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Abstract

We prove the topological (or combinatorial) rigidity property for
real polynomials with all critical points real and non-degenerate, which
completes the last step in solving the density of Axiom A conjecture
in real one-dimensional dynamics.

Contents

1

Introduction

1.1 Statement of Results . . . . . ... .. ... ... ... ....
1.2 Organization of this work . . . . ... ... ... ... ....
1.3 General terminologies and notations . . . . . . . .. ... ...

Density of Axiom A follows from the Rigidity Theorem

Derivation of the Rigidity Theorem from the Reduced Rigid-
ity Theorem

Statement of the Key Lemma

Yoccoz puzzle

5.1 External angles . . . . . . . ... ..o
5.2  Yoccoz puzzle partition . . . . . . ...
5.3 Spreading principle . . . . . ... oL

*the first and second author are funded by the EPSRC



6 Reduction to the infinitely renormalizable case 24

6.1 A real partition . . . . .. ..o 26
6.2 Correspondence between puzzle pieces containing post-renorm-
alizable critical points . . . . . . .. ... ... 28
6.3 Geometry of the puzzle pieces around other critical points . . 30
6.4 Proof of the Reduced Rigidity Theorem from rigidity in the
infinitely renormalizable case . . . . . . . .. .. ... ... .. 43

7 Rigidity in the infinitely renormalizable case (assuming the

Key Lemma) 44
7.1 Properties of deep renormalizations . . . . . . ... ... ... 45
7.2 Compositions of real quadratic polynomials. . . . . . .. . .. 48
7.3 Complex bounds . . . ... ... ... oL 49
7.4 Puzzle geometry control . . . .. ..o 51
7.5 Gluing . . . .. 58
8 Proof of the Key Lemma from Upper and Lower Bounds 61
8.1 Construction of the enhanced nest . . . . . . .. ... .. ... 61
8.2 Properties of the enhanced nest . . . . . . . . ... ... ... 64

8.3 Proof of the Key Lemma (assuming upper and lower bounds) . 66

9 Real bounds 67
10 Lower bounds for the enhanced nest 71
11 Upper bounds for the enhanced nest 73
11.1 Pulling-back domains along a chain . . . . . .. .. ... ... 74
11.2 Proof of a n-step inclusion for puzzle pieces . . . . . .. . .. 87
11.3 A one-step inclusion for puzzle pieces . . . . . . . . . .. ... 90

12 Appendix 1: A criterion for the existence of quasiconformal
extensions 92

13 Appendix 2: Some basic facts about Poincaré discs 97



1 Introduction

1.1 Statement of Results

It is a long standing open problem whether Axiom A (hyperbolic) maps are
dense in reasonable families of one-dimensional dynamical systems. In this
paper, we prove the following.

Density of Axiom A Theorem. Let f be a real polynomial of degree d > 2.
Assume that all critical points of f are real and that f has a connected Julia
set. Then f can be approximated by hyperbolic real polynomials of degree d
with real critical points and connected Julia sets.

Here we use the topology given by convergence of coefficients. Recall that
a polynomial is called hyperbolic if all of its critical points are contained in the
basin of an attracting cycle or infinity. A polynomial with a connected Julia
set cannot have critical points contained in the attracting basin of infinity.

The quadratic case was solved earlier by Graczyk-Swiatek and Lyubich,
(10, 20] (see also [38]).

We have required that the polynomial f has a connected Julia set, because
such a map has a compact invariant interval in R, and thus is of particular
interest from the viewpoint of real one-dimensional dynamics. In fact, our
method shows that the theorem is still true without this assumption: given
any real polynomial f with all critical points real, we can approximate it
by hyperbolic real polynomials with the same degree and with real critical
points (which may have disconnected Julia sets).

In a sequel to this paper we shall show that Axiom A maps on the real line
are dense in the C* topology (for k = 1,2,...,00,w), and discuss connections
with the Palis conjecture [34] and connections with previous results [12], [7],
[16], [37] and also with [2].

Our proof is through the quasi-symmetric rigidity approach suggested by
Sullivan [41].

For any positive integer d > 2, let F,; denote the family of polynomials f
of degree d which satisfy the following properties:

e the coefficients of f are all real;

e f has only real critical points which are all non-degenerate;



e f does not have any neutral periodic point;
e the Julia set of f is connected.

Rigidity Theorem. Let f and f be two polynomials in Fy. If they are
topologically conjugate as dynamical systems on the real line R, then they are
quasiconformally conjugate as dynamical systems on the complex plane C.

In fact, if F, is the family of real polynomials f of degree d with only real
critical points of even order, then the methods in this paper can be used to
prove the following:

Rigidity Theorem’. Let f and f be two polynomials in Fi. If f and f are
topologically conjugate as dynamical systems on the real line R, and corre-
sponding critical points have the same order and parabolic points correspond
to parabolic points, then f and f are quasiconformally conjugate as dynamical
systems on the complex plane C.

For real polynomials f and f in F, which are topologically conjugate on
the real line, it is not difficult to see that they are combinatorially equivalent
to each other in the sense of Thurston, i.e., there exist two homeomorphisms
H; : C — C which are homotopic rel PC(f), where PC(f) denote the union
of the forward orbit of all critical points of f, such that f o H; = Hyo f.
This observation reduces the Rigidity Theorem to the following.

Reduced Rigidity Theorem. Let f and f be two polynomaials in the class
Fy. Assume that f and f are topologically conjugate on the real line via a
homeomorphism h : R — R. Then there is a quasisymmetric homeomor-
phism ¢ : R — R such that for any critical point ¢ of f and any n > 0, we
have

¢(f"(c)) = h(f"(c)).

Like the previous successful approach in the quadratic case, we exploit the
powerful tool, Yoccoz puzzle. Also we require a “complex bounds” theorem
to treat infinitely renormalizable maps. The main difference is as follows. In
the proof of [10, 20], a crucial point was that quadratic polynomials display
decay of geometry: the moduli of certain dynamically defined annuli grow at
least linearly fast, which is a special property of quadratic maps. The proof in
[38] does not use this property explicitly, but instead a combinatorial bound
was adopted, which is also not satisfied by higher degree polynomial. So



all these proofs break down even for unimodal polynomials with degenerate
critical points. Our approach was inspired by a recent observation of Smania
[40], which was motivated by the works of Heinonen and Koskela [13], and
Kallunki and Koskela [15]. The key estimate (stated in the Key Lemma) is
the control of geometry for appropriately chosen puzzle pieces. For example,
if ¢ is a non-periodic recurrent critical point of f with a minimal w-limit
set, and if f is not renormalizable at ¢, our result shows that given any
Yoccoz puzzle piece P 3 ¢, there exist a constant 6 > 0 and a sequence of
combinatorially defined puzzle pieces @,,, n = 1,2, ..., which contain ¢ and
are pullbacks of P with the following properties:

e diam(Q,) — 0;
e (), contains a Euclidean ball of radius ¢ - diam(Q,,);

e there is a topological disk @), D @, such that Q! — @, is disjoint from
the orbit of ¢ and has modulus at least §.

In [40], Smania proved that in the non-renormalizable unicritical case
this kind of control implies rigidity. To deduce rigidity from puzzle geom-
etry control, we are not going to use this result of Smania directly - even
in the non-renormalizable case - but instead we shall use a combination of
the well-known Spreading Principle (see Section 5.3) and the QC-Criterion
stated in Appendix 1. This Spreading Principle states that if we have a K-qc
homeomorphism h: P — P between corresponding puzzle neighbourhoods
P, P of the critical sets (of the two maps f, f ) respecting the standard bound-
ary marking (i.e. agrees on the boundary of these puzzle pieces with what
is given by the Botcher coordinates at infinity), then we can spread this to
the whole plane to get a K-qc partial conjugacy. Moreover, together with
the QC-Criterion this also gives a method of constructing such K-qc home-
omorphisms h, which relies on good control on the shape of puzzle pieces
Q; C P, Q; C P with deeper depth. This different argument enables us to
treat infinitely renormalizable maps as well. In fact, in that case, we have
uniform geometric control for a terminating puzzle piece, which implies that
we have a partial conjugacy up to the first renormalization level with uni-
form regularity. Together with the “complex bounds” theorem proved in [37],
this implies rigidity for infinitely renormalizable maps, in a similar way as in
(10, 20].

In other words, everything boils down to proving the Key Lemma. It
is certainly not possible to obtain control on the shape of all critical puzzle



pieces in the principal nest. For this reason we introduce a new nest which we
will call the enhanced nest. In this enhanced nest, bounded geometry and de-
cay in geometry alternate in a more regular way. The successor construction
we use, is more efficient than first return domains in transporting informa-
tion about geometry between different scales. In addition we use an ‘empty
space’ construction enabling us to control the nonlinearity of the system.

1.2 Organization of this work

The strategy of the proof is to reduce the proof in steps. In §2 we reduce the
Density of Axiom A to the Rigidity Theorem stated above. Then, in §3, we
reduce it to the Reduced Rigidity Theorem. This two sections can be read
independently from the rest of this paper, which is occupied by the proof of
the Reduced Rigidity Theorem.

The idea of the proof of the Reduced Rigidity Theorem is to reduce all
difficulties to the Key Lemma.

In §4, we give the precise statement of the Key Lemma on control of
puzzle geometry for a polynomial-like box mapping which naturally appears
as the first return map to a certain open set. In §5, we review a few facts on
Yoccoz puzzles. These facts will be necessary to derive our Reduced Rigidity
Theorem from the Key Lemma, which is done in the next two sections, §6
and §7.

The remaining sections are occupied by the proof of the Key Lemma. In
§8 we construct the enhanced nest, and show how to derive the Key Lemma
from lower and upper control of the geometry of the puzzle pieces in this nest.
In §9, we analyze the geometry of the real trace of the enhanced nest. These
analysis will be crucial in proving the lower and upper geometric control for
the puzzle pieces, which will be done in §10 and §11 respectively.

The statement and proof of a QC-Criterion are given in Appendix 1 and
some general facts about Poincaré discs are given in Appendix 2.

1.3 General terminologies and notations

Given a topological space X and a connected subset Xy, we use Compy, (X)
to denote the connected component of X which contains Xy. Moreover, for
z € X, Comp,(X) = Compy,,(X).

For a bounded open interval I = (a,b) C R, C; = C — (R — I). For any
6 € (0,7) we use Dy(I) to denote the set of points z € Cy such that the angle



(measured in the range [0, 7]) between the two segments [a, z] and [z,b] is
greater than 6.

We usually consider a real-symmetric proper map f : U — V', where each
of U and V is a disjoint union of finitely many simply connected domains in C,
and U C V. Here “real-symmetric” means that U and V' are symmetric with
respect to the real axis, and that f commutes with the complex conjugate.
A point at which the first derivative f’ vanishes is called a critical point. We
use Crit(f) to denote the set of critical points of f. We shall always assume
that f"(c) is well defined for all ¢ € Crit(f) and all n > 0, and use PC(f)
to denote the union of the forward orbit of all critical points:

rcin= U Uirer

ceCrit(f) n=0

As usual w(x) is the omega-limit set of x.

An interval [ is a properly periodic interval of f if there exists s > 1
such that I, f(I),..., f*1(I) have pairwise disjoint interiors and such that
ffI) C I, f*(0I) C OI. The integer s is the period of I. We say that f
is infinitely renormalizable at a point x € U N R if there exists a properly
periodic interval containing x with an arbitrarily large period.

A nice open set P (with respect to f) is a finite union of topological disks
in V such that for any z € 0P and any n € N, f"(2) ¢ P as long as f"(z) is
defined. The set P is strictly nice if we have f(z) ¢ P.

Given a nice open set P, let D(P) = {z € V : 3k > 1, f¥(2) € P}. The
first entry map

Rp:D(P)— P

is defined as z +— f**)(z), where k(z) is the minimal positive integer with
f*2)(2) € P. The restriction Rp|P is called the first return map to P. The
first landing map
Lp:D(P)UP — P

is defined as follows: for z € P, Lp(z) = 2, and for z € D(P) \ P, Lp(z) =
Rp(z). A component of the domain of the first entry map to P is called
an entry domain. Similar terminologies apply to return, landing domain.
For © € D(P), L,(P) denotes the entry domain which contains x. For
z € D(P)U P, L,(P) denote the landing domain which contains z. So if
z € D(P)\ P, L,(P) = L,(P). We also define inductively

Ly(P) = Lo (L' (P)).
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We shall also frequently consider a nice interval, which means an open
interval I C V N R such that for any x € 9] and any n > 1, f"(z) € I. The
terminologies strictly nice interval, the first entry (return, landing) map to I
as well as the notations £, (I), L£,(I) are defined in a similar way as above.

By a pullback of a topological disk P C V, we mean a component of
f~™(P) for some n > 1, and a pullback of an interval I C V N R will mean a
component of f~"(1) NR (rather than f~"(I)) for some n > 1.

See §4 for the definition of a polynomial-like box mapping, child, persis-
tently recurrent, a set with bounded geometry and related objects.

See §9 for the definition of a chain and its intersection multiplicity and
order. Also the notions of scaled neighbourhood and §-well-inside are defined
in that section.

For definitions of quasi-symmetric (qs) and quasi-conformal (qc) maps,
see Ahlfors [1].

2 Density of Axiom A follows from the Rigid-
ity Theorem

One of the main reason for us to look for rigidity is that it implies density
of Axiom A among certain dynamical systems. Our rigidity theorem implies
the following, sometimes called the real Fatou conjecture.

Theorem 2.1. Let f be a real polynomial of degree d > 2. Assume that all
critical points of f are real and that f has a connected Julia set. Then f can
be approximated by hyperbolic real polynomials with real critical points and
connected Julia sets.

The rigidity theorem implies the instability of non-hyperbolic maps. As
is well-known, in the unicritical case the above theorem then follows easily:
if a map f is not stable, then the critical point of some nearby maps g will
be periodic, and so g will be hyperbolic. In the multimodal case, the fact
that the kneading sequence of nearby maps is different from that of f, does
not directly imply that one can find hyperbolic maps close to f. The proof
in the multimodal case, given below, is therefore more indirect.

By means of conjugacy by a real affine map, we may assume that the
intersection of the filled Julia with R is equal to [0,1]. Let Pol; denote the
family of all complex polynomials g of degree d such that g(0) = f(0) and



g(1) = f(1). Note that this family is parameterized by an open set in C?~1.
Let Pol]g denote the subfamily of Pol,; consisting of maps with real coefficients
and let X denote the subfamily of Pol’ consisting of maps g which have only
real critical points and connected Julia set (so no escaping critical points).
Moreover, let Y denote the subset of X consisting of maps ¢ satisfying the
following properties:

e every critical point of g is non-degenerate;

e every critical point and every critical value of g are contained in the
open interval (0,1).

Note that Y is an open set in Pol}.
Lemma 2.1. X =Y.

Proof. This statement follows from Theorem 3.3 of [33]. In fact X is the
family of boundary anchored polynomial maps ¢ : [0,1] — [0,1] with a
fixed degree and a specified shape which are determined by the degree and
the sign of the leading coefficient of f. Recall that given a real polynomial
g € X, its critical value vectoris the sequence (g(c1), g(cz2), -, g(cm)), where
1 < g < --- < ¢y are all critical points of g. That theorem claims that
the critical value vector determines the polynomial, and any vector v =
(v1,v2,...,Uy) € R™ such that these v; lie in the correct order is the critical
value vector of some map in X. In any small neighborhood of the critical
value vector of f, we can choose a vector v.= (vq,v9,--+ ,vy) so that v
satisfies the strict admissible condition, i.e., these v; are pairwise distinct.
The polynomial map corresponding to this v is contained in Y. O

Therefore by a perturbation if necessary we may assume that f € Y. For
every g € Y, let 7(g) be the number of critical points which are contained in
the basin of a (hyperbolic) attracting cycle. Note the map 7:Y — NU {0}
is lower semicontinuous. Let

Y'={g €Y :7(g) is locally maximal at g}.

As 7 is uniformly bounded from above, Y’ is dense in Y. Moreover, from the
lower semicontinuity of 7, it is easy to see that 7 is constant in a neighborhood
of any g € Y’. Thus Y’ is open and dense in Y. Note also that every map
in Y’ does not have a neutral cycle (this is well-known, because one can



perturb the map so the neutral cycle becomes hyperbolic attracting, see for
example the proof of Theorem VI.1.2 in [8]). Doing a further perturbation if
necessary, let us assume that f € Y. Let r = 7(f).

Let

QC(f) ={g € Pol, : g is quasiconformally conjugate to f}.

By Theorem 1 in [35], f does not support an invariant line field in its Julia set,
and thus by Theorem 6.9 of [29], the (complex) dimension of the Teichmiiller
space of f is at most r. Consequently, QC(f) is covered by countably many
embedded complex submanifolds of Pol; which have (complex) dimension at
most r, and hence

QCH(f) = QC(f) NPolg

is covered by countably many embedded real analytic submanifolds M; of X
which have (real) dimension at most 7. The same argument applies to any
map in Y.

Let ¢; < ¢a < -+ < ¢q_1 be the critical points of f, and let A denote
the set of ¢ such that ¢; € AB(f), where AB(f) is the union of basins of
attracting cycles. Let U be a small ball in Pol,; centered at f. (Recall
that Poly is canonically identified with an open set C?~1.) Then there exist
holomorphic functions

. U—-C, 1<i<d-1,

such that ¢;(g) are all the critical points of g. By shrinking U/ if necessary,
we may assume that for any g e U N X, ¢1(g) < ca(g) < -+ < cg-1(g) and
for any g € U and for any i € A, ¢;(g) € AB(g).

For a map g € U, by a critical relation we mean a sequence (n,i,j) of
positive integers such that ¢"(c;(¢)) = ¢;(g). Given any submanifold S of U
which contains g, we say that the critical relation is persistent within S if for
any h € S, we have h"(c;(h)) = ¢;(h).

By a further perturbation if necessary, we may assume that there is no
critical relation (n,,j) for f with i € A. By shrinking U if necessary, this
statement remains true for any g € U.

Completion of proof of Theorem 2.1. Let us keep the notation and assump-
tion on f as above. We are going to prove that U ﬁPolilR contains a hyperbolic
map. Arguing by contradiction, assume that every map ¢ in & N PolilR is not
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hyperbolic. Then r = 7(f) < d — 1. Since QC®(f) is covered by count-
ably many embedded submanifolds of X with dimension at most r, QC(f)
is nowhere dense in U N X =UNY".

For positive integers n, 1 <1i,5 < d—1, let

My;;={9€UNX :g"(ci(9) =c;(9)}.

Each of these M,,; ; is a subvariety of & N X with dimension at most d — 2.
By assumption M, ; ; = 0 for i € A. We claim that there exists some (n, i, j)
such that the dimension of M,,; ; is d — 2.

To see this we use the following fact, whose proof is easy and left to the
reader.

Fact 2.1. Let m be a positive integer, and let B be a Fuclidean ball in R™.
Let M;, i = 1,2,... be embedded real analytic submanifolds of B such that
dim(M;) <m —2. Then B —J;=, M; is arc-connected.

If all the M, ; ;’s have dimension less than d—2, then Q = UNX - M, ;
is arc-connected. By the standard kneading theory, [32, 25], it follows that
any g € () is topologically conjugate to f on the real line. By our Rigidity
Theorem, g € QC(f). As Q is dense in U N Pol}, this is a contradiction.

Therefore, we obtain a real analytic codimension-one embedded subman-
ifold Vi of U N X which has a persistent critical relation (n,,7) with i & A.
Let us now apply the same arguments to the new (d — 2)-dimensional family
V1. More precisely, if r = d — 2, then this implies that every map in V;
is hyperbolic, which is a contradiction. So r < d — 2. Take any f; € V.
As the Teichmiiller space of f; also has (complex) dimension r, QC(f1) N X
is nowhere dense in V). Proceeding as above, we will find a real analytic
embedded submanifold V5 of V; which has dimension d — 3 and has two dis-
tinct persistent critical relations. Repeating this argument we complete the
proof. O]

3 Derivation of the Rigidity Theorem from
the Reduced Rigidity Theorem

Definition 3.1. Let f and f be two polynomials of degree d, d > 2. We say
that they are Thurston combinatorially equivalent if there exist homeomor-
phisms H; : C — C, 7 = 0,1, such that fo Hy = Hyo f, and Hy ~ H; rel
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PC(f) (i-e., Hy and H; are homotopic rel PC(f)). The homeomorphism H
is called a Thurston combinatorial equivalence between these two polynomi-
als, and H; is called a lift of Hy (with respect to f and f).

Proposition 3.1. Let f and f be real polynomials of degree d > 2 with
only mon-degenerate real critical points. Assume that they are topologically
conjugate on the real axis, and let h : R — R be a conjugacy. Let H : C — C
be a real-symmetric homeomorphism which coincides with h on PC(f). Then
H is a Thurston combinatorial equivalence between f and f :

Remark 3.1. Let H, H' be two real-symmetric homeomorphisms of the
complex plane which coincide on a set £ C R. Then it is clear that H ~ H’
rel F.

Proof. Without loss of generality, let us assume that h is orientation-preserving.
Let ¢ < g < -+ < g1 and ¢ < ¢ < -++ < €q_1 be the critical points of
f and f respectively. It suffices to prove that there exists a real-symmetric
homeomorphism H; : C — C such that fo H; = Ho f and H 1|R preserves
the orientation. Indeed, we will then have H; = H on PC(f) automatically,
which implies that H; ~ H rel PC(f).

Let us add a circle X = {c0e™™ : t € R/Z} to the complex plane. Then
C U X is naturally identified with the closed unit disk, and f extends to a
continuous map from CU X to itself, which acts on X by the formula ¢t — dt
if the coefficient of the highest term of f is positive, or t — dt+1/2 otherwise.

Let T = f~Y(R), and Ty = T — Crit(f). Note that T} is a (disconnected)
one-dimensional manifold.

Let z; = ooel® 97/ for each 0 < ¢ < 2d—1. Since each component of C—T
is a univalent preimage of one of the half planes, it is obviously unbounded.
Therefore there cannot be a closed curve in Ty, and thus each component of
T} is diffeomorphic to the real line. The ends of these components can only
be a critical point or a point z;. By local behaviour of the critical points, for
each critical ¢;, there is a component ~; of Ty which is contained in the upper
half plane and has ¢; as one end. Note that the other end of v; must be in
X, for otherwise, C — T would have a bounded component. As these curves
i, 1 < i < d—1 are pairwise disjoint, the end of v; at infinity must be x;.
We have proved that the intersection of 7" with the upper half plane consists
of d — 1 curves ~;, which connects x; and ¢;. By symmetry, the intersection
of T" with the lower half plane consists of d — 1 curves v;, d+1 <1< 2d—1
which connects x; and coq_;.
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Similarly, T = f~'(R) has the same structure as 7. Thus we can define a
real-symmetric homeomorphism H; : T' — T as a lift of the map H : R — R.
Since each component of C — T is a univalent preimage of the upper or lower
half plane, H; extends to a homeomorphism of C, as alift of H : C — C. [

Derivation of the Rigidity Theorem from the Reduced Rigidity Theorem. Let
f and f be two real polynomials as in the Rigidity Theorem, and let h: R —
R be a homeomorphism such that f oh = ho f. The Reduced Rigidity
Theorem implies that we can find a real-symmetric qc map ® : C — C such
that ® = h on PC(f), and such that fo® = ® o f holds on a neighborhood
of infinity and also on a neighborhood of each periodic attractor of f. By
Proposition 3.1, ® is again a Thurston combinatorial equivalence between f
and f . Let &g = & and let ®,,, n > 1, be the successive lifts. Then all these
homeomorphisms ®,, are quasiconformal with the same maximal dilatation
as that of ®. Note that ®,, is eventually constant out of the Julia set J(f)
of f. Since J(f) is nowhere dense, ®, converges to a qc map which is a
conjugacy between f and f . O

Although our main interest is at real polynomials with real critical points,
we shall frequently need to consider a slightly larger class of maps: real
polynomials with real critical values. This is because compositions of maps in
F4 may have complex critical points but only real critical values. Proposition
3.1 is no longer true if we only require f to have real critical values, and this
is the reason why we need to assume that f have only real critical points
(rather than real critical values) in our main theorem. It is convenient to
introduce the following definition.

Definition 3.2. Let f and f be polynomials with real coefficients such that
all critical values belong to the real line. We say that they are strongly
combinatorially equivalent if they are Thurston combinatorially equivalent,
and there exists a real-symmetric homeomorphism H : C — C such that

foH = H o f on the real axis.

By Proposition 3.1, if f and f have only real non-degenerate critical
points, and they are topologically conjugate on R, then they are strongly
combinatorially equivalent.
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4 Statement of the Key Lemma

In this section, we give the precise statement of our Key Lemma on puzzle
geometry. As we will need universal bounds to treat the infinitely renormal-
izable case, we shall not state this lemma for a general real polynomial which
does not have a satisfactory initial geometry. Instead, we shall first introduce
the notion of “polynomial-like box mappings”, and state the puzzle geometry
for this class of maps. These polynomial-like box mappings appear naturally
as first return maps to certain puzzle pieces, see for example Lemma 6.7.

Definition 4.1. Let b > 1 and m > 0 be integers. Let V;, 0 < i < b—1,
be topological disks with pairwise disjoint closures, and let U;, 0 < j <
m, be topological disks with pairwise disjoint closures which are compactly
contained in V. We say that a holomorphic map

f:<UUj>u<Qvi)eri (1)

is a polynomial-like box mapping if the following hold:

e for each 1 < j < m, there exists 0 < i = i(j) < b — 1 such that
f:U; — V; is a conformal map;

e for U equal to Uy, Vi,..., V1, there exists 0 < i =4(U) < b— 1 such
that f: U — V; is a 2-to-1 branched covering.

