Annals of Mathematics, 0 (1997), 1–71

Local connectivity of the Julia set

of real polynomials

By Genadi Levin and Sebastian van Strien*

Abstract: In this paper we shall show that the Julia set of real polynomials of the form f(z) = z^ℓ + c_1 with ℓ an even integer and c_1 real is either totally disconnected or locally connected. This answers a question of J. Milnor

1. Introduction and statements of theorems

One of the main questions in the field of complex dynamics is the question whether the Mandelbrot set is locally connected, and related to this, for which maps the Julia set is locally connected. In this paper we shall prove the following

Main Theorem. Let f be a polynomial of the form f(z) = z^ℓ + c_1 with ℓ an even integer and c_1 real. Then the Julia set of f is either totally disconnected or locally connected.

In particular, the Julia set of f(z) = z^ℓ +c_1 is locally connected for c_1 ∈ R if and only if the critical point c = 0 does not escape to infinity. Hence the main theorem answers a question posed by Milnor, see [Mil1]. Extending ideas and results from [McM], our methods imply that maps as in the main theorem do not have a measurable invariant linefield on their Julia set, see [LS1].

Let us make some further comments. Yoccoz [Y] already had shown that each quadratic polynomial which is only finitely often renormalizable (with

∗The first author would like to thank the University of Amsterdam where this work was started. His research was partially supported by BSF Grant No. 92-00050, Jerusalem, Israel. We thank Ben Hinkle for a useful comment, sending us a very detailed list of typos and pointing out a mistake. We thank Misha Lyubich for telling us about the relevance of the methods in [L3] and [L5] to Theorem C. We thank Edson Vargas for many discussions and explanations about the ideas in Section 4 of [L3]. Finally, we thank Feliks Przytycki, Curt McMullen, Mitsu Shishikura and Greg Świa̧tek for helpful remarks.

non-escaping critical point and no neutral periodic point) has a locally connected Julia set. Moreover, Douady and Hubbard [DH1] already had shown before that each polynomial of the form z → z^ℓ + c_1 with an attracting or neutral parabolic cycle has a locally connected Julia set. As will become clear, the difficult case is the infinitely renormalizable case. In fact, using the reduction method developed in Section 3 of this paper, it turns out that in the non-renormalizable case the Main Theorem follows from some constructions in [L3] and [L5], and similar to ones in [JS], [GS1]. A complete proof of this case is given in Section 14.

We should emphasize that if the ω-limit set ω(c) of the critical point c = 0 is not minimal and f is real then it not difficult to see that the Julia set is locally connected, see Section 3. If f is non-real this is not true in general: there are infinitely renormalizable non-real quadratic maps with a non-locally connected Julia set given by A. Douady, see [Mil]. (In these examples ω(c) is not minimal.) Also maps with Cremer points have a non-locally connected Julia set, see e.g. [Mil2].

Hence, the results above really depend on the use of real methods. It is worth mentioning that Petersen’s result, which states that a quadratic polynomial with a Siegel disc such that the eigenvalue at the neutral fixed point is of ‘constant type’ has a locally connected Julia set [Pe], also uses real results (he uses the circle model).

The methods of Yoccoz break down in the infinitely renormalizable case and in the case of polynomials with a degenerate critical point. The purpose of Yoccoz’s methods is to solve the well-known conjecture about the local connectedness of the Mandelbrot set and therefore, some version of our ideas might be helpful in proving this conjecture. For a survey of the results of Yoccoz, see for example [Mil] and also [L4], and in the parameter space [H].

We should note also that Hu and Jiang, see [HJ] and [Ji1] have shown that for infinitely renormalizable quadratic maps which are real and of so-called bounded type, the Julia set is locally connected. Their result is heavily based on the complex bounds for unimodal infinitely renormalizable polynomials of bounded combinatorics, which Sullivan used in his renormalization results, see [Sul] and also the last chapter and in particular Section VI.5 of [MS] (cf. also [Ji2] and see [Ly5] for special quadratic polynomials of unbounded combinatorics).

