SERRE WEIGHTS FOR RANK TWO UNITARY GROUPS.

THOMAS BARNET-LAMB, TOBY GEE, AND DAVID GERAGHTY

ABSTRACT. We study the weight part of (a generalisation of) Serre’s conjecture
for mod [ Galois representations associated to automorphic representations on
rank two unitary groups for odd primes I. We propose a conjectural set of
Serre weights, agreeing with all conjectures in the literature, and under a mild
assumption on the image of the mod ! Galois representation we are able to
show that any modular representation is modular of each conjectured weight.
We make no assumptions on the ramification or inertial degrees of I. Our main
innovations are the use of outer forms of GL2 to avoid the parity difficulties
with inner forms, and the use of the lifting techniques and “change of weight”

results introduced in [BLGGII], and [BLGGTIO].
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1. INTRODUCTION.

1.1.  Serre’s conjecture ([Ser87]), now a theorem of Khare~Wintenberger and Kisin,
predicts that certain mod [ Galois representations are modular, in the sense that
they arise from modular forms. There is a folklore generalisation of this conjecture
to Hilbert modular forms (see e.g. the introduction to [BDJ10]), which appears to
be beyond reach at present. However, in recent years there has been considerable
progress on proving generalisations of the weight part of Serre’s conjecture for mod
l representations corresponding to automorphic representations of GLg; that is,
of determining the possible weights of automorphic forms giving rise to a Galois
representation which is assumed to be modular.

Such a generalisation was initially formulated in [BDJI0], for Hilbert modular
forms over a totally real field ' in which [ is unramified, and was largely proved in
[Geel1D]. A generalisation of the conjecture of for tamely ramified Galois
representations was proposed in [Sch08], and in the case that [ is totally ramified
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in F'* this conjecture was mostly proved in [GS]. In his University of Arizona PhD
thesis, Ryan Smith used essentially the same argument to prove some cases when
the inertial and ramification indexes are both two.

While these results represent a considerable advance on our understanding of
2-dimensional mod ! Galois representations, they are limited in several respects.
Firstly, it seems to be hopeless to expect to be able to push the methods of proof to
work over a general totally real field. This is not merely aesthetically unsatisfactory;
it also limits the applicability of the results, for example limiting the options of
combining them with base change techniques, or of applying them to generalisations
of the arguments of Khare and Wintenberger which proved Serre’s conjecture over
Q. Secondly, the techniques of [Geellb] do not allow one to prove results for
all weights, but only for weights which are sufficiently regular; in applications,
for example to modularity lifting theorems and the Breuil-Mezard conjecture (cf.
[Kis10]), one often needs a result for all weights. Finally, the methods employed in
these earlier papers entail some exceedingly unpleasant combinatorial and p-adic
Hodge theoretic calculations.

In the present paper we resolve most of these difficulties, proving a very general
theorem about the weight part of Serre’s conjecture for rank two unitary groups.
These groups are outer forms of GLy over totally real fields, as opposed to the inner
forms studied in the papers discussed above. We choose to use these groups for two
reasons. Firstly, we have developed a considerable body of material on automor-
phy lifting theorems for these groups in our recent work ([BLGG11], [BLGGI2],
[BLGGT1Q]). Secondly, the relationship between the weights of mod | Galois rep-
resentations and [-adic Galois representations is simpler than for the inner forms,
because there is no obstruction coming from the units in the totally real field (this
can already be seen for GLji: one has considerably more flexibility to choose the
weights of an algebraic character over an imaginary CM field than over a totally
real field).

Our main theorem is as follows (see Theorem . Given a modular represen-
tation 7, we define a set of Serre weights We*Plicit(7) which is the set of predicted
weights for 7 from the papers [BDJ10], [Sch08] and [EGHSI13].

Theorem A. Let F be an imaginary CM field with mazimal totally real subfield
F*. Assume that F does not contain a primitive l-th root of unity ¢, that F/F* is
unramified at all finite places, that every place of FT dividing | splits completely in
F, and that [F* : Q] is even. Suppose that | > 2, and that 7 : Gp — GLa(F)) is an
irreducible modular representation with split ramification. Assume that 7(Gr(c,))
is adequate.

Let a be a Serre weight. Assume that a € WPt (F) - Then 7 is modular of
weight a.

(See Sections [2] and |4 for any unfamiliar terminology.) Note in particular that
if I > 7, the hypothesis that 7(Gp(,)) is adequate may be replaced by the usual
Taylor-Wiles assumption that 7|q . ¢ 1s irreducible.

Our approach is related to that of [Geellb], in that we prove that a mod [ Galois
representation is modular of a given weight by producing [l-adic lifts with certain
properties. In [Geellb] we were forced to work with potentially Barsotti-Tate lifts,
due to our dependence on the modularity lifting theorems proved in [Kis09] and
[Gee06]. This led to much of the combinatorial difficulties mentioned above, which
in turn limited us to working over a totally real field in which [ is unramified.
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Thanks to the techniques developed in our previous papers, and in particular the
lifting theorems proved in [BLGGTIO0], in the present paper we are able to produce
lifts of arbitrary weight. This, and our use of outer forms of GLy rather than inner
forms, completely removes the combinatorial difficulties, as we now explain.

Let F be an imaginary CM field with maximal totally real subfield F'*. Assume
that F'/F7 is unramified at all finite places and split at all places lying over I, and
that [F* : Q] is even. In section [2| below we define a certain rank two unitary
group G over F'T, which is compact at all infinite places and quasisplit at all finite
places, and split over F'. It is thus split at all places dividing [, so there is a natural
notion of a Serre weight a, which is an irreducible representation of the product
of the GLy(k,), where v runs over the places of F' dividing I. We have a notion
of an irreducible mod I Galois representation 7 : Gz — GLy(FF;) being modular of
some Serre weight, in terms of algebraic modular forms on G. An elementary, but
extremely useful, fact is that any Serre weight a can be lifted to a characteristic 0
weight A (that is, to an irreducible algebraic representation of GL2(Op+ ;)). Since
G is compact, it is easy to check that 7 being modular of weight a is equivalent to 7
having a lift which corresponds to an automorphic representation of weight A and
level prime to I, and by the theory of base change this is equivalent to 7 having a lift
which corresponds to a conjugate-self dual automorphic representation of GL2(Ar)
of weight A and level prime to . It is key here that we are working with outer forms
of GLy; if we were using Hilbert modular forms over F'*, the usual parity issues
would intervene. We remark that the results of this paper have subsequently been
used, in combination with the results of [GLS12al, to prove the Buzzard—Diamond—
Jarvis conjecture for inner forms of GLo ([GK12],|[New]).

The weight part of Serre’s conjecture thus reduces to a question about the exis-
tence of automorphic lifts of 7 with specific local properties; the condition that the
corresponding automorphic representation has weight A and level prime to [ trans-
lates to the condition that the Galois representation be crystalline with Hodge—Tate
weights determined by A. This gives an obvious necessary condition for 7 to be
modular of weight a: for each place v|l of F, 7|g, must have a crystalline lift of
the appropriate Hodge—Tate weights. Following [Geella)], we conjecture that this
condition is also sufficient.

Our main result in this direction, which we prove via the “change of weight”
techniques of [BLGGTTI0], is that subject to mild hypotheses on the image 7(Gr),
if 7 is assumed to be modular and if for each place v|l of F, 7|, has a potentially
diagonalizable crystalline lift of the appropriate Hodge—Tate weights, then 7 is
modular of weight a. We refer the reader to section [3] for the definition of the term
“potentially diagonalizable”, which was introduced in [BLGGT10]. This result is a
straightforward consequence of the above discussion and the results of [BLGGTT0],
together with the results of [Kis09] and [Gee06] (which show that 7 necessarily has
some automorphic lift which is potentially diagonalizable).

Since we do not know if every crystalline representation is potentially diagonal-
izable, it is not immediately clear how useful the above result is. Accordingly, we
examine the explicit conjectures made in [BDJI0], [Sch08] and [EGHST3], and note
that in (almost) every case, whenever the conjectures made in those papers sug-
gest that 7 should be modular of weight a, we can find potentially diagonalizable
crystalline lifts of the correct Hodge—Tate weights. Indeed, we can find potentially
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diagonalizable lifts of a particularly simple kind: they are either an extension of
two characters, or are induced from a character.

Accordingly, we have reduced the weight part of Serre’s conjecture in this setting
to a purely local question, of determining whether if a mod [ Galois representation
has a crystalline lift with specified Hodge-Tate weights (constrained to lie in a
particular range), it has one which is furthermore potentially diagonalizable. We
strongly suspect that this question has an affirmative answer. In the 2-dimensional
cases at hand, this is presumably accessible via a brute force calculation in integral
p-adic Hodge theory. We do, however, completely determine the list of weights
when the absolute ramification index of each prime v of F' dividing [ is at least
I, and for each such v the representation 7|g,, is semisimple. Note that one can
always reduce to this case by base change, which may make this result particularly
valuable in applications.

We remark that some of the above discussion carries over to rank n unitary
groups for arbitrary n. However, there are several difficulties with obtaining results
as strong as those obtained here. Firstly, the correspondence between weights
in characteristic 0 and characteristic { is less simple: there are irreducible F;-
representations of GL,,(F;) which do not lift to irreducible Q;-representations. Sec-
ondly, we do not know that every modular 7 has an automorphic lift which is
potentially diagonalizable. Nonetheless, our methods give non-trivial results for
general n, which we will explain in a subsequent paper.

We now explain the structure of this paper. In section 2] we define the unitary
groups that we use, and recall some basic facts about the automorphic represen-
tations and Galois representations that we use. In section [3] we deduce the main
lifting theorem that we need from the results of [BLGGTI0]. In section 4| we ex-
plain the explicit Serre weight conjectures in the literature, and write down various
explicit potentially diagonalizable representations. In Section 5] we deduce our main
explicit theorems. Finally, in Appendix [A] we discuss the adequate subgroups of
GLy(F;) for I = 3 and | = 5, and we improve on a result of [BLGGTI0]; this allows
us to treat the cases [ = 3, 5 in this paper, whereas a direct appeal to the results of
[BLGGTI0] would force us to assume that I > 7. The results proved in the appen-
dix are used in the proof of Theorem which in turn is an input to Theorem
[41.9] which in turn is applied to prove Theorem [A]

We would like to thank Florian Herzig for his helpful comments on an earlier
draft of this paper, and the anonymous referee for several helpful corrections and
suggestions for improvements. We would also like to thank Robert Guralnick and
Florian Herzig for pointing an error in an earlier version of Appendix [A]

1.2. Notation and conventions. If M is a field, we let GGj; denote its absolute
Galois group. We write all matrix transposes on the left; so ‘A is the transpose of
A. Let ¢; denote the [-adic cyclotomic character, and € or w; the mod [ cyclotomic
character. If M is a finite extension of Q, for some prime p, we write Ip; for
the inertia subgroup of G ;. If M and K are algebraic extensions of QQ,, then all
homomorphisms M — K are assumed to be continuous for the p-adic topology. If
R is a local ring we write mg for the maximal ideal of R.

If K is a finite extension of Q,,, we will let rec be the local Langlands correspon-
dence of [HTO01], so that if 7 is an irreducible admissible complex representation of
GL,(K), then reck () is a Weil-Deligne representation of the Weil group Wy. We
will write rec for recgx when the choice of K is clear. We write Art i : K* — Wy
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for the isomorphism of local class field theory, normalised so that uniformisers corre-
spond to geometric Frobenius elements. If (V,r, N) is a Weil-Deligne representation
of Wi over some algebraically closed field of characteristic zero, then we define its
Frobenius semisimplification (V,r, N)¥' =% (resp. its semisimplification (V,r, N)*)
as in section 1 of [TY07].

Let W be a continuous finite-dimensional representation of Gz over Q, for some
prime [. If p = [, assume that W is de Rham. Then we denote by WD(WW') the Weil-
Deligne representation associated to W. Assume now that p = 1. If 7: K < Q, is
a continuous embedding, then by definition the multiset HT, (1) of Hodge—Tate

weights of W with respect to 7 contains i with multiplicity dimg (W @ x K (i))9%.
Thus for example HT,(¢;) = {—1}.

We will let (; denote a primitive I-th root of unity. If F' is an imaginary CM field
with maximal totally real subfield F', we will write ¢ for the nontrivial element of
Gal (F/F™T), which is given by complex conjugation.

2. DEFINITIONS

2.1. Let [ > 2 be a prime, and let F' be an imaginary CM field with maximal
totally real field subfield F*. We assume throughout this paper that:

e [/F* is unramified at all finite places.

e Every place v|l of F* splits in F.

o [FT:Q) is even.
Under these hypotheses, there is a reductive algebraic group G/F* with the fol-
lowing properties:

e G is an outer form of GLa, with G, = GLyp.

e If v is a finite place of F'T, G is quasi-split at v.

e If v is an infinite place of F*| then G(F,}) = Uy(R).
To see that such a group exists, one may argue as follows. Let B denote the matrix
algebra Ms(F). An involution i of the second kind on B gives a reductive group
Gy over F't by setting

Gi(R)={g€ B®p+ R:g'g=1}

for any F'*-algebra R. Any such Giis an outer form of GLy, with Gi/r = GLy/p.
One can choose } such that

e If v is a finite place of F'*, Gy is quasi-split at v.

e If v is an infinite place of F'T, then G;(F,") = Us(R).
To see this, one uses the argument of Lemma 1.7.1 of [HTOI]; it is here that we
require the hypotheses that F//FT is unramified at all finite places, and that [F'T :
Q] is even. We then fix some choice of | as above, and take G = G;.

As in section 3.3 of [CHT08] we define a model for G over Op+ in the following

way. We choose an order Op in B such that O% = Op, and Op,, is a maximal

order in B,, for all places w of F which are split over F'* (see section 3.3 of [CHT0S]
for a proof that such an order exists). Then we can define G over Op+ by setting

G(R)={9€ Op®o,, R:g'g=1}

for any Op+-algebra R.
If v is a place of F™ which splits as ww® over F', then we choose an isomorphism

Lo : Opw — Ma(Op,) = Ma(OF,) @ Ma(OF,.)

w
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such that v, (x%) = 1, (2)¢. This gives rise to an isomorphism
Ly - G(OFJ') ;> GLQ(OFW)

sending ¢, 1 (2, '27¢) to .

Let K be an algebraic extension of Q; in Q; which contains the image of every
embedding F < Q,, let O denote the ring of integers of K, and let k denote the
residue field of K. Let S; denote the set of places of F* lying over [, and for each
v € S, fix a place ¥ of F lying over v. Let S; denote the set of places ¢ for v € 5.

Let W be an O-module with an action of G(Op+ ), and let U C G(A%,) be a
compact open subgroup with the property that for each v € U, if u; denotes the
projection of u to G(F;"), then u; € G((’)Fl+). Let S(U,W) denote the space of

algebraic modular forms on G of level U and weight W i.e. the space of functions
[ GFON\GAR) =W
with f(gu) = u; ' f(g) for all u € U.

