CRYSTALLINE EXTENSIONS AND THE WEIGHT PART OF
SERRE’S CONJECTURE
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ABSTRACT. Let p > 2 be prime. We complete the proof of the weight part
of Serre’s conjecture for rank two unitary groups for mod p representations
in the totally ramified case, by proving that any Serre weight which occurs is
a predicted weight. This completes the analysis begun in [BLGGII], which
proved that all predicted Serre weights occur. Our methods are a mixture
of local and global techniques, and in the course of the proof we use global
techniques (as well as local arguments) to establish some purely local results
on crystalline extension classes. We also apply these local results to prove
similar theorems for the weight part of Serre’s conjecture for Hilbert modular
forms in the totally ramified case.
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1. INTRODUCTION

The weight part of generalisations of Serre’s conjecture has seen significant
progress in recent years, particularly for (forms of) GLs. Conjectural descriptions
of the set of Serre weights were made in increasing generality by [BDJI0], [Sch08]
and [GHSTI], and cases of these conjectures were proved in [Geell] and [GSTTal.
Most recently, significant progress was made towards completely establishing the
conjecture for rank two unitary groups in [BLGGI1]. We briefly recall this result.
Let p > 2 be prime, let F' be a CM field, and let 7 : Gp — GLy(F,) be a modular
representation (see [BLGGII] for the precise definition of “modular”, which is in
terms of automorphic forms on compact unitary groups). There is a conjectural
set W (F) of Serre weights in which 7 is predicted to be modular, which is defined
in Section [2| below, following [GHS11]. Then the main result of [BLGGII] is that

under mild technical hypotheses, 7 is modular of every weight in W7 (7). We note
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that this result is rather more general than anything that has been proved for inner
forms of GLy over totally real fields, where there is a parity obstruction due to
the unit group; algebraic Hilbert modular forms must have paritious weight. This
problem does not arise for the unitary groups considered here, which is why we use
them, rather than making use of the more obvious choice of an inner form. In the
absence of a mod p functoriality principle, it is not known that the results for inner
and outer forms of GLo are equivalent, and at present the theory for outer forms
is in a better state.

It remains to show that if 7 is modular of some Serre weight, then this weight
is contained in W?(f). It had been previously supposed that this was the easier
direction; indeed, just as in the classical case, the results of [BLGGI1] reduce the
weight part of Serre’s conjecture for these unitary groups to a purely local problem
in p-adic Hodge theory. However, this problem has proved to be difficult, and so far
only fragmentary results are known. In the present paper we resolve the problem
in the totally ramified case, so that in combination with [BLGGI11] we resolve the
weight part of Serre’s conjecture in this case, proving the following Theorem (see

Theorem [6.1.2)).

Theorem A. Let F be an imaginary CM field with maximal totally real sub-
field F*, and suppose that F/EF* is unramified at all finite places, that ¢, ¢ F,
and that [F* : Q] is even. Suppose that p > 2, and that 7 : G — GLy(F,) is
an irreducible modular representation with split ramification such that 7(G F(Cp)) 18
adequate. Assume that for each place w|p of F, F,,/Q, is totally ramified.

Let a € (Z%)§ be a Serre weight. Then a, € W'(F|a,, ) if and only if 7 is
modular of weight a.

(See the body of the paper, especially Section for any unfamiliar notation
and terminology.) While [BLGGII] reduced this result to a purely local problem,
our methods are not purely local; in fact we use the main result of [BLGGII],
together with potential automorphy theorems, as part of our proof.

In the case that 7|g,.  is semisimple for each place w|p, the result was established
(in a slightly different setting) in [GS11a]. The method of proof was in part global,
making use of certain potentially Barsotti-Tate lifts to obtain conditions on 7|g,,, .
We extend this analysis in the present paper to the case that 7|g,, is reducible but
non-split, obtaining conditions on the extension classes that can occur; we show
that (other than in one exceptional case) they lie in a certain set Lga¢, defined
in terms of finite flat models. We are also able to apply our final local results to
improve on the global theorems proved in [GS11al; see Theorem below.

In the case that 7|g,  is reducible the definition of W also depends on the
extension class; it is required to lie in a set Lcrys, defined in terms of reducible
crystalline lifts with specified Hodge-Tate weights. To complete the proof, we show
that Lerys = Laat, except in one exceptional case that we handle separately in
Proposition An analogous result was proved in generic unramified cases in
section 3.4 of [Geell] by means of explicit calculations with Breuil modules; our
approach here is less direct, but has the advantage of working in non-generic cases,
and requires far less calculation.

We use a global argument to show that Leyys C Laat. Given a class in Lepys, we
use potential automorphy theorems to realise the corresponding local representation
as part of a global modular representation, and then apply the main result of
[BLGGI1] to show that this representation is modular of the expected weight.



Standard congruences between automorphic forms then show that this class is also
contained in Lgay.

To prove the converse inclusion, we make a study of different finite flat models
to show that Lg,; is contained in a vector space of some dimension d. A standard
calculation shows that L.ys contains a space of dimension d, so equality follows.
As a byproduct, we show that both Laa; and Leys are vector spaces. We also
show that various spaces defined in terms of crystalline lifts are independent of the
choice of lift (see Corollary . The analogous property was conjectured in the
unramified case in [BDJI0].

It is natural to ask whether our methods could be extended to handle the general
case, where Fi,/Q,, is an arbitrary extension. Unfortunately, this does not seem
to be the case, because in general the connection between being modular of some
Serre weight and having a potentially Barsotti-Tate lift of some type is less direct.
We expect that our methods could be used to reprove the results of section 3.4
of [Geell], but we do not see how to extend them to cover the unramified case
completely. In particular, we are unsure as to when the equality Lgat = Lcrys holds
in general.

We now explain the structure of the paper. In Section [2| we recall the definition
of W, and the global results from [BLGGII] that we will need. In Section [3| we
recall (and give a concise proof of) a potential automorphy result from [GKII],
allowing us to realise a local mod p representation globally. Section [ contains the
definitions of the spaces Leys and Lga: and the proof that Lerys C Lgat, and in
Section [§] we carry out the necessary calculations with Breuil modules to prove our
main local results. All of these results are in the reducible case, the irreducible case
being handled in [GSTTal. Finally, in section |§| we combine our local results with
the techniques of [GS11a] and the main result of [BLGG11] to prove Theorem
and we deduce a similar result in the setting of [GS11a].