Our methods enable us to extend Sullivan’s result to the class of all infinitely renormalizable unimodal polynomials independently of the combinatorial type. We should emphasize that these complex bounds form the most essential ingredient for the renormalization results of Sullivan [Sul], see also [MS]. In fact, in McMullen’s approach to renormalization, see [McM], [McM1], these complex bounds play an even more central role. In the previous proofs of the complex bounds see [Sul], and also Section VI.5 of [MS], it is crucial that the renormalization is of bounded type and, moreover, the proof is quite intricate. Therefore we are very happy that our methods give a fairly easy way to get complex bounds independently of the combinatorial type of the map (i.e., only depend on the degree of the map):

Theorem A (Complex Bounds in the Infinitely Renormalizable Case). Let f be a real unimodal infinitely renormalizable polynomial and f^s: V → V be an arbitrary renormalization of this map to some periodic interval V ⊂ R containing c. Then this map has a polynomial-like extension F := f^s: Ω^0 → Ω with

• the modulus of Ω \ Ω^0 is bounded from below by δ;

• the diameter of Ω is at most C times the diameter of V ;

Here δ > 0 only depends on ℓ (and not on V ) and C is completely universal. In fact, δ is asymptotically like const/ℓ as ℓ tends to ∞. Moreover, if f is not s/2-renormalizable then Ω^0 ∩ ω(c) ⊂ V .

The notion ‘polynomial-like’ is defined in Section 2.

The shape of Ω is universal, up to rescaling, and in many cases we can take Ω to be a Euclidean disc; our bounds are completely independent of the combinatorial type of the map. We should emphasize that Theorem A and its proof hold for any renormalization f^s of (a maybe only finitely renormalizable map) f provided f^{2s} does not have an attracting or neutral fixed point. Also the result even holds when f is real analytic, see Section 11 (answering a question of W. de Melo).

In fact, we have the following generalization of Theorem A for any (renormalizable or not) real unimodal polynomial with ℓ ≥ 4. Namely, for each level for which one has a high return one has a small polynomial-like mapping.

Theorem B (Complex Bounds at any high return). Let f(z) = z^ℓ + c_1 with ℓ ≥ 4 an even integer and c_1 real so that ω(c) is minimal. Consider an arbitrary symmetric interval V = (−v, v) with nice boundary points: f^n(∂V ) ∩ V = ∅ for all n ≥ 0. Let F : ∪V^i → V be the corresponding first return map (on the real line) and assume that this map has a high return, i.e., assume that F (V^0) ∋ c where V^0 is the central interval. Then there exist topological discs Ω^i and Ω with Ω^i ∩ R ⊇ V^i and Ω ∩ R ⊇ V and a complex polynomial-like extension G: ∪_iΩ^i → Ω of F such that the diameter of the disc Ω is at most a universally bounded constant times the diameter of V .

Note that this statement includes the case when V is a renormalization interval. In the non-renormalizable case, we actually have Ω^i ∩ R = V^i and Ω ∩ R = V .

To prove the Main Theorem in the non-renormalizable case, we use the following result which extends ideas of [L3] and [L5] and [JS], [GS1], see also [GS3].

Theorem C (Complex Bounds at suitable return times). Let f(z) = z^ℓ + c_1 with ℓ an even integer and c_1 real be a non-renormalizable polynomial so that ω(c) is minimal. Then there exists a sequence of topological discs Ω_n ∋ c such that Ω_n ∩ R is equal to the real trace of a Yoccoz puzzle piece, and such that diam(Ω_n) → 0 so that the first return map to Ω_n has a finite number of domains Ω^i_n which intersect ω(c) (all of which are topological discs) and so that the modulus of each of the annuli Ω_n \ Ω^i_n is bounded away from zero by a constant which only depends on ℓ.

For the definition of the Yoccoz pieces see e.g. [H], [Mil], and the introduction below.

We also have results for the non-minimal case, see Proposition 3.3 and its corollary.

Let us say a few words about our proofs.

Let us first sketch why the local connectivity of the Julia set follows from the complex bounds of Theorems A-C. As has become standard since the work of Yoccoz, to study the local connectivity of the Julia set one works with the Yoccoz partition: if f is non-renormalizable, consider an equipotential and the external ray through the orientation reversing fixed point of f. Next consider the partition generated by taking preimages of this first partition. If f is renormalizable, start with a region bounded by some equipotential of f and by external rays (of f) through the endpoints of a central renormalization interval; the preimages of such regions are again called a Yoccoz partition. Since the intersection of these pieces with the Julia set is connected, it suffices to show that the diameter of the pieces tends to zero. However, as we will show, the small Julia sets of the polynomial-like mappings from Theorem A-C coincide with the small Julia sets associated to certain first return maps from the Yoccoz puzzle. Since the diameter of the domains from Theorem A-C get arbitrary small, we are able to conclude local connectivity of the Julia set at the critical point. To conclude the local connectivity of the Julia set at any point, one needs that the polynomial-like mappings from Theorem A-C satisfy a certain first return condition. All this is explained in Sections 2 and 3.