Let I, denote the set of embeddings F' — K giving rise to a place in S,. For
any v € §l, let .75 denote the set of elements of I, lying over v. We can naturally
identify I with Hom (Fj,Q;). Let Z? denote the set of pairs (A1, A2) of integers
with A1 > Ag. If Q is an algebraically closed field of characteristic 0 we write

(Zi)gom () for the subset of elements A € (22 )Hem () guch that

)\T,l + )\Toc,2 =0

for all 7. Note that we can identify (Zi)gom Q) ity (Zi)fl in a natural fashion.

If X is an element of (Zi)fl (resp. (22 ) (FQ)) and w € S (resp. wll) is a place of
F, we define \,, € (Z2)Hom (Fo.K) 6 be (\,), with o running over all embeddings
F — K inducing w. B

If wl is a place of F' and \ € (Z2)Hom (Fu.Q) et Wy be the free O-module with
an action of GLy(OpF, ) given by

Wy=® ) det A2 @ Sym*ra A 0%, ®op, .~ 0.

T€Hom (F,

If v = w|p+, we give this an action of G(Op+ ,) via . If X € (Zi)fl, we let W)
be the free O-module with an action of G(Op+ ;) given by

WA = ®17E§[ W>‘27 .

If A is an O-module we let
S\(U,A) := S(U W) R0 A).

For any compact open subgroup U as above of G(A3, ) we may write G(A, ) =
[1; G(F*)t,U for some finite set {t;};c;. Then there is an isomorphism

S(U, W) = @ WU GEDL

given by f — (f(t;))icr- We say that U is sufficiently small if for some finite place
v of F* the projection of U to G(F,}') contains no element of finite order other than
the identity. Suppose that U is sufficiently small. Then for each i as above we have
Unt; 'G(F+)t; = {1}, so taking W = Wy ®0 A we see that for any O-algebra A,
we have

S)\(Ua A) = S)\(Uv O) ®o A.
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We note when U is not sufficiently small, we still have Sy (U, 4) = S\(U,0) ®p A
whenever A is O-flat.

We now recall the relationship between our spaces of algebraic modular forms
and the space of automorphic forms on G. Write Sy (Q;) for the direct limit of the
spaces S (U, Q;) over compact open subgroups U as above (with the transition maps
being the obvious inclusions Sy (U, Q;) C Sx(V,Q,;) whenever V' C U). Concretely,
S,(Q,) is the set of functions

frGEINGAF) » Wi @0 Q
such that there is a compact open subgroup U of G(A;i’l) x G(Op+ ;) with

Flgu) =" f(g)
for all u € U, g € G(AY,). This space has a natural left action of G(A,) via
(g- f)(h) := guf (hg).
Fix an isomorphism ¢ : Q, — C. For each embedding 7 : F'* — R, there

is a unique embedding 7 : F' < C extending 7 such that TIF € fl Let o,y
denote the representation of G(F) given by Wy ®0 Q; ®g,,, C, with an element

g € G(FY) acting via ®,7(¢7(g)). Let A denote the space of automorphic forms
on G(FT)\G(Ap+). From the proof of Proposition 3.3.2 of [CHTOS]|, one easily
obtains the following.

Lemma 2.1.1. There is an isomorphism of G(A$, )-modules
19,(Q) — HomG(F;)(ox\,A).

In particular, we note that S\(Q;) is a semisimple admissible G(A%?, )-module.
We now recall from [CHTO08] the notion of a RACSDC automorphic representa-
tion. We say that an automorphic representation m of GLa(Ap) is
e regular algebraic if mo, has the same infinitesimal character as some irre-
ducible algebraic representation of Resg/q GLa;
e conjugate self dual if ¢ = 7V,
If 7 satisfies both of these properties and is also cuspidal, we well say that 7 is
RACSDC (regular, algebraic, conjugate self dual and cuspidal). We say that 7 has
level prime to l if m, is unramified for all v|l.
If A € (22)Hom (F0) we write ¥ for the irreducible algebraic representation of
GLEOm (FO) o Resp/g GL2 xC given by the tensor product over 7 of the irre-
ducible representations with highest weights \;; i.e. of the representations

det 2 ® Sym/\f,lfknz 2.

We say that a RACSDC automorphic representation 7 of GLa(Ap) has weight

A € (z2)Hom (FO) if 7 has the same infinitesimal character as XY. If this is the

case then necessarily \ € (Zi)gom(ﬂc).

Theorem 2.1.2. If © is a RACSDC automorphic representation of GLa(AF) of
weight X\, then there is a continuous irreducible representation
r..(m) : Gp — GLa(Q))
such that
(1) ria(m)® Z o, (m)Y @ 6l_l'
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(2) The representation r;,(m) is de Rham, and is crystalline if m has level prime
tol. If T: F < Q then

HT - (ri(m)) = {Xrt + 1, Air2}-
(8) If v1l then
WWD(r1,.(m)l G, )% = rec(m, @ | det |71/?).
(4) If v|l then
WD (7 (7)| Gy, )** = rec(m, ® |det |=1/2)ss,

Proof. This follows immediately (as the special case n = 2 of the general results
proved for RACSDC representations of GL,) from the main results of [Shill],
[CHOY], [Car12] and [BLGGTI2]. O

After conjugating, we may assume that r;,(m) takes values in GLo (O@l). Com-
posing with the map GLQ(O@Z) — GLo(F;) and semisimplifying, we obtain a rep-
resentation 7y ,(7) : G — GL2(F;) which is independent of any choices made.

We say that a continuous irreducible representation r : Gp — GL2(Q;) (respec-
tively 7 : Gp — GL2(F))) is automorphic if r = 1, (7) (respectively 7 = 7 ,(r)) for
some RACSDC representation 7 of GLa(Ap). We say that a continuous irreducible
representation r : Gy — GL2(Q,) is automorphic of weight A € (Z2%)Hom Q)
if r = r,(7) for some RACSDC representation m of GLa(Ap) of weight :A. By
Théoreme 3.13 of [Clo90], these notions do not depend on the choice of .

The theory of base change gives a close relationship between automorphic repre-
sentations of G(Ap+) and automorphic representations of GLy(Afr). For example,
one has the following consequences of Corollaire 5.3 and Théoréme 5.4 of [Lab09).

Theorem 2.1.3. Suppose that 7 is a RACSDC representation of GLa(Ap) of
weight \ € (Zi)gomw’c), Then there is an automorphic representation 11 of
G(Ap+) such that
(1) For each embedding T : F* — R and each 7 — C extending 7, we have
H.,— = EX+ Olz.
(2) If v is a finite place of F* which splits as ww® in F, then 1, & my, 0 Ly,.
(3) If v is a finite place of F* which is inert in F, and m, is unramified, then
1L, has a fized vector for some hyperspecial mazximal compact subgroup of

G(FH).

Theorem 2.1.4. Suppose that II is an automorphic representation of G(Ap+).
Then there is a reqular algebraic, conjugate self dual automorphic representation w
of GLa(AF) of some weight X € (Zi)gom O such that either
(a) 7 is cuspidal, or
(b) ™= x1Bx2 is the isobaric direct sum of characters x1,x2 : F*\Aj — C*
(cf. Definition 1.2 of [Clo90] for this notion),
and in either case we have:
(1) For each embedding 7 : F* — R and each ¥ < C extending T, we have
I = %Y o
(2) If v is a finite place of F* which splits as ww® in F, then T, & my, 0 Ly,.
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(3) If v is a finite place of F* which is inert in F, and 11, has a fized vec-
tor for some hyperspecial mazimal compact subgroup of G(F;Y), then m, is
unramified.

We now wish to define what it means for an irreducible representation r : Gp —
GLy(F;) to be modular of some weight. In order to do so, we return to the spaces
of algebraic modular forms considered before. For each place w|l of F, let k,

denote the residue field of F,,. If w lies over a place v of F'T, write v = ww®. Let

H K T C .
(Zf_)lj[“’” om (ru 1) denote the subset of (Zi)uw\l Hom (kwF1) ¢ onsisting of elements

a such that for each w|l, if o € Hom (ky,, F;) then
Ao, 1 + Aoe,2 = 0.

Ifa € (Zi)]—[w\l Hom (kw.F1) anq w|l is a place of F, then we denote by a,, the element

H kuw,F
(aU)UEHom (kaw,F7) € (Zi) om.( l)' B
If F is a finite extension of F;, we say that an element a € (Zi)Hom (EF) s o

Serre weight if for each o € Hom (FF,F;) we have
-1 Z U1 — Qg,2-

If a € (72 )Hom (FF1) js a Serre weight then we define an irreducible F;-representation
F, of GLy(F) by

Fo = ®_ chom (FF) det 72 @ Sym®* 2 F? @p , .

We say that two Serre weights a and b are equivalent if and only if F,, & F} as
representations of GLz(F). This is equivalent to demanding that for each o €
Hom (F,F;), we have

Ug1 — Qg2 = ba,l - ba,27

and the character FX — T, 8 given by

T H U(.T)a“'z_b”’z

o€Hom (F,F;)

is trivial. If L is a finite extension of Q; with residue field F, we say that an
element A € (Z2)Hom(L:Q) is a lift of an element a € (Z2)Hom(EF) if for each
o € Hom (F,TF,) there is an element 7 € Hom (L, Q;) lifting o such that A\, = a,,

and for all other 7/ € Hom (L, Q,) lifting o we have A\, = 0.

Hom (kv ,F;) . ) . .
We say that an element a € (Zi)g“’” om (k) is a Serre weight if a,, is a

om (ky,F;) . .
Serre weight for each w|l. If a € (Zi)ouw” tom (- F1) is a Serre weight, we define an

irreducible F;-representation Fj, of G(Op+ ) as follows: we define
F, = ®ie§1FaTx’

an irreducible representation of [[;.g GL2(kz), and we let G(Op+ ;) act on Fy,
by the composition of vz and the map GL2(Op,) — GL2(k3). Again, we say that
two Serre weights a and b are equivalent if and only if F,, = F} as representations
of G(Op+ ;). This is equivalent to demanding that for each place w|l and each

o € Hom (ky, F;) we have

Ug,1 — Qg2 = ba,l - ba’,27
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and the character kX — F; * given by

T H 0($)“”2_b”2

o€Hom (ky,F;)

is trivial. We say that a weight A € (Zi)gom (F,Q))

a€ (Zi)lo‘[w”Hom(kw’Fl) if for each w|l, Ay, is a lift of ay,.

For the rest of this section, fix K = Q.

is a lift of a Serre weight

Definition 2.1.5. We say that a compact open subgroup of G(A%,) is good if
U =11, U, with U, a compact open subgroup of G(F,") such that:

o U, C G((’)F:r) for all v which split in F;

o Uy, =G(O+) if v]l;

e U, is a hyperspecial maximal compact subgroup of G(F,") if v is inert in
F.

Let U be a good compact open subgroup of G(A%; ). Let T be a finite set of finite
places of F'+ which split in F, containing S; and all the places v which split in F'
for which U, # G(Op+). We let TT:univ he the commutative O-polynomial algebra

generated by formal variables Tg ) for all 1 < J <2, waplace of F' lying over a place

v of FT™ which splits in F' and is not contained in 7. For any \ € (Z’_f_)]l (resp. any

Serre weight a € (Zi)(l)l"” Hom(kv’]ﬂ)), the algebra TT-un acts on Sy (U, Q) (resp.

S(U, F,)) via the Hecke operators

wwlj 0

Té}j) = L;l |:GL2(OFw) ( 0 1 ) GLQ(OFM)]
2—j

for w ¢ T and w,, a uniformiser in Op, . B
Suppose that m is a maximal ideal of TT-univ with residue field F; such that
S\(U,Q;)m # 0. Then (cf. Proposition 3.4.2 of [CHT08]) by Lemma/|2.1.1} Theorem

[2.14] and Theorem [2.1.2] there is a continuous semisimple representation
m: Gp — GLQ(F[)

associated to m, which is uniquely determined by the properties that:
o TG =TE
e for all finite places w of F' not lying over T, ¥n|q,, is unramified, and
e if w is a finite place of F' which doesn’t lie over 7" and which splits over F'T,

then the characteristic polynomial of 7, (Frob,,) is
X2 - TVX + (Nw)T?.

Lemma 2.1.6. Suppose that U is sufficiently small, and let m be a mazimal ideal

of Tf’umv with residue field Fy. Suppose that a € (Zi)g””Hom(kmFl) is a Serre
weight, and that X € (Z%)" is a lift of a. Then
Sx(U, Q)m # 0

if and only if
S(U, Fy)m # 0.
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Proof. Since Q, is I-torsion free, we have S\(U,Q;)m = Sx(U, Og,)m ® Q,, so
Sx(U,Q))m # 0 if and only if Sy(U, O@l)m # 0. Since U is sufficiently small,
S\(U,F)m # 0 if and only if Sy (U, (’)@l)m # 0, so that S\(U,Q;)m # 0 if and only
if S\ (U, F})m 2 0.

It then suffices to note that there is a natural isomorphism of G(Op+ ;)-representations
WA®@@ F; = F,, so that we obtain a TT"%""_equivariant isomorphism Sy (U, F;) —
S(U, Fy). O

We have the following definitions.

Definition 2.1.7. If R is a commutative ring and r : Gp — GL2(R) is a repre-
sentation, we say that r has split ramification if r|g,, is unramified for any finite
place w € F which does not split over F'*.

Definition 2.1.8. If 7 is a RACSDC automorphic representation of GLa(Afr), we
say that 7 has split ramification if m,, is unramified for any finite place w € F which
does not split over F*.

Definition 2.1.9. Suppose that 7 : Gp — GLQ(E) is a continuous irreducible

Hom (K ,F;) .
representation. Then we say that 7 is modular of weight a € (Zi)(])‘[w” om (kunf1) oy
a is a Serre weight and there is a sufficiently small, good level U, a set of places T
as above and a maximal ideal m of TT"%"% with residue field F; such that

e S(U,Fy)m # 0, and

T =Ty,
(Note that 7y, exists by Lemma|2.1.6l) We say that 7 is modular if it is modular of
some weight.

Remark 2.1.10. Note that if 7 : Gr — GLy(F;) is modular then 7 must have split
ramification and 7¢ = FVEl_l. Note also that this definition is independent of the
choice of S (because Fy, o1y = F,__ 0., we see that F, itself is independent of
the choice of Sp).

