THE BREUIL-MEZARD CONJECTURE FOR POTENTIALLY
BARSOTTI-TATE REPRESENTATIONS.

TOBY GEE AND MARK KISIN

ABSTRACT. We prove the Breuil-Mézard conjecture for 2-dimensional poten-
tially Barsotti—Tate representations of the absolute Galois group G, K a
finite extension of Qp, for any p > 2 (up to the question of determining precise
values for the multiplicities that occur). In the case that K/Q) is unramified,
we also determine most of the multiplicities. We then apply these results to
the weight part of Serre’s conjecture, proving a variety of results including the
Buzzard-Diamond—Jarvis conjecture.
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OVERVIEW.

The Breuil-Mézard conjecture ([BMO02]) predicts the Hilbert—Samuel multiplicity
of the special fibre of a deformation ring of a mod p local Galois representation. Its
motivation is to give a local explanation for the multiplicities seen in Hecke algebras
and spaces of modular forms; in that sense it can be viewed as an avatar for the
hoped for p-adic local Langlands correspondence. For GL3(Q)), the conjecture was
mostly proved in [Kis09a], using global methods and the p-adic local Langlands
correspondence and was used in that paper to deduce modularity lifting theorems.

The conjecture was originally formulated for 2-dimensional representations of
Gq, (the absolute Galois group of Q,) with a restriction on the Hodge-Tate weights
of the deformations under consideration, but the formulation extends immediately
to the case of unrestricted regular Hodge—Tate weights. In fact, there is a natural
generalisation of the Breuil-Mézard conjecture for continuous representations 7 :
G — GLy(F,) for any finite extension K/Q, - see [Kis10], and section 1 below.

There is currently no known generalisation of the p-adic local Langlands corre-
spondence to GLy(K), K # Q,, and it is accordingly not possible to use the local
methods of [Kis09a] to prove the conjecture in greater generality. The main idea
of the present paper is that one can use the modularity lifting theorems proved in
[Kis09b] and [Gee06] (by a completely different method, unrelated to p-adic local
Langlands) to prove the Breuil-Mézard conjecture for all potentially Barsotti—Tate
deformation rings. As a byproduct of these arguments, we are also able to prove
the Buzzard—Diamond-Jarvis conjecture ([BDJ10]) on the weight part of Serre’s
conjecture for Hilbert modular forms, as well as its generalisations to arbitrary
totally real fields conjectured in [Sch08] and [Geella].

INTRODUCTION.

Fix finite extensions K/Q, and E/Q,, the latter (which will be our coefficient
field) assumed sufficiently large. Let F have ring of integers @, uniformiser 7, and
residue field F, let k be the residue field of K, and fix a continuous representation
7 : Gg — GLa(F). Given a Hodge type A and an inertial type 7 (see Section 1
below for the precise definitions of these notions, and of the other objects recalled
without definition in this introduction), there is a universal lifting O-algebra RE AT
for potentially crystalline lifts of 7 of Hodge type A and Galois type 7. The Breuil-
Mézard conjecture predicts the Hilbert—Samuel multiplicity e(R,Lj AT /) in terms of
the representation theory of GLo(Ok). More precisely, a result of Henniart attaches
to T a smooth, irreducible, finite-dimensional E-representation o(7) of GLy(Ok ) via
the local Langlands correspondence, and there is also an algebraic representation
W of GLy2(Ok) associated to A. Let Ly, C Wy ® o(7) be a GLy(Ok )-invariant
lattice; then the general shape of the Breuil-Mézard conjecture is that for all A, 7

we have
e(RIM /m) =3 nar (0) o (7),

where o runs over the irreducible mod p representations of GLa(k), ny (o) is the
multiplicity of o as a Jordan-Hoélder factor of Ly /7, and the p,(7) are non-
negative integers, depending only on 7 and ¢ (and not on A or 7).

n fact, it is possible to formulate a generalisation for representations of arbitrary dimension;
see Section 4 of [EG14].
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One can view the conjecture as giving infinitely many equations (corresponding
to the different possibilities for A and 7) in the finitely many unknowns u,(7),
and it is easy to see that if the conjecture is completely proved, then the p,(7)
are completely determined (in fact, they are determined by the equations for 7
the trivial representation and A “small”, and are zero unless o is a predicted Serre
weight for 7 in the sense of [Geella]). Our main theorem (see Corollary 3.5.6) is the
following result which establishes the conjecture in the potentially Barsotti-Tate
case (A = 0 in the terminology above).

Theorem A. Suppose that p > 2. Then there are uniquely determined non-negative
integers py(T) such that for all inertial types T, we have

RDOT ZnOT

Furthermore, the u(T) enjoy the following properties.

(1) pe(7) # 0 if and only if o is a predicted Serre weight for 7.

(2) If K/Q, is unramified and o is regular, then pu,(7) = G(RE’U/W), where
RE’U is the crystalline lifting ring of Hodge type determined by o. If fur-
thermore o is Fontaine—Laffaille reqular, then us(7) =1 if o is a predicted
Serre weight for 7, and is 0 otherwise.

(See the introduction to [GLS13] for a discussion of the history of the various
definitions of predicted Serre weights for 7 and of their equivalence, and see sec-
tion 1.2 below for the precise definitions we are using.) We are able to apply this
result and the techniques that we use to prove it to the problem of the weight part
of Serre’s conjecture. For any 7 : Gx — GLy(F) as above, we define WBT(7) to
be the set of weights o such that p,(7) > 0. It follows from Theorem A(1) that
WBT(7) is precisely the set of weights predicted by the Buzzard-Diamond-Jarvis
conjecture and its generalisations ([BDJ10], [Sch08], [Geellal]). We then prove the
following result (see Corollary 4.5.4),

Theorem B. Let p > 2 be prime, let F' be a totally real field, and let p : Gp —
GL3(F,) be a continuous representation. Assume that p is modular, that P|Gp<g )
is irreducible, and if p = 5 assume further that the projective image of p|GF(< ) 18
not isomorphic to As.

For each place v|p of F with residue field k,,, let o, be a Serre weight of GLa(k,).
Then p is modular of weight ®.,,0, if and only if o, € WBT (Plar, ) for allv.

In the case that p is unramified in F' this proves the Buzzard-Diamond-Jarvis
conjecture ([BDJ10]) for 5. More generally, by Theorem A(1) (which relies on the
main result of [GLS13]), it proves the generalisations of the Buzzard-Diamond—
Jarvis conjecture to arbitrary totally real fields conjectured in [Sch08] and [Geella).
In particular, it shows that the set of weights for which p is modular depends only
on the restrictions of p to decomposition groups at places dividing p, which was not
previously known. We remark that, in the case of indefinite quaternion algebras,
another proof of the BDJ conjecture (which, like the proof given in this paper, relies
on the version of the conjecture for unitary groups proven in [BLGG13b], [GLS14],
[GLS13]) is given in [Newl13].

We emphasize that in the above Theorem, the definition of p being modular of
some weight is in terms of quaternion algebras as in the Buzzard-Diamond-Jarvis
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conjecture (see [BDJ10] Defn. 2.1, Conj. 3.14 and [Geellb]), rather than in terms
of unitary groups as in [BLGG13b]. The former statement is more subtle since the
set of local Serre weights in the Buzzard-Diamond—Jarvis conjecture is attached to
7 by considering crystalline liftings while, for a quaternion algebra, one cannot lift
every global Serre weight to characteristic zero.

We now describe some of the techniques of this paper in more detail. In §2,3
we adapt the patching arguments of [Kis09a] to the case of a rank two unitary
group over a totally real field F*. In the presence of a modularity lifting theorem,
these yield a relationship between a patched Hecke module and a tensor product
of the local deformation rings which appear in the Breuil-Mézard conjecture. In
particular, the modularity lifting theorems proved in [Kis09b] and [Gee06] imply
that such a relationship holds in the (two dimensional) potentially Barsotti-Tate
case. More generally, we show that such a relationship holds for representations
which are “potential diagonalizable” in the sense of [BLGGT14a].

These arguments produce not a solution in non-negative integers to the systems
of equations that we seek, but rather a solution to a product, over the primes p|p
of F'T, of these systems of equations. We deduce that a solution for each individual
system exists by showing that such a solution is unique, and applying some linear
algebra.? It follows from the construction that p, (%) # 0 if and only if there are
modular forms of weight o for the unitary group used in the construction. Using
this, together with the results on Serre’s conjecture for unitary groups proved in
[BLGG13b], [GLS14], [GLS13], we deduce the other claims in Theorem A.

In order to prove Theorem B and the Buzzard-Diamond-Jarvis conjecture, we
repeat these constructions in §4, in the setting of the cohomology of Shimura curves
associated to division algebras. The uniqueness of the p, (7), implies that the mul-
tiplicities computed globally in this setting agree with those computed via unitary
groups. On the other hand, as for unitary groups, by construction these multi-
plicities are non-zero if and only if there are modular forms of weight o for the
quaternion algebra used in the construction. Theorem B follows from this, and
implies the BDJ conjecture and its generalisations when combined with Theorem
A(1).

The argument comparing multiplicities for unitary groups and quaternion alge-
bras seems to us to be analogous to the use of the trace formula to prove instances
of functoriality for inner forms. We view the left hand side of the equality

(RO [m) =3 no- (0)po (7)

as being the “geometric” side, and the right hand side as the “spectral” side. Then
the geometric side is manifestly the same in the unitary group or Shimura curve
settings, from which we deduce that the spectral sides are also the same, and thus
transfer the proof of the Buzzard—Diamond—Jarvis conjecture from the unitary
group context to the original setting of [BDJ10]. As mentioned above, the proof
of Theorem A(1) uses the results of [BLGG13b], [GLS14], [GLS13] which, in turn,

21t does not seem possible to avoid dealing with a product of systems of equations by, for
example, choosing F't so that p is inert in F™: our methods require that we realize the local
representation 7 globally. We do this via the potential automorphy techniques of [BLGGT14a]
and [Call2] (see Appendix A), and these methods cannot ensure that p is inert in F+. (In the
case that 7 is irreducible or decomposable, it is presumably possible to avoid this by making use
of CM forms, but they cannot handle the case that 7 is reducible and indecomposable.)
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rely crucially on the fact that there is no parity restriction on the weights of the
modular forms on unitary groups. Thus, it does not seem possible to prove Theorem
A(1) and its consequences for the BDJ conjecture by working only with quaternion
algebras.

We would like to thank Frank Calegari, Fred Diamond, Matthew Emerton, Guy
Henniart, Florian Herzig and David Savitt for helpful conversations. We would also
like to thank Matthew Emerton and Florian Herzig for their helpful comments on
an earlier draft of this paper. T.G. would like to thank the mathematics department
of Northwestern University for its hospitality in the final stages of this project.

0.1. Notation. Fix an algebraic closure Q of Q, and an algebraic closure @p of
Q, for each prime p. Fix also an embedding Q «— Q, for each p. If M is a finite
extension of Q or @, we let Gys denote its absolute Galois group. If M is a finite
extension of Q, for some p, we write Ip; for the inertia subgroup of Gys. If F is
a number field and v is a finite place of F' then we let Frob, denote a geometric
Frobenius element of G, .

If R is a local ring we write mg for the maximal ideal of R. We write all matrix
transposes on the left; so A is the transpose of A.

Let € denote the p-adic cyclotomic character, and € = w the mod p cyclotomic
character.

If K is a finite extension of @, for some p, we let rec be the local Langlands cor-
respondence of [HT01], so that if 7 is an irreducible Q,-representation of GLy,(K),
then rec(m) is a complex Weil-Deligne representation of the Weil group Wi . Choose
an isomorphism ¢ : Q, = C, and set r,(7) := ¢ o rec o o(m ® |det |1=™)/2); this
is independent of the choice of 2. We let Arty : K* — W be the isomorphism
provided by local class field theory, which we normalise so that uniformizers corre-
spond to geometric Frobenius elements. We will sometimes identify characters of
Ik and of O via Artx without comment. If F' is a number field, we write Artp
for the global Artin map, normalized to be compatible with the Artp, .

1. POTENTIALLY CRYSTALLINE DEFORMATION RINGS.

In this section we recall the formulation of the Breuil-Mézard conjecture, or
rather its generalisation to finite extensions of Q, (cf. [Kis10]).

We fix a finite extension K/Q, with ring of integers Ok and residue field k.
Let £ C @p be a finite extension of Q, with ring of integers O and residue field
F. In particular, we may regard F as a subfield of Fp, the residue field of @p.
We assume throughout the paper that E is sufficiently large; in particular, we
assume that E contains the image of every embedding K — @p, and that various
@p—representations 7, o(7) that we consider are in fact defined over E.

1.1. The Breuil-Mézard conjecture. Let B be a finite local E-algebra, and Vg
be a finite free B-module, with a continuous potentially semistable action of G .
Then

Dar(VE) = (Bar ®g, V)%
is a filtered B ®q, K-module which is free of rank rk pVp, and whose associ-

ated graded is projective over B ®q, K. For an embedding ¢ : K — FE we de-
note by HT.(Vp) the multiset in which the integer i appears with multiplicity
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rk pgr “(Dar(VB) ®Bgg, k.« B). We call the elements of HT(Vp) the Hodge-Tate
numbers of Vg with respect to ¢. Thus, for example HT (¢) = {—1}.

Let Zi denote the set of pairs (A1, A2) of integers with A\; > Ay, Fix A\ €
(Zi)Hom@P(K’E), and suppose tk gVp = 2. We say that Vg has Hodge type \ if
for each ¢ : K — FE, the Hodge-Tate weights of Vp with respect to ¢ are A1 + 1
and A¢ 2. If Vp is potentially crystalline and has Hodge type 0, we say that Vg is
potentially Barsotti-Tate. > (Note that it is more usual in the literature to say that
Vg is potentially Barsotti-Tate if it is potentially crystalline, and V¥ has Hodge
type 0; in particular, all of our definitions are dual to those of [BM02], but of course
our results can be translated into their setting by taking duals.)

An inertial type is a representation 7 : Ix — GLo(F) with open kernel, with
the property that (possibly after replacing F with a finite extension) 7 may be
extended to a representation of the Weil group Wx. In particular, it is semisimple
and factors through a finite quotient of I'x. We say that Vg is of Galois type 7 if
the traces of elements of I acting on Dyg (Vi) and 7 are equal.

Let 7 : G — GLy(F) be a continuous representation. Let RE be the universal
O-lifting ring of 7, so that RFD pro-represents the functor which assigns to a local
Artin O-algebra R with residue field F the set of liftings of 7 to a representation

The following is a special case of one of the main results of [Kis08].

Proposition 1.1.1. There is a unique (possibly zero) p-torsion free quotient RE’)"T

of R,';', such that for any finite local E-algebra B, and any E-homomorphism x :
RE — B, the B-representation of Gk induced by x is potentially crystalline of

Galois type T and Hodge type X, if and only if x factors through RE’A’T.