Let us next explain how we prove Theorem A-B. To obtain a polynomiallike mapping, we need to show that all the preimages of the target set Ω are mapped inside itself. For this, we use a well known idea of Sullivan [Sul], [MS]. The sets Ω in Theorems A-B are inside sets of the form C T = C \ (R \ T ) where T ⊂ R is some interval. This set (consisting of C with two infinite slits) carries a Poincaré metric. The set of points with a constant Poincaré distance to T consists of the union of two discs which are symmetric w.r.t. the real axis, intersecting the real line exactly in T and which have external angle with the real line equal to some number α ∈ (0, π). By the lemma of Schwarz the preimage of such a region is mapped inside a similar region, see lemma 4.1. To explain this, let us give an example. Assume that f^s maps a symmetric interval V as a unimodal map inside itself with f(∂V ) ⊂ ∂V . Let Ω be a disc with diameter V . By Schwarz, the pullback by the appropriate branch of f^{−(s−1)}(Ω) is inside a disc with diameter f^{−(s−1)}(V ) ∋ c_1. So it depends on the relative position of c_1 in this interval f^{−(s−1)}(V ) whether or not f^{−s}(Ω) is inside the disc with diameter V , see Section 5. Thus we have reduced the proof of Theorems A-B to checking that certain real bounds are satisfied.

To prove the real bounds, we apply a ‘smallest interval’ argument. They are a sharper version of those used before by Blokh, Lyubich, Martens, de Melo, Sullivan, van Strien, Świa̧tek and others. This is done in Section 6, 7 and 8. We should emphasize that the real bounds in these sections hold for all unimodal maps with negative Schwarzian derivative.

In many cases, these bounds are immediately sufficient and we are able to work with Euclidean discs, see Section 9. However, in some other cases the real bounds we prove here, force us to study more general Poincaré domains with small external angles. A general study about preimages of such domains is given in Appendix (Section 15). Using this, we are able to show that rather weak real bounds are even sufficient to obtain the required inclusion. The reader will observe that certain cases are proved by several methods. For example, in Section 9 bounds are given in the infinitely renormalizable case when ℓ ≥ 4 and when ℓ = 2 in the period doubling case. This case also follows from the estimates in later sections. However, the domains in Section 9 are discs and those in Section 10 and 12 are more complicated. We believe that for future purposes it might be important to have good domains, and therefore even if it was sometimes not necessary for the proofs of our theorems, we have tried to treat each case in a fairly optimal way.

The proof of Theorem C is based on an inducing method developed by Jacobson, Graczyk, Świa̧tek and Lyubich. It shows that, in the nonrenormalizable case, one can find a sequence of polynomial-like mappings associated to certain suitable intervals V_n.

Finally, a short history of this paper since several authors have partial proofs of Theorem A and the Main Theorem in the quadratic case. Firstly, we were inspired by ideas of Hu and Jiang, see [HJ] and [Ji1] where it is shown that infinitely renormalizable maps of bounded type (where Sullivan’s bounds hold) have a locally connected Julia set. The first widely distributed version of our paper (dated December 31, 1994) included the proof of the Main Theorem in the quadratic case, in the infinitely renormalizable case, Theorem A (without doubling) and also some non-renormalizable cases. Subsequently, Theorem B was included in the version of this paper of January 27, 1995.

Since then two other proofs of Theorem A in the quadratic case appeared, see [GS2], [LY]. The ‘quadratic’ proofs of Graczyk, Świa̧tek, Lyubich and Yampolsky of Theorem A sometimes allow one to obtain annuli with large moduli, but those proofs seem to heavily rely on the map being quadratic. (In view of the estimates in [SN] such large moduli cannot be expected to exist in the higher order case.) One advantage of our proof is that it shows that the small Julia set associated to some renormalization of a map, is contained in a definite sector which is actually based on the renormalization interval. (In many cases, the small Julia set is contained in the disc based on the renormalization interval.) After we told Lyubich about our methods to obtain local connectivity, he suggested us to look at [L3], [L5], which became the basis for Theorem C.