Lemma 2.1.11. Suppose that ¥ : Gp — GLQ(E) is a continuous irreducible

H kuw,F,
representation with split ramification. Let a € (Zi)(])‘[“’” om (k51 be a Serre

weight, and let A € (Zi)gom FQ) 4 g lift of a. Then 7 is modular of weight

Hom (ku,F1) . . . .
a€ (Zi)é‘lw” om (- 51) if and only if there is a RACSDC automorphic representa-

tion m of GLa(AFp) of weight 1A and level prime to | which has split ramification,
and which satisfies 7y, (m) = 7.

Proof. Suppose firstly that 7 is modular of weight a. Then by definition there is
a good U and a T as above with U sufficiently small, and a maximal ideal m of
TTuniv with residue field F; such that

e S(U,Fy)m # 0, and

o = i,.
By Lemma m the first condition is equivalent to S\(U,Q;)m # 0. Define a
compact open subgroup U’ =[], U/, of GL2(A%) by

e U/ = GLy(Op,) if w is not split over F't.

o Uy, = tw(Uy|,, ) if w splits over F*.



12 THOMAS BARNET-LAMB, TOBY GEE, AND DAVID GERAGHTY

By Lemma[2.1.1] Theorem [2.1.4] and Theorem there is a RACSDC automor-
phic representation 7 of weight +A which satisfies 7 ,(7) = 7, and o 2 0 for all
finite places w of F'. Since U is good, we see that 7 has level prime to [, and it has
split ramification, as required.

Conversely, suppose that there is a RACSDC automorphic representation w of
GL2(Ap) of weight A which has split ramification and level prime to [ with 7 ,(7) =
7. Let U =[], U, be a compact open subgroup of G(A%, ) such that:

e U, =G(O+) if v is inert in F
o if v splits as v = ww® in F, then mi (V") # (0);
e there is a finite place v’ of F which splits as w’w’® in F and is such that
— v’ lies above a rational prime p with [F({,) : F] > 2, and
- Lw/(Uv/) = keI‘(GLQ(Ow/) — G‘LQ(kw/))
The third bullet point implies that U is sufficiently small. Then by Lemma and
Theorem we have Sy (U, Q;)m # 0. The result follows from Lemma a

3. A LIFTING THEOREM

3.1. We recall some terminology from [BLGGT10], specialized to the crystalline
(as opposed to potentially crystalline) case. Fix a prime I. Let K be a finite
extension of Q;, and let O be the ring of integers in a finite extension of Q; in Q,
with residue field k. Assume that for each continuous embedding K < Q, the
image is contained in the field of fractions of O.

Let p : Gk — GL,(k) be a continuous representation, and let Rg,ﬁ be the
universal O-lifting ring. Let {H,} be a collection of n-element multisets of integers
parametrized by 7 € Hom (K, Q;). Then R%yﬁ has a unique quotient R(Dg@ (H.}cris
which is reduced and without I-torsion and such that a Q;-point of R%ﬁ factors
through R(Dlﬁ (H,},cris if and only if it corresponds to a representation p : G —

GL,(Q,) which is crystalline and has HT,(p) = H; for all 7 : K < Q;. We will
write RZE{HT},CHS ® Q for Rg,ﬁ,{HT},cris ®o Q. Tilis definition is independentﬁof
the choice of @. The scheme Spec (R‘% (H. }cris @ Q) is formally smooth over Q.
(See [Kis08].)
If p; : G — GLn((’)@l) are continuous representations for i = 1,2, we say that
p1 connects to pa, which we denote p; ~ po, if and only if
e the reduction p; := p; mod mg, is equivalent to the reduction py := ps mod
my,;
e p1 and py are both crystalline;
e for each 7: K — Q; we have HT,(p1) = HT - (p2);
e and p; and po define points on the same irreducible component of the
- 0
scheme Spec (%1,{HTT(p1)},CriS ® Q).

(In this last bullet point, we mean that p; and Aps A~! define points on the same

irreducible component of Spec (R%'1 (HT, (p1)},cris ®Q;) where A € GLn(0Og, ) is such

that Ap,A=1 = p;. This condition is independent of the choice of A by Lemma
1.2.1 of [BLGGTI0].) As in section 1.4 of [BLGGT10], we have the following:
(1) The relation p; ~ ps does not depend on the GLn(O@L)—conjugacy class of

pP1 O pP2.
(2) ~ is symmetric and transitive.
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(3) If K'/K is a finite extension and p; ~ pz then pi|a,, ~ p2|a,. -

(4) If p1 ~ p2 and py ~ pj then p1 @ pi ~ p2 @ ph and p1 ® py ~ p2 @ ph and
pi ~p3.

(5) If pu: Gg — @lx is a continuous unramified character with 7 = 1 and p; is
crystalline then p; ~ p; ® p.

(6) Suppose that p; crystalline and that p; is semisimple. Let Fil* be an
invariant filtration on p; by (’)@l direct summands. Then p; ~ P, grip;.

We will call a crystalline representation p : Gx — GL, (O@l) diagonal if it is of
the form x1 - -®x, with x; : Gg — (96 . We will call a crystalline representation

p:Gg — GL,L(O@L) diagonalizable if it clonnects to some diagonal representation.
We will call a representation p : G — GLn(O@l) potentially diagonalizable if there
is a finite extension K'/K such that p|g,., is diagonalizable. Note that if K" /K
is a finite extension and p is diagonalizable (resp. potentially diagonalizable) then
pla,. is diagonalizable (resp. potentially diagonalizable).

As in [BLGGTTI0], we make the following convention: Suppose that F is a global
field and that r : Gp — GL,(Q,) is a continuous representation with irreducible
reduction 7. In this case there is model r° : Gp — GLn(O@l) of r, which is unique
up to GLy (Og, )-conjugation. If v|l is a place of F' we write 7|, ~ p2 to mean
r°lgy, ~ p2. We will also say that r|g,, is (potentially) diagonalizable to mean
that 7°|g,. is.

Let F' be an imaginary CM field with maximal totally real subfield F'T. We
now demonstrate that any irreducible modular representation 7 : Gp — GLo(TF))
is, after a solvable base change, congruent to an automorphic Galois representation
which is diagonalizable at all places dividing {. The argument is similar to that
of the proof of Lemma 6.1.1 of [BLGG12], which proves an analogous result over
totally real fields. By the results of [Kis09] and [GeeO6l, it suffices to produce
a congruence (after a solvable base change) to an automorphic representation of
weight 0 and level prime to [, which is easily achieved by standard arguments.

Lemma 3.1.1. Suppose that w is a RACSDC automorphic representation of GLa(Af)
and that 71,(r) is irreducible. Let F(°9 /F be a finite extension. Then there is a
finite solvable extension of CM imaginary fields F'/F and a RACSDC automorphic
representation ' of GLa(Ap/) such that

F' is linearly disjoint from F@void) oyer F.
' has weight 0.

(') = 7 ()| eyp -
For each place w|l of F', r,(7")|a,, is diagonalizable.

Proof. We first show that after a solvable base change, 7;,(7w) has a lift which is
automorphic of weight 0. (This is presumably true without making a base change
but the weaker statement will suffice for our purposes and allows us to transfer to a
definite unitary group.) Choose a finite solvable extension of CM fields F;/F such
that

F is linearly disjoint from F(aveid) pkermi.(m) gyer F
Fy/F;" is unramified at all finite places.

[FiF: Q) is even.

Every place v|l of F;" splits in F}.
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e If m; denotes the base change of 7 to Fi, then m; is unramified at all finite
places of F} lying over an inert place of F1+ .
e If v|l is a place of Fy such that 7, is ramified, then m, is an unramified
twist of the Steinberg representation.
As in section [2) we can choose a rank two unitary group G/ F1+ which is quasisplit
at all finite places, compact at all infinite places, and is split over F;. Fix a model
for G over O+ asin sectlonl We will freely use the notation introduced in section
[2] to describe spaces of algebraic modular forms on G.
Suppose that 7 has weight a € (22)5" (7.0 By Theorem there is an
automorphic representation Il of G such that
e If v is a finite place of F;" which is inert in Fy, then II, has a fixed vector
for some hyperspecial maximal compact subgroup of G(Ff )
e If v is a finite place of F;" which splits as ww® in F}, then II, & 1w O by-
e For each embedding 7 : F;" < R and each 7 extending 7, we have II, =
XY oz
Define a representation W of G(O F;ryl) on a finite-dimensional Q;-vector space as

follows. Let S; denote the set of places of F1+ lying over [, and let S"l denote a
subset of the places of Iy lying over [ consisting of exactly one place v lying over
each place v € 5;. Let I, denote the set of embeddings F; — Q, giving rise to a
place in Sl, and for each v € Sl let I~ denote the subset of Il of elements lying over
0. Let V, be the Q;-vector space with an action of G(O ) given by W, ®O@z Q,

where W, is defined as in section l Let V; be the Ql—vector space with an action
of G(OFfr,z) given by
V= ®v€SzV

GL2(OF, ;) . .
where V,, is the (self-dual) representation Ind 1) lg,» where 15 is the triv-

ial Q;-representation of the standard Iwahori subgroup I ( v) of GL2(OF, ), and
G(OF+ ) acts on V,, via 3. Finally, let W :=V, ® V}, and let W° be a G(OFf)'
stable (’) lattice in W. 7

Lemmam and the existence of II imply that there is a compact open subgroup
U € G(A%,) which is good in the sense of Definition and is sufficiently small,
1

together with a finite set of places T of F;" as in section [2 such that there is a
maximal ideal m of TT>*"" with:

e S(UW)m #0.

o 7y =7, (m).
?ince U is sufficiently small, we see (as in the proof of Lemma D that S(U, WO@O@L
Fi)m # 0. Thus there is a Jordan-Holder factor F' of the G(OFlJrl)—representation

W°®o@ F; such that S(U, )y # 0. There is a smooth irreducible Q;-representation
Wem of G((’)F;r,) containing a stable Og -lattice Wg,, such that F' is a Jordan-

sm

Holder factor of W, ®@@l F; (this follows from the fact that F' is a subquotient

of @y ~I dGLz(k )1@ , so we may take Wy, to be a subquotient of the represen-
GL2(OF, -

2 Fl”)lf where K71 = ker(GL2(OF, ;) — GLa(kz))). Since

tation ®; g In dK~
U is suﬁi(ﬂently small, we see that S(U, W2 )m # 0, so S(U, Wsp)m # 0. Again,
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by Lemma [2.1.T] and Theorem [2.1.4] we see that there is a RACSDC automorphic
representation 7] of GLa(Ap,) of weight 0 such that 7;,(7]) = 7 (the fact that
T is irreducible allows us to deduce that 7} is cuspidal). After possibly making a
further solvable base change, we can assume that in addition to the properties of
F} listed above,

e if v|l is a place of Fy such that 7} , is ramified, then 7} , is an unramified
twist of the Steinberg representation.

We now repeat the argument above with m; replaced by 7] and hence with a
replaced by 0. By Lemma 3.1.5 of [Kis09], we can choose W¢,, to be of the form
Wem = @uves, W, 015 where each W, is a cuspidal Fy-type (in the sense of loc.
cit.). We see that there is a RACSDC automorphic representation 7} of GL2(Af,)
of weight 0 such that 7, ,(7{') = 7, and for each place v|l, 77, is supercuspidal;
so, after making another solvable base change, we may assume that

e 77, is unramified for all v|l.

Summarising, we have obtained a solvable extension F;/F of CM fields, and a
RACSDC automorphic representation 7f' of GLa(Ap,) such that

(avoid) Gyer F.

e [ is linearly disjoint from F
e 71 has weight 0.
o 7y, () = /Flﬂ(ﬂ-)|GF1'

By Theorem we see that for each place v|l we have

o 71.(77)|ay, , is crystalline, and for each embedding 7 : Fy, < Q;, we have
HT, (11, () ¢, ) = 10,1},
Making a further base change, we may assume in addition that
e For each place v[l of Fi, 71,,(7})|cy, , Is trivial, and there are crystalline
representations p1, p2 : G, — GLo (O@l) such that
— p1 = Py is the trivial representation.
— p1 and po are both diagonal.
— p1 is ordinary, and py is non-ordinary.
— For each 7: Fy , = Q;, HT-(p1) = HT;(p2) = {0, 1}.
From the existence of p; and ps, Proposition 2.3 of [Gee(6], and Corollary 2.5.16
of [Kis09], it follows that
e For each place v|l, 71,.(77)|cy, , is diagonalizable.

The result follows, taking F/ = Fy and n’ = =f. d

The following Theorem will allow us to “change the weight” of a modular Galois
representation. For the notion of an adequate subgroup of GLy(F;), which was
originally defined in [Thol2], we refer the reader to Appendix [A] where a detailed
discussion of this condition is given. In particular, we remind the reader that if
| > 7, any irreducible subgroup of GLy(F;) is adequate.

Theorem 3.1.2. Letl > 2 be prime and let F' be a CM field with maximal totally
real subfield F*. Assume that {; € F and that the extension F/F™ is split at all
places dividing I. Let S be a finite set of finite places of F+ which split in F and
assume that S contains all the places dividing l. For each v € S choose a place v
of F above v.
Suppose that
7:Gp — GLQ(F[)
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is an irreducible representation which is unramified at all places not lying over S
and which satisfies the following properties.

(1) 7 is automorphic.
(2) 7(Gp(c)) is adequate.

For each v € S, let p5 : Gp, = GL2(Og,) be a lift of 7| . Assume that

° ivﬂ, then py is crystalline and potentially diagonalizable, and if T : Fy —
Q, is any embedding, then HT(pz) consists of two distinct integers.

Then there is a RACSDC automorphic representation m of GLa2(Ap) of level
prime to | such that

o 7, is unramified for all v not lying over a place of S, so that ry ,(m,) is
unramified at all such v.

o 11,(m)|Gp. ~ pz for allv € S. In particular, for each place v|l, vy, ()]G,
is crystalline and for each embedding T : F5 — Q, HT (o (7m)lap ) =
HTT(p'ﬁ)

Proof. Let G be the group scheme over Z defined in section 2.1 of [CHT08]. Then
by the main result of [BCII], 7 extends to a representation p: Gp+ — Go(F;) with
multiplier El_l.

By Lemma we may find a finite solvable extension F’/F of CM fields and
a RACSDC automorphic representation 7’ of GLa(Ap) such that

fl,L(Tr/) o 77|GF,.

F is linearly disjoint from F*°*7((;) over F.

7’ is unramified at all finite places.

For each place w|l of F', r;,(7")|c, is crystalline and potentially diago-
nalizable.

We now apply Theorem below, with

F, F’, S and [ as in the present setting,
n =2,
T our present p,
Pv 0111;10%7
=€ .
We conclude that there is a lift » : Gp — GLg ((’)@l) (the restriction to Gp of
the representation r produced by Theorem of 7 such that

, v —1

rc=rie T,

if v € S then r|g, ~ ps,
v

r is unramified outside S.

@, is automorphic of level potentially prime to /.