Moreover, Spec RE’A’T[I/p] is formally smooth and everywhere of dimension 4 +

(K :Qp).

In the case that 7 is the trivial representation, we will drop it from the notation,
and write RE A for REA7. We will need the following simple lemma later.

Lemma 1.1.2. Let ) : Gg — F* be an unramified character. Then the O-algebras
REAT and REAT are isomorphic

T 7@ (1podet) :
Proof. Let 9 denote the Teichmiiller lift of ¢; since this character is unramified, it
is crystalline with all Hodge-Tate weights equal to 0. If 7™V : G — GLo (RE’)"T)
is the universal lift of 7, then r"V ® (¢ odet) : Gx — GLQ(RE”\’T) is the universal
lift of 7 ® (¢ o det), as required. O

Let 7 : Ix — GL2(Q,) be an inertial type, as above. We have the following
theorem of Henniart (see the appendix to [BMO02]).

Theorem 1.1.3. There is a finite-dimensional irreducible @p—representation o(r)
of GLy(Ok), such that for any 2-dimensional Frobenius semi-simple representation
7 of WDk, (r,"(7)Y)|GLa(0x) contains o(t) if and only if 7|1, ~ 7 and N =0 on
7. Furthermore, for all T we have

dim@p HomGLz(OK)(U(T)a Tgl(%)v) é 1.

3Note that this is a slight abuse of terminology; however, we will have no reason to deal with
representations with non-regular Hodge-Tate weights, and so we exclude them from consideration.
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If |k| > 2 then o(7) is uniquely determined.

1.1.4. For A € (Zi)HomQP(K’E) we set

Wi = ®; ((det A2 @ SymHe T2 (912;() ROk ,s O)

where ¢ runs over the embeddings K — F.

Now assume that F is sufficiently large that o(7) is defined over E. Let 7w be a
uniformiser of O. Fix a GLy(Ok)-stable O-lattice Ly, C Wy Qo o(7). If Ais a
Noetherian local ring, we let e(A) denote the Hilbert—Samuel multiplicity of A.

Conjecture 1.1.5. (Breuil-Mézard) There exist non-negative integers p,(7) for
each irreducible mod p representation o of GLs(k), such that for any 7, A as above,
we have

ONT o _
(R /m) =Y n(0) e (7),
where ¢ runs over isomorphism classes of irreducible mod p representation of
GLz(k), and n(o) = ny (o) is the multiplicity of o as a Jordan-Hélder factor
of Ly ®p F, so that

(LA;,- Ko ]F)SS AR @Goﬂ(g).

Remark 1.1.6. When |k| = 2, so that the type o(7) is not necessarily unique, it
follows from Proposition 4.2 of [BD13] that the quantities n(o) are independent of
the choice of o (7).

1.2. Local Serre weights. The following definitions will be useful to us later, in
order to give more explicit information about the p,(7) in some cases.

1.2.1. By a (local) Serre weight we mean an absolutely irreducible representation of
GL4(k) on an F-vector space, up to isomorphism. Let (Zi)g‘;m (kF) (72 )Hom (kF)

be the subset consisting of elements a such that
p—1>ac1—ace
for each ¢ € Hom (k,F). Then
00 = @ det 2 @ Sym® 42 k2 @ (T

where ¢ runs over the embeddings k — T, is a Serre weight, and every Serre weight
is of this form. We say a,a’ € (Zi)?v?m ®E) are equivalent if 04 =2 0o, If 04 = 0y

then ac1 —aco =a’.; —al , for all .
<, S, S,1 S,2

1.2.2. We have a natural surjection Homq, (K, E) — Hom (k,[F), which is a
bijection if and only if K/Q, is unramified. Suppose that K/Q, has ramification
degree e. For each ¢ € Hom (k,F), we choose an element 7., in the preimage
of ¢, and denote the remaining elements of the preimage by 7¢2,...,7c .. Now,
given a € (Z%)Hom (&5 we define A, € (Za_)Hom@y(K’E) as follows: For i = 1,2,
= agi, and Aq, . =0 if j > 1. When K/Q, is unramified, we will

Arg 14 Vi

sometimes write a for \,.

By definition, we have W), ®o F = o,, and we write R for RP2a. Note
that in the case that K/Q, is ramified this definition depends on the choice of the
places 7¢ 1, as does Definition 1.2.3 below (at least a priori). However, our only use
of this definition in the ramified case will be to prove that in certain cases R«
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is nonzero (cf. Lemma 3.3.10 below), and in these cases our argument will in fact
show that this holds for any choice of the 7 ;.

Ifa,a € (Zi)?v?m *F) with o, = 04, then there is a crystalline character ¢4 o of
Gk with trivial reduction mod p and Hodge-Tate weights given by HT; | (¢4,4/) =
ac2—a; 9, and HT;_ (thq,qe) = 0if j > 1. The corresponding universal deformation
to R is obtained from that to R by twisting by 4./, which induces an
isomorphism RY® = RE

If o is an irreducible F-representation of GLa(k) and o = ¢,, we will write RZ¢
for RP*. The following definitions will be needed in order to state our main results.

Definition 1.2.3. We say that 7 has a lift of Hodge type o if (with notation as
above) RP7 = 0.

Definition 1.2.4. Suppose that K/Q, is unramified. We say that a Serre weight
o is regular if o = o, for some a € (Z2)Hom (&) with p — 2 > a1 — a2 for each
¢ € Hom (k,F). We say that it is Fontaine—Laffaille regular if for each ¢ € Hom (k, )
we have p — 3 > a¢ 1 — a¢ 2. The remarks above show that these conditions depend
only on ¢ and not on the choice of a.

1.2.5. We remark that this is a significantly less restrictive definition than the
definition of regular weights in [Geellb).

In order to make use of the results of [GLS12], [GLS14], [GLS13] we need to
recall the notion of a predicted Serre weight. Beginning with the seminal work
of [BDJ10], various definitions have been formulated of conjectural sets of Serre
weights for two-dimensional global mod p representations (cf. [Sch08], [Geellal).
These sets are defined purely locally, and the relationship between the different
local definitions is important in proving the weight part of Serre’s conjecture; see
Section 4 of [BLGG13b] for a thorough discussion. In particular, given a contin-
uous representation 7 : G — GLo(F), sets of weights WePlcit(7) and Weis ()
are defined in loc. cit. The set WePlcit(7) is defined by an explicit recipe that
generalises those of [BDJ10], [Sch08] and [Geella], whereas the set Ws(7) is the
set of weights o for which 7 has a crystalline lift of Hodge type o. It is shown in
[BLGG13b] that Wexplicit(7) ¢ Wers(7) and conjectured that equality holds; this
has now been proved [GLS13]. We make the following definition.

Definition 1.2.6. If 7 : Gx — GL2(F) is a continuous representation, we say that
o is a predicted Serre weight for 7 if o € WePlcit(7) where WePlcit(7) is the set
of Serre weights defined in Section 4 of [BLGG13b].

2. ALGEBRAIC AUTOMORPHIC FORMS AND (GALOIS REPRESENTATIONS

2.1. Unitary groups and algebraic automorphic forms. Let p > 2 be a prime,
and let F be an imaginary CM field with maximal totally real field subfield F'T.
We assume throughout this paper that:

e F/F* is unramified at all finite places.
e Every place v|p of F* splits in F.

By class field theory, the set of places v of F'* such that —1 is not in the image
of the local norm map (F ®p+ F,F)* — F,7* has even cardinality. Since we are
assuming that F/F7T is unramified at all finite places, this implies that [F* : Q] is
even.
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2.1.1. We now define the unitary groups with which we shall work. It will be
convenient to define these as groups over Op+.

Let ¢ € Gal (F/F™) be the complex conjugation. The map g — (fg¢)~! is an
involution of GLy/0, which covers the action of ¢ on OF. Since O is unramified
over Op+, it follows by étale descent that there is a reductive group G over Op+
such that for any Op+-algebra R, one has

G(R) = {g € GL2(Or ®0,. R) : 'g°g = 1}.

Thus G is a unitary group which is definite at infinite places, and which is quasi-
split at finite places, because —1 is in the image of the local norm map at finite
places. (G is automatically quasi-split if n is odd, and if n is even, this is equivalent
to the standard Hermitian form being a sum of hyperbolic planes, by (for example)
the discussion of groups of type 2A4,, on p. 55 of [Tit66]. If N(a) = —1, then the
equation 212§ 4 2925 = 0 has solution vectors of the form (z,az) and (z,a°z), so
the condition is satisfied for n even.)

By construction, G is equipped with an isomorphism ¢ : G0, — GLy/0, such
that tocot™1(g) = (*g°)~!. If v is a place of F'™ which splits as ww® over F, then
¢ induces isomorphisms

Ly - G(OF;);—) L> GrLQ(C)Fw)7 Lye - G(OF;%—) L) GLQ(OFwC)

~

which satisfy ¢y, 0 1t (g) = (*g°) . These extend to isomorphisms ¢,, : G(F.f) —»
GL2(Fy) and tye : G(F}) —» GLa(F,c) with the same properties.

2.1.2. Continue to let E/Q, be a sufficiently large extension with ring of integers
O and residue field F. Let S, denote the set of places of F*' lying over p, and for
each v € S, fix a place v of F' lying over v. Let S’p denote the set of places v for
v € Sp. Write F;f = F* ®q Q,, and O+ for the p-adic completion of Op+.

Let W be an O-module with an action of G(OF;), and let U C G(A%,) be a
compact open subgroup with the property that for each v € U, if u, denotes the
projection of u to G(F;"), then u, € G((’)F;).

Let S(U, W) denote the space of algebraic modular forms on G of level U and
weight W, i.e. the space of functions

JGEENGAR) » W

with f(gu) = u, ' f(g) for all u € U.
For any compact open subgroup U of G(A%, ) as above, we may write G(A%,) =
[1; G(F™)t;U for some finite set {t;}. Then there is an isomorphism

S(U,W) 5 WU o0

given by f+— (f(¢;));. We say that U is sufficiently small if for some finite place v
of F* the projection of U to G(F,}) contains no element of finite order other than
the identity. Suppose that U is sufficiently small. Then for each ¢ as above we have
UNt; 'G(F*)t; = {1}, so we see that for any O-algebra A and O-module W, we
have

S(U,W @0 A) = S(U,W) @0 A.

2.1.3. Let fp denote the set of embeddings F' — F giving rise to a place in gp.
For any v € Sp, let Iy denote the set of elements of I, lying over v. Note that
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L] = [F : Q) = [F : Q). Let Z3 be as in Section 1. For any A € (Zi)fﬁ, let
W be the E-vector space with an action of GLy(OF,) given by

Wi =Q 1. det 2 ® Syrn)“'l_A“2 Fg O E.

We give this an action of G(Op+) via 5.

For any A € (Zi)fp and v € Sp, let A, € (Zi)fﬂ denote the tuple of pairs in A
indexed by Tg, and let W) be the E-vector space with an action of G(Op+) given
by '

Wy = ®UESPW)W'

For each v € S, let 7, be an inertial type for G+, so that (since FE is as-
sumed sufficiently large) there is an absolutely irreducible E-representation o(7,)
of GLy(OpF,) associated to 7, by Theorem 1.1.3. Write o(7) for the tensor prod-
uct of the o(7,), regarded as a representation of G(OF;) by letting G(OF;) act
on o(1y,) via t3. Fix a G(Op+)-stable O-lattice Ly, C Wy ®0 o(7), and for any
O-module A, write !

S)\’T(U, A) = S(U, L)\J' R A)

2.2. Hecke algebras and Galois representations.

Definition 2.2.1. We say that a compact open subgroup of G(A%,) is good if
U =11, U, with U, a compact open subgroup of G(F,") such that:

e U, C G(Op+) for all v which split in F};

e Uy, = G(Op+) if v|p or v is inert in F.

2.2.2. Let U be a good compact open subgroup of G(A%, ). Let T' be a finite set
of finite places of F'* which split in F, containing S, and all the places v which split
in F' for which U, # G(Op+). We let T?univ he the commutative O-polynomial

algebra generated by formal variables TI(Uj ) for J =1,2, and w a place of F' lying over

a place v of F'* which splits in F and is not contained in 7. For any \ € (Zi)fp,
the algebra TT"Y acts on Sy (U, O) via the Hecke operators

) GL2(OFM)]

T(j) = L_l GLQ(OF ) wwlj 0
w w w 0 127

for w ¢ T and w,, a uniformiser in OF, .
We denote by T{T(U, O) the image of 77" in End (S, (U, O)).

J

2.2.3. Let m be a maximal ideal of T?"""V with residue field F. We say that m is
automorphic if Sx (U, O)m # 0 for some (A, 7) as above. If 7 : Gp — GLa(F) is
an absolutely irreducible continuous representation, we say that 7 is automorphic if
there are U, T as above and an automorphic maximal ideal m of T7"™V such that
for all places v ¢ T of F* which split as v = ww® in F, 7|q,, is unramified, and
7(Frob,, ) has characteristic polynomial equal to the image of X2 TV X +(Nw)T5)2)
in F[X]. Note that if 7 is automorphic, it is necessarily the case that #¢ = 7V~
because we have T\ = (TS 1727 in T} (U, O).

Let Gy be the group scheme over Z defined to be the semidirect product of
GLy x GL; by the group {1, j}, which acts on GLy x GL; by

J(g, )it = (urg™", ).

We have a homomorphism v : Go — GL1, sending (g, 1) to p and j to —1.
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Assume that 7 is absolutely irreducible and automorphic with corresponding
maximal ideal m. By Lemma 2.1.4 of [CHTO08] and the main result of [BC11]
we can and do extend 7 to a representation p : Gp+ — Go(F) with vop = 71
and p|g, = (7,27 !). By Lemma 2.1.4 of [CHTO08], the F*-conjugacy classes of such
extensions are a torsor under F* /(IF*)2. In particular, any two extensions p become
conjugate if we replace F by a quadratic extension. We fix a choice of p from now
on.

In the rest of the paper we will make a number of arguments that will be vacuous
unless Sy (U, O)m # 0 for the specific (A, 7) at hand, but for technical reasons we
do not assume this. Let Gp+ 1 := Gal (F(T)/F*), Gpr := Gal (F(T)/F), where
F(T) is the maximal extension of F' unramified outside of places lying over 7.

Theorem 2.2.4. For any (A, T) there is a unique continuous lift

pm: Gper = Ga(T5 (U, O)m)
of p, which satisfies

(1) pu' ((GLy x GLy (T} (U, O)m)) = Gr1-
(2) vopy =¢cL.
(3) pm is unramified outside T. If v ¢ T splits as ww® in F then py(Froby,)
has characteristic polynomial
X2 - TVX + (Nw)T?.

w

(4) For each place v € S, and each homomorphism x : ’]T{T(U, O — @p,
Z 0 pm|Gp. 1S potentially crystalline of Hodge type A\, and Galois type T,.

