finite length.

Lemma A.1.26.

(1) If A is a locally finite category, and M € A, then M is compact if and only
if it is Noetherian, if and only if it has finite length.

(2) If A is a locally finite category, and A™Y is the full subcategory of objects of
finite length, then the inclusion A™ — A induces an equivalence Ind AT —
A.

(3) If AP is a locally finite category, and A is the full subcategory of A
whose objects are of finite length, then the inclusion A" — A induces an
equivalence Pro AM — A.

Proof. For parts (1) and (2), observe that the locally finite category A is locally Noe-
therian, hence its compact objects coincide with its Noetherian objects by [DEG23,
Proposition A.1.1], and (writing AN°®*" for the subcategory of Noetherian objects)
we have Ind AN°¢" =5 A by |KS06, Proposition 6.3.4]. So it suffices to prove
that ANoeth — AfL - Since it is immediate that AP C ANeeth it suffices to prove
that every compact object X € A has finite length, which is immediate since X is a

filtered colimit of subobjects of finite length. Part (3) is dual to part (2). O

If A is a locally finite category, then a block of A is an equivalence class of
isomorphism classes of simple objects under the equivalence relation generated by

Sl ~ SQ if EXti(Sl, Sg) 7é 0 or EXt}L‘(SQ,Sl) 7é 0.

If 8 is a block of A, then we let Ag denote the full subcategory of A containing
precisely those objects all of whose irreducible subquotients lie in B.

We let AL denote the full subcategory of objects in Ay that are of finite length
in Ag, and note the following evident result.
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Lemma A.1.27. For any block B, the category .A%I' coincides with the subcategory
of objects of Ass that are finite length, equivalently compact, equivalently Noetherian,
in A.

Proof. Since Ags is a localizing subcategory of A, an object of Ag is of finite length
in A if and only it is of finite length when regarded as an object of Ag. The present
lemma then follows from Lemma [A.1.26l O

We have the following general structure theorem for locally finite categories.

Proposition A.1.28. Let A be a locally finite category. Then there is a canonical
direct product decomposition

(A.1.29) A= ] A,
7

where the product is over all the blocks B of A. For each block B, there exists a
pseudocompact topological ring Eg and an equivalence between A3} and the category
of right-pseudocompact modules over Fgy.

Proof. This is a consequence of the results of [Gab62, Section IV.2]. g

The rings Eg appearing in Proposition [A.T.28 are only well-defined up to their
categories of pseudocompact modules — that is, up to some form of Morita equiv-
alence. In our applications, we will in fact be able to choose the rings Ey to be
profinite, so that the categories of right-pseudocompact modules will simply be the
categories Mod.(Eg’) of profinite right Eg-modules, as we now describe.

A.1.30. Profinite modules over profinite rings. Recall that if R is a topological
ring whose underlying space is profinite, and which is equipped with an O-algebra
structure as an abstract ring, then R is in fact a profinite O-algebra in the strongest
possible sense, namely we may write R — 'mi R;, where the R; are O-algebras
of finite cardinality, the transition maps are O-algebra homomorphisms, and R is
endowed with the inverse limit topology. This is a consequence of the equivalence
of [RZ10, Prop. 5.1.2 (b), (e)]. We will refer to such R as profinite topological
O-algebras from now on. (Note that by loc. cit., any compact (Hausdorfl) ring
is necessarily profinite, and so we could equally well speak of compact topological
O-algebras; but profinite seems clearer.) The examples we care about in the main
body of the paper include the completed group ring O[I'] of a profinite group T,
the Cayley—Hamilton algebras of Section [2.1.9] and the endomorphisms algebras of
various profinite O[G]¢-modules.

Any profinite topological O-algebra R satisfies the requirements of |Gab62, § IV.3];
i.e. Ris a left- and right-pseudocompact ring. We can thus consider the associated
category of left-pseudocompact R-modules, as introduced there, and recalled in the
next definition.

Definition A.1.31. We define Mod.(R) to be the category whose objects are
separated and complete topological left R-modules which admit a neighborhood
basis at zero consisting of open R-submodules of finite R-colength. The morphisms

are the continuous R-linear maps. (These are precisely the left-pseudocompact
R-modules in the sense of [Gab62, Section IV.3].)

The category Mod.(R) has the following standard properties. Note that, as
a consequence of Lemma [A.1.32 , every object of Mod.(R) is topologically
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isomorphic to an inverse limit of R-modules of finite cardinality, and so it has a
profinite topology.

Lemma A.1.32. Let R be a profinite topological O-algebra.
(1) The category Mod.(R) is abelian, and the forgetful functor

(A.1.33) Mod,.(R) — Mod(R)

18 faithful and ezact.
(2) Mod (R)°? is a locally finite category.
(8) There is an equivalence

(A.1.34) Pro Mod,.(R)"" =5 Mod.(R)

through the functor that sends a cofiltered diagram of objects of Mod.(R)®"
to its limit in Mod.(R).
(4) The forgetful functor (A.1.33)) induces a functor

(A.1.35) Mod,.(R)"" — Mod(R)"".

The objects of Mod.(R)!" carry the discrete topology, and they are finite
sets. The functor 1s fully faithful.

(5) Any finitely presented R-module has a unique topology making it an object
of Mod.(R), referred to as its canonical topology. Passing to the canonical
topology yields a fully faithful, exact embedding

(A.1.36) ModP(R) < Mod.(R).

(6) The Jacobson radical rad(R) of R is the intersection of all mazimal closed
left ideals of R, and so it is closed.

(7) If rad(R) = 0, then every M € Mod.(R) is projective, and can be written
as a direct product

M= [T ®/m)"=
mCR

over mazimal closed left ideals m C R (with each I, being an appropriately
chosen indezing set).

(8) If R is Noetherian, then rad(R)™ is open for all n > 0, the canonical
topology on any M € Modfp(R) is the rad(R)-adic topology, and the forgetful
Sfunctor is an equivalence. The equivalence may thus be

rewritten as an equivalence
(A.1.37) ProMod™"(R) =5 Mod.(R).
Proof. Part (1)) is proved in |[Gab62, Section IV.3|. Part (2) is [Gab62, Section IV.3,

Th. 3], and it implies part by Lemma |A.1.26
We now prove part (). The existence of (A.1.35) follows from [VV97, Lemma 3.4(1)].

Furthermore, any M € Mod.(R)!! is discrete: this is because M is Artinian in
Mod.(R), and so it has a minimal open submodule M’, which must be unique
(as can be seen by considering the intersection of two minimal open submodules);
and since M is separated, necessarily M’ = 0, which shows that M is discrete.
Hence is fully faithful. Finally, to see that M is a finite set, we can assume
without loss of generality that M is simple, and then it suffices to note that there
exists a continuous surjection R — M, hence M is both compact and discrete. This
concludes the proof of part .
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We now prove part . To prove existence of the canonical topology, note that
Endyiod. (r)(R) = Endyoqr)(R) = R°P. By (for example) Proposition we
thus obtain a functor Mod™(R) — Mod.(R) whose composite with the forgetful
functor is the embedding Mod™(R) < Mod(R). This functor is fully
faithful, by the “automatic continuity” result in [VV97, Proposition 3.5]. The same
result implies the uniqueness of the canonical topology. This concludes the proof of
part .

Part |§| follows from |Gab62, Section IV, Proposition 12], or can be proved directly.
We now turn to part |7, and so assume that rad(R) = 0, so that R — [[,, R/m
is a monomorphism (the product ranging over closed maximal left ideals of R).
Since Mod.(R)°P is locally finite (hence a Grothendieck category) the dual of
Lemma shows that R is a product of simple objects of Mod.(R). Now any
M € Mod.(R) admits a surjection [],_.g R — M for some index set S: to see this,
it suffices to use part to write M = lim;e; M; as a limit of finite-cardinality
objects of Mod.(R), and then take the limit of the system of surjections

Il R= @ rR— M.

meM; meM;

This produces a surjection ], .5, R — M. Applying Lemma [A.1.19[to this surjec-
tion, we conclude that M is a direct product of simple objects (because so is R),

and a direct factor of [], ), R. Since [[ g R is indeed projective in Mod.(R) for
any S, by e.g. [Bru66, Cor. 1.3], this concludes the proof of @

The first two statements of part are [VV97, Corollary 3.14] (note that M is a
Noetherian object of Mod(R), hence of Mod.(R)). Finally, to see that is
an equivalence, it suffices to note that, when R is Noetherian, the forgetful func-
tor actually induces an equivalence on the full subcategories of Noetherian
objects, by [VV97, Proposition 3.21]. O

There are the usual tensor product functors
—®pg —: Mod(R°?) x Mod(R) — Mod(O)
~®p—: Mod,(R°?) x Mod,.(R) — Mod,(O).

From the perspective of the equivalence , the completed tensor product
—®p— can be interpreted as the Pro-extension of the usual tensor product, when we
restrict it to a functor - ®p — : Mod.(R?)" x Mod.(R)"" — Mod™"(0). If M and
N are objects of Mod.(R°P) and Mod.(R) respectively, then there is a natural map
of O-modules

(A.1.38) M @r N = M ®gN,

where the source is the usual tensor product, formed without regard to the topologies
on M and N, and the target is the completed tensor product, regarded as an O-
module by forgetting its topology. The image of is dense in the defining
topology on M &z N. Looking ahead, from the perspective of Lemma if R
is furthermore Noetherian, the functor M ®pr— is associated to the complete right
R-module M in Mod.(O), by Lemma

If R is a profinite O-algebra, the equivalence (A.1.34) shows that Mod.(R) is
the Pro-category of an abelian category, and so it has enough projectives (by
Lemma alternatively, this fact was established in the proof of Lemma

——R ~
A.1.32| (7). We write Tor; for the left derived functors of —®p—.
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Definition A.1.39. We say that a module M € Mod.(R°P), respectively M €
Mod,(R), is topologically flat if M &p— (resp. ~®rM) is an exact functor.

Lemma A.1.40. Let R be a Noetherian profinite O-algebra, and let M € Mod.(R°P).
Then M is topologically flat if and only if M is a flat R-module (in the usual sense
that M ®g (-) is exact on Mod(R)).

Proof. Since Definition [A7T1.39]is a specialization of Definition [A.10.23] this lemma
is a consequence of Lemma [A.10.24 (]

Since a right exact functor on an abelian category with enough projectives is exact
if and only if its left derived functors vanish, we see that an object M of Mod.(R°P)

R
(resp. of Mod.(R)) is topologically flat if and only if Tor, (M,—) = 0 for all ¢ > 0,

respectively 'f(;‘f (=, M) =0 for all ¢ > 0. From the very construction of left derived
functors, we see that projective objects of Mod.(R°P) and Mod.(R) are topologically
flat; we will see in Lemma below that the converse also holds. The following
lemma shows that the (derived) tensor product with finitely generated R-modules
coincides with the (derived) completed tensor product.

Lemma A.1.41. Let R be a Noetherian profinite O-algebra. If M is an object of
Mod.(R°P) and N is an object of Modfp(R), then the natural map (A.1.38)) induces

. . R —R
isomorphisms Tor;*(M, N) — Tor; (M, N).

Proof. The statement for ¢ = 0 is immediate from the fact that the restriction of
M &g to ModP(R) is naturally isomorphic to M @ — (see Corollary for a
generalization). In turn, this implies the statement for all ¢, since we can compute
the left derived functors via a resolution of NV by finite free R-modules. (]

Remark A.1.42. In the context of Lemma we will often regard M @z N as
a compact R-module, by identifying it with M ® g N. Note that the case i = 0 of
Lemma is true without the Noetherian assumption on R, and in fact applies
in the more general context of pseudocompact rings and modules (compare [Bru66,
Lemma 2.1]).

Remark A.1.43. Let R be a profinite O-algebra. Since rad(R) is closed in R (by
Lemma @), it inherits a profinite topology making it a subobject of R
in Mod.(R). Thus we may consider the quotient R/rad(R), and the associated com-
pleted tensor product functor (R/rad(R)) ® g— on Mod.(R). Evidently, R/ rad(R)
is again a profinite O-algebra, and this functor takes values in Mod,. (R/ rad(R)).
Lemma shows that if M is an object of Mod,(R), then (R/rad(R)) ® g M
is a product of simple discrete R-modules. In fact, (R/rad(R)) &z M may be char-
acterized as the maximal quotient of M in Mod.(R) which is a product of simple
discrete R-modules. To see this, note that if IV is a product of simple discrete
R-modules, and M — N is a surjection in Mod.(R), then M — N factors through
M/rad(R)M. Since N € Mod.(R), it actually factors through the quotient of M by
the closure of rad(R)M in M. Using the fact that has dense image (applied
to rad(R) @ M — rad(R) ®g M) we see that this quotient is (R/rad(R)) ® g M.

We next show that topological flatness is equivalent to being projective in Mod,.(R).
(This is standard, see for example [PT21, Lemma 2.4]|, but we provide a proof for
convenience.)
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Lemma A.1.44. Let R be a profinite O-algebra, and let M € Mod.(R). Then M
is topologically flat over R if and only if it is projective in Mod.(R).

—R
Proof. If M is projective, then it is topologically flat, since Tor; (-, M) = 0 for all ¢ >
0. We now prove the converse. By Remark [A.1.43] we know that (R/rad(R)) ® g M
can be written as a direct product

(R/rad(R)) &M = [[(R/m)"

over maximal closed left ideals m C R, for some appropriately chosen indexing
sets I,. Now choose a projective envelope Ry, — R/m of R/m in Mod.(R) (whose
existence is guaranteed by the fact that Mod.(R)°P is a Grothendieck category,
which has injective envelopes, by |Gab62, Thm. 11.6.2]). By definition, Ry, has a
unique discrete simple quotient (namely R/m), and so Remark shows that
(R/rad(R)) ® g Rm — R/m. So we obtain a morphism

(A.1.45) [[Ry = M

which induces an isomorphism after applying R/rad R®gr(-). We now apply
Nakayama’s lemma for Mod.(R), which asserts that if IV is an object of Mod.(R) for
which (R/rad(R)) ®gN = 0, then N = 0. (See for example [VV97, Lemma 3.23].)
Together with the assumption that M is topologically flat, this implies that
is an isomorphism, and so M is projective, as desired. ([l

A.1.46. Tensoring objects of abelian categories by modules. In preparation for the
statements of Morita theory, we now discuss a general formalism for tensor products
in abelian categories.

Definition A.1.47. Let R be a ring, and let .4 be an abelian category. Then a right
R-module in A is a pair consisting of an object M of A, and a ring homomorphism
R — End 4(M). The category of right R-modules in A is the category whose
objects are right R-modules in A, and whose morphisms are the morphisms of
underlying of objects of A which are compatible with the homomorphisms from R°P.

Given a functor F : Mod®(R) — A, we see that F(R) is naturally a right
R-module in .A. We have the following standard result.

Proposition A.1.48. Let R be a ring, and let A be an abelian category.

(1) The functor F — F(R) is an equivalence of categories between the category
of right exact functors Modfp(R) — A and the category of right R-modules M
in A; we denote the functor F' associated to M by M ®@p —.

(2) If A is cocomplete, then the functor F — F(R) is an equivalence of categories
between the category of colimit-preserving functors Mod(R) — A and the
category of right R-modules M in A; we denote the functor F' associated
to M by M ®r —. Furthermore, the functor F is then left adjoint to the
functor Hom4 (M, -) : A — Mod(R).

(3) If A is complete, then the functor F +— F(R) is an equivalence of cate-
gories between the category of right exact, cofiltered limit-preserving functors
Pro Modfp(R) — A and the category of right R-modules in A; we denote
the functor F associated to M by M ®p .
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(4) The functor F — F(R) is an equivalence of categories between the category
of right exact, cofiltered limit-preserving functors ProMod(R) — Pro A
sending R to an object of A, and the category of right R-modules in A; we
denote the functor F associated to M by M @p-.

Proof. If R is commutative, then is |[Stacks|, Tag 0GNN], and the same proof
works for general R. Part then follows by passage to filtered colimits, see |[Stacks],
Tag 0GNQ)| and [Stacks, Tag OGNS|.

Alternatively, (2)) is the special case k = Z of [NS16, Thm. 3.1]. Part can
then be deduced by applying with A replaced by Ind A, noting that because M
is compact in Ind A (being an object of A), the functor Homyg 4(M,-) : Ind A —
Mod(R) is filtered colimit-preserving, from which one deduces that its left adjoint F'
preserves compact objects. (Cf. Lemma below for the analogous statement
in the context of functors between stable co-categories.)

Finally (3) follows from by passing to cofiltered limits, and part (4) follows
from parts and . O

Remark A.1.49. The equivalences of categories in Proposition [A-T.48] give the usual
bifunctoriality of the tensor product, and even the trifunctoriality of the tensor-Hom
adjunction (see for example [Mit65, Chapter VI, Thm. 3.1] for this last point). In
addition, if S is a commutative ring, and R is an S-algebra, then there is an obvious
S-linear variant of Proposition see [NS16, Cor. 2.3].

Remark A.1.50. Proposition also applies to left R-modules M in A, which
(by definition) are right R°P-modules. As a consequence, if M is a left R-module
in A, we will sometimes write — ®z M : Mod®(R?) — A for the right exact
functor previously denoted M ®pgor —. If A is cocomplete, it extends to a functor
Mod(R°P) — A which is left adjoint to Hom 4(M,-) : A — Mod(R°P).

On the other hand, a left R-module M in A can also be regarded as a right R-
module in AP, and so it defines a (covariant) right exact functor Mod?(R) — AP,
We will write Hompg(—, M) : Mod™(R) — A for the corresponding contravariant
right exact functor. If A is complete, so that Proposition applies to A°P,
then the functor Hompg(—, M) extends to a contravariant functor Mod(R) — A
(sending colimits to limits) and there is a bifunctorial isomorphism

Hom 4 (X, Hompg(N, M)) =2 Hompg (N, Hom 4 (X, M))

for all X € A and all N € Mod(R).

In applications, we will have a finitely generated two-sided ideal J of R, and a
left R-module M in A, and we will write M[J] := Homg(R/J, M). Then M[J] is
naturally a subobject of M in the category of left R-modules in A, and the R-action
on M|[J] factors through R/.J. The right exact functor ® g M [J] is therefore naturally
isomorphic to the composition

®rR/J ®pryaM[J]
_ —_—

Mod® (R°P) Mod®((R/.J)°P) A.

Lemma A.1.51. Let R be a ring, and let A be a complete abelian category with
exact cofiltered limits. Let M; be a cofiltered system of right R-modules in A, and
let M = @Z M;. Then the natural map (@Z M; ®r -) — @Z(Mz ®pr —) is an
isomorphism of functors Mod™®(R) — A.


https://stacks.math.columbia.edu/tag/0GNN
https://stacks.math.columbia.edu/tag/0GNQ
https://stacks.math.columbia.edu/tag/0GNS
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Proof. Since both sides send R to @l M;, it suffices (by Proposition|A.1.48) to prove

that @Z(Ml ®r ) is a right-exact functor on Mod™ (R), which is a consequence of
the exactness of cofiltered limits in A. O

We will also need the following variant of the above constructions, which produces
a formalism of “completed tensor products” in complete abelian categories.

Definition A.1.52. Let R be a Noetherian profinite O-algebra, and let A be
an abelian category. Then we say that a right R-module M in A is complete if
the natural morphisms M — M ®p (R/rad(R)™) give rise to an isomorphism
M —lim M &g (R/rad(R)™) (i.e. this limit exists in A, and is given by M).

Lemma A.1.53. Let R be a Noetherian profinite topological O-algebra, and let A
be a complete abelian category. Then the assignment F — F(R) is an equiva-
lence between the category of right exact and cofiltered limit-preserving functors
Mod.(R) — A, and the category of complete right R-modules M in A; we denote
the functor F associated to M by M ®p—.

Proof. Suppose that F': Mod.(R) — A is right exact and cofiltered limit-preserving,
and write M = F(R). Then the restriction of F to Mod™(R) is given by M ®g -,
and since by Lemma we have R — lm (R/rad(R)") in Mod,(R), we
see that M is necessarily a complete right R-module. This shows that F — F(R)
defines a functor between the categories in the statement of the lemma.

We now construct a quasi-inverse to F' +— F(M). If M € A is a complete right
R-module, then we have the right exact and cofiltered limit-preserving functor
M &g~ : ProMod™(R) — A of Proposition (@B). Restricting this functor
to ProMod™"(R), and recalling (A.1.37), we obtain a right exact and cofiltered
limit-preserving functor Mod.(R) — Pro Mod™!"(R) — A.

Given M, the functor M ®p— takes R to Im M ®g (R/rad(R)™), which coin-
cides with M, since M is assumed to be complete. On the other hand, given F,
the functors F and F(M)®gz— : Mod.(R) — A preserve cofiltered limits, and
are isomorphic to F(M) @g — after restriction to Mod'"(R); they are therefore
naturally isomorphic. This concludes the proof that F' — F(M) is an equivalence,
with quasi-inverse M — M ®p—. O

Corollary A.1.54. Let R be a Noetherian profinite O-algebra. Let A be a complete
abelian category, and let M € A be a complete right R-module. Then the restriction
of M@~ : Mod.(R) — A to Mod™(R) is M @ -

Proof. This is immediate by construction (or by the defining properties of the tensor

products). O

Next, we record a compatibility between our tensor product functors, and right
exact functors between abelian categories.

Lemma A.1.55.

(1) If A,B are abelian categories, R is a ring, F : A — B is right ezact,
and M is an R-module in A, then there is a natural isomorphism of functors
Mod™?(R) — B

(A.1.56) (F(IM)®p -) = F(M ®pg -).
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(2) If A, B are complete abelian categories, R is a Noetherian profinite topological
O-algebra, F : A — B is right exact and cofiltered limit-preserving, and M is
a complete R-module in A, then there is a natural isomorphism of functors
Mod.(R) — B

(A.1.57) (F(M)®g-) = F(M®g-).

Proof. The existence of the natural morphism of functors (A.1.56|) follows from
adjunction (i.e. from the deduction of part of Proposition [A.1.48| from part (2))
Since the functor F(M ®p —) is right exact and takes R to F'(M), this morphism is
an isomorphism by Proposition [A.1.48 .

For part (2), since Mod.(R) = ProMod""(R) (by Lemma [A.1.32 (@), and
both sides of (A.1.57)) preserve cofiltered limits, it suffices to construct the isomor-

phism (A.1.57) after restricting to Modf'l'(R)7 which is a consequence of part
and Corollary [ATT.54] |

Now let A be a complete abelian category, and let R be a Noetherian profinite
O-algebra. If X € Mod.(R), then Lemma [A.1.53| shows that the completed tensor
product with X gives rise to a functor

~®pX : (complete right R-modules in A) — A.

More precisely, given a morphism M; — My of complete right R-modules in A, the
morphism M; RrX = My ® rX is the evaluation at X of the natural transformation
M, ®r— — M> ®r— arising from Lemma |A.1.53

Lemma A.1.58. Let A be a complete abelian category in which products are exact,
and let R be a Noetherian profinite O-algebra. Then for any object X of Mod.(R),
and for any sequence of morphisms My — Ms — Ms — 0 of complete right
R-modules in A which is exact when viewed as a sequence in A, the resulting
sequence My @RX — My @RX — M; @RX — 0 s exact; or, more succinctly, for
any X € Mod.(R), the functor ~-@rX (regarded as a functor from the category of
complete right R-modules in A to A) is right exact.

Proof. Note firstly that the claim is immediate if X = R. For general X, we may
choose a presentation [[;.; R — [[;c; R — X — 0, so that for any right exact
sequence M; — My — M3 — 0 of R-modules, we have a commutative diagram

Hiel M, ’ HiGI M, ’ Hie]

l l l

HjeJMl ’ HjeJ My ’ Hje] M > 0

| | |

M, X —— My@pX —— M3s®@pX —— 0
| | |
0 0 0

with all rows and columns exact, except possibly the last row, which is therefore
also exact. |

Mg‘)O

Lemma A.1.59. Let R be a Noetherian profinite O-algebra. Let M be an object
of Mod.(R°P). Then M is a complete right R-module in Mod.(O). The functor
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M ®p— : Mod.(R) — Mod.(O) obtained from Lemma |A.1.53| coincides with the
usual completed tensor product with M.

Proof. As a consequence of Lemma , the canonical topology on M
is profinite, and so M is a right R-module in Mod.(O). We now show that M is
complete, i.e. that the natural map M — l&nn M ®p R/rad(R)" is an isomorphism.
This map is part of a natural transformation of functors Mod.(R°?) — Mod.(O),
which induces the identity after evaluating at M = R, by Lemma . So it
suffices to prove that both functors preserve cofiltered limits, and to do so, it suffices
to prove that M — M ®pr R/rad(R)™ preserves cofiltered limits. Since R/rad(R)"
is finitely presented, this is a consequence of Lemma[A-T.51] This concludes the proof
that M is complete. The last statement of the corollary now follows, because the
functor M ®p— and the usual completed tensor product are right exact, cofiltered
limit-preserving functors mapping R to M. (]

Remark A.1.60. Let R be a Noetherian profinite O-algebra, and let A be a complete
abelian category. If M is a right R-module in A, we have associated to M a pro-
extended functor M &g — : ProMod™(R) — A (Proposition @) It is right
exact, and cofiltered limit-preserving. Since Mod.(R) = ProMod'(R), there is an
exact and cofiltered limit-preserving inclusion functor

g : Mod.(R) — ProMod™®(R),

which sends R to lim,, R/rad(R)". Restricting M ®r— through g gives rise to a
right exact, cofiltered-limit preserving functor Mod.(R) — A. It sends R to the
right R-module mn(M ®gr R/rad(R)™). If M is complete, we thus obtain the
functor associated to M in Lemma[AT.53] This explains why we have denoted both
functors by M ®p—.

The above discussion can also be understood in terms of the left adjoint f
to g, which is pro-extended from the inclusion Mod™?(R) — Mod.(R) described in
Lemma : in fact, if lim;c; M; is a cofiltered system of finitely presented
R-modules, and N = Liilje ; Nj is a compact R-module written as a cofiltered limit

of finite length R-modules, then

Homoq, (r) (Jim M;, Nj) = lim lig Homyoq, () (M, Nj)

g J i

lim
H

Homyoq,.(r) Q%H M;,N) =1

= LEHIL) Homyyo g0 gy (Mi, Nj) = Homp o noqre (r) (limg M;, lim; N;)
i %

= Homp,, ModfP(R) (hmi M;, g(N))

In more detail, the second equality is because objects of Modf'l'(R) are compact
in Mod.(R)°" = Ind(Mod"!" (R)°P), and the third equality is because finite length
objects are finitely presented, and Mod™(R) — Mod.(R) is fully faithful. It follows
immediately that the counit fg — idred,(g) is an isomorphism. Furthermore, by
Lemma the functor f is exact. We are therefore in the situation of [Gab62,
Proposition 5, §III.2], and we conclude that f is a Serre quotient functor.

The condition that M € A be “complete” can therefore be understood as an
explicit characterization of the condition that the functor M & g— : Pro Mod™(R) —
A factors through f (and, indeed, this characterization then shows that f is the
quotient of Pro Modfp(R) by the Serre subcategory generated by the kernel of
the canonical morphism R — lim,, R/rad(R)™). If this condition holds, then we
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can compute the resulting functor Mod.(R) — A by restricting through g, since
fg = idmod, (R)-

A.1.61. Morita theory for abelian categories. Now let C be a cocomplete abelian
category, and let P be an object of C. Let E := End¢(P). Then E is a right
E°P-module in A, and so the functor

(A.1.62) Home(P,—) : C — Mod(E°P)

admits a left adjoint — ® g P, by Proposition (Z)}

Assume now that P is projective. Recall that the right orthogonal to P, which
we denote by T, is defined to be the full subcategory of C consisting of objects X
for which Home (P, X) = 0. The object P is then a generator of C if and only if
T = 0. We have the following result.

Lemma A.1.63. Let C be a cocomplete abelian category, let P € C be projective,
and let T be the right orthogonal to P. Then:

(1) T is a Serre subcategory of C.

(2) If, for any object X of C, we let X denote the image of X in Q == C/T,
then Home (P, X) —» Homg(P, X).

(3) The image P of P in C/T is a projective generator of Q.

Proof. Part (1) is because T is the kernel of the exact functor Home (P, —). Part (2)
can be proved in the same way as [Gab62, Lem. I111.2.1(c)]. We now prove part (3),
starting with the claim that P is projective in Q. If X — Y is a surjection in Q,
then by |Gab62|, Cor. III.1.1] we can replace it by an isomorphic surjection, and
assume that it is represented by a surjection X — Y in C. Since P is projective
in C, this shows that Home¢ (P, X) — Home(P,Y) is surjective. Now (2) shows that
Homg (P, X) — Homg(P,Y) is surjective. Hence P is projective in Q. Now it
remains to prove that the orthogonal to P in Q is zero, which is a direct consequence
of part (2). O

In the context of Lemma[A-1.63] assume furthermore that C is a Grothendieck cate-
gory, and that P is a compact projective object of C (or equivalently, Home (P, —) is ex-

act and commutes with direct sums). If F' := End¢(P), then from LemmalA.1.63|(2)
A.1.63

we see that also F := Endg(P), and then Lemma (3) together with |[Gab62,

Cor. V.1.1] implies that

Homg(P,-) : Q — Mod(E°P)

is an equivalence. Its left adjoint — @z P, as constructed in Proposition ,
is then a quasi-inverse to this equivalence. In particular, if P is a compact projective
generator of C, then Home(P,-) induces an equivalence C — Mod(E°P) with
quasi-inverse - ®p P.

Some of the Grothendieck categories of interest to us do not admit projective
generators (compact or not), and so the preceding discussion will not apply. However,
Lemma[A7T.26)shows that, if A is locally finite, then its opposite category is naturally
the Pro-category of an abelian category, and so in particular does contain projective
objects. We now describe a variant of the preceding results which applies in this
context.

Let C be the opposite category to a locally finite category, and let P be a projective
generator of C. Then, following |Gab62), Section IV.4], the ring E := End¢(P) can
be endowed with the structure of a right-pseudocompact topological ring, and the
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functor Home (P, —) factors through Mod.(E°P). We make the additional assumption
that P has finite cosocle, and that E' is a Noetherian profinite O-algebra; this will
be true in all cases of interest in this paper. By |Gab62, Thm. IV.4.4], the functor

(A.1.64) Home(P,-) : C — Mod,(E°P)
is then an equivalence: this is in fact how Proposition is proved.

Proposition A.1.65. Under the assumptions in the previous paragraph, P is a
complete left E-module in C, and the functor ~@gP : Mod.(E°P) — C (as defined

in Lemma|A.1.53) is a quasi-inverse to (A.1.64]).

Proof. We begin by proving that P is complete, i.e. P — lgln P/rad(E)"P.
Write V : C — C°P for the natural anti-equivalence. Let I :== PV € C°P, and let
I, = (P/rad(E)"P)Y. Choose generators x1,...,z; of rad(E)"™ as a left ideal.
Then

¢
I, = ﬂker(a:i I =),
i=1

and we need to prove that I = li nI"' By assumption, C°P is a locally finite
category, so it suffices to prove that for each finite length subobjects M C I, there
exists n such that

rad(E)" C Annges (M) = {z € E°P : z|py = 0}.

The right-pseudocompact topology on E = End¢(P), which coincides with the
left-pseudocompact topology on E°P = Endcer (1), is the rad(E)-adic topology,
by Lemma (8). So we need to prove that Annges (M) is open in the left-
pseudocompact topology on E°P. This is true by definition of this topology, see
[Gab62l, Section IV.4, end of page 396, where Anngor (M) is denoted [(M). This
concludes the proof that P is a complete left F-module in C.

It now suffices to prove that — @z P is left adjoint to the equivalence Home (P,-).
Recall that C = ProC*! and Mod,.(E°P) = Pro Mod"" (E°P). We claim that Home (P, -)
and ~ ®pP are Pro-extended from functors between C'*" and Modf'l'(EOP).

Assuming the claim, it suffices to prove that these restricted functors are ad-
joint. By Corollary ~®pP and — ®g P : Mod(E°P) — Ind(C) have the
same restriction to Mod'* (E°P). By Proposition —®g P is left adjoint to
Homy,q(cy (P, ~), whose restriction to Ct! is Home (P, -). Putting these together,
we see that indeed ~®pP and Home(P,-) restrict to adjoint functors between
Mod™!" (E°P) and C®1. This concludes the proof of the proposition.