Since the extension F”/F is solvable, we deduce that r is automorphic. Let 7 be the
RACSDC automorphic representation of GLy(Ap) with r;,(7) = r. By Theorem
we see that (since r|g,, is crystalline for all w|l, and unramified at all places
w not lying over a place in S) m,, is unramified for all w|l and all w not lying over
a place in S, as required. (I
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4. SERRE WEIGHT CONJECTURES

4.1.  We now recall various formulations of Serre weight conjectures for GLo, fol-
lowing [BDJI0], [Sch08|, [Geella], and [EGHSI3]. These conjectures were formu-
lated for various inner forms of GLs (indefinite and definite quaternion algebras),
but it is widely believed that they should also apply to outer forms of GLs, such as
the groups considered in the present paper. These conjectures all consist of purely
local descriptions of sets of weights, in a sense which we will now explain (as in the
rest of the paper, we work with unitary groups, but the local formulations are the
same as for inner forms of GLy which are split at all places lying over [).

Let K be a finite extension of Q;, with ring of integers Ok and residue field k. Let
7 : Gx — GLy(F;) be a continuous representation. Then it is a folklore conjecture
that there is a set W(p) of Serre weights of GLa(k) with the property that if F' is
a CM field and 7 : Gr — GLo(FF;) is an irreducible modular representation (so in
particular it is conjugate self-dual), and v|l is a place of F, then 7 is modular of
some Serre weight o, ®5 0 (where o, is a representation of GLz(k,)) for some
o if and only if o, € W (7|, ).

It is natural to believe that there is a description of W (p) in terms of the existence
of crystalline lifts with particular Hodge-Tate weights, as we now explain. This
is one of the motivations for the general Serre weight conjectures explained in
[EGHS13].

Definition 4.1.1. Let K/Q; be a finite extension, let A € (Z2 )Hom (KQ) and let
p: Gxg — GLy(Q;) be a de Rham representation. Then we say that p has Hodge
type A if for each 7 € Hom (K, Q;), we have HT,(p) = { 1 + 1, A2}

Remark 4.1.2. As an immediate consequence of the definition and of Theorem
[2.1.2] we see that if 7 is a RACSDC automorphic representation of weight A\ €

(Z2)5™ (F:©) then for each place wll, 71,.(7)|Gp, has Hodge type (17'A)y.

Lemma 4.1.3. Let F be an imaginary CM field with mazimal totally real subfield
F*, and suppose that F/FT is unramified at all finite places, that every place of
F* dividing 1 splits completely in F, and that [FT : Q] is even. Suppose that
I > 2, and that 7 : Gp — GLQ(F[) is an irreductble modular representation with

Hom (ko ,F, .
split ramification. Let a € (Zﬁ_)(])_[w” om (ku 51) be a Serre weight, and let A €

(Zi)gom Q) pe g lift of a. If ¥ is modular of weight a, then for each place w|l
there is a continuous lift v, : Gp, — GL2(Q;) of Tla,, such that

e 1, is crystalline.

e 1, has Hodge type )\, .
Proof. By Lemma [2.1.11] there is a RACSDC automorphic representation 7 of
GL2(Ap), which has level prime to I and weight ¢A, such that 7 ,(7) = 7. Then
we may take 7y, := 11,(7)|qy, , which satisfies the above conditions by Remark
4.1.2) [

This suggests the following definition, first made in [Geella].

Definition 4.1.4. Let K be a finite extension of Q;, with ring of integers Ok and
residue field k. Let p : Gx — GLa(F;) be a continuous representation. Then we let

Wes(5) be the set of Serre weights a € (22 )Ho™ (:F1) with the property that there
is a crystalline representation p : G — GL2(Q;) lifting p, such that
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e p has Hodge type A for some lift A € (22 )Hom (KQ) of q.
The results of section [3] inspire the following definition.

Definition 4.1.5. Let K be a finite extension of Q;, with ring of integers Ok and
residue field k. Let p : Gx — GLy(F;) be a continuous representation. Then we
let Wdia8(5) be the set of Serre weights a € (Z2)Hom (®¥1) with the property that
there is a continuous potentially diagonalizable crystalline representation p : Gg —
GL2(Q,) lifting p, such that

e p has Hodge type A for some lift A € (Zi)Hom (KQ) of q.

Remark 4.1.6. If a and b are equivalent Serre weights, then a € W(p) (respec-
tively W4ia8(p)) if and only if b € We$(p) (respectively W1%8(p)). This is an easy
consequence of Lemma, below, which provides a crystalline character with
trivial reduction by which one can twist the crystalline Galois representations of
Hodge type some lift of a to obtain crystalline representations of Hodge type some
lift of b. The same remarks apply to the set WePlcit(5) defined below.

By definition we have W38 (5) ¢ Weis(p). We “globalise” these definitions in
the obvious way:

Definition 4.1.7. Let 7 : Gp — GLy(F;) be a continuous representation with
7 = 7Vg 1. Then we let W(7) (respectively W 4i88(7)) be the set of Serre weights

Hom (ko F . .
ac (Zi)(],_[“”” om (ku 1) such that for each place w|l, the corresponding Serre weight

ay € (22 )Hom (kw-F) is an element of Wes (7|, ) (respectively W28 (7|, ).
The point of these definitions is the following corollary and theorem.

Corollary 4.1.8. Let F' be an imaginary CM field with mazimal totally real subfield
F*, and suppose that F/FT is unramified at all finite places, that every place of
F* dividing 1 splits completely in F, and that [F* : Q] is even. Suppose that
I > 2, and that 7 : Gp — GLQ(F[) is an irreductble modular representation with

Hom (k,,F . .
split ramification. Let a € (Zi)g—[w” om (o 1) be a Serre weight. If ¥ is modular of

weight a, then a € Wes(F).
Proof. This is an immediate consequence of Lemma and Definition [4.1. O

Theorem 4.1.9. Let F be an imaginary CM field with maximal totally real subfield
F*. Assume that (; ¢ F, that F/F" is unramified at all finite places, that every
place of Ft dividing | splits completely in F, and that [F* : Q] is even. Suppose
that I > 2, and that 7 : Ggp — GLQ(F[) is an irreducible modular representation
with split ramification. Assume that 7(Gp(c,)) is adequate.

Hom (k. ,F, . i _
Let a € (Zi)(l)'[w” om ko) po o Serre weight. Assume that a € W42 (7). Then

7 4s modular of weight a.

Proof. By the assumption that a € W88(7), there is a lift A of a such that for
each w|l there is a potentially diagonalizable crystalline lift p,, : Gg, — GL2(Q))
of 7|, of Hodge type Ay.

By Theorem (applied with the set S of that theorem being the set of places
dividing [ together with the places at which 7 is ramified, and taking the lifts pz to
be those defined in the previous paragraph for v|l and arbitrary for v not dividing
[, noting that the fact that 7 is modular guarantees the existence of lifts), there is a
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RACSDC automorphic representation 7 of GLg(Ar) of weight A, of level prime to
! and with split ramification, such that 7 ,(7) = 7. The result follows from Lemma

RII1 O

The majority of the rest of this paper will be devoted to making this theorem
more explicit. We believe that in fact W28 (7) = WeiS(7) in all cases, and we
are able to show strong results in this direction. In addition, we exhibit many
explicit weights in W%28(7) (and again, conjecturally all such weights). In view of
Corollary and Theorem (and the trivial inclusion W22 (7) C Weris(7)),
we are reduced to purely local questions, so we return to the setting of a finite
extension K /Q; with residue field k and absolute ramification index e, and we fix a
continuous representation p : Gx — GLo(FF;). We then consider the following two
questions:

e What is a good lower bound for the set W28 (5)?
e What is a good upper bound for the set W<is(p)?

If these two questions have the same answer, then the above work gives a complete
determination of the Serre weights of 2-dimensional mod ! Galois representations.
In particular, we conjecture (following [EGHS13]) that the lower bound we provide
for Wdiag(p) is also an upper bound for Weis(p).

The papers [BDJI10], [Sch08] and [EGHS13] all give explicit conjectural descrip-
tions of We(p) in increasing orders of generality. [Strictly speaking, [BDJ10] and
[Sch08] do not phrase their conjectures in the language of crystalline lifts, but the
results above make it reasonable to discuss their descriptions in this optic; that is,
we would like to see whether their lists of weights can be proved to be lower bounds
for Wdiag(p) or upper bounds for W (5). We will see that the lower bound we pro-
vide for W42 (5) agrees with the sets of weights predicted in [BDJI0] and [SchOg]
in most cases, and conjecturally in all cases.] We now recall these conjectures.

We begin by defining the fundamental characters of the inertia group of a finite
extension K of Q. For each o € Hom (k,F;) we define the fundamental character
w, corresponding to o to be the composite

Art ! -1 x

Iyan i Ox B 2T

Let K’ denote the quadratic unramified extension of K inside Q;, with residue field
kK C Fl.

We now recall a slight variant of the conjectures of [BDJ10], who associate a set
of weights to any continuous representation p : Gx — GLo(F;) in the case that
K/Q; is unramified. We define a set of weights WEP?(p) as follows:

Definition 4.1.10. Assume that K/Q; is unramified. If p is irreducible, then
a Serre weight a € (Zi)Hom(kFl) is in WBPJ(p) if and only if there is a subset
J C Hom (k', ;) consisting of exactly one embedding extending each element of
Hom (k,F;), such that if we write Hom (k',F;) = J][]J¢, then (where here and
below, if o € Hom (k',F;) we write ao,; for a,, ;)

o111 o,
Dl & (HUEJWZ T e ge wot 0 )
K .

as,1+1 As,2
0 [,esewo [leswo

If 7 € Hom (K, Q;), we let 7 be the induced element of Hom (k,T;).
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Definition 4.1.11. Assume that K/Q; is unramified. If p is reducible, then a
Serre weight a € (22 )Hom(k, F) is in WBPI(p) if and only if there is a subset
J C Hom (k,F;) such that p has a crystalline lift of the form

5 )
0 o

where HT (1) = a71 + 1 if 7 € J and az 2 otherwise, and HT(1)2) = a7 if
T € J, and a1 + 1 otherwise. In particular, if we write Hom (k,F;) = J[[ J¢ and
a € WBDJ( ) then we necessarily have

- ~ HUEJng,lJFl HUEJC wga,z *
plr +1
K — aq, ag .
0 HUEJC wo"! HJEJ ’

[The description of p|s, in the reducible case is immediate from Lemma
below (see also Lemma . To see the relationship of these definitions to
those of [BDJ10] is straightforward. In the irreducible case, it follows at once from
equation 3.1(1) of [BDJI0] that our description agrees with that of [BDJI0] (where
the set that we denote WEPI(p) is called Wy (p)).

In the reducible case, it is possible that our set WBP?(p) differs from the set
proposed in [BDJ10], although it is conjectured in [BDJI0] that this is not the
case, and in any case we shall see below that WBPJ(p) c Wdias(p). Suppose firstly
that p is not a twist of an extension of the trivial character by either the trivial
character or the cyclotomic character. Then the definition of W,(p) in [BD.JI0]
agrees with our WBPJ(p), except that [BDJI0] make an additional prescription on
the character 111, ' (they demand that it takes a certain value on a fixed Frobenius
element). However, Remark 3.10 of [BDJ10] explains that in most cases these two
formulations are equivalent, and conjectures that they are always equivalent.

In the remaining cases, it is not immediately clear that our definitions agree,
although the authors of [BDJI0] have indicated to us that they conjecture that
they agree, and that their definition is intended as a refinement of the definition
given here. The definition given in [BDJ10] is better suited to comparisons of the
sets WBDPJI(p) as p varies over representations with the same semisimplification.]

We now turn to the formulation given in [Sch08]. We drop the assumption that
K/Q is unramified, but assume instead that p|j,. is semisimple. In this case a set
WSk (B) of Serre weights is proposed in [Sch08] as follows.

Definition 4.1.12. If p is irreducible, then a Serre weight a € (Z2 )Hom (KF0) jg in
WSeh(p) if and only if there is a subset J € Hom (k’,F;) consisting of exactly one
embedding extending each element of Hom (k,F;), and for each o € Hom (k,F;) an
integer 0 < §, < e — 1 such that if we write Hom (k’,F;) = J[[J¢, then (where
here and below we write d, for d,z)

a5, 1+1+65 ag,2te—1—8,
ﬁ|1 o (HGGJWU HJGJC Wo 0
=

Definition 4.1.13. If p is reducible and |, is semisimple, then a Serre weight
a € (22 )Hom(5F) is in WS(5) if and only if there is a subset J € Hom (k, F;),
and for each ¢ € Hom (k,]Fl) an integer 0 < 0, < e — 1 such that if we write

ao,1+14+04 Wi 2te—1-6,
0 Hale Wo HaeJ

) |
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Hom (k,IF;) = J[[ J¢, then
ao‘,1+1+6a ao-,2+6<7
~ (HJEJ Wo [Lesewo 0 )

p|[ = o 750’ o - 760
* O HUEJC wg e HJEJWZ 2he '

[That these agree with the definitions of [Sch08] is immediate from the statements
of Theorems 2.4 and 2.5 of [Sch08] (after replacing §, by e — 1 — §, in the case
o € J°).] Finally, following [EGHS13|, we define an explicit set of weights WSHS(p)
in the case that p is reducible but not necessarily decomposable when restricted to
Ik (without assuming that K/Q; is unramified).

Definition 4.1.14. If  is reducible, then a Serre weight a € (Z%)Ho™ (kF1) is in
WEGHS(5) if and only if 7 has a crystalline lift of the form

5 )
0 o

which has Hodge type A for some lift A € (Zi)Hom(K@l) of a. In particular, if a €

WESHS(5) then it is necessarily the case that there is a decomposition Hom (F;, F) =
J ]I J¢ and for each o € Hom (k,[F;) there is an integer 0 < 6, < e — 1 such that

ag,1+1+60 ao,2+0s
Pl = [leswo [l,esews *
Plix = :

o,1+e—0s as2te—1—0,
0 Hae.]c Wa HoeJ Wo

[Again, the form of 7|7, is immediate from Lemma below.] In order to
see the relationship between these definitions, we now study the question of when
it is “obvious” that one can write down a crystalline lift with specified Hodge—Tate
weights of a given p. If x is a character of Gi or Ix valued in (’)6[, we denote its

reduction mod [ by .

Lemma 4.1.15. Let A = {ar} cyom (x,g,) Ve @ set of integers. Then there is a
crystalline character €4 of Gk such that HT(ea) = a, for all 7 € Hom (K, Q),
and €4 is unique up to unramified twist. Furthermore, €lr, = [, crom (kF) wbe,
where

bs = Z ar.