We would like to thank the anonymous referee for an extremely thorough reading
of the paper, and for their helpful suggestions which have improved the exposition
in many places. One of us (DS) thanks Fred Diamond for valuable discussions on
closely related questions.

1.1. Notation. If M is a field, we let Gj; denote its absolute Galois group. Let €
denote the p-adic cyclotomic character, and € the mod p cyclotomic character. If M
is a global field and v is a place of M, let M, denote the completion of M at v.
If M is a finite extension of Q; for some [, we write I, for the inertia subgroup
of Gps. If R is a local ring we write mp for the maximal ideal of R.

Let K be a finite extension of Q,,, with ring of integers O and residue field k. We
write Artg : K* — W2P for the isomorphism of local class field theory, normalised
so that uniformisers correspond to geometric Frobenius elements. For each o €
Hom(k,F,) we define the fundamental character w, corresponding to o to be the
composite
Tt

1
KO[X( s O'F

p

X

A
Iy wib

In the case that k = I, we will sometimes write w for w,. Note that in this case
we have wlf@] =€,

We fix an algebraic closure K of K. If W is a de Rham representation of G'gx
over @p and 7 is an embedding K — @p then the multiset HT- (W) of Hodge-Tate
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weights of W with respect to 7 is defined to contain the integer ¢ with multiplicity
dimg (W ®-x K(—i)%x,
with the usual notation for Tate twists. Thus for example HT, (¢) = {1}.

2. SERRE WEIGHT CONJECTURES: DEFINITIONS

2.1. Local definitions. We begin by recalling some generalisations of the weight
part of Serre’s conjecture. We begin with some purely local definitions. Let K be
a finite totally ramified extension of Q, with absolute ramification index e, and let

7 : Gg — GLy(F,) be a continuous representation.

Definition 2.1.1. A Serre weight is an irreducible F-representation of GLa(F,).
Up to isomorphism, any such representation is of the form

F, = det *? @ Sym® 2 RZ)
where 0 < a; —as < p— 1. We also use the term Serre weight to refer to the pair
a = (a1, as).

We say that two Serre weights a and b are equivalent if and only if F, & F), as
representations of GLy(F,). This is equivalent to demanding that we have a1 —ag =
by — bs and as = by (mod p — 1).

We write Zf_ for the set of pairs of integers (ni1,n2) with n; > ng, so that a
Serre weight a is by definition an element of Zi. We say that an element A €

(Zi)Hom@P(K’@P) is a lift of a Serre weight a € Zi if there is an element 7 €
Homg, (K,Q,) such that A = a, and for all other 7 € Homg, (K,Q,) we have
A = (0,0).

Definition 2.1.2. Let K/Q, be a finite extension, let A € (Zi)HomQP(K*@P), and

let p: Gx — GL2(Q,) be a de Rham representation. Then we say that p has Hodge
type X if for each 7 € Homg, (K, Q,) we have HT-(p) = {Ar1 + 1, Ar 2}

In particular, we will say that p has “Hodge type 0” if its Hodge-Tate weights are
(0,1) with respect to each embedding. Following [GHS11] (which in turn follows
[BDJI0] and [Sch08]), we define an explicit set of Serre weights W (p).

Definition 2.1.3. If p is reducible, then a Serre weight a € Zi is in W7(p) if and
only if p has a crystalline lift of the form

X1 Ok
0 X2

which has Hodge type A for some lift A € (Zi)H‘)m@p(K’@P) of a. In particular, if
a € W (p) then by Lemma 6.2 of [GS11a] it is necessarily the case that there is a
decomposition Hom(F,,F),) = J[[ J° and an integer 0 < § < e — 1 such that

5 a1+1 a
ﬁ|1 ~ (w HG‘GJWUI HO’GJC wg? L * ) >
K — e—1— a1+ a
0 w HJGJC wal HoeJ (“)02'

We remark that this definition in terms of crystalline lifts is hard to work with
concretely, and this is the reason for most of the work in this paper. We also remark
that while it may seem strange to consider the single element set Hom(F,, F,), this
notation will be convenient for us (note that we always assume that the residue
field of K is ).
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Definition 2.1.4. Let K’ denote the quadratic unramified extension of K inside K,
with residue field &’ of order p?.

If 5 is irreducible, then a Serre weight a € Z2 is in W”(p) if and only if there is
a subset J C Hom(k',F,) of size 1, and an integer 0 < § < e — 1 such that if we
write Hom(k',F,,) = J[[ J¢, then

a1 +1+6 as+e—1—48
(HUEJWU HUGJC Wo 0
0 .

a1 +1+6 as+e—1—34
HUEJC Wo HUEJWU

We remark that by Lemma 4.1.19 of [BLGGII], if a € W' (p) and p is ir-
reducible then p necessarily has a crystalline lift of Hodge type A for any lift
A€ (Zi)Hom‘@P(K’QP) of a. Note also that if a and b are equivalent and a € W7 (p)
then b € W’ (p).

ﬁ‘IK =

Remark 2.1.5. Note that if 0 : G — F: is an unramified character, then W”(7) =
WH(r®0).

2.2. Global conjectures. The point of the local definitions above is to allow us to
formulate global Serre weight conjectures. Following [BLGG11], we work with rank
two unitary groups which are compact at infinity. As we will not need to make any
arguments that depend on the particular definitions made in [BLGG11], and our
main results are purely local, we simply recall some notation and basic properties
of the definitions, referring the reader to [BLGGII] for precise formulations.

We emphasise that our conventions for Hodge-Tate weights are the opposite of
those of [BLGGI11]; for this reason, we must introduce a dual into the definitions.

Fix an imaginary CM field F, and let F'* be its maximal totally real subfield.
We assume that each prime of F'* over p has residue field F,, and splits in F. We
define a global notion of Serre weight by taking a product of local Serre weights in
the following way.