There remains to prove the claim. Since Home(P,~) and ~ ®p P commute with
cofiltered limits, it suffices to prove that they preserve objects of finite length. This
is true for Home (P, —) because it is an equivalence. By dévissage, it now suffices
to prove that M ®@gP has finite length if M is a simple E°P-module. Now M & g P
is a quotient of (F/rad(E)) ®g P, which equals P/rad(E)P, by Corollary
Since P has cosocle of finite length, it suffices to prove that rad(E)P = rad(P).
By [Gab62, Prop. IV.4.12], we have

rad(E) = {¢ € B : p(P) C rad(P)},

and so rad(F)P C rad(P). If rad(P)/rad(E)P # 0, then there is a non-zero map
@ : P — rad(P)/rad(E)P, because P is a generator of C; and $ lifts to a map
¢ : P — rad(P), because P is a projective object of C. But then ¢ € rad(F), which
contradicts the fact that @ # 0. ]
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A.2. co-categories. We now recall some basic results about oco-categories, and
especially stable co-categories, that we will use below. Our main references are
ultimately |[Lur09; |Lurl7; Kerodon|, but we find it convenient to refer to [BGT13}
NS18; |Cis19| for some of the results we use. In order to deal with set-theoretic issues,
we follow the approach of [Lur09]. In particular, we typically fix a Grothendieck
universe, and sets are called small if they belong to this fixed universe. Furthermore,
all limits and colimits are assumed to be small. At one point in the sequel we employ
the technical device of enlarging the universe (allowing us to regard an a priori
large oco-category as in fact being small), and so in Subsection below we briefly
recall how the process of enlarging the universe interacts with the oco-categorical
constructions in which we’re interested. However, throughout the present subsection,
the universe remains fixed.

It will sometimes be useful to refer to the more traditional literature of triangulated
categories. To this end, we recall that the homotopy category of a stable co-category
is a triangulated category [Lurl7, Rem. 1.1.2.15], and that a functor A — B between
stable co-categories is an equivalence (resp. is fully faithful) if and only if the induced
functor on homotopy categories is an equivalence (resp. is fully faithful).

The oo-categories that we consider typically come in two sizes: small, and
presentable. More precisely, we say that an co-category C is small if it is equivalent
to an oco-category whose underlying simplicial set is small, i.e. if it is essentially small
in the sense of [Kerodon|, Tag 03SM]|. Following [Kerodon, Tag 06K6, Tag 06NF],
for every small regular cardinal x, we say that C is k-accessible if there exists
a small co-category Cy such that C is equivalent to the k-completion Ind, (Cp).
We then say that C is k-presentable if it is k-accessible and cocomplete, and we
say that C is presentable if it is k-presentable for some small regular cardinal .
By [Kerodon| Tag 06PU|, presentable co-categories are complete. In applications,
we will usually be able to take x = w, and we refer to Section for a review of
the Ind,-construction (which we will simply denote by Ind).

If C is a stable oo-category, then it is w-presentable if and only if it is w-accessible:
in fact, if it is w-accessible, then its cocompleteness follows from the fact that it has
filtered colimits and finite colimits. Hence, if Cy is a small stable oo-category, then
Ind(Cy) is w-presentable, because it is stable, as explained in Remark and
w-accessible, by definition.

We will refer to colimit-preserving functors between cocomplete stable co-categories
as continuous. In many texts, such as |[Lur09, Def. 5.3.4.5], continuous signifies the
preservation of filtered colimits, and so the functors between cocomplete stable co-
categories that we call continuous would there be called exact and continuous. Since
we have no occasion to consider non-exact functors, we have opted to incorporate
the exactness condition into our definition of continuous functors.

Finally, we will say that an arrow f :  — y in an co-category C is an isomorphism
if it represents an isomorphism in the homotopy category hC. In the literature,
this is often referred to as f being an equivalence, and we will sometimes use this
terminology interchangeably.

A.2.1. Anima, and morphisms in oco-categories. In the theory of co-categories, the
oo-category of am’mcﬁ (referred to as the oco-category of spaces in |Lur09; [Lurl7|, and
as the oo-category of co-groupoids in other references), which we denote Ani, plays

8This is the terminology of [CS24|, and is short for animated set.
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the role that the category of sets plays in ordinary category theory. In particular,
if x and y are objects of an oo-category C, then we may form Mapse(x,y), the
anima of morphisms from z to y. The basic constructions related to this notion are
described e.g. in [Lur09} §1.2.2] and |Cis19} §3.7].

The formation of Maps.(—,—) is functorial in each of its arguments. One way to
formulate this statement is via the existence of the Yoneda embedding (see [Lur09,
Prop. 5.1.3.1] or |Cis19, Thm. 5.8.13]), which is a fully faithful functor

(A.2.2) C < Fun(C°P, Ani);
here the target denotes the oo-category of functors from C°P to Ani.

A.2.3. Spectra. Since the theory of stable co-categories inevitably bumps up against
the theory of spectra (in the algebraic topological sense), we give some brief reminders
regarding this latter theory for the non-expert. In fact, in the present paper, all
the stable oo-categories that we consider will be R-linear (in a suitable sense) for
some commutative ring R, and hence, as we explain below, all the spectra that we
encounter will actually be objects of D(R) (the derived category of R-modules).
Nevertheless, the references we give for co-categorical results typically work in a
framework that involves the consideration of general spectra; thus we hope the
following recollections will be helpful.

Intuitively, the oco-category Sp of spectra is obtained from the oco-category of
pointed anima by making the suspension functor 3 become invertible. In particular,
to each pointed anima x, there is associated a “suspension spectrum” X°°z, which is
the image of x in the co-category of spectra with respect to the canonical functor
from pointed anima to spectra.

The category Sp carries a canonical right complete t—structureﬂ whose connective
part Sp= contains the full subcategory of suspension spectra, and is obtained from
this by taking the closure under colimits and extensions [Lurl7, Rem. 1.4.3.5]. Right
completeness means that any spectrum s can be written as a colimit

colim s, [—n] —> s,

where the s, are connective spectra. In fact, we may even arrange things so that
the s, are suspension spectra, say s, = X*°x,. Eliding the difference between a
pointed anima and its associated suspension spectrum, we may then write this as

colim X "z, —"s,

which in turn prompts the most naive notion of spectrum: namely, a spectrum
consists of a sequence (z,,) of pointed anima equipped with transition morphisms
Y2, — Tpt1. (From this perspective, the suspension spectrum of a pointed anima
x is given by the particular sequence (X"z).) These transition morphisms may be
expressed in adjoint form as maps x, — Qx,11, and we say that the sequence (x,,)
is an Q-spectrum if these maps are homotopy equivalences. It turns out that any
“naive” spectrum is equivalent to an €2-spectrum, and so one may restrict attention
to Q-spectra when developing the theory.

Another way of thinking of an Q-spectrum is that we start with a pointed
anima xg, which we then enhance to a sequence (z,) equipped with equivalences
Tn — Qxp,i1. In other words, (x,) is a sequence of successive deloopings of zo,

9We recall the notion of t-structure in Section below, and the notion of right completeness

in Section
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endowing xg with the structure of an infinite loop space. Motivated by this, we write
xo = Q°s; this construction then yields a functor Q> : Sp — Ani, (the codomain
denoting the oo-category of pointed anima) which is right adjoint to X°.

The preceding discussion is of course rather informal, but one rigorous version of
it can be found in [Lurl7, §1.4]. The discussion of |[Lurl7, §1.4.2] presents a general
explanation of how to “stabilize” an co-category C admitting finite limits, yielding a
stable oo-category Sp(C). If C is furthermore pointed, then [Lurl7, Prop. 1.4.2.24]
shows that Sp(C) may be described as the oo-category of “Q-spectrum objects” in C.
(If C admits finite limits, and so in particular a final object, then we may consider
the oco-category C, of pointed objects of C. The forgetful functor C, — C then
induces an equivalence Sp(C.) — Sp(C) [Lurl7, Rem. 1.4.2.18], and so it is in fact no
loss of generality to assume that C is pointed; cf. [Lurl7, Rem. 1.4.2.25].) Another
discussion of the description of Sp(C) in terms of spectrum objects, for a pointed
oo-category C admitting finite limits, can be found in [BGT13| §2.3].

In particular, taking C to be the co-category Ani, of pointed anima, we obtain the
stable co-category Sp as its stabilization in the sense just discussed. (The functor
0% is described in |Lurl7, 1.4.2.20]. The construction of the ¢-structure on Sp is
given by |[Lurl7, Prop. 1.4.3.4], and the left adjoint X°° to Q2 is introduced in the
course of proving that result (and again in |[Lurl7, Prop. 1.4.4.4]). The description
of Sp=Y is given in [Lurl7, Rem. 1.4.3.5].)

The heart of the t-structure on Sp is the category of abelian groups. If A is an
abelian group, then one typically denotes the corresponding spectrum by HA; it
is the so-called Filenberg—MacLane spectrum of A. We may furthermore describe
the homotopy groups of spectra in terms of the ¢-structure on Sp. Indeed, if s is a
spectrum, then we write mo(s) := 72°7=Cs, and more generally 7_,,(s) := mo(s[n]) =
(r2775"5)[n]. Of course, the homotopy groups of spectra, defined in this manner,
also admit an interpretation as stable homotopy groups

If R is a commutative ring, then its associated Eilenberg—MacLane spectrum HR
has a natural FE.-structure. By [Lurl7, Thm. 7.1.2.13], which is an unbounded
version of the Dold—Kan correspondence, we may identify the stable co-category of
H R-module spectra with the co-categorical version of the derived category D(R).
As indicated at the beginning of this section, these sorts of spectra are the only ones
that we will actually have occasion to consider in the present paper.

A.2.4. RHom in stable co-categories. If C is a stable oo-category and x and y are
two objects of C, then in addition to forming the anima of morphisms from z to y,
we may also form the mapping spectrum from z to y, denoted by RHome (z,y). One
way to express this is by saying that C is canonically enriched over spectra. (The
reference [HM24] App. C] gives a rather general discussion of enriched categories,
which applies in particular in our present context.) In the following discussion we
state, and sketch the proofs, of the basic results that we need related to this enriched
structure.

10For example, if we describe s as an -spectrum (), then m_n(s) = Tm_n(zm) (for
any m > n), where me on the right hand side denotes the usual homotopy groups, because
the equivalence z,, — Q41 induces an isomorphism 7y, —pn (Tm) AN Tm—n+1(Tm+1). More
generally, if s is the spectrum associated to a sequence (x,) of pointed anima equipped with
morphisms X&m — Tm+1, then 71—, (s) = colimy, Tm—n(2m), the transition morphisms being
induced by the morphisms T —n(Zm) = Tm—n+1(ETm) = Tm—n+1(Tm+1). So, if = is a pointed
anima, then 7_, Xz is the (—n)th stable homotopy group of z.
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For a terse explanation of this enriched structure, see e.g. [Lurl7, Rem. 7.1.2.2].
More details can be found in the discussion of [BGT13, §2.3]; see also the discussion
following [BGT13, Def. 2.15] (noting that those authors write maps where we
write Maps, and write Maps where we write RHom). Concretely, the discussion
following [Lurl7, Rem. 1.1.2.8] shows that if 2 and y are objects of the stable
oo-category C, then we have Maps. (X "z,y) — QMaps (X" 1z,y), and so
the sequence (MapSC(E_”m, y))nEZ forms a spectrum, or more specifically, an -
spectrum. This Q-spectrum is the mapping spectrum from z to y, which (as already
indicated) we denote by RHome(z,y). (Note that when C is a stable co-category,
the mapping anima Maps.(—,—) are canonically pointed, by the zero morphism.)

We may recover Maps from RHom by applying the functor Q°°:

Mapse(z,y) — Q°° RHome (2, y).
Also, we find that
(A.2.5) m_n RHome (z, y) = mo Mapse (x[—n], y) = Hompe (2[—n], ),

where hC denotes the underlying homotopy category of C.

In the examples we care about, our stable co-categories will (in a suitable sense)
be R-linear for some commutative ring R; indeed, they will be derived categories of
R-linear abelian categories, or closely related to such. The corresponding mapping
spectra RHome (z,y) will thus be module spectra over the Eilenberg—-MacLane
spectrum HR of R. As already noted above, [Lurl7, Thm. 7.1.2.13] identifies
the stable co-category of H R-module spectra with the oo-categorical version of
the derived category D(R). Accordingly, we regard RHome (2, y) as taking values
in D(R).

In traditional homological algebra, one often defines RHom on the derived category
of an R-linear abelian category as a derived functor (again with values in D(R)), and
so a priori RHom may be ambiguously defined. However, the exactness properties
that characterize derived functors in the co-categorical context (see e.g. the various
results discussed in Section below) will show that RHom as defined above
will coincide with any definition of RHom as a derived functor that comes up in
practice.

Relatedly, if A is an abelian category and C := D(A) (in the sense of Defini-
tion below), then for any two objects x, y of A (thought of as a full subcategory
of C in the canonical way), we deduce from and standard homological al-
gebra (see e.g. |Stacks, Tag 06XU]|) that 7_,, RHome(x,y) agrees with the Yoneda
Ext-group Ext’y(z,y). In keeping with this observation, and with [Lurl7, Nota-
tion 1.1.2.17], we employ the usual notation

(A.2.6) Ext¢(x,y) = m_, RHome(x,y)
for any objects x,y of an arbitrary stable oo-category C H

1 As indicated by our notation Sp=<°, we have employed cohomological conventions for the
t-structure on Sp. This contrasts with |Lurl7|, which uses homological conventions, and defines
mn(x) 1= T<oT>ox[—n] [Lurl7, Def. 1.2.1.11]. However, the underlying stable oco-category of
spectra is the same, hence so is the suspension functor on it; and since we have defined 7_, (z) to
be 7297=0%[n], which equals T<(T>oz[n], our notion of m_y(z) coincides with the one in [Lurl7].
Note also that, because of this, our Sp<9 coincides with the category of spectra whose stable
homotopy is concentrated in nonnegative degrees.
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A.2.7. Spectral variant of the Yoneda embedding. If C is a stable oo-category, then
we may use RHome to construct a variant of the usual Yoneda embedding (A.2.2)).
Namely, y — RHom¢ (-, y) gives a fully faithful exact functor

(A.2.8) C < Fun®(C°P, Sp)

where Sp denotes the stable oco-category of spectra, and Fun® denotes the stable
oo-category of exact functors between stable co-categories. One construction of
this functor is given in [BGT13| Def. 2.15], where it is obtained as the stabilization
(in the sense of [Lurl7, §1.4.2]) of the usual Yoneda embedding (A.2.2), bearing in

mind that Sp(C) — C when C is itself a stable oo-category.

A.2.9. RHom as a right adjoint. If C is a presentable stable co-category, then we
have an action of spectra on C [Lurl7, Rem. 7.1.2.2, Prop. 4.8.2.18, Rem. 4.8.2.20].
More precisely, the co-category Pr whose objects are presentable co-categories and
whose morphisms are left adjoint functors admits a symmetric monoidal structure
(C,D) — C ® D, where C ® D is the presentable co-category characterized by the
property that it receives a functor C x D — C ® D which is colimit preserving in
each variable separately, and which is universal for this property. Furthermore, the
stable co-category Sp of spectra is idempotent with respect to this structure, and
the Sp-local objects of PrL, i.e. the presentable co-categories for which C —» C® Sp,
are precisely the presentable stable co-categories [Lurl7, Prop. 4.8.2.18|. The inverse
equivalence C ® Sp — C then gives the action of Sp on C; in particular, this action
is colimit preserving in either variable.

The RHom¢ construction may also be interpreted as right adjoint to the action
of Sp on C. In a little more detail, for any object = of C, the functor —-® = : Sp — C
is colimit preserving, and so admits a right adjoint, which we (temporarily) denote
by G. If S denotes the sphere spectrum (i.e. ¥*°S° where S° denotes the pointed
0-sphere), then S is a unit object for — ® x, and so, for any object y of C, we find
that

Maps;(z,y) — Mapsq(S ® z,y) — Mapsg,, (S, G(y)).
Now for any object ¢ of Sp, we have that
Mapsg, (S, t) — Mapssp(EooSO,t) 5 Mapsy ;. (S%, Q).

Thus
Mapsc(z,y) — Q*G(y),
and replacing y by X"y, we find that
Maps¢ (X7 "z, y) — Q°N"G(y).

Now any spectrum t is identified with the Q-spectrum given by the sequence
(Q°°X"t),,>0. Thus we see that G(y) is identified with the Q-spectrum Mapsq (2~ "z, y),
which is to say with RHome (2, y). To summarize: if s is a spectrum and z,y € C,
we have a natural isomorphism

(A.2.10) Mapsc (s ® x,y) — Mapsg, (s, RHome(x,7)).

A.2.11. Formal properties of RHom. We recall (and verify) some properties of RHomg,
which are analogues of the usual formal properties for Maps,. (The notion of a
stable co-category being compactly generated is recalled in some detail below; in
particular, it implies presentability.)
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Lemma A.2.12. Let C be a compactly generated stable co-category, and let x € C
be an object of C. Then:

(1) The functor RHome(x, —) commutes with small limits.
(2) If x = colim;ey x;, then RHome (z, -) = lim;ey RHome (24, -).
(8) If x is compact in C, then RHome(x, -) commutes with small colimits.

Proof. The description of RHome(x,—) as a right adjoint immediately
implies part (1).

We now prove part (2). Since s ® — preserves colimits for any s € Sp, we obtain
a natural isomorphism

Mapsgy, (s, RHome (colim x;, —)) — lim Mapsg,, (s, RHome (2, -))

and so part (2) follows from the Yoneda lemma in Sp.

Finally, we prove part (3). By Lemma below, applied to F' := - ® z and
G := RHom¢ (z,—), it suffices to prove that — ® x preserves compact objects. The
compact objects in Sp are precisely the colimits of finite diagrams, all of whose
objects are shifts of the sphere spectrum S, or zero. Since S® x = z, and - ® x
preserves colimits, we see that — ® z sends compact objects to colimits of finite
diagrams, all of whose objects are shifts of x, or zero. Since such colimits are
compact if x is compact, this concludes the proof. O

A.2.13. RHom and adjoints. If F: C — D and G : D — C are (left, resp. right)
adjoint functors between oo-categories, then they are necessarily exact (being
adjoints) and so are compatible with suspension. One then immediately verifies
that RHomp (F(z),y) — RHome (2, G(y)) for any object x of C and y of D.

If F:C — D is a continuous functor between presentable stable co-categories,
then from the canonical nature of the Sp-action on each of C and D, one deduces
that F' is compatible with these actions. Since F' admits a right adjoint G, one
can also deduce this from the compatibility of adjunctions with RHom noted in the

preceding paragraph, together with the adjunction (A.2.10)).

A.2.14. Ind-categories. We recall the notion of Ind-completion of co-categories,
following the exposition in [Lur09] and [BGT13, §2.4]. If C is a small co-category,
the Ind-category Ind(C) is defined to be the formal closure of C under filtered colimits.
Dually, we have the Pro-category Pro(C), which may be defined as Ind(C°P)°P, and
enjoys analogous properties. The co-category Ind(C) is characterised by the property
that it admits filtered colimits, and admits a fully faithful functor C < Ind(C) which
induces (via restriction) an equivalence of co-categories of functors

(A.2.15) Fun'(Ind(C), D) —~ Fun(C, D),

for any D admitting filtered colimits, where the domain denotes the full sub-oco-
category of Fun (Ind(C ), D) consisting of those functors that preserve filtered colimits.
See [Lur09, Prop. 5.3.5.10]. The embedding C < Ind(C) preserves all limits, and
if C admits finite limits then so does Ind(C).

If we take the target oo-category D in to be Ani°?, and compose the
resulting equivalence with the Yoneda embedding for Ind(C), we obtain a
functor

Ind(C) < Fun’(Ind(C), AniOP)Op — Fun(C, Ani°?)°? = Fun(C°?, Ani),
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which is again fully faithful, and preserves filtered colimits (since the objects of C
are compact in Ind(C)). This functor identifies Ind(C) with the full subcategory
of Fun(C°P, Ani) generated by C under the formation of filtered colimits [Lur09}
Cor. 5.3.5.4].

Remark A.2.16. If C is furthermore a stable oo-category, then so is Ind(C) |Lurl7,
Prop. 1.1.3.6], and the canonical fully faithful embedding C < IndC is exact
(see [Lur09, Prop. 5.1.3.2, 5.3.5.14]). Furthermore, if C and D are stable co-categories,

then (|A.2.15|) restricts to an equivalence
(A.2.17) Fun®’(Ind C, D) — Fun®*(C, D)

(the source denoting exact and filtered colimit preserving — or equivalently, continu-
ous — functors, and the target denoting exact functors). Indeed, since the inclusion
C — IndC is exact, the restriction of an exact functor IndC — D is again exact;
while conversely, if F': C — D is exact, then Ind(F') : Ind(C) — D preserves cofibre
sequences, and so is also exact. (To see this claim regarding preservation of cofibre
sequences, note that by the proof of [Lurl7, Prop. 1.1.3.6], every cofibre sequence
in Ind(C) is a filtered colimit of cofibre sequences in C. Since F preserves filtered
colimits, and a colimit of cofibre sequences in D is a cofibre sequence, this implies
that Ind(F’) preserves cofibre sequences, as claimed.)

In particular, taking D to be Sp°? in and composing with the spectral
Yoneda embedding for Ind(C), we obtain an exact and fully faithful functor
IndC — Fun®™(C,Sp°?)°? = Fun®(C°P,Sp). In this way we may alternatively
regard Ind C as the full subcategory of Fun(C°P, Sp) generated by C under filtered
colimits.

Remark A.2.18. In fact, the equivalence ({A.2.15)) is part of an adjunction, as we
now briefly explain. Namely, we may consider the functor

(A.2.19) Fun(Ind(C), D) — Fun(C, D)

given by restriction. Then “Indization”, i.e. the inverse to the equivalence ,
is a left adjoint to this functor. This is a consequence of |Lur09, Prop. 4.3.3.7],
because the indization of a functor F' : C — D is its left Kan extension through
the canonical embedding C — Ind(C), by |Lur09, Lem. 5.3.5.8]. The left adjoint
to is furthermore fully faithful, since it induces an equivalence onto its
essential image Fun’(Ind(C), D).

Remark A.2.20. If C is a 1-category, then |[Kerodon, Tag 065F], shows that the
formation of Ind C is independent (up to canonical equivalence) of whether we regard
C as a 1-category and form its Ind-completion in the sense of Section [A-1.4] or
whether we regard it as an oo-category and form its Ind-completion in the sense of
the present discussion.

If C admits filtered colimits then we let C¢ denote the full sub-co-category of C
consisting of compact objects.

Lemma A.2.21. Suppose that C is an co-category admitting filtered colimits for
which C¢ is small. If C' is any sub-oo-category of C¢, then the inclusion C' — C
extends (essentially) uniquely to a filtered colimit preserving functor IndC' < C,
which is again fully faithful.
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Proof. The defining property (A.2.15|) (taking C there to be C" and D to be C) shows
the existence and essential uniqueness of the extension. Its full faithfulness is then
an immediate application of [Lur09, Prop. 5.3.5.11(1)] (taking the & there to be w),

and is in any case easily verified directly. (It is here that we use the compactness
in C of the objects of C’.) O

We say that C is compactly generated if it is w-accessible, or equivalently if it
admits filtered colimits, if C¢ is small, and if the natural functor Ind(C®) — C of
Lemma (sending a filtered diagram in C€ to its colimit in C) is an equivalenceB
If A is a small co-category, then Ind(.A) is idempotent-complete [Lur09, Cor. 4.4.5.16],
and the compact objects of Ind(.A) are the idempotent completion of A [Lur09} Lem.
5.4.2.4]. We thus obtain a correspondence |Lur09, Prop. 5.4.2.17] between small
idempotent-complete co-categories and compactly generated oco-categories. E| Ifc
is compactly generated and furthermore stable, then it is in fact cocomplete (since
by the definitions of compact generation and stability respectively, it admits both
filtered and finite colimits). Hence, if C is a stable co-category, then it is compactly
generated if and only if it is w-presentable.

We say that a sub-oco-category A of a stable co-category B is a stable sub-oo-
category if it is full as a sub-oo-category, stable as an co-category, and if the inclusion
A C B is exact. (This is what in [NS18] is called a stable subcategory.) If C is
stable and admits filtered colimits, then C¢ is a stable sub-oco-category of C, for
example by |[Lurl7, Lem. 1.1.3.3]. On the other hand, as we already noted, the
Ind-completion of a small stable co-category is stable. In particular, we see that a
compactly generated oco-category C is stable if and only if C¢ is stable.

Any functor F' : C — D between small co-categories induces a filtered colimit-
preserving functor Fi,uq(c) : Ind(C) — Ind(D), corresponding under to the

composite functor C 5D Ind(D); we will sometimes denote Fi,q(cy simply by F
if this will not cause confusion. If F' is fully faithful, then so is Fi,q(c) |[Lur09, Prop.
5.3.5.11(1)]. If F : C — D is an exact functor between small stable co-categories
then Finq(c) : Ind(C) — Ind(D) preserves all colimits, because it preserves filtered
colimits and finite colimits, and thus it is continuous.

Remark A.2.22. Recall that there is a general notion of what it means for a set of
objects X belonging to a cocomplete stable co-category C to generate C; see e.g.
[EGH25, Def. A.8.5]. Briefly: we define X to be the full sub-co-category of C
whose objects are those y for which RHome (2, y) = 0 for all z € X, and we say that
X generates C if X+ = 0. Equivalently, by e.g. [EGH25, Cor. A.8.7], X generates C
if and only if the only cocomplete stable subcategory of C containing all objects
of X is C itself. We say that X is a set of compact generators of C if every object
of X is compact, and if X generates C.

12Note that in |Lur09, Def. 5.5.7.1] and |[BGT13} §2.4], compactly generated is taken to mean
w-presentable (rather than merely w-accessible), while [Kerodon| Tag 0673| gives essentially the
same definition as the one we give here, but omits the requirement that C¢ be small. In the stable
case, w-accessible and w-presentable coincide, so in this case (which is our primary focus) our
definition coincides with those of [Lur09] and |[BGT13|.

13By |Lur09, Prop. 5.4.2.17], this correspondence can be upgraded to an equivalence of oco-
categories, where the functors between compactly generated co-categories are those which preserve
filtered colimits and compact objects, but we will not need this result; and indeed we will consider
functors between compactly generated categories which at least a priori do not preserve compact
objects.
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Lemma [A72.23] below shows that the notion of compact generation introduced
above is compatible with this more general notion of generation. In particular, it
follows immediately from Lemma that if C has a set of compact generators,
then C is compactly generated (because the existence of a set of compact generators
implies that (C¢)* = 0).

Lemma A.2.23. Let C be a cocomplete stable oo-category.

(1) If C is compactly generated, then (C¢)* = 0.

(2) Suppose that C' is a small stable sub-oco-category of C¢, with the property
that (C')* = 0. Then C¢ is equal to the idempotent completion of C', and
C is compactly generated. In particular, if (C°)* = 0 then C is compactly
generated.

Proof. Since Ind C¢ is defined to be a subcategory of the presheaf category of C¢,
we see that the right perpendicular of C¢ in Ind C¢ is trivial; this proves (1).

We now prove (2). Since C is cocomplete, Lemma shows that the inclusion
C’ < C Ind-extends to a filtered colimit preserving fully faithful functor

(A.2.24) IndC" — C.

Part (2) will follow if we further show that (A.2.24) is an equivalence, since we have
already observed that the analogue of (2) holds for Ind C’.
Since the inclusion of C’ into C is an exact functor between stable co-categories,

the same is true of its Ind-extension (A.2.24]), by Remark [A.2.16] Thus this Ind-

extension is continuous. The source is furthermore cocomplete (being compactly
generated and stable), and hence its essential image is a cocomplete and stable
sub-oo-category of C, containing C’. Our assumption that (C’)* = 0, interpreted
in light of Remark [A22:22] shows that this essential image coincides with C, as
required. (I

The following standard result gives a convenient criterion to check the full
faithfulness of a functor by checking it on compact generators.

Proposition A.2.25. Let F : C — D be a continuous exact functor between
compactly generated stable co-categories C and D, and let X be a set of compact
generators of C. Suppose that F preserves compact objects. Then the following
conditions are equivalent:

(1) F is fully faithful, i.e. for all objects x,y € C, the induced map
Maps(z,y) — Mapsp (F(z), F(y))

s an isomorphism.
(2) For all objects x,y € C, the induced map

(A.2.26) RHom¢ (z,y) — RHomp (F(x), F(y))

s an isomorphism.

(3) (A.2.26) is an isomorphism for all z,y € X.
(4) For all objects x,y € X and each n € Z, the induced map

Exté(z,y) — Exth(F(z), F(y))

s an isomorphism.
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Proof. The first and second conditions are equivalent by the discussion in Sec-
tion [A2.T1] More precisely, RHom is constructed as an Q-spectrum from Maps,
while Maps is recovered from RHom by applying Q2°°.

The third and fourth conditions are equivalent by [Lurl7, Remark 1.4.3.8]. The
second condition trivially implies the third, and it remains to prove the converse.

Assume then that hypothesis holds, and consider the (full, stable) subcate-
gory Y of C consisting of the y € C with the property that is an isomorphism
for all z € X. By assumption, Y contains every y € X. In order to show that Y =C,
it therefore suffices to show that Y is closed under colimits in C, which follows by
noting that for any € X and any colimit colim;c y;, we have (by the compactness
of z and of F(z), the continuity of F, and Lemma [A.2.12] (3))

RHome (x, colim;e; y;) = colim;e; RHome (x, y;)
= colim;e; RHomp (F(z), F(y;))
= RHomp (F (), colim;cr F(y;))
= RHomp (F(x), F(colim;cr y;)).

We now consider the (full, stable) subcategory Z of C consisting of the z € C
with the property that is an isomorphism for all y € C. We have just seen
that Z contains X, so to show that X = C, it again suffices to show that Z is closed
under colimits in C.

To see this, we have (using Lemma (2) and the continuity of F')
RHome (colim;er zi, y) = lllenll RHome (x4, y)
= lim RHomp (F(z;), F'(y))
= RHomp (colim;es F'(z;), F'(y))
= RHomp (F(colim;es z;), F(y)).
Thus is an isomorphism for all z,y € C, as required. O

A.2.27. Quotients. An important role in our arguments will be played by Verdier
quotients of stable oco-categories. Given a stable sub-co-category A of a stable
oo-category B (or, what is essentially the same data, an exact fully faithful functor
A — B between stable co-categories), the Verdier quotient B/A is a stable co-
category receiving a functor B — B/.A whose composite with A — B is the zero
functor, and which is universal (i.e. initial) for these properties. In what follows, we
recall the construction of the Verdier quotient, and then discuss its interaction with
the formation of Ind-categories.

The key point in the construction of B/A comes by noting that, given an exact
functor of stable co-categories B — C, the objects in (the essential image of) A all
map to zero precisely if all the arrows in B with fibres lying in (the essential image
of) A become invertible in C. Thus the construction of Verdier quotients becomes a
special case of the construction of co-categorical localizations, a construction that
we now briefly recall.

If C is an co-category, and W is a collection of arrows of C, then the localization
C[W~1] is an oo-category receiving a functor C — C[W '] under which all the
elements of W become invertible, and which is universal (i.e. initial) for these
properties. This construction (under the slightly more circumlocutious name of “the
oo-category obtained from C by inverting the set of morphisms W”) is the subject
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of [Lurl7 Def. 1.3.4.1, Rem. 1.3.4.2], and in the context of small co-categories it is
also discussed in |[NS18| §I.3], where it is called “Dwyer—Kan localization”. It is also
discussed in |[Kerodon| Tag [01M4], where it is simply called “localization” (and it
this last terminological choice that we follow).

In [NS18, Thm. 1.3.3] it is shown that if A is a stable sub-oo-category of the
stable co-category B, and if W denotes the set of arrows in B whose fibre lies in A,
then the localization B[W 1] is again stable, and hence (for the reason already
explained above) satisfies the universal property of the Verdier quotient.

