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 THE THEORY OF PLAY AND INTEGRAL EQUATIONS WITH
 SKEW SYMMETRIC KERNELS'

 BY EMILE BOREL

 LET US cRnVideU a game in Zhich Whe ZinningV deSend bRWh Rn chance
 and Whe Vkill Rf Whe Sla\eUV. LeW XV cRnfine RXUVelYeV WR Whe caVe Rf WZR
 Sla\eUV, A and B, and a game V\mmeWUic in Whe VenVe WhaW if A and B
 adRSW Whe Vame meWhRd Rf Sla\ WheiU chanceV aUe eTXal. One ma\
 SURSRVe WR inYeVWigaWe ZheWheU iW iV SRVVible WR deWeUmine a meWhRd Rf
 Sla\ beWWeU Whan all RWheUV; i.e., Rne WhaW giYeV Whe Sla\eU ZhR adRSWV iW
 a VXSeUiRUiW\ RYeU eYeU\ Sla\eU ZhR dReV nRW adRSW iW. LeW XV fiUVW define
 ZhaW Ze VhRXld XndeUVWand b\ a meWhRd Rf Sla\. IW iV a cRde WhaW de-
 WeUmineV fRU eYeU\ SRVVible ciUcXmVWance (VXSSRVed finiWe in nXmbeU)
 e[acWl\ ZhaW Whe SeUVRn VhRXld dR. In mRVW RUdinaU\ gameV, Whe nXmbeU
 Rf meWhRdV iV e[WUemel\ laUge, bXW nRneWheleVV alZa\V finiWe. If Whe
 Sla\eU A adRSWV Whe meWhRd Ci and B Whe meWhRd Ck, Whe calcXlXV Rf
 SURbabiliW\ SeUmiWV Whe calcXlaWiRn Rf Whe SURbabiliW\ Rf A Zinning,
 Zhich Ze Zill call a, and WhaW Rf B, Zhich Zill be b = 1 - a. We Zill
 VeW

 (1) ^ a = - + aVk,

 The nXmbeUV a ik and ak i, cRnWained beWZeen -M2 and +12, VaWiVf\
 Whe UelaWiRn

 (2) aijk + aki = 0.

 The V\mmeWU\ Rf Whe game iV e[SUeVVed b\ Whe UelaWiRnV

 (3) ai= 0.

 We Zill Va\ WhaW a manneU Rf Sla\ing Ci iV bad, if aih iV negaWiYe RU
 ]eUR fRU eYeU\ h. We Zill e[clXde Whe bad manneUV Rf Sla\ing. AfWeU
 WhiV e[clXViRn WheUe ma\ be RWheU manneUV Rf Sla\ing WhaW haYe becRme
 bad. TheVe aUe WhRVe manneUV Cj VXch WhaW a?k iV negaWiYe RU ]eUR fRU
 eYeU\ manneU Ck nRW alUead\ e[clXded aV bad. We cRnWinXe WhiV SURceVV
 XnWil nR fXUWheU bad manneU Rf Sla\ing UemainV. IW ma\ When WXUn RXW
 WhaW WheUe iV an indiffeUenW manneU Rf Sla\ing C0 , VXch WhaW aOk iV ]eUR
 fRU all k; Ze Zill SURYiViRnall\ leaYe WhiV caVe aVide. The manneUV Rf
 Sla\ing Ch WhaW VXbViVW aUe When VXch WhaW cahk iV SRViWiYe fRU aW leaVW Rne
 YalXe Rf k. If WheUe e[iVWed a manneU Rf Sla\ing Ch VXch WhaW aXhk iV al-
 Za\V SRViWiYe RU ]eUR, WhaW manneU Rf Sla\ing ZRXld be Whe beVW. In caVe

 1 TUanVlaWed b\ LeRnaUd J. SaYage, UniYeUViW\ Rf ChicagR, fURm "La WheRUie
 dX jeX eW leV 6TXaWiRnV inW6gUaleV a nR\aX V\m6WUiTXe," CRmSWeV RendXV de l'Aca-
 demie deV ScienceV, DecembeU 19, 1921, VRl. 173, SS. 1304-1308.
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 98 EMILE BOREL

 WhaW beVW manneU dReV nRW e[iVW, Rne ma\ ZRndeU if iW iV nRW SRVVible,
 lacking a cRde chRVen Rnce and fRU all, WR Sla\ in an adYanWageRXV

 manneU b\ YaU\ing hiV Sla\. If Rne ZanWV WR fRUmXlaWe a SUeciVe UXle

 fRU YaU\ing Whe Sla\, ZiWh Rnl\ feaWXUeV Rf Whe game enWeUing Whe UXle,
 and nRW SV\chRlRgical RbVeUYaWiRnV Rn Whe Sla\eU WR ZhRm Rne iV RS-
 SRVed; WhaW UXle Zill neceVVaUil\ be eTXiYalenW WR a VWaWemenW VXch aV
 Whe fRllRZing. The SURbabiliW\ WhaW, aW a giYen mRmenW Rf Sla\, A adRSWV

 Whe cRde Ck WR deWeUmine hiV cRndXcW aW WhaW mRmenW iV Pk. The anal-
 RgRXV SURbabiliW\ fRU B Zill be denRWed b\ Tk, and, denRWing b\ n Whe
 nXmbeU Rf cRdeV WhaW Uemain, Rne haV

 n n

 (4) Sk = 1, Tk = 1.