The filled Julia set of f is defined to be
K(f) ={z € Dom(f): f*(z) € Dom(f) for any n € N},
and the Julia setis J(f) = 0K (f).

In fact, everything we do will go through in the case where critical points
are degenerate of even order. If b = 1, then such a map is frequently called
generalized polynomial-like.

We say that f is real-symmetric if each of the topological disks V;, U; are
symmetric with respect to the real axis, and f commutes with complex con-
jugation map. Throughout this paper, we shall only consider real-symmetric
polynomial-like box mappings. Let P, denote the set of real-symmetric
polynomial-like box mappings (1) satisfying the following properties:
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e the critical points of f are contained in the filled Julia set of f, and
they are all non-periodic recurrent with the same w-limit set;

e ecach branch of f is contained in the Epstein class, that is, for any
interval J C Dom(f) N R which does not contain a critical point of f,
then f~!|f(J) extends to a univalent map defined on Cyy).

Given a polynomial-like box mapping as above, a puzzle piece of depth
n is a component of f~"(Vg). Let P,(x) denote the puzzle piece of depth
n which contains x. A puzzle piece is called critical if it contains a critical
point. Given two critical puzzle pieces P, (), we say that @) is a child of P if
it is a unimodal pullback of P, i.e., if there exists a positive integer n such
that f*:@Q — P is a double branched covering.

Definition 4.2. We say that f is persistently recurrent if each critical puzzle
piece has only finitely many children.

We say that f is renormalizable at a critical point c, if there is a puzzle
piece P,(c) and a positive integer s such that f/(c) & P,(c) for all 1 < j <
s —1and f*(c) € P,(c), and the map f°: P,ys(c) — P,(c) is a polynomial-
like mapping (in the sense of Douady and Hubbard [9]) with a connected
Julia set. In other words, f is renormalizable at ¢ if ¢ returns to all puzzle
pieces P,(c) and the return times are all the same for sufficiently large n. For
a map in Py, since the critical points have all the same w-limit set, the map
is renormalizable at one critical point if and only if it is renormalizable at
any critical point. Note that a renormalizable polynomial-like box mapping
is persistently recurrent.

Definition 4.3. A critical puzzle piece P,(c) is called terminating if the
return time of ¢ to Pp,(c) is the same for each m > n.

We say that f is T-extendible it there are topological disks | I 7
0 <i<b—1with mod(Vy — V4) > 7 such that the following hold:

1. foreach 1 <i<b—1,if 0 <k <b—1issothat f(V;) = V4, then f|V;
extends to a holomorphic 2-to-1 branched covering from V/ to V/;

2. for each 0 < j < m, if k is such that f(U;) = Vj, then there exists
a topological disk U; D Uj, so that f|U; extends to a holomorphic
map from U to V}| which is conformal if j # 0 and a 2-to-1 branched
covering if j = 0;
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3. moreover, U; C Vg, and (U] — U;) N PC(f) = .

We are most interested in real-symmetric polynomial-like box mappings
with further properties:

Dy (Vo NR) C Vo C D,(1hNR), (2)

PC(f) NV C VoNR, (3)

1+ 27

where o € (0,7/2). Let P,*° denote the set of T-extendible maps in P, with
the properties (2) and (3).

Definition 4.4. We say that a topological disk {2 has £-bounded geometry if
it contains a Euclidean ball of radius £ diam(€2).

Key Lemma. (Puzzle Geometry Control) Let f € P, be a persistently
recurrent polynomial-like box mapping, and let ¢ be a critical point of f.
Then there is a constant & = £(1,0,b) > 0 with the following properties.

1. Assume that f is non-renormalizable. Then for any ¢ > 0, there is a
puzzle piece Y which contains ¢ and a topological disk Y' with Vi D
Y' DY such that

o diam(Y) < ¢;
e Y -Y)NPC(f)=0, and mod(Y' —=Y) >¢&;
o Y has &-bounded geometry, i.e., Y D B(c,&diam(Y)).

2. Assume that f is renormalizable. Then there are terminating puzzle
pieces Y DY > ¢, such that Y D B(c,&diam(Y)) and mod(Y' —Y) >

I3

Furthermore, if f € P,? is a map which is strongly combinatorially equiva-
lent to f, then the geometric bounds also apply to the corresponding puzzle
pieces for f.

Here, we say that f: U — Vand f: U — V are strongly combinatorially
equivalent if there are real-symmetric homeomorphisms H; : V — V, i =1, 2,
such that the following hold:

e foH =Hyo fonU;
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e H=Hyon V\Uj;
[ leHoOnva.

Note that Hy ~ Hy rel (V' \ U) U (V NR). So by lift of homotopy, we can
find a sequence of real-symmetric homeomorphisms H, : V — V, n > 0,
such that fo H, .4 = H,o f, and H, ~ H,1 on f(V \ U). In particular,
given a puzzle piece P of depth m for f, P := H,,(P) = Hypiy(P) = --- isa
puzzle piece for f , which is called the puzzle piece (for f) corresponding to
P.

5 Yoccoz puzzle

5.1 External angles

Let f be a polynomial with degree greater than 1. Assume that the filled
Julia set K(f) is connected. Then by Riemann mapping theorem, there is a
unique conformal map

B=B;:C-—K(f)—=C-D

which is tangent to the identity at infinity. The B-preimage Ry of a radical
line {re? : 1 < r < oo} is called an external ray of angle 0, and the B
preimage of the round circle {|z| = R} with R > 1 is called an equipotential
curve. Recall that the Green function of f is defined as

log|B(z)| if z€ C— K(f)
G(2) = Gy(z) =

0 otherwise.

Proposition 5.1. Let f and f be two polynomials of degree d > 2 with
real coefficients and real critical values which are strongly combinatorially
equivalent and let H be a strong combinatorial equivalence between them.
Assume that neither of these polynomials has a neutral periodic point, and
assume that h = H|R preserves the orientation. Then for any preperiodic
point p € J(f) NR of f, the f-external ray of angle 6 lands at p if and only
if the f-external ray of angle 6 lands at p = H(p).

We first prove that at each periodic point p which is contained in the
interior of K(f) N R, there are exactly two external rays landing at p.

17



Lemma 5.1. Let f be a polynomial of degree > 2. Assume that f has a
connected Julia set. For any repelling periodic point p, if v, 1 <1 < n are
the external rays landing at p, and V' is a component of C — (IU;—, ) U {p},
then V intersects the orbit of some critical value.

Proof. Tt is well known that there exists a positive integer m such that
f™(vi) = v for all i. See [30]. Thus f~™(V) has a component U which
is contained in V' and has p on its boundary. If V' is disjoint from the orbits
of the critical values, then f™ : U — V must be a conformal map, which
implies that U = V. Let g denote the inverse of f|V. By the local dynamics
at p, for any z which is close to p, we have g*(z) — p as k — oo. So p is
a Denjoy-Wolff point of g, that is, ¢*(z) — p holds for any z € V. Since
V' contains infinitely many points from the Julia set, we know that this is
impossible. O

Applying this result to real polynomials, we have

Lemma 5.2. Let f be a real polynomial with all critical values real. Assume
that the Julia set is connected. Then for each repelling periodic point p of f,

o if p &R, then there exists exactly one external ray landing at p;

e if p is contained in the interior of K(f) NR, then there exists exactly
two external rays landing at p.

Proof. Let v;, 1 < i < n be the external rays landing at p. By the previous
lemma, we know that any component V' of C — |J;_, v — {p} intersect the
orbit of a critical value. Since all critical values are on the real axis and since
f is real, the orbit of any critical value is on the real axis. Thus V intersects
the real axis. The statements follow. O]

Proof of Proposition 5.1. Let f, f and H be as in Proposition 5.1. For any
repelling periodic point z € int(K(f)NR), let A(z) denote the angles of the f-
external rays landing at z, let v (v, respectively) denote the f-external ray
in the upper (lower, respectively) which lands at p, and let v, = v U~ U{z}.
For Z = h(z), let A(%), 47, 47, 4z be the corresponding objects for f.

For a region V' bounded by f-external rays, let ang(V’) denote the length
of the set of angles of f-external rays which are contained in V. (We consider
this set of angles as a subset of R/Z, endowed with the standard Lebesgue
measure.) Note that if V’ is a component of f~'(V) then

deg(f)ang(V') = kang(V),
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where k is the degree of the proper map f : V' — V' and deg(f) is the degree
of f : C — C. Similarly we define ang(V') for regions bounded by f-external
rays.

Now let p be a repelling periodic point of f which is contained in the
interior of K(f) NR, and let P be the f-orbit of p. By possibly changing H
on C — R, we may assume that

o for any z € P, H(7.) = 4% and G(H(w)) = G(w) for any w € v,
where ¢ € {+,—}, and G and G are the Green functions of f and f
respectively.

Let Hy = H, and for n > 0, inductively define H,,; to be the lift of H,, (so
H,1|R = H|R; for the definition of a lift see Section 3). Note that H; = H

on the set
X=(Jr) uR,

zeP
and thus H ~ H; rel X. Consequently, for each n > 0, we have

Hyiy ~ H, tel £7(X).

Let s be the period of p. Then f**(v;) = 77 for i € {+, —}. Let U~ (U™,
respectively) denote the component of C — +, which contains the left (right,
respectively) component of R — {p}. As we have noted, Hos = H on 7,. Let
Vi,i=1,...,N be the components of C — f~%(,) which are contained in
U+, and let V; = Hoyy(V;). Let k; denote the degree of the proper map f|V;.
Note that k; is also the degree of f25|V;, and that f2*(V;) = U* if and only
f(V;) = U*. Let A~ and At denote the set of i’s with f25(V;) = U~ and
f25(V;) = U™ respectively. Note that

N

deg(f)ang(U™) = deg(f)ang(V;)

i=1

i€A- iEAT
= kit () ki— Y k)ang(U"),
1€A™ iEAT 1€A™

where in the last equality, we used the relation ang(U~) + ang(U*") = 1.
Therefore,

D ien- ki
ang(UT) = US i
) = Gea( s b~ S
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The same equality is true for ang(U™), and thus ang(U") = afig(U*). There-
fore the f-external rays landing at p and f—external rays landing at h(p) have
the same angles.

Now we see that we can choose the homeomorphism H so that it coincides
with B;loBf on X' = {G(z) > 1}Uy,fUy, . Then H, = B};loBf on f"(X"),
which implies the angles of the f-external rays landing at any preimage ¢ of
p coincide with that of the f-external rays landing at § = h(q). O

5.2 Yoccoz puzzle partition

Given a polynomial with a connected Julia set, Yoccoz introduced the power-
ful method of cutting the complex plane using external rays and equipotential
curves. We are going to review this concept in this section.

Let f be a polynomial with a connected Julia set. To define a Yoccoz
puzzle, we specify a forward invariant subset Z of the Julia set and a positive
number r. We require that the set Z satisfies the following properties:

1. for each z € Z, there are at least two external rays landing at z;
2. ZNPC(f) =10
3. each periodic point in Z is repelling.

Let I’y be the union of the equipotential curve {G(z) = r}, the external rays
landing on Z and the set Z. We call a bounded component of C — I'y a
puzzle piece of depth 0 (with respect to (Z,7)). Similarly, for each n € N, a
bounded component of C — f~"(I") is called a puzzle piece of depth n (with
respect to (Z,r)).

Let ), denote the family of puzzle pieces of depth n, and let Y = (J,— ) Vn.
A puzzle piece P is a nice open set in the sense that f*(OP)N P = () for any
k > 1. Any two puzzle pieces P, () are either disjoint, or nested, i.e., one is
contained in the other.

Fact 5.1. If U D Crit(f) is a union of puzzle pieces, then
EU)={2z€ K(f): f"(2) €U for alln € N}

18 a nowhere dense compact set with zero measure.
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Proof. Since U is open, the set E(U) is certainly closed and thus compact.
To show the other statements, we may assume that all components of U
are puzzle pieces of the same depth. Using the “thickening” technique, one
shows that the set E(U) is expanding, i.e., there is a conformal metric p,
defined on a neighborhood of E(U) such that for some C' > 0 and A > 1,
|Df"(2)||, = CA™ holds for any z € E(U) and n € N. It follows that E(U)
is nowhere dense and has zero Lebesgue measure. For details, see [31]. [

Now let us consider two strongly combinatorially equivalent polynomials
f and f which have real coefficients and real critical values and do not have
neutral periodic points. Let homeomorphism H : C — C be a strongly
combinatorial equivalence between f and f . Without loss of generality, let
us assume that h = H|R is orientation-preserving.

Definition 5.1. A f-forward invariant set Z is called admissible (with respect
to f)if it is a finite set contained in the interior of K(f) N R and disjoint
from PC(f).

Given an f-admissible set Z and any r > 0, let us construct a Yoccoz
puzzle Y for f. Note that Z is an f admissible set, so we can construct a
Yoccoz puzzle Y for the map f using the set Z = h(Z) and the same r.
Re-choosing H if necessary, we may assume that it coincides with B;l o By
on {G(z) > r} as well as on I'y — J(f). Let Hy = H, and for each n > 1
inductively define H, to be the lift of H,,_; so that H, = h on R. Set
X =ToU(K(f)NR). Then H,y ~ H, on f7(X). In particular for any

puzzle piece P € Y,,, H,(P) is a puzzle piece in Y, and H, = Bf o By on

(0P — J(f)). Let us denote P = H,(P). Note that H, ;(P) = H,(P) = P
for any n,i > 0.

Definition 5.2. Let P be a puzzle piece in ),, and let P be the corre-
sponding puzzle piece in Y,. We say that a homeomorphism ¢ : P — P
respects the standard boundary marking if ¢ extends continuously to 9P, and
¢|OP = H,|OP.

Lemma 5.3. For every puzzle piece P, there exists a qc map ¢ : P — P
which respects the standard boundary marking.

Proof. For each z € Un o f7M(Z), let R. be the union of the f-external rays
landing at z, and let R be the union of the f-external rays landing at z. A
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neighborhood € of z is called f-transversalif it is a Jordan disk bounded by a
smooth curve which intersects each ray in R, transversally at a single point,
and G(9QNR.) consists of one point. An f-transversal neighborhood of  is
defined in an analogous way. Clearly, for any ¢ > 0 and any z € |J,_, f~"(Z),
there exists an f-transversal ( f—transversal, respectively) neighborhood €2 of
z ( Q of z, respectively) which has diameter less than . Moreover for a
given ¢, there exists n > 0 such that for any 0 < p < n we can find such

neighborhoods with the property that G(QNR.) = GQNR:) = p.

Claim. For any z € |J,-, f~"(Z), there exists £ > 0 such that the following
holds. Let 2 be an f-transversal neighborhood of z which is contained in
B(z,¢), and let Q be an f-transversal neighborhood of  which is contained
in B(%,¢). Assume that G(0QNR.) = G(9QNR:). Then there exists a qc

homeomorphism ¢ : 2 — € such that
° B;loBf on QNR,,

o ¢: 90 — 9N is a diffeomorphism.

First notice that we may assume that z is a periodic point of f, as z is
f-preperiodic and the orbit of z is disjoint from Crit(f). Let s be a positive
integer such that f* leaves each ray in R, invariant. Since |(f*)'(z)| > 1, if e
is sufficiently small, f*|B(z,¢) is a conformal map onto its image, which con-
tains B(z,e) compactly. Similarly, this statement holds for the corresponding
objects with tilde. Let g denote the inverse of the map f*|B(z,¢), and let g
be defined in an analogous way. Then there exists a positive integer N such
that ¢V(Q) cc Qand gV (Q) cC Q. Let A=Q—g¢N(Q) and A = Q—gV(Q).
Note that ¢™v(9Q) intersects each ray in R, transversally at a single point,
and the analogy for the corresponding objects with tilde is also true. So we
can find a diffeomorphism ¢y : A — A such that

° gbO:B];loBf on ANR,;

® $gog=go g on .

For any k > 1, we inductively define a diffeomorphism ¢, : g*V(A) — GV (A)
using the formula

drog” =g" ogr1.
As ¢, = ¢r_1 on g"™V(09Q) we can glue these diffeomorphisms together to get
a diffeomorphism

0:9Q—{z} = Q—{z},
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with ¢ = B;l o By on QN R,. As quasiconformal maps these ¢, have the
same maximal dilatation, so ¢ is quasiconformal and it extends naturally to
a qc map from Q to Q. This proves the claim.

Now let P € ) be a puzzle piece. Take a small constant € > 0. For any
z € JPNK(f), we choose an f-transversal neighborhood 2, C B(z,¢) for z
and an f-transversal neighborhood Q C B(z,¢) for Z, so that G(QNR,) =
G(QNR:). Then by the claim above, we have a qc map ¢, : Q. — Q: which
is smooth on 0€2, and coincides with ijl o By on 2, NR,. Since P—Q
is a Jordan disk whose boundary consists of finitely many smooth curves
with transversal intersections, and so is P — ), we can find a gc map ¢ from
P —Qto P —Qso that ¢ = ¢, on 9. for each z € P N J(f) and so that
Y = B;l oByon (P—Q)NR,. Gluing these gc maps ¢, and ¢ together, we

obtain a qc map ¢ : P — P with standard boundary marking. O

Remark 5.1. If the puzzle piece is symmetric with respect to R, then we
can choose the map ¢ : P — P to be symmetric to R as well. See [1].

5.3 Spreading principle

The next proposition shows that we can spread a qc map between the critical
puzzle pieces with standard boundary making to the whole complex plane,
which is a key ingredient (although well-known to many people). For an
outline on how we shall use this proposition see below Proposition 6.1.

Spreading Principle. Let U D Crit(f) be a nice open set consisting of
puzzle pieces in Y. Let ¢ : U — U be a K -gc map which respects the standard
boundary marking. Then there exists a K-qc map ® : C — C such that the
following hold:

1. p=¢ on U, and
2. for each z ¢ U, we have

fo®(z) =®o f(2),

3. 00 = 0 on C — D(U), where D(U) denotes the domain of the first
landing map under f to U;

4. for each puzzle piece P € Y which is not contained in D(U), ®(P) = P
and ® : P — P respects the standard boundary marking.
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Proof. For each puzzle piece P, we choose an arbitrary qc map ¢p : P — P
with the standard boundary marking. Let K’ > K be an upper bound for
the dilatation of the qc maps ¢p, where P runs over all puzzle pieces of depth
0, and all critical puzzle pieces which are not contained in U.

For a puzzle piece P € Y, let k = k(P) < n be the minimal non-
negative integer such that f*(P) is a critical puzzle piece or has depth 0,
and let 7(P) = f*(P). Then f*: P — 7(P) is a conformal map, and so is
f*: P — 7(P). Given a qc map ¢ : 7(P) — 7(P), we can define a qc map
p: P — P by the formula f* op = go f*. Note that the maps p and ¢ have
the same maximal dilatation, and that if ¢ respects the standard boundary
marking, then so does p.

Let Wy be the domain bounded by the equipotential curves {G(z) = r}
which we used to construct the puzzle ). Let Y, be the union of all puzzle
pieces in )y. For n > 0, inductively define Y,,1; to be the subset of Y,
consisting of puzzle pieces P of depth n + 1 so that P is not contained in
D(U). Note that each puzzle piece in Y,, —Y,, 1 of depth n+1 is a component
of D(U).

We define ®q to be the qc map which coincides with B;l o By on C— W,
and with ¢p for each component of Y. For each n > 0, assume that &, is
defined, then we define ®,,; so that

e &, =0, onC-Y,,

e for each component P of Y,,, &, = BJ}l oBjon P — UQG%+1 @, and
for each component ) € ), .1 which is contained in P, if Q ¢ Y1,
then ®,,,, is the pullback of ¢, and otherwise it is the pullback of ¢,(p).

For each n > 0, ®,, is a K'-qc map. Note that ®,, is eventually constant on
C—-N,Y,. Since Y, = E(U) is a nowhere dense set, ®,, converges to a qc
map ®. The properties (1), (2) and (4) follow directly from the construction,
and (3) follows from the fact that E(U) has measure zero. ]

6 Reduction to the infinitely renormalizable
case

In this and the next section, we shall prove the Reduced Main Theorem by
assuming the Key Lemma. The idea is to construct K-qc maps between
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the corresponding critical puzzle pieces with standard boundary marking so
that we can apply the Spreading Principle from Section 5.3. To do this we
shall need control on the geometry of these puzzle pieces and apply the Key
Lemma.

Of course, the puzzle pieces around a renormalizable critical point need
not to have a uniformly bounded geometry since they converge to the small
Julia set. Infinitely renormalizable critical points are particularly problematic
since they are renormalizable with respect to any Yoccoz puzzle. We shall
leave this problem to the next section, and assume the following proposition
for the moment.

Proposition 6.1. Let f and f be two polynomials in Fy, d > 2, which are
topologically conjugate on R. Let ¢ be a critical point of f at which f is
infinitely renormalizable and let ¢ be the corresponding critical point of f
Then there exists a quasisymmetric homeomorphism ¢ : R — R such that

o(f"(c)) = ["(®)
for any n > 0.

The goal of this section is to derive the Reduced Rigidity Theorem from
the Key Lemma and the above proposition.

Throughout this section, f and f are polynomials in F,, d > 2, which
are topologically conjugate on the real line, and h : R — R is a topological
conjugacy which is quasisymmetric in each component of AB(f) N R, where
AB(f) denotes the union of basins of attracting cycles of f. Without loss of
generality, let us assume that A is monotone increasing.

We shall first construct an appropriate Yoccoz puzzle ) for f (and the
corresponding one Y for f ) so that every critical point which is renormaliz-
able with respect to this Yoccoz puzzle either has very tame behaviour or is
infinitely renormalizable. This is done in §6.1. This enables us to find qc stan-
dard correspondence between the corresponding puzzle pieces around (com-
binatorially) eventually-renormalizable critical points with bounded maximal
dilatation by applying Proposition 6.1. This is done in §6.2. In §6.3, we ana-
lyze the geometry of puzzle pieces around all other critical points. We show
that we can find an arbitrarily small combinatorially defined puzzle neigh-
borhood W of these critical points with uniformly bounded geometry such
that the first entry map to W has good extendibility. To deal with persis-
tently recurrent critical points, we shall assume the Key Lemma. Finally, in
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§6.4, we show how the Reduced Rigidity Theorem follows from the puzzle
geometry control by applying the Spreading Principle from Section 5.3 and
the QC-Criterion from Appendix 1.

6.1 A real partition

As we have seen, the construction of a Yoccoz puzzle involves the choice
of a finite forward invariant set Z. In this subsection, we shall specify our
choice of this set. Recall that a f-forward invariant set Z is called admissible
(with respect to f) if it is a finite set contained in the interior of K(f) N R
and disjoint from PC(f). As there are exactly two external rays which are
symmetric with respect to R landing at z, a Yoccoz puzzle for f can be
constructed using this set Z and r = 1.

Definition 6.1. Let ¢ be a critical point of f and let Z be an admissible set
for f. For every n > 0, let QZ(c) denote the component of R — f~"(Z) which
contains c¢. We say that f is Z-recurrent at c if for any n > 0, there exists
some k > 1 such that f*(c) € Q%(c). We say that f is Z-renormalizable
at ¢, or ¢ is Z-renormalizable if there exists a positive integer s, such that
f4(c) € Q%(c) for any n > 0, and the minimal positive integer s with this
property is called the Z-renormalization period of c.

For a Z-renormalizable critical point ¢, we define

co s—1

A%(e) = (MU QLS (e)) N Crit(f),

n=0 i=0

where s stands for the Z-renormalization period of ¢. Note that any critical

point ¢ € A%(c) is also Z-renormalizable with period s, and that A%(c) =
AZ().

Fact 6.1. Let Z be an admissible set. Then for each ¢ € Crit(f), if f is
Z-recurrent but not Z-renormalizable at c, then |QZ(c)| — 0 as n — oo.

Proof. Let I, = Q%(c), and let s, be the return time of ¢ to I,. Then s,
is defined for every n > 0 and s, — oo as n — oo. If |[,| does not tend
to zero as n tends to infinity, then there is a one-side neighborhood J of ¢
which is contained in () I,,. Note that {f*(J)}2, are pairwise disjoint since
so are f'(I,), 0 < i < s, — 1 for every n > 0. Since f does not have a
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wandering interval, it follows that ¢ is contained in the attracting basin of
an attracting cycle O. As c enters () [,, infinitely many times, the periodic
orbit O intersects (] I,,, which implies that the return time of ¢ to I,, are the
same for all sufficiently large n, a contradiction. m

Let Crit,(f) denote the set of critical points ¢ which are contained in the
attracting basin of f or have a finite orbit. A polynomial f is called trivial
if Crity(f) = Crit(f). In the following we shall assume that f is non-trivial,
because otherwise the Reduced Rigidity Theorem is obvious.

Lemma 6.1. Assume that f is non-trivial. Then there exists an admissible
set Z such that if c is a Z-recurrent critical point, then either of the following

holds:
1. c€ Crity(f), f is Z-renormalizable at ¢, and AZ(c) C Crity(f);

2. f is recurrent and not Z-renormalizable at ¢, and |Q%(c)] — 0 as n —
00;

3. f is infinitely renormalizable at ¢, and AZ(c) = w(c) N Crit(f).
Moreover, in the second case, 0QE (c) N Per(f) = 0.