Proof. This may be proved in the same way as Proposition 3.4.4 of [CHT08], making
use of Corollaire 5.3 of [Labl1], Theorem 1.1 of [BLGGT14b], and Theorem 1.1.3
above. (More specifically, Corollaire 5.3 of [Labll] is used in order to transfer
our automorphic forms to GL,, in place of the arguments made in the proof of
Proposition 3.3.2 of [CHTO08]. The argument of Proposition 3.4.4 of [CHT08] then
goes through unchanged, except that we have to check property (4) above; but by
Theorem 1.1.3, this is a consequence of local-global compatibility at places dividing
p, which is a special case of Theorem 1.1 of [BLGGT14b].)

|

2.3. Global Serre weights. A global Serre weight (for G) is an absolutely irre-
ducible mod p representation of G(O F;r) considered up to equivalence. For v € S,

denote by k, the residue field of v. Let a = (ay)ves,, Where a, € (Zi)gﬁm(k"’m.
We set

Tq = ®F0ava
where for v € S, 0,, is the representation of GLy(k,) = GLo(ky) defined in
section 1. We let G(O F;) act on o,, by the composite of ¢, and reduction modulo
p. This makes o, an irreducible F-representation of G(O F;), and any irreducible
F-representation of G(OF;) is equivalent to o, for some a.
We say that two such tuples a = (ay)ves,, @’ = (ay,)ves,, are equivalent if o,
!

0q; this implies that ayc1 — ayc2 = @ —ay, o for each v € ), and ¢ €
Hom (k,, F).

v,6,1
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For v € S, I naturally surjects onto Hom (k,,F). Fixing once and for all a
splitting of each of these surjections, we obtain, as in section 1, a Hodge type

Aa, € (Z2)", and hence an element \, € (Zi)fp.

3. THE PATCHING ARGUMENT

3.1. Hecke algebras. In this section we employ the Taylor-Wiles—Kisin patching
method, following the approaches of [Kis09a] and [BLGG11] (which in turn follows
[CHTO8]). In particular, in the actual implementation of the patching method we
follow [BLGG11] very closely.

3.1.1. Continue to assume that F' is an imaginary CM field with maximal totally
real field subfield F* such that:

e F/F* is unramified at all finite places.
e Every place v|p of F* splits in F.
o [FT:Q) is even.
Let G0, be the algebraic group defined in section 2.
Fix an absolutely irreducible representation 7 : Gp — GLo(F). Assume that

~

e 7 is automorphic in the sense of Section 2.2 (so that in particular 7¢ =
Ve L.
7 is unramified at all primes v { p.

Cp ¢ F.

7|Gp(, is absolutely irreducible.

The projective image of 7 is not isomorphic to Ay.
Let U be a good compact open subgroup of G(A%,) (see Definition 2.2.1) such
that if U, C G(Op,) is not maximal for some v { p, then
e U, is the preimage of the upper triangular unipotent matrices under

G(Opy) = G(ko) = GLa(ky)

where w is a place of F' over v.
e v does not split completely in F((,); that is (Nv) # 1 mod p.
e The ratio of the eigenvalues of p(Frob,) is not equal to (Nv)*?!.
Finally, we assume that U,, is not maximal for some place v; { p of F* such that
e for any non-trivial root of unity ¢ in a quadratic extension of F', v; does
not divide ¢ + ¢~ —2.
Note that under these assumptions, U is sufficiently small. Note also that by
Lemma 4.11 of [DDT97], it is always possible to choose a place vy which satisfies
these hypotheses.

3.1.2. Continue to let E be a sufficiently large finite extension of Q, with ring of
integers O and residue field F, and assume in particular that F is large enough that
7 is defined over FF. As in section 2, we have a fixed set of places §p of F' dividing p,
and we let I~p denote the set of embeddings F' < F giving rise to an element of §p
Let R denote the set of places v of F' for which U, # G(Op+), write T = S, [ R,
and define the Hecke O-algebra TTuniv a5 above.

Fix a weight \ € (Zﬁ_)lp7 and for each place v € S), fix an inertial type 7, of If,.
We note that our assumptions on 7 and on U, at the places v at which U,
is not maximal imply that Sy (U, O)n ®z, Q, is either 0 or is locally free over
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T{T(U, O)m[1/p] of rank 27 (cf. Lemma 1.6(2) of [Tay06]; the requisite multiplicity
one result is given by Theorems 5.4 and 5.9 of [Labl1]).

3.2. Deformations to G,. Let G be as in section 2.2.3 and extend 7 to a rep-
resentation p : Gp+ — Go(F) with vop = 27! and plg, = (7, 1) as in section
2.2.3.

3.2.1. Let C» denote the category of complete local Noetherian O-algebras with
residue field isomorphic to F via the structure map. Let S be a set of places of F'™
which split in F', containing all places dividing p. Regard p as a representation of
Gr+,s. As in Definition 1.2.1 of [CHT08], we define

e a lifting of p to an object A of Co to be a continuous homomorphism
p: G+ g — Go(A) lifting p and with vop =e~1;

e two liftings p, p’ of p to A to be equivalent if they are conjugate by an
element of ker(GLa(A) — GLo(F));

e a deformation of p to an object A of Cp to be an equivalence class of liftings.
Similarly, if T C S, we define

e a T-framed lifting of p to A to be a tuple (p, {ay }ver) Where p is a lifting
of p and «, € ker(GL2(A) — GLy(F)) for v € T}

o two T-framed liftings (p, {aw }ver), (0, {c),}ver) to be equivalent if there
is an element 3 € ker(GLg(A) — GLo(F)) with p’ = BpB~! and o, = Ba,
forv e T;

e a T-framed deformation of p to be an equivalence class of T-framed liftings.

3.2.2. For each place v € T we choose a place v of F' above v, extending the
choices made for v € S;,. Let T" denote the set of places v, v € T. For each v € T,
we let R%' denote the universal O-lifting ring of F|GF5. For each v € S, write

R?vkvﬂ'v fOI' RI;I7)\U7TU .
v TlGF‘a

We now recall from sections 2.2 and 2.3 of [CHTO08] the notion of a deformation
problem
§' = (L/LT, T, T',0,7,x,{Rs 5}ver).
This data consists of

e an imaginary CM field L with maximal totally real subfield LT.

e a finite set of finite places 7" of L™, each of which splits in L.

e a finite set of finite places T of L, consisting of exactly one place lying over
each place in T".

o the ring of integers O of a finite extension E of Q, (assumed sufficiently
large).

o 7 : G+ — Go(F) a continuous homomorphism such that 7~ (GLy(F) x
GL1(F)) = G, and 7|, ,, is irreducible.

o x:Gr+ v — O a continuous character lifting v o 7.

e for each place v € T”, a quotient Rg 5 of R%' by an 1+ M, (mR? )-invariant
ideal.

For any deformation problem S’ as above, there is a universal deformation O-
algebra RV and a universal deformation riv : G L+ 1 — Go (R4MV) of 7, which
is universal for deformations r of ¥ with v o r = x which satisfy the additional
property that for each v € T’, the point of Spec Rg corresponding to T|GF5 is a
point of Spec Rs 5. The 14 Mj(m o )-invariance of Rs/ i implies that this condition
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does not depend on the choice of r in its equivalence class. For any T' C T”, we also
consider the universal T-framed lifting ring RE,T, which is universal for liftings of
type S’ together with choices of basis at the places in T' (see Definitions 2.2.1 and
2.2.7 of [CHTO8]).

Returning to our specific situation, consider the deformation problem

S = (F/F+7T7 T? 07576717 {R%‘}UGR U {RD’)\MTv}UGSz,)

v

(The quotients RE’)‘”’T” satisfy the condition above by Lemma 3.2.3 of [GG12].)
There is a corresponding universal deformation pa™ : G 17— G2 (_Rg“i") of p.
The lifting of Theorem 2.2.4 and the universal property of p§" gives an O-
homomorphism
RY™ T (U, O),

which is surjective by Theorem 2.2.4(3).
3.3. Patching.

3.3.1. In order to apply the Taylor-Wiles—Kisin method, and in particular to
choose the auxiliary primes used in the patching argument, it is necessary to make
an assumption on the image of the global mod p representation 7. In our setting,
it will be convenient for us to use the notion of an adequate subgroup of GLy(F,),
which is defined in [Thol2]. We will not need to make use of the actual definition;
instead, we recall the following classification.

Proposition 3.3.2. Suppose that p > 2 is a prime, and that G C GLy(F,) is a

finite subgroup which acts irreducibly on ﬁi. Then precisely one of the following is
true:

o We have p = 3, and the image of G in PGLQ@g) is conjugate to PSLo(Fs3).
e We have p =5, and the image of G in PGLy(F5) is conjugate to PSLy(Fs).
e (G is adequate.

Proof. This is Proposition A.2.1 of [BLGG13b]. O

3.3.3. Assume from now on that
e 7(Gp(,)) is adequate.
We wish to consider auxiliary sets of primes in order to apply the Taylor-Wiles—
Kisin patching method. Let (Q, Q, {¢)3}veq) be a triple where

e () is a finite set of finite places of F'T which is disjoint from 7" and consists
of places which split in F;

° é consists of a single place ¥ of ' above each place v of F*;

e for each v € ), F|GFa >~ ) @E% where 15 # E%, and Nv =1 (mod p).
For each v € @, let R}f ¥ denote the quotient of RE corresponding to lifts r : Gp, —
GLy(A) which are ker(GLs(A) — GLo(FF))-conjugate to a lift of the form ¢ @ ¢,
where v is a lift of 17 and v’ is an unramified lift of @% We let Sg denote the
deformation problem

SQ = (F/F+7 T U Qa j: U @7 Oaﬁ7 5_17 {R%l}UER U {RE‘:L/\”,T” }Uesp U {REB}UGQ)

We let RE™MY denote the corresponding universal deformation ring, and we let Rgg
denote the corresponding universal T-framed deformation ring.
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We define
RIOC = (@UQSPR?)AU’TU> @ (@veRR%l)

where all completed tensor products are taken over O.

Remark 3.3.4. Let v € R. Since we have assumed that the ratio of the eigenvalues
of p(Frob,) is not equal to (Nv)*!, and (Nv) # 1 mod p, RE‘GL is formally smooth
of relative dimension 4 over O (this may be checked by computqijng the dimension of
the reduced tangent space by the usual Galois cohomology calculation; see Lemma
2.4.9 of [CHTO8]), and in particular all deformations of f|GL5 are unramified. Ap-
plying Proposition 1.1.1 above and Lemma 3.3 of [BLGHT11], we see that R'°° is
equidimensional of dimension 1+4|T|+[F* : Q], and R'°¢[1/p] is formally smooth.

3.3.5. For each finite place w of F, let Uy(w) be the subgroup of GL2(OFp.,)

consisting of matrices congruent to ; I) modulo w, and let U;(w) be the sub-

group of GL3(Op ) consisting of matrices congruent to modulo w. For

* ok
0 1
i=0,1,let U;(Q) =[], Ui(Q), be the compact open subgroups of G(A%, ) defined
by Ui(Q)y = U, if v  Q, and U;(Q), = ¢ 'U;(?) if v € Q. We have natural maps

T} 52(U1(Q), 0) — T} 22(Uo(Q), 0) — T} 2°(U,0) — T4 (U, 0).

Note that Tf};Q(U, O)m = T3 (U, O)n by the proof of Corollary 3.4.5 of [CHTOS].
By taking its image, m determines maximal ideals of the first three algebras in this
sequence which we denote by mg for the first two and m for the third.

3.3.6. Let pn, @ Gp+ rug — Glo (Tf}iQ(Ul (Q),0)m,,) be the representation
defined in Theorem 2.2.4. For each v € () choose an element ¢y € G, lifting the
geometric Frobenius element of G, /I, and let wy € Op, be the uniformiser with
Artp, @y = | pan. Let Py(X) € TZ\WﬁQ(Ul(Q), O)mg [X] denote the characteristic
polynomial of pm,, (¢5). Since ¥y(pz) # E%(cpg), by Hensel’s lemma we can factor
P5(X) = (X — A)(X — By) where Ag, By € T, 22 (U1(Q), O)m,, lift ¥5(¢5) and

E/E (¢w) respectively.
For i = 0,1 and a € F of non-negative valuation, consider the Hecke operator

)

on Sy (Ui(Q),0). Denote by T} 22 (Ui(Q),0)' C Endo(Sx-(Ui(Q),0)) the O-
subalgebra generated by Tf,L;Q(Ui(Q), O) and the Vo, for v € Q. We denote by my,
the maximal ideal of T?\}TJQ(Ui(Q), O)’ generated by mg and the V. — Ay. Write
Tiq = Tf}jQ(U,-(Q), (’)):H,Q.

Let Ag denote the maximal p-power order quotient of Up(Q)/U1(Q). Let ag
denote the kernel of the augmentation map O[Ag] — O. Exactly as in the proof
of the sublemma of Theorem 3.6.1 of [BLGG11], we have:

(1) The natural map
[T (Very = B3) 2 83, (U, O) = 2.+ (Un(@Q), O}y

Q
vEQR
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is an isomorphism.
(2) Sx+(U1(Q), O)my, is free over O[Aq] with

S (U1(Q), Oy, /g — G2+ (Uo(Q), O)myy — Sxr (U, O

(3) For each v € Q, there is a character with open kernel V5 : F. — T;Q S0
that
(a) For each element o € F* of non-negative valuation, V,, = Vi(a) on

S1r (U1(Q), O,
() (pmq ®T§iQ(U1(Q),O)mQ Ti)lwe, =¥ & (Vo Art};) with ¢ an un-
ramified lift of E% and (V3o Art;:) lifting 1.
3.3.7. The above shows, in particular, that the lift pn, ® T1,q of p is of type Sq
and gives rise to a surjection Rgrc‘;" — Ty,o. We think of Sy - (U1(Q), O)
Rg“i"—module via this map.

Thinking of Ag as the image of the product of the inertia subgroups in the
maximal abelian p-power order quotient of [, o GF, the determinant of any choice

mo as an

univ

of universal deformation T, gives rise to a homomorphism Ag — (Rggi")x. We
thus have homomorphisms

O[Ag] — REM — RG!

and natural isomorphisms Rg‘cl;" Jag = RV and Rgs/ ag = RET. (This follows

univ

from (3)(b) above, which shows that for each place v € @, the ramification of rg}
at v is given by the character (V5 o Art}ﬂl).)

3.3.8. We have assumed that 7(Gp(,)) is adequate, or equivalently (because we
are considering 2-dimensional representations) big in the terminology of [CHTO08].
By Proposition 2.5.9 of [CHTO08], this implies that we can (and do) choose an integer
g > [F*:Q)] and for each N > 1 a tuple (Qn, Qn, {¥5}veoy) as above such that

e #(Q N = q for all N;

e Nu=1 modp" for v e Qn;

e the ring RE(;N can be topologically generated over R!°¢ by q — [FT : Q]

elements.
We will apply the above constructions to each of these tuples (Qn, Qn, {Ys}veon)-
Choose a lift 7% : Gp+ g — Go(RE™Y) representing the universal deformation.
Let
T=0[Xy;;:veTij=12].