T€Hom (K,Q;):7=c

Proof. This is Lemma 6.2 of [GS]. [Note that the definitions of fundamental charac-
ters in this paper are the inverse of those defined in section 5 of [GS]; this is because
our conventions for Hodge—Tate weights are the opposite of those of [GS].] a

Lemma 4.1.16. Suppose that a € (Z%)Hom*F0) s ¢ Serre weight, and that
p:Gg — GLQ(E) is a continuous representation which is a direct sum of two
characters. Suppose that there is a decomposition Hom (k, ;) = J[[J¢ and for
each o € Hom (k,F;) there is an integer 0 < 6, < e — 1 with

as,1+1+6o a5,2+04
p|1 o~ (HJEJ Wo HUGJ” Wo 0 >
= .

5,1 +e—0s as2te—1—0,
0 HaeJc Wo HoeJWU

Then for any \ € (Zi)Hom(K’@l) lifting a, p has a diagonal crystalline lift of
Hodge type .
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Proof. We define sets B = {bT}leHom (K,3)) and C = {cT}TeHom(K’@) of integers
as follows. For each o € Hom (k, F)), let S, be the subset of Hom (K, Q;) consisting
of those 7 with 7 = ¢. By definition, for each o there is a distinguished element &
of Sy with A5 ; = as s, and for each element 7 # & of S, we have A.; = 0. Choose
a subset K, of Sy \{6} of size J,.

Suppose 0 € J. We let by = a,1 + 1, welet b, =1if 7 € K, and b, = 0 for all
other 7 € S,. Similarly, we let ¢z = ap2, we let ¢, = 1if 7 € S,\(K, U{5}) and
cr =0for e K,.

Suppose o ¢ J. We let ¢z = a,1+ 1, welet ¢, =1if 7 € K, and ¢, = 0 for all
other elements of S,. Similarly, we let b5 = ap 2, we let b, = 1if 7 € S,\(K,U{c})
and b, =0 for 7 € K,.

Then by Lemma[f.1.15] p has a lift given by the direct sum of an unramified twist
of ep and an unramified twist of e¢c. By definition, this is a diagonal crystalline lift
of Hodge type A. ([

Corollary 4.1.17. Suppose that e > 1, and p : G — GLy(F;) is a continuous rep-

resentation which is a direct sum of two characters. Suppose that a € (Zi)Hom (k,F)
is a Serre weight such that

det ﬁ|1K — H wg_a,1+aa,2+€.
o€Hom (k,F;)

Then for any \ € (Zi)Hom (K@) lifting a, p has a diagonal crystalline lift of Hodge
type A.

Lemma [4.1.16{has det 5| 1,c = [T, cpom (k5 @Wo 77 » it suffices to show that we
can choose J and §, as in the statement of Lemma [£.1.16] such that

_ o114, w2 +0s
Pl = H wiet H wle2toe,

Proof. Suiiose that p = 11 @ 9. Since any representation as in the statement of

oeJ oeJe
Take J = Hom (k,F;), and write 1|7, HUer;(a"’IH) in the form ], ; ws with
0 <c¢y <1—1. Then we may take 6, = ¢, . [l

Remark 4.1.18. Contrary to the claim made in the introduction to [Sch08§], once e =
I—1, it is no longer the case that for every p with determinant [, cyom (1 7,) wge i taeate
can we can apply Lemma[4.1.16]to find a crystalline diagonal lift of Hodge type lift-
ing a. For a counterexample, take [ = 7, [k : F;] = 2, and label the two embeddings

k < T, as o and o4. Then take

aoy,1 = I — 13 Agy,1 = la
ao—l,Z :a02,2 207 ﬁ:¢1@w27
-1 4 -1, 1—-4
where V1 =w,, Wy, Yo = wg, Wy, "

Then it is easy to see (by considering all 4 possible sets J) that we can never choose
ds to make p equivalent to the representation in Lemma [4.1.16)

We now consider the case of irreducible representations p : Gg — GLg(Fl).
Recall that K’ denotes the unique unramified quadratic extension of K and &’
denotes its residue field. Then p is induced from a character of G+, and 7|1,
decomposes as a sum of characters.
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Lemma 4.1.19. Suppose that a € (Zi)gom (k.F1)
Gk — GLy(F)) is a continuous irreducible representation. Suppose that there is a
decomposition Hom (k',F;) = J][J¢ such that J contains ezactly one embedding
extending each element of Hom (k,F;), and for each o € Hom (k,IF;) there is an
integer 0 < 6, < e — 1 with

ag,1+14+04 ag2te—1—0,
Dl [leswo [l,esewo 0
Plix = 0 a5, 1+1+60 Wlo2te—1- 5, | -
[lesews [leswo

Then for any A € (Zi)gom (K,Q) lifting a, p has a potentially diagonalizable
crystalline lift of Hodge type A which becomes diagonal when restricted to G .

is a Serre weight, and that p :

Proof. We may write

for some character ¢ : G — EX which satisfies

_ Go,1+14+0, ag2+e—1—6,
Ul = JL w100 I wor -

oeJ oeJe

We define a set B = {br}, cyyom (k7 g,) 2 follows.

For each 7 € Hom (K, Q;), we denote the two extensions of T to elements of
Hom (K',Q;) by 71 and 72, where 7; € J and 75 € J°.

For each o € Hom (k,F;), let S, be the subset of Hom (K,Q;) consisting of
those 7 with 7 = ¢. By definition, for each o € Hom (k,F;) there is a distinguished
element ¢ of S, with A\s; = a,;, and for each element 7 # & of S, we have A, ; = 0.
Choose a subset K, of S,\{d} of size d,.

Then we let bz, = ag’l +1, and b5, = as2. If 7 € K,, welet b, =1 and b, =0.
If 7 € S;\({6} UK,), we let b;, =0 and b, = 1.

Then by Lemma 5| there is a crystalline character ¢ of Gy hftmg 1, which
is an unramified tw1st of the character eg. The representation Ind GK w gives the
required lift. O

Corollary 4.1.20. Suppose that e > I, and p : Gx — GLo(IF;) is a continuous

(ZQ)HOIH (}C ]Fl)

irreducible representation. Suppose that a € is a Serre weight such

that
det ﬁ|IK _ H wga,1+a0,2+e.
o€Hom (k,F;)

Then for any weight \ € (ZQ)EOm (KQ) lifting a, p has a potentially diagonalizable
crystalline lift of Hodge type A\, which becomes diagonal upon restriction to Gk .

Proof. We can write p = Ind 2 Gx qb for some character ¢ : G — ]Fl . The condition
on the determinant of p tells us that

(¢¢c)|IK/ _ H wga,1+aa,2+e’
o€Hom (k’,F;)

where ¢ denotes the nontrivial element of Gal (K'/K) and ¢° denotes ¢ conjugated
by c.
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On the other hand, by Lemma[£.1.19and the first line of its proof, we know that
if we choose J and (d5), crom (k,F,) 8810 the statement of that lemma and write

)= H wgo,1+1+6a H wgg,ereflf&a’

ocJ oeJe

then for any \ € (Zi)gom () lifting @ and any representation Gx — GLo(F;)

agreeing with Ind Zi/w on I, that representation has a potentially diagonalizable
crystalline lift of Hodge type A which becomes diagonal when restricted to G .

Thus to prove the present corollary it suffices to show that, for an appropriate
choice of J and (0s), ciom (kF,)> We can arrange for 1 to equal ¢|r,, .

Let f = [k : F], and let {o1,...,02¢} denote the embeddings k' — F;. We will
take the labels mod 2f, and we can and do choose the labelling such that
® W, = wf,iﬂ, and

e w, = Wg,|,- (In fact, this second point will follow from the first.)

it sl

We will write w; for w,, (thus the i here is taken mod 2f); and we will write ¢;
for 0, and a; ; for a,, i ; (thus the i here is taken mod f). We will choose J =

{o1,...,0¢} , and we see that this contains, as is required, exactly one embedding
extending each element of Hom (k, F;).
We let
f ) 2f N
—ai1— —a;2—e
¢/ = ¢|IK/ Hwi ! H w; 2 s
i=1 i=f+1

and we write ¢' = [, cpom
expression is unique except that the special case where all the n are 0 is indistin-
guishable from the case when they are all [ — 1. Let us assume for the moment that
we are not in this special case and thus the expression is genuinely unique.

We write 7; for n,,. We then calculate that

k/,E)Wg“a where 0 < n, < [ —1 for each n,. This

2f . 2f .
¢/(¢/)c — (¢¢C)‘IK/ Hwi i1 Hwi a;2—e+
=1 =1
2f 2f
o Hwa'i,1+ai,2+5 Hw_ai,l_ai,2_€+l_1
- 7 [
=1 =1
2f
e
=1

so that

1 of

’ ney—1 = Nitf _ ’ —Ni+f __ I=1-niyy
¢ =((¢)) = ”Wz —”"Ji _Ilwi :
i=1 =1

i=1
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It follows from the uniqueness discussed above that n;4f =1 —1—mn;. For ¢ =
1,...,f, welet §; = n;. Then we see that with this choice of J and (6U)U€Hom(k )

f 2f f 2f
W = Hw;li.l"l‘l"l“si H w;l'i,2+€_1_5i _ Hw;lri,l-ﬁ-l-ﬁ-m H w;li,z-‘re—l—(l—l—m)
i=1 i=f41 i=1 i=f+1
! a;1+1 i a; 2+e—1 < ; = ;
= Hwi’”l H w; ? Hw;’" =(¢/9") I_Icu;7
i=1 i=f+1 i1 =1

So ¥ = (9|1, /)P = ¢|1,.,, as we required.
Thus we are done apart from considering the special case we deferred earlier,
where ¢’ = 1. Assume we are in this case, and put

—ap1—1+4a ap.1+1l—a
QZSH — ¢/w0 0,1 0.2 90,1 0,2

f
We claim that ¢” does not equal 1. To see this, since ¢’ = 1, we must show that
@' /¢ # 1. We recall that 1 < ag1 + 1 —ap,2 <; since

—agp.1—1+a ap.1+1—a 1 —1)(a +1—a
¢///¢/ — wO 0,1 0,2wf0,1 0,2 — w(() )( 0,1 0,2)

and wy has order 12/ — 1, the claim follows. Write ¢" = [T, ciiom
0 < n? <1-—1 for each n/. This expression is unique, since ¢”" # 1. Now, we
calculate that

17
Mo
(k' Fy) W s where

(¢/I)(¢//)c _ ¢I(¢/)cw;f,l+1—af,2w0_af,l_1+af,2wgf,1+1_af,2wf_af,1—1+af,2 -1

We conclude that n;" =1 —1—mn , in the same way as we saw the corresponding
fact for n above.

We now take J ={0,...,f =1}, 6; =n fori=1,...,f—1and dp = e—1—nj.
Then

f—1 2f—1
i,1+1+6; i —1-¢;
¢:Hw?,1++ Hw;z,z-&-e
i=0 i=f

K3 7

f-1 2f—1
ao,1+1+e—1—7 oty apate—1—(e—1-7}) i2te—1—(1—1—7
N ) i P DT e

i=1 i=f+1

f—1
_ ap1tl—ap2 a0,2+€*1*(l*1*77/2/f) a;,1+14n)
= wg oy 11«

i=1
1 +14n7 g 1—(l—1-n{
—1— ao,1 n i —1-(=1—mn;
W02 @01, f H w® 2te ( n;)
f ! (
i=f+1
ao,1+1—ao,2 ao2—1—ao,1 ! ai,1+1+n; = ai2+e—1—(1—1-n})
= wg™ 2w , Hwiz, i H Wi i
i=1 i=f+1
1 1 ! 1 = l A
_ ,,00,1t1l=a0,2 ao2—1-ao,1 a;,1+ a; 2+e— n;
= %o “r [I IT «i [1
i=1 i=f+1 i=1

2f
— (616" (@1 /) [l
=1
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So = (¢' /") (Pl1,., /¢ )P = |1, as we required. 0

Remark 4.1.21. Again, if e =1 — 1, it is no longer the case that for every p with
determinant [], cgom (k,Fy) wae T2t an we can apply Lemma [4.1.19| to find a
crystalline diagonal lift of Hodge type lifting a. For a counterexample, take [ = 7,

[k : F;] = 2, and label the two embeddings k < F; as 01 and o9. Then take
g, 1=1—1, Qgy1 =1,
Uoy,2 = Ggy2 =0, p=1Ind gfd’

where 1 : G — GLy(F;) has

_ PA-D)424a4H1(1-1)+(1-4)
/(/)|IK/ - UJ0;~2

for &9 : k' — F; an embedding extending o.
Lemma 4.1.22. If K/Q; is unramified and p is semisimple, then WEDPI(p) =
WSh(p).  Similarly, if K/Q; is unramified and p is reducible, then WBPI(p) =

WESHS(B), and if K is arbitrary, p is reducible and p is semisimple, then WS (p) =
WEHS (5).

Proof. This follows immediately from Lemmas[4.1.16|and [4.1.19] together with the
definitions of WBPJ(5), WSh(5) and WEHS(p). O

This motivates the following definition.

Definition 4.1.23. Suppose that K/Qy is a finite extension, and that p : Gxg —
GLy(F;) is a continuous representation. Then we define a set We*Plicit () of Serre
weights as follows:

e If p is irreducible, we set WexPlicit(5) .= 1y75h (7).

e If p is reducible, we set WePlicit(5) .= WGHS (5).

Remark 4.1.24. Tt is an immediate consequence of Lemma[4.1.22]that if 5 is semisim-
ple then Wexplicit (p) —_ WSch (ﬁ)

Proposition 4.1.25. We have WePlicit(p) C Wdiag(p).

Proof. If p is irreducible, this follows from Lemma [£1.19] If p is reducible, then
this follows from the definition of WSHS(5), together with point @ of the list of
properties of ~ in section O

Having obtained a lower bound on W%28(p), we now consider whether there are
any obvious upper bounds. Here our results are rather less complete. Firstly, we
have the following conjecture.

Conjecture 4.1.26. ([EGHSI3]) Weis(p) = Wexplicit(5),

By Propositionwe have Wexplicit (5)  TWers(5) | so to prove this conjecture
it would be enough to show that Weis(p) c Wexplicit(p)  This is presumably
accessible to the techniques of integral [-adic Hodge theory, but in the absence of
any further insight we suspect that an attempt to prove the result would result in
extensive unpleasant computation. In lieu of such calculations, we recall what is
known in the case that K/Qy is unramified or highly ramified.
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Lemma 4.1.27. Suppose that p : Gx — GLo(F;) is a continuous irreducible rep-
resentation, and that a € W (p) is a Serre weight. Then

det ﬁ|1K — H wg_a,l+a0,2+€.
oc€Hom (k,F;)

Proof. This follows immediately from the definition of W¢*(5) and Lemmal4.1.15
O

Lemma 4.1.28. Suppose that K has absolute ramification index e > I, and that
p is semisimple. Then W<s(p) C WPt (5) 5o that Ws(p) = Wdiag(p) =
Wexplicit(5) “and all three sets consist of precisely the set of Serre weights a with

det p|1K — H wgo,1+aa,2+€'
o€Hom (k,F;)
Proof. This is an immediate consequence of Lemma [{.1.27, and Corollaries £.1.17]
and {.1.200 O

Theorem 4.1.29. If K is absolutely unramified then W (p) = Wexplicit(p),
Proof. This is the main result of [GLS12a]. O

Remark 4.1.30. It is also possible to argue globally to obtain bounds on the set of
Serre weights by considering lifts of weight 0 and nontrivial type, as was done in
[GeellDb] and [Sch08]. In [GLS12b] these methods are combined with the results of
this paper to completely determine the set of Serre weights in the totally ramified
case; see Theorem below.