Proof. First of all, since f is non-trivial, it has infinitely many periodic points,
and thus we have a repelling periodic orbit X, which is admissible. For
any ¢ € Crit(f) — Crit,(f) such that f is renormalizable but not infinitely
renormalizable at ¢, let J = J. be the smallest properly periodic interval
which contains ¢, and let s be the period of J. Since f*|J has a critical point
¢ which has an infinite forward orbit and is not contained in the attracting
basin of a periodic attractor, f*|J has infinitely many periodic points. Thus,
we can find a repelling periodic orbit X (¢) which is admissible with respect to
f and intersects J. Let X; be the union of these X;(c)’s and let X = XoUXj;.
By logic, if f is X-renormalizable at ¢, then either ¢ € Crit,(f) or f is
infinitely renormalizable. Note that the last statement remains true if we
replace X by any larger admissible set of f. By Fact 6.1, if f is X-recurrent
but not X-renormalizable at ¢, we have |Q:X (c)| — 0 as n — oo.

Let us now consider a critical point ¢ at which f is infinitely renormaliz-
able. It is well known that ¢ is approximated by periodic points of f from
both sides. Thus for any € > 0, we can find an admissible periodic orbits Y,
such that |@Q;°(c)| < e. By the no wandering interval theorem, for any ¢ > 0,
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there exists ¢ > 0 such that the length of any pullback of (¢ —e,¢ + ¢) is
less than 6. As every point in A¥¢(c) is contained in a pullback of Q¢°(c), it
follows that A¥<(c) C w(c) provided that we have chosen & > 0 sufficiently
small. Let Y be the union of such Y,’s. Then for every critical point ¢ at
which f is infinitely renormalizable, we have AY (¢) C A¥<(c) C w(c).

Now let Z = X UY. Then for every Z-recurrent critical point ¢, either of
the three possibilities listed in the lemma happens. For the last statement to
hold, we simply replace Z with f~"(Z) NR for an appropriately large n. [

Let us fix an admissible set Z as above, and construct Yoccoz puzzle ),
Y for f and f, using Z and Z respectively. For any point = and any integer
n > 0, we use P,(x) to denote the puzzle piece in ), which contains x if
there is such one. The notation P,(x) is defined in analogous way. Note that
forany x € R —J—, f7"(Z), and any n > 0, the real trace of P,(z) equals
to QZ(z). We shall also fix a sequence of combinatorial equivalences H,, as
in the previous section.

Let Crit,,(f) denote the set of Z-renormalizable critical points of f, and
Crite,.(f) the set of post Z-renormalizable critical points, i.e., critical points
¢ for which there exists an integer £ > 0 and a critical point ¢ € Crit,,(f)
such that f*(c) € N, Pu(c). So Crite,(f) D Crit,,(f). Similarly we define
Crit,, (f) and Crit,(f).

6.2 Correspondence between puzzle pieces containing
post-renormalizable critical points

Lemma 6.2. There exists a constant K > 1 such that for each ¢ € Crite.(f)
and any n > 0, there exists a real-symmetric K-qc map ¢ : P,(c) — P,(¢)
which respects the standard boundary marking, and matches h on (), Pn(c) N
R.

Proof. 1t suffices to prove the lemma in the case that f is Z-renormalizable
at c. Let s be the minimal positive integer such that f*(c) € P,(c) for any
n>0. For 0<i<s, let I; = (2, Pu(f*(c)) NR. Then {I;}5, is a cycle of
properly periodic intervals. Let N be a sufficiently large positive integer such
that Py (f%(c))— I; does not contain any critical point for every 0 <i < s—1.
Let U; = Pyys_i(f'(c)) and let

s—1 s
=0 i=1
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be the restriction of f. Let F be the corresponding map for f.
Claim. There exists a real-symmetric qc map

=0 =0

which is a conjugacy between F and F such that
o O(0U;) = Hy|0U; for every 0 < i < s;
e &=hon L.

~ Let us prove the claim. By a combinatorial equivalence between F' and
F' we mean a homeomorphism g : (J;_, Ui — U;_, Us such that there exists
a homeomorphism ¢ : | J;_, U; — U;_, U; with the following properties:

o I'o w1 = o o F holds on Uf;(} Us;
e py = on PC(F)U (Us — Uy).

Note that Hy s is a combinatorial equivalence between F' and F.

Let J C R be a small neighborhood of the periodic attractors of F'. In the
following we are going to find a real-symmetric qc combinatorial equivalence
@, between F and F such that &, coincides with Hy,, on |J_,0U; and
with A on J. Once we find this map ®, the desired qc conjugacy ® can be
constructed by a similar argument as what we used to derive the Rigidity
Theorem from the Reduced Rigidity Theorem. The details are left to the
reader.

Let us prove the existence of ®j. To this end, we first apply Lemma 5.3
and the Spreading Principle from Section 5.3 to find a real-symmetric qc map
U : C — C so that for every 0 < i < s, ¥(U;) = U, and V|0U; = Hyys|0U;.
More precisely, let U to be the union of critical puzzle pieces of f with depth
N+s. By Lemma 5.3, we can find a real-symmetric gc map ¢ : U — U which
respects the standard boundary marking for each component of U. Applying
the Spreading Principle from Section 5.3 we find the map ¥. Next we notice
that for each 0 < ¢ < s—1, thereis a qs map ¢; : I; — I; which coincides with
hon I;NPC(F) as well as J. Indeed, if ¢ € Crit,(f), then every critical point
of F either is contained in the attracting basin of a periodic attractor or has
a finite forward orbit, and thus such a ¢; obviously exists; if f is infinitely
renormalizable at ¢, then this is guaranteed by Proposition 6.1. Finally note
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that PC'(F)NU; is compactly contained in U;, 0 < i < s—1, and thus we can
find a real-symmetric qc homeomorphism from (J5_, U; onto |J;_, U; which
coincides with ¥ on | J;_, 9U;, and with ¢; for every 0 <4 < s—1. This map
is the desired ®y. The proof of the claim is completed.

Let Ky be the maximal dilatation of ®. Then for any k£ > 0, ® provides a
real-symmetric ¢ homeomorphism from Py 4s(c) onto Py 4s(¢) respecting
the standard boundary marking. Changing N tobe N+7,7=1,2,...,s—1,
and repeating the above argument, we complete the proof of this lemma. [

6.3 Geometry of the puzzle pieces around other criti-
cal points

Definition 6.2. Let A be a subset of Crit(f), and let V' be a nice open
set which contains A. We say that V is a puzzle neighborhood of A if each
component of V' is a puzzle piece intersecting A.

Let 6 >0 and N € N. Let V/ D V be an open set consisting of pairwise
disjoint topological disks and let B be any subset of Crit(f). For every a € A,
Let V,, and V denote the components of V' and V' containing a respectively.
We say that the first landing map R (under f) to V is N-extendible to V'
with respect to B if the following holds: if f¢: U — V, is a branch of the first
landing map R, and if U" = Compy, (f~*(V})), then

#O0<j<s—1:(f(U)- FU)NB#0}<N.

We say that the first landing map R is (6, N)-extendible with respect to B if
there exists a topological disk V! D V, for every a € A such that mod(V) —
V,) > 0 and such that R is N-extendible to |J, V, with respect to B.

Recall that a Jordan disk €2 in C has n-bounded geometry if it contains
a Euclidean ball of radius n diam(2). The goal of this subsection is to prove
the following.

Proposition 6.2. There exist a positive constant § and a positive integer N
such that the following holds. For every e > 0, there is a puzzle neighborhood
W of Crit(f) \ Crit.,.(f) with the following properties:

1. every component of W has diameter < g;

2. every component of W has d-bounded geometry;
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3. the first landing map under f to W is (6, N)-extendible with respect to
Crit( ) \ Critey(f).

Moreover, these statements remain true if we replace the objects for f with
the corresponding ones for f.

Before we prove this proposition let us state the following consequence
which will be convenient for us.

Corollary 6.3. For any integer n > 0 there exists a puzzle neighborhood
W of Crit(f) \ Crite.(f) such that for every landing domain U to W, the
following hold.

e both of U and U have n-bounded geometry;

e U is contained in a puzzle piece P € Y, and moreover,

mod(P — U) >, mod(P —U) > 1,

where n > 0 is a constant independent of n.

Proof. First note that there exists an integer ny such that for any critical
point ¢ € Crit(f) \ Crit,,(f) and ¢ € Crite,(f), and for any k£ > 0, we have
15(d) & P,,(c). We may assume that n > ny.

Let W be a puzzle neighborhood of Crit(f) \ Crite,.(f) with properties
specified in the previous proposition such that for every ¢ € Crit(f)\Crit,(f)
we have mod(P,(c) — W,) > 1 and mod(P,(¢) — W;) > 1, where W, (respec-
tively W;) is the component of W (respectively 1) which contains ¢ (respec-
tively ¢). Then for every ¢ € Crit(f) \ Crit.,(f), we have a topological disk
W! with W, C W! C P,(c), such that mod(W/—W.) > ¢’ and such that the
first landing map to W under f is N-extendible to W' = |J, W/ with respect
to Crit(f)\ Crite,-(f). As the forward orbits of critical points in Crit,,(f) are
disjoint from W', the first landing map to W is 0-extendible with respect to
Crite,(f).

Now let U be a landing domain to W and let f* : U — W, be the
first landing map to W. Let U’ = Compy (f*W!). Then f* : U — W!
has a uniformly bounded degree. Thus U has a bounded geometry, and
mod(U’ — U) is bounded away from zero. As W! C P,(c), U’ is contained
in a puzzle piece P € ),. This proves the statements about the landing
domains to W. The proof for the objects marked with tilde is similar. O
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Here we use the following fact which will be used repeatedly throughout
the paper.

Fact 6.2. Let ¢: U — V' be a proper map between topological discs of degree
N. Let V-C V' be a topological disc such that mod(V' —V') >n and let U be

a component of ¢~ (V). Then mod(U’ — U) > n/N and if V has §—bounded
geometry then U has ¢§'(9,n, N)—bounded geometry.

The rest of this subsection will be occupied by the proof of Proposition
6.2. To prove this proposition, we shall first introduce a partial order and an
equivalence relation on the critical set Crit(f) (and also Crit(f)). Then we
construct an arbitrarily small puzzle neighborhood of every equivalence class
with bounded geometry and good extendibility. Finally we show how to get
a puzzle neighborhood of the whole set Crit(f) \ Crite,(f).

Let us begin with two preparatory lemmas.

Lemma 6.3. Let A be a subset of Crit(f), and let V' OV be two puzzle
neighborhoods of A. For each a € A, let V,, denote the component of V' which
contains a, and let V| denote that of V'. Assume that

fFOV)NVI =0 forallk>1. (4)

Under these circumstances, if f*: U — V, is a branch of the first landing
map to V', then for every c € A, we have

#{0<i<s—1: ceCompsg(f (V)<L

Proof. Let U = Compy (f~%(V)). For every 0 < i < s, let U/ = f{(U’).
Arguing by contradiction, assume that there exist 0 < 7; < iy < s such that
c € U, j =12 Then Uj, is contained in the domain of the first entry
map to V,, and U, is contained in the domain of the first entry map to Uj,.
Since V' is a nice open set, U; C V/. From (4), it follows that U] C V. In
particular, f*(U) C V,, which contradicts the hypothesis that f*: U — V,
is a branch of the first landing map to V. O]

Lemma 6.4. Let ¢ € Crit(f) \ Crite.(f). Assume that for some constant
n > 0, there exists an arbitrarily large positive integer n such that P,(c) has
n-bounded geometry. Then

diam(P,(c)) — 0 asn — oo.
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Proof. Arguing by contradiction, assume that diam(P,(c)) is bounded away
from zero. Then we will find a Euclidean ball B(z,e) which is contained in
P,(c) for all n > 0. As

f"(B(z,€)) C ["(Fu(c)) = Po(f"(¢)) € {G(2) < 1},

B(z,¢e) is contained in the interior of the filled Julia set, and hence it is
contained in the attracting basin of a periodic attractor. It follows that
¢ € Crit,,(f), a contradiction. O

Now let us define a partial order <z on Crit(f) as follows: for any ¢, €
Crit(f), ¢ <z ¢ if ¢ = ¢ or the forward orbit of f(¢’) intersects the puzzle
piece P,(c) for all n > 0. This partial order induces an equivalence relation
~z on Crit(f) in the natural way: ¢ ~z ¢ if ¢ <z ¢ and vice versa. For
every ¢ € Crit(f), let [¢]z denote the equivalence class of ¢, and let

Back(c) = {c € Crit(f) : ¢ <z '}; (5)
Forw(c) = {c € Crit(f) : ¢ <z c}. (6)

If ¢, ¢ Crite,(f) then ¢ <z ¢ iff ¢ € w(c’) or ¢ = c. Similarly, we define the
corresponding objects for f. Note that ¢ <, ¢ if and only if ¢ <5 &.

Definition 6.3. Let ¢ be a Z-recurrent critical point of f. Let n > 0 and
k € N, and let ¢ be a critical point such that ¢’ ~; c¢. We say that P, () is
a child of P,(c) if f*(¢) € P,(c) and f*~1: P, x_1(c') — Py,(c) is a conformal
map. We say that f is Z-persistently recurrent at c if for any n > 0 and any
d ~z ¢, P,(c) has only finitely many children. Otherwise, we say that f is
Z-reluctantly recurrent at c.

A Z-persistently recurrent critical ¢ is minimal in the order <y, i.e., if
¢ <z ¢, then ¢ ~z . Note also that a Z-renormalizable critical point is
Z-persistently recurrent.

Lemma 6.5. Let ¢ be a Z-reluctantly recurrent critical point of f. Then
there exists a constant C, and for every n > 0, there exists an arbitrarily
large positive integer m such that f™(c) € P,(c) and such that the degree of
the map ™ : Ppyn(c) — P,(c) is bounded from above by C.

Proof. By definition, there exist ng > 0 and ¢ ~z ¢ such that P, (¢’) has
infinitely many children. So for any ky > 0, there exists a positive integer
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k > ko and a critical point ¢’ ~ ¢ for which f*(¢") € P,,() and the degree
of the map f* : P, x(c") — P, (') is bounded from above by deg(f) = d.
Note that ¢ is contained in the domain of the first landing map to P, .x(c”),
and let r be the landing time of ¢ to P,,,x(c”). As a first landing map,
I Pugagar(c) = Pogix(c”) has a uniformly bounded degree. Assume for
the moment n > ng. Let s be the landing time of f**"(¢) to P,(c). Again
the degree of the map f*: P, s(f*"(c)) — P,(c) is uniformly bounded from
above. As P, (f*"(c)) C P,,(c), the proper map f**"+5: P 11, 14(c) —
P,(c) can be written as the composition of three proper maps with uniformly
bounded degree, and thus its degree is uniformly bounded from above. This
proves the lemma in the case n > ng. For the case n < ng, we observe that
there exists n’ > ng such that f*~"(c) € P,(c). O

Lemma 6.6. (Puzzle geometry in the reluctantly recurrent case) Let ¢ be a
Z-reluctantly recurrent critical point. Then there exists a positive constant n
with the following properties. For any € > 0, there are puzzle neighborhoods
W' > W of Back(c) such that

1. each component of W has n-bounded geometry;
2. for each p € Back(c), diam(W)) < e and mod (W, — W) > n; and
3. fF(OW,) N W) =0 for each p € Back(c) and each k > 1,

where Wy, and W, denote the component of W and W' containing p respec-

tively. Moreover, these statements remain true if we replace f with f, and
replace p, c, W, W' with the corresponding objects for f.

Proof. The last assertion will follow from the proof. So let us only prove the
assertion for objects without tilde.

Let ng € N be a large positive integer such that for every p € Crit(f) \
Back(c), the orbit of p is disjoint from P, (c). Let V. 3 ¢ be a puzzle piece
of depth > ng, and let U be a family of (countably many) pairwise disjoint
puzzle pieces U which are compactly contained in V' so that

e {U:U €U} is a covering of the domain of the first return map to V.,
and

o fFOU)YNV, =0 for all k > 1.
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Such a pair will be called good. For any 6 > 0, a good pair (V.,U) will be
called 0-good if for each U € U, U has -bounded geometry and mod(V,—U) >
J.

Let (V.,U) be a good pair. For each p € Back(c) \ {c}, let V, = L,(V.)
and let ¢, € N be the entry time of V, to V.. Then f»(p) is contained in a
puzzle piece U which belongs to U, and let W, = Comp,(f~"*(U)). Let W,
denote the puzzle piece in U which contains c. Let us consider the first entry
map R to W = UpeBaCk(c) W,. Let f*: P — W, be a branch of R, and let
P’ = Compp(f~*V,). We claim that

1. the proper map f*: P’ — V), has a uniformly bounded degree;
2. if P C W, then P' C W..

To prove the former statement, we first notice that every critical point in
U7Z, f(P') must be contained in Back(c), by the choice of ng. As f*(aW,)N
V, = 0 for every p € Back(c) and k € N, it follows from Lemma 6.3 that
every p € Back(c) can only be contained in one of these topological disks
fi(P"), 1 <i < s—1. Thus the degree of f*|P’ is uniformly bounded from
above. To show the latter statement, note that P’ is contained in the domain
of the first entry map to V., while W, contains all return domains to V. which
intersect it. The proof of the claim is completed.

In particular, if (V,,U) is a §-good pair, then for some §’ > 0 we have

e W, has ¢’-bounded geometry;
e mod(V, — W,) > ¢';
o fF(OW,) NV, =10 forall k > 1.

So it suffices to prove that for some § > 0 and any n € N, we can find
a d-good pair (V,,U) so that the depth of V, is larger than n. Note that by
Lemma 6.4, the existence of such pairs implies that the diameter of P,(c)
tends to zero as n — oo.

To this end, we first notice that it suffices to find one pair. Indeed, if
(V.,U) is a d-good pair, and if V. is a pullback of V, with order N which
contains ¢, then the pair (VC,LA{) is a ¢’-good pair, where U denotes the cor-
responding pullback of 4, and ¢’ > 0 is a constant depending only on § and
N. As f is reluctantly recurrent at ¢, we have infinitely many pullbacks of
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V. containing ¢ and with uniformly bounded order, and thus the statement
follows.

It remains to prove the existence of such a pair. As we are assuming
that Py(c) N R does not contain a periodic point in its boundary, it follows
that Py(c) is strictly nice, and thus so is any pullback of this puzzle piece.
Therefore there exists a positive integer n; > ng such that P, (c) is strictly
nice. Let V., = P, (c), and let U be the family of all return domains to V..
Then (V.,U) is a good pair. Define W,,, p € Back(c) as above, and let W be
the family of entry domains to Up W, which are contained in W,. From the
claim above we know that for any P € W there is a topological disc P’ O P
such that f*: P* — V), has bounded degree and P" C W,. Since there are
finitely many domains V), the pair (W., W) is é-good where § depends on
the geometry of W,, mod(V, \ W,) and the number of critical points. This
completes the proof. O

Let us now construct puzzle neighborhoods for a Z-persistently recurrent
critical point ¢ € Crit(f) \ Crit,,(f).

Lemma 6.7. Let ¢ € Crit(f)\ Crite.(f) be a Z-persistently recurrent critical
point. Then there exists a positive constant 6 > 0 such that for any € > 0,
there exists a puzzle neighborhood W of [c]z with the following properties:

e for each p € Back(c), diam(W,) < e, where W), = Comp, (W),
e cach component of W has 6-bounded geometry;

e the first landing map (under f) to W is (5, N)-extendible with respect
to [c].

Moreover, the statements remain true if we replace the objects for f with the
corresponding ones for f.

Before we prove this lemma, let us describe a procedure to produce a
polynomial-like box mapping from a strictly nice puzzle piece V' = P,(c)
with a sufficiently large depth n. For every p € [c]z, let V,, be the landing
domain to V' which contains p. (So V. = V.) Note that when n is sufficiently
large, V, N'V,, = 0 for any p,p’ € [c]z with p # p/. Let us label these puzzle
pieces V, as Vo = V., Vi,..., Vi1, where b = #[c|z. Let Uy 3 ¢, Un,...,Upn
be all the entry domains to |JV, which intersect orb(c) N V.. As cis Z-
persistently recurrent, the number of U;’s is finite. Since V is strictly nice,
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these U; are compactly contained in V. and have pairwise disjoint closure.

Let b—1 b—1
F: (UUZ> U (UW) — UV;
=0 i—1 =0

be the (appropriate restriction of the) first entry map to Uf;é V; under f.
Then it is easy to check that F' belongs to the class P,. We shall call this
map the polynomial-like box mapping associated to V = P,(c).

Proof. We are going to derive this lemma from the Key Lemma. First let us
prove a simple fact about the shape of puzzle pieces which intersect the real
line.

Fact 6.3. Let P be a puzzle piece (in') or :)N/) which intersects R. Then
there exists o € (0,7/2) such that

D. -(PNR)C P C D,(PNR).

Proof. This is not hard so show using a linearization and compactness argu-
ment. Let us prove it as follows. Without loss of generality, let us assume
that P € ). Let 2y be an endpoint of P N R which is contained in the Julia
set of f, and let v be an external rays landing at zy. It suffices to prove that
for any one-side neighborhood K of zy, there exists a constant o € (0,7/2),
such that v N {G(z) < 1} C D,(K). To this end, first notice that we may
assume that z is a periodic point of f. Then there exists a positive integer k
such that f*(vy) = v. Let 73 = v N {1/d*+Y < G(z) < 1/d*} for any i > 0.
Take o to be a small constant so that 79 C D,(K'), where d is the degree of
the map f. We may assume that K is small so that f*: K — f*(K) is a dif-
feomorphism and f*(K) > K. Let Ky = K and inductively define K;, i > 1,
to be the interval which is contained in K;_; such that f*(K;) = K;_,. Note
that v, C Compy, (f%y;21) C Compy, (f"70). By the Schwarz lemma, it
follows that v; C D, (K;) C D,(K) for any ¢ > 0. Therefore v C D,(K). O

Let us continue the proof of Lemma 6.7. Let us choose a strictly nice
puzzle piece V' = P,(c) with a sufficiently large depth n and let F' be the
polynomial-like mapping associated to V. As the first landing map to V' has
only finitely many domains intersecting (J,¢(., orbs(p), and the closure of
every such a domain is disjoint from 0V, there exists 7 > 0 such that

((1+27)(VHR) e

(VﬂR)) n| U orbr(p) | =0.

pElc]z

37



It follows that F' is the class P,° for appropriately chosen constants 7,0.
As ¢ & Crit,.,(f), this polynomial-like box mapping F' is non-renormalizable.
By the Key Lemma, there exists a constant ¢ > 0 such that for every £ > 0
there exists a puzzle piece Y for F' (which is also a puzzle piece in ) which
contains ¢ and satisfies the following.

° diam(Y) <€,
e Y has §-bounded geometry;

e there exists a topological disk Y” D Y such that (Y’ —Y)Norbs(c) =0
and mod(Y' —Y) > 6.

A~

Let W = U, cq, £o(Y). Then W is a puzzle neighborhood of [c] such that
every component of W has a uniformly bounded geometry, and such that the
first landing map is uniformly extendible with respect to [c]z. This proves
this lemma for f. To prove the corresponding statements for f, just repeat

the above argument. O]

Lemma 6.8. Let ¢ be a Z-non-recurrent critical point of f which is contained
in Crit(f) \ Crite.(f). Then there is a constant n > 0 and for every ¢ > 0
there exists a puzzle piece W > ¢ (in' Y) such that diam(W) < ¢ and such
that W has n-bounded geometry. Moreover, the statement remains true if we
replace W by W.

Proof. Once again, the last assertion will follow from the proof, and so we
shall only prove the lemma for f.

Recall that Forw(c) = {¢ € Crit(f) : ¢ <z c}. If Forw(c) contains a
reluctantly recurrent critical point, then this lemma follows from the previous
lemma and Lemma 6.3. From now on we assume that Forw(c) does not
contain a reluctantly critical point, and distinguish a few cases.

Case 1. Forw(c) = (). In this case, there exists an integer ng > 0 such that
for any k > 1, P,,(f*(c)) does not contain a critical point. Then for any
n>1, "1 Pone—1(f(c)) = Po(f™(c)) is a conformal map with uniformly
bounded distortion. It follows that P, ,,—1(f(c)) and hence P, ,,(c) has
uniformly bounded geometry.

Case 2. Forw(c) # () does not contain any Z-recurrent critical point. Let ¢
be a minimal element in Forw(c). As Forw(d) C Forw(c), it follows that
Forw(d') = 0. By Case 1, there exists n > 0 such that P,(¢’) has n-bounded
geometry. By Lemma 6.4, this implies that diam(P,(¢')) — 0 as n — oo.
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Let n; be a large positive integer so that for any critical points ¢, ¢y €
Crit(f) with ¢; €7 co, then f*(cy) & P, (c1) for all k > 1. For any n > ny,
let s, be the entry time of ¢ to P,(c’). Consider the map f* : P, 1, (¢) —
P, (c). Since Forw(c) does not contain any Z-recurrent critical point, this
map has a uniformly bounded degree. It follows that P;_ ., (c) has n’-bounded
geometry for a constant ' > 0 which depends only on 7.

Case 3. Assume that Forw(c) contains a persistently recurrent critical point
p € Crit(f) \ Crite,.(f), By Lemma 6.7, there exists a positive constant 6 > 0
and a sequence of puzzle pieces P, (p) such that the following hold:

e P,.(p) has é-bounded geometry;

e there exists a topological disk €; D P,,(P) such that €; \ P,,(P) is an
annulus disjoint from orb(p) and with modulus at least 4.