Remark A.2.28. As already mentioned, in [NS18| § I.3], a smallness hypothesis is
imposed. In our setting, in which we use universes, this is not essential, since we
can always enlarge the universe to make any given oo-category small. One could
worry that the universal property that C[W ~!] satisfies is universe dependent (i.e.
that it ceases to hold if one enlarges the universe), but in fact this does not happen
(i.e. the localization of C at W remains such after any enlargement of the universe).
To see this, one notes [Kerodonl Tag [05ZN] that the size of any localization of C is
bounded in terms of the size of C itself.

Among all localizations of co-categories, a particularly important class is given by
the so-called Bousfield localizations. These are localizations for which the canonical
functor C — C[W~1] admits a fully faithful right adjoint. This right adjoint then
realizes C[W 1] as a full subcategory of C itself. In |Lur09] and |[Lurl7|, these
are referred to simply as “localizations”, and are characterized in terms of the
resulting full subcategories of C; in [Kerodon| they are called “reflective localizations”.
See |Lurl7, Ex. 1.3.4.3] for one explanation of why these “localizations” (defined as
they are in [Lur09], in terms of certain full subcategories of C) are localizations in
the sense that we are using here.

In practice, the right adjoint required for a Bousfield localization will be con-
structed via an application of the adjoint functor theorem (see the discussion
below for more on this), and so Bousfield localizations typically arise in the con-
text of large, rather than small, oo-categories. We note, though, that [NS18|
Lem. 1.3.4] shows that one can use Yoneda embeddings to map (the opposite of)
any localization functor C — C[W~!] into an associated Bousfield localization of
Fun(C, Ani) — Fun(C[W ~!], Ani); thus Bousfield localizations can be used as a tool
to study arbitrary localizations (such as localizations of small categories, which is
the actual context under consideration in [NS18]).

Since Ind-categories especially lend themselves to the construction of right adjoints
(again, see the discussion below), for our purposes, the role of Bousfield localizations
will be to aid in the analysis of Verdier quotients of Ind-categories of stable co-
categories. For example, if A < B is a fully faithful continuous functor of presentable
stable co-categories, then it follows from |[BGT13], Prop. 5.6] that the Verdier quotient
B/ A is a Bousfield localization of B.

The following proposition describes how the formation of Ind-categories and the
formation of Verdier quotients interact.

Proposition A.2.29. Let A be an idempotent complete stable sub-co-category
of the small idempotent complete stable oo-category B. Then the Ind-extension
Ind(B) — Ind(B/.A) of the quotient functor B — B/A (of small stable co-categories)
is a Bousfield localization at the collection of arrows of Ind(B) whose cofibre lies
in Ind(A). Furthermore, A = (Ind . A) N B (the intersection taking place in Ind B).
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Proof. The claim that Ind(B) — Ind(B/.A) is a Bousfield localization at the collection
of arrows with cofibre in Ind(A) is part of [NS18, Prop. 1.3.5]. It thus follows that
the objects of Ind(.A) N B are precisely the objects of B that become equivalent to 0
in B/A. Since h(B) — h(B/A) is by construction a Verdier quotient of triangulated
categories, the equality Ind(A) N B = A thus follows from [Stacks, Tag 05RK],
since A is idempotent complete. |

Remark A.2.30. Suppose now that C < D is a fully faithful continuous functor
between compactly generated stable oco-categories, which furthermore preserves
compact objects, so that it can be identified as the Ind-ification of its restriction
C¢ < D¢ to the sub-oo-categories of compact objects. Then Proposition [A:2:29] can
be rephrased as the statement that the induced functor

D°/C° — D/C = Ind D¢/ Ind C°

induces an equivalence
Ind(D°/C¢) — D/C.
It thus follows that, in this case, the Verdier quotient D/C is compactly generated.

A.2.31. Adjoint functors. By the adjoint functor theorem |Lur09, Cor. 5.5.2.9(1)], a
functor F' : C — D between cocomplete and compactly generated stable co-categories
is continuous if and only if it admits a right adjoint G. In particular, if F': C — D is
an exact functor between small stable co-categories then F' : Ind(C) — Ind(D) always
admits a right adjoint; and passing to opposite categories, we see that the induced
functor Pro(C) — Pro(D) always admits a left adjoint. In addition, if F : C — D
is left adjoint to G : D — C, then the induced functors F' : Ind(C) — Ind(D) and
G : Ind(D) — Ind(C) are an adjoint pair. This can be seen either by the defining
properties of the Ind extended functors, or by [Lur09, Prop. 5.3.5.13].
The following is a special case of [Lur09, Prop. 5.5.7.2].

Lemma A.2.32. If F : C — D is a continuous functor between compactly generated
stable co-categories, then F' preserves compact objects if and only if its right adjoint
G is continuous.

A.3. Recollements. We will use the notion of recollements, which in the oo-
category setting were defined by Lurie in [Lurl7, §A.8]. We recall the definition
here, in the context of recollements of stable co-categories.

Definition A.3.1. Let Ay, Az, and A be stable co-categories, and let i, : Az — A
and j, : Ay — A be fully faithful exact functors. We will often regard Az and Ay
as full subcategories of A by identifying them with their essential images. We say
that A is the recollement of Az and Ay if the following hypotheses hold:

(1) 4. and j, admit (necessarily exact) left adjoints i* and j*.

(2) j*i, = 0.

(3) i* and j* are jointly conservative, in the sense that if i*X =0 and j*X =0

for some object X of A, then X = 0.

We now describe a method for recognizing recollements. We will usually assume
the following hypothesis.

Hypothesis A.3.2. Let i, : Az — A be a fully faithful functor between compactly
generated stable oo-categories, which is continuous and preserves compact objects.
(Equivalently, i, is the Ind-extension of a fully faithful exact functor i, : A} — A°.)
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We will freely regard Az as a full subcategory of A, by identifying it with the
essential image of i.. Set Ay = A/ Az, and write j* : A — Ay for the quotient
functor.

The following lemma contains the specializations of some results from Sec-

tion to the present context.

Lemma A.3.3. Assume Hypothesis[A:32] Then:
(1) AzNA® = A5.
(2) Ay is compactly generated, and the functor j* is continuous and preserves
compact objects. The kernel of j* is Az.
(3) 7* has a fully faithful continuous right adjoint j. : Ay — A.
In particular, the functors i, j*,j« are the Ind-extensions of their restrictions
it Ay = A, 5 A= AG, gt A — AL

Proof. Applying Proposition[A:2.29]to the inclusion A% C A°, we see that AzNA° =

¢, that j* is the Ind-extension of the quotient functor A°¢ — A°/A$ (hence it
preserves compact objects), and that the kernel of j* is Az. Furthermore, j* has a
fully faithful right adjoint j,. (and so in particular is continuous), because it is a
Bousfield localization, and Ay is compactly generated, because it is equivalent to

Ind(A°/A%). O
We can now state our criterion for recognizing recollements.

Lemma A.3.4. Assume Hypothesis [A:32] Then the following conditions are
equivalent:

(1) A is the recollement of Az and Ay .
(2) i. admits a left adjoint i*.
(3) ixlag, + Ay — A° admits a left adjoint.

Proof. By definition, implies . For the converse implication, by Lemma
the only point to verify is that if X is an object of A with i*X =0 and j*X =0
then X = 0. But if j*X = 0, then X is isomorphic to i, Y for some Y € Az. Now i,
is fully faithful, so the counit i*i,Y — Y is an isomorphism. If furthermore i* X = 0,
this implies Y = 0, hence X = 0, as desired.

We now turn to the equivalence of and (3). If (3) holds, then passing
to Ind-categories gives (2)), by the discussion of Section Conversely, by
Lemma [A72.32] since i, is continuous, any left adjoint i* preserves compact objects,
and so restricts to a left adjoint of i*|AcZ. O

Consider now a continuous functor F' : A — A’ of compactly generated stable
oo-categories, each of which satisfies Hypothesis that is, we have fully faithful,
continuous, and compact object preserving functors of compactly generated stable
oo-categories i, : Az — A and i, : A, — A’. We say that F(Az) C A, if the
essential image of F'i, is a subcategory of the essential image of ’,.

Lemma A.3.5. The following conditions are equivalent:
(1) F(Az) C A7.
(2) There exists a continuous functor Fa, : Az — A, characterized by the
existence of a natural isomorphism

(A.3.6) Fi, =i F4,.
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(3) There exists a continuous functor Fa, : Ay = AJAz — Ay, = A'J A},
characterized by the existence of a natural isomorphism

(A.3.7) J*F =5 Fa, 5"
(4) j"Fi. = 0.

Proof. The first, second and fourth conditions are equivalent by definition. The third
implies the fourth, because j*i, = 0. Conversely, if the fourth condition holds, then
j*F : A— Ay is the zero functor on Az, so induces a functor Fu, : Ay — A},
and a natural isomorphism as in (3), by the universal property of the quotient. O

Suppose now given A, A', and F': A — A’ as above, and suppose that F(A4z) C

">, so that the equivalent conditions of Lemma hold. We will write n,n’

(resp. €,€) for the units (resp. the counits) of the adjunctions (5*,j.), (4%, 4%).

Precomposing the unit 1’ : id 4 — j,j"* with Fj,, and taking into account (A.3.7),
we obtain a natural transformation

. /F'* NS . i s+ . k. JiFA € .
(A.3.8) Fj, Wiy e, PEEDIe i e ST

which need not be an isomorphism in general.

Now suppose further that that each of i, and i/, admits a left adjoint ¢* and #*,
so that by Lemma each of A and A’ is a recollement. Postcomposing (|A.3.6)
with ¢*, and recalling that ¢/, is fully faithful (and so the counit is an isomorphism),
we obtain an isomorphism

P Fi, =5 i Fa, —5 Fa,.

It follows that if we postcompose the unit of adjunction 1 4 — 7,:* with i"*F, then
we obtain a natural transformation

(A.3.9) i*F — " Fid* = Fa,i",
which again need not be an isomorphism in general.

Remark A.3.10. Using terminology from [Sha22, Def. 2.3, Def. 2.6], if each of A, A" is
a recollement, then a functor F that satisfies the conditions of Lemma [A-3.5 defines
a morphism of recollements if and only if (A.3.9) is an isomorphism, and a strict
morphism of recollements if and only if both (A.3.8) and (A.3.9)) are isomorphisms.

In the framework just described, we have the following criterion for F' to be fully
faithful.

Proposition A.3.11. Suppose that F : A — A’ is a continuous functor between
stable oo-categories each satisfying Hypothesis and suppose that F(Az) C A’,.
Suppose furthermore that
(1) each of ix : Az — A and i, : A, — A’ admits a left adjoint i* and i"*
respectively;
(2) the natural transformations (A.3.8]) and (A.3.9) are natural isomorphisms.

Then if each of Fa, and F 4, are fully faithful, so is F.

Proof. Write F(A),Fa,(Az), Fa,(Ay) for the essential images of F, F4,,F4,.
The natural isomorphisms (A.3.6)) and (A.3.7) imply that we have a commutative
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diagram
Ay — = A — Ay
(A.3.12) lFAZ F lFAU

VES

Fa,(Az) — F(A) —2 Fa, (Au).

Assumption (1) and Lemma show that A is the recollement of Az and Ay
via i, and j,. Assumption (2) implies in particular that j, and i'* restrict to
functors ji : Fu, (Ay) = F(A) and F(A) — F4,(Az), which are then adjoint to
(the appropriate restrictions of) 4, and j*. We therefore see that all the proper-
ties in Definition are satisfied, and so F'(A) is the recollement of F4,(Az)
and Fy, (Ay) via i’ and j.. Furthermore, assumption (2) also shows that
is a “strict morphism of recollements” in the sense of [Sha22, Def. 2.6] (compare Re-
mark [A.3.10). We can therefore replace A’, A%, A, by F(A), Fa,(Az), Fa, (Av)
respectively, thus reducing ourselves to the case that F4, and F 4, are equivalences
of categories. We may then apply [Sha22, Rem. 2.7], or equivalently [Lurl7, Prop.
A.8.14], to conclude that F is also an equivalence, as required. ([

A.4. Enlarging the universe, and the Ind Pro construction. In the sequel
we will use Ind Pro categories. In order to deal with the size issues that this entails,
we make a digression on change of universe.

A.4.1. Change of universe. Writing U for the universe (implicitly) considered in
Section we now choose another universe V with U € V. We wish to compare
size-related notions, such as smallness, small colimits, and compact objects, with
respect to the two universes U and V.

To this end, we now say that an co-category C is U-small if it is small with respect
to U. Given a U-small co-category C, we let IndY C denote the Ind category of C
built by formally adjoining U-small filtered colimits. Given an co-category C, we say
that an object X in C is U-compact if Maps,(X,—) commutes with the formation
of U-small filtered colimits, and write CY ¢ to denote the full sub-co-category of
C consisting of U-compact objects. We say that C is U-compactly generated if it
admits U-small filtered colimits, if CY~¢ is U-small, and if Ind” CV=¢ — C is an
equivalence.

All these notions have evident V-analogues, given by replacing the universe U by
the universe V' in the definitions. It is evident that, on a literal level, the notions of
U-compactly generated and V-compactly generated objects are distinct. However,
there is in fact a sense in which compactly generated categories are insensitive to
the choice of universe@ Namely, if C is U-compactly generated, so that

md¥ ¢V = ¢,
then we define

cV :=Ind" CV""
This definition makes sense, because the U-small category CY~¢ is in particular
V-small. By construction, CV is V-compactly generated, and (CV)V—¢ = cV—¢.
Thus CV “promotes” C to a V-compactly generated oo-category whose V-compact

Mwe could phrase this in a precise mathematical manner by describing the construction C — CV
that we define below as inducing an equivalence of certain co-categories of co-categories, although
we don’t do that here.
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objects coincide with the U-compact objects in the original oo-category C. One can
think of CV as a “version” of C which is adapted to the larger universe V.

Similarly, any U-continuous functor (i.e. a functor compatible with U-small
filtered colimits) F' : C — D between U-compactly generated oo-categories extends
canonically to a V-continuous functor FV : CV — DV. If F preserves U-compact
objects, then F'V preserves V-compact objects.

A.4.2. Ind Pro categories. As we already explained, our motivation for introducing
change-of-universe considerations is so that we may consider Ind Pro categories.
More precisely, if C is a U-small co-category, then we may define ProY C in the
obvious manner. This is no longer a U-small category, but it is V-small (e.g.
by |Henl7, Thm. 1(i)]), and so we may then define the Ind completion

Ind" Pro¥ C,

a V-compactly generated oo-category.
We note the following lemma related to computing morphisms in Ind" Pro¥ C.

Lemma A.4.3. Let C be a U-small oco-category, let X = lim;c; X; be an object of
ProY C, written as a U-small cofiltered limit of objects X; of C, and let Y be an object
of Ind¥ C. Then the fully faithful embeddings Pro¥ C < Ind" ProV C and Ind" C —
Ind” Pro¥ C allow us to regard both these objects as belonging to Ind” Pro¥ C, and
we have

Mapsi,qv prov (X, Y) — colim; Mapsy,qv ¢ (X;, V).

Proof. We may write Y = colim;jecsYj, a V-small filtered colimit of objects Y}
of C. Furthermore, the embedding Ind € < Ind" ProY C preserves V-small filtered
colimits. Then

Mapsy,qv prov ¢ (X, colim; Y;) — colim; Mapsp,,v (X, Y;)
— colim; colim; Maps¢ (X;, ;) — colim; colim; Maps (X, Y;)
— colim; Mapsy,qv ¢(X;, colim; Y;),
as claimed. (]
Suppose now that F': C — D is an exact functor between U-small (and hence V-
small) stable co-categories, so that the induced functor Fj 4v ¢ : Ind” € — Ind” D
admits a right adjoint G : Ind¥ D — Ind¥ C. The functor F also induces an exact
functor between V-small stable co-categories Fp v : Pro¥ ¢ — ProV D, whose
Ind-ification
Froqv prov ¢ - Ind” Pro? ¢ — IndY Pro¥ D
similarly admits a right adjoint
Ginav prov p : Ind¥ Pro” D — Ind" Pro? C.
The following lemma shows that Gy,4qv p.,v p and G are compatible in the evident

way.

Lemma A.4.4. The functor Gi,gv prov p 1S continuous, and so is determined by
its restriction to ProY D. Furthermore, if Y = lim;ec;Y; is an object of ProV D,
written as a cofiltered limit of objects Y; of D, then

GIndV ProV D(Y) ; lim G(}/})

jeJ
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(The limit exists in ITnd" Pro¥ C.) In particular, the restrictions of Gi,qv prov p and
of G to D coincide.

Proof. Since Fjqv pyov ¢ is defined as the Ind-ification of Fp,,v ¢, it preserves V-
compact objects, and so its right adjoint G,qv p,ov p is continuous by Lemma[A.2.32}
Furthermore, right adjoints necessarily commute with limits (which also implies the
claimed existence of lim;e y G(Y;) in Ind" Pro” €). Thus it remains to prove the
final claim of the lemma, namely that the restrictions to D of G qv prov p and of G
coincide.

Let Y be an object of D. Then G(Y) is an object of Ind" €, and we must exhibit
a canonical equivalence

Mapsi,gv prov ¢ (X, G(Y)) — Mapsingv prot D (FIndV ProV C(X)v Y)

for any object X of Ind ProV C. Since Fj, v pov ¢ is continuous, the formation of
both mapping spaces is compatible with the formation of colimits in X, and so it
suffices to consider the case when X = lim;c; X; is an object of ProY C, written as
a cofiltered limit of objects X; of C. We then find that

Mapspqv prov ¢ (X, G(Y)) — colim; Mapsy,qv ¢ (X;, G(Y))
— colim; Mapsy,qv p (F(X;),Y) — Mapsi, v prov p (hé? F(X;),Y)

; 1\/Iapslndv ProV D (FIndV Pro? C(lzlenll X1)7 Y) )

the first and third equivalences being provided by Lemma [A74.3] the second equiva-
lence being provided by the adjunction between Fy gv o and G (and recalling that
Fipav ¢ is the Ind-ification of F, and so coincides with F' on objects of C), and
the final equivalence being provided by the definition of Fjqv p.ov ¢ as the Ind
Pro-ification of F'. (]

We also have the following useful lemmas.
Lemma A.4.5. Fj 4v p.ovc commutes with all limits and colimits in Ind" Pro? C.

Proof. We already observed that Fi,qv pyov ¢ admits a right adjoint Gi,qv prov b,
so it commutes with colimits. Similarly, the functor Fp. v : ProV ¢ — ProV D
admits a left adjoint, and thus so does its Ind-extension Fi,qv prot ¢ SO FinaV prov ¢
also commutes with limits. d

Lemma A.4.6. Let F': C — D be an exact functor between U-small stable co-
categories. Then the following conditions are equivalent.

(1) F is fully faithful.

(2) Finqv ¢ i fully faithful.

(3) Fppov e is fully faithful.

(4) Finav prov ¢ 18 fully faithful.

Proof. Since the restriction of Fj,4v ¢ to C agrees with F' by definition, the second
condition implies the first. Conversely, suppose that F' is fully faithful, and let XY
be arbitrary objects of Ind" C, which we write as filtered colimits X = colim;c; X;,
Y = colim;e;Y; of objects X;,Y; of C. Then Fygv(X) = colimjer FI(X;),
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Froav e (Y) = colimje s F(Y;), so we have
Mapsyqv p(Finav ¢(X), Flnav ¢ (Y)) = IZIEH} colime y Mapsp (F(X;), F(Yj))

= l,in} colim;c ; Maps (X, Y;) = Mapsp,qv ¢ (X, Y).
1€

This shows that the first two conditions are equivalent; the remaining equivalences

follow by analogous arguments which we leave to the reader. O

A.4.7. Notational conventions. When we apply the preceding material, we will
again suppress the choice of V' (as well as of the original universe U), and will
simply write Ind ProC. When we implement this construction, it will be furthermore
understood that all U-compactly generated categories D under consideration, and
any U-continuous functors F' between them, are replaced by their “V-versions” DV
and FV. This stipulation is required because, for example, we will want to view
a U-compactly generated category A as a full subcategory of Ind Pro(.A°), and we
will do this by means of the canonical embedding

AV =1Ind" (A°) — Ind" Pro¥ (A°).

A.5. An application of Ind Pro categories to full faithfulness. We prove a
criterion for full faithfulness (Proposition below) which will in turn be used in
the proof of our main theorem.

A.5.1. Constructing a recollement. We return to the setting of Hypothesis SO
that we assume given a fully faithful, continuous, compact object preserving functor
ix + Az — A of compactly generated stable co-categories, with a corresponding
Verdier quotient functor j* : A — Az which (by Lemma is also continuous and
compact object preserving. In fact, Lemma[A.3.3|shows that this data is obtained by
Ind-extending the corresponding functors i, : A} — A€ and j* : A° — Af; obtained
by restriction to the various full sub-stable-co-categories of compact objects.

Starting with these functors on the categories of compact objects, we now take
Pro-extensions, to obtain functors that we denote 2* : Pro A, — ProA° and
/j\* : Pro A° — Pro Af;. The evident Pro-analogue of Proposition shows that
3* realizes Pro Af; as the Verdier quotient Pro A°/ Pro A%.

Next we Ind-extend these Pro-extended functors (using a change of universe, as
discussed in the preceding section, in order to regard these Pro-categories as being
small) to obtain functors (notated in the same manner)

iy : Ind Pro A% < Ind Pro A°

and
7* : Ind Pro A° — Ind Pro A§;.

Again, Proposition shows that 3* realizes Ind Pro Af; as the Verdier quotient
Ind Pro A¢/ Ind Pro A¢,. Furthermore, we are now again in the context of Hypothe-
sis with the the role of A%, A, and Af, now being played by Pro.A%, Pro.A¢,
and Pro Af,.

We can now apply Lemma [A-3:3] twice. Firstly, returing to the context of
ix : Az — A and its quotient Ay, we obtain the fully faithful right adjoint to j*,
which (following the notation of that Lemma) we denote by j. : Ay — A. But
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secondly, considering the context of i, : Ind Pro A% — Ind Pro A€ and its quotient
Ind Pro Af;, we obtain the fully faithful right adjoint to j*, which we denote by

3* : Ind Pro A7, < Ind Pro A°.

We can compare these two constructions. Indeed, the canonical fully faithful
embeddings Af, — Pro Af, and A° — Pro A° induce fully faithful embeddings

Ay — Ind A}, — Ind Pro Af,

and

A =5 Ind A€ < Ind Pro A°,
and we see that we are in a particular instance of the general setting of Lemma[A-4.4]
That lemma then shows that 3* restricts to j,.

In the present situation, where we have made a preliminary Pro-extension before
performing an Ind-extension, there is one more functor that arises (that is not part
of the general package coming from Hypothesis . Namely, the Pro-extended
functor i, has a left adjoint

7 : Pro A° — Pro AS.
Then, since Ind-extension preserves adjunctions, we see that its Ind-extension
7* : Ind Pro A° — Ind Pro A%

(which we denote by the same symbol) is left adjoint to (the Ind-extended version
of) i.. Lemma then shows that the category Ind Pro A€ is the recollement of
Ind Pro A% and Ind Pro Af;, via i, and j..

A.5.2. A criterion for full faithfulness. Suppose now that we have a functor Fue :
A¢ — (A")¢ with Ind-extension F : A — A’, Pro extension Fpy,4c : ProA° —
Pro(A’)¢, and Ind Pro extension Findpro.ac : Ind Pro. A° — Ind Pro(A’)¢. Suppose
also that we have a stable sub-oo-category i, : (A%)¢ — (A’)¢, and write Ay, i, etc.
for the corresponding constructions; and suppose further that F4c(A%) C (A%)°,
so that Fl4e restricts to a functor Fue : AG — (A%)°. Then F4e induces functors
Fa, : Az = A, Fraaproag, @ IndPro Ay — Ind Pro(A’;)¢, and functors Fye
Al = (A, Fay  Av — Ay and Finapro g, : Ind Pro Af; — Ind Pro(A7;)°.

The following criterion for F' to be fully faithful is used to prove the main theorem
of the paper (see Theorem .

Proposition A.5.3. Suppose, with notation as above, that the functor F e : A° —
(A')¢ satisfies:
(1) Fag, and Fas, are fully faithful.
(2) The natural transformation of functors Aj;, — A’
Fj. — j:«FAU
arising from precomposing the unit of adjunction id 4 — jLj"™* wi Jx) 18
. na th y diunction id s i FaL) i
a natural isomorphism.
(3) The natural transformation of functors A — Pro(A,)¢

i/*FA“ — FPro.ACZi*

(arising from postcomposing?’*Fpro Ac with the unit of adjunction 1 4 — ?*z*)
s a natural isomorphism.
Then F and F 4 are fully faithful.



212 A. DOTTO, M. EMERTON, AND T. GEE

Proof. By Lemma assumption implies that Flnqpro Ag, and Findpro As,
are fully faithful, and that the proposition is equivalent to proving that Finqpro Ac
is fully faithful. We will deduce this from Proposition [A:3.11] applied with the
functor F: A — A’ in that proposition being our functor Fi,qpro.4c : Ind Pro A¢ —
Ind Pro(A’)¢. In order to apply this result, we need to verify that Hypothesis
holds (which we have already done, in the paragraph preceding the statement of
this proposition) and to show that the natural transformations

(A54) FInd Pro.ACj* — j;FInd Pro Ag,
and
(A.5.5) 7" Finapro Ac — Flnd Pro. 1"

are natural isomorphisms. (These are the natural transformations (A.3.8]) and (A.3.9)),
with A there being our Ind Pro.A°.)
These statements follow easily from our assumptions (2) and (3), using Lemma

o~

(for Fina pro .4z, and Find pro.ag ), Lemma (for j, and 3;), and the compatibility
of ?*,?* with cofiltered limits. O

A.6. t-structures. We recall some of the key facts about t-structures that we will
use. We refer to [EGH25, App. A] for a more complete recollection, as well as
further references.

The data of a t-structure on the stable co-category D is determined by the
specification of a full sub-oco-category D=? < D. The full sub-oco-category D=1 < D
is then defined to be the right orthogonal to D=C. Of course D= should satisfy
some conditions (e.g. D=9[1] € D=Y), which amount to the requirement that the
image of D=0 and DZ' in the homotopy category of D define a t-structure on this
homotopy category in the usual sense.

For any integer n, we define D=" := D<0[—p], and D2" := DZ![1 — n]. For any
pair of integers a < b, we write DI*t := D=% D=t We say that an object X of D
is bounded above (resp. below) if it lies in D=" (resp. D=") for some n.

We say that the t-structure on D is bounded (resp. bounded above, resp. bounded
below) if every object of D is bounded (resp. bounded above, resp. bounded below).

The heart of the t-structure, often denoted DY, is defined to be D=0 N D20 =
D091 Tt is an abelian category.

Each inclusion D<" < D admits a right adjoint 7" : D — D<", while each
inclusion DZ" — D admits a left adjoint 72" : D — DZ". These satisfy various
relations; for example, if @ < b then there is a natural isomorphism 72%7r=b =
70720 of functors D — D], For any integer n and any object X of D, 727" X
is an object of D" = DY[—n]. We then define the functo’®| H” : D — DY via
H"(X) = (72"7<"X)[n]. Recall also that for each X € D and n € Z there is a
fibre sequence

(A.6.1) rSPlY 5 X o r2nX.

15We follow traditional homological algebra notation (with cohomological conventions) by
writing H™. This suits our purposes, since the stable co-categories that we consider in the body of
the paper will typically be derived categories of various abelian categories of modules, or variants
thereof. In the case of the stable co-category of spectra, and other stable co-categories of a
more homotopical nature, it is more usual to write m—,,. We have applied this convention in the
discussion of Section [A72.3] above, but in all other cases that we consider, we use the cohomological
notation established here.
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A.6.2. Completeness. If D is a stable co-category endowed with a t-structure, then
we have a functor

D — lim D"

defined by X ~ (75"X) (the transition morphisms being given by the obvious
truncations). We say that D is right complete if this functor is an equivalence.
Unwinding this definition, the full faithfulness of this morphism is equivalent to
the requirement that for any object X of D, the canonical morphisms 7<"X — X
induce an isomorphism colim 7= X - X. The essential surjectivity is equivalent to
the requirement that if {X,,} is any sequence of objects endowed with identifications
X, — 75" X,,,1, then colim,, X,, exists in D.

There is a dual notion of left complete; namely, this is the condition that the
canonical functor

D — limD2",

defined by X +— (72" X), should be an equivalence. (Note that this is a limit with
n — —o0.) The full faithfulness now amounts to the requirement that for any object
X of D, the canonical morphisms X — 72X induce an isomorphism

X = lim 72" X.
n

The essential surjectivity is equivalent to the requirement that if {X,} is any
sequence of objects endowed with identifications 72" X,,_; — X,,, then lim, X,
exists in D.

A.6.3. t-ezactness of functors. If D and D’ are two stable co-categories endowed
with t-structures, then a functor F' : D — D’ is right t-exact (resp. left t-exact) if
F(D=0) C (D)= (resp. F(D=°) C (D')2°), and t-exact if it is both right and left
t-exact.

A.6.4. Some cautions. If D is a stable oo-category endowed with a t-structure, it
is natural to ask whether if X is an object of D for which H*(X) = 0 for all 4, is
it necessarily the case that X = 0?7 While we recall some positive results in this
direction, Example below shows that it need not hold in general.

Lemma A.6.5. If X is an object of D which is bounded, and H'(X) = 0 for all i,
then X = 0.

Proof. By assumption, X € D! for some a < b. We have the fibre sequence
rSElX 5 X — HY(X)[-b] = 0,

so that 7=b~1X =5 X. Now 7=~1X is an object of D[*"=1 and the lemma follows
by descending induction on the amplitude b — a > 0. (I

Lemma A.6.6. If the t-structure on D is left complete, and X is an object of D
which is bounded above and for which H'(X) = 0 for all i, then X = 0.

Proof. Since H*(X) = 0 for all 4, we have H* (72" X) = 0 for all i, n, so Lemma
shows that 72" X = 0 for all n. Since D is left complete, we deduce that X = 0, as
required. (I

Remark A.6.7. There is an obvious analogue of Lemma [A76.6] for right complete
t-structures and objects that are bounded below.



214 A. DOTTO, M. EMERTON, AND T. GEE

A.6.8. t-structures and Ind/Pro constructions. For later reference, we recall (from
|[AGH19, Prop. 2.13] and |[Lurl8, Lem. C.2.4.3]) the following general facts about
t-structures and Ind-categories, as well as the dual version for Pro-categories.

Proposition A.6.9. Let D be a stable co-category endowed with a t-structure.

(1) Ind D inherits a t-structure, characterized by the requirements that D —
Ind D is t-exact, and that the inclusions D=0 — D, D20 < D, and DV —
D induce equivalences Ind(D<%) = Ind(D)=°, Ind(D=°) = Ind(D)=0,
Ind(DY) = Ind(D)Y, respectively. If the t-structure on D is furthermore
bounded above, then the t-structure on Ind D is right complete.

(2) ProD inherits a t-structure, characterized by the requirements that D —
ProD is t-exact, and that the inclusions D=0 < D, D20 < D, and D —
D induce equivalences Pro(D<%) — Pro(D)<", Pro(D=%) = Pro(D)=",
Pro(DY) = Pro(D)", respectively. If the t-structure on D is furthermore
bounded below, then the t-structure on ProD is left complete.

Remark A.6.10. Since neither of the references cited above explicitly state the result
about the heart, we recall a proof here in the case of Ind categories; the Pro category
case is formally dual.

On the one hand, the inclusion DY < D induces a corresponding inclusion
IndDY < IndD, which lies in (IndD)?, since it lies in both (IndD)<0 =
Ind(D=%) < Ind D and (Ind D)Z° = Ind(D=%) — Ind D.

On the other hand, the functors 7<% : Ind D — (Ind D)= = Ind(D=°) and
729 Ind D — (Ind D)Z° = Ind(D=") are the Ind-extensions of the corresponding
functors for D (as can be seen from the second displayed equation in the proof
of [AGH19, Prop. 2.13]) and in particular commute with filtered colimits. Thus, if X
is any object of (Ind D)%, so that 72°7<0X 5 X, then, if we write X = colim; X
for some objects X; of D, we find that X — 7297=0X = colim; 7297=0X;, which
describes X as an object of Ind D, so that (Ind D)¥ C Ind DY.