Definition 2.2.1. Let S denote the set of places of I’ above p. If w € S lies over
a place v of F'*, write v = ww. Let (Z2)§ denote the subset of (Z2)° consisting
of elements @ = (aw)wes such that a, 1 + aye2 =0 for all w € S. We say that an
element a € (Z2%)§ is a Serre weight if for each w|p we have

p—12ayw1— au,o-

Let 7 : G — GL2(F,) be a continuous irreducible representation. Definition
2.1.9 of BLGGI1I] states what it means for 7 to be modular, and more precisely
for 7 to be modular of some Serre weight a; roughly speaking, 7 is modular of
weight a if there is a cohomology class on some unitary group with coefficients in
the local system corresponding to a whose Hecke eigenvalues are determined by the
characteristic polynomials of 7 at Frobenius elements. Since our conventions for
Hodge-Tate weights are the opposite of those of [BLGGII], we make the following
definition.

Definition 2.2.2. Suppose that 7 : G — GLa(F,) is a continuous irreducible
modular representation. Then we say that 7 is modular of weight a € (Z2)§ if 7
is modular of weight a in the sense of Definition 2.1.9 of [BLGGII].

We remark that if 7 is modular then 7 = 7V ® €. We globalise the definition of
the set W’ (p) in the following natural fashion.
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Definition 2.2.3. If 7 : G — GL2(F,) is a continuous representation, then we
define W’ (7) to be the set of Serre weights a € (Z2)§ such that for each place w[p
the corresponding Serre weight a,, € Z2 is an element of W (F|c,. ).

One then has the following conjecture.

Conjecture 2.2.4. Suppose that 7 : Gy — GLa(F,) is a continuous irreducible
modular representation, and that a € (Zi)g is a Serre weight. Then T is modular
of weight a if and only if a € W (7).

Ifr:Gp — GLQ(Fp> is a continuous representation, then we say that 7 has split
ramification if any finite place of F' at which 7 is ramified is split over F'*. We will
frequently place ourselves in the following situation.

Hypothesis 2.2.5. Let F be an imaginary CM field with maximal totally real sub-

field F*, and let 7 : Gp — GL2(F,) be a continuous representation. Assume
that:

p>2

[F*:Q] is even,

F/F7 is unramified at all finite places,

F,,/Q, is totally ramified for each place w|p of F, and

7 is an irreducible modular representation with split ramification.

We point out that the condition that any place above p in F'* splits in F, which is
assumed throughout [BLGG11], is implied by the third and fourth conditions above.
The following result is Theorem 5.1.3 of [BLGG11], one of the main theorems of
that paper, specialised to the case of interest to us where F,,/Q, is totally ramified
for each place w|p of F. (Note that in [BLGGII], the set of Serre weights W7 (7) is
referred to as Wexplicit(y) )

Theorem 2.2.6. Suppose that Hypothesis holds. Suppose further that (, & F
and 7(Gp,)) is adequate. Let a € (Z3)§ be a Serre weight. Assume that a €
W?(F). Then 7 is modular of weight a.

Here adequacy is a group-theoretic condition, introduced in [Thol0Q], that for
subgroups of GLy(F,) with p > 5 is equivalent to the usual condition that F|GF( o)
is irreducible. For a precise definition we refer the reader to Definition A.1.1 of
[BLGGII]. We also remark that the hypotheses that F//F* is unramified at all
finite places, that every place of F* dividing p splits in F, and that [FT : Q] is
even, are in fact part of the definition of “modular” made in [BLGG11]. .

Theorem [2.2.6] establishes one direction of Conjecture and we are left with
the problem of “elimination,” i.e., the problem of proving that if 7 is modular of
weight a, then a € W (7). We believe that this problem should have a purely local
resolution, as we now explain.

The key point is the relationship between being modular of weight a, and the
existence of certain de Rham lifts of the local Galois representations 7|g,, ~with
w|p. The link between these properties is provided by local-global compatibility
for the Galois representations associated to the automorphic representations under
consideration; rather than give a detailed development of this connection, for which
see [BLGGII], we simply summarise the key results from [BLGGII] that we will
use. The following is Corollary 4.1.8 of [BLGGII].
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Proposition 2.2.7. Suppose that Hypothesis holds. Let a € (Zi)g be a
Serre weight. If T is modular of weight a, then for each place wlp of F, there is
a crystalline representation py, : G, — GL2(Q,) lifting 7|y, , such that p, has

Hodge type My, for some lift A, € (Zi)Hom@P(Fw’@P) of a.

We stress that Proposition [2:2.7] does not already complete the proof of Conjec-
ture because the representation p,, may be irreducible (compare with Defi-
nition [2.1.3). However, in light of this result, it is natural to make the following
purely local conjecture, which together with Theorem [2:2.6] would essentially resolve
Conjecture

Conjecture 2.2.8. Let K/Q, be a finite totally ramified extension, and let 7 :
Gr — GLa(F,) be a continuous representation. Let a € 72 be a Serre weight, and

suppose that for some lift X € (Zi)Hom@P(K’@P), there is a continuous crystalline

representation p : G — GL2(Q,) lifting p, such that p has Hodge type \.
Then a € W*(F).

We do not know how to prove this conjecture, and we do not directly address the
conjecture in the rest of this paper. Instead, we proceed more indirectly. Propo-
sition 2.277) is a simple consequence of lifting automorphic forms of weight a to
forms of weight A\; we may also obtain non-trivial information by lifting to forms
of weight 0 and non-trivial type. In this paper, we will always consider principal
series types. Recall that if K/Q, is a finite extension the inertial type of a poten-
tially semistable Galois representation p : Gx — GLn(@p) is the restriction to I
of the corresponding Weil-Deligne representation. In this paper we normalise this
definition as in the appendix to [CDT99], so that for example the inertial type of
a finite order character is just the restriction to inertia of that character. We refer
the reader to Definition and the discussion immediately following it for our
definition of “Hodge type 0.”

Proposition 2.2.9. Suppose that Hypothesis holds. Let a € (Zi)os be a
Serre weight. If ¥ is modular of weight a, then for each place w|p of F, there is a
continuous potentially semistable representation p., : Gr, — GL2(Q,) lifting 7|, ,
such that p,, has Hodge type O and inertial type 0™ @®w*?. (Here W is the Teichmiiller
lift of w.) Furthermore, py is potentially crystalline unless a;y —as = p— 1 and
Tl = xe x for some character .
w 0 X

Proof. This may be proved in exactly the same way as Lemma 3.4 of [GS11al,
working in the setting of [BLGGII] (cf. the proof of Lemma 3.1.1 of [BLGGII]).
Note that if p,, is not potentially crystalline, then it is necessarily a twist of an
extension of the trivial character by the cyclotomic character. O

3. REALISING LOCAL REPRESENTATIONS GLOBALLY

3.1. We now recall a result from the forthcoming paper [GK11] which allows us
to realise local representations globally, in order to apply the results of Section
in a purely local setting.