By replacing §2; with a slightly smaller topological disk, we may assume that
diam(€2;) — 0 as i — oo. Let s; be the first entry time of ¢ to P,,(p),
and let W; = L.(P,,(p)), W/ = Comp, f~%(£;). It suffices to show that
f5 W/ — Q,; has a uniformly bounded degree.

To prove this, we may assume that €); is contained in P,(p) for a large
n. For any q € Crit(f), let v, = #{0 < j < s; —1: fI(U}) > q}. Let
us show that v, < 1 for every critical point ¢g. Arguing by contradiction,
assume that v, > 2 for some ¢q. Then ¢ € Back(p) N Forw(c) and ¢ must be
a Z-recurrent critical point. Since Forw(c) does not contain a Z-reluctantly
recurrent critical point, ¢ is Z-persistently recurrent. From ¢ € Back(p), it
follows that ¢ € [p|z. Since f* : W, — P,.(p) is a first entry, there can
be at most one j with ¢ € f/(W/). So there must be some j such that
q € fA(W!\ W;), which implies that orb(q) intersects ; — P,.(p). This is
absurd.
Case 4. Forw(c) contains a point p € Crit.,.(f). We may assume that
p € Crity,(f).

Let s be the minimal positive integer such that f*(p) € P,(p) for any
n > 0. Let N be a positive integer such that f*|Py has all its critical points
in (), P.(p). Let I(p) =, P.(p) NR. Note that (P,(p) — Puts(p)) "R # 0
for all n > 0, for otherwise, P,(p) "R = I(p), which would imply that
¢ € Crite,(f).

For each k > 1, let 7 be the first entry time of ¢ to Py xs(p). Note that
there are infinitely many k’s such that f™(c) € Pyiks(p) \ Pytk+1)s(p). Let
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us consider such a k. Let

Vi = Pryo(f(€), Uk = Py (reynys(f7(c)).

By our choice of N, f* : U, — Vj is a conformal map. Moreover, this map
can be extended to a conformal map onto Cg, where K is the component
of (Pn_s(p) — Pny2s(p)) N R which contains Vi, N R, and hence its distortion
is bounded by a constant C' > 1 independent of k, by the Koebe distortion
theorem. As k varies, there are only finitely many possibility of V.. Therefore,
for some positive constant § the following hold:

e the puzzle pieces Uy has d-bounded geometry;
o mod(Pnyr-1)s(p) — Ux) > 6.

We want to show that the puzzle pieces Wi = Py (k41)s4r, (¢) has §’-bounded
geometry for some ¢ > 0. It suffices to prove that the degree of the proper
map
It P (h—1)s4re (€) = Prnye—1)s(P)

is bounded from above by a constant.

For each ¢ € Crit(f), let v, be the number of i’s, 1 <1 < 1, —1, such that
q € Pyny(k—1)s+r—i(f(x)). We shall prove that v, < 2, which thus completes
the proof. We first notice that if v, # 0, then ¢ € Forw(c) N Back(p)
provided that k is sufficiently large. As we are assuming that every Z-
recurrent critical point in Forw(c) is contained in Crit,,(f), ¢ is either Z-
non-recurrent or is contained in [p|. If ¢ is Z-non-recurrent, then v, = 1if k is

sufficiently large. So assume that ¢ € [p]. Let V = qu[p] ﬁq(PN+ks(p)), and
V' = User ﬁq(PN+(k_1)s(p)). Then both V and V' are puzzle neighborhoods

of [p]. Tt is clear that f™(OL,(Pyyks(p))) N Ly(Pyie1)s(p)) = O for any
q € [p] and any m > 1. Let 7} be the first entry time of ¢ to V, then by
Lemma 6.3,

#{1<i<r,:qe€ PN+(k71)s+rk7i(fi(C))} <L

Note that f™* "% |PN+(;€,1)S+T,€,T;€ (f"%(c)) is a branch of the first entry map to
V', and thus

#{r <0<k q € Pyygetysir—i(f1(c))} < 1.

This proves that v, < 2. The proof of the lemma is completed. ]

40



Let A be subset of Crit(f). Let us say that Ais (0, N ) -well controlled if
for any ¢ > 0, we can find a puzzle neighborhood W of A (so W is a puzzle
neighborhood of A) such that the following holds:

e cach component of W (respectively W) has diameter less than ¢;

e cach component of W (respectively W) has d-bounded geometry:;

e the first landing map to W (respectively W) under f (respectively f)

is (9, N)-extendible with respect to A (respectively A).
Summarizing Lemmas 6.6, 6.7, 6.8, we have proved the following:

Proposition 6.4. Let ¢ be a critical point of f which is not contained in
Crite.(f). Then there exists § > 0, N € N such that [c|]z is (6, N)-well
controlled.

Lemma 6.9. Let A, B be disjoint subsets of Crit(f)\ Crit..(f), such that for
every c € A and ¢ € B, we have ¢ £z . If both of A and B are (6, N)-well
controlled, then AU B is (§/2, N)-well controlled.

Proof. Let W4 and Wpg be puzzle neighborhoods of A and B respectively.
Assume that the minimal depth of components of Wy (which are puzzle
pieces) is not less than the maximal depth of that of W,. Then W, U Wp is
a puzzle neighborhood of AU B. To see this, we notice that for puzzle pieces
P, Q, if there is some k € N such that f*(OP)NQ # 0, then k is not greater
than the depth of P, and f*(P) C Q.

Let m be a large positive integer such that for every b € B, the forward
orbit of b is disjoint from (J,. 4, Pm(a).

Let {Wi},{WE}, n = 1,2,... of puzzle neighborhoods of A and B re-
spectively, such that

1. every component of W (respectively W}) has d-bounded geometry;

2. the first landing map to W (respectively W7) is (d, V)-extendible with
respect to A (respectively B);

3. the maximal diameter of the components of W} goes to zero as n — oo,
and so does that of Wj.
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We claim that for every n sufficiently large, there is a positive integer n’ such
that W7 UWZ2 is a puzzle neighborhood of AU B and the first landing map
to Wi UWR is (§/2, N)-extendible with respect to AU B.

For each a € A, let W' denote the component of W} which contains a.
The notation W} for b € B is defined similarly. By definition, for every W,
there is a topological disk W(f with

~

mod (W7 — W) > 6, (7)
such that if f°: U — W} is a branch of the first landing map to W7, then
#0<j<s—1: PU)NA#D} <N,

where U is the component of f~5(W?") which contains U. By replacing W/
with a smaller topological disk we may assume that diam(W;) —0asn—
00. (The right hand side of (7) becomes §/2.) Provided that n is sufficiently
large, we can assume that W C P,,(a). Then for any 0 < j < s — 1, f/(U)
cannot intersect B. Similarly, for each b € B and every n’ € N, there exists
a topological disk W' such that mod(W;* — W) > §/2 and such that if
fF.U— an/ is a branch of the first landing map to Wg/, then

#0<j<s—1:f(U)NB#0} <N.

Moreover, diam(W;") — 0 as n — oo. Thus Wy* C P,(b) provided that n’
is large enough. Now let us consider the set W% 5 := W% U Wpx. By the
remark at the beginning of this proof, this is a puzzle neighborhood of AU B.
Let us prove that the first landing map to W% U W2 is (6/2, N)-extendible
with respect to AU B.

To this end, let U be a component of the domain of the first landing map
to W} g, and let s be the landing time. If f*(U) = W for some a € A, then
noticing that f*: U — W is also a branch of the first landing map to W7, we
have #{0 < j <s—1: fI(U)NA# 0} < N, where U = Compy, (f~5(W")).
As W C Py (a) is disjoint from Upe 070(D), FO)NB=0foral0<j<
s — 1, and hence the number of j’s with f7(I) N (AU B) # () is at most N.
Now assume that f*(U) = W} for some b € B. Then since f*: U — W}" isa
branch of the first landing map to W3 , the number of j’s with f7 (U YNB # ()
is at most N, where U = Compy, f~*W;" . Since W}* C P,(b), fI({U)NA =0
for all 0 < j < s — 1, for otherwise f/(U) is contained in P, ;(a) for some
a € A, which contradicts the hypothesis that f*|U is a branch of the first
landing map to W 5. This completes the proof. ]
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Now we can complete the proof of Proposition 6.2.

Proof of Proposition 6.2. We first decompose the set Crit(f) as follows. Let
Crito(f) be the set of critical points which are largest in the partial order
<z, that is, a critical point ¢ belongs to Crito(f) if and only if for every
d € Crit(f), ¢ <z ¢ implies that ¢ ~z c¢. For every k > 0, assume that
Crity(f) is defined, then Crityy1(f) is defined to be the set of critical points
which are largest in Crit(f) \ Critg(f) in the partial order <z. Clearly,
there is a non-negative integer m such that Ug<,,Crit,(f) = Crit(f). Let
Crit’(f) = Crit(f) \ Crit..(f) and let Crit}(f) = Critx(f) N Crit’(f).

By Lemma 6.9, it suffices to show that for some § > 0, N € N, Crit,(f)
is (6, N)-well controlled for every 0 < k < m. By Proposition 6.4, for every
c € Crit'(f), the equivalence class [c] is uniformly well controlled. For
every 0 < k < m, Crit}(f) is a finite union of equivalence classes which are
not comparable to each other in the partial order <;, and thus again by
Lemma 6.9, we see that Crit)(f) is uniformly well controlled. The proof is
completed. O

6.4 Proof of the Reduced Rigidity Theorem from rigid-
ity in the infinitely renormalizable case

Proof of the Reduced Rigidity Theorem. Let us assume Proposition 6.1, which
will be proved in the next section. In Lemma 6.2, we have proved that there
is a constant K > 1 such that for every ¢ € Crite,.(f), and any n > 0, we have
a real-symmetric K-qc map ¢ : P,(c) — P,(&) which respects the standard
boundary marking, and is equal to & on the (), P,(c) NR. In the following,
we are going to prove that

Claim. For every critical point ¢ € Crit(f) \ Crite,(f), and every n > 0,
there is a real-symmetric K-qc map ¢ : P,(c) — P,(¢) which respects the
standard boundary marking, where K is a constant independent of n.

The Reduced Main Theorem follows from this claim by the Spreading
Principle from Section 5.3. Indeed, provided that the claim is true, we can
then construct a real-symmetric K-qc map ®, : C — C such that f o
®, =, 0 f holds on C — UcEC’/‘it(f) P,(c). By passing to a subsequence, ®,,
converges to a quasiconformal map whose real trace coincides with hA. Thus
h is gs.
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It remains to prove the claim. Let us fix an integer n > 0, and choose a
puzzle neighborhood W of Crit(f)\ Crit.,(f) as in Corollary 6.3. Let k be the

maximal depth of components of W and let V = W U <UcECriter(f) Pk(c)>.
Then V' is a nice open set containing Crit(f).

We first take an arbitrary real-symmetric qc map ¢ : V — V which
respects the standard boundary marking such that ¢|Py(c) is as in Lemma
6.2 for ¢ € Crite,(f). Thus the maximal dilatation of ¢ is bounded by K on
these components. On the other components, we do not have a bound on
the maximal dilatation at this moment. However, by the Spreading Principle
from Section 5.3, we have for any critical point ¢ a qc homeomorphism ¢ :
P,(c) — P,(¢) with the following properties.

e d respects the standard boundary marking,

e 09 =0, a.e., on P,(c)\D(V), where D(V) is the domain of first landing
map (under f) to V;

e on each component U of D(V), ®(U) = U and ® is the pullback of ¢
(i.e., ®|U is the appropriate branch of f~*o¢o f! where t is the landing
time of U to V).

The QC-Criterion in Appendix 1, proves that ® : OP,(c) — dP,(¢) extends
to a qc map between these two puzzle pieces with a bound on its maximal
dilatation. More precisely, let X = D'(V) N P,(c), where D'(V) denotes
the union of the components U of the first landing map R to V such that
R(U) € W. Then the dilatation of ® is bounded by K outside X. Note that
any component P of X is also a landing domain to W, and thus both of P and
P has n-bounded geometry, and mod(P,(¢) — P) > 1, mod(P,(¢) — P) > n,
where 1 > 0 is as in Corollary 6.3. The proof is completed. O]

7 Rigidity in the infinitely renormalizable case
(assuming the Key Lemma)

In this section, using a complex bounds theorem and the Key Lemma, we
prove

Theorem 7.1. Let f and f be two polynomials in Fy, d > 2, which are
topologically conjugate on R. Let ¢ be a critical point of f at which f is
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infinitely renormalizable and let ¢ be the corresponding critical point of f.
Then there exists a quasisymmetric homeomorphism ¢ : R — R such that

o(f"(c)) = ["(®)
for any n > 0.

We shall use a similar strategy as in [10]. The main step is to construct gs
maps, with extra regularity, between corresponding properly periodic inter-
vals for f and f which also send maximal properly periodic intervals at the
next renormalization level of f to the corresponding ones of f. See Lemma
7.1. To do this we shall need the Complex Bounds theorem [37] and apply
apply the Key Lemma to get appropriate control of the geometry of certain
puzzle pieces.

7.1 Properties of deep renormalizations

Let [c] be the subset of Crit(f) consisting of critical points ¢ with the property
wi(e) = w(d) 3 ¢,¢. Let b=#[c]. Let h: K(f)NR — K(f)NR be a
topological conjugacy between f and f . We shall continue to mark with tilde
objects of f .

Let s; < sy < ... be all positive integers such that f has a properly
periodic interval with period s, which contains c¢. Let I, be the maximal
(closed) properly periodic interval which contains ¢ and has period s,,, and
for each 0 < i < s,, let I} = Compfi(c)(f_(sn_i)([n)) N R. Obviously except
possibly the first a few n’s, we have 9I,, N PC(f) = (. In this case, f maps
the interior of I’ to that of I'™! 0 <i <s, — 1.

Fact 7.1. There exists a positive integer N = N(f) such that if n > N, then
the following hold.

1. There exist 0 = g < 11 < ... < 1p_1 < 8, such that Lij contains a
critical point in [c| and for any other 0 < i < s,, I’ is disjoint from
Crit(f). Moreover, fi+1=5(I7) contains the critical point in L+

2. Let J, = U?;é Li{, where i;’s are as above. Then the distortion of the
first landing map to J,, under f, restricted to Uflo_l I’ is bounded from
above by a constant C' which depends only on b = #[c].

45



3. Forany0<1<s, and 0 <i < s,41, if ]f:+1 C I, then
(L+27)1, . C I,
where 7 > 0 is a constant depending only on b.

4. The derivative of the map f** : I, — I, is bounded from above by a
constant C'" which depends only on b.

5. The multipliers of the periodic points of f* : I,, — I, are bounded from
below by a constant p = p(f) > 1.

These facts are well known: (1) is a consequence of non-existence of
wandering intervals, (2-4) follow from the real bounds (see [6], [25] and [37]),
and (5) follows from Theorem B in [26] or Theorem V.B in [25].

Therefore, for every n > N, [, is an interval bounded by a fixed point
B, of f* and its symmetric point with respect to ¢. Moreover for every 0 <
i <s,—1, fY(B,) is the only fixed point of f*r in OI.. Let A, = (f*")"(B,).
By the fact above, we know that A, is bounded away from both infinity and
1 by constants independent of n. Similarly we define A, = (f*)(3,). By
choosing N larger if necessary, \, is also bounded away from both infinity
and 1.

Definition 7.1. Let C' > 1 be a constant. For every n > N, and every
0 <i<s,—1, let A4,;(C) denote the family of orientation-preserving

homeomorphisms ¢ : I! — I’ which satisfy the following:
e ¢is C-gs;
e for any x € I’ and a € I},

1 (lx_a|)log5\n/log)\n _ M . (|x_C7J|>log;5\77,/log,“)\n

o\ I I3 |13

Moreover, let B, ;(C) denote the set of homeomorphisms ¢ : I! — I’ such
that

® §Z5 c Anﬂ(C),

o forany 0 < j < s,0y — 1, if I/, C I!, then ¢(I) ) = IJ,,, and
OL41 € Ansri(C).
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Lemma 7.1. There exists a constant C' > 1 such that for any n > N and
0<1i<s,—1, the family B, ;(C) is non-empty.

The partial conjugacies provided by this lemma will be glued together to
supply a gs conjugacy between the critical orbits. This will be done in §7.5.

Definition 7.2. We say that the n-th renormalization of f (at c) is of in-
tersection type, if there exists 1 < j <'s,, — 1, such that 9,1, NII}, # 0.

As we shall see below, Lemma 7.1 is easy to prove in the case that the n-
th renormalization is of intersection type. The remaining case is much more
complicated. By means of complex methods, we shall prove

Proposition 7.2. Let n > N and assume that the n-th renormalization is
not of intersection type. Then for every constant C > 1, there exists a con-
stant C' > 1 (independent of n,i) such that the following holds. Assume that
for every 0 < j < s,41 — 1, an orientation-preserving C-qs homeomorphism
Dj: I,{H — fzﬂ is given. Then for every 0 < i < s, —1 such that I’ contains
a critical point of f, there exists a homeomorphism v; : I — 1:; which is in
the class A, ;(C") such that 1; = p; whenever both sides are defined.

Proof of Lemma 7.1. Note that by Fact 7.1 (2), we only need to prove B,, ;(C)
is non-empty for some constant C' > 1 in the case that I’ contains a critical
point. Suppose that the n-th renormalization of f is of intersection type.
Then s,41 = 2s,, and so I, and Ifl’j:{i are the only intervals in the cycle
{I7,,}5 which are contained in I} It is well known that the configuration
(Ii; 1%, I3%7) has a uniformly bounded geometry, i.e., the length of each of
components of I — I}, U4 is comparable to that of I'. Similarly the
configuration (I; I? ,, I:"1") also has a uniformly bounded geometry. Thus
the lemma holds for an appropriate choice of C' in this case. Now assume that
the n-th renormalization is not of intersection type. In this case this lemma
follows from Proposition 7.2. To see this, we first observe that there exists
a constant C; such that A, ;(C) is non-empty, 0 < j < s,41, since A,4q
and A,41 are uniformly bounded away from both infinity and one. Taking P;
to be a map in A,+1;(C1) in Proposition 7.2, the map v; given there is in
the class B, ;(C') for some C' > 1. O

To prove Proposition 7.2, we shall first use the complex bounds theorem
to reduce it to a problem between certain real polynomials (in the class 7,
defined below), see Lemma 7.3. To prove Lemma 7.3, we shall first construct
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a Yoccoz puzzle and apply the Key Lemma to get a uniform geometric control
of a terminating puzzle piece, see Lemma 7.4. Then we apply the Spreading
Principle from Section 5.3 and the QC-Criterion in Appendix 1.

7.2 Compositions of real quadratic polynomials

Definition 7.3. Let Q denote the family of real quadratic polynomials ¢ :
2= t(1—2%)—1,1 <t <2 ForbeN,let Qp be the family of polynomials
F which can be expressed as the composition of b real quadratic polynomials,
F=qy, ,0G, ,0 0q,.

As we shall see in the next subsection, maps in Q, are models for renor-
malizations with sufficiently large periods. Note that a map F in Q, has a
connected Julia set J(F'), with J(F) R = [—1,1], and that —1 is a fixed
point of F. Moreover, the diameter of J(F') is bounded from above by a
constant which depends only on b. In fact J(F') is contained in the closed
unit disk D.

To each map F' = ¢, , o q,_, © -+ 0 q, We can associate an extended
map F : C x Zy — C x Z,, defined by F(z,i) = (q,(z),i + 1). Let 7, denote
the subfamily of Q, consisting of maps F' with the following property: the
critical points ¢; = (0,4) of the extended map F are all non-periodic and
recurrent, and have the same w-limit set which is a minimal set. Note that
a map in 7, does not have a periodic attractor.

Fact 7.2. Fix a positive integer b. For any k there exist constants o, > 0
and pr > 1 such that for any F € Ty, the following hold.

1. If ¢ is a critical point of F*, then |F*(c) — c| > &;

2. If v € (—1,1) is a fived point of F*, then
((F™) ()] = pa

Proof. To prove the first statement, we argue by contradiction. Assume that
this statement is wrong. Then there exists a sequence of maps F, € 7y,
n = 1,2,... such that F, has a critical point ¢, with |F¥(c,) — c,| — 0 as
n — oo. By passing to a subsequence we may assume that F}, converges to
amap F' € Q, and that ¢, converges to a point ¢ which is in Crit(F'). Then
F¥(c) = c. So cis an attracting periodic point of F', which implies that F),
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has an attracting periodic point provided that n is sufficiently large. This
contradicts the fact F;, € 7,.

Now let us prove the second statement. So let F' € 7, and let x € (—1,1)
be a fixed point of F*. Let T > x be the maximal interval such that F2*|T
is monotone on 7, and let L, R be the components of T\ {z}. Since F' does
not have a periodic attractor, F?*(L) D L and F?*(R) D R. Note that both
endpoints of T" are critical points of F?* and thus by the first statement of
this lemma, it follows that |F?*(L)|/|L| and |F?*(R)|/|R| are both bounded
away from 1. Since F' has negative Schwarzian, this implies that (F2*)(x)
and hence |(F*)'(x)| is bounded away from 1. O

Fact 7.3. There exists a constant C' with the following property. Let F € T,
and let xy be a fized point of F which is contained in (—1,1). Then there is
a well defined sequence xog > x1 > x9 > - -+ such that

e 1y is the point in F~'(xo) NR closest to —1;
o for everyn > 2, F(x,) = x,_1

and

1
EA_" < |z, —(=1)| < CAT", (8)
where A = F'(—1).

Proof. Let zy be the critical point of F' which is in R and closest to —1. It is
easy to see that F([—1,1]) = F([—1, 2z0]), and therefore —1 < x; < 2y. Since
F does not have a periodic attractor, F'((—1, z)) D (—1, z0). The existence
of the sequence x,, follows. Moreover, we can find a sequence zy > z1 > 29 >
... > —1such that F(z,) = z,-1 and z,, € (2, 2,_1) for all n > 1. Obviously
it suffices to show that |z, — (—=1)| < A= to get (8). By the previous fact,
|F'(20) — 20| is bounded from below by a positive constant ¢ depending only
on b. Note that the diffeomorphism F™ : (—1,z,) — (—1,2) extends to
a diffeomorphism onto (—oo, F'(29)) which contains the d-neighborhood of
(—1,2). As F has negative Schwarzian, it follows that the distortion of
F™(—1, z,) is uniformly bounded from above. It follows that |z, — (—1)| <
A O

7.3 Complex bounds

Now let us state the complex bounds theorem which was proved in [37].
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Theorem 7.3. (Complex bounds) Let g : [0,1] — [0,1] be a real analytic
interval map with only non-degenerate critical points. Let ¢ € (0,1) be a
critical point of g at which g is infinitely renormalizable and let b be the
number of critical points of g which are contained in w(c). Let I > ¢ be a
properly periodic interval of g, and let s be its period. If |I| is sufficiently
small, then g° : I — I extends to a holomorphic mapping G : Q — Q' of
degree 2° such that
mod (2 \ Q) = s,

where 1 > 0 s a constant depending only on b.

G is often called a DH polynomial-like mapping. By Douady and Hub-
bard straightening theorem [9], this polynomial-like mapping G : Q — Q' is
conjugate to a polynomial F' of degree 2° near their filled Julia set by a K-qc
map ¢, where K = K(u) is a constant. In fact, as this map G: Q — ' is a
composition of b real-symmetric double branched covering, the polynomial
F belongs to the class 7,. Moreover, the conjugacy ¢ can be chosen to be
real-symmetric as well.

Applying this argument to the case ¢ = f and I = I,,, we obtain the
following corollary.

Corollary 7.4. There exists a constant K > 1 such that the following holds.
Let n be a large positive integer. Then there exist a real polynomial F € Ty,
and a K-qs map ¢ : I, — [—1,1] such that f*|I, is topologically conjugate
to F|[—1,1] via ¢.

Similarly we obtain a real polynomial F' € 75, and a K-qs map gz~§ 1, —
[—1,1] such that f*|I, is topologically conjugate to F|[—1,1] via ¢.

We should remark that the maps F and F are strongly combinatorially
equivalent (See Definition 3.2), and moreover the extended maps F and F are
topologically conjugate on the reals, that is, they are topologically conjugate
as dynamical systems on R X Z,.

Lemma 7.2. There exists a constant C' which does not depend on n, such
that for every x € int(1,) and a € 01,, we have

L (e —al "V Jo(@) —o(a)| _ o, (lr—al\EHE
¢\ L -2 T UL

where A = F'(—1). Moreover, the analogous statement forg% holds as well.

50



Proof. In the proof of Fact 7.3, we have defined a sequence zy > 21 > 25...
in K(F)NR such that zq is the left-most critical point of F|R, and F(zy) =
2e—1, and proved that |(—1) — 2| < A~*. A similar argument shows that
1B, — &1 (z1)| < A%, where 3, is the boundary point of I,, as defined before.
This implies this lemma for ¢. The proof of the analogous statement for gg
is similar. O

Instead of I,,, we can repeat the above argument to a properly periodic
interval I’ containing a critical point. So Proposition 7.2 is reduced to the
following lemma.

Lemma 7.3. Let F and F be two polynomials in Ty, so that the extended
maps F and F are topologically conjugate on the reals. Assume that F is
renormalizable, and the first renormalization of F' is not of intersection type.
Then for every C > 1, there exists C' > 1 which is independent of F' and
F such that the following holds. Assume that for every mazimal properly
periodic interval J of F' an orientation-preserving C'-qs homeomorphism py :
J — J s given, then there exists a C'-qs homeomorphism T : [—1,1] —
[—1,1] such that T' = p; on J. Moreover, there exists a constant C" which
depends only on b such that for any x € (—1,1) and a € {—1,1}, we have

log A/ log A log A/ log A
L (le—al\*¥" D@ —T@)] _ oo (lr=al) Y™ o)
c” 2 - 2 - 2 ’

where A = F'(—=1) and A = F'(~1).