2. When do Julia sets of two polynomial-like mappings coincide?

We shall use the fundamental notion of polynomial-like mapping [DH] or more precisely, we need its extension due to Lyubich and Milnor from [LM]. Let D^0, D^1, . . ., D^i, and D be topological discs bounded by piecewise smooth curves and such that the closures D^0, . . ., D^i are contained in the interior of D, and such that each two discs D^0, . . ., D^i are pairwise disjoint. Then we call

R: D^0 ⋃ D^1 ⋃ . . . ⋃ D^i → D ℓ-polynomial-like if R|_Dj is a univalent map onto D for each j = 1, . . ., i and R|_D0 is a ℓ-fold covering of D^0 onto D. If i = 0 in this definition, we obtain a polynomial-like map in the original sense of Douady-Hubbard.

The filled Julia set of R is said to be the set F_R ⊂ ∪^i_{j=0}D^j of the points z such that R^k(z) is defined for all k = 1, 2, . . .. The Julia set J_R is defined to be ∂F_R. An equivalent definition of the filled Julia set F_R is:

F_R = ∞⋂ k=1 R^{−k}(D).

We shall use an extension of the Straightening Theorem due to Douady and Hubbard, [DH]. This extension was also used in Lemma 7.1 of [LM], for the case that i = 1.

Lemma 2.1. Let R: D^0 ∪ . . . ∪ D^i → D be a ℓ-polynomial-like map. Then R is quasi-conformally conjugate to a polynomial; the conjugacy is defined between neighborhoods of the filled Julia set F_R and the filled Julia set of the polynomial.

Proof: Let us first pick a point x_0 ∈ D \ (D^0 ∪ . . .D^i) and choose closed simple curves γ_0, . . ., γ_i: [0, 2π] → C such that γ_j(0) = γ_j(2π) = x_0, the curves γ_j only meet at x_0 and γ_j surrounds D^j. Moreover, we choose the function γ_j to be smooth and so that^d_{dt}γ_j(0) and^d_{dt} γ_j(2π) are two vectors based at x_0 having an angle π/(i + 1).

If, for example, i = 1 then γ_0 ∪ γ_1 is a figure eight. Next pick a smooth curve γ in C \ D and a point x_1 ∈ γ. Moreover, choose a smooth function ϕ defined on a neighbourhood N of x_0 such that ϕ(x_0) = x_1 and so that ϕ maps γ_j ∩ N diffeomorphically to γ ∩ ϕ(N) for each j = 0, 1, . . ., i. In local coordinates this map will have an expression of the form z → z^{i+1} plus higher order terms, i.e., this map ϕ will have a critical point of order i + 1. Now let A_j be the open annulus between γ_j and D^j and let A be the open annulus between γ and D. Moreover, we choose a smooth map R̃: A_j → A which extends to the closure of these sets so that it agrees with R on ∂D^j and with ϕ on the neighbourhood N of x_0. Choose this extension so that ϕ: A_0 → A is a ℓ-covering and ϕ: A_j → A is a diffeomorphism for j = 1, . . ., i. This map R̃ becomes an extension of R if we define it equal to R on D0 ∪ . . . ∪ Di. Next choose r > 1 so that the circle centered at the origin with radius r > 1 surrounds A_0 ∪ . . . ∪ A_i. We can extend R̃ smoothly to a map R̂: C → C so that R̂(z) = z^{ℓ+i} for |z| ≥ r and so that R̂ coincides with R̃ on A_0 ∪ . . . ∪ A_i. The map R̃ on the annulus {z ; |z| < r} \ (A_0 ∪ . . . ∪ A_i) is a ℓ + i-covering map to the annulus {z ; |z| < r^{ℓ+i}} \ A.

Now we use the standard trick from the Straightening Theorem. Take a standard conformal structure (i.e., the Beltrami coefficient μ = 0) in a neighborhood of ∞ and extend this structure to a function μ: C → {z ; |z| < 1} which is invariant under R̂. Since R̂ is conformal near infinity and on D^0 ∪ . . . ∪ D^i, there are only a bounded number of points in each orbit of R̂ where this map is not conformal. It follows that the L∞-norm of μ(z) is bounded away from one, and by the Measurable Riemann Mapping Theorem, there exists a quasiconformal homeomorphism h: C̄ → C̄ with h(∞) = ∞ which has μ as its Beltrami coefficient. Since μ is invariant under R̂, it follows that h ∘ R̂ ∘ h^{−1} is a holomorphic (ℓ + i)-covering. Hence R̂ is quasiconformally conjugate to a polynomial map P (of degree (ℓ + i)).