 The SURbabiliW\ WhaW A ZinV iV, Waking accRXnW Rf (1), (2), (3), and

 (4),

 N2 ( + aik)Si Tk = ` + a;

 ZheUe

 n1 n i-n k=i-I
 (5) a= E E ik Si Tk= aik(Si Tk -Sk Ti).

 1 1 i=1 k=l

 In Whe SaUWicXlaU caVe WhaW n = 3, WhiV fRUmXla becRmeV

 Pi P2 P3

 (6) a= Ti T2 TV .

 a28 0a31 0a12

 If, aV Ze aUe VXSSRVing, nRne Rf Whe WhUee manneUV Rf Sla\ing C1,
 C2, C3 aUe bad, Rne VeeV immediaWel\ WhaW nRne Rf Whe WhUee iV beWWeU
 Whan Whe RWheUV. The WhUee nXmbeUV a23, ?a31, 0a12 aUe WheUefRUe Rf Whe

 Vame Vign. IW iV eaV\ WR find SRViWiYe nXmbeUV Si, P2, S3 VaWiVf\ing Whe
 UelaWiRnV (4) and VXch WhaW a iV ]eUR ZhaWeYeU Whe nXmbeUV T1, 2, 2T3
 ma\ be. IW iV WheUefRUe SRVVible WR adRSW a manneU Rf Sla\ing Zhich
 enableV Rne WR cRmSeWe ZiWh eYen chanceV againVW eYeU\ Sla\eU. ThiV
 manneU Rf Sla\ing cRnViVWV in dUaZing aW UandRm, befRUe Waking an\

 deciViRn, XndeU cRndiWiRnV WhaW aWWUibXWe SURbabiliWieV Si, P2, P3, WR
 Whe cRdeV CN, C2, C3 UeVSecWiYel\. BXW iW iV eaV\ WR Vee WhaW, Rnce n
 e[ceedV 7, WhiV ciUcXmVWance Zill RccXU Rnl\ fRU SaUWicXlaU YalXeV Rf Whe
 a ik . In geneUal, ZhaWeYeU Whe S'V ma\ be, iW Zill be SRVVible WR chRRVe
 Whe T'V in (5) in VXch a manneU WhaW a haV an\ Vign deWeUmined in ad-
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 THE THEORY OF PLAY 99

 Yance. Since WhiV iV Whe ViWXaWiRn, ZhaWeYeU YaUieW\ iV inWURdXced b\ A
 inWR hiV Sla\, Rnce WhiV YaUieW\ iV defined, iW Zill be enRXgh fRU B WR
 knRZ iW in RUdeU WhaW he ma\ YaU\ hiV Sla\ in VXch a manneU aV WR
 haYe an adYanWage RYeU A. The UeciSURcal iV alVR WUXe, Zhence Ze VhRXld

 cRnclXde WhaW Whe calcXlaWiRn Rf SURbabiliWieV can VeUYe Rnl\ WR faciliWaWe

 eliminaWiRn Rf bad manneUV Rf Sla\ing and Whe calcXlaWiRn Rf a ik; fRU
 Whe UeVW, Whe aUW Rf Sla\ deSendV Rn SV\chRlRg\ and nRW Rn maWhemaWicV.

 IW iV eaV\ WR e[Wend Whe SUeceding cRnVideUaWiRnV WR Whe caVe ZheUe
 Whe manneUV Rf Sla\ing fRUm an infiniWe cRnWinXXm, if iW iV deViUed WR

 embUace aW Rnce Whe cRnWinXRXV and Whe diVcRnWinXRXV, Whe UelaWiRn

 (4) mXVW be UeSlaced b\ UelaWiRnV VXch aV Whe fRllRZing:

 +00 +00

 dRb([, \) = 1,
 (7) 00f00

 dRR R .. [([i, \i)=

 Whe incUeaVing fXncWiRnV 0, and Tl deSending, fRU e[amSle, Rn WZR
 YaUiableV and Whe inWegUalV being defined in Whe VenVe Rf SWielWjeV. TheVe
 fXncWiRnV define Whe manneUV Rf Sla\ing Rf Whe Sla\eUV A and B. The
 SURbabiliW\ Rf Zinning iV defined b\ a VkeZ V\mmeWUic fXncWiRn

 f([, \, [l, \U); i.e., Whe UelaWiRn (2) iV UeSlaced b\

 (8) f([, \, [l, \i) = -f([i, \', [, \).