Ezample A.6.11. Let C be the category of finitely generated modules over k[e] (the
dual numbers over a field k), and let D®(C) be the bounded derived category of the
abelian category C, in the sense of Definition [A77.1] and Remark [AT7.5] As usual,
regard k as a k[e]-module by having e act by zero. Recall then that Ext,le[e](k, k)
is one-dimensional over k, and that if we let = denote a basis vector, then Yoneda
product of Exts induces an isomorphism k[z] — Extg,(k, k). Now consider the
sequence
E-5 k] 5 k2] = - S kn] S ...
of morphisms in D%(C). By the facts just recalled, the composite of any n
successive morphisms in this sequence corresponds to the (non-zero!) element
z" € Extyq(k, k). Thus none of the transition morphisms in this sequence are zero,
and it induces a non-zero object of Ind D?(C). This is then an example (probably
the most standard example) of an object of Ind D*(C) which is non-zero (as one can
see by computing its endomorphisms), but has all cohomologies equal to zero. Note
this object is bounded above, but not bounded below.
Similarly, if we instead consider the sequence

s B ken] S S k[-2) S k1) Sk

of morphisms in D(C), it gives rise to an object of Pro D?(C) which is non-zero,
but has all cohomologies equal to zero; it is bounded below, but not bounded above.
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A.7. Derived categories. We recall a range of notation and results related to
derived categories of abelian categories, working in the framework of stable oo-
categories.

Definition A.7.1. If A is an abelian category, then we define the derived category
D(A) of A to be the localization of the category CoCh(A) of cochain complexes
valued in A with respect to the class of quasi-isomorphisms. In symbols, if we
let W denote the collection of quasi-isomorphisms in CoCh(A), then D(A) =
CoCh(A)[W—1].

Remark A.7.2. If we continue to let W denote the collection of quasi-isomorphisms
in CoCh(A), and let W, denote the collection of cochain homotopy equivalences,
then [Lurl7, Prop. 1.3.4.5] shows that CoCh(A)[W; '] — Ngg(CoCh(A)) (the
dg-nerve of the dg-category CoCh(A)). Then

(A.7.3)  CoCh(A)[W '] = CoCh(A)[Wy ][W '] =5 Ngg(CoCh(A))[W1].

Remark A.7.4. Definition is the most general applicable definition of the
oo-categorical version of the derived category of an abelian category of which we
are aware. It is a stable co-category, by and |[NS18, Theorem 1.3.3], and the
homotopy category of D(A) is the unbounded triangulated derived category of A,
as defined e.g. in |Stacks, Tag 05RU].

If A is a Grothendieck category, then an alternative definition of D(A) is given
in |Lurl7, Def. 1.3.5.8]. The equivalence of that definition with Definition is
provided by [Lurl7, Prop. 1.3.5.15]. By |Lurl7, Prop. 1.3.5.21], we thus see that D(.A)
is presentable (hence cocomplete) whenever A is a Grothendieck category.

Remark A.7.5. If A is an abelian category, then the usual ¢-structure on the un-
bounded triangulated derived category of A, i.e. the one given by the vanishing of
cohomology groups (see e.g. [GMO3, §IV.4]), induces a t-structure on D(A). We
can then define D*(A), D7(A), and D?(A) in the usual manner. Their homo-
topy categories are the corresponding triangulated subcategories of the unbounded
triangulated derived category of A. Since oco-categorical enhancements of these
triangulated categories are unique up to equivalence [Ant21} Corollary 6.5, Corol-
lary 6.10], our definitions will coincide with most variants appearing in the literature,
such as [Lurl7, Def. 1.3.2.7], which gives an alternative definition of D~ (A) under
the assumption that A4 admits enough projectives.

The following definition uses the notion of a weak Serre subcategory, which was
recalled in Section [AT1l

Definition A.7.6. Let A be an abelian category, and let B be a weak Serre
subcategory of A. Then we write Dg(.A) for the full subcategory of D(A) consisting
of those objects z all of whose cohomologies H™(z) lie in B. We define Dj(.A)
analogously, when x* is any of the boundedness conditions b, +, or —.

Remark A.7.7. Recall that, by definition [Lur09, § 1.2.11], (full) subcategories of
an oo-category correspond to (full) subcategories of its homotopy category. Under
this correspondence, the subcategory Dp(A) of Definition corresponds to the
subcategory of the triangulated derived category of A given by [Stacks, Tag 06UP|.

Lemma A.7.8. Let A be an abelian category, and let B be a Serre subcategory.
Then the natural functor D*(A)/D%(A) — D°(A/B) is a t-exact equivalence.


https://stacks.math.columbia.edu/tag/05RU
https://stacks.math.columbia.edu/tag/06UP
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Proof. This is [Miy91, Thm. 3.2]. O

Recall that a Serre subcategory B of an abelian category A is localizing if the
quotient functor A — A/B admits a right adjoint. This right adjoint functor is
necessarily fully faithful [Gab62, §I11.2 Prop. 3].

Lemma A.7.9. Let A be an abelian category, and let B be a localizing subcategory.
Then the natural functor D(A)/Dp(A) — D(A/B) is a t-ezact equivalence.

Proof. This is [Kral5, Lem. 5.9]. O

A.7.10. A criterion for compact generation. By Lemma if A is a locally
coherent abelian category, then A¢ is a weak Serre subcategory of A, so that Df’4¢ (A)
is defined. Then we have the following lemma.

Lemma A.7.11. If A is a locally coherent abelian category, then the natural functors
Db(A°) — DY%.(A) and D~ (A°) — D ,.(A) are t-ezact equivalences.

Proof. Bearing in mind that A is (by definition) compactly generated, and so
Ind(A¢) — A, the lemma is an immediate consequence of [KS06, Thm. 15.3.1]. O

If R is a coherent ring, the category Mod(R) is locally coherent, and its compact
objects coincide with the finitely presented modules. We introduce the notation

bep (R) = Dﬁ/[odfp (R) (MOd(R))

and

D¢ (R) = Dy i (R) (Mod(R)),

and note the following immediate corollary of Lemma [A.7.11]

Corollary A.7.12. Let R be a coherent ring. Then the natural functors D*(Mod™(R)) —
Dfp(R) and D~ (Mod™(R)) — Dy (R) are t-exact equivalences.

The following proposition is closely related to [Kra05, Lem. 4.5]. By “a set of
weak generators” of an abelian category A, we mean a set X of objects of A having
the property that for each a € A, there exists an z € X and a non-zero morphism
T — a.

Proposition A.7.13. Let A be a locally coherent Grothendieck category, and
suppose furthermore that A C D(A)°. Then:
(1) D(A) is compactly generated, and D%.(A) coincides with D(A)°.
(2) Any subset X C A° which is a set of weak generators of A is a set of
compact generators of D(A).
(3) The standard t-structure on D(A) is the one induced by the standard t-

structure on DY, (A) via Proposition and the equivalence Ind DY%. (A) —
D(A) induced by part (1).

Proof. By Lemma the full sub-oo-category D%.(A) of D(A) is well-defined,
and equivalent to D?(A¢). Furthermore, the assumption that A¢ C D(A)¢, together
with an induction on amplitude, shows that D%.(A) C D(A)°. Since DY%.(A) is
evidently idempotent complete, we see that part (1) of the proposition will follow
from Lemma (2), applied to C' := D%.(A) and C := D(A), provided that

we prove that (Di\c(.A))l = 0. To prove this, it suffices to show that if a € D(A)
is not zero, and X C A€ is a set of weak generators of A, then there exists x € X
such that RHomp(4)(z,a) # 0; note that this will also establish part (2).
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Suppose then that a is a non-zero object of D(A). Since the homotopy category
of D(A) is the unbounded derived category of A with the usual ¢-structure, there
exists some n such that H"(a) # 0. We may represent the truncation 7<"a by
a complex -+ = an—1 — a, - 0 — 0 — --- in CoCh(A). Since coker(a,—1 —
a,) = H"(1="a) = H"(a) # 0, and since X is a set of weak generators of A by
assumption, we may find an object x of X and a morphism = — a,, such that the
composite * — H"(7<"a) is non-zero. Then the composite z[—n] — 7<"a — a (the
first arrow being induced by the chosen morphism = — a,,) is non-zero (since it
induces a non-zero morphism on H"), and so in particular RHomp(4)(x,a) # 0, as
required.

Finally, the claim in part (3) about t-structures is equivalent to the ¢-structure
on D(A) being compatible with filtered colimits, which is [Lurl7, Prop. 1.3.5.21]. O

A.7.14. Derived functors. A very general mechanism for constructing left derived
functors is given by the following result |[Lurl7, Thm. 1.3.3.2], which characterizes
D~ (C) (for abelian categories with enough projectives) by a mapping property.

Theorem A.7.15. If C is an abelian category with enough projectives, and if D is
a stable oco-category equipped with a left complete t-structure, then F +— 7'20F|C (the
restriction being taken by identifying C with the heart of D~ (C)) is an equivalence
between the oo-category of right t-exact functors D~ (C) — D which carry projective
objects of C into D, and the ordinary category of right exact functors C — D .

Furthermore, by restriction from D~ (C) to D°(C), these categories are equivalent
to the co-category of right t-exact functors D*(C) — D which carry projective objects
of C into D .
Proof. As already noted, the first claim is simply a restatement of [Lur17, Thm. 1.3.3.2].
The second claim is a consequence of the proof of that result, and is a manifestation
of the role that left completeness plays in that result, as we now explain.

Namely, suppose that F': D~(C) — D is a right t-exact functor. Write D~2"(C)
to denote the full subcategory of D~ (C) consisting of objects whose cohomology in
degrees < n vanishes (i.e. the “> n” part of the t-structure on D~ (C)), and write

Fn = TZ”F]D*wZn(C) : D*:Zn(c) %DZn.
The fact that F' is right t-exact shows that the canonical functor

is an isomorphism, from which one easily verifies that the diagram of functors

JTNL J.,)n

D=2n(C) — = pn
commutes. Thus, taking into account the left completeness of each of D~(C)
(by [Lurl7, Prop. 1.3.3.16]) and D (by hypothesis), we may form the functor
limF,, : D~(C) = D.
n
Again, the fact that (A.7.16]) is an isomorphism shows that we have natural trans-
formations (for X an object of D~ (C))
F(X) = 72"F(X) =5 72"F(r7"X) = F, (17" X),
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evidently compatible as n varies, and hence a natural transformation
(A.7.17) F(X) = lim(F,(r2"X)) = (lim F,)(X).
n n

If F furthermore takes projective objects of C to objects of DY, then is
a natural isomorphism. (Indeed, both source and target are right ¢-exact functors
from D~ (C) to D which coincide on C, and take projective objects of C to DV.)
Thus F' can be recovered (and constructed) from the various F,,, and thus from its
restriction to D®(C). O

Corollary A.7.18. If C is an abelian category with enough projectives, and if D is
a stable oco-category equipped with a left complete t-structure, then F +— Fic induces
an equivalence between the co-category of t-exact functors D~ (C) — D and the
ordinary category of exact functors C — DY .

Proof. This follows from Theorem noting that the t-exactness assumption
implies that all objects of C, projective or not, are carried into objects of D. See
also |[Lurl7, Rem. 1.3.3.6]. O

In the case of t-exact functors, we can in fact state results valid for any abelian
category (related, morally, to the fact that we don’t need projective resolutions to
compute the derived functors of exact functors). This is because of the following
very general mapping property satisfied by bounded derived categories [BCKW25,
Cor. 7.4.12].

Theorem A.7.19. If C is an abelian category, and D is a stable co-category,
then F' + Fl¢ induces an equivalence between the oo-category of exact functors
D®(C) — D and the oco-category of finite coproduct-preserving functors C — D which
take exact sequences in C to fibre sequences in D.

This has the following immediate corollary:

Corollary A.7.20. If C is an abelian category, and if D is a stable co-category
equipped with a t-structure, then there is an equivalence between the co-category of t-
exact functors DY(C) — D and the ordinary category of exact functors C — DY, given
by F+— Fc (the restriction being taken by identifying C with the heart of Db(C)).

We also note the following variant of the preceding corollary.

Corollary A.7.21. If C is an abelian category, if D is a stable co-category equipped
with a t-structure, and if F : D*(C) — D is an exact functor for which Fc takes

values in DV, then F is t-exact.

Proof. The hypotheses imply that Fj¢ is an exact functor C — DY, which by
Corollary arises by restriction from a t-exact functor G : D?(C) — D.
Taking into account the equivalence of categories described in the statement of
Theorem the equality Fj¢c = G|¢ is induced by an isomorphism F' = G.
Thus F is t-exact, as claimed. O

We now consider right derived functors. We begin with the following simple
lemma.

Lemma A.7.22. If F : A — B is an exact functor between abelian categories,
then F induces a t-exact functor D(A) — D(B), whose restriction to the heart
of D(A) is F.
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Proof. We obtain a functor CoCh(A) — CoCh(B) by applying F degreewise.
Since F' is exact, it preserves quasi-isomorphisms, so it induces the required functor
D(A) — D(B) by the universal property of localization. O

Suppose now that F : A — B is an additive functor between Grothendieck
categories. Then F induces a functor CoCh(A) — CoCh(B), and thus a functor
F : CoCh(A) — D(B). Write Q : CoCh(A) — D(A) for the localization functor.
Following [Cis19, 7.5.23] we make the following definition, which is a “lifting” to
the co-categorical setting of a definition on the level of homotopy categories that
goes back to Quillen (see |Qui67, Def. 1.4.1], or |Cis19, Def. 2.3.1] for a more recent
treatment).

Definition A.7.23. Let F': A — B be an additive functor between Grothendieck
categories. A right derived functor RF of F is a functor RF' : D(A) — D(B) which
is equipped with a natural transformation F — RF o ), and is such that for any
other functor G : D(A) — D(B) together with a natural transformation F' — G o Q,
there is a unique (up to a contractible space of choices) natural transformation
RF — G giving rise to the given F — G o Q.

Lemma A.7.24. If F': A — B is an exact functor between Grothendieck categories,
then the right derived functor RF exists. Furthermore RF is t-exact, and agrees
with the extension of F in Lemma[A.7.22]

Proof. This is immediate from the definitions. O

In fact, the right derived functor RF exists for any additive functor F', although
it is only well-behaved if F is left exact, in a sense made precise by Lemma,
below. Right derived functors can be computed using resolutions by K-injective
complexes of injective objects: see |Stacks, Tag 079P| and |Stacks, Tag 070K]| in the
context of triangulated categories. Alternatively, in the context of co-categories and
Definition we can give CoCh(A) the model category structure of [Lurl7,
Proposition 1.3.5.3]. The fibrant objects are then precisely the K-injective complexes
of injective objects: compare [Hov99, Remark 2.3.18] for this fact, bearing in mind
that the “dg-injective complexes" in loc. cit. are precisely the K-injective complexes
of injective objects, by |[AF91, 1.2.I] (where K-injective complexes are called 7-
injective). Then, as explained in [Cis19, Section 7.5.25|, the existence of RF', and
the fact that it can be computed by K-injective complexes of injective objects,
both follow from the fact that F' sends weak equivalences between fibrant objects
of CoCh(A) to weak equivalences in CoCh(B), which in turn follows from |Lurl7,
Proposition 1.3.5.14], asserting that every weak equivalence between fibrant objects
of CoCh(.A) is a chain homotopy equivalence.

Lemma A.7.25. Let F' : A — B be an additive functor between Grothendieck
categories. Then the right derived functor RF is left t-exact. Furthermore, the
natural map F — H°RF (induced by the natural transformation F — RF o Q) is
an isomorphism if and only if F is left exact.

Proof. Both claims follow easily from the existence of injective resolutions, and
the fact that bounded below complexes of injective objects are K-injective, see e.g.
[Stacks, Tag 070J] and [Stacks|, Tag 05TD]. O

We next quote two results from [EGH25| concerning the interplay between derived
functors and adjunctions.


https://stacks.math.columbia.edu/tag/079P
https://stacks.math.columbia.edu/tag/070K
https://stacks.math.columbia.edu/tag/070J
https://stacks.math.columbia.edu/tag/05TD

220 A. DOTTO, M. EMERTON, AND T. GEE

Lemma A.7.26. Let F: A — B be an exact, colimit-preserving functor between
Grothendieck categories, and write G : B — A for its right adjoint. Then the
right-derived functor RG : D(B) — D(A) is right adjoint to F : D(A) — D(B). In
particular, F : D(A) — D(B) is continuous.

Proof. This is [EGH25, Prop. A.7.1]. O

Theorem A.7.27. Let F : A < B be the inclusion of a localizing subcategory into
a Grothendieck category, with right adjoint G : B — A. Suppose further that:

(1) For any objects X andY of A with Y injective, there is an epimorphism
Z — X such that Extiz(F(Z), F(Y)) =0 fori > 0.

(2) The formation of products in B is exact.

(3) The derived right adjoint RG has finite cohomological dimension.

Then F : D(A) — D(B) is fully faithful, with essential image equal to D A(B).

Remark A.7.28. Note in particular that condition is satisfied if F' preserves
injectives.

Proof of Theorem [A-7.27 This is a combination of parts (1) and (2) of [EGH25,
Prop. A.7.3]. O

We end this section with a result on the compatibility of localization of locally
Noetherian categories with passage to derived categories. Rather than consider the
general case, we will assume various additional hypotheses that will hold in our
application of this material in Section [2.6]

Suppose that B is a locally Noetherian abelian category and that i, : A — B is an
inclusion of a localizing subcategory; so i, is exact and is compatible with colimits,
and by Lemma[A.7.26] we have a continuous t-exact extension i, : D(A) — D(B).
Write j* : B — B/A for the quotient functor, which is also exact and compatible
with colimits, and j, : B/ A — B for its fully faithful right adjoint, which (as recalled
in Appendix preserves filtered colimits. If we suppose further that j, is exact,
it is furthermore compatible with all colimits, and so we have continuous t-exact
extensions j* : D(B) — D(B/A), j. : D(B/A) — D(B).

Proposition A.7.29. Suppose as above that B is a locally Noetherian abelian
category and that i, : A — B is an inclusion of a localizing subcategory. Write
j*: B — B/A for the quotient functor, and j. : B/ A — B for its right adjoint.
Suppose that:

(a) B¢ C D(B)°.

(b) j«:BJA— B is exact.

(c) ix : D(A) — D(B) is fully faithful, with essential image DA(B).
Then

(1) j* induces equivalences D(B)/D(A) — D(B/.A) and D°(B¢)/Db(A¢) —
Db(B¢/.A°).

(2) j«: D(B/A) — D(B) is fully faithful, and is right adjoint to j* : D(B) —
D(B/A).

(8) D(B), D(A) and D(B/A) are compactly generated.

(4) D(B)¢ coincides with D%.(B), which in turn is equivalent to D*(B¢). The
analogous statements hold for D(A)° and D(B/A)°.
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Proof. By assumption we have B¢ C D(B)°. Since i, : A — B preserves colimits
and compact objects, and (by assumption) i, : D(A) — D(B) is continuous and
fully faithful, we see also that A® C D(A)°. Then the statements of and
for D(B) and D(A) follow from Proposition and Lemma [A.7.11} furthermore
ix : D(A) — D(B) preserves compact objects.

We now prove part . By assumption, i, induces an equivalence between
D(A) and D 4(B), hence the first statement of part follows from Lemma
note that this implies that Hypothesis [A.3.2] is satisfied by i, and j*. The second
statement of part follows similarly from Lemma provided we show that i,
induces an equivalence between D’(A°¢) and DY%.(B¢). Certainly 4, induces a
fully faithful functor i, : D*(A°) — D%.(B). It thus suffices to note that any
object of D%.(B°) is compact in D(B) (by the already proved statement of part
for D(B)) and contained in D 4(B), and thus in the essential image of D(A); and
D(B)* N D(A) = D(A)¢ = D’(A°) by Lemma (and the already proved
statement of part for D(A)). This concludes the proof of part ().

Finally, by Lemmas|A.7.26|and[A.7.24] j. : D(B/A) — D(B) is right adjoint to j* :
D(B) — D(B/A). Hence the statements of part (2), as well as part (3] for D(B/A),
are immediate consequences of Lemma [A-3.3] which also shows that j* preserves
compact objects. Thus the objects of (B/.A)° = j*(B°) are compact in D(5/A)°,
and so the statement of part for D(B/A) follows from Proposition and
Lemma [A7TT] (]

A.7.30. Colimits of abelian and derived categories. If {A;};cz is a filtered system of
abelian categories indexed by Z, with exact transition functors, then we can form
A = colim; A;, which is again an abelian category. By Lemma we get an
induced system {D’(A;)};cr with t-exact transition functors, and the universal
property of Corollary [A77:20] shows that

colim; D?(A;) = DP(A),

the colimit being formed in the oo-category of small co-categories.
Similarly, a consideration of the universal property of the Ind construction shows
that we obtain an equivalence

colim; Ind D*(A;) = Ind D°(A),

the colimit now being formed in the co-category of compactly generated stable
oo-categories (whose morphisms are the continuous functors).

A 8. Left derived functors via Pro-categories. The goal of this section is to
study how certain constructions of derived functors interact with the formation
of Pro-categories. The reason for these considerations is as follows: if C is any
abelian category, then ProC has enough projectives, and so passing to ProC can
be a convenient first step in the construction of left derived functors. On the other
hand, these derived functors are then a priori defined on D~ (Pro(C), which is an
inconvenient source category for the applications we have in mind; we would prefer
to work with Pro D?(C). More precisely, then, the following discussion will explain
how we can form derived functors whose source is this latter category.

Another motivation for passing to ProC is to construct left adjoints which might
otherwise not exist. With this in mind, we also show that our construction of derived
functors is compatible with the formation of such adjoints.
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Finally, we note that our discussion is closely related to the discussion of [KS06)
Ch. 15], which considers the analogous constructions for Ind (rather than Pro)
categories, in the setting of triangulated (rather than stable oo-) categories. For a
more precise explanation of the connection, see Remark below.

A.8.1. The Pro-categorical context. Throughout this discussion, we let C and C’
denote two small abelian categories. We begin with the following consequence of
Theorem [A.7.19]

Corollary A.8.2. If C and C' are two small abelian categories, then an ezact
functor D*(C) — Pro D®(C') is t-ezact if and only if its limit-preserving extension
Pro D*(C) — Pro D®(C’) is t-evact. Furthermore, the functors F Fiproc and
F — Fic induce equivalences between the following categories:
(1) The co-category of t-exact limit-preserving functors Pro D¥(C) — Pro D*(C").
(2) The oo-category of t-ezact functors D*(C) — Pro Db(C').
(8) The ordinary category of exact limit-preserving functors from ProC to ProC’.
(4) The ordinary category of exact functors C — ProC’.

Proof. The first statement of the corollary is immediate from Proposition
which also implies that the co-category of t-exact limit-preserving functors Pro D®(C) —
Pro D®(C’) is equivalent to the category of t-exact functors D®(C) — Pro D®(C’).
The result is then immediate from Corollary [A.7.20] O

The category ProC has enough projectives, by Lemma [A.1.10} while Pro D*(C")
is left complete with respect to its natural ¢-structure, by Proposition Thus
we have the following particular case of Theorem and Corollary

Proposition A.8.3.

(1) F+— TZOH Proc 1S an equivalence between the oo-category of right t-exact
functors D~ (ProC) — Pro D*(C') which carry projective objects of ProC
into ProC’, and the ordinary category of right exact functors ProC — ProC’.

(2) F +— Fiproc is an equivalence between the oo-category of t-exact func-
tors D~ (ProC) — Pro D*(C’) and the ordinary category of exact functors
ProC — Pro(C’.

By Proposition (), the natural identification ProC —~+ (Pro Db(C))O

induces a t-exact functor p : D~ (ProC) — Pro D(C). Of course, the canonical
inclusion C < ProC (which is exact) induces t-exact functors i : D*(C) — D~ (ProC)
and j : D7(C) — D~ (ProC). There are also the canonical inclusions D?(C) <
D~(C) and D®(C) < Pro D(C).

Lemma A.8.4. We have a commutative diagram of t-exact functors:

D=(C)

P

(A.8.5) D¥(C) —~— D~ (ProC)

\ .

Pro D*(C)
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The horizontal and diagonal arrows in (A.8.5) are fully faithful.

Proof. The commutativity follows directly from Corollary [A77:20] since all the
functors are t-exact, and their restrictions to the hearts are either the identity
functors or the natural embedding C < ProC. The full faithfulness of the diagonal
arrows holds by definition. The full faithfulness of i is a consequence of [KS06, Thm.
15.3.1]. O

As was already remarked on above, in applications, it is much more convenient to
have the domain of our left-derived functors be equal to Pro D*(C), rather than the
oo-category D~ (ProC), which is rather hard to work with. In other words, under
appropriate hypotheses, we would like to canonically factor the left derived functors
constructed by Proposition through the functor p of . It turns out that
this is possible whenever the functor we are deriving is cofiltered limit-preserving,
i.e. it is Pro-extended from C.

To this end, suppose that f : C — Pro(C’) is right exact, so that Pro(f) :
Pro(C) — Pro(C’) is right exact and cofiltered limit-preserving. Write

F: D™ (ProC) — Pro D"(C)
for the right t-exact functor corresponding to Pro(f) via Proposition (1. we
will also consider the composite
(Foi)c:CcCD"C) SN D~ (ProC) 5 Pro Db(C);
recalling from Remark[A-2:20|that ProC is naturally identified with the oo-categorical
Pro-completion of C, this functor can be Pro-extended to a functor

Pro((F oi)c) : ProC — Pro D"(C').

Lemma A.8.6. With the notation of the preceding paragraph, the functor Fipyoc :

ProC — Pro D?(C') preserves cofiltered limits; equivalently, it is naturally equivalent
to Pro((F o i)|c).

Proof. Set

G = Pro((Foi)c) : ProC — Pro D"(C’).
By the Pro-version of the adjunction remarked upon in Remark [A.2.18] there is a
canonical natural transformation

n: ﬂ ProC — G,
which we need to prove is an isomorphism. Concretely, if X = lim; X; with the
X; objects of C, then G(X) := lim; F(X;); and so the morphisms F(X) — F(X;)
induce a morphism 7nx : F(X) — G(X). From this description, we see that nx is
an isomorphism whenever X € C.

Since the t-structure on Pro D®(C’) is left complete, it suffices to prove for every
n < 0, the truncation

(A87) 7—2”77 . TZnF| ProC — TZnG

is an equivalence. When n = 0, we have Pro(f) = 720F| Proc — 72°G, so by
induction it suffices to show that if (A.8.7) is an isomorphism for some n < 0, then
it is also an isomorphism for n — 1. Considering the fibre sequences

H" N X)1—n] — 77" X — 777X,



224 A. DOTTO, M. EMERTON, AND T. GEE

we see that it suffices in turn to show that the induced morphism
(A.8.8) H" Y F(X)) - H"Y(G(X))

is an isomorphism for all objects X of ProC. We already know that it is an
isomorphism when X € C.
Suppose that we have a short exact sequence

0—-Y—>P—>X—>0

in ProC, where P is projective. Bearing in mind that F' sends projective objects
of ProC into ProC’, so that in particular H"~1(F(P)) = 0, we obtain a diagram of
exact sequences in Pro(C’)

00— H" ' (F(X)) —— H"(F(Y))

| | s

H" 1 (G(P)) —— H"H(G(X)) — H"(G(Y))

in which the last vertical map is an isomorphism by inductive assumption. Since ProC
has enough projectives, it follows that in order to show that is an isomorphism
for all X, it is enough to show that H"~*(G(P)) = 0 for all projective objects P
of ProC.

Suppose furthermore that X is an object of C; then the morphism H™~! (G(P)) —
H"~1(G(X)) vanishes (because the natural morphism H"~!(F(X)) — H" ™' (G(X))
is an isomorphism). If now @ — X is another (not necessarily epi) morphism with Q
a projective object of ProC, then by lifting to a morphism @ — P, we see that the
morphism H"™'(G(Q)) — H" ' (G(X)) also vanishes.

In particular, if we write P = lim; P; for objects P; of C (which is possible by
Lemma, and recall that the truncation functors on Pro D?(C’) are compatible
with cofiltered limits, we have

H" Y (G(P)) =5 lim; H* 1 (G(P)).

Since (as shown in the previous paragraph, taking Q) to be P and X to be P;) the mor-
phisms H"~!(G(P)) — H" ' (G(P,)) are all zero, we deduce that H"~*(G(P)) = 0,
as required. (Il

Lemma A.8.9. Let f : C — Pro(C’) be right exact, and let F : D~ (ProC) —
Pro D®(C’) be the right t-exact functor corresponding to Pro( f) via Proposition|A.8.3| (T]).
Then we can extend the commutative diagram (A.8.5) to a commutative diagram

D=(C)
/ j ol
(A.8.10) Db(C) —— D~ (ProC) —E— ProD(C)
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Proof. We only have to prove that the bottom right triangle commutes. Since p
restricts to the identity on ProC, it follows from Lemma [A-8.6] that

(Pro(F o) op)lproc =Pro(F o) proc = Pro((F oi)c) = Flproc-

Proposition now shows that Pro(F o i) op and F' are naturally isomorphic, as
required. (Il

Theorem A.8.11. If C and C' are two small abelian categories, then the above
constructions induce equivalences between the following categories.

(1) The ordinary category of right exact functors f : C — Pro(’.

(2) The ordinary category of right exact cofiltered limit-preserving functors
Pro(f) : ProC — Pro(’.

(3) The oo-category of right t-exact functors F : D~ (ProC) — ProD?(C’)
which carry projective objects of ProC into ProC' and for which TZOF‘ ProC
18 cofiltered limit-preserving.

(4) The co-category of right t-exact limit-preserving functors F' : Pro D*(C) —
Pro D(C") which carry projective objects of ProC into ProC’.

Under these equivalences, we have F' = Pro(F o), and F = F’' o p.

Proof. The equivalences between the first three categories are immediate from
Proposition , so it remains to see that the functors F' — Pro(F o) and
F" — [’ o p are inverse equivalences of categories between and . This
follows from Lemma which shows that the composites in each direction of
the purported equivalences are naturally equivalent to the identity functors. Indeed,
to show that F’' — F' o p — Pro(F’ o p o) is isomorphic to the identity, we need
to check that F' = Pro(F’ opo i) = Pro F\/Db(C)‘ This is precisely the statement
that F’ is cofiltered limit-preserving (or equivalently, limit-preserving, since F” is
exact). On the other hand, the statement that F' — Pro(F o) — Pro(F oi)op
is isomorphic to the identity follows from the commutativity of the bottom right

triangle in (A.8.10]). |

Remark A.8.12. The functor p : D~ (ProC) — Pro D*(C) (or, more precisely, its re-
striction to D®(C)) constructed above is a Pro-analogue, in the co-categorical context,
of the morphism J : D*(IndC) — Ind D*(C) constructed in [KS06, Thm. 15.4.3]:
see Section for an elaboration of this point. Our Theorem is then a Pro-
(and oo-categorical) analogue of [KS06|, Prop. 15.4.7].

A.8.13. A compatibility. Suppose now that C itself has enough projectives, so that
we can apply Theorem to construct derived functors whose source is D~ (C).
We will show that this is compatible with the equivalences of Theorem Note
firstly that by Corollary [A.7.18] the t-exact functor

j:D7(C) = D (ProC)

appearing in , which is the functor given by the functoriality of the formation
of the derived category D™, can also be thought of as being the derived functor
arising from the exact functor C — ProC.

As in Lemma [A.8.9] we suppose that f : C — Pro(C’) is a right exact functor, and
we write F': D~ (ProC) — Pro D®(C’) for the right t-exact functor corresponding
to Pro(f) via Proposition (I). We also write F¢ : D~(C) — ProD®(C’),
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F; : D7(C) — D~ (ProC’) for the right t-exact functors corresponding to f via
Theorem [A.7.15)
We can then consider the following variant on the commutative diagram (A.8.10)):

D~(C) — X D~(ProC)

.

(A.8.14) DY(C) —— D~ (ProC) —E£— ProD*(C’)

\ Jp / |
b Pro(Foti)

Pro D*(C)

Lemma A.8.15. Suppose as above that C has enough projectives, and that f :
C — Pro(C’) is right exact. Then the diagram (A.8.14) commutes; in particular,
Pro(F oi) = Pro(F¢ o a).

Proof. Note firstly that F¢ is naturally isomorphic to p’ o F;', by Theorem |A.7.15
and the t-exactness of p’. We next show that Pro(F o4) = Pro(F¢ o a). Since Feoa
is right t-exact, its Pro-extension is a right ¢-exact functor

Pro(F¢ o a) : Pro D(C) — Pro D*(C")
satisfying
(2% Pro(F¢ 0 a))|proc — Pro(r2F¢ 0 a)|proc — Pro f.