Definition 4.1.31. Let e be a positive integer. We say that a Serre weight a €
(22 )Hom (kF0) s e-regular if a,1 — ago <1—1— e for all ¢ € Hom (k, ;).

The arguments of [Sch08] can presumably be carried over to the present setting
to prove the following analogue of Theorem 3.4 of [Sch08]. Suppose that 7: Gg —

— Hom (k. ,F,
GLy(TF,;) is irreducible and modular of some Serre weight a € (Zi)ou”” om (e 1),

Let v|l be a place of I such that 7|g,, is irreducible and the corresponding weight
ay € (22 )Hom (ko) i5 e-regular. Then a, € WePliet (p|q ).

5. THE MAIN THEOREMS

5.1. We now combine the results of the previous sections to prove a variety of
concrete theorems.
Fix an imaginary CM field F' with maximal totally real subfield F'", such that

e F/FT is unramified at all finite places.

e Every place v|l of F* splits in F.

e [F™:Q] is even.
Let 7: Gp — GLQ(E) be a continuous irreducible representation which is modular
in the sense of Definition [2.1.9] In particular, 7 has split ramification in the sense
of Definition [2.1.7, and 7¢ = Ve ' We define sets WBPI(7) and WexPlicit(7) of
Serre weights as follows (cf. Deﬁnition. The set WBPJI(7) is only defined if [
is unramified in F'.
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Definition 5.1.1. WexPlicit(7) (respectively WBPI(7)) is the set of Serre weights

Hom (k. ,F . .
a € (Zi)(];[“’“ om (1) such that for each place w|l, the corresponding Serre weight

ay € (22 )Hom (kw.F1) is an element, of W explicit (Flam, ) (respectively WEPI (7|, ).

Remark 5.1.2. In fact WBDPJ(7) = WexPlicit(7) when both are defined, but as the
definition of WBPJ(7) is perhaps more familiar to the reader, we prefer to separate
them.

Theorem 5.1.3. Let F' be an imaginary CM field with maximal totally real subfield
F*. Assume that ¢, ¢ F, that F/F™T is unramified at all finite places, that every
place of F* dividing 1 splits completely in F, and that [F* : Q] is even. Suppose
that I > 2, and that 7 : Ggp — GLQ(E) is an irreducible modular representation
with split ramification. Assume that 7(Gr(,)) is adequate.

Hom (k. ,F ) .
Let a € (Zi)ou“’” om ket e Serre weight. Assume that a € WePlict (),

Then 7 is modular of weight a.

Proof. By Proposition [4.1.250 a € Wd8(7), so the result follows from Theorem
O

We can make this result particularly explicit in the cases where [ is either un-
ramified or highly ramified in F'. The following theorem is the main global result
of [GLS12a].

Theorem 5.1.4. Let F' be an imaginary CM field with maximal totally real subfield
F*. Assume that ¢, ¢ F, that F/F™T is unramified at all finite places, that every
place of Ft dividing | splits completely in F, and that [FT : Q] is even. Assume
that 1 is unramified in F. Suppose that | > 2, and that 7 : Gp — GLy(F;) is an
irreducible modular representation with split ramification. Assume that (G p(c,))

is adequate.

Leta € (Zﬁ_)(])‘[w”Hom e pe o Serre weight. Then ¥ is modular of weight a if

and only if a € WBPI(F).

Proof. By Definition [4.1.23|and Lemma [4.1.22] WEBDJ(7) = Wexplicit(7)  The result
now follows from Theorem [5.1.3] Corollary [4.1.8] and Theorem [4.1.29 O

Theorem 5.1.5. Let F' be an imaginary CM field with maximal totally real subfield
Ft. Assume that ¢, ¢ F, that F/FT is unramified at all finite places, that every
place of F* dividing 1 splits completely in F, and that [F'T : Q] is even. Assume
that for each place w|l of F the absolute ramification index of F,, is at least I, and
that 7|, is semisimple. Suppose that | > 2, and that 7 : Gp — GLa(F)) is an
irreducible modular representation with split ramification. Assume that (G p(c,))

is adequate.

Let a € (Zi)(])‘["’”Hom e pe o Serre weight. Then 7 is modular of weight a if

and only if for each wl|l,
det 7|, = H wiortasate,
oc€Hom (k,,F;)

Proof. The necessity of the given condition follows from Corollary [1.1.8|and Lemma
4.1.28] and the sufficiency from Theorem [5.1.3] and Lemma [4.1.28] again. (]
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Finally, using the results of this paper together with potential automorphy tech-
niques and calculations with Breuil modules, the following theorem is proved in
[GLS12D).

Theorem 5.1.6. Let F' be an imaginary CM field with maximal totally real subfield
F*, and suppose that F/F* is unramified at all finite places, that every place of F*
dividing | splits completely in F, that ; ¢ F, and that [FT : Q| is even. Suppose
that I > 2, and that 7 : Ggp — GLQ(E) is an irreducible modular representation
with split ramification such that 7(Gr(,)) is adequate. Assume that for each place
wl|l of F, F,/Q is totally ramified.

om k?w;7 . et s\ .
Let a € (Zi)(];l“’” Hom (b F1) 40 o Serre weight. Then a € WSPH(7) if and only

if 7 is modular of weight a.

APPENDIX A. ADEQUACY

In this section we will prove some slight improvements to results from [BLGGT10],
which we apply in the main part of the paper. In order to do this, we build on the
results of [GHTT10] (which proves a general criterion for adequacy of subgroups of
GL,(F;)) to give a precise description of the adequate subgroups of GLy(TF;).

A.1. The definition.

Definition A.1.1. We call a finite subgroup H C GL,,(F;) adequate if the following
conditions are satisfied.
(1) H has no non-trivial quotient of l-power order (i.e. H'(H,F;) = (0)).
(2) ln.
(3) The elements of H with order coprime to [ span M, ., (F;) over F;. (This
implies that En is an irreducible representation of H.)
(4) Hl(va[n(Fl» = (0)

(The notion of adequacy was introduced in [Thol2]. The formulation above is as
in [BLGGTI0], and while it is not identical to that in [Thol2], it is equivalent to it
by the discussion following the definition of adequacy in Section 2.1 of [BLGGT10].)

Lemma A.1.2. Ifl{#H and H acts irreducibly, then H is adequate.

Proof. The first statement in the definition of adequacy is trivial. For the second,
observe that because [ { #H, the tautological representation H — GL,,(F;) will lift
to characteristic zero, and hence n is the dimension of an irreducible characteristic
zero representation of H and so divides #H. It follows [ { n. For the third, we
see that elements of H with order coprime to [ will just be all the elements of H
and will span M,,x,(F;) over F; since H acts irreducibly. For the fourth, we use
Corollary 1 of section VIIL.2 of [Ser79]. O

A small point of notation: throughout this section, we will be considering sub-

groups of GL,,(IF;) for some n, and we will often find it useful to write V for the
vector space Ff, especially considered as a representation of some subgroup of
GL,,(F;) which should be clear from context.

The following lemmas will be useful. They were proved in the related context of
bigness by Snowden and Wiles (see Propositions 2.1 and 2.2 of [SW10]), and the

proofs generalize very straightforwardly.
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Lemma A.1.3. Suppose H C GL,,(F,) is a finite subgroup, and N <H is a normal
subgroup which is adequate and has [H : N| prime to l. Then H is adequate.

Proof. Points (1), (2) and (3) are trivial. There is an exact sequence
H'(H/N,gl,(F)™) — H'(H, g1, (F1)) — H'(N, ol,,(F)“/"

Since N is adequate, H'(N, gl,,(F;)) is trivial and so the right term vanishes.
Since N is adequate, the standard representation of N is irreducible (by condition
(3)), and thus gl,,(F;)¥ = F;1 (this uses [ { n). Then the left term in the exact
sequence is just H'(H/N,F;) and vanishes since H/N has order prime to [ and
hence no [ power quotients. Thus the middle term in the exact sequence vanishes,
establishing (4). O

Lemma A.1.4. Suppose H C GL, (F)) is a finite subgroup, and k is a finite ex-
tension of F;. Then H is adequate if and only if k> H is adequate.

Proof. Since H is a normal subgroup of k™ H of prime-to-/ index, the ‘only if’ part
follows from the previous lemma. We now prove the other direction, assuming k* H
is adequate, and showing H is adequate. Point (2) is trivial. For point (1), let K
be a [-power order quotient of H. Since k* N H has order prime to [, it has trivial
image in K. Thus K is a quotient of the group H/(H N k*) = k*H/k*. By
assumption, k* H has no nontrivial l-power quotient so K is trivial and we have
point (1). For point (3) note that the elements of £* H of prime-to-I order will have
the same IF; span in M,,«,(F;) as those of H.

For point (4), note that it will be enough to establish H'(H,sl,(F;)) = (0)
(see the discussion immediately after the definition), and we may similarly assume
H'(k*H,sl,(F;)) = (0). We have an exact sequence

1—H —kF'H—G—1

for some quotient G of k*. We therefore have an exact sequence
HY (k™ H,sl,(F)) — H'(H,s,(F))% — H*(G, (s1,,(F,)) 7).

The left-hand group vanishes by our assumption that k> H is adequate. Since k* H
is adequate,it acts irreducibly (by condition 3), and so (since ! f n) we have that
(sl,(F;)) is trivial, thus the right hand group in the exact sequence vanishes. It
follows that the middle term vanishes (alternatively, it vanishes because G has order
prime to p). One easily checks that G acts trivially on H'(H, sl,(F,)), so we are
done. O

A.2. Adequacy for GL,. The aim of this subsection is to explicate the notion
of adequacy for subgroups of GLy. Theorem 9 of [GHTTI10] already tells us that
in characteristic greater than 5, ‘adequate’ simply means ‘acts irreducibly’, but
we would like to have results for characteristics 3 and 5. We prove that subgroups
acting irreducibly are adequate apart from some explicit exceptions. More precisely,
we prove the following proposition:

Proposition A.2.1. Suppose that | > 2 is a prime, and that G < GLy(F}) is a
finite subgroup which acts irreducibly on FZQ Then precisely one of the following is
true:
o We have | = 3, and the image of G in PGLy(F3) is conjugate to PSLy(F3).
o We have l =5, and the image of G in PGLy(F5) is conjugate to PSLy(F5).
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e (G is adequate.

Remark A.2.2. For any G as in the theorem, its image in PGLy(TF;), which we will
call G, either must be isomorphic to one of A5, Sy, Ay, or a dihedral group of order
coprime to [, or must be conjugate to PSLa(k) or PGLa (k) for some finite extension
k of F; (see Theorem 2.47 (b) of [DDT95]). We show in the course of the proof
that if I = 3 (vesp. [ = 5) and if G is isomorphic to A4 (resp. As) then in fact, G is
conjugate to PSLy(F3) (resp. PSLy(F5)).

Proof. The proof will be a very straightforward case analysis. On the one hand,
we have the list of possibilities for G recalled in the previous remark. We divide
into cases according to which of these is true, further subdividing the PSLy(k) and
PGLy (k) cases into the subcase where |k| = [ and the subcase where |k| > [. On
the other hand, we divide into cases according to the value of I, considering the
cases [ = 3,1l = 5 and [ > 7. The resulting ‘two dimensional’ collection of cases
is depicted in Figure [Il We will often give arguments which treat several cases in
this collection at once, and the reader may find it useful to refer to Figure [I| which
summarizes which argument is used in which case. We will number the various
points of the argument to make them easier to refer to.

But before we move into the detailed consideration of the cases, it will be useful
to discuss in a little more detail the cases where G is isomorphic to A4 and As. Let
us write 2. 44 (resp 2.A5) for the binary tetrahedral group (resp binary icosahedral
group). (Thus if we consider As as the group of symmetries of an icosahedron, a
subgroup of SO(3), then 2.A5 is the inverse image of As under the natural 2-to-1
map SU(2) — SO(3); and similarly for A4 and the group of symmetries of the
tetrahedron.) Specifically, it will be important to us to establish

Sublemma. Suppose that G is isomorphic to Ay, for k& € {4,5}. Then we can find
some representation ¢ : 2.4, — GLa(F;) such that EX¢(2.A;€) = FlXG.

Proof. Before we can begin the proof proper, we must recall some general facts from
the theory of projective modular representations of finite groups. Given any finite
group H and prime [, we call a group H an I- representation group of H, if ( a) H has
a central subgroup A contained in the commutator subgroup H' of H (b) H JA=H
and (¢) A = H?(H, Fl ). We have the following facts. (1.) There always exists
such a group (not necessarily unique). (2.) Given any such group H, and given any
homomorphism ¢ : H — PGL,,(F;), there is a homomorphism ¢ : H — GL,(F))
such that the maps H — H — PGL,(F;) and H — GL,,(F;) — PGL,(F,) agree.
(3.) Finally, the group H?(H, EX) is just the prime-to-l part of HQ(H,@X)7 the
Schur multiplier of H. [The original reference for these three facts is [AOT37],
although the first two have older proofs in characteristic 0 which essentially go over
unchanged to characteristic I. The authors found a more accessible ‘reference’ for
the first (resp second) of these facts was to read the proof of Theorem 1.2 (resp
1.3) of [HH92|, which proves these results in characteristic 0, and observe that the
proof goes through in characteristic I. The third fact is [AOT37, Satz 1].]

We wish to apply these facts in the case where H is isomorphic to A,, for n > 4.
By the last sentence of chapter 2 of [HH92] (on p23, just after the unnumbered
remark after Theorem 2.12) we see the construction of a group, called there Zn,
which is a ‘representation group’ for A,. [This means—see the definition at the
bottom of [HH92, p6]—a group satisfying the properties (a—c) of the previous
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=3 1=51>7

dihedral V1 vl v0
Sy -7 V1 v0
Ay -7 V1 v0
As ve -7 VO

PSLo(k), |[k|=1 | x6 x5 VO
PGLy(k), [k| =1 | v3 v5 0
PSLo(k), [k > 12 | v2 v2 V0
PGLy(k), k| > 12| v2 v2 V0

v'0 | Always adequate by appeal to Theorem 9 of
[GHTT10] (see point 0)

v'n | Always adequate; see point n.

x n | Never adequate; see point n.