The tuple (r&™Y, (1o + Xy j)ver) (where 1o + X, ; ; is a 2 x 2 matrix) gives rise
to an isomorphism RET = ngnivéz)oT. (Note that the action of j in the group
G> implies that this tuple has no non-trivial scalar endomorphisms.) For each N,
choose a lift ngizvv G+ = Gy (Rggi;) representing the universal deformation, with

univ univ

_ . . . . s DT ~ univ S
TSey mod ag, = rg™". This gives rise to an isomorphism RSQN — RSQN ®oT

which reduces modulo ag, to the isomorphism RET = R&VReT.
We let

M = S}\,T(U7 O)m
My Sar(U1(Qn), O)e

Q

Or
’SQN'

v R
e
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Then My is a finite free T[Aq,]-module with My /ag, = M ® gyniv RET, compat-
ibly with the isomorphism REQT Jagy = RET.
Fix a filtration by F-subspaces
O:L()CL1C"'CLS:L)\VT®(9F
such that each L; is G((’)FJ)—stable, and for each i = 0,1,...,8—1,0;:= L;41/L; is
an absolutely irreducible representation of G(O F;)- This in turn induces a filtration
on S - (U, O)m @0 F (respectively Sy - (U1(Qn), O)mQN ®o F) whose graded pieces
are the finite-dimensional F-vector spaces S(U,0;)m (respectively the finite free
F[Ag,y]-modules S(U1(QN),0i)mq, ). By extension of scalars we obtain a filtration
on My ®o F. We denote these filtrations by
0=M°cM'C---CM°*=M®oF
and
0=M{ CMyC--CMy=My®cF.
Let g =q— [F' : Q] and let

As = Z,

R = R“[z1,...,34]],

Ry = (BuerR) (o, ])
S = TlA,

and let a denote the kernel of the O-algebra homomorphism S, — O which sends
each X, ;; to 0 and each element of A, to 1. Note that S is formally smooth
over O of relative dimension ¢+4|T|, and that R, is a quotient of R._. For each N,
choose a surjection Ao, - Ag, and let ¢ denote the kernel of the corresponding
homomorphism S, — T[Agy]. For each N > 1, choose a surjection of R!°°-
algebras

Roo — RST

SQN °
We regard each RE{; as an Seo-algebra via Soo — T[Agy] — R?g . In particular,
N N
O ~ niv
R SSN Ja = R,
Now a patching argument as in [Kis09a] 2.2.9 shows that there exists
e an O-module homomorphism S, — R, and an R,.-module M., which is

finite free as an S,-module,
e a filtration by R.,-modules

0=M2 cMLcC - CM:=M_ ®cF
whose graded pieces are finite free Sy, /mSso-modules,
e a surjection of R'°°-algebras R, /aRs — Rg“i", and
e an isomorphism of R.,-modules M., /aM,, =+ M which identifies M with
M, /aM?, .

We claim that we can make the above construction so that for ¢ = 1,2,...s,
the (R.,, So)-bimodule M /Mi! and the isomorphism M¢_ /(aM? + MiZ1) 5
M?/M*=! depends only on (U,m and) the isomorphism class of L;/L;_1 as a
G(OF;r )-representation, but not on (A, 7). For any finite collection of pairs (A, 7)
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this follows by the same finiteness argument used during patching. Since the set of
(A, 7) is countable, the claim follows from a diagonalization argument.

For o a global Serre weight, we denote by MZ the R /7 Roo-module constructed
above when L;/L;_1 = o, and we set

po(r) =2"Mlep_ /1 (MZ,).

Lemma 3.3.9. For each o, i/ (F) is a non-negative integer. Moreover, the following
conditions are equivalent.

(1) The support of M meets every irreducible component of Spec R'°¢[1/p].

(2) My ®z,Qp is a faithfully flat R [1/p]-module which is locally free of rank

217l
(3) R&Y is a finite O-algebra and M @z, Q, is a faithful R&™[1/p]-module.
(4)

e(Roo/TRoc) = 3 2 Wlen jn(MZ) =3 4t (7)

i=1
where o; is a global Serre weight with L;/L;_1 = oy

Proof. We argue in a similar fashion to the proof of Lemma 2.2.11 of [Kis09a]. By
Remark 3.3.4, R[1/p] is formally smooth of dimension g + 4|T| = dim So[1/p].
Since My, is free over Sy, the module My, ®z, Q, has depth ¢ + 4|T'| at every
maximal ideal of R [1/p] in its support. By the Auslander-Buchsbaum formula,
My ®z, Qp has projective dimension 0, and as it is finite over S[1/p] it is also
finite and therefore finite flat over Roo[1/p].

If Z C Spec Ro[1/p] is an irreducible component in the support of M., then
Z is finite over Spec So[1/p] and of the same dimension. Hence the map Z —
Spec Soo[1/p] is surjective. As (My/aMyo)[1/p] = M[1/p] has rank 2% over any
point of R [1/p] in its support, M ®z, @, has rank 2Bl over Z. This shows
that (1) and (2) are equivalent.

Let Spec A C Spec Ro denote the closure of the support of M, on Spec Roo[1/p].
By what we have just seen, there exists a map A2 M, which is an isomor-
phism at the generic points of Spec A. Using Proposition 1.3.4 of [Kis09a] we see
that

2_|R|eROO/W(MOO/7rMOO) = 2_‘R‘6A/W(MOO/WMOO) =e(A/m)
is an integer. If o = o, is a global Serre weight, as in Section 2.3, then applying
the above with (A, 7) = (A4, 1) shows that u (7) is an integer.

We also have

e(Roo/TRoo) > 27 Wlep /n(Myo/mMyo) = 27 Wlep /1 (MZ)
i=1
with equality if and only if M, is a faithful R.,-module or, equivalently, if and
only if the support of M meets every irreducible component of Ro[1/p]. So (1) and
(4) are equivalent.

Finally, if M is a faithful Re-module, then R is finite over Ss, and so RE™Y,
which is a quotient of R /a, is a finite O-module. This shows that (2) implies (3).
The converse is a consequence of the Khare-Wintenberger argument, cf. Thm. 3.3
of [KW09]. To be precise, assuming R3™ is a finite O-algebra, we see that the
image of

Spec RE"Y — Spec R'°°
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meets every component of Spec R'°°[1/p], because it follows from Proposition 1.5.1(2)
of [BLGGT14a] that the quotient Rg“iv corresponding to any particular component
of Spec R!°[1/p] is a finite O-algebra of dimension at least 1, and therefore has @p—
points. Hence if M ®z, Q, is a faithful R§"V-module, then the support of M meets
every component of Spec R°°[1/p], which is (1). O

Let 0 = ®yes,0, be a global Serre weight. The following lemma will be useful
in order to determine the p (7) more precisely in some situations.

Lemma 3.3.10. The multiplicity u (7) is nonzero if and only if S(U,0)m # 0. If
this holds, then for each place v|p of F, ¥|a,, has a crystalline lift of Hodge type
oy in the sense of section 1.2.3.

Proof. By definition, u/ (7) # 0 if and only if MZ # 0. Moreover, MZ # 0 if and
only if MZ /aMZ # 0, and MZ /aMZ = S(U, 0)m by definition, so we indeed have
ph (7) # 0 if and only if S(U,0)m # 0.

For the second part, let a = (ay)ves, with a, € (Zi)gﬁm(k”’m and o, =
0a,- Note that since U is sufficiently small, we have S(U,0)m # 0 if and only
it Sy, 1(U, O) # 0, where A, is defined in section 2.3, and 1 denotes the trivial type.
The result then follows at once from Theorem 2.2.4(4). O

3.4. Potential diagonalizability. We now use the methods of [BLGGT14a] to
show that the equivalent conditions of Lemma 3.3.9 are frequently achieved. We
begin by recalling the definition of potential diagonalizability, a notion defined in
[BLGGT14a]. We will use this definition here for convenience, as it allows us to
make use of certain results from [BLGG13b], and to easily argue simultaneously in
the potentially Barsotti-Tate and Fontaine—Laffaille cases.

Suppose that K/Q, is a finite extension with residue field k, that E/Q, is a
finite extension with ring of integers O and residue field F, and that p;,p2 : Gxg —
GLy(0O) are two continuous representations. We say that p; connects to ps if all of
the following hold:

e p; and po are both crystalline of the same Hodge type A,
i ﬁl = ﬁ27 and
e p; and ps define points on the same irreducible component of RﬁD1 A R0 @p.

We say that p : Gxg — GL3(O) is diagonal if it is a direct sum of crystalline
characters, and we say that p is diagonalizable if it connects to some diagonal
representation. Finally, we say that p is potentially diagonalizable if there is a finite
extension L/K such that p|g, is diagonalizable. We say that a representation
Gk — GLy(FE) is potentially diagonalizable if the representation on some G-
invariant lattice is potentially diagonalizable; this is independent of the choice of
lattice by Lemma 1.4.1 of [BLGGT14al.

The following two lemmas, which rely on our earlier papers, are the key to
our applications of Lemma 3.3.9 to the Breuil-Mézard conjecture for potentially
Barsotti—Tate representations.

Lemma 3.4.1. If p: Gx — GLo(FE) is potentially Barsotti—Tate, then it is poten-
tially diagonalizable.

Proof. Choose a finite extension L/K such that L contains a primitive p-th root
of unity, and p|g, is trivial. Then p|g, has a decomposable ordinary crystalline
lift of Hodge type 0, namely p; := 1 @ e~ . Extending L if necessary, we may also
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assume that p|g, has a decomposable non-ordinary crystalline lift of Hodge type
0, say po (this is simply a direct sum of Lubin—Tate characters). By Proposition
2.3 of [Gee06] and Corollary 2.5.16 of [Kis09b] we see that p|e, connects to one of

p1, P2, and in either case p is potentially diagonalizable by definition. [
Lemma 3.4.2. Leta € (Zi)gﬁm *oB) ond o = o4 the corresponding Serre weight.

(1) If o is not a predicted Serre weight for T, then RE’U = 0. In particular, it is
vacuously the case that every crystalline representation p : Gx — GLa(E)
of Hodge type a which lifts p is potentially diagonalizable.

(2) If K/Q, is unramified and o is regular in the sense of Definition 1.2.4 then
every crystalline representation p : G — GLa(FE) of Hodge type a which
lifts p is potentially diagonalizable.

Proof. In the case that ¢ is not a predicted Serre weight for p, the main result of
[GLS13] shows that there are no crystalline lifts of p of Hodge type a, and the result
follows.

If K/Q, is unramified and o is regular, then the result follows immediately from
the main theorem of [GL12]. O

We will apply these results by using the following corollary of the methods of
[BLGGT14a]. We maintain the notations and assumptions of the rest of this section.

Corollary 3.4.3. Suppose that 7 : Gp — GLo(F) satisfies the assumptions of
§3.1.1 and §3.3.3, and that for each place v|p, every lift of F|GF?) of Hodge type A\,
and Galois type T, is potentially diagonalizable. Then the equivalent conditions of
Lemma 3.3.9 hold.

Proof. We will show that condition (1) of Lemma 3.3.9 holds, i.e. that the support
of M meets every irreducible component of Spec R'°“[1/p]. By the correspondence
between our algebraic automorphic forms and automorphic forms on GLy (which is
explained in detail in section 2 of [BLGG13b]), this is equivalent to the statement
that, if we make for each place v|p of F© any choice of component Spec Ry of
Spec RED’A”’T” [1/p], there is a continuous lift r : Gp — GL2(Q,) of 7 such that

o r¢=1Ve

e 7 is unramified at all places not dividing p (note that this will be automatic
at the places in R by Lemma 3.3.4),

e for each place v|p of F'T, T|GF§ corresponds to a point of Ry, and

e 7 is automorphic in the sense of [BLGGT14a].

By Lemma 3.1.1 of [BLGG13b], we may choose a solvable extension Fi/F of CM
fields such that

e [ is linearly disjoint from F*erad7(¢)) over F.
e there is a continuous lift 7' : Gp, — GL2(Q,) of 7|g,, such that ' is
automorphic, and for each place wlp of Fy, r'|c,, . is (potentially) diago-

nalizable.

The existence of r now follows by applying Theorem A.4.1 of [BLGG13b] (which
is another variant of the Khare-Wintenberger argument; again, cf. Thm. 3.3 of [KW09])
with the representation r;,(7') in the statement of loc. cit equal to r'. It is here
that we use the assumption that every lift of 7|, of Hodge type A, and Galois
type 7, is potentially diagonalizable, as we need to know that the points of Spec Ry
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correspond to potentially diagonalizable lifts in order to satisfy the hypotheses of
Theorem A.4.1. of loc. cit. (note that since 7|, is automorphic and the extension
F1/F is solvable, r is automorphic by Lemma 1.4 of [BLGHT11]). O

3.5. Local results. We will now combine Corollary 3.4.3 with the local-to-global
results of Appendix A to prove our main local results. We begin with a lemma from
linear algebra, for which we need to establish some notation. Given a vector space
V over Q with a choice of basis, we let V>( denote the cone spanned by nonnegative
linear combinations of the basis elements. If V, W are vector spaces over Q with
choices of bases, then we will choose the corresponding tensor basis for V @ W, and
define (V @ W)>¢ accordingly. For any set I, we set ZI>O =7 OQI>0. In particular,
(Z™)35 = (Z™)®" N (@™)55-

Lemma 3.5.1. Let k be a field.

(1) If for i = 1,...,n we have injective linear maps «; : V; — W, between
k-vector spaces, then a1 ® -+ - Qap : V1 ® -V, > W1 ®---QW, is also
mjective.

(2) If fori = 1,...,n we have linear maps «; : V; — W; between k-vector

spaces and nonzero elements w; € W; such that
w R - Quw, €Elm(an @+ ay),

then for each i, w; € Im (o).

(3) Let I be a (possibly infinite) set and o : 2%, — ZL, a map that extends
to an injective linear map o : Q™ — QF. Suppose that v € Q™, with
a(v) € ZL, and that for some n > 1, v satisfies v®" € (Z™)2}. Then
v e ZZ,.

Proof. (1) By induction, it suffices to treat the case n = 2. Then we can factor
a1 ® ag as the composite

VieVo=-W @ Ve —= W, @ W,

of two maps which are each injective.

(2) For each j # i, choose p; € W} with ¢;(w;) = 1. Identifying V; and W;
withk®@ - - @kQV;®@ - @kand k®--- k@ W; ® --- ® k respectively, we see
that if

then

w; = ai((p1a1 @ @ Yic10i—1 1 Q Y141 ® -+ ® Yray,) (7)),

as required.