7.4 Puzzle geometry control

We will now prove Lemma 7.3. So we have two polynomials F' = ¢;, ,0--- g,
and F = q;, , © *+* 0 g, in the class 7,. These two maps are topologically
conjugate on the real line via a homeomorphism H : [—1,1] — [—1, 1] which
extends to a combinatorial equivalence between them.

Let us take an orientation-reversing fixed point « of F', for example,
the one which is contained in (—1,1) and furthest from the origin. Let
My = (o, —a), and for n > 1 define inductively M, to be the component of
the domain of the first return map (under F') to M,,_; which has « in its
boundary. Note that the return time of M,, to M,,_; is always 2. If M, = M,,
then M is a properly periodic interval, and so the first renormalization of F
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is of intersection type. Since we are assuming that the first renormalization
of F'is not of intersection type, we have M; C M.

Lemma 7.4. (Puzzle geometry control) Let F' and F be as in Lemma 7.3,
Assume that the first renormalization of F is not of intersection type. Let Jy
be the maximal properly periodic interval for f which contains 0. Then there
exists two puzzle pieces P' O P for F which contain Jy and are contained in
the same Yoccoz puzzle Y for F' such that

e the first return time of 0 to P’ is equal to the first renormalization
period s;

e P’ — P is disjoint from the postcritical set PC(F');
e mod(P' —P) >n;
e P has n-bounded geometry,

where n > 0 is a constant independent of F'. Moreover, if we replace the
puzzle pieces P’ and P with the corresponding objects for F, the statements
remain true.

Proof. As we have not yet fixed a Yoccoz puzzle partition, an element of
an arbitrary Yoccoz puzzle for F will be called an artificial puzzle piece for
F. Let us say that a real-symmetric Jordan disk {2 has #-bounded shape,
0<0<m/2,if Drp(QNR) C Q C Dy(2NR). We shall prove that there
exist two artificial puzzle pieces V' O V which both contain Jy such that the
following hold.

1. V has #-bounded shape,

2. V' =V is disjoint from the PC(F') and its modulus is at least T,
3. FFOV)NV' =0 for all k > 1,

4. PC(FY)NV C (1+27)"Y(VNR),

where 7 > 0, 6 € (0,7/2) are constants depending only on b.

Let us first show that this statement implies the existence of P and P’
claimed by this lemma. To this end we notice that V' x {0} is a nice domain
for the extended map F, and that the complex box mapping G associated to
Vo x {0} for F falls into the class P™Y. More precisely, let V; C C x {i}, 0 <
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i < b—1, be the landing domain to V' x{0} under F which contains ¢; = (0, 1),
and let Uy 2 ¢o, Uy, ..., Uy, be the landing domains to J, V; under F which
are contained in V and intersect PC(F'). Then by definition, the polynomial-

like box mapping G is the first entry map from (U;‘n:o Uj) U (Uf_ll V;) to

Uf;é V;. By properties (1-4) of V and V| it follows that G € P,°. This
map G is renormalizable, and Jy x {0} is a properly periodic interval for G.
Applying the Key Lemma completes the proof.

To prove the existence of V and V”, let us first assume that £ : M; — M,
is monotone. Then, F? : —M; — M, is an orientation reserving diffeomor-
phism, and so this map has a unique fixed point, which we denote by ~. Let
Y’ 5 0 be the F-puzzle piece bounded by the external rays through o and
—a, and the equipotential curve {G(z) = 2}, where G is the Green function
of F', and let Y 5 0 denote the puzzle piece bounded by the external rays
through v and —~, and the equipotential curve {G(z) = 1}.

Fact 7.4. There exists 7 > 0 and o € (0,7/2) such that
e Y has 0-bounded shape;

e mod(Y' —Y) > r.

Proof. First notice that the length of each component of I — {o, —c, v, —7}
is uniformly bounded away from zero. By Fact 7.2 the multipliers of o and
~ are both uniformly bounded from above and away from 1. Note that
Y CcC Y’ and a compactness argument shows that mod(Y’ —Y) is bounded
away from zero. Now let T' 3 7 be the maximal open interval such that F4|T
is monotone. Let L be the component of T'— {~} which is contained in (v, 0)
and let R be the other one. As we have shown, |L| and |R| are both bounded
away from zero. Again by a compactness argument, we show that for some
constant § > 0, Y N {G(z) > 1/2%} is contained in Dy(L) N Dp(R), and
disjoint from D,_¢((y, —7)). Note that F4(L) D L and F*(R) D R. By the
Schwarz lemma, it follows that the external rays landing at v is contained in
Dy(L) N Dy(R). By symmetry, the external rays landing at —v is contained
in Dy(—L) N Dy(—R). Therefore,

Y C Dy(L) U Dy(—L) C Dy((7y, 7)),

and
oy N D7r—9<</y7 _7))
This proves the first statement. 0
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Let us continue the proof of Lemma 7.4. The artificial puzzle piece Y
has a bounded shape, but PC(F') may come close to its boundary. In the
following, we shall pull-back this topological disk to find the desired V. Let
us say that an interval K x {i} C R x {i}, i € Z, is an F-pullback of
My x {0} of depth k if it is a component of F~*(M, x {0}) N (R x {i}).
(So i+ k =0 modb.) Let m be the maximal positive integer such that
My x {0} has a unimodal F-pullback of depth m. Let K x {i} C R x {i}
be this pullback. Then for each (z,i) € PC(F) N K x {i}, we must have
F"((z,7)) € (My—(M;U(—M;)))x{0}. To see this, arguing by contradiction,
assume that F™((x,7)) € Q x {0}, where @ is a component of M; U (—M,).
Then

K’ % {i} = Comp(, , (F"(Q x {0}) N (R x {i})

is either a unimodal or a monotone pullback of @) x {0} according to K’ 3 0 or
not. In the former case, K’ x {1} would be a unimodal pullback of My x {0} of
depth m+ 2, which contradicts the maximality of m. In the latter case, since
K’ x {i} intersects PC(F), it has a unimodal pullback which would become
a unimodal pullback of My x {0} with a higher depth, again a contradiction.

Let W = Comp, (F™™(Y x {0})) and W’ = Comp, (F~™(Y" x {0})),
where ¢; = (0,4). Then W’ — W is disjoint from the postcritical set of F.
Since

Fo: (W, W) — (Y x{0},Y x {0})

is a double branched covering,
mod(W' — W) =mod(Y' -Y)/2 > 7/2.

Moreover, W has uniformly bounded geometry. To see this one first applies
the Koebe distortion theorem to see that F(1W') has uniformly bounded ge-
ometry and then applies Lemmas 13.2 and 13.3. Now we define V' C C to
be the topological disk such that V' x {0} is the component of the domain of
the first landing map onto W under F, and V'’ the corresponding one for .
Then V and V' are puzzle pieces of F', and they contain Jy. Let us check
that these puzzle pieces satisfy properties (1-4) stated at the beginning of
the proof. Properties 1, 2 and 4 come from the corresponding statements for
(W', W) which we have proved (we need to redefine the constants), and so
we only need to check the third one.

To this end, we first notice that it is sufficient to show that F¥(9V x
{0}) N (V' x {0}) =0 for all £ > 1. Arguing by contradiction, assume that
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this is not true, and let & be the minimal positive integer such that there
exists z € OV with F¥((2,0)) € V' x {0}. Let r be the first landing time of
co = (0,0) to W under F. Since W’ — W is disjoint from PC(F'), this is also
the first landing time of ¢y to W’ under F. Thus F/(V’ x {0}), 0 < j < r are
pairwise disjoint, which implies that k£ > r. Next we notice that

Fray)nV' c F*aY)nY =1

for any n > 0, and thus k& < r 4+ m. Consequently, F*"™ (/') intersects
V' since both of them contains F¥(z). As these sets are pullbacks of a nice
domain Y”, it follows that V/ c F*~™ ("), In particular, F*~™ (/') contains
a critical point, which contradicts the fact that F* : W’ — Y’ is a double
branched covering.

Now let us assume that F2|M; is not monotone. Then F?| M, is monotone.
To see this let p denote the critical point of F?|M; which is closest to a.
Then F?*(M;) = (F?%(p),«) which implies that F?(p) ¢ M, for otherwise
M, would become a properly periodic interval of F' whose orbit does not
contain 0, which is impossible. Next let 1 <17 < 2b— 1 be minimal such that
Gt © 1,y © -+ Q1o (My) contains 0. (In other word, ¢ is minimal such that
Fi|M1 x {0} contains a critical point of F.) Write My = g;,_, 0 - - - 0 gy, (M)
and M, = qt,_, -0 Gy, (Ms). Then M, is a return domain to M, under the
map F = q, w1 O Gty y s © Gy, and this first return map is monotone. Let Jo
be the maximal properly periodic interval of F which contains 0. Repeating
the previous argument, replacing F with F', we see that that there exist
two puzzle pieces P’ > P which contains Jy, and satisfies the properties
claimed in this lemma. Note that Jy x {i} and Jy x {0} are both maximal
properly periodic intervals of F, and so they are contained in the same cycle
of properly periodic intervals for F since the critical points of F all have the
same w-limit set. Let P (respectively P’) be the Jordan domains such that
P x {0} (respectively P" x {0}) is the component of the first entry map to
P (respectively P') under F which contains ¢y = (0,0). These puzzle pieces
are what we look for.

As the whole argument is combinatorial, the last assertion of this lemma
follows. O

Proof of Lemma 7.3. We keep the notation introduced before the statement
of Lemma 7.4. Let P’ O P be the puzzle pieces as in Lemma 7.4. Let )
be a Yoccoz puzzle for F which has P and P’ as pieces, and let ) be the
corresponding puzzle for F.
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Let P" = Ly(P’), that is, the component of the domain of the first return
map to P’ under F' which contains 0. From now on we shall assume that
P C P", and mod(P"” — P) is bounded away from zero. (Otherwise we simply
replace P with Lo(P) in the following argument).

For each critical point ¢ of F, let P, (respectively P., P”) be the compo-
nent of the domain of the first landing map Lp to P (respectively P’, P")
under F. Since we are assuming that w(c) > 0, these puzzle pieces exist.
As P' — P is disjoint from PC(F'), the first landing time of ¢ to P coincides
with that to P’, and (P, — P.) N PC(F) = 0. Since Lp : P, — P’ has a uni-

formly bounded degree, and since P has n-bounded geometry, there exists a
constant ¢ > 0 such that

e mod(P! — P,) >4,
e the puzzle pieces P, have §-bounded geometry.

Let D (respectively D', D") denote the domain of the first landing map to
U, P (respectively |, P., |J. P.) under F. Then for a similar reason, redefin-
ing the constant ¢ > 0 if necessary, the following holds: for any component
U of D,

e U has d-bounded geometry,
o if U"” = Compy, (D"), then mod(U” — U) > 6.

Step 1. Let us prove that there exists a constant K > 1, and for every
¢ € Crit(F), there exists a K-qc¢c homeomorphism v, : P/ — Pé’ which
respects the standard boundary marking. To this end, we first take for every
¢ € Crit(F) an arbitrary real-symmetric qc map ¢, : P. — P, respecting
the standard boundary marking. Applying the Spreading Principle from

Section 5.3, we obtain a real-symmetric qc map ® : C — C such that

e for every puzzle piece U € Y which is not contained in the domain D,
we have ®(U) = U and ® : U — U respects the standard boundary
marking,

e 0P =0a.e.,onC—D.

In particular, for every ¢ € Crit(F), ®(P") = P/ and ®|P" respects the
standard boundary marking.
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Now let us fix a critical point ¢, and let X = D N P’. By what we
have proved above, each component U of X has d-bounded geometry, and
mod(U"” — U) > 6, where U” = Compy(D"). Note that U” C P/, and
thus mod(P” — U) > §. Similarly the analogous statements for ®(U) are
true as well. By the QC-Criterion from Appendix 1, there exists a K-qc
homeomorphism . : P/ — f’c” with the same boundary marking as ®|0P)
which is standard, where K = K(§) > 1 is a constant.

Step 2. Let s be the first renormalization period of F. Then F* : P” — P’ is
a DH polynomial-like mapping with a connected Julia set 7. We claim that
there exists a K-qc map u: P' — J — P' — J, where K > 1 is as above.
To see this, we first apply the Spreading Principle from Section 5.3 once
again, using the maps 1., and obtain a real-symmetric K-qc map ¥ : P’ —
U. P’ respecting the standard boundary marking, Moreover, U|P" = 4| P,
and so U : P’ — P’ also respects the standard boundary marking. As
P -7 =U,_oG (P — P"), where G = F*|P", we can define, for each
n > 0, a real-symmetric K-qc map u, : G (P — P") — G~"(P' — P")
using the formula G ou, = ¥ o G". The qc maps match continuous on their
common domains, and we can glue together to obtain the desired map u.

Step 3. Let Jy = J NR, which is the maximal properly periodic interval
of F' which contains the critical point 0. Let us show that diam(7)/|.Jo| is
bounded from above by a constant. In fact, as mod(P" — J) > mod(P’ — P)
is bounded away from 0, by Lemma 2.4 in [21], there exist two topological
disks V' CC W which contain J such that F* : V' — W is a DH polynomial-
like mapping which has 7 as its Julia set and such that mod(W — V) is
bounded away from zero. By Douady-Hubbard straightening theorem, there
exists a real-symmetric K-qc map £ and a polynomial G € 7, such that
F° 'V — W is conjugate to G near their Julia sets via &, where K is a
constant. So &(Jy) = [—1, 1] and &(J) is the Julia set of G. As the diameter
of GG is uniformly bounded from above, the statement follows.

Step 4. Now let us prove that there exists a real-symmetric K-qc map
v = ~p : P/ — P’ which respects the standard boundary marking and such
that v|.Jo = p|Jo is as in the assumption of this lemma. We have seen above
that there exists a real-symmetric K-qc map U : P’ — P’, and so this
statement will follow if we prove the following

1. mod(P' — J,) and mod(P — Jy) are both uniformly bounded away from
Z€10;

o7



2. mod(P — Jy)/ mod(P" — Jp) is uniformly bounded away from both in-
finity and zero.

Notice that Jo C P and Jy C P, and so (1) follows. By Step 3, we see that
mod(P" — Jp) < mod(F’ — J) and mod(FP’ — Jy) < mod(P" — J). By Step
2, mod(P' — J) < mod(P" — J). Thus (2) holds.

Step 5. Similarly we show that for every component @ of D', there exists
a K-qc map 79 : @ — Q which respects the standard boundary marking.
Moreover, if @ contains a maximal properly periodic interval J (of F) we
have that vg|J = p|J is as in the assumption of this lemma.

Step 6. We can now complete the proof. Recall that D’ is the domain of the
first landing map to P’ under F. Since w(c) 3 0 for every ¢ € Crit(F), D’
contains the critical set of F. For every component () of D', we have proved
that there exists a qc map 7o : @ — Q with the standard boundary marking
and with a bound on its dilatation. Of course when @) is real-symmetric, we
can take g to be real-symmetric as well. Moreover if () contains a maximal
properly periodic interval J of F', we can choose g such that it coincides
with p;. Applying the Spreading Principle from Section 5.3 (taking U be the
union of all components of D’ which contain a critical point or a properly
periodic interval), we obtain a real-symmetric K-qc map I' : C — C which
coincides with p; on each J. Observe that there exists a fixed point a of F
such that I" coincides with the topological conjugacy h on (-, F~"(a) NR.
Applying Fact 7.3, we see that (9) holds for an appropriate choice of the
constant C”. O

7.5 Gluing

So far we have proved Lemma 7.1. So for every n > N and 0<i<s,—1we
have an orientation preserving homeomorphism ¢, ; : I} — I’ which belongs
to the class B,,;(C), where C' is a constant. Next we are going to glue these
$n,i’s together to get a gs conjugacy between orby(c) and orbz(¢).
Conclusion of the proof of Theorem 7.1. Let ¢, ; be as above. Define

SN—l SN—I

=0 =0

to be the unique homeomorphism such that for any n > N and 0 <17 < s,,—1,
¢ = ¢ on IfL—UjiBl*l I’ .. Note that ¢ maps I, to I} for each (n,%). Since
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max; | I | and max; | I’ | shrinks to zero, ¢ forms a conjugacy between orbj(c)
and orb(¢).

Let us prove that ¢ is gs, by which we mean that the restriction of ¢
to each component of its domain is gs. To this end, let © < v < w be
three points in some I such that v — u = w — v. We need to estimate
(p(v) — d(u))/(d(w) — ¢(v)). This estimate will follows from the claims
below and will be done at the end of the proof.

Claim 1. For any n,i, and any a € OI' and b € int(I'), we have

- 1604(a) = 0na(8)] < 16(0) = 6] < Cilénae) = 6D

where C > 1 is a constant independent of n, .

Indeed, by construction ¢(a) = ¢ni(a). If b & |UJ; I}, then we also
have ¢(b) = ¢,,(b), and thus the inequality holds. Let us assume that
belU = I;iﬂ for some j, and let = be the intersection of (a,b) with OU.
Also, let y be the other endpoint of U. Note that

|0n.i(a) = ¢ni(z)| = [d(a) — d(x)] < [¢(a) — o(b)]
< |¢(a) — o(y)| = |¢ni(a) = Pni(y)l

By Fact 7.4, |a — z|/|x — y| is bounded away from zero uniformly. Since ¢, ;
is C-gs, it follows

|¢n,i(a) - ¢n,z(x)| = |¢n,z(a) - ¢n,i(y)|7

which completes the proof of this claim. '
Claim 2. For any interval (a,b) C I, with [a,0] ¢ UJ; int(1},), we have

5:1904(@) = 60,0 £16(@) = 60 < Culonila) — dni(B)],

where Cy > 1 is a constant independent of (n, 7).

The boundary of |J; I}, divides (a,b) into finitely many intervals Tj.
We may assume that (a, ) is contained in a component K of I{ — 0 Uj IZH.
If K is not a component of (J; I} ., then ¢(a) = ¢,.i(a) and ¢(b) = é,,,(b)
by construction, and so the inequality holds. Thus we assume that K is
component of | J; I7,,. Since [a,b] ¢ int(K), either a € OK or b € K. By

the previous claim,
[9(a) = @(b)] < [Pnt1,5(a) — Pntr,; (D).
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Since both of ¢, 1; and ¢,,;|I7 , | belong to the class A, 11 ;(C), the last term
is comparable to |¢,, ;(a) — ¢yi(b)|, which proves this claim.

Claim 3. For any € > 0 there is an & > 0 such that for any interval (a,b) C I},
if |a — b > e[|, then |¢(a) — ¢(b)| > €' ;. ,

Let m > 0 be maximal such that (a,b) C U, I;,4,,- For each 0 <k <m,
let 0 < ji < S+ — 1 be such that (a,b) C Iiik. By Clairp 2, |o(a) — op(b)| <
|Prtmgm (@) = Prvm,j,, (D)]. Since |7, | > |a —b| > g[[}°], all the intervals
I, 0 < k < m, are comparable to (a,b). By Fact 7.1, |50 |/|1, | is
uniformly bounded away from 1 for each 0 < k < m—1. Thus m is bounded in

t~erms of €. Since gbn-‘rm is C—QS, |¢n+m7jm (a)_¢n+m,jm(b)~| = |¢n+m,jm~(1£1m)| =
. Since ¢pirj, 0 < k < m — 1 are all C-as, |[Intm,| < |[Ini|. This
proves this claim.

Let us now prove that A = |p(u) — ¢(v)|/|p(w) — ¢(v)| is bounded away
from both infinity and zero. Let M > 0 be maximal such that u,v,w are
contained in I}, for some 0 < i < sp — 1. If neither [u,v] nor [v,w] is
contained in |J; [(I3,,,), then by Claim 2, [¢(u) —¢(v)| < |pari(u) —dnrri(v)],
and |p(v) — ¢(w)| < |pari(v) — dars(w)|, and hence A is bounded from both
above and from zero. So without loss of generality, let us assume [u,v] is
compactly contained in I, 1 for some j. By the maximality of M, [v,w] is
not contained in this interval, and thus we still have |¢(v) —@(w)| < |pari(v)—
dai(w)|. So it suffices to prove that [¢p(u) — @(v)| < |pari(w) — dari(v)]. Let
v' € (v,w) N O, and we shall distinguish two cases.

Case 1. |v" —v|/|u — v| is very small. By Claim 2,

[p(v) — d(w)] - |pari(v) — Pari(w)]
[p(v) — d(w)|  |dari(v') — dari(w)]’

which is bounded from both above and below since ¢,;; is C-gs. Similarly,
|0(u) — (V)] < [@ari(u) — dars (V)] and [¢(v) — G(v")| < [@ari(v) — Para (V)]
Since [v" —v|/|u—7'| is very small, it follows that |p(v) — @ (v')|/|p(u) — P (V')
is very small, and thus
|6(u) = d(v)] = [d(u) — (V)] — [¢(v) — G(V')]

= |dari(u) — dari (V)]

= [Pari(w) — dura(v)]-
Case 2. |v —v'|/|u — v| is bounded away from zero. In this case, by Claim 2
and the C-quasisymmetric property of ¢y, it follows that

|6(v) — (V)] < [(v") — P(w)| = [$(v) — P(w)],
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and so it suffices to bound A" = [¢(u) — ¢(v)|/|p(v) — ¢(V')]. If [u,v] is
not contained in a component of |J ; I},,,, then again by claim 2, A" =
|dar41,5(u) — ¢M+17j(v)|'//]¢M+Lj('u) — ¢n41,;(v")] is bounded. Assume that
[u,v] is contained in I}, , for some 0 < j" < spr49 — 1. Note that (v,v’)
contains a component 7" of ]%J+1 - IJJ\QH and thus |[u —v| > |v — /| is a
definite proportion of |Iﬁ+2|. By Claim 3, |¢(u) — ¢(v)| < gb([]]\zﬂ) = jzﬁw.
Note that |v —¢'| < |T'|, and thus |¢pr41,,(v) — ¢M+17j(3}’)| = |pn+1,;(T)|. By
Claim 1, |p(v) — ¢(v)| < |¢n41,4(T)]. Since |T| < |I},,,| in our case, A’ is
bounded. ]

8 Proof of the Key Lemma from Upper and
Lower Bounds

8.1 Construction of the enhanced nest

Let us fix a map f which is in the class P,7 as in (1) and let ¢y denote
the critical point in V5. Throughout § 8-11, we assume that f is persistently
recurrent.

Recall that a puzzle piece is a component of f~"(Vp) for some n > 0. A
puzzle piece I is strictly nice in the sense of Martens: for any z € 0l and
any n > 1, f"(z) € I (if f*(x) is defined). Therefore any component of the
domain of the first return map to I is compactly contained in I.

Note that a puzzle piece is symmetric with respect to R if its intersection
with R is non-empty. We shall use the following convention: a puzzle piece
15 denoted by a bold letter and its real trace is denoted by the corresponding
roman letter. We are going to construct a sequence of puzzle pieces

I,OLy DKy DI DL D... (10)

around cg, called the enhanced nest for the map f. The enhanced nest will
be the main objects for us to study, and we shall see that it contains the
puzzle pieces with properties specified in the Key Lemma.

Lemma 8.1. Let I 3 ¢ be a puzzle piece. Then there is a positive integer v
with f¥(c) € I such that the following holds. Let Uy = Comp,.(f~"(I)) and
U; = fI(U) for 0 < j <wv. Then

1. #{0<j<v-—-1:U;nCrit(f) # 0} < b?
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2. UgN PC(f) C Compc (ffy(ﬁfu(c)(:[))) .

The proof of this lemma will be given at the end of this subsection.
For each puzzle piece I 5 ¢, let v = v(I) be the smallest positive integer
with the properties specified by Lemma 8.1. We define

A(T) = Comp, (" (L (1)),
B(I) = Comp,(f~"(I)).

Definition 8.1. Given a puzzle piece P 3 ¢, by a successor of P, we mean
a puzzle piece of the form L£.(Q), where Q is a child of L£.(P) for some
€ Crit(f).

Since f is persistently recurrent, each critical puzzle piece P has a smallest
successor, which we denote by I'(P). Remark that if Q is an entry domain
to P intersecting PC(f), then £.(Q) is an successor of P by definition, and
thus £.(Q) D I'(P).

Now we can define the enhanced nest (10) as follows: Iy = Vj and for
each n > 0,

L, = A(L,),

Mn,o =K, = B(Ln)a

M., 1 =T(M,,) for 0 <j<T—1,
| =M, r =T"TBA(L,),

where T = 5b. This choice is made because of Lemma 8.2 (it is not optimal).
We define x = x(f) := oo if f is non-renormalizable, and otherwise define

it to be the minimal non-negative integer such that I, is terminating, i.e.,

the return time of ¢ to I, is equal to the first renormalization period of f.

Proof of Lemma 8.1. First, let b = 1. In this case we can take Uy to be the
smallest successor of I (it exists because f is persistently recurrent) and let
v be the positive integer with f*(Uy) = I. The first assertion of the lemma
is obvious and the second one follows from the minimality of Uj.

Now let us deal with the general case. For simplicity of notation let us
assume that the critical point in I is ¢o. We claim that for each ¢ € Crit(f)
there exist two puzzle pieces P, CC P, containing ¢ with the following
properties:

1. each P, is a pull back of I of order < b? — b;
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2. for each ¢ € Crit(f), and any 2z € (P. — P.) N PC(f), there exist a
positive integer r, a puzzle piece V containing z and a critical point ¢
such that f": 'V — P is a conformal map.