Theorem 3.1.1. Suppose that p > 2, that K/Q, is a finite extension, and let

T : Gk — GLo(Fp) be a continuous representation. Then there is an imaginary
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CM field F and a continuous irreducible representation ¥ : Gp — GLQ(FP) such
that, if I+ denotes the mazimal totally real subfield of F,
e cach place v|p of F* splits in F and has F,f 2 K,
e for each place v|p of F*, there is a place v of F lying over FT with fIGF,;
isomorphic to an unramified twist of T,
G & F,
7 1s unramified outside of p,
7 is modular in the sense of [BLGG11], and
T(GFr(,)) s adequate.

Proof. We give a brief (but complete) proof; a more detailed version will appear
in [GK11]. The argument is a straightforward application of potential modularity
techniques. First, an application of Proposition 3.2 of [Call0] supplies a totally real

field Lt and a continuous irreducible representation 7 : Gp+ — GLa(F,) such that
e for each place v|p of LT, L = K and Pl + &7k,
e for each place v|oo of L™, det 7(c,) = —1, where ¢, is a complex conjugation
at v, and
e there is a non-trivial finite extension F/F, such that #(Gp+) = GLa(F).

By a further base change one can also arrange that F|GL , is unramified at each

finite place v {p of LT.

By Lemma 6.1.6 of [BLGG10] and the proof of Proposition 7.8.1 of [Sno09], 7x
admits a potentially Barsotti-Tate lift, and one may then apply Proposition 8.2.1
of [Sno09] to deduce that there is a finite totally real Galois extension F* /LT in
which all primes of LT above p split completely, such that 7 |GF + is modular in the
sense that it is congruent to the Galois representation associated to some Hilbert
modular form of parallel weight 2.

By the theory of base change between GLs and unitary groups (cf. section 2

of [BLGGTI]), it now suffices to show that there is a totally imaginary quadratic

extension F//F* and a character § : Gp — ﬁ; such that 7|g, ®6 has multiplier e

and such that for each place v|p of FT, there is a place ¥ of F lying over v with
0|c,. unramified. The existence of such a character is a straightforward exercise in
class field theory, and follows for example from Lemma 4.1.5 of [CHTO08]. O

4. CONGRUENCES

4.1. Having realised a local mod p representation globally, we can now use the
results explained in Section [2| to deduce non-trivial local consequences.

Proposition 4.1.1. Let p > 2 be prime, let K/Q, be a finite totally ramified ex-
tension, and let p : Gx — GLa(F,) be a continuous representation. Let a € W' (p)
be a Serre weight. Then there is a continuous potentially semistable representa-
tion p : Gg — GLQ(@p) lifting p, such that p has Hodge type 0 and inertial type
w @ w*. Furthermore, p is potentially crystalline unless a1 —as = p — 1 and

= (%ﬁ ;) for some character .

Proof. By Theorem [3.1.1] there is an imaginary CM field F and a modular repre-
sentation 7 : Gp — GLa(F,) such that
e for each place v|p of F*, v splits in F as v0¢, and we have F; & K, and
7l . is isomorphic to an unramified twist of p,



e 7 is unramified outside of p,
o (, ¢ F,and
e 7(Gp(,)) is adequate.

Now, since the truth of the result to be proved is obviously unaffected by making an
unramified twist (if p is replaced by a twist by an unramified character 6, one may
replace p by a twist by an unramified lift of §), we may without loss of generality
suppose that 7|g, = p. Let b € (Z2)§ be the Serre weight such that by = a for
each place v|p of F'*, where S denotes the set of places of F' above p. By Remark
b € W*(F). Then by Theorem 7 is modular of weight b. The result now
follows from Proposition [2.2.9 (I

4.2. Spaces of crystalline extensions. We now specialise to the setting of Def-
inition As usual, we let K/Q, be a finite totally ramified extension with
residue field k = F,, ramification index e, and uniformiser 7. We fix a Serre weight
a € Z3. Note that all the subsequent constructions that we make (such as the
definitions of the spaces Laat and Le,ys below) will depend on this choice. We fix a

continuous representation p: Gxg — GLa(F),), and we assume that there is:

e a decomposition Hom(F,,F,) = J[[ J¢, and
e an integer 0 < § < e — 1 such that

) ay+1 as
oo fw w cw *
p|IK = ( HJEJ 7 0 HUGJ 7 e—1—6 a;+1 as >
w HO’EJC wa HUEJ wo’ .
Note that in general there might be several choices of J, §. Consider pairs of

characters x1, x2 : Gk — @px with the properties that:

(2) x1 and x2 are crystalline, and
(3) if we let S denote the set of Homg, (K, Q@,), then there exist J, ¢ as above
such that either
(i) J is non-empty, and there is one embedding 7 € S with HT,(x1) =
a; + 1 and HT,(x2) = ag, there are § embeddings 7 € S with
HT,(x1) = 1 and HT,(x2) = 0, and for the remaining e — 1 — §
embeddings 7 € S we have HT,(x1) =0 and HT,(x2) =1, or
(ii) J = 0, and there is one embedding 7 € S with HT,(x1) = a2 and
HT,(x2) = a1 + 1, there are § embeddings 7 € S with HT.(x1) =1
and HT,(x2) = 0, and for the remaining e — 1 — § embeddings 7 € S
we have HT,(x1) = 0 and HT,(x2) = 1.

Note that these properties do not uniquely determine the characters x; and yao,
even in the unramified case, as one is always free to twist either character by an
unramified character which is trivial mod p. We point out that the Hodge type of
any de Rham extension of y2 by x; will be a lift of a. Conversely, by Lemma 6.2
of [GS11a] any x1, x2 satisfying (1) and (2) such that the Hodge type of x1 ® x2 is
a lift of a will satisfy (3) for a valid choice of J and ¢ (unique unless a = 0).