— 7 | This case is already included in other cases, and
hence needs not be considered in its own right. See
point 7.

FIGURE 1. The various cases for the proof of Proposition [A-2.]]

paragraph, except with H2(H, Q") replacing H2(H, EX).] Given the construction
ther Xn is a double cover of A,,, and we conclude that H 2(An,@x) = Z/27. But
then H2(A,, Q") = H2(A,,F,') (because H%(A,,Q") = Z/2Z, | > 2 and using
the fact (3) above) so A, satisfies properties (a—c) of the previous paragraph. Thus
ﬁn is in fact also an [-representation group of A,,, for [ > 2.

Now we begin to the proof proper, and imagine that G is, as in the statement of
the sublemma, isomorphic to Ay for k € {4,5}. By the discussion of the previous
paragraph Ay is an l-representation group of G, and so by fact (2) above applied
with ¢ the natural inclusion G' < PGLy([F;), there is a map 5 . Ay — GLo (F;) such

that A, — Ay — G — PGLy(F;) and Ay, 2 GL»(F;) — PGLo(FF;) agree, which
means that F, ¢(A;) = F, G.

This gives us everything we need, apart from checking this group Ay, defined
in [HH92], is isomorphic to the group 2.A; as defined in the statement of the
sublemma. To check this, observe A, is defined in [HH92] as a certain subgroup
of a certain group S,, which is given a presentation just before Theorem 2.8 of
loc. cit., on pl8. Comparing this presentation to the discussion in §2.7.2 of [Wil09)],
we see that Zln is the same group as the group called 2.4,, in [Wil09]. Examining
the discussion in §5.6.8 and §5.6.2 of [Wil09], we see that the groups that book
calls 2.45 and 2.4, are indeed respectively the binary icosahedral and tetrahedral
groups. (I

We are now ready to move on to the case analysis that is the proof proper.

Point 0. The majority of cases are handled by an appeal to Theorem 9 of
[GHTTT0]. In our present notation, this asserts inter alia that if we write G° for
the subgroup of G generated by elements of I-power order and d for the maximal

1Speciﬁcally, a group S, is constructed—see Theorem 2.8 of [HH92]— which is a double cover
of Syp; Ay is defined as the inverse image of A, under this map.



SERRE WEIGHTS FOR RANK TWO UNITARY GROUPS. 33

dimension of an irreducible G°-submodule of FZZ, then G is adequate so long as
[ > 2(d+1). Since clearly d < 2, we immediately see that G is automatically
adequate in any case with [ > 7.

Point 1. Now we consider the case where either

e /=5and G is isomorphic to Sy or Ay.
e [ =3 orl=5and G is a dihedral group of prime-to-I order

In either of these cases, the projective image of G has order coprime to [, whence
G has order coprime to [, which is enough by Lemma [ATT.2]

Point 2. Next we consider the case where [ = 3 or 5 and the projective image of
G is PSLa(k) or PGLy(k) for some k with |k| > [2. We claim that G is adequate in
this case.

If the projective image of G is PSLa(k), then by applying Lemma we can
replace G with (k)*G = k* SLy(k), and by applying Lemma again we can
replace G with SLo(k). If the projective image of G is PGLg(k), then by a similar
argument we can replace G with GLy (k) and then by applying Lemma we can
again replace G with SLg(k). Thus in either case we may assume that G = SLy (k).

Let us verify the conditions for adequacy in turn:

e We see that GG has no non-trivial quotient of [ power order since the sim-
plicity of PSLy(F3n) and PSLy(Fsn) for n > 2 tells us G in fact has no
Jordan Holder constituent of [-power order.

e The fact that [t n = 2 is trivial.

e Certainly the elements of SLy(k) of order prime to [ span Myyo(IF;) as an

_ . 10 a 0 0 1
IF;-vector space (one may use the matrices <O 1), <O a_l), <_1 0>a

0 « %
(—oz_l 0) for any o € k*, o # +£1).

e To verify the fourth condition it will suffice to check H*(G, sl,,(F;)) = (0).
Since G = SLa(k), this is just H'(SLa(k),sl,(F;)) = (0), which follows,
under our present assumptions, from Lemma 2.48 of [DDT95].

Point 3. We now turn to the case where [ = 3 and G is conjugate to PGLa(F3).
We claim that G is adequate in this case. Applying Lemma twice, we may
assume that G = GLg(F3). Since PGLo(F3) = Sy, we see that G has no quotients
of 3-power order. Indeed, Sy has 3 subgroups of index 3 and they are all conjugate,
being 2-Sylow subgroups. Thus the first condition for adequacy holds. The second

condition holds trivially. For the third condition, we note that the elements (é 0) ,

((1) _01), (} _11), and (_11 D of SLy(IF3) are semi-simple and span Moy (F3)

as an Fz-vector space. To verify the fourth condition, we think of SLy(F3) as
a normal subgroup of GLg(F3) with quotient @ of order 2, giving us an exact
sequence

HY(Q, gly(F3)%259)) — H'(GLy(Fs), gly(F3)) — H'(SL2(F3), gly(F3))<.

The right term vanishes by appeal to Lemma 2.48 of [DDT95], which tells us that
H'(SLy(F3), 5l2(F3)) is trivial. On the other hand g, (F3)SL2(Fs) = g1y (F3)St2(Fs) g
(1F3)SL2(Fs) = 1T (since sly(F3) is irreducible and nontrivial under the action of
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SLy(F3)); and H*(Q, 1F3) = (0). So the left term vanishes too. Thus H'(GLo(F3), gl,(F3)) =
(0); that is, H'(G, gly(F3)) = (0), as required.

Point 4. We now treat the case where | = 3 and G = A;. We claim G is
adequate in this case. Applymg the sublemma we can find some irreducible two-
dimensional F;-representation gi) of 2. A5 such that IFZ QS(Z As) = IFl G. Having done
this, by applying Lemma [A.1.4] twice, we see that to show G adequate it suffices
to show 5(2.A5) adequate. By consulting [JLPWO95L p2], we see that 2. A5 has only
two 2-dimensional irreducible mod 3 representations, corresponding to the Brauer
characters ¢5 and ¢g there. By comparing with [CCNT| p2] we see that these
Brauer characters each come from characteristic 0 characters, viz the characters
called x¢ and x7 in [CCN'| p2], the first of which corresponds t0 ppat.2.4,, the
natural representation we get by thinking of 2. A5 as the binary icosahedral group,
and the second to pr(lft)Q 4. This means that 5 is either the reduction mod 3 of

£ (12)
Pnat,2.A5 O O pnat7

We shall now verify that 5(2.145) is adequate, verifying the conditions in turn.

. o _(12 .
2. 45" We will write pnat.2.4, and pgat?l As for these reductions.

e The first condition (no I-power order quotients) follows immediately from
the simplicity of A5, which shows ¢(2.45) can have no l-power order Jordan
Holder constituents.

e The second condition, [ {n, is trivial.

e Examining [JLPWO95, p2], we see that the character ¢ is real, so the dual
representation of ppat 2.4, has the same character and ad Oﬁnat,g_ A has char-
acter qﬁ% —1. We recognize this character as ¢ from the table. Thus ad 0 Pnat

is irreducible. Similarly ad® pflat)2 4. has character ¢3, which is irreducible.

It follows that ad°V = sl,F; is irreducible. Choose g € (5(2.145) to be the
image under 5 of some non-central element of 2.A45 of order prime to 3.
Then ¢ is not a scalar and acts semisimply, so is conjugate to diag(c, )
where a # 3. Then it is easy to check that 7y o5la(F;)tn,a # (0). Thus we
see that condition (C) of [GHTTI10] holds, which is equivalent to the third
condition for adequacy by Lemma 1 of [GHTTIO0].
e To verify the fourth condition it will suffice to check H(¢(2.45),sly(F;)) =

(0). Recall that ¢ is prat.2.4, O [)&?2 4, both of which are easily seen to be

injective. Thus we must show H'(2.45,ad ¢) = (0) for ¢ = puat.2.4, and

e 12
(b = pnat)

entirely analogous. It is easy to see that ad? Pnat,2.4, 1s the natural three-
dimensional representation ps 2 4, we get by mapping to As, realizing As as
the symmetries of a icosahedron, then reducing mod 3. By Proposition 46
in Section 16.4 of [Ser7T], we see that adoﬁnatvz,qs is a projective F3[2.45]-
module, so it is the only simple module in its block, and in particular any
extension of the trivial representation by ad Oﬁnat)g_ A5 splits, as required.
(We thank Florian Herzig for supplying us with this argument.)

Point 5. Next we consider the case where | = 5 and G is PSLy(F5) or PGLy(F5).
In the case where G is PSLy(F5), Table 4.5 of [CPSTH] tells us that H(G, gly(F;))
is one dimensional, violating the fourth condition in the definition of adequacy.
Thus in this case G will fail to be adequate. In the case where G is PGLy(F5), we
have H'(G, gl,,(F;)) = (0) by [BP12, 5.6], and the first two conditions are trivially

9.4, We give the argument for qb pnat 2.45, the other case being
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verified. It remains to check the third condition, which is easily verified by hand, or
by arguing as in the last paragraph of the proof of Theorem 9 of [GHTTI10]. (We
thank Robert Guralnick and Florian Herzig for pointing this out to us.)

Point 6. Next we consider the case where [ = 3 and G is conjugate to PSLy(F3).We
claim that G is not adequate in this case. Since PSLo(F3) = Ay, it suffices to note
that A4 has a quotient of order 3, so that G must also have a quotient of order 3.
This violates the first condition for adequacy.

Point 7. We now treat the remaining cases. We start with the case where
where [ = 5 and G = As. It is obvious that this case includes the case already
considered where we have (up to conjugation) an equality G = PSLy(F5) (rather
than a mere isomorphism), since A5 = PSLy(F5). But we will show that in fact
whenever G = As we must indeed have G = PSLy(F5) up to conjugation, thus
reducing this case to a case we have already considered.

Applying the sublemma we can find some irreducible mod 5 representation ¢ of
2.As5 such that EX 5(2.A5) = EXG. Having done this, by applying Lemma
twice, we see that to show GG inadequate it suffices to show q§(2.A5) inadequate. By
consulting [JLPWO95| p2], we see that 2.A5 has only one mod 5 Brauer character
of dimension 2. But 2.45 — SLy(F5) < GLy(F5) (see [CCNTL p2]) is clearly
an irreducible representation mod 5 of dimension 2, so we deduce that 8 must be
exactly this map. This reduces us to the case G = PSLy(F5).

Similar arguments allow us to see that the (apparently more general) case where
| =3 and G = Ay is actually included in the case that G is conjugate to PSLa(F3).

Finally, again using similar arguments, we can reduce the case where [ = 3 and
G = Sy to the case where G is conjugate to PGLy(F3).

O

A.3. Adequacy for tensor products. We would like to thank Richard Taylor
for allowing us to include the following lemma here; it was originally proved by him
during the writing of [BLGGT10].

Lemma A.3.1. Suppose that T is a group and that r; : T — GL,, () is a repre-
sentation of T for i = 1,2. Suppose moreover that r1(T') is adequate, that ra|er r,
is irreducible and that ro(I") has order prime to l. Then (r1 ® r2)(T') is adequate.

Proof. Write H; for the image of r; and H for the image of 1 ® 7. Write K;

for r;(kerrsz_;). Write Z for the set of z € EX for which there exists v € T with
r1() = z and 72(7) = z71. Then there is a natural identification

Hy, /Ky =T/(kerry).(kerry) = Ho /Ko
and an exact sequence
{1} — Z — {(h1,he) € Hy X Hy : h; mod Ky = hy mod Ky} — H — {1}.
In particular there is an exact sequence
{1} — Z — H, — H/Ky; — {1}.

It is easy to check the first two conditions for H to be adequate. (Note that
dim ro|#Ho, so that | t dimry, and that any I-power order quotient of H would
yield an [-power order quotient of H/Ky = Hy/Z and thus of Hj, a contradiction.)
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To check the third condition, suppose that A; € M, «n,(F;). We can write

Ay = airi(v)

for some a; € F; and v; € T’ with (vi) semi-simple. We can also write

ra(v; A2 = Z bijra(dij)
J

for some b;; € F; and some dij € kerry. Then

> j aibij(r1 ® r2)(7idsj)

> air1 (i) ® (r2(vi) 225 bijra(6i))
= Y ari(v) ® As
= A; ®A,.

Moreover each 71(7;d;;) = r1(7;) is semi-simple by assumption and each 72(;d;;)
is semi-simple as Ho has order prime to [. Thus H satisfies the third condition to
be adequate.

To check the fourth condition it suffices by the Hochschild-Serre spectral sequence
to check that H'(H/K2,ad (11 ® r9)%2) = (0) and H'(K2,ad (r; @ r2)) = (0).
However

H'(H/Ky,ad (r,®ry)%?) = H'(H/Ky,adr,) = H'(H,/Z,adr)) = H' (Hy,ad ;) = (0)
and

H' (K3, ad (r1 @ r2))" = ((ad 1) @ H' (K2, adr2))" = (0)
(since K3 has order prime to [). The lemma follows. O

A4. An improvement to a lifting result of [BLGGT10]. We now prove a
slight variant of Theorem 4.3.1 of [BLGGTI0]. At the expense of assuming that
the representation 7 admits a potentially automorphic lift, we are able to weaken
the assumption on the prime [. We will follow the proof of Theorem 4.3.1 of
[BLGGTI0], and in particular we refer to [BLGGT10] for any notation not already
defined in the present paper.

Theorem A.4.1. Let n be a positive integer and | an odd prime. Suppose that F
is a CM field not containing ¢; and with mazimal totally real subfield F*. Let S be
a finite set of finite places of F'™ which split in F and suppose that S includes all
places above l. For each v € S choose a prime v of F above v.

Let u: Gp+ — @lx be a continuous, totally odd, de Rham character unramified
outside S. Also let

T GF+ — Qn(Fl)

be a continuous representation unramified outside S with voF =i and 7 1G2(F;) =
Gr. Suppose that ?\GF“” is 1rreducible, and that ?(GF(Q)) 18 adequate.

Forv € S, let p, : G, = GLn(Og,) denote a lift ofﬁg%. If v|l we assume that
Py is potentially diagonalizable and that, for all T : Fy — Q,, the multiset HT(p,)
consists of n distinct integers.

Assume further that there is a finite extension of CM fields F'/F and a RAECSDC
automorphic representation (7', x') of GL,(Ap:) such that

e I does not contain (,
o (m',X') is unramified outside the set of primes above S,
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d (Fl,l(ﬂ-/)”:l,’t(yl)) = (F|GF/7ﬁ|GF/)7
e for all places w|l of F', r,(7")|a,, is potentially diagonalizable, and

e "(Gpr(c,)) is adequate.
Then there is a lift
T GF+ — gn((’)@)

of ¥ such that

(1) vor = p;
(2) ifv €S then ¥y ~ pu;
(8) r is unramified outside S;
(4) rla,. is automorphic of level potentially prime to .