A corollary is:

Corollary 1. The Julia set J_R is the limit set for the preimages of any point z ∈ D (except in one case: i = 0 and c is the ℓ-multiple fixed point of R; in that case the assertion does not hold for c).

We can use all this to show that the Julia set of two polynomial-like mappings coincide. In the applications of this we shall later on use for one of these the polynomial-like mapping of the Yoccoz puzzles.

Proposition 2.2. (cf. [Ji1], [McM].) Let

R_1: D^0_1 ⋃ D^1 ⋃ . . . ⋃ D^i_1 → D_1,

R_2: D^0_2 ⋃ D^1_2 ⋃ . . . ⋃ D^i_2 → D_2

be two ℓ-polynomial-like mappings, such that the critical point c of these maps coincide. That is, c is contained in D^0_1 ∩ D^0_2 and is the unique and ℓ-multiple critical point for both R_1 and for R_2. Moreover, assume that the following conditions hold:

(1) R_1(z) = R_2(z) whenever z ∈ ∪^i_{j=0}D^j_1 ∩ D^j_2, so that R_1 and R_2 are extensions of the same map R on this set.

(2) Let C be the component of D_1 ∩ D_2 which contains R(c). Then also c ∈ C, and there exist precisely i other points c^1, . . ., c^i so that c^j ∈ D^j_1 ∩ D^j_2 and R(c^j) = R(c), and, furthermore, c^1, . . ., c^i ∈ C.

Under these conditions, the Julia sets of R_1 and R_2 coincide:

J_{R1} = J_{R2} .

If, in addition, c ∈ J_{R1} , (and, hence, c ∈ J_{R2} ), then there exists a component of a preimage R^{−n}_2 (D_2), which contains c and is contained in D_1.

Proof: For k = 1, 2, let C^0_k , . . ., C^i_k be the components of R^{−1}_k (C), such that c^j ∈ C^j_k when j ≠ 0, and c ∈ C^0_k . Firstly, R_k: C^j_k → C is a covering, which is just one-to-one if j ≠ 0, and R_k: C^0_k → C is a ℓ-branched cover. In particular, boundaries are mapped to boundaries. Since R_1 = R_2 on the common domain of definition, we get that, in fact, C^j_1 = C^j_2 := C^j, for every j. Secondly, because of 2), each component C^j has a point c^j in common with the component C. Since C^j is connected and is contained in both D_1 and D_2, it belongs to a component of D_1 ∩D_2 containing c^j, i.e., C^j ⊂ C. Now consider the map R: C^0 ∪ C^1 ∪ . . . ∪ C^i → C, which is one-to-one on every C^j, j ≠ 0, and ℓ-to-one on C^0. Take a point x ∈ C. Then R^{−1}(x) is a subset of C and it consists of l + i points (counting with multiplicities). That is,

(2.1) for any x ∈ C, the sets R^{−1}_1 (x) and R^{−1}_2 (x) coincide and belong to C.

Starting with x_0 ∈ C, we apply the corollary to Lemma 2.1 and (2.1) to get J_{R1} = J_{R2} := J. If c ∈ J, then consider a component K of J containing c. Since K ⊂ D_1, there exists a component of a preimage R^{−n}_2 (D_2), which contains K and is contained in D_1.

In the sequel we will use a particular case of Proposition 2.2. Let us state it separately:

Proposition 2.3. Let

R_1: D^0_1 ⋃ D^1 ⋃ . . . ⋃ D^i_1 → D_1,

R_2: D^0_2 ⋃ D^1_2 ⋃ . . . ⋃ D^i_2 → D_2

be two ℓ-polynomial-like mappings, such that the critical points of R_k coincide, this point c ∈ D^0_1 ∩ D^0_2 and is a ℓ-multiple critical point of both R_1 and R_2. Moreover, we assume that the following conditions hold:

(1) R_1(z) = R_2(z) whenever z ∈ ∪^i_{j=0}D^j_1 ∩ D^j_2, so that R_1 and R_2 are extensions of a map R.

(2) For k = 1, 2, all topological discs D_k, D^0_k, . . ., D^i_k are symmetric w.r.t. the real line R and satisfy R_k(z) = R_k(z).