Thus, to show that Pro(F¢ o a) coincides with Pro(F o ¢), we have (according to
Theorem to show that Pro(F¢ o a) takes projective objects of ProC to the
heart ProC’ of Pro D*(C").

By Lemma [A.T.10] any projective object in ProC is of the form lim; X;, with the
X; being projective objects of C. Thus, for such an object,

PI‘O(FC o a)(hm, Xz) = hmz Fc(Xz)

indeed lies in Pro(’, since each F¢(X;) lies in ProC’ (as each X; is projective in C,
and Fp is associated to f via the construction of Theorem [A.7.15]). This concludes
the proof that Pro(F¢ o a) = Pro(F o1).

At this point, bearing in mind Lemma [A-8.9] in order to conclude the proof
that commutes, there remains to check that in fact F = F o j, which we
will do by applying Theorem Note first that the t-exactness of j implies that

72%(F o j)le = 72°F|proc 0 jle = f;

so by Theorem it suffices to show that F o j takes projective objects of C to
Pro(C’. To this end, note that

(Foj)oa=Foi=Pro(Foi)ob=Pro(Fcoa)ob= Fcoa.

Since the restriction of a to C is the identity functor, this implies that the restriction
of F o j to C agrees with the restriction of F¢ to C, and since F¢ takes projective
objects of C to ProC’ by construction, we are done. O



A CATEGORICAL p-ADIC LANGLANDS CORRESPONDENCE FOR GL2(Qj) 227

A.8.16. Deriving adjoint functors. Let g : C' — C be an exact functor between small
abelian categories. We continue to write g for its Pro-extension g : Pro(C") — Pro(C),
which by Lemma has a left adjoint f : ProC — Pro(C’, which is right exact
and cofiltered limit-preserving.

Proposition A.8.17. As above, let g : C' — C be an exact functor between
small abelian categories, let g : ProC’ — ProC be its Pro-extension, and let f :
ProC — ProC’ be the left adjoint of g. Let F : ProD?(C) — ProD®(C’) and
G : ProD®(C') — ProD®(C) be the limit-preserving functors determined by f, g
respectively by Theorem and Corollary [AZ8:2] which are respectively right
t-exact and t-exact.
Then:
(1) F is left adjoint to G.
(2) If furthermore f is exact, then F is t-exact, and is the Pro-extension of the
t-ezact functor D(C) — Pro D*(C') determined by f.
(8) Continuing to assume that f is exact, the Ind-extensions of F and G are
adjoint t-exact functors.

Proof. The composite G o F : Pro D*(C) — Pro D*(C) is again right t-exact and
limit-preserving, and takes projective objects of ProC into ProC. Theorem
(in particular, the equivalence of co-categories that it provides) thus implies that
the unit of adjunction idpy,c — g o f induces a morphism idp,, pr(c)y = G o F. For
any objects X of Pro D¥(C) and Y of Pro D?(C’), this morphism induces functorial
maps

MapSPro Db(c’) (F(X)7 Y)

apply G
—— Mapsp,, pr(c) (GF(X),G(Y))
— Mapsp,, pr(c) (X, G(Y)).
We claim that this composite is an isomorphism, thus showing that F' and G are
indeed adjoints.

Writing each of X and Y as the limit of objects in D®(C) and D®(C’) respectively,
and using the fact that F' and G are limit-preserving, we reduce to the case when
X and Y are in fact objects of D?(C) and D®(C’). An obvious dévissage using the
fibre sequences for X and Y (and the exactness of F' and G) reduces us the

case that X is an object of C and Y is an object of C'.
We are thus reduced to a consideration of the morphism

MapSPro Db (C) (F(X)v Y) — MapSPro Db(C) (Xa G(Y))

with X and Y objects of C and C’ respectively. The adjunction property of 729 lets
us rewrite this as

MapSPro Db (c’) (TZOF(X)v Y) - MapSPro Db(C) (Xa G(Y))v
and then (using the t-exactness of G) as

MapSPro Cc’ (f(X)a Y) — MapSProC (Xa g(Y)) .
This is precisely the map induced by the unit of adjunction for f and g, and so is
indeed an isomorphism, as required. This concludes the proof of the first point. The
second point then follows from Corollary [AZ8:2] and the third point is clear, since
Ind-extension preserves t-exactness and adjoints. ([
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A.9. Pro-categories and the co-Yoneda embedding. Let C be a small abelian
category. We may restrict the t-exact functor p of (A.8.5) to a t-exact functor

(A9.1) p: D°(ProC) — Pro D®(C).

If B is an exact full abelian subcategory of ProC, containing the image of the
canonical embedding C — ProC, then the composite of (A.9.1]) with the canonical
t-exact functor D®(B) — D®(ProC) induces a t-exact functor

(A.9.2) q: D*(B) — Pro D*(C).

The functor need not be fully faithful in general, by e.g. [KS06, Rem.
15.4.5, Ex. 15.2], and so the functor ¢ certainly need not be fully faithful in general.
Nevertheless, it is sometimes the case that ¢ is fully faithful: for example, by
Lemma[A:8.9] this is true when B = C. Our goal in this section is to give a useful
sufficient condition for full faithfulness of ¢ (see Lemma[A.9.9).

Before doing so, it will be useful to give another description of . In order
to do this, we first explain the “dual” set-up, where we consider Ind-categories rather
than Pro-categories. This will let us speak of presheaves, Yoneda embeddings, and
so on, rather than their “co” variants. Passing to opposite categories at the end of
the discussion will then give the description we need.

If C is a small abelian category, the functor p : D~ (ProC°) — Pro D°(C°P)
induces, by passage to opposite categories, a t-exact functor p : DT (IndC) —
Ind D*(C), which we may restrict to a functor

p: D’(IndC) — Ind D°(C).

By Corollary p is the unique (up to equivalence) t-exact functor D®(Ind C) —
Ind D*(C) inducing the identity on hearts. Using the Yoneda embedding, we can
also give the following alternative description of : the canonical functor D?(C) —
D*(Ind C) gives rise to an exact functor

(A.9.3) D*(IndC) — Fun®™(D"(C)°",Sp), X — RHom ps(1nac) (- X).

If we regard Ind D?(C) as a stable sub-co-category of Fun®™ (Db(C)Op, Sp) via the
discussion of Remark [A.2.16] then we see that p and (A.9.3)) are exact functors
D(Ind C) — Fun™(D(C)°?, Sp),

both of which induce the canonical equivalence IndC —~ (Ind Db(C))O. By Theo-

rem they must coincide.
Concretely, this means that if X is an object of D®(IndC) and Y is an object

of D°(C), then
(A94) RHome(Ind C) (K X) L) RHomInd DY(C) (Y, ﬁ(X)) .

Returning now to the “un-dualized” setting of Pro-categories, we find that the
restriction ((A.9.1)) of p admits a co-Yoneda description. Concretely, if X is an object
of D’(ProC) and Y is an object of D?(C), then the canonical morphism

(A95) RHome(Pro C) (X7 Y) = RHome(pmc) (X, Y)
— 1%HOInPro DY (C) (p(X)7 Y)

induced by p is an isomorphism. (Here we have used the commutativity of (A.8.5))
to identify the restriction of p to D?(C) with the canonical embedding of D?(C) into
Pro D®(C), and so to identify Y with p(Y).)
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We then have the following lemma, which specializes, in the case when B equals
ProC and p = ¢, to the fact that (A.9.5) is an isomorphism.

Lemma A.9.6. Let C be a small abelian category, and let C C B C ProC be an
ezact full abelian subcategory of ProC. If X and Y are objects of D*(B) and D®(C)
respectively, then q induces a natural isomorphism

RHome(B) (X7 Y) - RHomPro Db (C) (Q<X)a Y)7

where we used the commutativity of (A.8.5) to identify the restriction of p to
D®(C) with the canonical embedding of D*(C) into Pro D®(C), and so to identify Y
with q(Y).

Proof. A standard truncation argument reduces to the case when X is an object of
B and Y is an object of C. We may and do write X = lim; X; for some objects X;
of C. We then consider the sequence of morphisms

(A9.7)
colim; RHom pu ¢y (X;,Y) — colim; RHom pe ) (X4, Y) — RHomps () (X, Y)

— RHOI’HDb(prO C) (X, Y) ;> RHOHlprO Db (C) (q(X), Y) ;> COlin’li RHome(c) (Xi, Y)

(with the first three morphisms being the evident ones, the first isomorphism being
that of , and the second isomorphism arising from the definition of morphisms
in the Pro category). Evidently the composite of this sequence of morphisms is the
identity.

Passing to cohomology, we see that the natural morphism

Extin (X, Y) = Exthuproey (X, Y)

is surjective for all ¢ > 0, for any objects X and Y as above. Since this morphism
is an isomorphism when ¢ = 0, a standard argument then shows that it is in fact
an isomorphism for all ¢ > 0. (For the sake of completeness, we have recalled this
argument in Lemma [A79.8 below; note that Yoneda Ext functors computed in any
abelian category are element-wise effaceable in the sense of that lemma.) Thus in
fact RHom pe () (X, Y") S RHom pi (pyo ¢) (X, Y'), and the lemma follows by another

consideration of (A.9.7). O

Lemma A.9.8. Let n® : F* — G* be a natural transformation of abelian group-
valued 5-functors on an abelian category A. Suppose that n° is an isomorphism,
and that n™ is an epimorphism for each n. Suppose also that F™ is element-wise
effaceable for each n > 0 (in the sense that if « € F™(X) for some object X of A,
then there exists a monomorphism X — Y in A with respect to which the image
of a in F™(Y') vanishes). Then n® is in fact a natural isomorphism.

Proof. We prove that n™ is an isomorphism for each n > 0 via induction on n, the
case n = 0 holding by hypothesis. Thus, we assume that 7’ is an isomorphism for
all 0 < i < n, and prove that n™ is an isomorphism. In fact, we need only show
that n™ is a monomorphism, since it is an epimorphism by assumption. Choose an
object X in A, and an element « € ker(n™(X) : F*(X) — G™(X)).

By hypothesis we may find a monomorphism X < Y such that the image of «
in F™(Y') vanishes. Let Z denote the cokernel of this embedding; we then have a
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commutative diagram with exact rows

Fr=Y(Y) —— F*1(Z) —— F*(X) —— F™(Y)

L]

GrLY) —— G (Z) —— G™(X) —— G™(Y)

A straightforward diagram chase (using that the left two vertical arrows are isomor-
phisms) shows that « itself vanishes. Thus we see that 1™ is indeed a monomorphism,
as required. O

The next lemma provides the promised criterion for the functor ¢ to be fully
faithful.

Lemma A.9.9. Suppose that C C B C ProC is an exact full abelian subcategory
of ProC. Suppose further that for any objects X, Y of B, writing Y = lim; Y; as a
cofiltered limit of objects of C, the canonical morphism

(A.9.10) RHompeg)(X,Y) — lizr_n RHom ps ) (X, V)

is an isomorphism. Then q : D*(B) — Pro D®(C) is fully faithful.

Proof. An easy argument with truncations (taking into account the exactness of q)
reduces the proposition to verifying that the natural morphism

(A.9.11) RHom py(3)(X,Y) — RHomp,, p(c) (q(X), q(Y))

is an isomorphism whenever X is an object of D?(B) and Y is an object of B.
Similarly, our assumption that is an isomorphism when X € B implies
that is also an isomorphism when X € Db(B).

Write Y = lim; Y;. Since (A.9.10) is an isomorphism, and ¢(Y) coincides
with Y (viewed as an object of ProC), we see that it furthermore suffices to
prove that is an isomorphism when Y is replaced by each of the Y;; that is,
we reduce to the case when Y is an object of C. The result in this case follows from

Lemma [A.0.61 O

A.10. Derived tensor products. We develop derived analogues of the various
constructions considered in Section [A.1.406l

A.10.1. The derived category of finite length R-modules. Let R be a Noetherian
profinite O-algebra. By (A.1.37), we have Mod.(R) — Pro Mod'"(R).

Definition A.10.2. Write D{, (R) to denote the full subcategory of D’(Mod,(R))
consisting of objects whose cohomologies are of finite length, i.e. lie in Mod“'(R).

Remark A.10.3. Since Mod™"(R) is a Serre subcategory of Mod.(R), Definition
IA.10.2| makes sense, as a particular instance of Definition Despite what
the notation may suggest, D?, (R) a priori depends on the structure of R as a
topological ring, since it is defined as a full subcategory of D?(Mod.(R)). Part (1)
of Lemma shows in particular that it admits another description depending
only on the structure of R as an abstract ring.

Recall that by Lemma E@ we have natural fully faithful exact embeddings
Mod"!"(R) < Mod.(R), ModP(R) < Mod,(R), and Mod"" (R) < Mod'?(R). The
following lemma shows that the derived extensions of these functors remain fully
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faithful, and, in the case of the first embedding, identifies the essential image with
the stable oo-category D?, (R) introduced in Definition |A.10.2

Lemma A.10.4.

(1) The natural t-exact functor D® (Modfl (R)) — D®(Mod.(R)) is fully faithful,
and induces an equivalence D*(Mod™" (R)) = D?, (R).

(2) The natural t-ezact functor D (Modfp R)) — D*(Mod.(R)) is fully faithful.

(3) The natural t-exact functor D° (Modfl (R)) — D* (Modfp(R)) is fully faith-
ful.

Proof. By Lemma[A.1.32] (2), Mod.(R)P is a locally finite category, in the sense re-
called in]A.1.25} i.e. it is a Grothendieck category with compact objects Mod! " (R)°P
(see Lemmaﬁ (1) for this assertion regarding compact objects). Since Mod'" (R)°P
is abelian, Mod.(R)°P is a locally coherent abelian category, and part (1) of the
lemma is therefore immediate from Lemma by passing to opposite categories.
To prove (2), it follows from Proposition[A.2.25] (2) that it suffices to show that the
embedding Mod™(R) — Mod,(R) induces an isomorphism on all Ext’. This follows
from [VV97, Prop. 3.16]. (Note that Corollary 3.12 of the same reference shows
that the objects of Modfp(R) are Noetherian when regarded as objects of Mod.(R),

so that the cited Proposition does indeed apply.)
Part (3) follows immediately from parts (1) and (2). O

Remark A.10.5. Lemma gives rise to the following convenient t-exact fully
faithful embedding:

(A.10.6) D, (R) = D*(Mod""(R)) < D*(Mod™(R)) = D¢ (R),

with the first equivalence being the inverse of the equivalence of part (1) of the
lemma, the fully faithful embedding being that of part (3) of the lemma, and the
final equivalence being that of Corollary The utility of is that while
the source is defined with reference to the topology of R, the target depends only
on R as an abstract ring.

Remark A.10.7. By the discussion in Section [A.2.31] the Pro-extension of (A.10.6))
has a left adjoint

(A.10.8) Pro D{ (R) — Pro D¢, (R).

This left adjoint is t-exact, and maps the constant object R € Pro Modfp(R) to
lim,, R/ rad(R)™ € Pro Modf‘l'(R). To see this, we apply Proposition with g :
Mod"!"(R) — Mod™®(R) taken to be the inclusion, noting that the left adjoint
ProMod(R) — ProMod""(R) to Pro(g) is exact and sends R to lim,, R/ rad(R)",

by Remark

Note furthermore that the composite
pt, (R) B9, b (R) ¢ Pro Dt (R) BLD, pro DY (R)

is the natural embedding of D¢, (R) in Pro Df, (R). (These functors being t-exact,
this statement can be checked on restriction to the hearts.)
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A.10.9. Derived tensor products. We now return to the setting of Definition [ATT.47]
We assume in addition that the ring R is coherent, so that Mod(R) is locally coherent,
with compact objects given by the abelian category Mod'™(R). By Corollary [A.7.12]
the natural functor

D*(Mod™®(R)) = D, (R) := D, g () (Mod(R))
is an equivalence. Similarly, bearing in mind the fact that Mod™ (R) — Mod(R)

preserves projectives, it follows from |[Lurl7, Prop. 1.3.3.7] (see also [EGH25| Prop.
A.5.7]) that the natural functor

D~ (Mod™(R)) — Dy (R) := Dy,

ioatn iy (Mod ()

is an equivalence.

We now apply the machinery of Appendix [A-8] to construct various derived
versions of the tensor products provided by Proposition [A.T.48 and Lemma [ATT.53]
Lemma A.10.10. Let R be a coherent ring, and let A be an abelian category.

(1) The functor F — F(R) gives equivalences of categories between the category
of right R-modules M in A and the following categories of functors.
(a) The category of right exact functors

M ®p —: Mod™(R) — A.
(b) The category of right exact cofiltered limit-preserving functors
M &g : ProMod®(R) — Pro(A)

taking R to an object of A.
(c) The category of right t-exact functors

M ®% —: D} (R) — D™ (A)
taking R to an object of A.
(d) The category of right t-exact functors
M &% —: D, (R) = D™ (A)
taking R to an object of A.
(e) The category of right t-exact limit-preserving functors
M &p-: Pro D} (R) — Pro DY(A)
taking R to an object of A.
Furthermore, we have a commutative diagram
(Lc)

=

DY(R) — Di(R) D~(A) —— Pro DY(A)

(A.10.11) \ l

Pro D (R)

(2) The functor F — F(R) gives equivalences of categories between the category
of right R-modules M in Pro(A) and the following categories of functors.
(f) The category of right exact functors

M ®p —: Mod™(R) — Pro(A).



A CATEGORICAL p-ADIC LANGLANDS CORRESPONDENCE FOR GL2(Qj) 233

(9) The category of right exact cofiltered limit-preserving functors
M &g : ProMod™®(R) — Pro(A).
(h) The category of right t-exact functors
M ®F —: D (R) = Pro D"(A)

taking R to an object of Pro(.A).
(i) The category of right t-exact functors

M ®@% —: D (R) — Pro D(A)

taking R to an object of Pro(A).
(j) The category of right t-exact limit-preserving functors

M &p,- : Pro DE,(R) — Pro DY(A)

taking R to an object of Pro(A).
Furthermore, we have a commutative diagram

D}(R)
(2h)
(A.10.12) D (R) —2— Pro Db(A)

|

Pro D¢ (R

(8) Suppose furthermore that R is in fact a Noetherian profinite topological

O-algebra. Then the functors F' — F(R) and F'+— lim F(R/rad(R)™) give
equivalences of categories between the category of complete right R-modules
in Pro(A) (in the sense of Definition[A.1.52) and the following categories
of functors.

(k) The category of right exact functors

M ®p —: Mod"™(R) — Pro(A).
(1) The category of right exact cofiltered limit-preserving functors
M @z : Mod.(R) — Pro(A).
(m) The category of right t-exact functors
M @k~ DYy (R) - Pro D¥(A)

or which lim,, ® ra n computed in Pro 1es
for which lim,, (M % (R/rad(R d in Pro D’(A)) I

in Pro(A) (the latter being regarded as the heart of Pro D*(A)).
(n) The category of right t-exact limit-preserving functors

M &% ProD?, (R) — Pro D*(A)
taking R to an object of Pro(A).



234 A. DOTTO, M. EMERTON, AND T. GEE

Proof. We begin with part . The equivalences between the category of right
R-modules in A and the categories of functors in and are established in
Proposition and the existence of the derived functors in f follows
from Theorem[A.7.15]and Proposition[A.8.3] By Theorem[A.8.1T]and Lemma[A.8.15]
in order to see that these constructions induce the claimed equivalences of categories
(and to see the commutativity of (A.10.11))), we must show that in each of (Ld)-(Le),
the assumption that R is taken to an object of A implies that all projective objects
in the heart of the source are taken to objects in the heart of the target. In
and this is clear, since the projective objects of Mod'™(R) are direct summands
of finite free R-modules. The case of then follows from Lemma

The proof of part is almost identical. Turning to part , the equivalence
between the category of complete right R-modules in Pro(A) and the category
of functors in is established in Lemma The equivalence between
and is immediate from the definition of the Pro-category (recalling also the
equivalence Mod,(R) = ProMod'" (R) of (A-1.37)), as is the equivalence between
nd . By Theorem we are reduced to showing that any functor as
in (3n)) necessarily takes projective objects of Mod.(R) to objects of Pro(.A). This
follows from the fact that every projective object of Mod.(R) is a product of finite
projective R-modules (see |Gab62l §IV.3, Cor. 1]), and the assumption that the
functor in is limit-preserving. ([

We now describe the cohomology of the derived tensor product with a right
module in Pro(A).

Lemma A.10.13. Let R be a coherent ring, let A be an abelian category, and
let {M; : i € I} be a cofiltered system of right R-modules in A. Let M = lim; M;, a
right R-module in Pro(A). Then for all X € D; (R) and p € Z, we have

HP(M @% X) = lim; H?(M; % X)
as objects of Pro D*(A)Y = Pro(A), where M ®% — and M; @% — are defined as in
Lemma[A.10.10] (2i).

Proof. Since truncation functors commute with cofiltered limits in Pro D?(A), the
functor
lim;(M; ® -) : Dy (R) — Pro D°(A)

is right t-exact. It takes R to lim; M;, computed in Pro D’(A), which coincides
with the limit computed in Pro(.A), which is M. (This is because Pro(A) —
Pro D%(A) is Pro-extended, and so preserves cofiltered limits.) By the uniqueness
assertion in Lemma , lim; (M; ®% -) is isomorphic to M ®@% —. Hence
HP(M ®% X) = lim; HP(M; ®% X), as desired. O
Remark A.10.14. In the context of Lemma the cohomology HP(M; ®% X)
does not change depending on whether we regard Mi®1L;z as a functor F': Df_p(R) —
D~ (A) as in Lemma |A.10.10 or as a functor F” : D (R) — Pro DY(A) as
in Lemma [A.10.10| (21). In fact, in we have described a t-exact functor

pj : D7 (A) = Pro D’(A) inducing the natural inclusion on hearts. Now pjF is
right t-exact and sends R to M;, and so it is isomorphic to F’.

There are several compatibilities between the functors in Lemma[A-10.10] Most of
these follow straightforwardly from our constructions, in the manner of the following
lemma.
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Lemma A.10.15. Let R be a Noetherian profinite O-algebra, and let A be an abelian
category. Let M be a complete right R-module in Pro(A). Then the composite

DY, (R) Pro D!, (R) Pro D’(A)
18 naturally isomorphic to .

Proof. As explained in Remark the first arrow is t-exact and maps R to
lim R/rad(R)". By construction, the second arrow is right t-exact and sends
Jim R/rad(R)™ to M. So the composite is right t-exact and sends R to M, as
desired. O

There is however one subtlety, relating to the compatibility of the functors of

parts and (3m)) of Lemma [A.10.10} Considering this compatibility leads to the

following definition and lemmas.

Definition A.10.16. Let R be a Noetherian profinite O-algebra, and let A be an
abelian category. Let M be a right R-module in Pro(.A). Then we say that M is
derived complete if the natural morphisms M — M ®% (R/rad(R)™) (where the
derived tensor product is computed by the functor in part of Lemma
give rise to an isomorphism M — lim, M ®% (R/rad(R)") in Pro D’(A).
Lemma A.10.17. Let R be a Noetherian profinite O-algebra, and let A be an
abelian category. Let M be a derived complete right R-module in Pro(A). Then M
s complete.

Proof. By the definition of the t-structure on Pro(A), the functor 72° preserves
cofiltered limits, and so we have
M =72°M = r2%(lim, M ®% (R/rad(R)"))
= lim,, 72%(M @% (R/rad(R)")
— lim, M ®@g (R/rad(R)"),
as required. O

We now consider the converse to Lemma We begin with the following

lemma.

Lemma A.10.18. Let R be a commutative Noetherian profinite O-algebra, and
let E be a finite R-algebra (i.e. E is finite as an R-module). Let A be an abelian
category, and let M be a right E-module in Pro(A).

(1) M is complete if and only if it is complete as an R-module.
(2) Suppose furthermore that E is flat over R. Then M is derived complete if
and only if it is derived complete as an R-module.

Proof. Writing

M ®gr R/rad(R)" = M Qg (E ®gr R/rad(R)") = M ®g E/rad(R)"E,
and bearing in mind Lemma , the first part follows from the cofinality
of (rad(R)"E)n>0 and (rad(E)™),>o (which in turn follows from the finiteness of E
over R).

The second part follows in the same way, noting that if E is flat over R then we
have

M ®% R/rad(R)" = M % (F ®% R/rad(R)") = M ®% E/rad(R)"E. O
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The following lemma presumably holds in greater generality, but for simplicity,
we will only prove it in the case of profinite O-algebras that are finite flat over a
commutative ring.

Lemma A.10.19. Let R be a commutative Noetherian profinite O-algebra, and let
E be a finite flat R-algebra. Let A be an abelian category, and let M be a complete
right E-module in Pro(A). Then M is derived complete.

Proof. By Lemma we can assume without loss of generality that £ = R
is commutative. Let m := rad(R). We need to prove that lim, M ®% R/m"

. . . - . ~L .
is concentrated in degree zero. Note that this coincides with M ®p lim,, R/m™

(where M @é is the functor in Lemma (2i)). Choose generators of m, say
m = (f1,..., fr), and write m,, := (fJ%,..., f*). Then the pro-objects lim, R/m"
and lim,, R/m, are isomorphic. So it suffices to prove that M @é lim,, R/m, =
lim, M ®% R/m,, is concentrated in degree zero, i.e. the pro-object lim,, HP (M ®%
R/m,,) is zero for all p # 0. Since M is complete, Lemma allows us
to replace M by M/m~N M, and so to assume that M is an R/m” R-module, for
some N > 0.

Let K, be the Koszul complex on (f7*,..., f™), normalized as a cochain complex
in degrees —7,...,—1,0 with AY!R®" in degree —t. There is a map of complexes
K,1; — K,, given by Al(diag(fi,..., f!)) in degree —t, and inducing the natural
map R/m,,; — R/m, on H°. Consider now the inverse system of complexes in
Pro(A) given by M ®p K., Since M is an R/m" R-module, the transition map
M ®@pr Kyyn — M ®p K, is zero for any r in all degrees t # 0, because it is
given by a matrix with entries in m"¥. Hence the pro-object lim, H!(M ®g K,.) €
Pro(.A) is zero for all ¢ £ 0. Since K, is a complex of finite projective R-modules,
the complex M ®pr K, represents the image of K, under the derived functor
D~ (Mod™(R)) — D~ (Pro(A)) of M ®p —. Since M®% is the composite of this
derived functor with D~ (Pro(A)) — Pro D*(A), which is t-exact and induces an
equivalence on hearts, we conclude that lim, H*(M ®% K,.) = 0 for all ¢ # 0.

Of course, K, need not be a projective resolution of R/m,. However, we can
define an inverse system of fibre sequences K| — K, — R/m.[0] in Df’p(R), and it
is proved in [Stacks, Tag 0921| that for all 7 there exists ¢ such that K] ; — K] is
zero. This shows that lim, K/ = 0, and so lim, K,, — lim,. R/m,[0] in Pro D%’p(R).
Hence

lim(M @ R/m,[0]) = M & lim R/m,[0] = M &plim K, = lim M & K,.

The previous paragraph shows that lim, M ®% K, is concentrated in degree zero,
hence so is lim, (M ®% R/m,.[0]), as desired. O

The following result is the reason for introducing Definition [A710.16]

Lemma A.10.20. Let R be a Noetherian profinite O-algebra, and let A be an
abelian category. Let M be a derived complete right R-module in Pro(A). Then we
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have a commutative diagram

(Bm)

Dg,(R)

D?l. (R) fp

(2h)
Pro D*(A)

Pro D!, (R) Pro D}, (R)

B

Proof. Note firstly that by Lemma[A-T10.17, all of the functors in the diagram are
defined. It evidently suffices to check that the functor

M &% : ProD?, (R) — Pro D*(A)
of is given by the composite of the embedding
Pro D{, (R) = Pro D} (R)
deduced from and the functor
M@&p- : Pro D} (R) — Pro D(A)

of (2j). Since each of these functors Pro D}, (R) — Pro D’(A) is right t-exact and
limit-preserving, it suffices by Lemma A 10 1 . ) to show that they agree on the
object R of Mod.(R) = (Pro D%’l . By their definitions, they respectively
take R to M and to lim,, M ®k (R/ rad( " ) and since M is derived complete by
assumption, we are done. O

We have the following criterion for the full faithfulness of a derived tensor product.

Lemma A.10.21. Let R be a coherent ring, and let A be an abelian category.
Suppose that M is a right R-module in Pro(A), and that the natural morphism

R — REHdPrO Db (A) (M)

is an isomorphism. Then the functor M @ —: D¢ (R) — Pro D"(A) defined in

Lemma |[A.10.10 is fully faithful.

Proof. By Lemma [A-4.6] it is equivalent to prove that the induced continuous
functor

D(R) = Ind D{,(R) — Ind Pro D"(A)

is fully faithful. Since D(R) is compactly generated by R, the result is immedi-
ate from Proposition |A.2.25, together with the full faithfulness of Pro D’(A) —

Ind Pro D?(A). O
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A.10.22. Topological flatness. We now introduce various notions of flatness, in the
context of Lemma [A.10.10l

Definition A.10.23. Let R be a Noetherian profinite O-algebra, and let .4 be an
abelian category.
(1) Let M be a right R-module in A. The Tor-dimension of M is the amplitude
of the right t-exact functor M ®@% - : Di (R) = D™ (A), i.e. the smallest n >
0 such that the restriction of M ®% - to Df;(R)U (i.e. the abelian category
ModP(R)) factors through D~ (A)=~".
(2) Let M be a right R-module in A. We say that M is flat if M ®p — :
Mod™®(R) — A is exact, or equivalently, if M has Tor-dimension zero.
(3) Let M be a complete right R-module in Pro(.A). We say that M is topolog-
ically flat if M &g~ : Mod.(R) — Pro(A) in Lemma is exact.

Lemma A.10.24. Let R be a Noetherian profinite O-algebra, and let A be an
abelian category. Let M be a complete right R-module in Pro(A). Then M is flat if
and only if M is topologically flat.

Proof. By Corollary the restriction of M &z~ to Mod®(R) is M ®p —
Hence, if M is topologically flat, then M is flat. On the other hand, the inclusion
Mod"!"(R) — Mod.(R) factors through Mod™ (R). Hence, if M is flat, then M &g
restricts to an exact functor on Mod™"(R), and since Mod,(R) = ProMod"" (R),
we see that M ®p— is exact, by Lemma (2) and (3). Thus M is topologically
flat, as desired. (Il

Lemma A.10.25. Let R be a Noetherian profinite O-algebra, and let A be an abelian
category. Let M be a complete right R-module in Pro(A). If M is topologically flat,
then the functor

M &p—: Pro D!, (R) — Pro Db(A),
defined in Lemma |A.10.10 , is t-exact.

Proof. By definition, M @ﬁf is the Pro-extension of the composite
DY, (R) = D*(Mod™"(R)) & D~ (Mod.(R)) — Pro D*(A),

where the first arrow is induced by the inclusion Mod™"(R) ¢ Mod.(R) (and
is t-exact) and the second arrow is the derived functor of M ®g—. Since M is

topologically flat, M & is exact, and so both arrows are t-exact. The lemma thus
follows from Corollary [A8:2] O

Lemma A.10.26. Let R be a Noetherian profinite O-algebra, and assume that R
has finite global dimension (i.e. there exists n such that every left R-module has a
projective resolution of length < n). Let A be an abelian category, and let M be a
right R-module in A. Then the functor M @k —: D?D(R) — D~ (A) defined in
factors through DP(A).

Proof. An induction on the amplitude of X € Df’p(R) shows that it suffices to check

that M @% X € D"(A) whenever X € Mod™(R). However, by assumption, M @5 X
is represented by a complex concentrated in degrees [—n,0]. ]
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APPENDIX B. COHERENT SHEAVES ON FORMAL ALGEBRAIC STACKS

In this appendix, after recalling some of the basic framework and results related to
the theory of coherent sheaves on algebraic stacks, we develop various constructions
and results on coherent and pro-coherent sheaves on formal algebraic stacks. These
include assorted pullback and pushforward functors, as well as results related to the
theorem on formal functions.