Suppose now that we have fixed two such characters x; and y2, and we now
allow the (line corresponding to the) extension class of 7 in Extg, (X3, X;) to vary.
We naturally identify Extg, (X2, X;) With H'(Gx, XX, ) from now on.
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Definition 4.2.1. Let L,, , be the subset of H'(Gx,X;X, ') such that the cor-
responding representation p has a crystalline lift p of the form

X1 ¥
0 x2/°
We have the following variant of Lemma 3.12 of [BDJI10].

Lemma 4.2.2. L,, ,, is an F,-vector subspace of HY(Gk,X1X; ") of dimension
|J| 4 6, unless X; = Xq, in which case it has dimension |J|+ 6 + 1.

Proof. Let x = x1x5 - Recall that H}c (Gk,Zy(x)) is the preimage of H}(GK,@Z,(X))
under the natural map 1 : H* (G, Zy(x)) = H*(Gk,Q,(x)), so that Ly, y, is the
image of H}(GK,Zp(x)) in H'(Gk,xX). The kernel of n is precisely the torsion
part of HY(Gk,Z,(x)). Since x # 1, e.g. by examining Hodge-Tate weights, this
torsion is non-zero if and only if ¥ = 1, in which case it has the form H—lip /Zp
for some Kk € my . (To see this, note that if y # 1 is defined over E, then the
long exact sequence associated to 0 — Og(x) = Or(x) — kr(X) — 0 identifies
kr(¥)¢" with the w-torsion in ker(n).)

By Proposition 1.24(2) of [Nek93] we see that dimg_ Hi(Gk,Q,(x)) = [J| + 9,
again using x # 1. Since H'(Gg,Z,(x)) is a finitely generated Z,-module, the
result follows. O

Definition 4.2.3. If ; and ¥, are fixed, we define Lcys to be the subset of
Hl(GK,legl) given by the union of the L,, ,, over all x; and x2 as above.
Note that Leys is a union of subspaces of possibly varying dimensions, and
as such it is not clear that L.y is itself a linear subspace. Note also that the
representations p corresponding to elements of L.y are by definition precisely
those for which a € W7(p). Note also that Levys depends only on p** and a.
Definition 4.2.4. Let Lg,; be the subset of Hl(GK,Xligl) consisting of classes
X1 *
0 X
then there is a finite field kg C E; and a finite flat kg-vector space scheme over
(’)K(Wl/(pfl)) with generic fibre descent data to K of type w? @ w (see Defini-

tion [5.1.1)) whose generic fibre is p.
Note that Lg,t depends only on p* and a.

with the property that if p = is the corresponding representation,

Proposition 4.2.5. Provided that a1 —as # p—1 or that legl # €, Leorys C Laag-

Proof. Take a class in Lcrys, and consider the corresponding representation p =
X1 *
0 X

crystalline lift of Hodge type 0 and inertial type

As remarked above, a € W’(p), so by Proposition 4.1.1, 7 has a

o™ fas) (:}@,

and this representation can be taken to have coefficients in the ring of integers Op
of a finite extension E/Q,. Let w be a uniformiser of O, and kg the residue field.
Such a representation corresponds to a p-divisible Og-module with generic fibre
descent data, and taking the w-torsion gives a finite flat kg-vector space scheme
with generic fibre descent data whose generic fibre is p. By Corollary 5.2 of [GS11D]
this descent data has type w® @ w?2. [
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In the next section we will make calculations with finite flat group schemes in
order to relate Lga; and Lerys.

5. FINITE FLAT MODELS

5.1.  We work throughout this section in the following setting:

e K/Q, is a finite extension with ramification index e, ring of integers Ok,
uniformiser 7 and residue field F,,.
— — =X

® X1, X2 are characters Gx — F,, .

e a € 73 is a Serre weight.

e There is a decomposition Hom(F,,F,) = J[[J¢, and an integer 0 < § <

e — 1 such that
Xilne =@ [T *t I w0

oeJ oelJe
- __,e—1-¢ a;+1 a
Xalre =170 [T o [T
oeJe oeJ

Note in particular that (X;Xs)|7,, = w®Te27e,

Let K; := K(7'/(=V). Let kg be a finite extension of F,, such that X, ¥, are

defined over kg; for the moment kg will be fixed, but eventually it will be allowed
to vary.
X1 *
0 X
finite flat kg-vector space scheme G over Ok, with generic fibre descent data to K
of type w™ & w2 (see Definition [5.1.1)), whose generic fibre is p. In order to do so,
we will work with Breuil modules with descent data from K7 to K. We recall the
necessary definitions from [GS11b].

Fix 7, a (p — 1)-st root of w in K. Write ¢’ = e(p — 1). The category BrModgq
consists of quadruples (M, Fil' M, ¢1,{G}) where:

M is a finitely generated free kp[u]/u¢P-module,

o Fil' M is a kp[u]/u®P-submodule of M containing u¢ M,

e ¢ : Fil' M — M is kp-linear and ¢-semilinear (where ¢ : Fp[u]/u¢? —
F,[u] /u¢’? is the p-th power map) with image generating M as a kg|[u] /u®P-
module, and

e g: M — M for each g € Gal(K;/K) are additive bijections that preserve
Fil' M, commute with the ¢;-, and kg-actions, and satisfy §1 0 Go = g1 © g
for all g1,92 € Gal(K;/K); furthermore 1 is the identity, and if a € kg,
m € M then g(au'm) = a((g(7)/m))ug(m).

The category BrModgq is equivalent to the category of finite flat kg-vector space
schemes over Ok, together with descent data on the generic fibre from K; to K
(this equivalence depends on 71 ); see [Sav08|, for instance. We obtain the associated
G i-representation (which we will refer to as the generic fibre) of an object of
BrModgq,x, via the covariant functor T, Slé 5 (which is defined immediately before
Lemma 4.9 of [Sav05]).

We wish to consider the representations p = such that there is a

Definition 5.1.1. Let M be an object of BrModgq such that the underlying kg-
module has rank two. We say that the finite flat kg-vector space scheme corre-
sponding to M has descent data of type w** ® w if M has a basis ey, e such that
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g(e;) = w*(g)e;. (Here we abuse notation by identifying an element of G with
its image in Gal(K;/K).)