(3) Denoting I_k = D_k ∩ R and I^j_k = D^j_k ∩ R, one has I_2 ⊆ I_1, I^j_2 ⊆ I^j_1, and, for j = 1, . . ., i, the (real) map R_k: I^j_k → I_k is one-to-one.

Under these conditions, the Julia sets of R_1 and R_2 coincide. If, in addition, c ∈ R lies in the Julia set of R_1 (and, hence of R_2), then there exists a component of a preimage R^{−n}_2 (D_2), which contains c and is contained in D_1.

3. Local connectivity of the Julia set

Let us now prove that the complex bounds from Theorems A-C imply that the Julia set is locally connected. To do this we use the Yoccoz partition. If f is non-renormalizable then consider the Yoccoz partition generated by taking preimages of the external ray through the orientation reversing fixed point of f and some equipotential. If f is renormalizable start with a region bounded by external rays (of f) through the through the endpoints of a central renormalization interval and some equipotential of f; the preimages of this region we again call a Yoccoz partition. Since intersection of these pieces with the Julia set is connected, it suffices to show that the diameter of the pieces tends to zero.

Proposition 3.1. Let G(j): ∪_iΩ^i(j) → Ω(j) be a sequence ℓ-polynomial-like mappings associated to a real polynomial f(z) = z^ℓ + c_1 with ω(c) minimal such that the critical point c = 0 ∈ Ω^0(j) does not escape the domain of G(j) under the iterates of G(j) and Ω(j) is based on the intersection of Yoccoz puzzle piece with the real line. (As before, we assume G(j): Ω^0(j) → Ω(j) is ℓ-to-one, and that each other map G(j): Ω^i(j) → Ω(j) is a diffeomorphism. If f is infinitely renormalizable, then G(j) are polynomial-like in the sense of [DH], and we assume that the intersection Ω^0(j)∩R contains a renormalization interval V and that G(j)|_V coincides with f^s: V → V .) Assume moreover that

• when f^i(c) ∈ Ω^0(j) then f^i(c) is an iterate of c under G(j) (we call this the first return condition);

• the modulus of the annuli Ω(j) \ Ω^0(j) is uniformly bounded away from zero;

• the diameter of Ω(j) tends to zero as j → ∞.

Then the Julia set of f is locally connected.

Remark 3.2. The proposition also holds for a complex map f, if for each j, one can find another ℓ-polynomial-like mapping R(j) having as its range a critical Yoccoz piece P (j), so that the two mappings G(j) and R(j) satisfy the conditions of Proposition 2.2 from the previous section.

Proof: Let us first observe that we may assume that Ω(j) also satisfies the first return condition. Indeed, consider the first return map of G(j) to Ω^0(j). This is again a polynomial-like mapping G̃(j): ∪_iΩ̃^i(j) → Ω^0(j). Obviously, if f^i(c) ∈ Ω^0(j) then f^i(c) is an iterate of c under G̃(j). In addition, the modulus of Ω^0(j) \ Ω̃^0(j) is equal to at least^1_ℓ mod (Ω(j) \ Ω^0(j)). So we may replace G(j) by the first return map and therefore in the remainder of the proof we can and will assume that the first return condition even holds on Ω(j). (In fact, the new map is the first return map of f to Ω^0(j) along the postcritical set of f.)

Now we use arguments similar to those in [Ji1]. If z is in the Julia set but ω(z) does not hit a critical piece then the Julia set is locally connected at z because of the contraction principle. So choose a point z from the Julia set of f so that ω(z) hits every critical piece. Fix for the moment j and let P (j) be an open piece of the Yoccoz puzzle based on Ω(j) ∩ R. Since the map f is real, there exists another ℓ-polynomial-like mapping R(j) having as its range P (j), which coincides with G(j) on the real axis. (In the case of renormalization f^s: V → V , a thickening of the above piece is needed, see e.g. [Mil].) There exists a large integer N such that the full preimage R(j)^{−N} (P (j)) is inside the domain of definition ∪_iΩ^i(j) of G(j), see Proposition 2.3. Note that R(j)^{−N} (P (j)) consists of finitely many (open) Yoccoz pieces. Let us consider the pieces of R(j)^{−N} (P (j)) inside the central domain Ω^0(j), i.e.,

P^′(j) = R(j)^{−N} (P (j)) ∩ Ω^0(j).