B.1. Coherent sheaf theory on algebraic stacks. There are various competing
approaches to defining both the abelian and the derived category of quasi-coherent
sheaves on an algebraic stack; see [EGH25, App. B.2| for a discussion of some of
them. In the context of a Noetherian algebraic stack X with affine diagonal, it
follows from |[HR17, Prop. 1.3, Rem. 1.5] that these various approaches lead to an
unambiguous definition of D% , (X), the stable co-category of bounded complexes
of Oy-modules having coherent cohomology. A similar discussion applies to quasi-
coherent cohomology, although the coherent case will be the most important one for
us in the present paper.

For definiteness, we will use sheaves on the lisse-étale site of X as our model for
D’ . (X), and the various related categories of sheaves that we will have to consider.
We make this choice primarily to make contact with various pieces of literature
(e.g. |Con05| and |[AHL23|) whose results we are going to cite.

As in the preceding discussion, we assume that X is a Noetherian algebraic
stack with affine diagonal, and we let Oy denote the usual structure sheaf on the
lisse-étale site of X. We let Mod(Oy) denote the abelian category of sheaves of
Ox-modules on the lisse-étale site of X', and we let D(Ox) denote the derived
oo-category of Mod(Oy).

We let Coh(X), resp. QCoh(X), denote the abelian category of coherent, resp. quasi-
coherent, sheaves of Oy-modules (see e.g. |Ols07, §6]). These are both weak Serre
subcategories of Mod(Oy), and Coh(X) is a Serre subcategory of QCoh(X) (see e.g.
[Stacks|, Tag 07B4|, |Stacks, Tag 0GRB|). We have the following standard lemma
about the structure of QCoh(X).

Lemma B.1.1. Let X be a Noetherian algebraic stack. Then QCoh(X) is a locally
coherent Grothendieck category, and QCoh(X)¢ = Coh(X).

Proof. QCoh(X) is a Grothendieck category by [Stacks|, [Tag 0781]. To see that
coherent sheaves are compact in QCoh(X'), choose a smooth surjective morphism
p: X — X with X a Noetherian scheme. Then p* preserves colimits, and sends
coherent sheaves on X to coherent sheaves on X. It then follows from [Stacks|
Tag 06WT] that every F € Coh(X) is compact in QCoh(X), since p*F is compact
in QCoh(X). Conversely, compact objects of QCoh(X) are coherent, because
every object of QCoh(X) is the filtered colimit of its coherent subsheaves ([LMOOL
Proposition 15.4] or [Stacks, [Tag 0GRF]). O

In particular, the embeddings QCoh(X) — Mod(Oy) and Coh(X) — Mod(Ox)
are both exact, and so induce t-exact functors of associated derived co-categories
D(QCoh(X)) — Dqc(X) and D(Coh(X)) — Deon(X), where the targets denote
the full subcategories of D(Ox) consisting of objects whose cohomology sheaves lie
in QCoh(X), resp. Coh(X'). The first of these functors restricts to an equivalence

(B.1.2) DT (QCoh(X)) = DL (X),


https://stacks.math.columbia.edu/tag/07B4
https://stacks.math.columbia.edu/tag/0GRB
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by |[AJPV18| Prop. 1.6] or [HNR19, Thm. C.1]; note however that the first reference
uses a slightly different framework to the one we are using here, which is explained
and compared with our framework of lisse-étale sites in [AJPV15|. By Lemma[A.7.11|
(whose hypotheses hold because of Lemma the equivalence restricts
to a t-exact equivalence

(B.1.3) DP(Coh(X)) = Db, (X).

coh

In the body of the text, we will not work directly with quasi-coherent sheaves
that are not coherent. Rather, we will work with Ind-coherent sheaves; that is, we
will consider the stable co-category Ind DY , (X). Proposition shows that the

coh
t-structure on DY | (X) extends canonically to a t-structure on Ind D%, (X). Since

coh

Dc(X) is cocomplete, there is a t-exact functor Ind D2, (X) — Dgc(X), which
restricts to an equivalence

(B.1.4) (Ind DLy, (X)) " 3 DX (x)

coh

(see Remark below). Then, when it comes to a consideration of functors such
as Rj, for an open immersion j : ) — X', which are usually defined on the categories
D(J{m we will extend them to the categories Ind Dé’oh(.)c' ); furthermore, we will often
construct such functors using this Ind-coherent perspective, as in the discussion of

Section [B-1.8] below.

Remark B.1.5. In the literature one finds a definition of a stable infinity cate-
gory Ind Coh(X’) which is not necessarily compactly generated, but is rather defined
by a universal mapping property, which incorporates ; see for example [CW24,
Defn. 5.10]. However, in our setting this more sophisticated definition agrees with
our Ind D?_, (X); for example, all of the stacks that we consider in this paper are

“coherent ind-geometric stacks” in the sense of [CW24], so this agreement follows
from |[CW24] Prop. 5.30].

B.1.6. Operations on coherent and quasi-coherent sheaves. Let X and ) be algebraic
stacks, both assumed to be Noetherian and having affine diagonal, and let f : Y — X
be a morphism. In this context one can define pushforward and pullback functors
on both the abelian and derived categories of quasi-coherent sheaves, as well on
various related categories. We now recall some details of these constructions.

Remark B.1.7. The hypotheses we have placed on X and Y are certainly unnecessarily
restrictive; our goal here is simply to give some details regarding, and references for,
the construction of these functors in the specific framework that we have adopted.
One motivation for taking care on this point is that we wish to combine citations
to works on sheaf theory on algebraic stacks, such as [AHR23; |AHL23| with the
oo-categorical framework, and so we want to ensure that the functors we compare
in these various different contexts are indeed the ones we imagine they are. Another
is that we will extend some of these constructions to the context of formal algebraic
stacks, where there are fewer existing references to rely on, and we want to be
sure that our constructions in this context are well-founded (for some choice of
foundations).

The construction of pullbacks and pushforwards is simplest in the case when f
is representable by schemes. (One simple but important case when this holds is
when f is an immersion.) In this case U — U x x ) gives a continuous functor u
(in the sense discussed in [Stacks, Tag 00WU]) from the lisse-étale site of X' to the
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lisse-étale site of J. Adopting notation from loc. cit., we thus obtain a functor u*
from the category of sheaves on the lisse-étale site of ) to the category of sheaves
on the lisse-étale site of X.

This functor u is the restriction to lisse-étale sites of the analogously defined func-
tor on big flat sites. This latter functor induces a morphism of (ringed) topoi [Stacks|
Tag 06W8|. Unfortunately, the functor u on lisse-étale sites typically does not define
a morphism of topoi: the left adjoint us to u® is typically not exact, see e.g. [Stacks,
Tag 07BF].

Nevertheless, the morphism f induces functors f. : QCoh()) — QCoh(X') and
f*: QCoh(X) — QCoh(Y). In the Stacks Project, these are defined using big sites:
the pullback f* is induced by the left-adjoint of the “big site version” of the functor
u® considered above, and the push-forward f, being defined via slightly elaborate
manipulations, for which see [Stacks|, Tag 070A]. In the context of small lisse-étale
sites, however, we can describe f, rather directly. Namely, there is a canonical
morphism Oy — u*(0y), so that u® induces a functor f, : Mod(Oy) — Mod(Oy),
which by [Ols07, Lem. 6.5] restricts to a functor QCoh(Y) — QCoh(X). (Note
that our assumption that Y and X are Noetherian implies that f is necessarily
quasi-compact.) If f is furthermore proper, then f, restricts to a functor Coh()) —
Coh(X): see [O1s07, Thm. 10.13] for a proof of the (stronger) derived statement,
although note that (as the proof of this result indicates) under the assumption that
f is representable by schemes, this result follows directly from the corresponding
result for schemes.

We may then construct the left adjoint f* : Mod(Ox) — Mod(Oy) of f,,
via composing the left adjoint us to u® with the extension of scalars from u;Oy
to Oy. The functor f* then restricts to functors QCoh(X) — QCoh()) and
Coh(X) — Coh(Y). (For this material, see again |Ols07), Lem. 6.5].)

We may right derive the left exact functor f. to obtain a functor Rf, : D¥()) —
D*(X), which restricts to a functor Rf, : D}.(V) — DJ.(X), and even to a functor

Rf. : Df, (V) — DL, (X) if f is proper. (See |Ols07, Lem. 6.20, Thm. 10.13].)
Recall that in general Rf, need not have bounded amplitude, and consequently
need not take Dyc(Y) to Dyc(X); see e.g. [Stacks| [Tag 07DC].

One may also consider the left-derived functor Lf*. The treatment of this functor
in the lisse-étale formalism of |Ols07| is complicated by the failure of u to induce
a morphism of topoi. However, in the very particular case when f is a smooth
morphism (e.g. an open immersion, which is the case used in Section , u does
induce a morphism of topoi; indeed, the functor »* is then simply given by restriction
along f, and so is exact (see the remark at the bottom of [Ols07, p. 60]). In this
case f* is exact, as it coincides with the exact functor u,, and by Lemma [AT7.22]
it induces a t-exact functor D(Ox) — D(Oy), which restricts to t-exact functors
Dqc(X) = Dy (Y) and Deon(X) = Deon(Y).

If f: X — ) is not representable by schemes, then the construction of pull-
backs and pushforwards is more involved; cf. [AJPV15| Rem., p. 488]. The refer-
ence |[AJPV15| gives a construction in this case, using a similar framework to the
lisse-étale site (namely, a version of the flat site), and building on the methods
of |Ols07].

B.1.8. Pushforward along an immersion. In the main body of the paper, we will
frequently need to consider the derived functors of f* or f, in the case when f is a
closed or open immersion, which we will typically denote by i or j respectively —
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possibly with additional decorations — rather than f. If ¢ is a closed immersion,
then i, is exact: this is easily checked directly, by working locally on the target
and so reducing to the case of schemes (see also |Ols07, Cor. 6.6]). Thus, by
Lemma Ri, is simply the t-exact functor induced by i, following the
prescription of Lemma We will thus write simply i, rather than Ri..

If j : U — X is an open immersion, we can give an alternative construction
of Rj, directly as a functor on Ind-coherent complexes. To begin with, note that
J« + QCoh(U) — QCoh(X) is fully faithful, hence the counit j*j. — idqoonwy is
an isomorphism. Since j* : QCoh(X) — QCoh(U) is exact, it follows from |Gab62,
Proposition 5, §1I1.2] that j* is a Serre quotient by its kernel, which is a localiz-
ing subcategory of QCoh(X). Since (by Lemma the categories QCoh(X)
and QCoh(U) are locally coherent with compact objects Coh(&X') and Coh(U) re-
spectively, [Kra97, Theorem 2.6] shows that j* realizes Coh(U) as the quotient
of Coh(X) by its kernel, which is the Serre subcategory Cohy(X), whose objects are
those coherent sheaves on X’ with set-theoretic support contained in Z := |X| \ |U|.
Lemma then provides a t-exact equivalence

D"(Coh(X))/Deon, (x) (Coh(X)) — D*(Coh(U)),

which (B.1.3)) allows us to interpret as a t-exact equivalence

coh coh

(B.1.9) Deon(X)/ Do 2(X) ==+ Déoy (U),

where Dé’oh’ 7(X) is the full subcategory of complexes whose cohomology is set-
theoretically supported on Z.

The functor D%, (X) — Db, (i) implicit in is of course simply the ¢-
exact extension of j*. The Ind-extension of this functor is then a continuous t-exact

functor 5* : Ind D%, (X) — Ind DY, (U) which restricts (via the equivalence (B.1.4)
for each of & and U) to the functor j* : DI (X) — DF.(U) considered above. The
right adjoint of j* is then a functor

(B.1.10) Ind D%, (U) — Ind D2, (X)

coh coh

which restricts (again via the equivalence for each of X and U) to the
functor Rj, considered above. Since j* preserves compact objects (equivalently, is
constructed via Ind extension from the corresponding functor on compact objects),
its right adjoint is also continuous, by Lemma Thus is
the Ind-extension of its restriction D’ (i) — Ind D%, (X), which in turn may be
regarded as the composite

DY) 25 DY () = (Ind DLy, (X)) " < Tnd Diy, (X).

coh coh coh

Consequently, the functors Rj, and (B.1.10)) canonically determine one another.

Remark B.1.11. In fact, in the cases of interest to us in the main body of the
paper, the relevant open immersions j will be furthermore cohomologically affine.
Hence Rj, will be t-exact, and so, just as in the case of closed immersions, will
be obtained from j, by an appropriate application of Lemma From the
preceding explanation of how to recover from Rj,., we conclude that

is also t-exact in this case. Consequently, in this case we will denote both Rj, and
its continuous extension (B.1.10|) simply by j..
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B.2. Coherent sheaf theory on formal algebraic stacks. Let X be a Noetherian
formal algebraic stack with affine diagonal, written as a colimit

(B.2.1) X = colim,, X,

with the X, being algebraic stacks and the transition maps being thickenings. Note
that the X, are then closed substacks of X', and are thus also Noetherian with affine
diagonal. We then write

(B.2.2) Db, (X) = colim,, D%, (X,),

coh

the transition maps being given by pushforward of sheaves as described in Sec-
tion [B.1.8] above, and the colimit being formed in the co-category of stable co-
categories. Since any two presentations of X of the form are mutually
cofinal, we see that the resulting colimit is (up to canonical equivalence) independent
of the choice of presentation . Since the transition maps are t-exact, the col-
imit D%, (X) is endowed with a canonical t-structure. Furthermore, each D%  (X,,)
is idempotent complete, hence the same is true of D% | (X), by |[Kerodon, Tag 042P|:
to see the idempotent-completeness of D% (X,,), by |[Lurl7, Lemma 1.2.4.6] it
suffices to prove that the homotopy category of each Di’oh(Xn) is idempotent com-
plete, which is a consequence of the equivalence and the fact that the
bounded derived category of an abelian category is idempotent complete [BSO1}
Corollary 2.10].

We let Coh(X) denote the heart of the ¢-structure on D ),
of Section shows that there are canonical equivalences

(B.2.3) colim,, Coh(X,,) — Coh(X) and D"(Coh(X)) = DL, (X).

coh

The presentation allows us to define the topological space |X| := colim,, |X,,|,
and then |X,,| — |X| for any choice of n. If F € Coh(X), then it can be represented
by an object F,, € Coh(X,,) for some n, and the set-theoretic support supp F,, C |X,|
is independent of the choice of representative. Using the t-structure on DY, (X)
we can thus associate to each closed subset Z C |X]| of the underlying topological
space of X (or equivalently, of |X,|, for any n) a full sub-co-category Dgoh’ 7(X)
consisting of objects whose cohomology sheaves are set-theoretically supported on Z.
By construction, induces an equivalence

(B.2.4) colim, D%,y ,(X,) — Dl 4(X).

(X). The discussion

As well as considering the bounded derived category Dsoh()( ) of a Noetherian
formal algebraic stack X with affine diagonal, we will also have occasion to consider
the associated Ind and Pro categories (and even the associated Ind Pro category). If

we present X as in (B.2.1)), then (as noted in Section [A.7.30]) we have an equivalence
colim,, Ind D%} (X,,) = Ind D%, (X),

coh coh

the colimit now being formed in the co-category of compactly generated stable
oo-categories (whose morphisms are the continuous functors). Since DP , (X) is

idempotent complete, it is the subcategory of compact objects in Ind Db, (X). We
also note the following result.

Lemma B.2.5. Let X be a Noetherian formal algebraic stack with affine diagonal.
Then DY, (X) is the full subcategory of Ind D%, (X) (resp. Pro D%, (X)) given by

coh
those objects whose cohomology is coherent and concentrated in finitely many degrees.
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Proof. We give the argument in the Ind case, the argument in the Pro case being
dual to it. It suffices to prove that if 2 € Ind DY, (X)1** is a bounded object with
coherent cohomology, then z is compact in Ind Dcoh( ). When a = b we have an
isomorphism z — H?(z)[~b], and H®(x) € Ind Coh(X) is assumed to be contained
in Coh(X) C D?.,,(X). Hence H®(z) is compact, and so is z. In general, by induction
on b — a, we see that = is part of a cofibre sequence 7=0~Vg — x — H(x)[-b]
where the first and third term are compact, so z is also compact, as required. [l

B.2.6. Completion along a closed substack. Let X be a Noetherian formal algebraic
stack with affine diagonal, and let Z < X’ be a closed substack of X. We define the
completion of X along Z to be the substack X = Xz of X that classifies morphisms
T — X for which the induced map on underlying topological spaces |T| — |X| has
image landing in |Z|. By definition, then, X depends only on the closed subset
= |Z] of |X|, not on its s particular realization as a closed substack Z of &', and
we will sometimes write X, > rather than X 'z. Note that X is again a Noetherian
formal algebraic stack. To see this, note for example that |[Eme, Lem 8.13| implies
that X is locally Noetherian; since X is furthermore assumed Noetherian, i.e. to
be quasi-compact and quasi-separated in addition to being locally Noetherian, it is
straightforward to deduce that X is also Noetherian.
If we choose a presentation X colim,, Z,, for X as a colimit with respect to

thickenings of Noetherian algebraic stacks Z,,, then we may choose our presenta-
tion (B.2.1) for X so that each composite

Z, — X— X
factors through X,,, inducing a closed immersion
int Zn = Xy

The canonical monomorphism ¢ : XX may then be written as the colimit of the
closed immersions 4,. Passing to the colimit, the (t-exact) pushforward functors
ins: Dby (2,) — Db, (X,) then induce a t-exact functor

coh

(B27) Dcoh(X) - Dcoh(‘)()

Proposition B.2.8. Let X be a Noetherian formal algebraic stack with affine
diagonal, let Z be a closed substack of X, and let X denote the completion of X
along Z. Then is a t-ezact fully faithful functor D (X) < Db (X), whose
essential image comczdes with DCOh’Z(X), i.e. the full sub-co-category of Dcoh( )

consisting of objects whose cohomology sheaves are set-theoretically supported on Z =
1Z].

Proof. We may replace Z by Z..q, which is a closed algebraic substack of . Then,
if we choose a presentation X — colim,, X}, as in the discussion above, we see that
Z is in fact a closed substack of each X, that

X == colim,, /'/\,’;,
where all the indicated completions are taken along Z, and that
Doy (X) = colimy, Doy (X),

where the colimit is formed in the oo-category of stable oco-categories.
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Since a filtered colimit of fully faithful ¢-exact morphisms is fully faithful and
t-exact, and
Dcoh Z(X) = colim,, Dgoh,Z(Xn)
by (B.2.4), to prove that is fully faithful with essential image ch’ohﬁ (X)), it
then suffices to show that pushforward induces a t-exact equivalence

—~

(B29) Dcoh(Xn) L> D(l:)oh,Z(Xn)
for each n. This allows us to assume that X = X, for some n, i.e. that X" is algebraic.
In this case, let Z denote the coherent ideal sheaf cutting out Z in X, and let

Z(™) denote the closed substack of X cut out by Z". Then X colim,, Z(")| and
so we have to show that pushforward induces a fully faithful ¢-exact functor

colim,, Db, (2(™) — D, (X),

with essential image equal to DCoh 7 (X). If X is an affine scheme, this is proved
in [EGH25, Proposition B.1.9, Proposition B.1.17]: it amounts to the statement
that the first two arrows of [EGH25| (B.1.8)| are equivalences. The general case
can be proved in the same way. Alternatively, it can be deduced as a special case
of [HP23| Theorem 2.2.3]. O

We use the same notation (namely 4.) to denote the extension of (B.2.7) to the
corrcsponding Ind categories; this is a fully faithful embedding

(B.2.10) - Ind DY, (X) 5 Ind DYy, 5(X) < Ind DYy, (X).

Lemma B.2.11. The functor (B.2.10) satisfies the conditions of Hypothesis
taking Ag = Db (X) and A° = (X)

coh

coh

Proof. This is an immediate consequence of the construction of (B.2.10) as an
Ind-extension of a fully faithful functor. O

Write U = X\ Z (an open substack of X), and let j : & — X denote the
canonical open immersion. If we again choose a presentation for X, and
write U, == U Xy Xy, then we obtain a compatible presentation colim,, U, — U
of U. As we noted in , restriction induces equivalences

Dcoh( )/Dcth(X ) _>Dcoh(u )

Passing to the colimit over n, and recalling the statement of Proposition we
obtain an equivalence

(B212) Dcoh( )/Dcoh( ) —> Dcoh(u)'

Passing to Ind-categories, and taking into account Proposition [A:2:29] we obtain
an equivalence

(B.2.13) Ind DY, (X)/Ind D, (X) = Ind DX, (U),

which we use to identify its left and right hand sides from now on. Taking into
account this identification, as well as the prescription of Hypothesis we then
write j* to denote the composite

(B214) j* : Dlgoh(X) _>Dcoh( )/Dcoh( ) —>Dcoh(u)a
as well as its Ind-extension

(B.2.15) :Ind DY, (X) — Ind DY, (X)/Ind D%, (X) < Ind D, (U1).
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By Lemma the functor (B.2.15) admits a right adjoint j, : Ind D%, (U) —
Ind DY, (X).

coh

Remark B.2.16. Although we don’t need it in the present paper, we remark that
the Pro-extension of j* also admits a left adjoint j,, which is the Pro version of
“extension by zero from U”. As far as we understand, defining j; in this way was
the original motivation for introducing pro-coherent sheaves (by Deligne in [Har66,
Appendix]).

Remark B.2.17. The functors j* in (B.2.14]) and (B.2.15]) are induced by the functors
j* arising from the open immersions j, : U, — X, in the sense that if we write each
of DY, (X) and D%, (U) as colimits over n, following the prescription of (B.2.2)), then
j* is obtained as colimit of the functors 5. Thus the notation j* is compatible with
our notation for operations on derived categories of coherent sheaves on algebraic
stacks.

Each of the functors j; has a corresponding right adjoint as in , which
we denote by j . : D2, (U,) — Ind D2, (X,,). Since the functor j. is compatible
with the formation of (filtered, and hence all) colimits (since it is right adjoint to
the compact object-preserving functor j*), one finds that j, is similarly the colimit
of the jy .

Although it might be better to write Rj, rather than j,, to indicate the derived
nature of this functor, in the discussion of Subsection [B:I.8] we have reserved
the former notation to denote the derived functor of j. in the context of derived
categories of complexes of quasi-coherent sheaves, rather than in the context of
Ind coherent complexes. Thus we content ourselves with writing simply j. in the
Ind coherent case, trusting that context will resolve any possible ambiguity. This
also allows us to maintain notational consistency with the general discussion of
Appendix [A] related to Hypothesis In any event, in our eventual applications,
the relevant open immersions j will be cohomologically affine, and so the functors
j« that we have to consider will in fact be t-exact; thus no confusion should arise
from our choice of notation.

Remark B.2.18. Our definition of the categories Coh(&X') and Db, (X) is less ex-
pansive than some others in the literature, since, by definition, any object of either
category is supported on a closed algebraic substack of X. Thus, for example,
the structure sheaf Oy will not be an object of Coh(X) or D% (X), unless X
happens to be an algebraic stack, rather than merely formally algebraic. Rather,
in our setting, the structure sheaf will be realized as an object of Pro Coh(X), or
Pro D%, (X), namely the pro-object lim,, O, .. In other papers, the oo-category
that we denote by DJ (X) might instead be denoted D} . (X): the category
of coherent complexes whose cohomologies are set-theoretically supported on the
closed substack Xyeq of X.

We use the definition that we do because it fits well with the general definition
of Ind-coherent sheaves on Ind-schemes, and also because it ensures that there are
no hidden issues related to completion or adic topologies lurking in the background;
objects of D%, (X) and Ind D%, (X) are, by definition, adically discrete. Issues of
adic topologies and completions are then handled by the use of Pro categories.

We also note that we are, in fact, unaware of a general treatment of stable
oo-categories of coherent sheaves on formal algebraic stacks in the more expansive

sense that includes the structure sheaf Oy as one its objects, although presumably it
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can be realized as a special case of Clausen—Scholze’s theory of stable co-categories
of solid modules on analytic stacks. The one exception is the case of formal algebraic
stacks obtained as completions of algebraic stacks; in this case, [Con05| introduces
the corresponding triangulated category. We refer to Proposition below for a
discussion of how to relate this more standard approach to our approach via Pro
categories.

B.3. Pullback of pro-coherent sheaves. In this section we consider various
pullback and pushforward functors defined on abelian categories of coherent and
pro-coherent sheaves.

B.3.1. Representable morphisms. Assume that Z, X are Noetherian formal algebraic
stacks with affine diagonal, and assume that f : Z — X is representable by algebraic
stacks. Choose a presentation X = colim,, X,, as in , and let Z,, .= Z Xy &),
which is a closed algebraic substack of Z. By |[Emel Lemma 4.8], the natural map
colim,, Z, — Z is an isomorphism, hence it is a presentation of Z as in .
Write Ty : X — X, for the transition map (which is a closed immersion), and
similarly for z,,, : 2, — Z,. The map f is then the colimit over n of morphisms
fn : Zn — &, of algebraic stacks. Since the transition maps Z,.n, Zmn are closed
immersions, the diagrams

Coh(X,) "5 Coh(Z,.)

zmn,*T Zm,n,*T

Coh(X,) — Coh(Z,,)
commute. Since Coh(X’) = colim,, Coh(X,,) and Coh(Z) = colim,, Coh(Z,,), we can
thus define
¥ = colim,, f; : Coh(X) — Coh(Z).
If f is furthermore proper (in the sense of [Eme, Definition 3.11, Remark 3.13],

i.e. its pullback to any algebraic stack is proper) the pushforwards f,. preserve
coherence, as recalled in Section [B:1.6] We can thus define

f« = colim,, fr« : Coh(Z) — Coh(X).

Up to natural equivalence, the functors f*, f. are independent of the choice of
presentation of X'. They form an adjoint pair.

Remark B.3.2. We will denote the Pro-extensions of f* and f, by the same symbols,
to avoid confusion with the completed pullbacks to be defined in Section [B.3.6]

Remark B.3.3. If i : Z — X is a closed immersion, then it is representable by
algebraic stacks and proper, and by the discussion above we have an adjunction

(i*,4x) : ProCoh(&X) — Pro Coh(Z).

The right adjoint 7, is exact and fully faithful, and the unit 1 — i,7* is surjective.
If Z is furthermore algebraic, and we let X denote the completion of X along Z,
then Coh(Z) is a full subcategory of Coh(X), and i, is the restriction to Coh(Z) of
the functor Coh(X) — Coh(X) obtained by restricting the t-exact functor
to the heart of its domain. This can be checked by computing i, with respect to a
presentation X = colim, X,, such that Z is a closed substack of X, for all n.
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B.3.4. Presentation of pro-coherent sheaves. The functors ¢* and 4, can be used to
give presentations for pro-coherent sheaves, as in the following lemma.

Lemma B.3.5. Let X be a Noetherian formal algebraic stack with affine diagonal,
and choose a presentation X — colim,, X,, as in , Write 4, : X,, — X to
denote the canonical closed immersion. Then, for any pro-coherent sheaf F on X,
we have F — lim,, ip .i:F in ProCoh(X).

Proof. We first consider the case when F is actually coherent. Then by definition
F = (im)+«Fm for some m and some object F,, of Coh(X,,). Thus

limy, ip i F = 1My >m dnxbs (im ) wFm — iy (im)«Fm — (im)«Fm = F-

In the general case that F is pro-coherent, write F — lim;c; F; as a cofiltered
limit of coherent sheaves F;. Then

lim,, iy, i F — lim, lim;e s U+l Fi 5 limyeg lim, U« lnFi = limer Fi,
as required. In more detail, the first isomorphism holds because i, , and i}, are
pro-extended, and so compatible with the formation of cofiltered limits; the second

isomorphism is an interchange of cofiltered limits; and the third isomorphism follows
from the case of coherent sheaves that we’ve already proved. (Il

B.3.6. Completed pullbacks. We continue to assume that f : Z — X is a morphism
of Noetherian formal algebraic stacks with affine diagonal, but we no longer assume
that f is representable by algebraic stacks.

Suppose firstly that X is algebraic, and choose a presentation Z = colim,, Z,, as
in . Let f, : Z, — X be the restriction of f to Z,. We can then define a
functor

F*: Coh(X) — ProCoh(Z)
F = lim, frF.

Up to natural equivalence, this functor is independent of the choice of presentation
of Z.

Lemma B.3.7. Let f : Z — X be a morphism of Noetherian formal algebraic stacks
with affine diagonal. Suppose that X is in fact an algebraic stack, leti: Y — X
be a closed immersion, and let f' : Z xx Y — Y and ' : Z xx Y — Z denote the
base-changes of f and i respectively. Then the natural diagram (where the right
hand vertical arrow is defined following Remark

Coh(X) —I 5 ProCoh(2)

|
Coh(Y) —L— ProCoh(Z xx V)
commutes.

Proof. By the definition of f*, we are reduced to noting that the pushforward
functor for a closed immersion of algebraic stacks commutes with arbitrary base
change. (Il

In the more general case that X" is not necessarily algebraic, we as usual choose a
presentation X = colim,, X,,. Then we can form the fibre product Z, = Z xy Xy, a
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closed formal algebraic substack of Z with a map f,, : Z, — X,,. By Lemma [B:3.7]
the diagrams

Coh(X,) —I"5 ProCoh(Z,,)

znT n zmn,*T
Coh(X,,) —— ProCoh(Z,,)

commute, where the vertical arrows are induced by the transition maps x,,, : X —
X,,. We can thus pass to the colimit and obtain a functor

(B.3.8) F* : Coh(X) — Pro Coh(Z2),
which is independent (up to natural isomorphism) of the choice of presentation of X
We continue to denote by f* the Pro-extension

F*: Pro Coh(X) — ProCoh(Z2).

We can also consider the composite functors

Pro Coh(X) T, Pro Coh(X,,) J1, Pro Coh(Z,,) =% Pro Coh(Z).

where z,, : X, = X and z, : Z, — Z denote the closed immersions. (Noting that

the target of f, : Z, — A, is algebraic, the functor fj{ is defined by the discussion
above, while z}, and z,. are defined in Remark )

Lemma B.3.9. With notation as above, the functor f* : Pro Coh(X) — ProCoh(Z2)
is naturally isomorphic to lim,, z,, . frz) .
Proof. Lemma gives a natural isomorphism of functors

id — limx,, .2},
n

on ProCoh(X). Applying f*, we find that
75 lim fra, a5 lim oz, iz
n n

(the first isomorphism following from the fact that fcommutes with cofiltered limits
by its construction as a Pro-extension, and the second claim following from the

definition of (B.3.8])), as claimed. O
Remark B.3.10. Let f : Z — X be a morphism of Noetherian formal algebraic stacks

with affine diagonal, and let i : )V — X be a closed immersion. As in Lemma
we can form the Cartesian diagram

z 1 ,x

(B.3.11) T T

ZxyY L.

Analyzing the definitions, we see that we have commutative diagrams
(B.3.12)

Pro Coh(X) — I Pro Coh(Z2) Pro Coh(X) — I Pro Coh(Z)

S o

7% 7%

Pro Coh(Y) —L— ProCoh(Z xxY)  ProCoh(Y) —— ProCoh(Z xx V)
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and furthermore, for all F € ProCoh(X), the image under f* of the unit 7 —
144" F is naturally isomorphic to the unlt of ( " i),) evaluated at F*F. Note that
commutativity of the leftmost square in is a generalization of Lemma m
to the case where & is not necessarily algebraic.

We will often apply this construction in a context where ) is furthermore algebraic,
and f: Xz — X is the completion of X at a closed subset Z C |X]. Then
becomes a Cartesian diagram

.)?ZL)X

1 ]

5 f
y\ylmz — Y

since the pullback X 7z Xx Y is the completion of Y at |Y| N Z. We will sometimes
write iz for the closed immersion ¢/, so that we have an adjunction

(B.3.13) (i%,iz.4) : Pro Coh(X,) — Pro Coh(ji\wmz),

as in Remark [B.3.3] and the image under f* of the unit of (i*,4,) is the unit of
(1%,iz.4)-

Remark B3.14. If f: X > Y andg: Y — 2 are morphisms of Noetherian formal
algebraic stacks with affine diagonal, then g f is naturally isomorphic to f *g*. To
see this, we can assume without loss of generality that Z is algebraic. Choose a
presentation Y = colim,, V,, and let &), = X xy V,. Then X, is a closed formal
algebraic substack of X', and X = colim, &,, (note that any map Spec A — X
factors through some X),, because the composite Spec A — X — ) factors through
some ),).