(3) By explicitly examining the entries of v®" in the standard basis, one sees
easily that v®" € (Zm)gg implies that either v or —v is in ZZ. If —v € ZZ, then
a(v), —a(v) € ZL,, which implies a(v) = 0, and v = 0 as « is injective.

(I

In order to apply this result, we will make use of the following lemma. The last
assertion (allowing the determinant of 7 to run over tame characters) will be used
in Section 4.
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Lemma 3.5.2. Let p be a prime, let K/Q, be a finite extension with residue field
k, and let 7 : Gg — GLa(F) be a continuous representation. Then the system of
equations

(BT [m) = o7 (0)po(7),

in the unknowns p, () has at most one solution. Equivalently, the linear map which
sends (fto)o to (3, 10, (0) e )o,+ is injective. In fact, this is true even if we restrict
to the set of types T for which det T is tame.

Proof. Tf L is a topological field, and G is a topological group, let Rz (G) denote
the Grothendieck group of continuous L-representations of G.

The composite of reduction mod p and semisimplification yields a homomorphism
7 : Rp(GL2(Ok)) — Rp(GL2(k)). Since by definition this homomorphism takes
o(t) = Wy ® (1) to Y nor(0)o, it is enough to check that the w(o(7)) span
Rr(GLy(k)). The surjection GLy(Ok) — GLa(k) gives an injection Rg(GL2(k)) —
RE(GL3(Ok)), and by Theorem 33 of Chapter 16 of [Ser77], the homomorphism
RE(GLy(k)) — Rp(GL2(k)) is surjective; so 7 is certainly surjective.

We recall the explicit classification of irreducible E-representations of GLo(k),
cf. Section 1 of [Dia07]. There are the one-dimensional representations x o det,
the twists St, of the Steinberg representation, the principal series representations
I(x1,x2), and the cuspidal representations ©(§). By the explicit construction in
Henniart’s appendix to [BM02], all but the representations St,, occur as a o(7) for
some tame type 7 (the principal series representations occur for tamely ramified
types of niveau one, and the cuspidal types for tamely ramified types of niveau two),
so in order to complete the proof, it is enough to check that the 7(St,) are in the
span of the m(o(7)), where 7 runs over the representations with tame determinant.

To see this, note that the reduction mod p of Sty is just the irreducible repre-
sentation X o det ®o,_1, . ,—1 of GLa(k). Let ¢ : O — E* be a non-quadratic
ramified character with trivial reduction, let & denote the Teichmiiller lift of w, and
consider the element

oy = o(x¢ DxYT) —o(xyp@ ® xPpTIOT) +o(x@ ® x@ ) — a(x B x)
of Rp(GL2(Ok)). By Proposition 4.2 of [BD13], 7(0,-1) = Yodet ®0y,_1,... p—1, as
required. ([

Corollary 3.5.3. Suppose a solution to the equations in Lemma 3.5.2 exists.
o Ifolix # (Edet7)~! o Artg, then u,(7) = 0.
o The py(7) for which o|x = (Edet7)~! o Artg are determined by the equa-

e~

tions corresponding to the types T with determinant € det r.

Proof. By Lemma 3.5.2, we certainly need only consider the equations with tame
determinant. Now, if det7 does not lift £det 7, then certainly RE 0T — 0. It is
also easy to check that ng (o) = 0 unless the central character of o is (det7)~! o
Artg, so that if we set u,(7) = 0 when the central character of o is not equal
to (Edet7)~! o Artg, then all the equations for types 7 with det7 # £det will
automatically be satisfied.

—_—~—

Furthermore, none of the equations with det™ = £det7 involve any of these
values of . (7), so since the equations have a unique solution by Lemma 3.5.2, it
follows that we must have p,(7) = 0 if the central character of o is not equal to
(Edet7)~! o Artg, and that the remaining values of . (7) are determined by the
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7 with det 7 = £det 7. Note that if p > 2, then it follows from twisting that if the

equations hold for all 7 with detT = é/&\/etf, then in fact they hold for all 7 with
detT =2detr. (]

Remark 3.5.4. A referee has pointed out that in fact the obvious variant of
Lemma 3.5.2 where the types and weights have fixed central character may be
proved via Propositions 4.2 and 4.3 of [BD13] (or, in the case p > 2, it can be
deduced directly from the previous remark by twisting).

We may now combine Corollary 3.4.3 with Lemmas 3.5.1 and 3.5.2 and Corollary
A.5 to prove our main local result for potentially diagonalizable representations.

Theorem 3.5.5. Let p > 2 be prime, let K/Q, be a finite extension with residue
field k, and let 7 : Gx — GLo(F) be a continuous representation. Then there
are uniquely determined non-negative integers p(7), o running over local Serre
weights, with the following property: for any pair (A, T) with the property that every
potentially crystalline lift of ¥ of Hodge type A and Galois type T is potentially
diagonalizable,

(R /1) = na o (0)po (7).

Proof. By Corollary A.5 and Corollary 3.4.3, we see that all of the equivalent con-
ditions of Lemma 3.3.9 hold in a case where each F; = K for each prime v|p of F,
and each 7|g . 1s an unramified twist of a representation isomorphic to our local 7.
In particular, condition (4) of Lemma 3.3.9 holds. In this case, by Lemma 1.1.2 we
see that

e(Roo/TRso) = [[e(REA ™ /m) = 37 (] masr, (001t (),
v|p

{aﬂ}v\p U‘p

where in the final expression the sum runs over tuples {oy },, of equivalence classes
of Serre weights, and oy = Qy|pTv-

Choose an ordering of the set of equivalence classes of (local) Serre weights, and
denote its cardinality by m. Let I be the set of pairs (A, 7) in the statement of the
theorem. We will apply Lemma 3.5.1 to the map o : Q™ — Q! which sends (i )o
to (3°, na,r(0)pte)r,~. Note that all the pairs (0,7) are in I by Lemma 3.4.1, so
that o is an injective map by Lemma 3.5.2, and induces a map ZZ, — ZI>0 since
the ny (o) are non-negative integers. - -

Let w = (e(RE’)"T/w))A’T € Z%,, and take n to be the number of primes of
F* lying over p. By what we saw above, there exists v, € (Z™)2} such that
a®(v,) = w®". Hence w = a(v) for some v € Q™ by Lemma 3.5.1(2). As a®" is
injective Lemma 3.5.1(1) implies that we must have v,, = v®", so that v € ZZ, by
Lemma 3.5.1(3). Defining the pi,(7) by v = (it (7))s, the theorem follows. [

Corollary 3.5.6. (Theorem A) Let p > 2 be prime, let K/Q, be a finite extension
with residue field k, and let 7 : G — GLo(F) be a continuous representation. Then
there are uniquely determined non-negative integers u,(7) such that for all inertial
types T, we have

(RO /m) = nor(0)e (7).

Furthermore, the u,(T) enjoy the following properties.
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(1) pe(7) # 0 if and only if o is a predicted Serre weight for 7.

(2) If K/Q, is unramified and o is regular, then p,(F) = e(RE’"/ﬂ), where
RE’U is the crystalline lifting ring of Hodge type determined by o. If fur-
thermore o is Fontaine—Laffaille regqular, then u,(7) =1 if o is a predicted
Serre weight for 7, and is 0 otherwise.

Proof. The initial part is an immediate consequence of Theorem 3.5.5 and Lemma
3.4.1. The numbered properties also follow easily from the results above, as we
now show. Recall that in the proof of Theorem 3.5.5, we worked with a global
representation 7 with the property that for each v|p, 7|, , was an unramified twist
of our local 7. We will continue to use this global representation 7. Let ¢ be an
equivalence class of local Serre weights, and let a be a global Serre weight such that
0q 2 0®---®0. By the proof of Theorem 3.5.5, we see that u (7) = p, (7)™, where
there are n places of F'T lying over p. In particular, we have u/ (7) # 0 if and only
if pio (1) # 0.

(1) Lemma 3.3.10 shows that p,(7) # 0 if and only if (the global representation) 7
is modular of weight c®- - -®c. The main result of [BLGG13b] shows that whenever
o is a predicted Serre weight for 7, then 7 is modular of weight 0 ® --- ® 0. The
converse holds by the main result of [GLS13].

(2) That ue(7) = e(RfD "7 /7) whenever o is regular is an immediate consequence
of Theorem 3.5.5 and Lemma 3.4.2(2). Now suppose that o is Fontaine-Laffaille
regular. By Fontaine-Laffaille theory (or as a special case of the main result of
[GLS14)), RFD’U # 0 if and only if ¢ is a predicted Serre weight for 7, so to complete
the proof it is enough to show that if o is Fontaine-Laffaille regular and R;D 70,
then e(RE’U/ﬂ') = 1. By Lemma 2.4.1 of [CHTO08] (see also Definition 2.2.6 of op.

cit.) RE "7 is formally smooth over O, so the result follows. O

Remark 3.5.7. If (as seems plausible) it is always the case that any crystalline
lift of 7 of Hodge type determined by o is in fact potentially diagonalizable, then
it would follow that u,(7) = G(RE’G/TF) (without any assumption on K or o).

In the next section, it will be helpful to have the following definition.
Definition 3.5.8. Let WBT(7) be the set of Serre weights o for which p,(7) > 0.

Recall from Section 1 that sets of Serre weights WPt () and Wers(7) are
defined in [BLGG13b], and that Ws(7) is simply the set of Serre weights o for
which 7 has a crystalline lift of Hodge type o. (Recall that in the ramified case
this notion depends on the choice of particular embeddings K — FE; the following
corollary is true for any such choice.)

Corollary 3.5.9. We have equalities WePlclt(7) = WBT (7) = Weris (),

Proof. The equality WexPlicit(7) = WBT(7) is an immediate consequence of Corol-
lary 3.5.6(1) and the definitions of We*Plcit(7) and WBT (7). By the main result
of [GLS13] we have We*PHeit(7) = WWeris(7) - as required. O

4. THE BUzZARD-DIAMOND-JARVIS CONJECTURE

4.1. Types. We now apply the machinery developed above to the weight part of
Serre’s conjecture for inner forms of GLs (as opposed to the outer forms treated in

[BLGG13b], [GLS12], [GLS14], [GLS13)).
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We briefly recall some results from Henniart’s appendix to [BM02] which will be
useful to us in the sequel. Let [ # p be prime, and let L be a finite extension of Q
with ring of integers Op, and residue field ky,. Let 7: I, — GLo (@p) be an inertial
type. Then Henniart defines an irreducible finite-dimensional representation o(7)

of GL2(Op,) with the following property.

e If 7 is an infinite dimensional smooth irreducible @p—representation of
GLa(L), then Hom gr,(0,)(0(7),7¥) # 0 if and only if ry(x¥)[;, = T,
in which case Hom ¢,,(0,)(0(7),7) is one-dimensional.

(Note that in contrast to the case | = p covered in Theorem 1.1.3, we make no
prescription on the monodromy. The only difference between the two definitions is
for scalar inertial types, where we replace a twist of the trivial representation with
a twist of the small Steinberg representation.)

For later use, we need to understand the basic properties of the reductions mod-
ulo p of the o(7). We would like to thank Guy Henniart for his assistance with the
proof of the following lemma.

Lemma 4.1.1. Let T be an infinite dimensional, admissible smooth, irreducible
[F,-representation of GLa(L). Then there is an inertial type T such that for any
GLo(Oy)-stable Z,-lattice L, C o(t) we have (L, ®z, 7)Gl2(02) £ 0,

Proof. By Corollaire 13 of [Vig89b], © may be lifted to an admissible smooth
irreducible Q,-representation 7 of GLa(L). Set 7 = 7p(7")|7,. Then we have
Hom ¢r,,(0,)(0(7), ) # 0, and hence

(o(r)® ﬂ')GLQ(OL) = Hom GL2(@L)(7TV, a(r)) #0

as the category of finite dimensional, smooth Q,-representations of GL2(Or) is
semi-simple. The Lemma follows. [

4.1.2. We will also need the analogue of this result for (nonsplit) quaternion
algebras. Let D be the quaternion algebra with centre L, and let m be a smooth
irreducible (so finite-dimensional) Q,-representation of D*. Let Op be the maximal
order in D, so that L*OFf has index two in D*. Thus 7| 0% is either irreducible
or a sum of two distinct irreducible representations which are conjugate under
a uniformiser in D*, and we easily see that if 7’ is another smooth irreducible
representation of D*, then 7w and 7’ differ by an unramified twist if and only if
7T|O>< = 7T/|O>< .

D D

Let 7 be as above, and assume that 7 is either irreducible or scalar. Then there
is an irreducible smooth representation m, of D* such that r,(JL(7,))|r, = T,
where JL denotes the Jacquet—Langlands correspondence, and any two such repre-
sentations differ by an unramified twist (cf. Section A.1.3 of Henniart’s appendix
to [BM02]). Define op(7) to be an irreducible constituent of 7r¥|o]_x); then by the
above discussion, we have the following property.

e If 7 is a smooth irreducible Q,-representation of D* then Hom 0% (op(T),7)
is non-zero if and only if 7, (JL(7))| 7, = 7, in which case Hom ,x (op(7),7")
D
is one-dimensional.

We also have the following analogue of Lemma 4.1.1.
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Lemma 4.1.3. Let T be an admissible smooth, irreducible Fp:representation of D*.
Then there an inertial type T such that for any O} -stable Z,-lattice L. C op(T)

we have (L, @ ©)°b # 0.

Proof. By Théoreme 4 of [Vig89a], 7 may be lifted to an admissible smooth, irre-
ducible Q,-representation 7 of D>, and the result follows as in the proof of Lemma
4.1.1. U

4.2. Deformation rings. Assume from now on that p > 2. We now carry out our
global patching argument. Since the arguments are by now rather standard, and
in any case extremely similar to those of Section 3, we will sketch the construction,
giving the necessary definitions and explaining the differences from the arguments of
Section 3. For a detailed treatment of the Taylor—Wiles—Kisin method for Shimura
curves, the reader could consult [BD13].

4.2.1. For technical reasons, we will fix the determinants of all the deformations
we will consider, and we now introduce some notation to allow this. We will also
need to consider p-adic representations of the absolute Galois groups of I-adic fields.
Accordingly, let E/Q, be a finite extension with ring of integers O and residue field
F, let | be a prime (possibly equal to p), let K/Q; be a finite extension, and let
7 : Gg — GL2(F) be a continuous representation. We will always assume that
E is sufficiently large that all representations under consideration are defined over
E. Fix a finite-order character ¢ : Gx — E* such that det7 = z !¢. Let
7 : Ix — GLa(E) be an inertial type such that det 7 = 9|,.. Recall that we have
the universal O-lifting ring R,-;' of 7, and let R;EI ¥ denote the universal O-lifting
ring for liftings of determinant ¢e 1.