Before we prove the claim let us show how it implies the lemma. Let s be
the maximal positive integer such that one of the P, has a child of depth s,
i.e., s is maximal such that there exist a critical puzzle piece Q and a critical
point ¢ such that f°: Q — P. is a double branch covering. Let us prove
that for each x € Q N PC(f) we have f*(z) € P..

Arguing by contradiction, assume that this is false. Then by the second
property above, there exist a puzzle piece V. > f*(z), a positive integer
r and a critical point ¢ such that f™ : V — P; is conformal. Let W =
Comp,(f~*V). If W 3 ¢, then W is a child of P; of depth r+s, contradicting
the maximality of s. So W # ¢ and thus "% : W — P, is conformal. Since
WNPC(f) # 0, we can find a critical puzzle piece W’ and a positive integer
t such that f': W' — W is a double branched covering. Then W' is a child
of P; of depth r + s + ¢, again contradicting the maximality of s.

Now let Uy = L., (Q) and let v be the positive integer such that f*(U,) =
I. Then it is easy to check that v satisfies all the properties required in the
lemma.

It remains to prove the claim. Let Ty := I and Jy := L (I). First
assume that for every critical point ¢ # ¢y, Ri(c) € Jo. In this case we can
take P, = £, and P = £.(Jy). In fact, for every ¢ # c¢o, Ry : L.(I) — I has
all its critical values in Jy and thus Ry : P.— P, — I —J; is an (unbranched)
covering. Now let us suppose that there is a critical point ¢;, ¢; # ¢ such
that Ri(c1) ¢ Jo. Let Ty = Jo U Comp,, (R;'(Lpy(e)(I))). The domain
T, is strictly nice and, thus, any critical return domain of T is compactly
contained in T;. Both of the puzzle pieces from T; are pullbacks of T of
order bounded by b.

Let J; = L, (T1) U L., (T;). The proof is completed again unless there
is a critical point ¢y, co # o, c1, such that Ry, (c2) ¢ Ji. In the latter case
T, = J; U Comp,, (R, (LRrr,(2)(T1))) is again a strictly nice set and all the
puzzle pieces from Ty are pullbacks of I of order bounded by b+ (b — 1).

We can carry on in this way until we get the following situation:

e there is a collection T,,, m < b, of puzzle pieces around some critical
points and this collection is strictly nice;

e for any other critical point ¢, Rr,,(c') € Jyn, where Jy, = U o7 Le(Th);
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e any puzzle piece of T, is a pullback of I of order bounded by b+ (b —
D4+ (b—m+1) <b*—b.

In this case we just take P, = £,(T,,) and P’ = L (J,,,) for every ¢ € Crit(f)
to complete the proof. O

8.2 Properties of the enhanced nest

We first state a proposition on the geometry of the real traces of the puzzle
pieces in the enhanced nest. This result shows that the real geometry is under
a good control and is the origin for our further analysis on the geometry of
those puzzle pieces.

Definition 8.2. A nice interval [ is called p-nice, if for each z € I N PC(f)
we have

(1+2p)L.(I) C 1.

Moreover, for any p > 0, let 7, denote the family of all p-nice interval I with
the property

(1+2p) = (1+2p)' 1) NPC(f) = 0.

Proposition 8.1. (Real geometry for the enhanced nest) Assume f € P;7.

1. There exists p = p(7,b) > 0 such that for each 0 < n < x and for any
Zed{lL, K, L,:0<n<x}, Ze€T,

2. For any C' > 0 there exists an € > 0 such that for any 0 < n <y, if
there is x € PC(f) NI, with |L.(1,,)| < €|l,,|, then |I,| > C|I,41| and
1,41 is a C-nice interval.

3. For any C > 0, there exists C' > 0 such that if |1,|/|In+1| > C’, then
In+2 € TC .

This proposition will be proved in Section 9.

We shall also need the following combinatorial information later. For
each n > 0, let s,,t, be the positive integers such that f*=(L,) = I,, and
f(K,) = L,. Moreover, for each 1 < j < T — 1, let ¢,; be such that
ft1 (M, 1) = K,, and fai+1(M,, ;+1) = M,, ;. Moreover, let

Pn :Sn+tn+Qn,1+qn72+"'+Qn,T- (11)
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So fP(I,4+1) = I,. For any nice interval J containing co, let 7(J) denote
the minimal return time from J to itself and let 7(.J) be the entry time of
x € PC(f) into J.

Lemma 8.2. (Transition and return time relation) Let T" = 5b. Then for
any 0 < n < x — 2, the following hold.

o ’r(L,) > s, >r(l,);

o V’r(K,) >t, >r(L,);

o r(My;) > qn; >2r(M,;—1),i=1,...,T;
o #(I,) < ui1 < 32 <0 < gt (Lna);
o 3r(lyi1) > pn;

® Dnt1 Z 2pn-

Proof. Consider the chain {G;}’~, with G, = I, and Gy = L,. Let 0 =
Jo < J1 <J2<...<J, =5, beall the integers such that G, N I,, # (. Note
that

L,CcGj; CcGyC...CGj,

and hence, by Lemma 8.1, v < b2 Tt is clear that j;.1 — j; < r(L,) for
0<?:<wv-—1. Thus
v—1
sn=> (jis1 — 1) Svr(Ly) <Vr(Ly).
i=0
As s, is clearly not smaller than the return time of ¢ to 1,,, s, > r(I,). This
proves the first inequality. The second one can be done in a very similar way.

As n < x — 2, all these intervals M, ;_1, 1 <14 < T are non-terminating,
and thus Ry, , ,(My,;) N M,; = (0, which implies that ¢,; > 2r(M, ;).
Furthermore, we observe that if {G; ;]-’;*6 is the chain with G, , = M, ;
and Gy = M,;, then G; Z ¢, and hence G; N M,,; = 0 for all 0 < j < gy
Therefore 7(M,, ;) > ¢n,. This proves the third inequality.

Note that for any nice interval J containing cy, if ¢ is so that f¢(I'(J)) = J,
then ¢ > 7(J). Because K, is a subset of I,, and M,, ; is the smallest successor
of My, 72([n) < f(Kn) < Gn-

The last two inequalities follow from the first three by direct computation,
using the fact that r(I) < r(I’) for any symmetric nice intervals I O I’. (Here
we use the choice for T.) O
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8.3 Proof of the Key Lemma (assuming upper and
lower bounds)

Assume as before that f is a persistently recurrent polynomial-like box map-
ping in the class P;?. The Key Lemma will follow from the following two
propositions.

Proposition 8.2 (Lower Bounds). There exists a constantn = n(t,0,b) >
0 such that for each 0 < n < x we have

B(007 77’[71’) - In'
The proof of this proposition will be given in Section 10.

Proposition 8.3 (Upper Bounds). There ezists a constant C = C(7,0,b) >
1 such that for any 0 < n <y, the following hold:

diam(IL,) < C|1,];

o there exists a topological disk 2 D I,, such that Q2 —1,, is disjoint from

PC(f) and

1
d(Q —1,) > —.
mod( )_O

These upper bounds will be proved in Section 11.

Proof of the Key Lemma. The first statement follows immediately from the
two propositions above: we just take Y to be I, for a sufficiently big n. As
f is non-renormalizable, y = oo, so diam(I,,) < |I,| is small when n is large.

Let us prove the second statement. So assume that f is renormalizable.
Let Y’ = I,. Let n,C,p be the constants as in Propositions 8.2, 8.3, 8.1
respectively. Let N be a positive integer such that (1 + 2p)Y > C/n. If
X < N, then consider the map g = fPotPrt-+Px—1 : T — I, and let ¥ =
Comp,, (9 (U)), where U is the component of Dom(f) which contains g(c).
It is easy to check that the second statement holds for an appropriate constant
€ in this case (the degree of ¢g: I, — I is bounded when y is bounded).
Assume y > N. By Proposition 8.1, we have

|Ix—N| > (1 + 2P)N|IX|-
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By Propositions 8.2 and 8.3, it follows that

1
I C D*(§IX,N).
Consider the map
g= fpx—1+PX72+~~+pX7N . IX N Ix—Na
and let Y = Comp, (97" (U)), where U = Ly, (I,). Notice that Ry og:
Y — I, is a proper map with bounded degree, it follows that Y has {-bounded
geometry for an appropriately chosen . Moreover, as mod(I,_ny — U) is
bounded away from zero, so is mod(Y’ —Y).
As the whole construction is topological, the last statement follows. [

9 Real bounds

Let us start with some definitions. A sequence of intervals {G;}3_, is called
a chain if G, is a component of f~1(G;41) NR. The intersection multiplicity
of a chain is the maximal number of intervals in the chain with a non-empty
intersection. The order of a chain is the number of intervals in the chain
containing a critical point. If I is a real interval of the form (a — b,a + b)
and A > 0 then we define A\l = (a — Ab,a + Ab). By definition (1 + 2§)7 is
called the d-scaled neighbourhood of I. We say that [ is d-well-inside J if
J D (1+420)I.

Throughout Sections 9, 10 and 11 all constants depend on the class P;“,
and all nice intervals involved are the intersection of puzzle pieces with the
real line.

The goal of this section is to prove Proposition 8.1. To do this we shall
use the following well known fact frequently.

Fact 9.1. Let {G;};_y and {G'};_y be chains such that G; C G for all
0 <j<s. Forany N € N and any p > 0 there exists p' > 0 such that
the following holds. Assume that the order of {G’;}3_, is at most N and that
(14+2p)Gs C G Then (1+2p")Gy C Gfy. Moreover, for a fized N, p' — oo

as p — oo.

Proof. See [25]. Alternatively it follows easily from the fact that f*: Gf —
G, extends to a branched covering F' : U — Cg with degree bounded from
above by 2V, O
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We shall also use the following results which have been known previously.

Lemma 9.1. There exists 6 > 0 such that if I is a nice interval around a
critical point ¢ and Ry(c) & L.(I), then

(1420)L2(I) C L(I).
Proof. See Theorem A in [42]. O

Lemma 9.2. For any 0 > 0 there is € > 0 such that if I is a nice interval,
J is any subinterval of I such that (14 29)J C I, x is a point, k > 1 and
f(x) € J, then

(1 + 2¢) Comp, (f*(J)NR) C L,(1).
Proof. See Theorem B in [42]. O

Lemma 9.3. For any C > 0 and d > 0 there is C' > 0 such that if I is a
nice set, J = LA(I) and (1 +2C")J C I, then

(14+2C)L,(J) C L,(])
for any y which is contained in the domain of the first entry map to J.
Proof. See Proposition 4.1 in [37]. O

Lemma 9.4. There exists a constant py > 0 with the following property. Let
I be a nice interval containing a critical point ¢, and I' = L.(I). Let s be
the return time of ¢ into I. Then either of the following holds:

1. (1 +2p0)]1 - I,'

2. the chain {G;}3_, with G, = (1 + 2po)I and Gy > ¢ has intersection
multiplicity bounded from above by a constant N = N(b).

Proof. See Lemma 2 in [42]. O

Definition 9.1. A sequence of nice intervals containing a critical point ¢
I’>'>rP*>...oI™

is a central cascade around c if I'™' = L(I') for all i = 0,...,m — 1 and the
return times of ¢ to I°,..., 1™ ! are all the same.
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Lemma 9.5. For any d > 0, there exist kK > 0 and C > 0 with the following
properties. Let us consider a central cascade I == 1° D> I* D 1> > ...D> 1™
with m > 2. Let s be the return time of I' to I. Assume that |I?| > §|1°).
Then for any critical point z of the map R;|I* we have

1f5(2) — 2| > &[I°) and |(f*) (z)| < C for all x € I*.

Proof. Let py > 0 be as in Lemma 9.4. Then f* : [, — I' extends to a
branched covering F': Q — Q' := Cy19,,)pr with degree uniformly bounded
from above. To see this it suffices to show that the order v of the chain
{G;}5_y with Gy = (1 + 2po)I" and Gy D I? is uniformly bounded. If
I° D (14 2po)I*, then v < b, and otherwise v < N(b) by Lemma 9.4.

Let Q) = Do ((142p0)I") and let Qg = F~1(€). Note that mod(£2\ 1)
and therefore mod(Qy — I?) is bounded away from zero. So there exists a
constant k1 such that Qo contains X := (J, ;2 B(z, k1|I?]). By Cauchy’s
formula and since |I?| > 6|I°], it follows that |F”| is bounded from above
on J,cp2 B(z,k1/2|1?|). In particular |(f*)'] is bounded from above on I
Moreover there exists ko > 0 such that for each z € Crit(R;|I?) and for
each w € B(z,ko|I?), |(f*)(w)] < 1/2. If |f5(z) — z|/|I?| << 1 then
15(B(z, k2|I?])) CC B(z, ka|k2|I?||) which implies that f* has an attracting
fixed point, a contradiction. n

Lemma 9.6. For any C > 0, there exists C' > 0 such that if [ D J are nice
intervals around a critical point ¢ and (1 + 2C")J C I, then for any x, we
have

(14 2C)L,(J) C Lo(1). (12)

Proof. Let I° := I and I" = L.(I"!) for all n > 1. Let m(0) = 0 and let
m(1) < m(2) < --- be all the positive integers such that Rjm-1(c) & I™.
Let k be the maximal integer such that J C I™*). By Lemma 9.1, for any
1 <i<k—1, "™ contains a definite neighborhood of I™¥+! By Lemma
9.2, for any z, £,(I™%) contains a definite neighborhood of L£,(I™®+1).
As L,(J) C LL(I™*=DFY) and L,(I™W) C L,(I), (12) follows if k is
sufficiently large.

So assume that k£ is uniformly bounded. By Lemma 9.3, it suffices to
find two nice intervals J C J' C I' C I such that J' D L.(I') and |I'|/|J'] is
sufficiently large. Because k is bounded, it enough to consider the case k = 0,
i.e., J D I™Y. The existence of I’, J’ then follows from the previous lemma:
when |I]/|J| is sufficiently large, then either |I|/|I], |I'|/|1?| or [I™M =1 /|]|
is large. This completes the proof. ]
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Lemma 9.7. Let ¢ be a critical point and let I D J > ¢ be nice intervals.
Assume that J is a pullback of I with order bounded by N. Fixz an N. Then
for any p > 0, there exists p' > 0 such that if (1 + 2p)J C I, then J is a
p'-nice interval. Moreover, p' — oo as p — 0.

Proof. Let {G;}5_, be the chain with Gy = I and Gy = J. Let us assume
for the moment that

GiNnJ=0forall0<j<s. (13)

Then for any x € J, either f*(x) € J or f*(L,(J)) C Lyszy(J). Applying
Lemmas 9.2 and 9.6 and Fact 9.1, it follows that there exists a constant p’
with p’ — oo as p — 00, and such that (14 2p')L,(J) C J. This proves the
lemma under the assumption (13).

Now assume that (13) fails, and let s < s be the maximal positive integer
such that I’ = G intersects J. Note that Gy D J > c¢. Thus there exists
p1 = p1(p) > 0 with p; — oo as p — oo, and such that either I D (1+2p;)I’
or I' D (14 2py)J. In the former case, by what we have proved, I’ is a
p-nice interval and in particular (1+2p})J C I'. Note that the order of the
chain {G; }3’7':0 is at most N — 1, and thus the lemma follows by induction on
N. [

Lemma 9.8. There exists a constant § > 0 such that if I is a non-terminating
critical puzzle piece, then

(1+ 26)0(D(1)) C 1.

Proof. Let m be the minimal positive integer such that Rym-1(c) & I"™, where
c is the critical point in I. Since I is non-terminating, there exists a return
domain J to I other than the central one I' = L.(I) which intersects the
postcritical set PC(f). As P = L.(J) is a successor of I, I'(I) ¢ P C I"™.
Therefore, I'T(I) C ™™ and the statement follows from Lemma 9.1. O

Lemma 9.9. For any p > 0 there exists p' > 0 with p’ — 0o as p — oo, such
that if I is a p-nice interval containing a critical point ¢ then (1+2p")A(I) —
A(I) and B(I) — (1 + 20 ) 'B(I) are both disjoint form PC(f).

Proof. By definition, B(I) — A(I) is disjoint from PC(f). Moreover, there
exists a positive integer v such that f : B(I) — Iis a branched covering with
a bounded degree and such that f”(.A()) is contained in a return domain to
I. The statement follows. [

70



Proof of Proposition 8.1. 1. First of all, by Fact 9.1, for every N € N, and
any p > 0 there exists p’ > 0 such that the following holds. Let I be a nice
interval and let J be a pull back of I with order < N. Then

e if [ is p-nice, then J is p/-nice;
o if (1+20)I—1)NPC(f)=0, ((1+2p)J—J)NPC(f)=0;and
o if (I—(1+2p) 'I)NPC(f) =0, then (J—(1+20) ' T)NPC(f) = 0.

Moreover for a fixed N, p’ — oo as p — oc.

By this observation and by Lemma 9.9, it suffices to prove that there
exists a constant p > 0 such that I, is p-nice for all 0 < n < x — 2. Since
I, =TT(K,) and K, is non-terminating, it follows from Lemma 9.8 that
| K|/ In+1] is bounded away from 1. By Lemma 9.7, [,,,; is a p-nice interval
for an appropriately chosen constant p > 0. By taking p > 0 smaller, we may
assume that [ is also p-nice. This completes the proof of the first statement
of this proposition.

2. By Lemma 9.7, it suffices to prove that |I,,|/|I,,41] is sufficiently large
when ¢ is sufficiently small. Let x € I, N PC(f), and assume that the length
of J = L,(I,) is small compared to that of I,. If J 3 ¢, then J D I,
and thus |1,|/|],+1| is large. Assume that J # c. By the first statement of
this lemma, I,, N PC(f) C (1 +2p)~'I,, so J is deep inside I,. By Lemma
9.3, L.(J) is deep inside [,,. Let J' = L,(K,). Then J" C J, and thus
L.(J) C L(J). Since L.(J") D I'(K,) D IL4q, it follows that |I,|/|l,11] is
large.

3. By Lemma 9.7, for any C" > 0, there exists C” > 0 such that if
\L|/| L1 > C" then I,y 1, Ly 1, Ky are all C-nice. As I, 19 = TTBA(L,41),
applying Lemma 9.9, we see that for any C' > 0 there exists C’ > 0 such that
if I,,,1 is C'-nice then I, € 7. O

10 Lower bounds for the enhanced nest

As before, let f € P;” be persistently recurrent. The goal of this section is
to prove

Proposition 10.1. There exists a constant n = n(1,0,b) > 0 such that for
each 0 < n < x we have
B(co,n|1n]) C L.
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Denote
. r
n = inf sup —.
zePC(f)NIn {r>0:B(z,r)CI,} ’[n’
Lemma 10.1. 1. There exists a constant 0 > 0 such that for all 0 < n <
X

N1 > 0Ny
2. There ezist k > 0, € > 0 such that if |I,11]/|1n] < €, then

Nnt2 > min(/{, 277n+1)'

Proof. Let V.= D,_,(1,) and let U = Comp,(f~"*(V)), where p, is as in
(11). Then fP» : U — V is a proper map with a uniformly bounded degree.
By Proposition 8.1, I, € 7,, where p > 0 is a constant. By the Koebe
distortion theorem and by Lemmas 13.2 and 13.3, we conclude that

-D7r—49(]n+1) C U C D@(In—i-l)a

where 6 € (0,7/2) is a constant. By a limit argument, this implies the
following

1. There exist constant C' > 1 and x; > 0 such that

I
(7Y () < o (1)
‘In+1|
for z € C with d(z, PC(f) N I,41) < k1.
2. There exists ko > 0 such that for any z € B(co, 2k2|ln41]),
1 |1
P (2)] < = 15
(YN 5 (15)

Now the first statement follows immediately from (14). To show the
second, note that by the third term of Proposition 8.1, there exists an ¢ such
that |I,,41|/|1,] < € implies that I,.o N PC(f) C B(0, k2|l 42|)| and apply
(15). O

Lemma 10.2. There exist a positive integer kg and a constant v > 0 such
that for all 0 < n < x and for all x € PC(f)N I, we have

B(z,~| Comp, Dom(R})[) C L,.
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Proof. Denote N = po+- - -+p,_1. Notice that fV(I,,) = Iy. From Lemma 8.2
we know that 2p,—1 > N and r(1,) zAN/G.
Let z € PC(f) N1, and let W = L~ ,(I,). Let

U := Comp, (fM(W))NR.

Then U = Compx(Dom(R];S)) for some ky. Since r(I,) > N/6 we have
ko < 6. This also implies that the pullback f~ : U — W has order bounded
by 6b.

By Proposition 8.1, (142p)1, — (1+2p)~'1, is disjoint from PC(f). The
interval W is a pullback of I,, of universally bounded order, so there is a
universal constant p’ > 0 such that (1 + 20" )W \ (1 + 20))"'W N PC(f) =
0. As D, (W) C Dy_s(Iy) C Iy, by the Koebe distortion theorem and
Lemmas 13.2 and 13.3, it follows that I, D Comp,(f (W)) D Dg(U),
where 0" € (7/2,m) is a constant depending only on 6, p' and N. The proof
is completed. O

Proof of Proposition 10.1. 1f n, is very small, then due to Lemma 10.2 there
exists a domain U of R}® intersecting PC(f) and such that |U|/|L,| is very
small. This implies that there exists a return domain J to I, intersecting
PC(f) such that |J|/|I,| is small. By the second term of Proposition 8.1, it
follows that each return domain to I, is deep inside [, ;. In particular,
|In42]/|Ins1] is small. By the second statement of Lemma 10.1, 7,0 >
min(k, 2n,+1). By the first statement of that lemma, it follows that for some
constant £ > 0 we have 1,19 > min(x’, 29,41). As 1, 171 are bounded away
from zero, the proposition follows. O

11 Upper bounds for the enhanced nest

Consider a persistently recurrent map f from the class P,*° (defined in Sec-
tion 4) and let ¢y be the critical point in V5. Our aim in this section is to
prove Proposition 8.3, i.e., an upper bound for certain puzzle-pieces. For
the construction and properties of the enhanced nest I,, we refer to Subsec-
tions 8.1 and 8.2. Let I, = I, NR. The first goal of this section is the prove
the following result.

Theorem 11.1. There exists 8 > 0 and ng so that for all n > ng, I, C
Dy(I—p,).
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The proof of this theorem uses real bounds for the enhanced nest (Propo-
sition 8.1), the real bounds from Section 9, and an analysis of what happens
when we pull-back Poincaré disks with slits through critical points many
times. Several of the basic results we will use can be found in Appendix 2,
so it is probably a good idea to read Appendix 2 before reading this section.

The proof is somewhat related to the proof in [37]; the main difference is
that we deal with the bounded and unbounded geometry situations simulta-
neously.

Throughout this section we will assume that all nice intervals are inter-
sections of puzzle pieces with the real line.

11.1 Pulling-back domains along a chain

The main purpose of this subsection is to prove Proposition 11.2 and Propo-
sition 11.3 below.

Let us first state some preparatory lemmas. Throughout we shall fix the
class P;?, see Section 4. So all constants (even ‘universal constants’) do
depend on this class.

We remind the reader that (1 4 2J)/ is defined to be the §-scaled neigh-
borhood of I, see Section 9.

In order to see what happens when you pull-back a disc of the form Dy(1)
along some chain, we first deal with central cascades.

Let I be a nice interval containing a critical point ¢ and define the prin-
cipal nest I* = L.(I*71), k > 1, where I° = I.

Lemma 11.1. For each 6 > 0 there exist &' > 0 and A € (0,1) with the
following property. Consider I = I° D> I' D --- D I™ where m is the
minimal integer such that Ry|I' has some critical value which is not in I™.
Let v be so that Ri|I' = f. Assume that {G;}_ is a disjoint chain with
Gy CI' for0<i<p—1 and Gpr C I a nice interval (i.e. the intersection
of a puzzle-piece with the real line). Moreover, assume that {Gj ?;0 s a

chain with G C Gpr € (14 08)Gpe C I and Gy D Gy. Define

V = Dy(Gp) NCg,, and U = Compg, f7"V.

Then for each z € U there exists an interval K such that either
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z€Dy(K) andGo C K C(1+6)K C 1 (16)
or there exists 0 < p/ < p with

f77(2) € Dyg(K) and Gy, € K C (14 0')K C I'™ (17)

Proof. Let us define Ey, E» to be the maximal open subintervals of I con-
taining a boundary point of I™ in their closures and on which branches of
/" are diffeomorphic. Because f" is a composition of folding maps, f"(F;) =
fT(Ey) = f5(I™). Label these so that f7|E; is monotone increasing, and
define X = ]fn \ (El U EQ)

First of all note that this lemma follows from Lemma 13.6 if p < 10 or
m = 1: if p < 10, then (16) holds and if 7o = 1 then (17) holds for p’ = p—m.
Let us assume that p > 10 and m > 2.

Claim 1. There exists a (universal) constant x; > 0 such that if [I?|/|I°] <
k1, then the lemma holds. Indeed, by Lemma 13.6, f*=27(z) € Dyy(I?).
Note that |I?|/|I°| is small implies that |[I2|/|]']| is small. Again by Lemma
13.6 for any x € 12, Compx fﬁr(Dkg(O.E)]l)) C D)\/Q(IZ) C D)\Q(OE)Il) Hence
(16) holds if [I?]/|1°] is small.