Choose also a presentation X = colim,,, X}, and define X,, ,, = &,, xx X,. Then
X,, = colim,,, X, ,,, for all n > 0, by |[Eme, Lemma 4.8, so that X' = COlimZ2>U Xoom,
where the colimit is taken with respect to the product order on Z%,

Now, if F € Coh(Z), then by construction we have -

g (F) = frlimg, F) = lim f, . gn F
where g, : Vp = Z, fom @ Xnym — Vn are the natural maps. This also coincides

with ;} F computed with respect to the presentation X = cohmzz> . Xom, as
desired. N

Remark B.3.15. Let Z, X be Noetherian formal algebraic stacks with affine diagonal,
and assume that f: Z — X is representable by algebraic stacks (which is always
the case if Z is algebraic, by our assumption on the diagonal of X). It then follows
from the definitions that f* : Coh(X) — Pro Coh(Z) takes values in Coh(Z), and
is naturally isomorphic to f*. It follows that their Pro-extensions are also naturally
isomorphic, as functors f*, f* : Pro Coh(X) — Pro Coh(Z).

B.3.16. Completed pullbacks to completed stacks. As in Section we let X be a
Noetherian formal algebraic stack with affine diagonal, and let Z — X be a closed
substack of X'. We write i : X — X for the completion of X along Z. Following as
above the notational conventions of Appendix we write

(B.3.17) iy : Pro Coh()/('\) — Pro Coh(X),
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(B.3.18) 7 : Pro Coh(X) — Pro Coh(X)
for the Pro-extensions of i, : Coh(X) — Coh(X) and i* : Coh(X) — Pro Coh(X).

Lemma B.3.19. With notation as above, write X = colim,, Z, as a colimit of
thickenings of closed algebraic substacks of X, and let k,, : Z, — X and in:2Zn— X
denote the corresponding closed immersions. Then the functor?* : ProCoh(X) —
Pro Coh(X) agrees with the functor lim,, Fp 3.

Proof. Since Z, is algebraic, the functor Ejib, resp. ?;"L, coincides with k7, resp. iy, by
Remark Lemma (applied to X') shows that

S o~ . O~ . -
i —>117rlnkn7*knz — 1171;11kn7*zn,

where we have applied the natural isomorphisms k;;/z\* = A;;/z\* = /'\,’; = i of
Remark taking into account that i, = ik, for each n. O

Remark B.3.20. If X is furthermore algebraic, the preceding lemma recovers the
definition of the completed pullback i*. On the other hand, if we take X = X,
in = kn, and ¢* to be the identity of Pro Coh(X), then we recover Lemma

Proposition B.3.21. Write i : XX for the inclusion of the completion X of a
Noetherian formal algebraic stack X, with affine diagonal, along a closed algebraic
substack Z. Then the functor i* : Pro Coh(X) — Pro Coh()/(\) is exact, and is left
adjoint to i, : Pro Coh(??) — Pro Coh(X).

Proof. Since the completion by only depends on the underlying topological space
of Z, if X = colim,, &}, is a presentation as in , then we have X = colim,, ,)/(\n
It is therefore easy (and formal) to reduce to the case that X is algebraic, which we
assume from now on.

We begin by showing exactness, for which it suffices to show that the restriction
i* : Coh(X) — Pro Coh()?) is exact. Write Z for the coherent ideal sheaf of Z in X,
so that for any coherent sheaf F we have

(B.3.22) P F =lim, F/I".

The exactness of ¢* then follows from a standard Artin-Rees argument, cf. [Stacks,
Tag 0GIM].

We now turn to the adjunction. Since both 7 and /z\* are Pro-extended, it suffices
to show that if F is an object of Coh(X) and G is an object of Coh(X) then

Homp, , con2) (i*F,G) = Homp,, COh(;c)(}_j*g),

or equivalently that

A~

Homp, ooz (07 F, G) = Homeon(a) (F,1:G).

As usual, we write X = colim,, X,,, so that i, : X,, — X is a closed immersion of
an algebraic substack. Relabeling if necessary, we can assume that G is supported
on A7, so that we can (slightly abusively) write .G = i, .G for each n. Then we


https://stacks.math.columbia.edu/tag/0G9M
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compute that

Homp,, gon( ) (*F.G) =
HomProCoh(A?)(hmn inF,G) = colim,, Hom n(®) (it F,G) =
colim, Homcon(x,)(4,F,G) = colim,, Homgon(x) (F, in+G) =
Homcon(x) (F,449),

as required. (In more detail, the first isomorphism is the definition of ?*7 the second
holds by virtue of how morphisms are computed in the Pro-category, the third is by
the definition of Coh(z’? ) and our assumption that G is supported on X}, the fourth
is the adjunction between ¢ and %, ., and the fifth is again by our assumption
that G is supported on A7.) O

Remark B.3.23. We put ourselves in the context of Lemma[B.3.19] so that i1 : Z —
X is a closed immersion of an algebraic stack Z into a Noetherian formal algebraic
stack X with affine diagonal, i : X — X is the completion of X along Z, and
ki : Z — X is the defining closed immersion. Then for any object F of Pro Coh(X),
there is a canonical surjection

(B.3.24) PF = ky L F

in Pro Coh(X). In fact, as noted in Remark|B.3.3 the unit of adjunction 7' — iy i1 F
is surjective, and so 1t remains surjective after applylng the functor ¢* , which is exact
by Proposition It now suffices to note that i*i; ,i]F = k1 *zl}" because the
counit of adJunctlon 7" z* —id i s an 1somorphlsm and 71 4 = z*kl .

Applying the exact functor i, to we obtain a surjection

?ﬁ*f — iL*i}‘]-"
of objects in Pro Coh(X).

Remark B.3.25. If X is a Noetherian algebraic stack with affine diagonal, and p :
Spec A — X is a flat and surjective morphism, then the pullback p* : Pro Coh(X) —
Pro Coh(Spec A) reflects coherence, in the sense that if 7 = lim;c; F; € Pro Coh(X),
and p*F is an object of Coh(Spec A), then F is an object of Coh(X). To see this,
we first remark that p* is exact and faithful (and thus conservative) on Coh(X),
and so the same is true of its Pro-extension, by e.g. [KS06, Prop. 6.1.10, Cor. 8.6.8].
Now, if G := p*F is coherent, then G has descent data to X, since it’s pulled back
from X when thought of as a pro-coherent sheaf. It thus descends to a coherent
sheaf G’ on X. The isomorphism p*G’ — p*F induces morphisms p*G’ — p*F; for
all ¢, which are compatible with the transition maps in F;, and with the descent data
on source and target. These morphisms therefore descend to a morphism G’ — F in
Pro Coh(&X'), which becomes an isomorphism after applying p*. Since, as we already
recalled, p* is conservative, we conclude that G’ —~+ F and so F is coherent, as
desired.

More generally, if X = colim,, X}, is a Noetherian formal algebraic stack with affine
diagonal, presented as in , and Spf A — X is a smooth surjective morphism
which is representable by algebraic stacks, then the pullback p* : Pro Coh(X) —
Pro Coh(Spf A) reflects coherence. To see this, let F € Pro Coh(X'), and assume that
p*F is coherent. Then, if we define Spec A,, := Spf A x x X,,, and write k,, : X, = X
for the closed immersion and for its pullback to Spf A, there exists n such that
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p*F — ky «kjp*F is an isomorphism. Hence F — k,, .k F is also an isomorphism.
Since &, is an algebraic stack, we have thus reduced to the result of the previous
paragraph.

B.3.26. Passage to derived categories. By Proposition and Corollary [A:8:2]
the functors (B.3.17) and ( induce t-exact adjoint functors

(B.3.27) : Pro Dcoh(é\f) < Pro D}, (X)
and
(B.3.28) : Pro D, (X) — Pro DY, (X).

Remark B.3.29. Since z* lS fully faithful (as a consequence of Proposition 7
the counit of adjunction ¢* i, — id is a natural isomorphism. Thus the restriction of
* to Dby, z(X) induces an inverse to the equivalence Db (X)) = Dy 7 (X) of

Proposition

B.3.30. Scheme-theoretic support. It is unclear to us in what generality it is sensible
to define the notion of “scheme-theoretic” support for pro-coherent sheaves, but the
following definitions will suffice for us.

Definition B.3.31. Let z : Z — X be a closed immersion of Noetherian formal
algebraic stacks with affine diagonal.

(1) Let F be a pro-coherent sheaf on X. Then we say that F is scheme-
theoretically supported on Z if F is in the essential image of z, : Pro Coh(Z) —
Pro Coh(X), or equivalently, if the unit of adjunction F — z.z*F is an
isomorphism.

(2) Let F be a coherent sheaf on X, and assume that Z is algebraic. Then we
say that Z is the scheme-theoretic support of F if F is scheme-theoretically
supported on Z and the natural map Oz — Endggy(z)(2*F) is injective,
where End denotes the sheaf-End. This being the case, we say that |Z] is
the set-theoretic support of F.

Remark B.3.32. If X is a scheme, and F is a coherent sheaf on X', then the scheme-
theoretic support of F is the closed subscheme associated to the kernel of Oy —
Endcop(x)(F), which is a quasicoherent ideal sheaf. Hence Definition (2)
agrees with the usual definition of the scheme-theoretic support of F in this case.

Definition B.3.33. We say that an object F of Pro Dcoh(X) is pure of degree
zero if it is a pro-coherent sheaf: that is, it is contained in the heart Pro Coh(X)
of Pro D, (X). (Note that this is a priori a stronger condition than asking that
the cohomology sheaves of F vanish outside of degree zero.)

Lemma B.3.34. Let X be a Noetherian formal algebraic stack with affine diagonal.
(1) Suppose that F is an object of ProCoh(X). Then F = 0 if and only if, for
every closed point © € |X| with completion-at-{z} morphism i, : X, — X,
we have ?*]—“ 0.
(2) Suppose that G is an object of Pro D, (X) which is bounded above. Then
G is pure of degree zero, resp. equal to zero, if and only if for every closed
point x € |X|, Z;Q is pure of degree zero, resp. equal to zero.

Proof. Lemma [A76.6] shows that the second statement follows from the first by
considering cohomology sheaves.
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For the first statement, assume that ?;]—" = 0 for every closed point x of X. Write
F = lim; F; as a cofiltered limit of 7; € Coh(X). Now fix an index j. For each
point z, there is (by assumption) an index j/, such that F; — F; becomes zero

after applying ?* We claim that x has an open neighbourhood U, over which the
restriction of the transition morphism F;; — F; vanishes. Granting this, we find
that the union of these U, is equal to all of X (smce it is an open substack of X
that contains every closed point). Since X is quasi-compact, we may therefore cover
X by finitely many of these U, and thus find a single index j’ (some index lying
above each of the finitely many corresponding j7) such that F;; — F; vanishes.
This implies that F itself is the zero object in Pro Coh(X).

It remains to prove the claim. Since ?; is exact, by a consideration of the image
sheaf, it suffices to prove that, if G is a coherent sheaf on X', and ?;Q = 0, then there
exists an open neighborhood U,, of = such that G|, = 0. By definition, the coherent
sheaf G is supported on a closed algebraic substack of X', and replacing X by this
closed algebraic substack, we may furthermore assume that X is itself algebraic.
Now /z\; can be thought of as the functor of Z-adic completion (with Z denoting the
coherent ideal sheaf on X' cutting out the underlying reduced substack structure on
the closed subset {x}), and so this amounts to the standard fact that if the Z-adic
completion of a coherent sheaf vanishes, then the coherent sheaf itself vanishes in a
neighbourhood of . For the sake of completeness (and since our completions are
computed in the Pro-sense, rather than literally, and since we are working on an
algebraic stack rather than a scheme), we recall the proof. To this end, we choose
a smooth surjection p : X = Spec A — X from a Noetherian affine scheme onto
some open neighbourhood of x; since p is open [Stacks| Tag 04XL], it suffices to
prove that p*G vanishes after restriction to some open neighbourhood of the closed
subset p~!(z) of X. Let I denote the ideal in A cutting out the underlying reduced
subscheme structure on p~!(x), and let M denote the finitely generated A-module
corresponding to the coherent sheaf p*G. Our assumption that Z;g = 0 implies that
the morphism M/I"M — M/IM coincides with the zero morphism for sufficiently
large n; since this morphism is surjective, we see that its target vanishes, i.e. that
M = IM. A standard application of Nakayama’s lemma now implies that indeed
the coherent sheaf attached to M vanishes in some neighbourhood of p~!(z), as
required. (Il

Lemma B.3.35. Let z : Z — X be a closed immersion of Noetherian formal
algebraic stacks with affine diagonal. Then a pro-coherent sheaf F on X is scheme-
theoretically supported on Z if and only if, for every closed pomt x € |X| with
completion-at-{x} morphism i, : X — X, the pro-coherent sheaf z*]—" s scheme-
theoretically supported on ZAm| Z|-

Proof. If x € |X| is a closed point, then the image under /z\; of the unit of adjunction
F — 2z z*F is isomorphic to the unit i} F — z;.25(i%F), by Remark [B
Since z is exact (by Proposmon D the kernel and cokernel of .7-" — 242 *]:

vanish under 7 iy if and only if z*]—' is scheme—theoretlcally supported on Zm‘ z|- Thus
the lemma follows from Lemma [B.3.34] (1). O

B.3.36. Pullbacks to versal rings.

Lemma B.3.37. Let X be a Noetherian algebraic stack with affine diagonal, let
x € |X| be a finite type point, and let i, : Spec R — X be a morphism from the
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spectrum of a complete Noetherian local ring R with finite residue field, sending the
mazimal ideal m to x. Let Spf R be the formal m-adic spectrum of R. Then the
composite

(B.3.38)

Coh(X) “Z5 Mod™ (R) Mod.(R) = ProMod™!" (R) = Pro Coh(Spf R)

is naturally isomorphic to the completed pullback for the composite Spf R — Spec R LN
X, where the first arrow is the completion at {m}.

Proof. Let F € Coh(X), and let M = i%(F), a finitely presented R-module. Then
the composite of sends F to the object lim,, M/m™M of Pro Coh(Spf R).
On the other hand, we can compute the completed pullback to Spf R using the
presentation

Spf R = colim,, Spec R/m™.
Then, by definition, we have i%F = lim,, i*(F)/m"i% (F), as desired. O

Lemma B.3.39. Let X' be a Noetherian formal algebraic stack with affine diagonal.
Assume that |X| = {x} is a singleton, and that X,q is of finite type over SpecF.

Let v, : Spf R — X be a morphism from the formal m-adic spectrum of a complete
Noetherian local ring R with residue field k, and assume that v, is versal to the
induced morphism Speck — X. Then

7% : Coh(X) — Pro Coh(Spf R) = Mod.(R)
s exact and faithful.

Proof. Since the formation of versal rings and of the completed pullbacks v} are
both compatible with base change to closed immersions (using the commutativity
of the leftmost square in for the latter), we reduce to the case that X is
algebraic and locally of finite type over Spec O. In this case v, is effective, by [Stacks
Tag 0DR1], so by Lemma that it suffices to prove that the usual coherent
pullback for the map
vz : Spec R — X

is exact and faithful. This follows from [Stacks, Tag 0DR2|, which shows that v, is
flat and surjective. O

B.3.40. Completed pullback and internal Hom. If X is a Noetherian algebraic stack,
then by [Stacks, Tag 0GQN], Coh(X) has an internal Hom functor Home,p,(xy(——)-

Lemma B.3.41. Let X be an algebraic stack with affine diagonal, which is locally
of finite type over SpecO. Let i, : Spf R — X be a versal morphism at a closed
point x € |X|. Then we have a natural R-linear isomorphism

Gy Hom o vy (— ) — Homygoq, () (in - ).

Proof. By [Stacks, Tag 0DR1|, the map i, is effective. By Lemma [B.3.37} it suffices
to show that we have a natural R-linear isomorphism

i;mCoh(X) () — HomModfP(R) (i)

where 7}, is the coherent pullback for the map v, : Spec R — X. Since 4, is flat, by
|[Stacksl, Tag 0DR2], this is a consequence of |Stacks, Tag 0GQP)]. O
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B.4. Coherent sheaves and formal functions in the case of “affine mod
reductive” quotient stacks. In this section we prove some results about stacks
of the form [Spec B/G], where B is a finite type algebra over a Noetherian ring R
and G is a reductive group scheme over R. Some of our results are deduced from
those of [AHL23]|; since our setup is slightly different to theirs (see Remark [B.2.18)),
we begin by relating our approach to completions of algebraic stacks to that taken
in |Con05| and |[AHL23|.

B.4.1. Og-modules. Suppose that X is a Noetherian algebraic stack with affine
diagonal, and that Z is a closed substack with coherent ideal sheaf Z. We write X

for the formal completion X of X along Z. In this context, [Con05| defines a sheaf
of rings

(B.4.2) O3 = lim, Ox /T

on the lisse-étale site of X', which is morally the structure sheaf of the comple-
tion X, as well as an associated abelian category Coh(Oz) of coherent sheaves
of O p-modules. This allows one to also introduce the stable co-category D?, (O5).

Furthermore, writing Z[™ for the closed substack of X with ideal sheaf Z", the func-
tors Ox /"' @0 _ — induce an equivalence of categories (see |[Con05, Theorem 2.3])

(B.4.3) Coh(O5) — lim Coh(2[").

Remark B.4.4. We note that the abelian category Coh(Oy) is denoted simply
by Coh(X) in [Con05|. Similarly, the stable co-category DY, (O5) — or, rather, its
underlying triangulated category — is denote Db . (X) in [Con05|. However, as

indicated in Remark [B.2.18] the categories defined in [Con05| are larger than the

category Dfoh(/? ) that we consider, and so to distinguish the two we always denote

the categories of [Con05] by Coh(O3) and D, (O5).

Rather than forming the actual projective limit in (B.4.2) to obtain a sheaf of
rings, one can consider the formal projective limit, so as to obtain an object of
Pro Coh(X'). More precisely, since every Oxy-module that is annihilated by a power
of 7 is also an O g-module, we have an exact and fully faithful functor

(B.4.5) Coh(X) — Coh(Oy),
and we can also define an exact and fully faithful functor
(B.4.6) Coh(O ) < ProCoh(X), F s lim, F/Z"+.

(The claimed properties of this functor follow again from |[Con05, Thm. 2.3|, which
implies full faithfulness, together with a standard Artin—Rees argument to deduce
exactness, as in the proof of Proposition ) The composition of (B.4.6]
and is the natural inclusion of Coh(X) in its Pro-completion Pro Coh(X).

As remarked on [Con05} p. 1], the sheaf O3 is a flat sheaf of Ox-algebras. Thus
O3 ®0, — defines an exact functor

(B.4.7) Coh(&X) — Coh(O3).

16Strictly speaking, |Con05| only considers the “4” version of the derived category, which it
denotes by DT, (X).

coh
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By definition, the composite of (B.4.7) and (B.4.6) is the functor i* : Coh(X) —
Pro Coh(X') defined in Secti

on [B.3.6
It follows from Corollary (2), applied to C = Coh(O3) and C' = Coh(X),
that (B.4.6) induces a t-exact functor

D’(Coh O ) — Pro D’(Coh X).

Remembering that D’(Coh O3) — D?, | (O5) and D?(Coh /’?) = Db
obtain a t-exact functor

(X), we

(B48) Dgoh(o)?) — Pro Dgoh(/?%
whose composition with the t-exact functor
(B49) Df:)oh(‘/?) — D(l:)oh(o/?)

-~

associated to (B.4.5) is again the natural inclusion of D% , (X) to its Pro-completion.

coh

Proposition B.4.10. The functor (B.4.8) is fully faithful.

Proof. Either by inspection, or by an application of Corollary [AZ7.20] one sees
that must coincide with the functor ¢ of (taking C to be Coh(.)/(\)
and B to be Coh(Oy3), viewed as an exact abelian subcategory of ProC via (B.4.6))).
We will prove its full faithfulness by applying the criterion of Lemma [A79.9] Let G
be an object of Coh(O5). Then G maps to lim, G/Z"*! under (B.4.6). It follows
from [Stacks| Tag OBKY] and the Artin-Rees lemma that in fact

G — Rlim, G/T""!
in the unbounded derived category D(O3) of Og-modules, which is to say, the
corresponding R!lim,, vanishes. Thus the natural morphism
RHomp(o ) (F,G) — Rlim, RHomp(o ) (F,G/T")

is an isomorphism, for any object F of D(O3). Restricting to objects F of the full
subcategory D?, (O5) of D(O3), we see that the hypothesis of Lemma is
O

coh
satisfied, as required.

It will be useful to give an alternative definition of the abelian category Coh(O3)

(as a full subcategory of Pro Coh(X)); e.g. it allows us to give a simple proof of
Lemma [B:4.13] below. This definition also has the merit of applying to a more
general class of formal algebraic stacks (although we don’t have cause to use it in
that greater level of generality).

Definition B.4.11. Let ) be a Noetherian formal algebraic stack with affine
diagonal. We define Coh(Oy) as the full subcategory of Pro Coh()) whose objects
are the pro-coherent sheaves F such that, for all morphisms i : Z — ), where Z is
a quasicompact algebraic stack with affine diagonal, the pullback i*F is coherent.

Remark B.4.12. As the preceding discussion already implied, in the case when X
is the completion of a Noetherian algebraic stack X at a closed substack Z° with

ideal sheaf 7, the category Coh(O3), as defined in Definition coincides with
the essential image of .

In fact, we have X = colim,, Z[", where i, : Z[") - X is the closed substack
with ideal sheaf Z"*!. Every morphism Z — X from a quasicompact algebraic stack
factors through some Z" (this is a consequence of [Eme, Lem. 4.4], after passing to
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a cover by a quasicompact scheme), and so the essential image of (B.4.6)) is contained
in Coh(Oz). Conversely, if 7 € Coh(Oy) (as defined in Definition [B.4.11)), then
the sequence (i} F), defines an object of the right-hand side of (B.4.19), and so of
its left-hand side. The isomorphism F — lim,, In iy from Lemma implies
that F is in the essential image of .

Lemma B.4.13. Let f : Y — X be a morphism of Noetherian formal algebraic
stacks with affine diagonal. Then the completed pullback functor f restricts to a
functor

f: Coh(Ox) — Coh(0Oy).

Proof. Let i : Z — Y be a morphism from a quasicompact algebraic stack with
affine diagonal Z, and let F € Coh(Oy). We need to prove that ¢* f*F is coherent.

By Remark [B.3.15] it is isomorphic to /z'\*f*]-', which is the same as (f/o\i) F, by

Remark Again by Remark [B.3.15| we conclude that i* f*F 2 (f o i)*F,
which is coherent, because F € Coh(Oy). O

B.4.14. Reductive groups. We will require some coherent sheaf theory on stacks of
the form [Spec B/G|, where B is a finite type algebra over a Noetherian ring R
and G is a reductive group scheme over R. The definition of “reductive group
scheme” in the literature is not always consistent, due to different conventions
about disconnected groups. However, the notion of a connected reductive group
is well-defined; indeed, over an an arbitrary base scheme S, a connected reductive
group G/S is a smooth S-affine group scheme all of whose geometric fibres are
connected reductive group.

Turning to the not-necessarily-connected case, if G/S is a finitely presented
smooth group scheme over an arbitrary base scheme S, then there is a unique open
subgroup scheme G° C G with the property that for all points s € S, the fibre
(G°)s is equal to the identity component (G;)° of Gs. (See for example |[Conl4,
§3.1].) The formation of G° commutes with arbitrary base change. By [Conl4, Prop.
3.1.3], if G/S is separated, smooth, and of finite presentation, and each fibre G¢ is
reductive, then G° is open and closed in G, and the quotient G/G° is a separated
étale group scheme of finite presentation.

For us, a “reductive group scheme” will always mean the following.

Definition B.4.15. A group scheme G/S is reductive if G is smooth and affine,
G° is connected reductive, and G/G° is finite étale.

The following result of Alper gives an alternative characterisation of reductive
group schemes, which we use in the proof of Theorem below. Recall that by
definition |Alp14, Defn. 9.1.1], a group scheme G/S is geometrically reductive if and
only if it is finitely presented, flat and separated over S and the morphism BG — S
is adequately affine in the sense of [Alpl4] Defn. 4.1.1].

Proposition B.4.16. Suppose that G/S is a smooth affine group scheme, and
that G° is (connected) reductive. Then G is reductive (in the sense of Defini-

tion |B.4.15)) if and only if it is geometrically reductive.

Proof. As noted above, since G° is connected reductive, the component group
scheme G/G° is separated. The result is then immediate from |Alp14, Thm. 9.7.6].
a
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Now let B be a finite type R-algebra for a Noetherian ring R, let G be a reductive
group scheme over R, and suppose we are given an action of G on Spec B (in the
category of R-schemes); that is, a morphism

G Xspec R Spec B — Spec B

of R-schemes satisfying the usual axioms for an action. We then write [Spec B/G] for
the usual stack quotient. In more detail, the pair of morphisms G' Xgpec r Spec B =
Spec B — the first being the obvious projection, and the second being the action
morphism — are the source and target map for a smooth groupoid over Spec B,
and [Spec B/@] is the quotient stack of Spec B with respect to this groupoid.

The following theorem summarizes results of Alper and of Alper—Hall-Lim, but
since the paper |[AHL23| only states them in the case that G is connected reductive,
we explain the straightforward deduction of the non-necessarily-connected reductive
case from their results. We remind the reader that a finite type morphism f:)Y — &
of Noetherian algebraic stacks is cohomologically proper |[AHL23| Def. 2.1(2)] if for
every coherent sheaf F on ), the derived pushforward f,F lies in DI (X).

coh

Theorem B.4.17. Let G be a reductive group scheme over a Noetherian ring R,
and let B be a finite type R-algebra with an action of G. Then:
(1) B€ is of finite type over R (and is in particular Noetherian).
(2) [Spec B/G] — Spec BY is cohomologically proper.
(8) Suppose that I C B is a G-equivariant ideal, and that BS is 1€ -adically
complete. Write Y = [Spec B/G], Y = [Spec(B/I"*Y)/G], and let Y =
colim,, Yl e the completion of Y along i : YOl — V. Then the functor

(B.4.18) 7 DY (V) = Pro DY (V)
is t-exact and fully faithful, and the functor
(B.4.19) O3 ®o,, —: Coh(Y) — Coh(Oy)

1s fully faithful. If furthermore G is a linearly reductive closed subgroup of
GL,, r, then the essential image of (B.4.18) is D(l:)oh(oj))'

Proof. Part [1]is immediate from |Alp14, Rem. 9.1.5, Thm. 6.3.3].

We now turn to part By|AHL23, Ex. 2.7], the morphism [Spec B/G°] —
Spec BE® is cohomologically proper. Furthermore, the morphism Spec B¢~ —
Spec B¢ is finite and therefore cohomologically proper, so that the composite
[Spec B/G°] — Spec B¢ is cohomologically proper. Since the map

[Spec B/G°] — [Spec B/G]
is finite étale and surjective, and [Spec B/G] — Spec B¢ is of finite type, the claim
follows from |[AHL23, Thm. 6.1(1)].
Finally, we consider part |3l The t-exactness of GET Proposition As noted
after , it follows immediately from the definitions that we may factor i as
the composite

L

O5®0,,~ B13) S
Dgoh(y) —y> Dgoh(oy) —— Pro Dgoh(y)'

Both arrows are t-exact, and the second is fully faithful, by Proposition So,
to prove that (B.4.18]) is fully faithful (resp. an equivalence if G is linearly reductive
and closed in GL,, r), it suffices to show that Oy ®éy — is fully faithful (resp. an
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equivalence if G is linearly reductive and closed in GL,, g). This will also imply
that is fully faithful, and complete the proof of the proposition.

It suffices therefore to show that the pair (Y, y[01) satisfies derived formal functions
(vesp. is derived coherently complete) in the sense of [AHL23| Defn. 3.2]. By |[AHL23,
Prop. 3.5], it is in turn enough to show the pair (Y, Y!%) satisfies formal functions
(resp. satisfies formal functions and is coherently complete) in the sense of [AHL23,
Defn. 3.2).

We begin by showing that (), VI%) satisfies formal functions. Since the preimage
of [Spec(B/I)/G] in [Spec B/G°] is [Spec(B/I)/G°], |JAHL23, Thm. 6.1(2)] reduces
us to showing that the pair ([Spec B/G°], [Spec(B/I)/G°]) satisfies formal functions.
Noting that BS° is I¢"-adically complete by Lemma below, this is part
of [AHL23| Cor. 4.9].

Finally, under the additional assumption that G is linearly reductive and closed
in GL,, g, the fact that (), V%) is coherently complete follows from |[AHR23, Thm.
1.6], bearing in mind that [Spec B/G] — Spec B is a good moduli space, by [Alp13,
Thm. 13.2], and that Y% = [Spec(B/I)/G] has the resolution property, by |AHR23|
Rem. 2.5], since G — Spec(R) is assumed to be embeddable. O

The following lemma and its proof are presumably standard.

Lemma B.4.20. Let G be a finite group acting on a ring A, and let I C A be a
G-equivariant ideal. If AC is IC-adically complete, then A is I-adically complete.

Proof. Since A is finite over A® (being both finite type and integral), A is 1€ A-
adically complete. It therefore suffices to show that rad(I¢A) = rad(I), i.e. that
I Crad(I9A). To this end, let = € I be arbitrary. Then  is a root of the monic
polynomial [] (X — g(z)), all of whose non-leading coefficients are contained

in I¢. Thus z!Cl € I€ A, as required. ]
We now record some consequences of Theorem

Corollary B.4.21. Let G be a reductive group scheme over a Noetherian ring R,
let B be a finite type R-algebra with an action of G, and let F and G be coherent
sheaves on Y = [Spec B/G]. Then for each n > 0, Exte, (F,G) is of finite type as
a BS-module.

Proof. Since the morphism f : ) — Spec B¢ is cohomologically proper (by Theo-
rem , we see that each cohomology group H*(Y,H) is of finite type over
B¢, for any coherent sheaf # on ). In particular, we can apply this observation to
the Ext sheaves Ext¢,  (F,G) (which are coherent, since 7 and G are). The result
then follows from the sheaf-Ext-to-Ext spectral sequence

EST = HP (Y, Ext, (F,G)) = Extl /(F, Q). O

Corollary B.4.22. Let G be a reductive group scheme over a Noetherian ring R,
let B be a finite type R-algebra with an action of G, and let F and G be coherent
sheaves on Y = [Spec B/G|. Then for each n > 0, Exte,, (F,G) is of finite type as
an Ende,, (F)-module and as an Ende,, (G)-module.

Proof. The action of B¢ on G makes Endp, (G) a BC%-algebra, and the action of
Endo,, (G) on Exty,, (F,§) is compatible with this algebra structure and the a priori
action of B¢ on the Ext™. The corollary thus follows from Corollary [B.4.22l The
proof for Ende,, (F) is the same. O
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Corollary B.4.23. As above, let R be a Noetherian ring, and let B be a finitely gen-
erated R-algebra endowed with an action of a reductive group scheme G over Spec R.

Furthermore, let I C B be a G-equivariant ideal, let BG denote the I€-adic com-

pletion of B, and let Y denote the completion of Y = [Spec B/G| along the zero
locus i : [Spec(B/I)/G] — Y of I. Let F and G be coherent sheaves on Y. Then

for each n > 0, the functor i* induces an isomorphism

Exthy (59" = Exty, 50" F,°G),

where the (-)" in the source indicates the I¢-adic completion.

Proof. The morphism R — B factors through BY, and so we may rewrite the
G-action on Spec B in the form

(G Xspec R SPeC B%) X $pec BG Spec B — Spec B.

Since B is Noetherian (by Theorem [B.4.17] ), we may replace R by B¢, and G
by G Xgpec R SpPec B¢, and so we assume from now on that R = BY. The I%-adic
completion B of BY is flat over B¢ (since B is Noetherian). We then set B’ =
BY®pce B, G' = Spec B Xgpec po G, and V' = Spec BY @gpec e Y = [Spec B’ /G'].
From the flatness of BG over BY, we see that (B')¢ = BS @pec B = BG. We
write ¢’ : [Spec(B’/IB’)/G'] — )’ for the base-change of i.

Let f : Y — Y denote the canonical morphism, and write f* for the induced

pullback morphism on coherent sheaves. Since f is flat, the derived pullback f* is a
t-exact functor

" Déon(¥) = Deon (V).
For any F,G € Coh()), flat base-change shows that then f* induces isomorphisms

(B.4.24) BE @po Bxthy 3)(F,G) = Extlhy ) (F*F, £°G).