Suppose firstly that I = p. Let R=">™ be the unique quotient of B2 with
the property that the @p—points of RE ATV are precisely the @p—points of RE AT
whose associated Galois representations have determinant e 1.

Suppose now that [ # p. Then by Theorem 2.1.6 of [Geella], there is a unique
(possibly zero) p-torsion free reduced quotient R‘,; Y of RT-D whose @p-points are
precisely those points of RE‘ which correspond to liftings of 7 which have deter-
minant e~! and Galois type 7, in the sense that the restriction to Ix of the
corresponding Weil-Deligne representations are isomorphic to 7.

Remark 4.2.2. By Lemma 4.3.1 of [EG14] we have an isomorphism
OXNT ~ pOAT,
Ry = Ry w[[XHv
so that in particular we have e(RZM™Y /) = e(RIMN /).

4.2.3. We begin with a generalisation of Corollary 3.1.7 of [Geella] (see also
Théoreme 3.2.2 of [BD13]), which produces modular liftings of mod p Galois repre-
sentations with prescribed local properties, and will be used in place of Corollary
3.4.3 in this setting. The proof is very similar to that of Corollary 3.4.3. We firstly
define some notation.

Let F be a totally real field, and let p : Gp — GL2(F) be a continuous repre-
sentation. We will say that p is modular if it is isomorphic to the reduction mod
p of the Galois representation associated to a Hilbert modular eigenform of paral-
lel weight two. Fix a totally even, finite order character v : Gp — E* with the

property that detp = 2~ !. Let S be a finite set of finite places of F, including
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all places dividing p and all places at which p or ¢ is ramified. For each place
v € S, fix an inertial type Tv of I, such that det T, = 1|, . For each place v|p,

0 U7¢ . . . .
let R, be a quotient of EH ovler, corresponding to a choice of an irreducible

CGry
0,0 T’uvleFv [

component of Spec Rﬁ‘ 1/p], and for each place v € S with v ¢ p, let R,

u,1b|GFv

be a quotient of FLl corresponding to a choice of an irreducible component

GFy

of Specll MPIGF“ [1/p].

4.2.4. We assume from now on that p satisfies the following conditions.
e 7 is modular,
° ﬁ|GF( o) is absolutely irreducible, and
e if p =5, the projective image of p|GF(Cp) is not isomorphic to As.

Lemma 4.2.5. For p and R, as above, there is a continuous lift p : Gp — GLo(E)
of p such that:

o detp=pe!

e p is unramified outside of S.

e For each place v € S, pla,, arises from a point of R,[1/p].

e p is modular.

Proof. This is essentially an immediate consequence of Corollary 3.1.7 of [Geella,
given the main result of [BLGG13a]. Indeed, in the case that for all places v|p
the component R, corresponds to non-ordinary representations, the lemma is a
special case of Corollary 3.1.7 of [Geella], and the only thing to be checked in
general is that the hypothesis (ord) of Proposition 3.1.5 of [Geella] is satisfied.
This hypothesis relates to the existence of ordinary lifts of p, and a general result
on the existence of such lifts is proved in [BLGG13a].

In fact, examining the proof of Proposition 3.1.5 of [Geella], we see that it is
enough to check that there is some finite solvable extension L/F of totally real

—kerp
fields with the property that L is linearly disjoint from F erp((p) over F, and p|g,
has a modular lift which is potentially Barsotti-Tate and ordinary at all places v|p.
In order to see that such an L exists, simply choose a solvable totally real extension

L/F such that L is linearly disjoint from errﬁ(Cp) over F' and p|g,  is reducible
for each place w|p of L. The existence of the required lift of p|g, is then immediate
from the main result of [BLGG13a]. O

4.2.6. Now let X,%' C S be disjoint subsets, not containing any places dividing
p. Suppose that if v € X, then 7, is either irreducible or scalar, and if v € ¥’ then
T, 1s scalar.

For each v € S, v { p we define ]i TV as follows: Rggv’w’* R%‘ ¥ unless

or, lop, o

v € ¥UY and 7, is scalar. If 7, is scalar, and v € ¥ (resp. v € Z) then

we define Pﬂ To* as the quotient of Rﬁ’c;”’w corresponding to the components
GFy Fy

of R‘ T“’w[l /p] whose Q -points are not all potentially unramified (resp. are all
F
potentially unramified). Note that at this stage we could have &‘ To* — (). For

example if v € ¥ and 7, is scalar and Rﬂ;;’w * £ 0, then Play, is necessarily a

twist of an extension of the trivial character buy the mod p cyclotomic character.
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By [Pil08] Theorems 4.1.1, 4.1.3, Spec R%;g“’w[l/p} is the union of formally
Fy

smooth irreducible components, and two such components C7, C3 can have a
non-trivial intersection only in the following situation: 7, is scalar, and there is
a character v : Gp, — E* such that (up to exchanging C1, C3) the representations
parameterized by z € C1(Q,) are unramified after twisting by v~!, and the rep-
resentations parameterized by = € C2(Q,) are extensions of v by (1), which are
ramified if z € C2\C1(Q,).

Y3 O, T 0,0,74,% Y 3 0,70 ,1b,%
Weset Rg = @ues,ofty ;o By = @up.oliy, " Bg\y, = Oupoes.o g

and ng = R;>w<§>@Rg’\’/; . (Note that ng is analogous to the ring R'°° defined in
§3.3.3.)

4.3. Modular forms. We continue to use the notation and assumptions intro-
duced in the last subsection.

4.3.1. Let D be quaternion algebra with centre F'. We assume that either D is
ramified at all infinite places (the definite case) or that D is split at precisely one
infinite place (the indefinite case), and that the set of finite primes at which D is
ramified is precisely the set ¥ introduced above. If F' = Q, assume further that
D # M5(Q). (We make this assumption only in order to give a uniform definition
of our spaces of modular forms; with the usual modifications to handle the non-
compactness of modular curves, the case D = M3(Q) could also be treated by our
methods. Since our main results are all well-known in this case, we do not comment
further on this assumption below.)

Fix a maximal order Op of D, and an isomorphism (Op), — M(OF,) at each
finite place v ¢ 3. For each finite place v of F we let m, € F, denote a uniformiser.
By a global Serre weight for D* we mean an absolutely irreducible mod p rep-

resentation o of [[ | (Op)) considered up to equivalence. Using the isomorphisms

vlp(
(Op)y — M3(Op,) for v|p, each such o has the form o = ®,,0,, where o, is a
local Serre weight for GLa(k,), k, the residue field of v. For the remainder of this

section when we say “global Serre weight” we mean a global Serre weight for D*.

4.3.2. We now define the spaces of modular forms with which we will work,
following section 3 of [BD13], to which we refer for a more detailed treatment of
the facts that we need, and for further references to the literature.

By Lemma 4.11 of [DDT97] we can and do choose a finite place v1 ¢ S of F such
that p is unramified at vy, Nv; Z 1 (mod p), and the ratio of the eigenvalues of
p(Frob,, ) is not equal to (Nv;)*!. In particular, we have H°(Gp,, ,adp(1)) = (0),
and it follows that any lifting of p|¢ Fo, is necessarily unramified. Furthermore, we
can and do assume that the residue characteristic of v; is sufficiently large that for
any non-trivial root of unity ¢ in a quadratic extension of F', v; does not divide
C+¢ -2

Fix from now on the compact open subgroup U =[], U, C (D ®g A*>)* where
U, = (Op)y} for v # vy, and U,, is the subgroup of GLy(OF,,) consisting of
elements which are upper triangular unipotent modulo v;. As in the case of unitary
groups, the assumption on vy, is used (implicitly) below, to guarantee that M., is
a free S, module (cf. e.g the condition (2.1.2) in [Kis09a]).

For each place v € S, we have an inertial type 7,, and thus a finite-dimensional
irreducible E-representation o(7,) of (Op),’. (When v|p the representation o(7,)
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is defined by Theorem 1.1.3, and when v 1 p it is defined in Section 4.1, where it
was denoted op, (7,) in the case that D, is ramified.)

Now define a representation of (Op); on a finite free O-module L, , as follows:
If v ¢ ¥/, then we choose L,, to be a (Op)x-stable O-lattice in o(7,). If v € ¥,
then 7, is scalar, by assumption, and we set L, = O, equipped with an action of

(Op)f given by 7, o Artp, odet . We write Lr» = ®yes,utp,0Lr,» Lr, = @ujp,0Lr, -

4.3.3. Let 0 denote a finite O-module with a continuous action of Hvlp U,, with
the property that the action of Hv|p Op C Hv|p U, on 6 is given by v o Artp.
Then 6 ®» L,» has an action of U via the projection onto Hves U,. We extend
this action to an action of U(A%)* by letting (A%)* act via the composition of
the projection (A%)* — (A¥)*/F* and 1 o Artp. (This action is well-defined by
our assumptions on ) and 6.)

Let V C U be a compact open subgroup, and suppose firstly that we are in
the indefinite case. Then there is a smooth projective algebraic curve Xy over F
associated to V, and a local system Fyg,r., on Xy corresponding to § ®o L;»,
and we set

STP(VV, 9) = HI(XU’@, ]:9®(9LTIJ )

If we are in the definite case, then we let S:»(V,0) be the set of continuous

functions
F:D\(DerAF)* = 0®0 L»
such that we have f(gu) =u~'f(g) for all g € (D ®@p Ap)*, u € V(AR)*.

In the special case that § = L., we write S-(V,O) for S;»(V, L;,).

For the precise relationship between these spaces and automorphic forms on D>,
see Section 3.1.14 of [Kis09b] (in the definite case) and Section 3.5 of [BD13] (in
the indefinite case).

4.3.4. We now define the Hecke algebras that we will use. Let T be a finite set
of finite places of F' containing S, and such that (Op)X C V for v ¢ T. Let TT-univ
be the commutative O-polynomial algebra generated by formal variables T, S, for
each finite place v ¢ T'U {v1} of F. Then TT"" acts on S,»(V, ) via the Hecke
operators

Ty

T, - [GL2<OF,U) (0 ?) GLQ(OF,U)} ,

5, = 612008 (1) 612(0r)

We denote the image of TT""V in End o (S, (V, O)) by TZ(V,O).

Let m be the maximal ideal of T'""i¥ with residue field F with the property that
for each finite place v ¢ S U {v1} of F, the characteristic polynomial of 5(Frob,) is
equal to the image of X? — T, X + (Nv)S, in F[X]. Note that if S, (U, O)n # 0,
then S- (U, O)m @z, Q, is locally free of rank 2™ over T (U, O)w[1/p], where m = 1
in the definite case and 2 in the indefinite case. (This follows from our assumptions
on vy and U, and the multiplicity one property of the o(7,) explained in Theorem
1.1.3 and Section 4.1.)

4.3.5. Let R%S be the universal deformation ring for deformations of p with

determinant ye!

which are unramified outside S. Then S, (U, O)y is naturally
a R%S—module. In particular, a Hecke eigenform in S, (U, O),, gives rise to a

deformation p : Gr,s — GL2(O) of p, with determinant ¢e~!.
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Lemma 4.3.6. For each v € S and v|p (resp v 1 p) let R, be a quotient of
RE,OJUW
Plep,

Spec E‘ Tos¥ ™). (In particular we are assuming that the set of such components is

corresponding to an irreducible component of SpecRE;OT”’w[l/p] (resp.

non-empty for each v € S). Then there is a continuous lift p : G — GL2(O) of p
such that:

o detp=pe!

e p is unramified outside of S.

e For each place v € S, pla,, arises from a point of Ry[1/p].

e p arises from a Hecke eigenform in S.(U, O).

Proof. By Lemma 4.2.5 (note that we are already assuming the hypotheses of that
lemma are satisfied), there exists a p with the first three properties, which is mod-
ular in the sense that it arises from a Hilbert modular form 7. The conditions on p
at v|p imply that this form is parallel of weight 2.

We now check that 7 is discrete series at all v € X, so that 7 transfers to an
automorphic form 7 on D. Suppose that 7, is not discrete series for some v € X.
Since we are assuming that 7, is either scalar or irreducible, 7, must be a twist
of an unramified principal series. By local-global compatibility, this implies that
a twist of p|g,, is unramified and pure (i.e satisfies the Ramanujan conjecture)
by [Bla06] Thm 1. But, this contradicts the assumption that p|q,, arises from a

point of Spec Rgg”’w’* (cf. the description in 4.2.6).
Fy

Finally local-global compatibility for D implies that 7 corresponds to an eigen-
form in S, (U, O). O

4.4. Patching.

4.4.1. Let RF’;{’ denote the complete local O-algebra which pro-represents the
functor which assigns to a local Artinian O-algebra A the set of equivalence classes
of tuples (p, {ay fves) where p is a lifting of p as a G g-representation with deter-
minant e~ !, a, € ker(GLa(A) — GLy(F)), and two such tuples (p, {a }ves) and
(0, {al, }ves) are equivalent if there is an element 5 € ker(GL3(A) — GL2(F)) with
0 = BpB~1 and o/, = Ba, for all v € S, so that RE”;{’ is naturally an Rg—algebra.
We define RE’E’w = RE’? B Rmﬁ. We also have the corresponding universal

deformation ring RY F.5» defined as the image of RF g in REI oY,

Choose a lift pi"v : Gpg — GLQ(RF’fg) representing the universal deformation.
Fix a place w € S, and let
T= O[[Xv,i,j RS S,’i,j = ].,2“/(Xw 1 1).

The tuple (p&™", (12 + X, j)ves) induces an isomorphism RD Y R}lg®@7'
(Note that 15 + X, ; ; is a 2 x 2 matrix, and the fact that Xw,1,1 =0 in 7 implies
that this tuple has no non-trivial scalar endomorphisms.)
We let M = S, (U, O)y. Fix a filtration by F-subspaces
0= LO C Ll c.--C Ls - (®’U|p,OLTU) ®OIF
such that each L; is Hv|p U,-stable, and for each i = 0,1,...,s — 1, 0; := L;11/L;
is absolutely irreducible. This in turn induces a filtration

0=M°cM'c.---c M*=M®pF.
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on M ®eF, whose graded pieces are the finite-dimensional F-vector spaces S;» (U, 0 )m.-
Let ¢ > [F': Q] be an integer, and set g = ¢ — [F : Q] + |S| — 1,

As = I,

Re = RGY[[z1,...,2,]],
R, = RY[[z1,...,z,,
S = THAOO]L

and let a denote the kernel of the O-algebra homomorphism S,, — O which sends
each X, ;; to 0 and each element of Ao, to 1. Note that S is formally smooth
over O of relative dimension ¢ + 4|S| — 1 and that R, also has relative dimension
q+4|S] — 1 over O.

Now a patching argument as in Section 3.3 shows for some ¢ > [F' : Q], there
exists

e an O-module homomorphism S, — R, and an R..-module M, which is
finite free as an S,,-module,
a filtration by R..-modules

0=M,cMLC---CMy=M_®F

whose graded pieces are finite free Soo /TS00 —modules,

e a surjection of Rg w—algebras Ry /aRy — RFS, and

e an isomorphism of R.,-modules M., /aM,, =+ M which identifies M with
M JaM .