 The YalXe Rf a iV When giYen b\ Whe SWielWjeV inWegUal

 +00 +00 +00 +00

 (9) a = f 1 f([, \, [l, \) dTS([, \) dR, ([i, \i).
 NXmeURXV SURblemV abRXW VXch a game can WhXV be UedXced WR Whe

 VWXd\ Rf inWegUal eTXaWiRnV ZiWh a VkeZ V\mmeWUic keUnel. ThiV keUnel
 deSendV Rn Whe cRnYenWiRnV Rf Whe game, Zhile Whe diYeUVe fRUmV Rf Whe
 inWegUal eTXaWiRnV deSend Rn Whe SURblem SRVed.

 AmRng gameV fRU Zhich Whe manneUV Rf Sla\ing fRUm a dRXbl\ infiniWe

 cRnWinXXm, Rne Rf Whe VimSleVW iV Whe fRllRZing: A and B each chRRVe
 WhUee SRViWiYe nXmbeUV Whe VXm Rf Zhich iV eTXal WR 1.

 (10)aaaa [+ \ + ] = 1, (10) X Y+
 X1 + Y, + Zi 1;

 and each Sla\eU aUUangeV Whe nXmbeUV he haV chRVen in a deWeUmined
 RUdeU. A ZinV, if WZR Rf Whe nXmbeUV chRVen b\ him aUe VXSeUiRU WR Whe
 cRUUeVSRnding nXmbeUV Rf B; i.e., if

 (11) (X1 - X)(\1 - \)(]i - ]) > 0,
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 100 EMILE BOREL

 and lRVeV in Whe cRnWUaU\ caVe. TheUe iV a Wie, if Whe ineTXaliW\ in (11)
 becRmeV eTXaliW\. One can naWXUall\ geneUali]e in man\ Za\V, Ue-
 Slacing (10) and (11) b\ RWheU UelaWiRnV.

 A mXch VimSlified fRUm Rf WhiV game, inWeUeVWing WR VWXd\ aV an
 illXVWUaWiRn Rf Whe SUeceding diVcXVViRn, cRnViVWV in VXSSRVing Whe nXmbeUV

 [, \, ], [l, \, , ]1 WR be SRViWiYe inWegeUV VaWiVf\ing Whe UelaWiRnV

 (12) [ + \ + ] = 7,
 [l + \1 + ]1 = 7.

 Gain and lRVV VWill deSend Rn Whe Vign Rf Whe SURdXcW (11). The nXmbeU
 7 iV Whe VmalleVW inWegeU fRU Zhich Whe game dReV nRW haYe VimSle manneUV
 Rf Sla\ing VXSeUiRU WR all RWheUV. Taking VXfficienWl\ gUeaW inWegeUV Rne
 Zill RbWain caVeV ZheUe nR cRmSle[ manneU Rf Sla\ can aYRid lRVV
 againVW an adYeUVaU\ ZhR knRZV Whe manneU Rf Sla\ing and WakeV iW
 inWR accRXnW.

 The SURblemV Rf SURbabiliW\ and anal\ViV WhaW Rne mighW UaiVe cRn-
 ceUning Whe aUW Rf ZaU RU Rf ecRnRmic and financial VSecXlaWiRn aUe nRW
 ZiWhRXW analRg\ WR Whe SURblemV cRnceUning gameV, bXW Whe\ geneUall\
 haYe a mXch higheU degUee Rf cRmSle[iW\. FRU WheiU SUacWical VRlXWiRn,
 Whe maWhemaWical mind mXVW be aided b\ Whe VWUaWegic mind.2 The Rnl\
 adYice Whe maWhemaWician cRXld giYe, in Whe abVence Rf all SV\chRlRgical
 infRUmaWiRn, WR a Sla\eU A ZhRVe adYeUVaU\ B VeekV WR XWili]e Whe SUe-
 ceding UemaUkV iV WhaW he VhRXld VR YaU\ hiV SlanV WhaW Whe SURbabiliWieV
 aWWUibXWed b\ an RXWVide RbVeUYeU WR hiV diffeUenW manneUV Rf Sla\ing
 Vhall neYeU be defined.

 The fXncWiRn +([, \) mXVW When YaU\ aW each inVWanW, and YaU\ ZiWh-
 RXW fRllRZing an\ laZ aW all. One ma\ Zell dRXbW if iW iV SRVVible WR
 indicaWe an effecWiYe and VXUe meanV Rf caUU\ing RXW VXch cRXnVel. IW
 VeemV WhaW, WR fRllRZ iW WR Whe leWWeU, a cRmSleWe incRheUence Rf mind
 ZRXld be needed, cRmbined, Rf cRXUVe, ZiWh Whe inWelligence neceVVaU\
 WR eliminaWe WhRVe meWhRdV Ze haYe called bad.

 2 TUanVlaWRU'V nRWe: TheUe iV an allXViRn heUe, familiaU WR FUench UeadeUV, WR a
 cRnWUaVW dUaZn b\ PaVcal beWZeen Whe maWhemaWical mind (eVSUiW de geRm6WUie)
 and Whe VWUaWegic mind (eVSUiW de fineVVe).
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