If we let 5)\’ denote the completion of )’ along the zero locus of IB’, then f
induces an isomorphism )’ —+ ). Considering the commutative diagram

Coh(Y) —— Con(y)

: b

Pro Coh(ji\) fT*> Pro Coh(ji\/)

and noting that i s fully faithful by Theorem |B.4.17! , we deduce from ([B.4.24])

that ¢* induces isomorphisms

BE @pe Exty | 3)(F:G) = Bxty, 1y ) (07 f7F, 07 f7G)
— Ext;ro Di’oh(j’\’)(f*i*]:’ fi*g) = Ethro D () (i* F,i*G).

Corollary [B.4.22{ shows that each Ext7,, }(y)(}', G) is of finite type as a B“-module.

Thus tensoring it with BE over BE coincides with I G_adically completing it. This
proves the corollary. ([
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B.5. Another version of formal functions. Let R be a complete Noetherian
local O-algebra with maximal ideal m and finite residue field, and let S be a finite
type R-algebra equipped with an action of a reductive group scheme G over R
(where “reductive” is as in Definition . We may then form the algebraic stack
X = [Spec S/G] over R. We furthermore assume that S is finite over R and local
(so that S¢ is again a complete Noetherian local ring). This assumption implies that
X has a unique closed point zg, corresponding to a G-equivariant maximal ideal mg.
This is because |Z| — | Spec S¢| induces a bijection on closed points, by |Alp14,
Thm. 5.3.1 (5)]; recall from |Alp14, Rem. 9.1.5] that the map Z — Spec S is an
adequate moduli space (using that G — Spec R is geometrically reductive in the

sense of loc. cit., by Proposition .
Then:

(1) We write X to denote the mg-adic completion of X, and X' to denote the mg-
adic completion of X. Note that |2? | consists of a single point (corresponding
to the unique closed point zy of X).

(2) We say that a morphism Spf A — by , for A a complete Noetherian local
(O-algebra with finite residue field, equipped with its m 4-adic topology, is
versal if it is versal to the induced morphism Spec A/m4 — /’?, in the sense
of e.g. [EG21}, Defn. 2.2.9]. Precisely, this means that given a commutative
square consisting of the solid arrows in the following diagram

(B.5.1) Spec By —— Spec By

[
SpfAd—— 3 X

where B; — By is a surjection of finite type Artinian local R-algebras, and
where the corresponding homomorphisms A — By and B; — By induce
isomorphisms on residue fields, then the dotted arrow can be filled in.

(3) We write (Ver/ X ) for the category of versal morphisms with target X , where
a morphism

(g:SpfB — X) — (f :Spf A — X)
is given by a commutative diagram of morphisms of formal algebraic stacks

Spf B—— Spf A,

or, equivalently, a local morphism « : A — B of complete Noetherian local
O-algebras together with an isomorphism f o (Spfa) — g.

Remark B.5.2. It will sometimes be useful to consider a versal morphism Spf A — X
as a versal morphism to the unique closed point of X, by implicitly composing it
with the completion morphism X=X , Accordingly, we sometimes refer to the
objects of (Ver/X) as versal morphisms to the closed point of X.

In this subsection we give a description of Coh(X') in terms of a category of
coherent sheaves on (Ver/X), whose definition we turn to next. We begin by noting
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that if Spf A — X is an object of (Ver/X), then we have equivalences
Coh(Ospt 4) —> lim Coh(Spec A/m’;) «— Coh(Spec A).
n

Furthermore, if ¢ : Spf B — Spf A is a morphism in (Ver/ X ), then the completed
pullback

" : ProCoh(Spf A) — Pro Coh(Spf B)
restricts to a functor
{5* : COh(OSpfA) — COh(Ospr)
by Lemma
Definition B.5.3. A coherent sheaf F on (Ver/ X ) consists of the following data:
e for every object f : SpfA — X of (Ver/ X ), we have a finitely presented
A-module F(z) (the sections of F over Spf A);

e given a morphism ¢ : g — f of (Ver/)?), lying over a morphism Spf B —
Spf A, or in more usual terms, a 2-commutative diagram

Spf B—2—Spf A,

we have a pullback isomorphism ¢, : *F(g9) = B ®4 F(g) — F(g); these
pullback isomorphisms satisfy the following cocycle condition:

e given morphisms ¢ : h — g and ¢ : ¢ — z, lying over SpfC' — Spf B —

Spf A, the isomorphism c,oy coincides with the composite ¢y, o (ide ®pcy,),

after we identify C ®4 F(f) and C ®p (B ®4 F(f)) in the natural manner.

If 7 and G are two coherent sheaves on (Ver/é? ), a morphism « : F — G is

defined to be a collection of morphisms o : F(f) — G(f), compatible in an evident

manner with the pullback isomorphisms c,. We write Coh(Ver/ X) for the resulting

category of coherent sheaves on (Ver/X).

Lemma B.5.4. Let f : Spf A — X be an object of (Ver/)?), and let F € Coh(O3).
Then f*]-' is an object of Coh(Ogpr a) = Coh(Spec A), and the resulting functor

(B.5.5) J*: Coh(Og) — Coh(Spec A)
is exact and faithful.

Proof. The coherence of f*F is a consequence of Lemma The exactness of
f* is immediate from Lemma which implies that f* is exact on the larger
category Pro Coh(/'? ). There remains to prove that f* is faithful, or equivalently
(because of the exactness) conservative. The isomorphism F — lim; F/m% ' F
arising from Lemma exhibits any F € Coh(Oyz) as a cofiltered limit of objects
of Coh(z’?), with surjective structure maps. If F # 0, then f/m?l]: # 0 for some 1,
and then j?* (f/mfg“]:) # 0, by Lemma Hence f*]—' # 0, since it surjects
onto f* (F/mi™ F). This concludes the proof. O
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By Lemma [B.5.4] there is a faithful restriction functor
(B.5.6) Coh(0O 5) — Coh(Ver/X)

sending a coherent O p-module F to the coherent sheaf on (Ver/ X)) whose sections
on f:Spf A — X are given by f*F(Spf A). Writing ¢ : X — X for the completion
map, we also have the composite

(B.5.7) Coh(Ox) 3 Coh(0) Coh(Ver/ ).

Proposition B.5.8. With the notation and assumptions introduced above, the

functor (B.5.7)) is fully faithful.

Proof. We will show that both arrows of are fully faithful. For the first
arrow, takmg into account the 1som0rphlsm ]-' = lim, F /m LF arising from

Lemma it suffices to prove that ¢* is fully faithful on the full subcategory of
mpg-power torsion objects, i.e. that the restriction

Coh(x) BZD, Coh(0x) L Coh(O5)
is fully faithful. This restriction can be written as the composite

Ox®ox—

Coh(x) —2% Imn, Coh(X) Coh(03),

where im,, : X = X is the mpg-adic completion morphism, and so it is fully faithful,

by Proposition and Theorem [B.4.17) (3). This concludes the proof that the
first arrow of (B.5.7) is fully faithful.

We now prove that the second arrow, i.e. the functor (B.5.6), is fully faithful. We
have already seen that it is faithful, as a consequence of Lemma [B:5.4 We now
have to show that it is also full.

To this end, let v : Spf S — X be the versal morphism given by the colimit of
the flat covers Spec S/m% — [(Spec S/m%)/Gi].

Suppose that F and G are objects of Coh(O3), and that we are given a mor-
phism a between their restrictions to Coh(Ver/ X ); that is, for each f: Spf A — X
in (Ver/)c') we are given a morphism ay : F(f) = G(f), compatible with all base
changes in (Ver/X) If we write G == G X Spec R Spfg = colim,, G,, to denote the
mg-adic completion of Gg = G Xgpec r SpecS (compare [Eme, Lem. 4.8]), then
since F(v) and G(v) are pulled back from F and G, they are naturally G-equivariant
modules over S, and F and G are recovered by descending F (v) and G(v) with
respect to this equivariant structure. We will prove that the morphism «,, is also
equivariant for the action of é; it then descends to the desired morphism from F
to G.

The equivariance of each of F(v) and G(v) is encoded by isomorphisms 2z, :
F‘f(v) — a*F(v) and 1g(y) : p*G(v) — @*G(v). Our goal then is to show that

(B Zg(v) (Ozv) = a* (Ozv)l}-(v)
(

as morphlsms p*F(v) = a*G(v) of Oz-modules).
Since G is the mg-adic completion of Gg, which has finite type over Spec S,
it suffices to check that (B.5.9) holds after pulling back along every morphism
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f:SpfA— G arising as the completion of Gg at a closed point lying above mg.
Fixing such an f, the compositions

SpfAA@':&Spfgﬁ)?
coincide, and the resulting morphism u : Spf A — X is an object of (Ver/ by ): this is
a consequence of the fact that the projection map p: G — Spf S is a completion of
the smooth morphism Gg — Spec S.
The definition of morphisms in Coh(Ver/X') gives the commutativity of the two

squares in the following diagram, where the horizontal morphisms are induced by
the sheaf property of F and the fact that vp = va as morphisms G — X,

F )

T

PPrFr) ———— Flu) ——— [*a*F(v)
P (aw) o Fra* (o)

FPw) ——— G(u) ———— FaG(v)
\—/
Fragw)

That (B.5.9) holds after pulling back along f is now immediate from the commuta-
tivity of the diagram, and we are done. O

ApPPENDIX C. STACKS OF (¢,I')-MODULES

In this appendix we prove some minor variations on results of [EG23|. We freely
use the notation and conventions of [EG23|. In particular, we fix a finite extension
K/Q,, and for each integer d > 1 we write Xy for the corresponding moduli stack
of rank d projective étale (o, T')-modules.

C.1. Fixed determinant stacks. We begin by extending some of the results
of [EG23]| to the case of moduli stacks of étale (¢, I')-modules with fixed determinant.
There is a natural morphism A? : X; — X}, sending a rank d projective étale (¢, T")-
module D to AYD. Let x : Gxg — O* be a character. Write ¥ : Gx — F* for the
reduction of x modulo w.

Definition C.1.1. We define X as the pullback
Xf —— Ay

Lo
Spf O —— X,

More explicitly, X} (A) is the groupoid of pairs (D,0) where D is a rank d projective
étale (¢, T')-module with A-coefficients, and 0 is an identification of A°D with x.

If x is a de Rham character, )\ is a Hodge type, and 7 is an inertial type, we
define

AT A,
(C.1.2) XSYSATX SR XX



266 A. DOTTO, M. EMERTON, AND T. GEE

When 7 is trivial, we will often omit it from the notation. By construction,
is a closed substack of X}, and by [EG23|, Thm. 4.8.12], it is a p-adic formal algebraic
stack. It is non-zero if and only if (A, 7) is compatible with x in the following sense.

XCY.VS;A’T»X
d

Definition C.1.3. We say that (\, ) is compatible with y if x det(r)~! is crys-
talline, and for each o : K — Q,, we have HT,(x det(r)™") = Z?Zl Aoi-

Corollary C.1.4. If (), 7) is compatible with x, and X is reqular, then X;rys’A’X

SpecF is equidimensional of dimension [K : Q,ld(d —1)/2.

XSpf O

Proof. The proof of [EG23, Thm. 4.8.14] goes over immediately, replacing the
crystalline deformation rings with their fixed determinant variants (whose dimensions
are known by the proof of [Kis08, Thm. 3.3.8]; for a precise statement see for
example [BG19, Thm. A]), and the reductive group GL4 by SLg. O

Definition C.1.5. We say that a Serre weight k is compatible with y (or is
compatible with ) if

X‘IK - g_d(d_l)/Q H OJ: Zg:1 k?,i.
g

7:k—F,

Remark C.1.6. The conventions of this paper for Serre weights are opposite to those
of [EG23|. This has the slightly unfortunate consequence that in the particular case
that K = Q, and d = 2, Definition compares with Definition as follows:
a Serre weight o, is compatible with ¢ in the sense of Definition f and only
if it is compatible with 271571 in the sense of Definition (To see this, take
take k1 = a + b, ko = a (where we have suppressed the unique choice of 7 from the
notation), and note that w =2.)

Definition C.1.7. We say that a Serre weight k is Steinberg if for all & : k — F,
and all 1 <7 <d—1 we have kz; — ks i+1 =p— 1.

The following is the analogue for X} of some of the results of [EG23| for Xj.

Theorem C.1.8. X is a Noetherian formal algebraic stack. Its underlying reduced
substack X;red is of finite type over F,, and is equidimensional of dimension [K :
Qpld(d —1)/2. The irreducible components of X ., admit a natural bijection with
the Serre weights which are compatible with x, éxcept that each Steinberg weight
which is compatible with x corresponds to multiple irreducible components, indexed
by the dth roots of unity in F,. In each case, a component corresponding to a Serre
weight k has a dense open substack which is maximally non-split of niveau one and
weight k.

Proof. The argument of the proof of [EG23, Thm. 6.5.1] goes through almost
unchanged to show that every irreducible component of X éfrc q has dimension at
least [K : Qp]d(d — 1)/2, replacing the appeal to [EG23, Thm. 4.8.14] with one to
Corollary (The one possibly subtle point is that X éfr «q only depends on %,

. . . crys, A,
so in making the comparison to X; > X

character which is compatible with \.)
We now consider the morphism

(019) f : Xéfred X Gm — Xd,red

we are free to replace x by a crystalline
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given by forgetting 6 and taking unramified twists, as in [EG23|, §5.3]. Note that
any family of (¢, I")-modules with determinant x is essentially twistable in the sense
of [EG23| Defn. 5.3.1] (because any twist preserving the determinant would have to
be by a dth root of unity).

Let Z be an irreducible component of X’ éfre 4> and let f(Z) be the scheme-theoretic
image of Z x Gy, in X cq. Since we have already shown that Z has dimension
at least [K : Qpld(d — 1)/2, it follows from [EG23| Lem. 5.3.2], that f(Z) has
dimension at least [K : Qp]d(d —1)/2. (Use |Stacks, Tag 0DS4|, together with
the fact that the forgetful morphism X ;fred — Xjrea has fibres of dimension (at
most) 1.) Since Xy req is equidimensional of this dimension, we see that Z must have
dimension exactly [K : Q,ld(d — 1)/2, and that f(Z) is an irreducible component
of Xy red, so that f(Z) = Xfrc q for some Serre weight k. Since Z was arbitrary, we
have in particular shown that X} is equidimensional of dimension [K : Q,]d(d—1)/2,
as claimed.

It follows from Definition [C.I.5|and [EG23| Defn. 5.5.1] (together with the defining
property of Xd%red) that k is compatible with x. It therefore remains to show that
the association of k to Z is surjective, and that it is injective if k is not Steinberg,
and to determine the Steinberg components.

Let XdE’X be the closed substack of X’ ;rc AF, given by the fibre product

k,x k
Xd Xd sred,F,

L

Spec Fp —Xx X

Then X dE’X is nonempty and has dimension [K : Qpld(d — 1)/2 (for example by
another appeal to [Stacks, Tag 0DS4]), so there is at least one irreducible component

of X jfred corresponding to k. Note also that if Xdk*’m dF,

is generically maximally
non-split of weight k, so is XdE’X.

If k is Steinberg then the classification of the irreducible components follows
easily from |[EG23, Thm. 5.5.12] and the definition of being maximally non-split of
weight k, so we assume from now on that k is not Steinberg. We need to show that
XdE’X is irreducible. We prove this by induction on d. The inductive argument is
similar to the proof of [EG23, Thm. 5.5.12] given in [EG22|, but much simpler, as
we are already using the conclusions of [EG23, Thm. 5.5.12]. We content ourselves
with explaining the key differences in the argument. The case d = 1 is trivial, and
the case d = 2 is easy and is left to the reader. If d > 3 then after possibly replacing
all representations with their duals (which has the effect of reversing the order of
the k;) we can and do assume that k;_; is also not Steinberg.

Let UEX be a dense open substack of XdE’X which is maximally non-split of
weight k, and let v; : UEX — G, be the character given by |[EG23, (5.5.10)]
(which by definition determines the unique quotient character of each Fp—point of
UEX; this character is the unramified twist of @ = él_dwﬁl by v1). Let Z be an

irreducible component of XdE’X, and let U be its intersection with U%X. Since U
has dimension [K : Q,]d(d — 1)/2, the locus in G,, where the fibres of v; have
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dimension at least [K : Qpld(d —1)/2 — 1 is nonempty, and since it is Zariski closed
it is either finite or all of G,,.

If this locus were finite, then since the dimension of U%X is [K : Q,d(d — 1)/2,
there would be some fibre of dimension [K : Q,]d(d—1)/2. By the usual computations

of the dimensions of extension groups, this would necessitate some Xé{l having
dimension at least [K : Q,](d—1)(d—2)/2+1, a contradiction. It follows that for each
F,-point of G,,, the fibre of v; has dimension [K : Qp)d(d —1)/2 — 1. Furthermore
by the inductive hypothesis, we see that such a fibre has precisely one irreducible
component of dimension [K : Q,)d(d — 1)/2 — 1, and this irreducible component
contains a dense open substack of the universal extension of the fixed twist of @

by a dense open substack of the (irreducible, by the inductive hypothesis) Xfﬁ;“x

(where x' is determined by x and the twist of @ determined by the point of G,,).
Since this analysis was independent of the choice of irreducible component Z, we
see that Z is unique, as required. [

C.2. Stacks of Galois representations. As in [EG23, §6.7], we write X! for
Wang-Erickson’s formal algebraic stack (see [Wanl8, Thm. 3.8, Rem. 3.9]), which is
characterised by the following property: if A is an O-algebra in which p is nilpotent,
then Xfal(A) is the groupoid of rank d projective A-modules T4 with a continuous
action of G (where T4 has the discrete topology). The universal object V; on XdGal
is an object of Pro Coh(XF®!). By |[EG23, Thm. 6.7.2], there is a monomorphism
(i.e. a fully faithful functor, compatible with the structure of fibred categories)

(C.2.1) xGal ;.

In order to describe this monomorphism, it is convenient to recall that X; can be
regarded as classifying rank d projective étale (p, G )-modules with A-coefficients,
in the sense of [EG23| Defn. 2.7.7]; these objects are equivalent to rank d projective
étale (o,T')-modules with A-coefficients, by [EG23| Prop. 2.7.8]. We adopt this
perspective for the duration of this discussion.

The monomorphism is then given by the following construction: if T4 €
XS$al(A), where A is a finite type O/w®-algebra then

(C.2.2) Ty D(Ty) :=Ta @4 W(C") g =Ty @4 Wo(C")4

(so that D 4(T'4) becomes a rank d projective étale (¢, G )-module with A-coefficients
when equipped with the g-action induced by the g-action on W (C”)4, together
with the diagonal G k-action). Recall that, by definition,

W(C) 4 = lim, Wi(C) 4,
Wi(C) 4 = W;(Og) a[1/],
Wi(0g) 4 = Wi(0g) 8Bz, A = (Wi(O) @z, A adic:

where v € W;(0%) is any element of the maximal ideal of W;(OZ) whose image in
O¢, is not zero. Furthermore, the Frobenius ¢ : W;(O%) — W;(0%) is v-adically
continuous, and so extends uniquely to an A-linear continuous endomorphism of
W;i(C”) 4, still denoted .

Lemma C.2.3. If A is a finite type O/w®-algebra, then the sequence

0= A — Wo(C) s £=5 Wa(C?)a — 0
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18 exact.

Proof. The claim that W,(C*)%~" = A is [EG23, Lem 2.2.19]. There remains to
prove that ¢ — 1 is surjective on W,(C”)4. Since p is nilpotent on W,(CP), it
suffices to prove that ¢ — 1 is surjective on C% = W,(C") 4 /p.

The action of ¢ — 1 on C” is surjective, because C” is algebraically closed.
Thus it also acts surjectively on C” ®z, A. Let z € CZ‘ be arbitrary. Since
C = (O ®z,A)[1/v], there exists 2’ € C° ®z, A with y =z — 2’ € v(O¢» ®z, A).
Then y = (¢ — 1)(=>_,,50¢"(y)) is in the image of ¢ — 1, as is 2’ (since it is an
element of C” ®z, A), and hence so is z = y + 2/, as required. (I

Lemma C.2.4. If A is a finite type O/ww®-algebra, and M4 € X;(A) is an étale
(¢, Gr)-module, then My is in the essential image of (C.2.1) if and only if the
natural map

(C.2.5) M @A W(C") 4 — My
s an isomorphism.

Proof. If M4 is in the essential image of , then is an isomorphism,
by a consideration of and the fact that W(C")%4~" = A (see Lemma .
Conversely, if is an isomorphism, it suffices to show that the Gx-module
M}‘":l is a projective A-module of rank d. By |Stacks, Tag 058S|, it suffices to show
that W (C?) 4 is a faithfully flat A-algebra. By [EG23, Prop. 2.2.12], it suffices in
turn to show that the Laurent series ring A((T)) is a faithfully flat A-algebra. Since
A is Noetherian, and A((T)) is a localization of a completion of the flat A-algebra
A[T], we see that A((T)) is a flat A-algebra. To see that it is faithfully flat, we can
use the morphism of A-modules A((T)) — A given by > a;T% — aq. O

Lemma C.2.6. Let Spec A — X; be a morphism whose source is a finite type
O /w-algebra for some a > 1, and let I be a nilpotent ideal in A. Suppose that
the composite Spec A/I — Spec A — X, factors through XS Then the morphism
Spec A — Xy itself factors through X$?.

Proof. Since A is Noetherian, we immediately reduce to the case where I is generated
by a single element ¢ such that €” = 0 for some n > 1. We prove the lemma by
induction on n (the case n = 1 being trivial).

Let M4 be the finite projective étale (¢, G i )-module over W (C”) 4 corresponding
as above to the given morphism Spec A — X;. By Lemma [C.2.4] we need to show
that the natural map is an isomorphism.

We now consider the exact sequence

(C.2.7) 0—>€MA—>MA—>MA/€MA—>O.

Let J := Anna(e), so that "' € J. Since W(C”)4 is flat over A (as we noted in
the proof of Lemma7 and M is finite projective over W (C”) 4, we see that
the natural map M4 /J — eM 4 is an isomorphism. By our inductive assumption,
the morphism Spec A/e" 1A — X, classifying M /e"~*M 4 factors through Xfal7
hence the same is true for the morphism Spec A/JA — Spec A/e" 1A — X,
classifying Ma/J —» eMy.

It follows from Lemma that the natural map

(eMA)P~ @4 W(C") 4 — eMy
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is an isomorphism. In particular, we see that ¢ — 1 is surjective on My, since
it is surjective on W(Cb)A, by Lemma Applying the snake lemma to the
endomorphism ¢ — 1 of (C.2.7)), we deduce that

0= (eMp)?P™t = (M)P™r = (My/eMy)?=t =0
is exact. Since W(C?) 4 is flat over A, we obtain a commutative diagram with exact
rows
0 — (M)t @A W(CP) g — (MA)P=' @4 W(C?)a — (My/eM)¥?=' @4 W(C*)4 — 0

| l |

0 6]V1A ]\JA ]\/[A/EMA—>O

Since the left and right hand vertical arrows are isomorphisms (by the inductive

hypothesis), the five lemma implies that so is the middle vertical arrow, as required.
|

If L/K is a finite extension, then we have maps (with obvious notation) X I((;’%l —
XLC:zl and Xg g — X1 4, in each case given by restricting the action of Gk to its
subgroup G1. The second morphism is analyzed in detail in [EG23| Lem. 3.7.5],
where it is shown to be representable by algebraic spaces, affine, and of finite
presentation.

Lemma C.2.8. If L/K is a finite extension, then the following diagram is Cartesian.

X4 —— Xk

o

P —— Xoa

Proof. This is immediate from Lemma (since the criterion of that lemma does
not involve the G k-action or G p-action at all!). O

C.2.9. Stacks with fixed pseudorepresentation. Let A be an O-algebra in which p is
nilpotent, and assume Spec A is connected. If Ty € X% (A), then the O-subalgebra
B C A generated by the values of the A-valued pseudorepresentation 6 4 associated
to T4 is Artinian and local with finite residue field, by [Chel4] Lem. 3.10, Defn. 3.12].
If 6 is a d-dimensional Fp—pseudorepresentation of G, we define Xy(A) C Xf’al(A)
to be the full subgroupoid of objects T4 such that 04 @5 F,, is Gal(F,/F)-conjugate
to . It follows from |Chel4} Cor. 3.14] (see also [Wan18, Thm. 3.5] for a restatement
in terms of the stacks X$**!) that

(C.2.10) xg =TJ 45,
9

where 6 runs over representatives of the Gal(F,,/F)-conjugacy classes of d-dimensional
Fp—pseudorepresentations of Gk.

We write F5 for the field extension of F generated by the values of . Then 6 can be
regarded as a Fg-valued pseudorepresentation. The universal (pseudo)deformation
ring of 6, to complete Noetherian local W (Fg) @y ) O-algebras, will be denoted

Rgs. Note that there is a natural morphism

(C.2.11) X; — Spf R,
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since for any test morphism Spf A — X5 (with A, as above, an O-algebra in which p
is nilpotent), the inclusion B C A (where, as above, B denotes the sub-O-algebra of
traces) induces the composite morphism Rgs — B C A, giving rise to a morphism

Spf A — Spf Rgs. Up to natural isomorphism, the ring Rgs and the map (C.2.11))

only depend on the Gal(F,,/F)-conjugacy class of 6.
The following theorem confirms the expectation of [EG23, Rem. 6.7.4].

Theorem C.2.12. The morphism
Xg — Xy

induced by (C.2.10) and (C.2.1) is a monomorphism which induces a closed immer-
sion on underlying reduced substacks, and exhibits Xz as the completion of X4 along
its closed substack X, -

Proof. That the morphism is a monomorphism is immediate from [EG23, Thm. 6.7.2].
To see that it induces a closed immersion on underlying reduced substacks, we begin
by noting that there is a finite extension L/K such that every representation
p: Gk — GLy4(F)) corresponding to an F,-point of X; factors through Gal(L/K).
Indeed, this is a basic fact that underlies the entire framework of [Wanl8|. To see
it directly, note that we may firstly replace K by the fixed field of ker f, and thus
assume that @ is trivial, so that p(Gx) is unipotent. We can then repeatedly (a
total of (d — 1) times) replace K by its maximal elementary abelian p-extension.

By |[EG23, Thm. 6.6.3(2)], the trivial G -representation gives rise to a closed
residual gerbe Z — X, 4, and so also of XLG',Zl. As recalled above, the right hand
vertical arrow in the Cartesian diagram of Lemma[C.2.8]is representable by algebraic
spaces, and so the fibre product Z xx, , Xk 4 is a closed algebraic substack of
Xk .q contained in ng‘dl which (by virtue of our choice of L) contains A req 88 B
closed substack (indeed, as a connected component). Thus the induced morphism
on underlying reduced substacks is indeed a closed immersion.

Finally, write /'?d — X, for the completion of X; along X@rc q- Then the morphism

Xy — Xy factors through a monomorphism X7 — /'/Y\d, which we need to prove is
an equivalence. Since it is a monomorphism, it is fully faithful, and the essential
surjectivity is a consequence of Lemma [C.2.6] O

We will write X5 for the algebraic stack denoted Repg in [Wanl8| (with D = 6);
this is of finite type over Spec Rgs, and is in fact (by definition) a quotient stack

Rep = [Repl / GL4),
where Rep% is a finite type scheme over Spec Rgs.

Theorem C.2.13. The morphism (C.2.11)) is representable by algebraic stacks, and
it arises as the ml?%s-adic completion of X5 — Spec Rgs.

Proof. This is immediate from [Wanl8, Thm. 3.8]. O
Corollary C.2.14. Let S == I'(Repgp, ORep%) and S; = S @ s R /(m gs)i. Then

SGLa s q finite local Rgs-algebm (so in particular a complete local Noetherian ring),

and each Sde is a finite local Rgs/(m}%s)i-algebm.
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Proof. By |[Wan18, Thm. 3.8|, the map Rgs — §GLd is an adequate homeomorphism
(i.e. it is an integral universal homeomorphism, which is a local isomorphism at
all points of residue characteristic zero; see [Alp14, Defn. 3.3.1]). By |Alp14, Rem.
5.2.2|, the map

S @ ppe RE®(mppe)” — (S @poe RY/(mpe)') St = S0

is also an adequate homeomorphism. The property of being an adequate homeomor-
phism is stable under base change and composition, so that Rps / (m&s) — §Gka
is an adequate homeomorphism, and by Theorem m ., 1t is furthermore of
finite type.

It thus suffices to prove that if f : R — R’ is an adequate homeomorphism of finite
type between O-algebras, and R is local, then R’ is local and f is finite (and therefore
local). That R’ is local is immediate from R — R’ being a homeomorphism, and
that f is finite is immediate from it being integral and of finite type, as desired. [

We now specialize some of the framework of Appendix [B]to the context at hand.
In all of the following discussion, we freely use the equivalence

DP(Coh(2)) = D!,L(2)
for any Noetherian algebraic, or formal algebraic, stack Z having an affine diagonal
(see (B.1.3)).
We write kj : &; — X7 for the completion map, and we write Xy for the

underlying reduced substack of A%. Recall from Appendix [B.3.16| (in particular
Proposition [B.3.21)) that we have a t-exact fully faithful functor

k. . : D¢y (Xg) = Doy (X7),
whose Pro-extension
k: : Pro DCOh(X ) — Pro Dcoh(f{ ),
which is again t-exact, admits a t-exact left adjoint of “m-adic completion”
k* Pro D%, (X5) — Pro D%, (Xy).

We use the same notation to denote the various functors on hearts that are induced
by these t-exact functors; Corollary shows that in turn these various t-exact
functors are determined by the induced functors on hearts.

The canonical morphism Xz — Spec Rgs endows any object § of Coh(Xy) with

an Rgs—module structure. This structure is natural in §, i.e. Coh(Xy) is enriched

over Rgs—modules7 and so any object of ProCoh(Xy) is again endowed with an

Rgs-module structure. Similarly, the adic morphism Xz — Spf Rgs induces a natural

Rgs—module structure on any object F of Coh(A%), or, more generally, on any

object of Pro Coh(A7). The functors kj ,, EE,*’ and %g are all compatible with these

Rgs—rnodule structures, i.e. they are functors of categories enriched over Rgs—modules‘
We summarize the situation in the following result.

Theorem C.2.15. The functor
k§* Dcoh(X ) — Dcoh(x )7
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is t-exact and fully faithful, with essential image equal to Df:’oh’xo (X5), i.e. the full

sub-co-category of Dcoh(.’ff) consisting of objects whose cohomology sheaves are
set-theoretically supported on Xg.
The Pro-extended functor

k : Pro Dcoh(X ) — Pro Dcoh(% )
s again t-exact and fully fazthful as is the restriction of its left adjoint

k% - Db (%X5) — Pro Db\ (Xy).

coh

The restriction of %g to Dmh,3€0 (X5) is an inverse equivalence to the equivalence
Dgoh(X§) AN Di’oh&o (X5) induced by k@*.
Pmof The claim of the first paragraph is a special case of Proposition [B:2.8 That
ke is t-exact and fully faithful follows immediately, as the Pro-extension of a t-exact
and fully faithful functor is again t-exact and fully faithful. Remark [B:3:29] shows
that k‘;‘ restricts to an equivalence D2, » (X5) — Db ().

It remains to show that k% : Db (X5) — ProD?’ , (Xy) is fully faithful. To
this end, as in Corollary |C.2.14| we write Repﬁ = Spec S, and then apply Theo-

rem m . taking R = R, =5 1= m&sB and G = GLg4; note that
by Corollary m C.2.14] B¢ is a complete local ring, and is in particular I¢-adically
complete. O

Finally, since the assumptions of Definition are satisfied by the algebraic
stack Xz, we have the following specialization of Proposition

Proposition C.2.16. Let )/(\5 be the completion of X5 (or equivalently, X5) at its
unique closed point. Then the functor

Coh(Ox,) — Coh(Ver/Xy),

sending a coherent sheaf F to the coherent sheaf (f : Spf A — )?5) — f*}'(Spf A),
18 fully faithful.

Remark C.2.17. There are obvious analogues of these results in the fixed determinant
case, which are proved in exactly the same way (replacing the pseudodeformation
ring with the fixed determinant version, and GL4 with SLg; see also [JNW24, §2.1].)
We will use these analogues in the main body of the paper.
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