Proof. We begin the proof with some brief remarks that may help to orient the
reader. In comparison to Theorem 4.3.1 of [BLGGT10], we have weakened the
hypothesis that { > 2(d + 1), where d is the maximal dimension of an irreducible
subrepresentation for the subgroup of 7(Gp(,)) generated by elements of order
[, to the hypothesis that 7(Gp(c,)) is adequate (this condition is implied by the
assumption that I > 2(d + 1) by Theorem 9 of [GHTTI0]). On the other hand, we
have had to add the hypothesis that 7|, is automorphic. In the proof of Theorem
4.3.1 of [BLGGTI0], an appeal is made to Proposition 3.3.1 of op. cit., which proves
that 7 is potentially automorphic. We do not know whether Proposition 3.3.1 of
[BLGGT10] can be proved using only the condition that 7(Gp(,)) is adequate,
rather than the condition that [ > 2(d + 1); the difficulty lies in establishing when
the induction of an adequate representation is adequate.

The proof below is essentially a combination of the proofs of Theorem 4.3.1 and
Proposition 3.3.1 of [BLGGT10]. The reason that we need to incorporate details
of the proof of Proposition 3.3.1 of [BLGGT10)] is that in addition to proving the
potential automorphy of 7, the Proposition also shows that 7 potentially admits
an ordinary automorphic lift with prescribed behaviour at places not dividing I.
In order to carry out the rest of the proof of Theorem 4.3.1 of [BLGGTI0] in our
setting, we need to produce such a lift of 7|g,,, possibly after making a further
solvable base change. We can do this using the techniques of [BLGGT10].

In outline, we do the following: we choose a solvable CM extension F/F’ with
various helpful local properties. We then use the methods of [BLGGT10] to produce
an ordinary automorphic lift ry of 7|g, . The arguments of [GGI2|, as refined in
[Thol2] and [BLGGTIO], allow us to replace this with an ordinary automorphic
lift 7, ,(7}) which has the behaviour prescribed for r at places not dividing {. The
techniques of [BLGGT10] then allow us to produce the representation r, and the
automorphicity of r|g,, follows as a byproduct of the construction.

We now begin the proof proper. We may suppose that for v € S with v t [ the
representation p, is robustly smooth (see Lemma 1.3.2 of [BLGGTT0]) and hence

lies on a unique component C, of R?ch; ® Q,. If v|l is a place of F* then choose
Fy
a finite extension K, /F; over which p, becomes crystalline, and let C, denote the

unique component of RElG (HT (po)} s —cris ® Q; on which p, lies.
F~ 7(Pv) 5,88y —CT1

Let p denote the Teichmuller lift of 7i. Choose a positive integer m which is
greater than one plus the difference of every two Hodge—Tate numbers of p, and of
11.(7")|G,, for every place v|l of F' and every place wll of F'.
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Choose a finite, soluble, Galois, CM extension Fj/F’ which is linearly disjoint
from 1% "(¢;) over F' such that

e for all u lying above S we have 7(Gp, ) = {1};
o for all u|l we have (; € F u;
. ,u|GF+ is crystalline above I;

. 7‘171()<’)|GF1+ is crystalline above [

o ifulv|l with v € S'then py|cy, , is crystalline and py|y, |, ~ wgu)@- @t
with each wz(u) a crystalline character;

e if ull then ”vl(wlﬂGFl,u is crystalline and 7417%(”/)|GF1,,L ~ ¢§“) DD QZ%(zu)
with each q&(“) a crystalline character.

Cu))cqb(u = rl’l(x’)el_”|GFl’u. If u|v|l with v € S,

then for i = 1,...,n, we define w;cu) :GF ., — Q" by (1/J§w))cf¢1§u) = plap, .-
Choose a CM extension M /F; such that
e M/F) is cyclic of degree n;

We can and do assume that (¢;

kerTla

e M is linearly disjoint from F F'(¢;) over F';
e and all primes of F; above [ split completely in M.

Choose a prime uq of Iy above a rational prime ¢ such that
e ¢ # [ and ¢ splits completely in M;
e T is unramified above q.

If v|ql is a prime of F} we label the primes of M above v as var1,. .., U,y SO that
(cv)n,i = c(vam,i). Choose continuous characters

0,0,0" : Gry — Q)

such that
e the reductions 6, & and 6" are equal;
e 00° =TI (" 1)m€l(17n)m7 0'(0')° = p, and 0”(0")° = rl,z(X/)€}7n;
e 0,0 and 9”3re de Rham;
o if 7: M — Q lies above a place var;|l of M then HT,(0) = {(: — 1)m} ,

HT, (') = HT,,, ("17)) and HT, (07) = HT,;,. (6"17));
0, ¢ and 0" are unramified at Ug, M, for i > 1, but ¢ divides #Q(IM
#0' (I, ) and #0" (I

Ug,M,1 uq.,M,l)'

(Use Lemma 4.1.6 of [CHT0S§].)
Note the following;:

)

o If ull is a place of Fy and if K/Fy, is a finite extension over which 6, ¢’
and 6” become crystalline and 6 = 9 = 0" become trivial, then

(Id g 1 0)g ~ 1@ 6™ @ @e ™™,

G u u
(Ind ;10" G ~ T @ g
and o
(G 0" ~ 0" o @ @ 01l

o (Indg"0)° = (Ind " 0)" @™ ™™ (1_")m,(1ndg$9’)cg(1 deng)Ve
p and (Ind " 0")° = (Ind g; 9") ® 1. (x)el
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e The representation

Gr 5
(Ind GMl ) | xer ;lGn(q)

is irreducible, and hence by Lemma [A73]]

> GFlf
(Flar, © (Ind g, 0)(Gry()

is adequate.
[That (Ind GFI 0)|ker 71 S is irreducible follows from looking at ramifi-
1167

cation above u4, and noting that 7 is unramified at g, so that u4 is unram-
. . —=ker?
ified in F' ISy ]

Let Fy/F; be a finite, soluble, Galois, CM extension linearly disjoint from
GF1 5 o
—kerInd "1 0—ker 7
F1Cr e pkerTlan, ((;) over Fy such that
® 0lGryus O lGry and 0”|G,,,, are crystalline above [ and unramified away
from [;

e MF;,/F5 is unramified everywhere.

Then there is a RAECSDC automorphic representation (s, x2) of GL,2(Ap,)
such that

L4 7"151(’7'('2) = (Tl 1( )|GF1 ® Ind GF1 9)|GF2;
o Tl,z(XQ) ,UKJJ(” 1)m (n 1) (n— m)rl,l(Xl)5F2/F2+;

e 7o is unramified above [ and outside S.

[The representation 7, is the automorphic induction of (7')pr, @ (6] [~ 1/2odet)
to Fy, where r,,(¢) = 0|Gy,,,- The first two properties are clear. The third property
follows by the choice of F» and local-global compatibility ([Car12], [BLGGT12]).]

Let S denote the set of ¥ as v runs over S, let Sy (resp. S2) denote the prlmeb
of F© (resp. F;) above S and Sy (resp. S») the primes of Fy (resp. F3) above S.
If v € S) (resp. Ss), let ¥ denote the element of Sy (resp. S) lying above it. For
v € Sy with v {1l (resp. v|l) let Cq,, denote the unique component of Rv‘ ®Q,

(resp. RP ®Q;) containing T1,.(7") |G, . (vesp. 1696[ e

T|a Gp, - {0,m,2m,...,(n—1)m)},cris

- De (- n)m) For v € S; with v J[ [ (vesp. v|l) let Ca,, denote the unique component
of K ® Q (resp. Rﬂ w(m)lap AHT, (r(m2)lGp, ) }cris ® Q) containing
2,7 ’ 2,7

Tia(m2)lep,

rl’z(wQ)|GF2j. Choose a finite extension L/Q; in Q; such that

e L contains the image of each embedding Fy < Q;;
e L contains the image of 6;
o 1r,(m2) is defined over L;
e cach of the components C; , for v € S; and Cy,, for v € Sy is defined over
L.
Set
G, +.Gr i (X))
F. 1—
s =1Ind GMl+;GM (0”7”ﬂ(X )El n) : GF1+ — gn(oL)

in the notation of section 1.1 of [BLGGTI0] and section 2.1 of [CHTO08]. Thus
vos=r(x )ell ". For v € Sy (resp. v € S3) let Dy, (resp. Ds,) denote the
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deformation problem for 7|¢ w o (resp. Ty, (m2)|Gp, ) over Of corresponding to Ci,,
(resp. Ca,y). Also let

S = (Fl/Ffr,Sl,gl, (9L,7|(;F+,l~ll|GF+wl(nfl)mel(l—n)m7 (D)
1 2
and

82 (FQ/FQ 7SZ,SZ’OL7TIZ(7T2) /J"G + (n Lym (1 n)(m+1) (X/)éFz/F;’{DZ”})'

There is a natural map

s R

induced by 7"“§‘111V|GF+ ® sl .- [We must check that if u € Sy then ru“‘V|GF _®
2 2

(Ind gij 0")|Gr, . € Dou. Let v = u[p+ and let pECM denote the universal lift of

G
T\GFl to RY . It suffices to show that pECM |GF2,a @(Ind ;' 9”)|GF2,a €

Or ""lGF Cl,v
Ds,,,. For this, it sufﬁces to show if p : Gp, , — GLn((’)@l) is a lift of %|GF11~,
lying on Ci,y, then pla,, (Indg;l 0")|Gp, . lies on Coy. If ull, then plg, — ~

(Indg$9)|gp _and (IIldGEQ”)\GF2 o~ m(ﬂ/)lcF _ and hence

G
p‘Gsz ® (Ind G;l 6//)|GF21,~,1 (rl Z(7TF1) ® Ind Gil 6)‘GF L= Z<7T2)|GF2,E'
If u { I, then by definition p|g,, _ ~ r,.(7")|cy, .. By the choice of F5 we have

(Ind GFl 0)lcr, , ~ (Ind GF} 0")lcr, - Hence

p|GF2) ® (Ind GF1 0//)| Gryy ™ (rl W ) ® Ind GFl Q)|Gl,;2,17 = Tl,z(7r2)|Gp2’a

and we are done.] It follows from Lemma 1.2.3 of [BLGGT10)] that this map makes

R a finite RE"V-module. By Theorem 2.3.2 of [BLGGTI0], R&""Y is a finite Of-
module and hence R“m" is a finite Op-module. On the other hand by Proposition
1.5.1 of [BLGGTI0], R¥™ has Krull dimension at least 1. Hence Spec R§"" has a
Q,-point. This point glves rise to a lifting 71 : G, = GL,(Q;) of 7|y, Wlth the

following properties:

o vor = Iuwl(n 1)m (1 n)m

e 71 is unramified out51de S

o if ull then ri|g, ~1@e ™D D
By Theorem 2.2.1 of [BLGGT10], Lemma 1.4 of [BLGHT11] and the construction
of r1, we also have that

(1- n)m

e 7 ® (Ind gf;l 0") is automorphic of level prime to .

It follows from Lemma 2.2.4 of [BLGGTI0] that r; itself is automorphic of level
prime to [, say r1 = r;,(m1). By the main result of [Carl2], m; is unramified outside
of places lying over S, and by the main result of [BLGGTI12] and Lemma 5.2.1
of [Ger(9], we see that m is ¢-ordinary of level prime to I. It then follows from
Theorems 2.4.1 and 2.4.2 of [BLGGT1I0], which together strengthen Theorem 5.1.1
of [GG12], that we may find a RAECSDC automorphic representation (7, x}) of
GL, (AR, ) such that

o (T1.(m),m1.(X1) = (Flar,  Alcr )
e 7} is t-ordinary, unramified at places dividing [, and unramified outside S,
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. 1—
e if u|l then Tl_z(7r’1)|GF ~1@e m@~~~@el( n)m,
’ U
o (n—1)m (1—n)(m—1)
o 1,.(X1) = U|GF+WZ € )
e if W11 is a place in S) lying over v € S, then T () |Gr, . ~ poler, .

We now argue in a similar fashion to the above to construct the sought-after
representation 7.

There is a RAECSDC automorphic representation (74, x%) of GL,2(Ap,) such
that

o 1, () = (Tll(ﬂl)@)IHdGile/”G@;
n—1 1—-n)(m+n+1
o 1 (xh) = i et Sy s
e 7} is unramified above [ and outside S.
[The representation 7} is the automorphic induction of (7)) yrm, @ (¢'| |~ D/20det)
to Fy, where r;,(¢') = 0'|gy,, - The first two properties are clear. The third
property follows by the choice of F and the fact that 7} is unramified above [ and

outside S']

For v € Sy with v { I (vesp. v|l) let C3, denote the unique component of

Rgz(wz)la ~®Q (resp. Rﬂl(@)m AHT (), »)},ms®@z)00ntalmng ria(m)| G, , -

Extending L if necessary we may further assume that

e [ contains the image of u;

o 7;,(m)) is defined over L;

e cach of the components C, for v € S and Cj ,, for v € Sy is defined over L.
Set

(n—1)m (1 n)m

0.5 (n 1)m (1 n)m) . GF1+ —5 Gn(OL)

in the notation of section 1.1 of this paper and section 2.1 of [CHTO08]. Thus
vos = ,uw(n Lm (kn)m. For v € S (resp. v € S3) let D, (resp. Dj ) denote the
deformation problem for 7|g, (resp. 71.(m2)|c &, . ) over O corresponding to C,

(resp. C3,). Also let

GF+,GF1,MW

s'=Ind ! G

= (F/F*,S,8,0.,F,u,{D,})
and
83 = (Po/Fy, S, 52, Or, Fua(wh). il ol "8y 1, (D).
As above, there is a natural map
Rgréliv . Runiv
induced by r@iv|q oy @ d|a _ It follows from Lemma 1.2.3 of [BLGGTI0] that
this map makes R“m" a ﬁmte R“““’ module. By Theorem 2.3.2 of [BLGGTI0],

R“m" is a finite O -module, and hence R“““’ is a finite Or-module. On the other

hand by Proposition 1.5.1 of [BLGGTI0], R%" has Krull dimension at least 1.
Hence Spec R¥Y has a Q;-point. This point gives rise to the desired lifting 7 of
7. [To see that 7|g,, is automorphic, note that by Theorem 2.3.1 of [BLGGT10],

(T\GFI (Ind Gjl 0))|G, is automorphic, so by Lemma 1.4 of [BLGHTTI] r|g,, ®
(Ind GMI ¢) is automorphic. It follows from Lemma 2.2.4 of [BLGGTI0] that (g,
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is automorphic, and a further application of Lemma 1.4 of [BLGHT11] shows that
|G, is automorphic, as required.| O
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