We now consider a finite flat group scheme with generic fibre descent data G
as above. By a standard scheme-theoretic closure argument, %, corresponds to a
finite flat subgroup scheme with generic fibre descent data H of G, so we begin by
analysing the possible finite flat group schemes corresponding to characters.

Suppose now that M is an object of BrModgq. The rank one objects of BrModgq
are classified as follows.

Proposition 5.1.2. With our fized choice of uniformiser m, every rank one object
of BrModgyq has the form:
M = (kglu] /u?) - v,
Fil'! M = u*®=D M,
¢1(uP~Nv) = cv for some c € kS, and
9(v) = w(g)*v for all g € Gal(K,/K),
where 0 < x <e and 0 < k < p—1 are integers.
Then TSIth (M) = Wkt . ur, 1, where ur.—1 is the unramified character taking an
arithmetic Frobenius element to c~*.

Proof. This is a special case of Proposition 4.2 and Corollary 4.3 of [GS11b]. O

Let M (or M(z)) be the rank one Breuil module with kg-coefficients and de-
scent data from Kj to K corresponding to H, and write M in the form given
by Proposition [5.1.2] Since G has descent data of type w® @ w?, we must have
wk e {w, waz.

5.2. Extensions. Having determined the rank one objects, we now go further and
compute the possible extension classes. By a scheme-theoretic closure argument,
the Breuil module P corresponding to G is an extension of ' by M, where M is
as in the previous section, and N (or N (y)) is defined by

o N = (kplu]/u?) - w,

o Fil' NV = wvP-D N,

e ¢1(u¥P~Vy) = dw for some d € kj, and

e §(v) = w(g)lw for all g € Gal(K,/K),
where 0 <y <eand 0 <! < p—1 are integers. Now, as noted above, the descent
data for G is of type w™ @w®, so we must have that either w* = w and w! = w*?,
or w* = w? and w! = w™. Since by definition we have (X;%)|r, = w* 92T we
see from Proposition that

r+y=e (modp-—1).

We have the following classification of extensions of N” by M.
Proposition 5.2.1. Fvery extension of N by M is isomorphic to exactly one of
the form
P = (kplul/u®?) - v+ (kp[u] /u?) - w,
Fil'P = (kg[u]/u¢?) - u*® Vo + (kplu] /uc?) - (w?P=Dw + vv),
1 (P Dy) = cv, ¢y (u?PDw + o) = dw,
d(v) = wk(g9)v and g(w) = W' (g)w for all g € Gal(K,/K),
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where v € w0 @+y=e) =D}k ply) /uc'P has all nonzero terms of degree congruent
to Il —k modulo p—1, and has all terms of degree less than x(p— 1), unless X; = Xa
and x >y, in which case it may additionally have a term of degree px — y.

Proof. This is a special case of Theorem 7.5 of [Sav04] with the addition of kg-
coefficients. When K (in the notation of loc. cit.) is totally ramified, the proof of
loc. cit. is argued in precisely the same manner when coefficients are added, taking
care to note the following changes. (Note that loc. cit. uses [ instead of p, so let
[ = p in what follows.)

e Replace Lemma 7.1 of loc. cit. (i.e., Lemma 5.2.2 of [BCDTOI]) with
Lemma 5.2.4 of [BCDTO0I] (with ¥ = kg and k£ = F, in the notation
of that Lemma). In particular replace t' with ¢(t) wherever it appears in
the proof, where ¢ is the kg-linear endomorphism of kg [u]/ue/l sending u’
to u'’.

e Instead of applying Lemma 4.1 of [Sav04], note that the cohomology group
HY(Gal(K,/K), kp[u]/uc'") vanishes because Gal(K;/K) has prime-to-I or-
der while kg[u]/u®! has I-power order.

e Every occurrence of Til in the proof (for any subscript ) should be replaced
with T;.

e The coefficients of h,t are permitted to lie in kg (i.e., they are not con-
strained to lie in any particular proper subfield).

O

The formulas for (P, Fil' P, ¢1, {g}) in the statement of Proposition define a
Breuil module with descent data provided that Fil'P contains u® P and is preserved
by each §. This is the case as long as v lies in u™*{0:@E+v= )=} (4] /u¢'? and
has all nonzero terms of degree congruent to [ — k modulo p — 1 (¢f. the discussion
in Section 7 of [Sav04]); denote this Breuil module by P(z,y,v). Note that c is
fixed while z determines k, since we require w**® - ur,-1 = ¥,; similarly d is fixed
and y determines [. So this notation is reasonable.

We would like to compare the generic fibres of extensions of different choices of M
and N. To this end, we have the following result. Write X, |7, = w®, Xa|r, = w’.

Proposition 5.2.2. The Breuil module P(x,y,v) has the same generic fibre as the
Breuil module P’, where

P = (kplul/u?) - v + (kplu]/u®P) -,

Fil'P' = (kp[u]/u®P) - u¢®=Do' + (kglu]/ucP) - (w' + uPE=+V),
$1(uP=v') = ', g (w' +uPm ) = du,

9(v") = w* ¢ (g)v" and g(w') = wP(g)w’ for all g € Gal(K,/K).

Proof. Consider the Breuil module P” defined by

P" = (kplul/u?) - v" + (kp[u] fu?) - w",

Fillp” = (k [ ]/ue’p) ue®@=y 4 (k’E[ ]/uelp (uy(p—l)w//_,’_up(e—.’x)yv//)’
¢1( e(p—1) //) _ C,U// ¢1 (uy(p 1)w1/ + up(e z)m]//) _ dw”,

g(v") = wFtT=¢(g)" and g(w") = w!(g)w” for all g € Gal(K;/K).

(One checks without difficulty that this ¢s a Breuil module. For instance the con-

dition on the minimum degree of terms appearing in v guarantees that Fil'P”
contains u¢ P”.) Note that k+ 2z = a (modp—1), [+y = S (mod p —1). We
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claim that P, P’ and P” all have the same generic fibre. To see this, one can check
directly that there is a morphism P — P’ given by

v uPCTY w e W
and a morphism P’ — P” given by

v =0 w = uPYu”
By Proposition 8.3 of [Sav04], it is enough to check that the kernels of these maps do
not contain any free kg|u]/(u®?)-submodules, which is an immediate consequence

of the inequalities p(e — z), py < €'p. O

Remark 5.2.3. We note for future reference that while the classes in H'(G k', X; X5 *)
realised by P(z,y,v) and P’ may not coincide, they differ at most by multiplication
by a kg-scalar. To see this, observe that the maps P — P” and P’ — P” induce
k g-isomorphisms on the one-dimensional sub- and quotient characters.