As in Section 3.3, we may and do assume that for i = 1,2,...s, the (R._, Soo)-
bimodule M /M!S and the isomorphism M¢ /(aM? + MISY) = M/M~1 de-
pends only on (U, m, the types 7, for v t p and) the isomorphism class of L;/L;_1
as a Hvlp U,-representation, but not on the choice of types 7, for v|p. We denote

this (R, Seo)-bimodule by M2, where o = L;/L; .

4.4.2. Assume that for v € S, v { p the 7, and the set ¥’ have been chosen such
that Rg‘;w* # 0, and that for v|p we have det 7, = edet p|c,, . We set

1
U, 70,10,
2m HvES ,utp (‘Rﬁ\GFU /ﬂ—)

We need the following variant of Lemma 3.3.9.

1o (P) = €Ro /m (M)

Lemma 4.4.3. We have

(1) The support of M meets every irreducible component of Spec Rg’¢[1/p].

(2) My ®z, Qp is a finite Ry [1/p]-module, which which is locally free of rank
2™ over the formally smooth locus in Spec Roo[1/p].

(3) RF% is a finite O-algebra and M ®z, Q, is a faithful R}S module.

(4)

e(Roo/TRo0) 22 R /n(MZ)

where o; is a global Serre weight with L;/L;_1 — 0;.
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Proof. (1) follows from Lemma 4.3.6.

For (2), note that M., is a finite Ro-module, since it is a finite Sy-module,
and the same argument as in Lemma 3.3.9 shows that M, is locally free over the
formally smooth locus of Spec Roo[1/p]. Thus to show (2), we have to show that any
irreducible component of Z C Spec R[1/p] contains a closed point in the smooth
locus of Spec Ry [1/p] at which M., has rank 2™.

By (1), there exists p € Z in the support of M. We claim that the image of p is in

the smooth locus of Spec R;’w[l/p]. Assuming this, we see that p is in the smooth
locus of Spec Ry [1/p], and in particular M is locally free (of positive rank) at p.
Hence the maps

Roo/aRso[1/p] = REL[L/p] — T (U, O)m[1/p]

become isomorphisms after localising at p. Since M ®Q,, has rank 2™ over T2 (U, O)n[1/p]
it follows that M., has rank 2™ at p.
By the description of Rﬁm‘gv’w’* given in 4.2.6, to show that the image of p is
Fy

in the smooth locus of Spec Rg’w[l/p]7 it suffices to show that if v € S\X, v { p,

and 7, is scalar, then the image of p lies on exactly one irreducible component

of Spec Rgl’:’w[l /p]. Let p, denote the representation of Gps corresponding to
Py

the image of p in Spec R;fg Since p is in the support of M, it corresponds to
an automorphic representation 7w of D>, and 7, is a twist either of an unramified
principal series, or of a Steinberg representation. In the former case, one sees as in
the proof of Lemma 4.3.6 that p,|q,, is the twist of an unramified representation
which satisfies the Ramanujan conjecture. So p is contained in a single component
of Spec R- R T; [1/p], and this component parameterizes potentially unramified rep-
resentatlons When T, 1s a twist of a Steinberg representation, then it follows from
[Car86], Thm A, that the image of p,|7,, is infinite, and again p lies on exactly one
component of Spec}L T”“d’[l/p]

This proves (2) and albo shows that M ®Q, is a finite free R /aRo[1/p]-module
of rank 2™. In particular, the map Ry /aR[1/p] — R;fg[l/p] is an isomorphism,
so M ® Q, is a finite free R;fg[l /p]-module, which proves (3).

Finally, by (2) M is locally free of rank 2™ at the generic points of R.,. By
[Kis09a] Lemma 1.3.4. this implies that e(Roo/m) = 27"eg__ /x(Moo/mTM), and
(4) follows as in the proof of Lemma 3.3.9. O

Proposition 4.4.4. For each global Serre weight o, we have 115 (p) = [1,, o, (Plcr, ),
where 0 = ®,,0,, and the pg, (play, ) are as in Theorem 3.5.5. In particular u, (p)
1S a non-negative integer.

Proof. By Lemma 4.4.3 we have
e(Roo/TRo) =277 Z er.. /(M
i=1

where o; is a global Serre weight with L;/L; 1 — o;. Since

e(Roo/TRoo) = e(RG" /7) = He Ro 0Tt fm) [T e®y 2 /m),

veS,vip
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this yields

H ( plc(;)FTv)w Z“m

v|p
which by Remark 4.2.2 is equivalent to

He( plcOFTv Z,um

vlp
Since the o; are precisely the Jordan-Holder factors of (@), 0L7,) ®o F, we see
that this is equivalent to

,0,7 .
[T /m =5 QLnor (@) (@),
vlp ’ {o}olp vlp

where the sum runs over tuples {, },, of equivalence classes of Serre weights, and
0 = ®,)p0,- By the above construction, these equations hold for all choices of types

7, with det 7, = edet p|y,, .
In fact, we claim that these equations hold for all choices of types 7, with tame
determinant. In order to see this, suppose that for some v, detr, is tame, but

det 7, # edetp|r,, and so det7, # detp|r,, . Then le Oru 0, so it suffices to

prove that . (p) = 0 whenever ng r, (0,) # 0 for all v | p (as then the equation will
collapse to 0 = 0). Equivalently, we must show that MZ = 0 if ng -, (0,) # 0; but
as in Corollary 3.5.3, this is an easy consequence of local-global compatibility and
the assumption that det 7, # Zdet p|;,, , since if MZ # 0 then M7 # 0.

Now, by Lemma 3.5.1(1) and Lemma 3.5.2, we see that the quantities u/ (p) are
uniquely determined by these equations as the 7, run over all types with tame deter-
minant. However, by Corollary 3.5.6 we see that setting i, (p) = [[,, to. (Plcr,)
gives a solution to the equations, so we must have u;(p) = II,, o, (Plcr, ), as
required. (Il

The following corollary is the main result we need to apply our techniques to the
weight part of Serre’s conjecture.

Corollary 4.4.5. With the above notation and assumptions, let 0 = ®,),0, be a
global Serre weight. Then we have Sr» (U, 0)m # 0 if and only if o, € W (pla,,)
for all places v|p.

Proof. By Proposition 4.4.4, we see that o, € WP (p|g,, ) for all places v|p if
and only if ep_/-(MZ) # 0. Since (by the patching construction) MZ is max-
imal Cohen-Macaulay over R /7, we see from Theorem 13.4 of [Mat89] that
er./x(MZ) # 0 if and only if MZ # 0; but MZ # 0 if and only if M7 # 0,
and M = S;» (U, 0)m by definition. O

4.5. Proof of the BDJ conjecture. We are now ready to prove Theorem B,
which amounts to translating Corollary 4.4.5 into the original formulation of the
BDJ conjecture.

4.5.1. Let D and ¢ be as above and, as usual, denote by X the set of finite
places where D is ramified. Let V' = ([, |, GL2(OF,))V? with V¥ a compact open
subgroup of (D ®qA>P)*. We assume that ¢ odet |y is trivial. Let 0 = ®,,0, be
a global Serre weight for D. We assume that o is compatible with v as above, and
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extend o to a representation of V(A3)*. Let 7§ denote the trivial O-representation
of VP. We write S(V,0) = S.»(V,0), and we remind the reader that the definition
of S(V, o) depends on 1.

Let T be a finite set of finite places of F, containing the set of places where
D, P or 1 are ramified and all the places dividing p, and such that (Op)X C V
for v ¢ T. We again denote by m C TT>"V the maximal ideal associated to p,
as above. The Hecke algebra TT"""V acts on S(V,o) and we may consider the
localization S(V, 0)m. Note that S(V, 0)n does not depend on the choice of the set
T satisfying the above conditions. Thus, we may write S(V, o), without making a
choice of T.

Definition 4.5.2. We say that p is modular for D of weight o, if for some V as
above we have S(V, o)y # 0.

Definition 4.5.3. We say that p is compatible with D if for all v € ¥, p|q,, is either
irreducible, or is a twist of an extension of the trivial character by the cyclotomic
character.

Corollary 4.5.4. Let p > 2 be prime, let F be a totally real field, and let p: Gp —
GLy(F,) be a continuous representation. Assume that p is modular, that Plere,
is irreducible, and if p = 5 assume further that the projective image of ﬁ|Gp<<p) 18
not isomorphic to As.

For each place v|p of F with residue field k,, let o, be a Serre weight of GLa(ky).
Then p is modular for D of weight 0 = ®,,0, if and only if p is compatible with
D and o, € WP (p|g,., ) for all v|p.

Proof. Suppose firstly that p is compatible with D and o, € W57 (Play,) for all
v|p. Let S be a set of primes containing all the primes dividing v|p, and all primes
where 7, or D ramify. We take the set ¥/ C S to be empty. Since p is compatible
with D, for each v € ¥, p|ag,, has a lift of discrete series type, as in the proof of
Corollaire 3.2.3 of [BD13|, and we can choose our types 7, for v € S, v { p such that

RSV £ 0,

P\GFU
Choose a compact open subgroup U C (D®gA>)*, and the lattices L., C o(7,)
as in 4.3 above. Let V' = ([],, GL2(OF,))V? C U be a normal subgroup such that

V acts trivially on o(7,) for all v € S, v 1 p, and ¥ o det |y» is trivial. Then
(4.5.5) Spo(U,0)m = Sy (V,0)%V = (S(V,0)m ®0 Lys)/V.

Since o, € WBT(p|g,., ) for all v|p, we have S;»(U,0)m # 0 by Corollary 4.4.5, and
S(V,0)m # 0, as required.

Conversely, suppose that S(V,0)m # 0 for some V. Let S be a set of primes
containing the primes v|p, the primes where 5, or D ramify, and the primes v such
that (Op)) is not contained in V. Let S? = {v € S : v { p}. Write V5" = [Togse Vo,
and set

Y = lim S(Wso V5", 0)m @5
Wsp
where Wg» runs over compact open subgroups of [[,cg, Vo. Then Y is naturally
a smooth F,-representation of the group D3, = [I,cser D- Note that Y # 0 as
S(V,0)m # 0. Let # C Y be an irreducible subrepresentation. Then T = Qycgr Ty
where each 7, is an irreducible, admissible, smooth representation of D;S. Let ¥’ C
SP be the subset where D is unramified at v and 7, is finite dimensional.
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We now define the (Op)J-representations L, , for v € SP, used in the definition
of our spaces of modular forms. If either 7, is infinite dimensional or D is ramified
at v, then we take 7, and L., to be the type and (Op);-representation produced
by applying Lemmas 4.1.1 and 4.1.3 respectively to the representation m,. If D is
unramified at v, and 7, is finite dimensional then, by [Vig89b] Thm. 1.1, 7, has
the form x, o det, where x, : F,* — IF“; is a continuous character. Since Y, has

finite image, we may lift Y,|,x to a character x, : OF — Z;. We take 7, the
F”L) v

2-dimensional scalar representation given by x,, o Art}vl, and L., = O with (Op)J
acting via x; ! o det. Since Y has central character 1, so does 7 and each 7, for
v € SP. Thus det 7, reduces to ¥ mod p. Since p # 2, after replacing each 7, by a
twist by a character which has trivial reduction, we may assume that det 7, = ¥|r,,
for v € SP. We take X' C S? to be the set of primes where D is unramified and 7,
is finite dimensional.

@]
Set ODg,, = Jl,e5-(Op); . By construction, (Y ® L»)

Psr £ 0. Hence there is
an open normal subgroup We» C ODg,,v such that (S(Wg» VS, U)m®L7-p)OD§p # 0.
Let U =[], U, be as in 4.3, so in particular U, C (Op), . By what we just saw,
there exists an normal open subgroup W = (][, GL2(Op,))W? C U such that
W acts trivially on o(7,) for v € SP\Y/, 7, 0 Artp, is trivial on W if v € ¥, and
Yodet |y» is trivial, and such that (S(W, 0)m @ Ly»)Y/W 0. Then Sp» (U, 0)m # 0
by (4.5.5), applied with W in place of V. This implies that o, € W5 (p|q,. ) for
all v|p, by Corollary 4.4.5.

It remains to see that p is compatible with D. Choose a representation of
Hv‘ »(Op) on a finite free O-module 6 such that o is a Jordan-Hélder factor of
0 ®o F. Then S:»(U,0)m # 0 implies S;» (U, 6)n # 0. This implies that for v € %,
plar, has a lift of discrete series type, and hence that p is compatible with D, as
in the proof of Corollaire 3.2.3 of [BD13]. O

Remark 4.5.6. The above arguments strongly suggest that there should be ver-
sions of the Breuil-Mézard conjecture for quaternion algebras, and also for mod [
representations of the absolute Galois groups of p-adic fields, with [ # p. The first
problem is considered in [GG13], and the second problem in [Shol3].

Following [BDJ10] we say that p is modular of weight o if there exists a quater-
nion algebra D over F' which is indefinite at a single prime vg|oo and split at all
primes dividing p, and such that p is modular for D of weight o. (In the definition
of [BDJ10] the prime v is fixed. However, it follows from the Jacquet-Langlands
correspondence that the condition does not in fact depend on the choice of vp). As
a consequence of Corollary 4.5.4 we have the following result on the BDJ conjecture
as formulated in [BDJ10] Conj. 3.14.

Corollary 4.5.7. (Theorem B) Let p, F,p and o be as in 4.5.4. Then p is modular
of weight o if and only if o, € WBT(plq,. ) for all v|p.

Proof. The “only if”’ direction follows immediately from Corollary 4.5.4, which also
implies the converse once we show that there is a D indefinite at a single prime
vp|oo and split at all primes dividing p such that 7 is compatible with D. For this,
we may take D to be a quaternion algebra ramified at one infinite prime, and at
one finite prime v, such that p(Frob,) =1 and N(v) = 1 modulo p. O
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APPENDIX A. REALISING LOCAL REPRESENTATIONS GLOBALLY

In this appendix we realise local representations globally, using the potential
automorphy techniques of [BLGGT14a] and [Call2]. We will freely use the notation
and terminology of [BLGGT14a], in particular the notions of RACSDC, RAESDC
and RAECSDC automorphic representations 7 of GL,(Ap+) and GL,(Ar), and
the associated p-adic Galois representations 7, ,(7), which are defined in Section
2.1 of [BLGGT14a].

Proposition A.1. Let K/Q, be a finite extension, and let 7 : Gx — GLo(F,) be
a continuous representation. Then there is a totally real field LT and a continuous
irreducible representation 7 : Gp+ — GLo(Fp) such that

o for each place v|p of L, L} 2 K and 7|+ =7k,

e for each finite place v{p of LT, f|GL+ is unramified,

e for each place v|oo of LT, det 7(c,) = —1, where ¢, is a complex conjugation
at v, and

o there is a non-trivial finite extension F/F, such that 7(Gp+) = GLo(F).