So let us also assume |I?|/|I°] > k1. By Lemma 9.5, there exist constants
ko > 0 and C > 1 such that

e for any critical point ¢ of f7|I?, d(f"(c),c) > ko|I°[;
o [(f")(z)] < C for any € I”.
In particular, [I™1|/|I°| > ky. Moreover, there exists k3 > 0 such that
o d(X,01™1) > kg I9]:
e cither f1(I™)NI™ =0 or |E;]| > r3|I°, i =1,2.

Now let us make another claim.
Claim 2. There exists a constant 7 € (0,1) such that either (16) or (17)
holds with ¢ = =, or there exist 0 < p, < p, 0 < 7 < m — 1 and an
interval G . with Gy, C G5 . C (14 2%)G;.. C I', Uy, C Dy6(Gy.,) and
[T/ <
Proof of Claim 2. By Lemma 9.2, there exists 9; > 0 depending on ¢ such
that for any 0 < ¢ < p—1, (1+251)C¥ir C I'. If G;, does not contain a critical

75



point of R|I* for alli = 0,1,...,p—1, then by Schwarz we have z € Dy(Gy)
and thus (16) holds with ¢’ = §;. So let us assume that there exists a maximal
integer p, with 0 < p, < p be so that CA?p*T contains a critical point of f’"][1
(and hence Gp*,« N X # (). Then by Schwarz and by Lemma 13.6, it follows
that there exists an interval G . with G'p*r C Gy, C(1420,)G; . C I° such
that fP"(2) € Dy,0(G,.,), where 5 and \; are constants depending on 4.

We may assume that G . is not well-inside ™!, because otherwise (17)
holds for p' = p, — 1. As d(0X,0I°)/|I°] is bounded away from zero, and
Gr . NOX # 0, it follows that |G _.|/|I°] is bounded away from zero. Let
k <1 —1 be maximal so that G . C I*. If G . is well inside I* then Claim
2 holds with ¢+ = k. Thus we may assume that |I*|/|I°] is bounded away
would be a map (with a critical point) in the Epstein class having an interval
of fixed points (here we use that f is in the Epstein class P,"?). Clearly this
is impossible. This proves the claim.

So we may assume that p > 10, 7 > 2, [I?|/|I°| > &y and |[I'|/|I°] < v
(by possibly replacing IY by I’ with i as in Claim 2). By replacing p by p—1
we may assume that G, C I' (and so f7"(z) € Dg(I")). If z € Dy(I') then
(16) holds, so we may assume that there exists a maximal ¢ with 0 < ¢ < p
and so that f7(z) ¢ Dy(I'). Since f@V7(2) € Dy(I'), by Lemma 13.6 there
exists \; € (0,1) such that f9°(z) € Dy,q(J) with (1 + 2d83)J C I'.

Case 1: G C I'™. Note that this implies that G, C I for all 0 < i < q.
We may assume that ¢ > 1 (otherwise (16) holds). So f"(I"™) N I™ # () and
therefore |E;|/|I™| > k3.

Subcase 1.1 G;, NI(X U Ey) = for all i < q.

If G, C X UBE; then by the third part of Lemma 13.4, f%(z) € D, xo(X U
E») and hence by the last part of Lemma 13.5, f@=Y7(2) € D,y0(K) where
K is an interval which contains G(,_1), and is well inside I™ (we apply
Lemma 13.5 to the chains {H}}_,, {H;}}_, and {I:Ij};zo where H = I,
H,=1""and H, = X UE; and H) > Hy D Hy D G(g_1),)-

Assume that G, C Ej, and let ¢’ be minimal so that

Gq”ru G(q’+1)7”7 s 7Gq7’ C k.

First let us consider the case f"(E;) D Ey. Then f=r : G, — G,
extends to a diffeomorphism onto E;. By Lemma 13.4, f9"(z) € D,(E"),
and hence by Schwarz f77(z) € D, xo(Ey). We may assume that ¢ > 2 for
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otherwise (16) holds. If G(y—_1), C FE, then by Schwarz and Lemma 13.5
fO7(2) € Dyuy(K') with K’ well-inside I™. Otherwise Gy-1) C X,
because f" does not map 0X into E;. Let H, be the interior of f"(E;) and let
{H;}%_, be the chain with Hy O G (y—1),. Note that Hy C X because f"(0X)
is in the boundary of H,.. Since f"(Hy) contains H, \ F; and this difference is
not small compared to H,, by Lemma 13.5, f(¢'~Y7(2) € Dyg(Hy). Because
X is well-inside I"™, (17) holds for p’ = ¢’ — 1 (and appropriate choice of
constants).

Now let us assume that f"(E;) 7 E;. Then we let T, be the minimal
open interval which contains a component of I° — I' and G, and is disjoint
from X. As |T,|/|1°) is bounded away from zero, f4"(z) € Dyy(T,). It is easy
to see that there exists an interval Ty D Gy, such that fla=d)r . T, e — 1g
is a diffeomorphism. So by Schwarz, we have f77(z) € Dyg(Ty) C Dyg(IY).
Note that f"(E;) N (X U Ey) = 0 and thus ¢’ < 2. Therefore (16) holds.
Subcase 1.2 There exists ¢ < ¢ such that Gy, NIE, # 0. Applying Subcase
1.1 to the chain {G;}]_,,,, we may assume that f77(2) € Dy(I'). Note
that G; NOE; = () for i < ¢’. So we can repeat the previous argument,
replacing G, by Gg—1),-

Case 2: G, ¢ I™ Let ¢ < q be maximal so that Gy ¢ I™ for
¢ < i< q Then fi7(z) € Dyy(I'). If ¢ = 0 then we are in case (16).
Otherwise G(y—1y, C I, fl=I7(2) € Dyrp(I') and G;, C I™ for i < ¢ — 1,
and we proceed as in Case 1. O]

If I is a non-terminating nice interval containing a critical point ¢, we
define C(I) := I"™ where m > 1 is minimal so that R;(c) ¢ I"™. If I is termi-
nating we define C(I) = (). Let us define C*(I) to be equal to C(C(...(I))).

If J is a return domain to an arbitrary nice interval I, and {G;}!_, is the
chain with G, = I, Gy = J where r is the return time of J to I, we define

Crit(I; J) = (U G;) N Crit(f).

=0

Similarly, when G = {G;}3_, is an arbitrary chain such that G is a pullback
of I, GsC I,and 0 = ng <ny <--- < n, = s are the integers with G, C I,

then we define
p—1

Crit(I; G) = U Crit(; La,, (1))
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where Lg, (I) is the return domain to I containing Gy,. For any nice interval
I and any critical point ¢/, we define

ko(1;G) = inf{k.; G; C CkC’(ﬁc/([)) for some j =0,1,...,s — 1}

and
;G = Y ke(I;G). (18)

¢/ €Crit(I;G)

k(I;G) describes the combinatorial depth of the chain G with respect to I.
(Note that k(I; G) is well-defined even if I does not contain a critical point.)
When ¢ € J C I we define

k(I;J) = min{k; C*(I) C J}

and

= k(Lo (T), Lo (). (19)

The next proposition gives the crucial estimate describing the loss of angle
when we pull-back a slitted Poincaré disc Dg(és) N Cq, with G, well-inside
I and G = {G;}5_, a disjoint chain. The loss of angle turns out to be only
related to k(1,G).

Proposition 11.2. For each § there exists p € (0,1) and &' > 0 with the
following properties. Let I be a nice interval, and let G := {G;}i_, be a
disjoint chain with Go, G5 C I with G5 a nice interval and Go N PC’(f) # (.
Let Gy be an interval with G CG,C (148G, C1. Let V = Dy(G,)NCq,
and write U; = Compg, f~6=0(V),i=0,...,s. Then there exists an interval

I D Gy with (1461 C I and such that
Uy C Duk(I,G)g(j).
Here k(I;G) is defined as in equation (18).

Proof. The proof is by induction on N := #Crit(I;G). More precisely, we
formulate the following two induction statements.

Induction Statement (/V, k): There exist increasing functions 6 — px(6) €
(0,1) and § — an(d) € (0,1) such that for any interval I and chains
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G = {Gi}iy, G = {G;}5_, as in the theorem for which Crit(I;G) < N
and k(I;G) <k, )
UcbhD k([;@)a([)
KN

where I is an interval with Gy € I C (1 + ay)I C I. Here a and puy do not
depend on k.
Induction Statement N: Statement (N, k) holds for each £k =0,1,2,....

Note that N is bounded by the number of critical points of f so it is
enough to prove Statement N for each integer N. If N = 0 then {G,}i_,
only visits diffeomorphic branches of R;, and so by Schwarz U, C Dg(éo).
This proves Statement 0. Therefore it is enough to prove the induction step.
This is done in Lemma 11.3. O

To prove the induction step, we shall use the following lemma.

Lemma 11.2. Let I be a nice interval containing a critical point ¢ and let
I'=L.(I). Let J be a nice interval with J C I —I' and JNPC(f) # 0 and
let K = L.(J). Then there exists a universal constant p > 0 such that the
following hold:

1. ID(1+2p)K;
2. K 1s a p-nice interval;
3. foranyx € I, k>0 with f*(z) € K, (1+2p) Comp,(f *K)NR C I.

Proof. The second and the third statements follow from the first one by
Lemma 9.7 and Lemma 9.2 respectively (redefining the constant p). So it
suffices to prove the first one.

Let m be a maximal positive integer so that the return time of ¢ to ™!
is the same as the return time r of ¢ to I'. Then R;(K) C I™ 1\ I™. We
may assume that [I™|/|I| is close to 1. In particular the second assertion
in Lemma 9.4 applies, and so f7: I' — I° extends to holomorphic branched
covering F': 1 — Q' = C(1495,)r With bounded degree. Since mod(Q"\ R;(K))
is large, also mod (€2 \ K) is large. Note that Q N R is contained in '’ NR =
(14 2p0)I, it follows that |K|/|I| is small, which concludes the proof of the
lemma. []

Lemma 11.3. For each N > 1, Statement N-1 implies Statement N.

79



Proof. Assume that Statement (N — 1) holds. Let I be a nice interval and
G be a chain with Crit(/;G) = N and k(/;G) = k as in the statement of
Proposition 11.2.

We can and will assume that [ contains a critical point ¢ and that
Crit(I; G) > ¢ otherwise simply pull-back I along the chain G to a nice in-
terval I’ containing a critical point (inside Crit(/;G)). Applying Statement
N to this new nice interval I’ and then pulling-back to Gy gives Statement
N for I but with possibly a smaller py.

We will prove Statement (N, k) by induction on k. The assumption of
Statement (N, 0) is never satisfied, so the statement is correct. Let us assume
that Statements (N — 1) and (N, k — 1) hold. Without loss of generality we
may restrict ourselves to the case 6 < p, where p is the constant coming from
Lemma 11.2.

For 6 € (0,p) let A(0) be the smaller of the A coming from Lemmas 13.6
and 11.1, and let us take «(d) to be the smallest of the ¢’ coming from these
two lemmas and the ay_1(0) coming from the Induction Statement (N —1).
We may assume that the functions § — «(d), A(§) are increasing in ¢ and
that a(d) < 6. Let a®(d) denote the i-th iterate of the function § — «(d) (so
this corresponds to applying those statements in succession i times). Now
define

ay(6) = [ ()], (20)
and
pn(8) = [n—1 (a®(8)) M A\ (a1%(6))°]", (21)
where
v = Man(p))- (22)

We shall prove Statement N for this choice of constants. Let {G;}5_, be
the chain with GO D (g as in Proposition 11.2 and let s; < s be maximal so
that Gy, C I.

Case I: G,, C I\ I'. Then define J = Lg, (I). Let s > 0 be the minimal
integer such that Gy C J and let ko = k(J, {G L ) We are going to show
that there exist 1ntegers ki, ko < ko with k1 + ko < ko + N and such that

A

z € DHNfl(d)klbﬂ?\?S‘b+370(I)’

(23)
where I is an interval with Gy € I C (1+ d)_f C I, and
& = 6(8) = a”™(8), A= A(a), and iy = un(p) > pn(8).  (24)
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Let us first show that (23) implies the statement (N, k). It suffices to
show that

i1 (@) RNy < p(6)k.

To this end, we first observe that £.(J) C C(I) and thus kg < k — 1. From
ki + ke < ko + N it follows that ki /(k — ko) < N + 1. So the inequality
follows from the choice of the function py by direct computation.

Let us prove (23). First, by Lemma 13.6, Uy, C D,\((;)g(égl) NCg,, , where
G, C G, CG, C(1+aV)G. C J. (Here and after a® = a°(5).) Let
K = L.(J) and s3 be the minimal integer with 0 < s5 < s; so that Gy, C J
and G; N K = {) for s, < j < s;. By the choice of sy, Crit(J;{G;}5L,,) C
Crit(1;{G;}i-0) \ {c} and so #Crit(J;{G,}]L,,) < N. Let

kl = Z k(ﬁc’(‘]>7£c’(K))

¢ €Crit(L,G),c/ £c

Claim 1. There exists an interval J with Gy, € J C (1 4+ a°2(6))J C J
such that A
Usg - Dﬁ@(‘])a (25)

where
B = [un-1(a™) A (@) < [un-1(a)A]". (26)

To prove this claim we shall apply the induction assumption. By choice
of 50, G;NK = () for all s < j < sy, which implies that for any critical
point ¢ # ¢, there can be at most one j € {s9,50 + 1,...,s1} such that
G; C Lo(K). If for any so < j < s and any ¢ € Crit(f) — {c}, G; ¢
Lo(K), then k(J,{G;}7L,,) < ki and thus Statement (N — 1) gives us U, C
DMN*l(aol)kl/\(é)e(j) where J is an interval with G,, ¢ J € (14 a°?)J C J,
which implies (25). Otherwise, let p be maximal with p < s; such that
G, C J and such that G, enters L. (K) for some ¢ € Crit(f) — {c} before
it returns to J. Let p’ > p be the minimal integer such that G, C J.
Then k(J, {G,;}%_,,) < ki and thus as before, Uy C D, (o1 a(5)0(J) With
(14a°%)J C J. Applying Lemma 13.6 gives us U, C DHN_I(aol)klA((s))\(QOQ)Q(j/>
with (1 + a®®)J’ C J. Repeating this argument for at most b — 1 times we
obtain (25).

Let us continue the proof of Case I. If s = 0 then setting ky = 0, we get
the inclusion (23). So assume sy > 0. If G; N K = for all 0 < j < s5 then
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f%2: Gy — Gy, is a branch of the first entry map to J and so
U() C D)\(aozb)ﬁg(f) C D;\Be(j),

with Go € J C (1 + a®®t1)J € Lg,(I) € I. Thus (23) holds with &, = 0.
Otherwise, let s3 with 0 < s3 < s, be maximal so that G5, C K. Then,
again f*27%: Gy, — Gy, is a first entry to J and so

A

US3 - DﬁﬁG(K)

where Gy, € K C (14 a°®t!)K C K. If there is no previous visit to K then
as before

A

with Gy € I C (14 a°®+2)] C I. Setting ky = 0 and we get (23) again.
Otherwise, let s4 with 0 < s4 < s3 be maximal so that G5, C K. Then

where L = Lg, (K). By Lemma 11.2, (1+ p)L C K. By assumption, p > 4.
If s4 = 0 then we get (23) (with k; = 0). So assume sy > 0 and let s;,
0 < s5 < s4 be minimal so that G, C K, and let ky = k(K;{G;}>~,. ). Note

Jj=s
that s5 > sf. Thus Crit(K, {G;}5L,) C Crit(,{G;}31,,), and ks < k. By
the induction Statement (N, k — 1), we obtain
Uss - D}Sﬁﬂ’]‘\?g(f(/%

where K is an interval with G, € K’ C (1+ay(p))K' C K. As f% - Gy —
G, 1s a first entry map to K, by Lemma 13.6, Uy C D/\(aN(ﬁ))j\gﬁﬂkga(]) C
N
b

Df\b*%ﬂ'f&_lﬂﬂ?O(D’ where I = Lg,(K), and we have used (26). By Lemma
11.2, (1 + &) C (1 + p)I C I. The inclusion (23) follows.

Case II: G,, C I'. For every point z € Uy we will find an interval K, with
Go C K. C (1+a°")K, C I, and such that z € D, (se(K>). By taking
the union of these intervals K, we will obtain the desired interval I. So fix
z and let ¢t < s be minimal with G; C I' and such that G; N (I \ I') = 0 for

all j =t,...,s. If I is a terminating interval, then since G, is a nice interval
and G, N PC(f) # 0, G is also terminating and because the chain {G}5_,
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is disjoint, s = 0. So from now on we assume that [ is non-terminating. Let
m be minimal so that R;|I' has a critical value in I™~!\ I"™. Note that
Gy, ...,Gg, are in the orbit of R1|11. According to Lemma 11.1 there exists
an interval K such that either

1. fY(2) € Dyesyo(K) and G, C K C (1+a°")K C I, or

2. there exists sy with t < sy < s; so that G,, C I™ and f*(z) €
D)\((;)g(K) with GS2 C K C (1 + Oéol)K cIm.

Assume (1) holds. Then by definition of ¢, if §; < t is maximal so that
G5, C I then GgAl C I\ I'. This means that we can repeat Case I verbatim
to I, {Gi}i_o. {Gi}i_o. and get

S D/\((S)MN71(a05b+1)k1buN(ﬁ)k’2)\(asb+1)b+3,yg(Kz),

where ko, k1, ko are non-negative integers with ky < k£ — 1, ks < ko, and
ki+kes <ko+ N, ~visasin (22), and K, is an interval with Gy C K, C (1+
K, C I. Again by the choice of uy and ay, it follows that uy(6)F <
A0 puy—1 (@Rl (D)2 N (@PH1)PH3y and an(§) < a®%°*1. Hence we are
done if (1) holds.

Assume (2) holds. By definition of m, there exists a critical point ¢ €
Crit(I,I') C Crit(I,{G;};_,) such that ¢ enters I — I' before it enters
I™. This implies that Crit(I™; {G;}:2,) C Crit(I,{G;};_) — {c}. Let k} =
k(1™ {G}e,) < k(I;{G;}i_,). Tt is clear that k5 < k. By the induction as-
sumption N —1 applying to I"™, {G;}3_,, we obtain f!(z) € D,LLN,l(OzOl)ké)\((;)@(I/)’
where G; C I' C (1+a°%)I’ C I"™. TIf t = 0 then this completes the proof. So
assume ¢t > 0 and let 5; be the maximal integer with §; < ¢ such that G;, C I.
Then Gy, is contained in a return domain J to I with J C T\ I'. Let §] be the
minimal non-negative integer such that Gy C J, and let ko = k(J, ~{G—’j}§1:§,1 ).
As before kg < k — 1. Let

k3 = Z k<£c’([m)7£c’(J>>

' eCrit(f)—{c}

Then ko + ks < k+ N. Because G; NJ = ) for all t < j < s, for any
c € Crit(f) — {c}, there is at most one interval in the chain {G;}72, which
enters L (J). By a similar argument as in Claim 1, we get

~

ft(z) S D[MNA(aozb)kgk(aozb)]bg(T),
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where T is an interval with G, ¢ T' C (1+ OéO%)T C I™. Now applying
Case 1 to the chain {Gj}§:0, we obtain two integers 0 < kq, ky < ko with
ki + ks < ko + N such that z € D,y(K,), where

-1 (@) g1 (%) RN @) A )

S [NN_I(aomb)kl—i-kg)\(QOIOb)5]bMN(5)k2,y;

Ui

and K is an interval with Gy C K, C (14+a°™)K, C I. Again by the choice
of puy it follows that z € D, (5yre(K>). O

Now we want to show that if during a pullback we visit an interval J,
which is deep inside I, then we may get an improvement in angle. More
precisely:

Proposition 11.3. Let 0y be as in Lemma 13.4. For each N, § > 0, there
exist p € (0,1), C € (0,1) with the following property. Let I > ¢y be a nice
interval in Ts, let J 3 ¢o be an (at most) N-modal pullback of I, and let
t € N be such that J = Comp, (f 1) NR. Let x € JNPC(f), let s >t be
an integer so that f*(x) is again in J and let

v=#{0<j<s—t f(z)e ]}

Let so =0 < s; < --- <5, be the times for which s; < s —t and x,; € J.
(where we write x; := f(x)). Take the chain {G;}5_, defined by G, = J, and
G; > fi(z). Let

Us = Do(I) N Cg, and U; = Compg, FE0Wy).

Then
Uo C DQI(J),

where

v—1
0’ = min [,uk(l;‘]) (H C’pj> -0, 60] ,

j=0

where k(I;.J) is defined in equation (19) and p; is so that

(1+20,)La, J C J.
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Moreover, there exist a universal (large) constant & > 0 and a positive
integer vy which depends on 0 and N such that if

JeT, v>1y
and if for each ¢ # ¢y,
#{0<j < s fl(z) € Lo(JI)} = w,

then
6" = min [0, 6] .

Proof. There exists a non-negative integer ¢’ such that we can write
f =RVoftof*=RYof oRY.

Moreover, R? is the first landing of f'(zs,) € I into J. The idea is that we
can use Proposition 11.2 to control the loss of angle caused by the pullback
through R?, o f, while the remaining pullback (through RY) gives a gain in
angle if J is small compared to I and ¢ is large.
Let us first prove that there exist constants A = A(6, N) > 0 and p =
w(6) > 0 such that
Us,+¢ C Dy king (1) (27)

Of course we may assume that s, +¢ < s. Let s’ < s be the maximal integer
with f*(z) € I. By Lemma 13.5, using the assumption that I € Ty, we

obtain
Us/ C DAQ(EGS,(I)).

Note that (1 +20)Lg, (I) C I. As the chain {Gj}j?/:sVH never enters the

interval J, by a similar argument as in the proof of Claim 1 of Lemma 11.3,
we obtain (27). Next, since J is an N-modal pullback of I and since I € T,
by Lemma 13.5, it follows that

USV = COHIpGgU fﬁtUsy+t C D)\Q,LLE(I‘J)G(J)

Notice that J € Ty, where ¢’ > 0 is a constant depending on ¢ and N.
Pulling-back to G,_,, Lemma 13.5 gives

Usufl C D)\2HH15(I;J).9(£IESV,1 (J))7 (28>

85



where £ is a constant depending only on ¢". By assumption (14+p,-1)L.,_,(J) C
J. So replacing £, (J) by J in (28) gives by Lemma 13.4 the following
gain in angle:

Us,_, C Dy«(J) where 8" = min ()\Q(Cpq,l),uk(l;")e, 60> :

where C' = C'(0") > 0 is a constant. Repeating this argument v — 1 times,
i.e., pulling-back successively to zs, ,,...,xs,, gives

Uy C Dg//(J)

where
v—1 .
0" = min (AQ(H Cp; ) k&g, 90) . (29)
=0
Redefining the constant proves the first part of the proposition.
Let us now prove the second part of the proposition. So assume that
J € T¢ with a large € and that f7(z) visits each interval £.(.J) many times. As
we noted above, the constant C' in (29) depends only on (a lower bound for)
§. Thus provided that £ is sufficiently large, Cp; > 2forall j =0,1,...,v—1.
Next define k := k(I; J). Then

k(I;J) > k/bor k(L(I),L.(J)) > k/b

for some critical point ¢ # c¢y. In the first case, define K := J and in the
second case, define K := L.(J). By the (first part of the) proof of Lemma 9.6,
there exists a universal number ¢ > 0 so that for each x € K,

(14 8L, (K) C K. (30)
So for each = € J which visits K before returning to J,
(14 6"*L (1) c J (31)

and by assumption there are at least 1) = vy — N of such visits. This implies
that p*(5) (H;’;& C’pj> > 1 and completes the proof of the proposition. [
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11.2 Proof of a n-step inclusion for puzzle pieces

The purpose of this subsection is to prove Theorem 11.1. So let I, be the
enhanced nest defined in Subsection 8.1 around the critical point ¢y. Note
that I,, € 7, for each n, see Proposition 8.1.

First we show that if consecutive intervals from the collection I,,_,s, ..., I,
are similar in size, then we get a polynomial-like extension of R; with range
Dg([n_M) N C]n.

Proposition 11.4. For each k there exists an integer M so that for each
0 € (0,7/2) one has the following. Assume that n < x and

’In7i|/|1n7i+1| S ka’I“ all2:O,,M (32)

Then the first return map Ry, (restricted to PC(f)N1,) extends to a quasi-
polynomial-like map with range Dg(I,_pr) N Cy, and with domains inside
D@(In—M+1>-

Proof. To prove this proposition, take a domain J of R; and let s > 0 be
so that Ry |J = f°. Let Gy = I, and {G;};_, be the chain with G, = J.

Moreover, let
Us = Dy(In-n) N Cg, and U; = Compg, f_(s_i)(US).

We need to show that Uy C Dy(I,—pr+1). Consider w € Uy and write w; =
Fi(w).

As before, let p,_ps be so that I,,_yr41 = Comp,, f7P(I,_p) NR. Let
51 < s be maximal so that s — s} > p,_y and so that Gy C I,, 41 and let
s1 < s} be maximal such that G5, C I,,_p+1. Because of the 4th assertion in
Lemma 8.2 at most 4 of the intervals G, ..., G are contained in [, pry1.
(Note that s; exists when M > 2, because Gy, ..., G visits I,,_pr41 at least
2T(M=1) times.) By the following Claim 1, l%([n,M;In,MH) < K. Applying
Proposition 11.3 to I = I,,_»;, J = I,,_pr+1 and the chain {Gj}jzs,l, we see
that there exist constants p,Cy € (0,1) such that wy, € D, xco(Lln-ari1),
and thus by Lemma 13.5

Wsy = DC29(]7/1—M+1)’

where Cy € (0,1) is a constant and I}, ;. = Lq, (In-a41) (which is p-well
inside 1,,_pr41).
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Claim 1: There exists K depending only on k so that k(L,_nr, Ln-pv1) < K
and k(Le(Ln—m), Lo(Ln—nr41)) < K for each ¢ # co.