We review the constraints on the integers x,y: they must lie between 0 and e,
and if we let &, be the residues of « —x, 8 —y (mod p—1) in the interval [0,p—1)
then we must have {w* w'} = {w,w?}. Call such a pair z,y valid.

Corollary 5.2.4. Let 2',y" be another valid pair. Suppose that ©’' + vy < e and
p(' —z)+ (y—vy') > 0. Then P(x,y,v) has the same generic fibre as P(z',y', V'),
where vV = uP® —0)+ =y,

Proof. The Breuil module P(z’,y’,v’) is well-defined: one checks, e.g. from the
relation | —k = 8 — a4+ —y (mod p — 1), that the congruence condition on the
degrees of the nonzero terms in v/ is satisfied, while since ' + ¢’ < e there is no
condition on the lowest degrees appearing in v’/. Now the result is immediate from
Proposition since uP(e=®)+yy, = yple=a)+y'y/, O

Recall that z +y = e (mod p — 1), so that x and e — y have the same residue
modulo p — 1. It follows that if x,y is a valid pair of parameters, then so is e — y, y;
and similarly for z,e — x. Let X be the largest value of x over all valid pairs x, ¥,
and similarly Y the smallest value of y. Then on the one hand X > e — Y by
definition of X, while on the other hand e — X > Y by definition of Y. It follows
that X +Y =e.

Corollary 5.2.5. The module P(xz,y,v) has the same generic fibre as P(X,Y, u)
where p € kg [u]/ue/p has all nonzero terms of degree congruent to § —a+ X —Y
modulo p — 1, and has all terms of degree less than X (p — 1), unless X1 = Xa, in
which case it may additionally have a term of degree pX —Y .

Proof. Since X +Y = e and p(X —z) + (y — Y) > 0 from the choice of X,Y,
Corollaryshows that P(z,y, v) has the same generic fibre as some P(X,Y,v');
by Proposition there exists p as in the statement such that P(x,y, 1) has the
same generic fibre as P(X,Y, ). (Note that if ¥; = Y, then automatically X > Y,
because in this case if (z,y) is a valid pair then so is (y,x).) O

Proposition 5.2.6. Let X be as above, i.e., X is the maximal integer such that
e 0< X <e, and

o cither Xy|r, = wntX waztX,

or Y1|1K =
Then Laatis an IFp-vector space of dimension at most X, unless X, = Xy, in which
case it has dimension at most X + 1.
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Proof. Let Lgat k, C Laat consist of the classes 77 such that the containment 7 €
Laag is witnessed by a kg-vector space scheme with generic fibre descent data.
By Corollary and Remark these are exactly the classes arising from
the Breuil modules P(X,Y, u) with kg-coeflicients as in Corollary These
classes form a kg-vector space (since they are all the extension classes arising from
extensions of M (Y) by M(X)), and by counting the (finite) number of possibilities
for ;1 we see that dimy, Lgat k, is at most X (resp. X + 1 when x; = X3)-

Since Lfat ky C Laatk, if kp C k% it follows easily that Laa, = Ugy Lat ky 1S
an F,-vector space of dimension at most X (resp. X + 1). ]

We can now prove our main local result, the promised relation between Lg,; and

L crys-

Theorem 5.2.7. Provided that either a1 —as # p— 1 or legl # €, we have
Lgas = Lcrys~

Proof. Before we begin the proof, we remind the reader that the spaces Ly and
Lg.t depend on the fixed Serre weight a and the fixed representation p®, and that
we are free to vary J and § in our arguments. By Proposition we know that
Lerys C Lgag, so by Proposition @ it suffices to show that L.y contains an Fp—
subspace of dimension X (respectively X + 1 if X¥; = X5). Since Lqys is the union
of the spaces L, ,, it suffices to show that one of these spaces has the required
dimension. Let X be as in the statement of Proposition[5.2.6] so that X is maximal
in [0, ¢] with the property that either X, |7, = w® ¥ or ¥, |1, = w®*X. Note that
by the assumption that there is a decomposition Hom(F,,F,) = J][J¢, and an
integer 0 < § < e — 1 such that

4 a1+1 az
Pl = (w Hoeswit " loese s 1-6 - +1 )
K — e—1— al as ’
0 w HO’EJC Wo HUGJ We

we see that if X = 0 then x|, = w®.

If X, |1, = w® X then we can take J to be empty and we take § = X; otherwise
X >0 and Y, |7, = w®T¥ and we can take J¢ to be empty and § = X — 1. In
either case, we may define characters y; and xo as in Section and we see from
Lemma that dime Ly, y, = X unless X; = Xs, in which case it is X 4+ 1. The

result follows U

As a consequence of this result, we can also address the question of the rela-
tionship between the different spaces Ly, , for a fixed Serre weight a € W”(p). If
e is large, then these spaces do not necessarily have the same dimension, so they
cannot always be equal. However, it is usually the case that the spaces of maximal
dimension coincide, as we can now see.

Corollary 5.2.8. If either ay —as ##p—1 or legl # €, then the spaces Ly, y,
of maximal dimension are all equal.

Proof. In this case dimg Ly, v, = dimg Lerys by the proof of Theorem SO
we must have Ly, y, = Lerys. O

Finally, we determine Lcys in the one remaining case, where the spaces Ly, y,
of maximal dimension no longer coincide.

Proposition 5.2.9. Suppose that a1 —as = p — 1 and that legl =€ Then
Lcrys = Hl(GK,E),
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Proof. We prove this in a similar fashion to the proof of Lemma 6.1.6 of [BLGG10].
By twisting we can reduce to the case (a1,a2) = (p —1,0). Let L be a given line
in H'(Gg,¥€), and choose an unramified character ¢ with trivial reduction. Let x
be some fixed crystalline character of G with Hodge-Tate weights p,1,...,1 such
that ¥ = €. Let E/Q, be a finite extension with ring of integers O, uniformiser w
and residue field FF, such that ¢ and y are defined over F and L is defined over F
(that is, there is a basis for L which corresponds to an extension defined over F).
Since any extension of 1 by x% is automatically crystalline, it suffices to show that
we can choose v so that L lifts to H* (G, O(1y)).