Proof. Choose a non-trivial finite extension F/F, such that 7x (G k) C GLo(F). We
apply Proposition 3.2 of [Call2] where, in the notation of that result,

e G = GLy(F),

e we let F' = E be any totally real field with the property that if v|p is a

place of E, then F, = K,

o if v|p, we let D, = Fx(Gk),

e if v|oo, we let ¢, be the nontrivial conjugacy class of order 2 in GLo(F).
This produces a representation 7 which satisfies all the required properties, except
possibly for the requirement that 7 be unramified outside p, which may be arranged
by a further (solvable, if one wishes) base change. (Note that while this is not stated
there, the commutative diagram in of Proposition 3.2(4) of [Call2] is the obvious
one, where the top arrow is the natural inclusion.) [l

We remark that the reason that we have assumed that F # IF,, is that we wish to
apply Proposition A.2.1 of [BLGG13b] to conclude that #(G+) is adequate. We
have the following now-standard potential modularity result.

Theorem A.2. Let LT be a totally real field, let M/L™ be a finite extension, and
let p > 2 be a prime. Let p: Gp+ — GLa(F,) be an irreducible continuous totally
odd representation. Then there exists a finite totally real Galois extension FT /LT
such that
e the primes of L™ above p split completely in FT,
o Ft is linearly disjoint from M over LY, and
o there is a weight 0 RAESDC (regular, algebraic, essentially self-dual, cuspi-
dal) automorphic representation m of GLa(Ap+) such that 7, ,(7) = pla, , ,
and 7 has level potentially prime to p.

Proof. This is a special case of Proposition 8.2.1 of [Sno09], once one knows that
for each place v|p, E\GL . admits a potentially Barsotti-Tate lift. (Such a lift will be
of type A or B in the terminology of [Sno09].) If ﬁ|GL+ is irreducible, this is proved

in the course of the proof of Proposition 7.8.1 of [Snon], and if it is reducible then
it is an immediate consequence of Lemma 6.1.6 of [BLGG12]. g
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Combining Proposition A.1 and Theorem A.2, we obtain the following result.

Corollary A.3. Let p > 2 be prime, let K/Q, be a finite extension, and let Tk :
Gk — GL3(F,) be a continuous representation. Then there is a totally real field
F* and a RAESDC automorphic representation © of GLa(Ap+) such that 7, ()
is absolutely irreducible, and:

e for each place vlp of FT, F.f 2 K and T_p7Z(Tl')|F;r >~ Fp,

e for each finite place v{p of FT, FW(W)|GF+ s unramified,

e 7 has level potentially prime to p, and ’

o there is a non-trivial finite extension F/F,, such that 7, ,(7)(Gp+) = GLo(F).

Proof. This follows at once by applying Theorem A.2 to the representation ©* pro-
vided by Proposition A.1, taking the auxiliary field M to be (L)*e"T. O

Theorem A.4. Suppose that p > 2, that K/Q, is a finite extension, and let
T : Gk — GLo(F,) be a continuous representation. Then there is an imaginary
CM field F with mazimal totally real subfield F* and a RACSDC automorphic
representation m of GLo(Ar) such that 7y ,(7) is absolutely irreducible, and:

e cach place v|p of F* splits in F,

e for each place v|p of F*, F,f 2 K,

e for each place v|p of F*, there is a place v of F lying over v such that
Tpa(T)|Gp, is isomorphic to an unramified twist of Tr,
Tpo(m) is unramified outside of the places dividing p,
G & F,
Tp(T)(GR(c,)) is adequate, and
the projective image of T is mot isomorphic to Ay.

Proof. Let m be the RAESDC automorphic representation of GLo(Ap+) provided
by Corollary A.3. Choose a totally imaginary quadratic extension F/FT which is
linearly disjoint from (F)ke*7»+(7)((,) over F and in which all places of F* lying
over p split. For each place v|p of F'T, choose a place ¥ of F' lying over v. Choose a

finite order character 0 : Gp — @; such that for each place v|p of F¥, 0|g,. =1,
and 0|q, . = edet rw(w)|GF .- (The existence of such a character is guaranteed

by Lemma 4.1.1 of [CHTOS].ﬁ Let 0p+ denote 6 composed with the transfer map
G — G, so that Op+|¢, = 66°.
Choose a finite order character ¢ : Gp — @; such that

Y = e (Op+ (detrp, () ™)l

and such that each ¥|q,. is unramified. (The existence of such a character follows
by applying Lemma 4.1.5 of [CHT08] to e~ (0¢,, det (7)) "|q,, choosing the
integers m, of loc. cit. to be 0. Note that by virtue of the choice of § above, the
character e~ (0p+ (detrp ,(m))~1)|G, is crystalline at all places of F' dividing p.)

Then the representation r := rp,(7)|c, ® 0! satisfies r® = rVe™!, so by
base change there is a RACSDC automorphic representation of GLa(Af) satisfying
all the required properties, except possibly the property that 7, ,(7) is unramified
outside of p, which may be arranged by a further solvable base change. (Note that
the claims that 7, ,(7)(Gp(c,)) is adequate and that the projective image of 7 is
not isomorphic to A4 are an immediate consequence of Proposition 3.3.2 and the
fact that 7, ,(7)(GFr) = GL2(F) for some non-trivial extension F/F,.) O
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Corollary A.5. Suppose that p > 2, that K/Q, is a finite extension, and let
g : Gg — GLQ(E,) be a continuous representation. Then there is an imaginary
CM field F and a continuous irreducible representation ¥ : G — GLa(F,) such
that

e cach place vlp of Ft splits in F, and has F,f 2 K,

e for each place v|p of F*, there is a place ¥ of F lying over FT with F|GF5
isomorphic to an unramified twist of Tk,
[FT: Q] is even,
F/F* is unramified at all finite places,
G ¢ P,
7 is unramified outside of p,
7 is automorphic in the sense of Section 2.2,
7(Gr(,)) is adequate, and
the projective image of T is mot isomorphic to Ay.

Proof. This follows immediately from Theorem A.4 and the theory of base change
between GLg and unitary groups, cf. section 2 of [BLGG13b] (note that we can
make a finite solvable base change to ensure that [F* : Q] is even and F/FT is
unramified at all finite places without affecting the other conditions). |

APPENDIX B. ERRATA FOR [Kis09a]

In this appendix we give some errata for [Kis09a]. We are very grateful to Kevin
Buzzard, Wansu Kim, Vytautas Paskunas, and Fabian Sander for pointing these
out. Unless otherwise mentioned all references are to [Kis09a|, and we freely use
the notation of that paper.

B.1. In (1.1.6), the multiplicity fin,m(p) when 5 ~ (/¢ ;| ) ®w™ (that is n = p—2
and A = ) is not correctly defined in some cases. Namely, this multiplicity is
defined to be 1 if (the class of) * is non-trivial. If « is trivial, the multiplicity is not
defined explicitly, but there is a speculation that it is 2. The actual multiplicities
have been computed by Fabian Sander [Sanl2], and are 1 when * is non-trivial
and ramified, 2 when * is non-trivial and unramified, and 4 when x* is trivial. For
the purposes of correcting the argument in [Kis09a|, tin m(p) should be defined
implicitly whenever n = p—2 and A = ), as was done in the case when x is trivial.

The mistake in the argument occurs in the last paragraph of (1.7.5), where it is
claimed that “we have just seen that (1.7.6) is a closed immersion”. The argument
only shows that (1.7.6) is a homeomorphism onto its image, which is an isomorphism
over generic points, but it can have some non-reduced fibres.

To correct this the last claim in the statement of (1.7.5), regarding the formal
smoothness of R°* should be deleted, and in the statement of (1.7.14) “unless

D~ (”0* #2/ ) ® w™” should be replaced by “unless p ~ (‘¢" -, ) ® w™ and either

the class of * is trivial, or A = X’.” This change has no effect on any of the arguments
which follow and, in particular, does not effect the statement of the main theorems.

B.2. In the definition of the functor in Lemma (1.7.4) add the condition that Gq,
actson L4 ®4 F via wy.

B.3. In (2.2) add the condition that N(v) # —1(p) for v € X. Otherwise the
character v, in (2.2.10) may fail to be unique. In the applications one can reduce
to this case by base change, and even assume that N(v) = 1(p) for v € X.
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B.4. The proof of Proposition (2.2.15) implicitly uses that for v € X, the rings
RE”’Z’ /7 are irreducible, and generically reduced. The proof of this is practically
identical to the proof of Lemma (1.7.5), using the formal smoothness proved in
Lemma 2.6.3 of [Kis09b], and the fact that the representation at a generic point of
Spec R /7 cannot be scalar.

B.5. Lemma (2.2.1) is not correct; there are some p with small image which provide

counterexamples. The mistake is in the first line of the second paragraph of the
proof, where it is asserted that if ¢’ satisfies (2.2.2) then so does gg’. Replacing g
by gg’ does not change the left hand side of (2.2.2), but may change the right hand
side.

This lemma is used to show that the conditions imposed on the compact open
subgroup U =[], U, and the set of primes where U, is not maximal compact, can
be satisfied in the application to the main theorem (2.2.18). More precisely, the
conditions are (2.1.2): that

(UAL)Y ntD*t= 1)/ F* = 1.

for allt € (D ®p A?)X, and (2.2)(4): that if U, is not maximal compact then 1 —

N(v) € F*, and that the ratio of the eigenvalues p(Frob, ) is not in {1, N(v), N(v)~1}.
We explain two ways to correct this, one which works when p > 3, and one which

works in general:

If p > 3, one can require in all of §2 that p split completely in F' (which is in any
case assumed after (2.2.10) and in the main theorem), drop the condition (2.1.2),
and require that U, is maximal compact for all v (so that (2.2)(4) is vacuous).
Indeed (2.1.2) is needed only to show in (2.1.4) that Sy (Ua, A)m is a free A[A]-
module. The proof given there works provided that the finite group (U (A};)X N
tD*t~1)/F* has prime to p order. But this condition can fail only if F((,) is a
quadratic extension of F, which implies p = 3, since p splits completely in F.

To correct the argument for any p, maintain the condition (2.1.2), but require in
(2.2)(4) only that 1 — N(v) € F*, and that the ratio of the eigenvalues p(Frob,) is
not N (v)*!, which is the usual condition, for which the existence of v is guaranteed
by [DDT97], Lemma 4.11. Let R C S\X, be the set of primes such that the
eigenvalues of p(Frob,) are equal. Then S, (U, 0) ®z, Qp is a Ty 4 (U)u[l/p]-
module of rank 2/%. 4 We now explain the modifications necessary to the proof
which involve, as in the present paper, keeping track of some factors of 2/,

Replace Lemma (2.2.11) with

Lemma B.5.1. Let p € Spec Ry be a prime in the support of M,. Then
dimy(p) Mo @5, K(p) = 2!,

with equality if p is a minimal prime of Reo. Moreover, the following conditions are
equivalent.

(1) My is a faithful Ro-module

(2) M is a faithful Ro.-module of rank 2l 7l at all generic points of Reo.

(3) €(Roo/mTRog) = 2717le(Moo /T Moo, Roo /T Roo).

(4) e(Roo/mRoo) < 27 1Ble(Mu /T Moo, Roo /T Ros).

4A1ternatively, we could, as in the present paper, omit the operators Ur,,, w € S\X, from the
definition of Ty ¢ (U)m in (2.1.5), in which case the rank would be 218l with R = S\Zp.
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If these conditions hold, and p : Gpg — GL2(O) is a deformation of p such that for
v € Xy, plz, is an extension of v, by (1) if v 1 p, and plg,, is potentially semi-
stable of type (k,T,,%) if v|p, then p is modular, and arises from an eigenform in
Sg’w(U, O) ®(9 E.

Proof. Let O[Ax] = O[y1,- .., Yn+;], as in the proof of Lemma (2.2.11). Since M
is finite flat over O[A], its support in Spec R, is a union of irreducible compo-
nents, and any such irreducible component Z C Spec R, surjects onto Spec O[A,].

To prove the first statement, it suffices to prove it in the case of minimal of the
support of M., which follows once we show that M. is free of rank 2/ over the
smooth locus of any Z as above. The argument for this is analogous to that in the
Lemma 4.4.3 of the present paper: It suffices to show that a prime p € Z which
maps to (yi,...,Yn+;) in Spec O[AL] is a smooth point of Z, or equivalently that
p maps to a smooth point of Spec RY¥[1/p] for each v|p.

Let WD(pp|c, ) denote the Weil-Deligne representation attached to py|ay, , and
let 7 be the automorphic representation of D* corresponding to p. If 7, is a twist
of an unramified principal series then WD(p,|c;, ) is a twist of a pure, unramified
representation by [Bla06] and [KM74] °. If 7, is a twist of a Steinberg representa-
tion, then WD(pp|a,,, ) satisfies the Monodromy-Weight conjecture by [Sai09]. The
description of the rings RE” in the appendix of [Kis09a] shows that this implies p
maps to a smooth point of Spec RS [1/p].

Now (1)-(4) and the final claim follow as in the proof of (2.2.11). O

Replace Lemma (2.2.15) with

Lemma B.5.2. The Ro.-module M /MI' is non-zero if and only if for each v|p
we have fin, , m,,(Plar,) # 0. Suppose this condition holds. Then for any prime
p € Spec Roo /TR in the support of M: /M!S, we have

dim,, ) ML /M ®@p_ k(p) > 2!7.

Moreover, if for each v|p we have plg,, ~ (wox ;) for any character x : Gp, — F*,
then

2_|R|€(Méc/M;17 ROO/WROO) 2> ex H Honi oymi (/leF,U) = €3,
v|p
where
ey = H e(RSY /RO,
VEX

Proof. The first claim is proved in Lemma (2.2.15), which also proves the support
of M /M!;!is all of Spec R!_. The third claim follows from the second, just as in
the proof of Lemma (2.2.15).

To prove the second claim, we remark that by [Geella] §4.6, there is a smooth, ir-
reducible E-representation (as always extending £ if necessary) ¢; of [, GL2(r(v))

such that o; is a Jordan-Hélder factor of the reduction of &, and S, (U, O)m @F =

5patrick Allen has pointed out that the smoothness in this case may be deduced from the fact
that = and hence 7, has a Whittaker model, without using the Ramanujan conjecture.
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S (U, O) (see Lemma 4.6.3 and cf. the proof of 4.6.5, 4.6.6 of loc. cit) © . Now
the second claim follows by applying Lemma B.5.1 with o = &;. (]

Finally, in the proofs of Corollary (2.2.17) and Lemma (2.3.1) all the expres-
sions (Moo /TMoo, Roo /TRoo) and e(M: /mM! , Ry /mRs) should be multiplied

by 2~ 171,
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