Proof of Claim 1: By the real bounds, if k(1,_as, I,—a41) is large then
|- s |/ In—nr+1| s large, contradicting (32). So assume that ¢ # ¢y and that
k(Le(Ln-nr)s Lo(In—pr+1)) is large. Then by Lemma 9.6 (or Lemma 9.3)

| LeoLe(In-n)| /| Loo Lo In—p+1)]
is large. Note that by construction
Ln-ni D Lo Lo(ILnnr) DT (Ln—pr) D Innrsa
and

Liosis1 D Loy Le(Ln—ni1) D T(Lp—prs1) D o nryo.

So if k(Le(In—nr), Le(In—pr+1)) were large, then either |1, ps|/|In—nr+1| or
|In—nrs1|/|In—nr+2| is large (or both are large), contradicting (32) and thus
completing the proof of Claim 1.

Now we distinguish two cases. In the first case we shall use a method
similar to one used previously in [21].

Case 1: w,, ¢ Dg(I,—p41). Because of this and ws, € Deyo(),_ 1),
Part 3 of Lemma 13.4 implies that there exists a constant C' so that

w81€Dca IGsy | (GSI).

Tn— 1l
Now G, ..., G, are disjoint and because G = I,, belongs to 7,, we get from
Lemma 13.5 that
wy € DC,GU a1 (G1)
n—M+1l

where C”" depends on C' and p.

Claim 2: There exists £ > 0 (depending only on k) so that |Gs,|/|1.| > k.
Proof of Claim 2: f*7°': G5, — G, := I, is by construction at most a 3-rd
iterate of the first return map to I,,_n41. Hence if |Gy, |/|Gs| would be small,
then the derivative of R; would be large at some point (in one of the

n—M+1
domains visited by Gg,,...,G,). Because I,,_p41 € 7,, and because of the
last part of Lemma 9.4 this would imply that one of the domains of Ry, _,,.,

is small compared to I,,_j;1. But then, by Proposition 8.1, I,,_j;+1 would
have a small child. But this contradicts the assumption that (32) holds for
1=n— M + 1, and completed the proof of Claim 2.
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From this claim we get that

w1y € Dc//g In| ,(Gl)

Hp—p+1l

where C” depends on p and k. By part 1 of Lemma 13.4 this gives

wy € D ([ngJrl)a

f
loll’) n| W arga!
[p—nv1l 1G1]

where IT{_MH is the pullback of I, _p; by fPr-M~! containing f(cp). Since
Iv_n1 € 7,, Lemma 13.2 implies

we D i |
Vol [In| | n—M+1
Hp—pry1l 1G]

(In—M—i-l)'

Note that A
co Ml sl o € lhaaral™!
|In—M+1‘ |G1| K |[n|671

where £ is the order of the critical point ¢y. Hence w € Dy(1,—pr4+1). So the
lemma is proved if we are in Case 1.

Case 2: wy, € Dy(I,_p+1). Then let s < s; be maximal so that
51 — S2 > Pp—m+1 and so that Gy, C I),_pr42. Then again at most 4 of the
intervals G,, ..., Gy are contained in I,_ 492 because Gj, j = s1,...,5 — 1
never enters I,,_ys41. As before wy, € De,o(1),_)r.5) and there are two cases.
If ws, ¢ Dg(I,—pr+2), the arguments in Case 1 apply (replacing s, s1, I,
by s1, 82, In_n11). By the choice of sy we get exactly as in Claim 2 that
|Gs,|/| 1] > K. So we get w € Dg(L_pr41)-

Alternatively, ws, € Dy(I,_nr+2). Repeat all this, say j times, until we
have to stop because either we fall in Case 1, or until j = M —1. In the former
case w € Dy(I,,—pr41) and in the latter case w,; € Dy(I,,) and s; = 0. O

>> 0,

Now we are ready to prove the Main Theorem of this section:
Theorem 11.1 There exists 8§ > 0 and ng so that for all n with x > n > ny,
I, C Dy(Iy—n,).

Proof. Let 6y be as in Lemma 13.4, and fix § = min(6y, ). So Iy C Dy(Ip).
We shall choose ng in the proof below. Note that for any choice of ng, the
first induction step holds: we have I,, C Dy(I,,—p,) for n = ng. So assume by
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induction that I, C Dy(I,,—n,), and show that I,,;1 C Dp(L—pny+1). Choose
pn so that I, = Comp,, f77(1,) "R and let {G;}, be the chain with
Gp, = I, and Gy = I,41.

Let & be the constant as in Proposition 11.3. By Proposition 8.1, there
exists a constant ko such that if |;|/|L;41] > ko, then I;1o € T¢. Let M =
M (ko) be the constant determined by Proposition 11.4.

Claim: There exists a constant K > 1 such that if ng > KM and if there
exists i € {n —ng,...,n —ng+ M} for which |I;|/|I;+1| > ko then 1,1, C
DG(In—no+1)~

Proof of Claim: By the induction assumption I, C Dy(I,,—,,) N Cy, and
by construction IL,; = Comp,, f~"*(L,). To prove this claim we shall apply
Proposition 11.3. Let i’ be minimal such that |I;|/|l;41] > ko. Then J :=
Iy4q is in 7¢. Note that J is an N’-modal pullback of I := I,_,, where
N’ < Nnmo—itl < Nmo=M and where N depends on b (and is determined
by the construction of the intervals Iy, I1,...). Also note that #{0 < j <
P [/ (Ing1) C J} and #{0 < j < pp; f/(Ing1) C Le(J)}, ¢ # o, are all at
least 20~M~1 (hy Lemma 8.2), and hence is larger than the constant vy(p, N')
as in Proposition 11.3 provided that ng/M is large. Thus applying the second
part of Proposition 11.3, gives 1,11 C Dy (Iy41) with 6 > min(0,60,) = 6.
This proves the claim.

By the previous claim, we may assume that |[;|/|];+1] < ko for each
1 =mn—ng,...,n—ng+ M. Therefore, by Proposition 11.4 the first return
map to [,,_p,+n extends to a quasi-polynomial-like map with range equal to
Do(In-no) NCr,_, ,, and each of its domains is contained in Dp(In—ng+1)-
But since fP~: I,,1 — I, can be written as a composition of this first return

map, I, C Dy(I,—y,) implies that I,,11 C Do(L—ng+1)- O

11.3 A one-step inclusion for puzzle pieces

Next we prove the following

Proposition 11.5. There exists 0 > 0 such that for eachn with0 < n < y—1
and for each v € PC(f)N I,

Before proving this proposition we need some lemmas. Note that if U is
a successor of V other than the first one, then Ry (U) N U = (), and thus for
any return domain P C U to U, Ry|P = R}, with ¢ > 2.
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Lemma 11.4. There exist N and 61 > 0 such that for each 0 <n <y —3
there exists m € {n,n + 3} such that for each x € PC(f) N I, one has
Comp, Dom(R} ) C Dy, (In).

Proof. By Theorem 11.1, there exists a constant 6 € (0, 7/2) such that I,, C
Dy(1,,—p,) for every 0 < n < x.

Let & be a constant as in Proposition 11.3. By Claim 1 in proposi-
tion 11.4, there exists a positive integer k (depending on ng) such that if
k(Iy_py: 1) > k, then |I,|/|I,41] is large and thus by Proposition 8.1 (3),
I,,+o € T¢. By choosing ¢ larger if necessary we may assume that R; ., has
a quasi-polynomial-like extension with range Dgy(l,12).

Let us first consider the case that k(I,_n,;I,) > k. Let m = n + 3.
Note that for every y € I,,, the orbit y, f(y),..., Ry, (y) visits each of the
sets Lo(I,,_1) for every critical point ¢. Let z € I, N PC(f), let N >
100 be a large positive integer, and let y = R}Sb(x). Applying the second
part of Proposition 11.3 to I = I,,_,, and J = I,,,_; we see that provided
that N is sufficiently large, we visit every critical landing domain of R;,, ,
many times. Hence the pull back of I, C Dy(1,_,,) N Cy,, along the orbit
{y,f(y),..., Ry "°(y)} is contained in Dy(I,_1). As we can express R} as
R?mil o fPm=1 with ¢ > 0, and R;, , has a quasi-polynomial-like extension
with range Dy(,,—1), it follows that Comp,(Dom(Ry )) C D, ().

Now assume that I%(In_no; I,) < k. Let m =n. Lett = Pr1+Pnat-+
Pnno (s0 that f(I,) =1,_,,). Forany z € I, NPC(f) and any N sufficiently
large (N > 6), if s is such that R} (x) = f*(z), then s > ¢ and so by the first
part of Proposition 11.3, we have Comp, Dom (R} ) C Dy, (I,,). O

Lemma 11.5. There exists a constant p € (0,1) such that for each N > 2,
each 0 > 0, and each 0 < n < xy — 2, if UxePC(f)ﬁIn Comp, Dom(R} ) C

Dy, (1) then U, cpepnr,.., Comp, Dom(Ry 1) C Dyp(Iny)-

L1
Proof. As before, let p, be so that fPI,,, = I,. Take z € I,.; N PC(f),
let U = Comp, Dom(RfE) and let s be so that Ry, ,|[U = f°. Then
U = Comp, f~*(I,+1) = Comp, f~*P»(I,). Let k be so that f*|fP(U) =
Rf . Because of Lemma 8.2, #(I,) < 77 (lnt1). Hence k > 27 1(N — 1)
and so k > N. Therefore the assumption in the lemma implies fP*U C
Dy(I,). Hence U = Comp, f7P» fP»U C Comp, f~P"(Dy(In)) C Dug(Lns1)
(by Lemma 13.5). O

Proof of Proposition 11.5. The two previous lemmas imply Proposition 11.5.
[
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Proof of Proposition 8.3. Let 0 < n < x — 1. By construction, there exists
a positive integer v = v, such that f*» : B(I,) — I, is a proper map with
bounded degree and f¥(A(L,)) C Lv((I,). From Lemma 11.5 we have

Livey(In) C Do(1n).

Since I,, € 7, (and the pullback only meets the critical point at most b
times, see Lemma 8.1), we get

A(L,) C Dy(B(I,.)) (33)

diam(AL) ) max {1, (dl&a”)) 1/2} ,

and

where we use that since I,, € T,, " (Lv()(I,)) is not small compared to I,
Koebe on the diffeomorphic pieces and Lemma 13.1. (Here 7’ is the return
time of Lyv(¢)(Iy) to I,,.) As B(I,) € T, it also follows that there exists a
topological disc A'(L,) DD A(I,) so that mod (A'(I,) \ A(L,)) > £ and so
that (A'(L,) \ A(I,)) N PC(f) = 0, where & > 0 is a constant. Let p/, be
such that fPn(I,.1) = I,. Then fP» : 1,41 — A(I,) is a proper map with
bounded degree. Set I, ; = Comp,, (f ?A'(I,)). Then I, ; — I, is an
annulus disjoint from PC(f) and its modulus is bounded away from zero.

Moreover,
. : 1/2
diam(TL,41) < C(0)max {1, (dlam(In)> ‘
L1 | In|

From this inequality, and from the assumption that Iy C D,(ly) it follows
that diam(L,)/|I,|, 0 < n <y, is uniformly bounded from above.
[

12 Appendix 1: A criterion for the existence
of quasiconformal extensions

In this appendix, we shall prove a result which we used to prove the qua-
siconformality of certain maps. This result is inspired by Smania [40] and
Heinonen and Koskela [13].
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Recall that a topological disk P has e-bounded geometry if there is a point
x € P such that B(z,ediam(P)) C P.

QC-Criterion. For any constants 0 < k < 1 and € > 0 there exists a con-
stant K with the following property. Let ¢ : Q@ — Q be a qc homeomorphism
between two Jordan domains. Let X be a subset of ) consisting of pairwise
disjoint topological disks. Assume that the following hold:

1. if P is a component of X, then both of P and ¢(P) have e-bounded

geometry, and moreover

mod(Q — P) > &, mod(Q — ¢(P)) > ¢;

2. 10¢| < k|0¢| holds a.e. on Q2 — X.
Then there exists a K-qc map 1 : Q — Q such that ¥ = ¢ on 9.

~ We shall prove a slightly stronger result. For a homeomorphism ¢ : € —
Q and for x € Q, let

H(¢,x) = liminf SUPly—a|=r lo(y) — o(x)|

r—0 1Hf|y,x‘:r |¢(y) - ¢<$)|

Lemma 12.1. Let H > 1 and let ¢ € (0,1) be constants. Let ¢ : Q — Q
be an orientation-preserving homeomorphism between two Jordan domains.
Let X, X1 be disjoint subsets of Q such that m(Xo) = m(¢(Xo)) = 0, where
m denotes the 2-dimensional Lebesgue measure. Assume that the following

hold:

€ [1, 00].

1. for each x € Q — (Xo U X1), we have

H(¢,z) < H;

2. for each x € Xy, we have

H(¢,z) < oo;

3. there exists a family P of pairwise disjoint topological disks which form
a covering of Xy, such that for each P € P, we have

e both P and ¢(P) have e-bounded geometry;
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mod(Q — P) > e, mod(Q — ¢(P)) > «.

Then there exists a K -qc homeomorphism 1) : Q — Q such that »|0Q2 = |02,
where K > 1 is a constant depending only on H and e.

Proof. For any four points a, b, c,d which lie in an anticlockwise order on
the 02, denote by I'(a, b; ¢, d) the family of rectifiable curves which join the
arc ab and cd and lie inside €2, and let A(a,b;c,d) the extremal length of
this family. Similarly we define I'(a, b: ¢, J) and S\(d, b: ¢, J) It is a basic fact
that we only need to show that I'(a, b; ¢, d) is bounded away from zero when
(@, b; ¢ d) = 1. See [1].

By means of the Riemann mapping theorem and Mobius transformations,
we may assume that ) = Q= D, and also that a« = a = 1, b = b = i,
¢ =¢=—1. Then d = —i. Note that by the Koebe distortion theorem, the
image of P under a conformal map defined on €2 has &’-bounded geometry,
where ¢’ > 0 is a constant depending only on . To bound A(a, b; ¢, d) from
below, we shall define an open covering £ of the unit disk with the following
properties:

b ZEEE xe < C,
o Y peediam(o(E))* < C,
o for each K € &, either F € P, or E is a round disk such that 2F C D,

where C' is a constant depending only on ¢.

Let us prove that this covering completes the proof. For any P € P,
choose a point x = xp € P such that the round disk B(z, e diam P) is con-
tained in P. We denote by P’ this round disk and also set P = B(z, 2 diam P).
For any E € £ — P, let E' = F and E = 2E. Note that for each E € € and
for each rectifiable curve v which joins two points in 9D, if ¥y N E # (), then
the length of v N E is at least ' diam(E), where & > 0 depends only on ¢.

Now define
pP= Z aEXE;
Ec&
where
diam(¢(F))
ap = ———————22,
diam(E)
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Then, for each v € I'(1,7; —1,d), we have

/p(z)\dz|:ZaE/XE\dz\ > ), diam((ﬁ(E))%

On the other hand,

/Pzdﬂfdy = /(Z CLEXE)2 < C//(Z CLEXE/)2

Ee& Ee&
< C//ZG%XE’ ZXE’ < C//ZG%XE’ ZXE
EecE Eec& EecE Ec&
< C”C’/Za%)@/ = C”C’Za%m(E’)
Ee& Ee&
/ 2 v . s m(E)
E€& Eec&
< C")  diam(¢(E))? <C'e,
Ec&

where in the second inequality we use the following lemma, which is a con-
sequence of the Hardy-Littlewood maximal function theory. See [3].

Lemma 12.2. For each constant 7 > 1, there is a constant C with the
following property. Let {B;}ien be a family of Euclidean disks, and let a; > 0
be constants. Then

/(zl: aixrs,)” < C/(ZZ: aixs,)’.

In particular, we have an upper bound on [ p*. Together with the lower
bound on L,(I'(1,4; —1,d)), this implies that A(1,¢; —1,d) is bounded away
from zero.

It remains to construct the covering £. It will be the union of three
families of topological disks:

E=AUBUTP,

95



where A, B will be coverings of Xg and 2 — Xy U X; respectively, and P is
as in the lemma.

Let us first define B. For each x € € — Xy U X;, there is a r, > 0
such that ¢(B(z,r,)) has H '-bounded geometry. Moreover, we can assume
that B(z,2r,) C D. By Besicovic’s theorem, we can find countably many
x; € 0 — Xy U X7 such that

® U,L B(SCZ',?”%.) DN — XO U Xl;
® > i XB(air.,) < C, where C'is a universal constant.

We define B to be the family of the balls B(z;,rs,).

To define the covering A, we first decompose the set X into countably
many disjoint subsets X' := {x € Xo:n < H(¢,z) <n+1}. Forn € N, let
us fix a small neighborhood of U,, of X' such that

m(U,) < (n+ 1) m(e(U,)) < (n+1)7%

For each z € X, we choose a small r, > 0 such that B(z,r,) C U,
B(z,2r,) C D; and such that ¢(B(z,r,)) has (n + 1)"*-bounded geometry.
Let D,, denote the family of such Euclidean disks B(xz,7,). Then D =, D,
is a covering of X,. Apply Besicovic’s theorem once again, we choose a
countable subfamily A such that

[ ] UAE.A A D) Xo,
® > 4caxa < C, where C is a universal constant as before.
Note that
> diam(p(A)? =3y diam(p(4)* <D H (n+ 1) m(g(A)
AcA n=1 A AND,, n AeAND,
<) Cln+1y'me(|J D) <O (n+1)'m(e(Un))
n=1 DeD, n=1
=~ 1
< <
- C; (n+1)2 ¢

Note also that



and

Y diam(¢(P)* < Yy m(p(P))/e* < 1/¢%

]

Proof of QC-Criterion. Let Xy be the subset of {2 — X consisting of points
z at which ¢ is not differentiable, and let X; = X. It follows from the
assumption (2) that H(¢,z) < (1+ k)/(1 — k). Since ¢ is qc, H(¢,2) < o0
for any z € 2 and moreover X and ¢(Xj) both have measure zero. Applying
Lemma A.1 completes the proof. n

13 Appendix 2: Some basic facts about Poincaré
discs

We say that a real-symmetric holomorphic map ¢ is in the Epstein class if for
any interval J C R for which g: J — ¢(J) is a diffeomorphism, g~*: g(J) —
J extends to a univalent map defined on Cg ;).

Lemma 13.1 (Schwarz Inclusion). Let f be in the Epstein class. Let
J C R and f*: J — f*(J) be diffeomorphic and 8 € (0,7). Then the
Schwarz inclusion holds:

U := Comp, f~*(Dy(f*J)) C Do(J).

Proof. This simply follows from the fact that (i) if dp is the Poincaré metric
on C; then the set of points z with dp(z, J) = ¢ lies on the boundary of two
(symmetric) circles with real trace J, (ii) f~® maps Cys(;) univalently into
C, and (iii) from the Schwarz inclusion theorem. O

Lemma 13.2. Let { > 2 be even and P(z) = 2.
e For each A > 1 there exists A € (0,1) such that for each 6 € (0,7/2),
P~ (Do([-A,1])) € Dio([=1,1]).
o For each § > 0 there exists &' > 0 and X\ € (0,1) so that for each

0 € (0,7/2) one has the following. Let Gy, be a real intervals with
(1+6)Gy C I and let Gy be a component of P~Y(G1) NR. Then

CompGO P_l(Dg(Gl)) C D)\Q(G/)
where G' is an interval with Gy C G' C (1+0")G" C Compg, P~ (I)NR.
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Proof. The first part was proved in Lemma 7.4 for [37] for £ = 2, and the
extension for £ > 2 follows then from the appendix of [17]. The second part
immediately follows from the first part. O

Lemma 13.3. Let { > 2 be an even integer and let P(z) = 2°. For any
A >0 and any 0 € (0,7) there ezists 0’ € (0,7) such that

PY(Dy((=A, 1)) D Dy((~1,1)).

Part one of the next lemma shows that we improve the angle if we are
allowed to replace the base by a larger base. Part two and three of this lemma
will allow use to capture ‘an escaping part’ by a Poincaré domain based on
a suitable smaller base.

Lemma 13.4. One can compare Poincaré discs in the following ways:

1. There exists 6y such that for each A > 1 and each 6 > 0,
Do([=1,1]) C Duin(oa/2.00) ([=A, A]).

2. For each A € (0,1) and § > 0 there exists ' € (0,1) such that for each
0 >0,

D)\g([—l, 1]) \ D@([—l — 6, 1+ 5]) C D)\/Q([_]_ — (5, —1])

3. For each A € (0,1) and § > 0 there exists N € (0,1) such that for each
interval J C [—1,1] and each 6 > 0,

Dao([~1, 1)\ Da[~1 — 6,1+ 8]) € Dy (7).

Proof. The first part holds because for § € (0,7/2), the upper part of
0Dy([—1,1]) is a circle with centre i/ tan(f) and of radius 1/sin(#), so its
boundary intersects the imaginary axis in

tan(0) - sin(6) - sin(0)

[cos(6) + 1],

while the upper part of 0D 49/5([—A, A]) is a circle with centre 1A/ tan(0A/2)
of radius A/sin(#A/2), so it intersects the positive imaginary axis
Ai Ai Ai
= 0A/2) +1].
tan(0472) T sm(0A/2) ~ sm(@As2) o504/ + 1
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When 0A is small, A/sin(fA/2) > 1.5/sin(f), so the inclusion holds.

So let us prove the second and third part. The upper-part of Dyy([—1, 1])
is (part of) a ball centered at A = i/tan(A0) and radius r; = 1/(sin(\0))
and the upper-part of Dy([—1 — §,1 4 0]) is (part of) a ball centered at
B = i(1+ 0)/tan(f) and radius r, = (1 + 0)/(sin(f)). Note that we can
assume that A(1+6) < 1 (otherwise Dyg([—1, 1]) contains Dy([—1—46,1+6])).
To compute the intersection points of these balls, note that the upperparts
of these balls are given by

a? + (y - tan%)\é’))z ~ sin ()\9) and y=> 0
? + (y — t;:f(g))Z = S;S(Eg) and y > 0.

Subtracting these equations and rearranging, gives
0249
9 ( 1 BErE )
tan(A0) ~ tan(d)

provided 6 > 0 is small where L > 0 is a constant. From this the second and
third part of the lemma easily follow. m

In this paper we often have to pullback a Poincaré domain along a chain
is contained in a Poincaré domain whose angle is not too small. For the
remainder of this appendix assume that f is in the class P;? defined in
Section 4. The constants appearing in the following two lemmas depend on
b,7 and o.

Lemma 13.5. For each § > 0 and N € N there ezists A € (0,1) with the
following property. Let {H;}5_o and {H}}3_, be two chains with H; C H;
for all j. Assume that the chain {H}};_, has order < N and that |f*(Ho)| >
§|Hy|. Let 6 € (0,m), V = Dyo(H,) and U = Compy, (f~°V'). Then

U C D)\9<H0).

Moreover, for every 0’ > 0 there exists N > 0 the following holds. Let
(H; Yo be a chain with H; C Hj. Let T be the component of f*(Hy) \ H,
containing a boundary pomt of Hy in its closure and assume that |T| > ¢'|Hy|.
Then for each 6 > 0,

U = CompHO fﬁsDQ([A{S) C D)\/Q(Hl)

where H' is an interval with Hy ¢ H' C (1+ X)H' C H.
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Proof. Let us prove the first assertion. Let 0 < s < s9 < -+ < 8 < §
be all the integers such that H contains a critical point. Then by Schwarz,
f5TYU) C Dy(Hg,41). By Koebe, |f**T1(Hp)|/|Hs,+1] is bounded away from
zero, and in particular, so is |f(Hs,)|/|Hs,+1|- Let Qo be the component of
the domain of f which contains Hs, and Q@ = f(€p). Then f|Qy can be
written as P o ¢, where P(z) = 2% and ¢ is a real symmetric conformal
map defined on €. By Lemma 13.2, ¢(f**U) C Dyg(pHs,). By the 7-
extendibility condition, ¢ extends to a conformal map onto a topological
disk €' so that mod (€' — ) is bounded away from zero. Applying the Koebe
distortion theorem, we get Uy, C Dyy(Hs,). Repeating the argument and
redefining the constant, we complete the proof.

To prove the second assertion, we only need to consider the case that H,
contains Hy \ f*(Hy) and H, N fS(HO) is not small compared to f*(Ho). By
the first part of this lemma, U C D)\’Q(HO) Since Hy is well-inside H, the
second assertion of the lemma follows. O

Lemma 13.6. For each § > 0 there exists &' > 0 and A € (0, 1) such that the
following holds. Let I be a nice interval, J a domain of the first entry map Ry
and s an integer so that Ry|.J = f°. Let {H;}5_, be a chain with (1+0)H, C I
and Hy C J. Then there exists an interval H' with Hy C H' C (1+0")H' C J
and so that

Compy, f~*(Dg(Hs)) C Dyo(H').

Proof. Let {G;};_y and {G’}5_, be the chains with H; C G; C G’ and
G, =1and Gy = (1+0/2)H,. Let H = Gy. Then the order of the chain
{G’}5_, is bounded from above. Moreover, f*(Go) contains a component of
H, — G, and thus its length is comparable to that of G,. By Koebe H' is
well inside G{, = J and by the previous lemma, U C Dyy(H"). O
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