Let H be the hyperplane in H'(Gg,F) which annihilates L under the Tate
pairing. Let &; : HY(Gg,F(¢)) — H?*(Gk,O(1)x)) be the map coming from the
exact sequence 0 — O(Yyx) = O(Yx) — F(€) — 0 of Gx-modules. We need to
show that d;(L) = 0 for some choice of .

Let dp be the map H(Gx, (E/O)(¢v~1x"te)) = HY(Gk,F) coming from the ex-
act sequence 0 — F — (E/O)(yv~'x te) Z (E/O) (¢~ tx"'e) = 0 of G g-modules.
By Tate local duality, the condition that L vanishes under the map d; is equivalent
to the condition that the image of the map Jq is contained in H. Let n > 1 be the
largest integer with the property that 1y~'x~'e =1 (mod @"). Then we can write
Y ixle(z) = 1 + @w"ay(x) for some function ay : Gx — O. Let @y, denote ay,
(mod w) : Gxg — F. Then @, is a group homomorphism (i.e. a l-cocycle), and
the choice of n ensures that it is non-trivial. It is straightforward to check that the
image of the map d¢ is the line spanned by @,. If @, is in H for some v, we are
done. Suppose this is not the case. We break the rest of the proof into two cases.

Case 1: L is tres ramifié: To begin, we observe that it is possible to have chosen v
so that @, is ramified. To see this, let m be the largest integer with the property that
(¥v~'x71e)|rx =1 (mod w™). Note that m exists since the Hodge-Tate weights of
=1y te are not all 0. If m = n then we are done, so assume instead that m > n.
Let g € Gk be a fixed lift of Frobg. We claim that ¥ =1x7le(g) = 1 + @™y (g)
such that ay(g) Z 0 (mod w). In fact, if ay(g) =0 (mod w) then ¥~y e(g) €
1+ @ tOk. Since m > n we see that " 1x 1e(Gg) C 1+ @™ 1Ok and this
contradicts the selection of n. Now let 1)’ be the unramified character sending our
fixed g to 1+ w@" vy (g). Then ¢’ has trivial reduction, and after replacing ¢ by ¢}’
we see that n has increased but m has not changed. After finitely many iterations
of this procedure we have m = n, completing the claim.

Suppose, then, that @, is ramified. The fact that L is tres ramifié implies that H
does not contain the unramified line in H'(Gg,F). Thus there is a unique 7 € F*
such that @y + uz € H where uz : Gx — F is the unramified homomorphism
sending Frobg to Z. Replacing ¥ with 1 times the unramified character sending
Frobg to (1 + ")~ !, for x a lift of T, we are done.

Case 2: L is peu ramifié: Making a ramified extension of O if necessary, we can
and do assume that n > 2 (for example, replacing E by E(wl/ 2) has the effect
of replacing n by 2n). The fact that L is peu ramifié implies that H contains the
unramified line. It follows that if we replace ¢ with 1 times the unramified character
sending Frobg to 1 + w, then we are done (as the new @, will be unramified). O
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6. GLOBAL CONSEQUENCES

6.1. 'We now deduce our main global results, using the main theorems of [BLGGI11]
together with our local results to precisely determine the set of Serre weights for a
global representation in the totally ramified case.

Theorem 6.1.1. Suppose that Hypothesis holds. Let a € (Zi)g be a Serre
weight such that ¥ is modular of weight a. Let w be a place of F dividing p, write
ayw = (a1,a2), and write w for the unique fundamental character of Ig, of niveau
one.

Then aw € W (Flay, )-

Proof. Let e be the ramification degree of Fy,. Suppose first that 7|q,, is irre-
ducible. Then the proof of Lemma 5.5 of [GSI1a] goes through unchanged, and
gives the required result. So we may suppose that 7|, —is reducible. In this case
the proof of Lemma 5.4 of [GS11a] goes through unchanged, and shows that we

have
Tlan, = (Ol Xz)

where (Y1X2)|r, = w® T2t and either x|, = w* ™ or |1, = w*®?T¢* for
some 1 < z < e, so we are in the situation of Section Consider the extension
class in HY(Gr,, ylygl) corresponding to 7|g,, . By Proposition either a; —

as = p—1 and Y1Y§1 = €, or this extension class is in Lg.;. In either case,
by Theorem and Proposition the extension class is in Leyys, so that
aw € W'(Flay, ), as required. O

We remark that we have stated Theorem only when F,,/Q, is totally rami-
fied for all places w|p of F' in order to avoid recalling the definition of Serre weights
in any greater generality; however, the above argument would prove essentially the
same result at any totally ramified place w|p of F, even if not all places w|p are
totally ramified (just modify Proposition suitably).

Combining Theoremwith Theorem 5.1.3 of [BLGGTI], we obtain our main
global result.

Theorem 6.1.2. Suppose that Hypothesis[2.2.5 holds. Suppose further that ¢, & F
and F(Gp,)) is adequate. Let a € (Z%)§ be a Serre weight. Then ay, € W' (Flay, )
for all places wlp of F if and only if 7 is modular of weight a.

Finally, we may apply our local results to the case of inner forms of GLo, as
considered in [GSTTal. Here is an example of the kind of theorem that one can
prove. We refer the reader to [GS11a] for the notion of p as below being modular
(of some weight).

Theorem 6.1.3. Let F be a totally real field, let p > 7 be prime, and suppose that
p is totally ramified in F, and that [F((,) : F] > 4. Let p : Gr — GLa(F,) be
a continuous modular representation, and suppose that ﬁ|GF<<p) 1s irreducible. Let
a € Z2 be a Serre weight. Let v be the unique place of F lying over p, and assume
that ﬁ|b§FU 2w w, ew* G w™. Then p is modular of weight a if and only if
a€ W?(E\GFU ), where v is the unique place of F' lying over p.

Proof. This follows easily from Theoremtogether with (the proof of ) Corollary
7.3 of [GS11a], replacing the use of Theorem 7.1 of [GS1Ilal with an appeal to
Theorem 6.1.9 of [BLGG10]. |
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