Since ω(z) hits every critical piece, there exists a minimal k = k(j) such that f^k(z) ∈ P^′(j). In particular, the point f^k(z) belongs to one of the Yoccoz pieces inside Ω^0(j). Let B_j be the branch of f^{−k} which maps a neighborhood of f^k(z) to a neighbourhood of z. Let us drop j in the notation for now. Claim 1. The map B extends to a holomorphic map on Ω. Proof of the claim. Assume the contrary. We then get that for some minimal r < k that f^{−r}(Ω) (along the same orbit) meets the critical value c_1. This means that the branch f^{−r} follows the points c_{r+1} = f^r(c_1) ∈ Ω, c_r = f^{r−1}(c_1),..., c_2 = f(c_1), c_1. Among these iterations of c_1, let us mark all those c_{j1} , c_{j2}, . . ., c_{jm}, where j_1 < j_2 < . . . < j_m, which hit the domain Ω. Because of the first return assumption there exists integers k(1) < k(2) < . . . such that c_{j1} = G^{k(1)}(c), c_{j2} = G^{k(2)−k(1)}(c_{j1} ) = G^{k(2)}(c),..., c_{jm} = G^{k(m)}(c). It follows, that f^{−r} = f^{−(s−1)} ∘ G^{−(k(m)−1)}, where f^{−(s−1)} is the branch from V to Û corresponding to the restriction of G on Ω^0 (so G|Ω^0 = f^{s−1} ∘ f). Hence, f^{−(r+1)}(Ω) ⊂ G^{−r(m)}(Ω) ⊂ Ω^0 and f^{k−r−1}(z) ∈ f^{−(r+1)}(P^′(j)) = (G|_Ω0 )^{−1} ∘ G^{−k(m)+1}(P^′(j)) ⊂ P^′(j). This contradicts the minimality of k and proves the claim.

Let P_j (z) = B_j (P^′(j)). We want to show that the Euclidean diameters of P_j(z) tends to zero as j → ∞. For this, let us consider a domain M^′_j ⊂ Ω(j) bounded by a core curve of the annulus Ω(j) \ Ω^0(j). Then max_{y∈∂M} ′_n |f^k(z) − y|/ min_{y∈∂M} ′_n |f^k(z) − y| ≤ C(m), n = 1, 2, . . . where m is the modulus of the annulus Ω(j) \ Ω^0(j) (this follows from Koebe see e.g. [McM]). Define E_j = B_j (M^′_j). Since the modulus of the annulus Ω(j) \ M^′_j is m/2, by Koebe’s distortion theorem, max_{y∈∂Ej} |z−y|/ min_{y∈∂Ej} |z−y| ≤ C_1(j), j = 1, 2, . . .. If we assume by contradiction that diamP_j (z) ≥ d > 0 for j = 1, 2, . . ., then min_{y∈∂Ej} |z − y| ≥ d/2C_1 = r > 0, i.e., the disc D_z(r) ⊂ E_j. Hence, f^k(D_z(r)) ⊂ M^′_j , for j → ∞ and k(j) → ∞. This is a contradiction with the non-normality of the family f^n at z ∈ J(f). Thus, ⋂ j>0 P_j(z) = {z} and so J(f) is again locally connected at z.

If f(z) = z^ℓ + c_1 is real and ω(c) is minimal then by Theorems A-C the conditions of the previous result are satisfied and local connectivity of the Julia set follows in this case.

So let us turn to the case that ω(c) is not minimal.

Proposition 3.3. Assume that f(z) = z^ℓ + c_1 is real and ω(c) is not minimal. Then there exist a puzzle piece P and a neighbourhood Q of P (so that Q \ P is an annulus) and there exist

• a sequence of critical puzzle pieces P_{nk} with neighbourhoods Q_{nk} and integers m_k such that f^{mk} maps Q_{nk} in a ℓ to one way to Q;

• if x ∈ J and n is minimal such that f^n(x) ∈ P_{nk} then there exists a univalent branch of f^{−n} on Q_{nk} to a neighbourhood of x;

• f^i(∂P ) ∩ (Q \ P ) = ∅ for all i ≥ 0.

Proof: Since ω(c) is not minimal, it contains a point x whose forward orbit avoids some critical piece (here we use that the traces of the critical pieces on the real line tend to zero in diameter because the map is real and so preimages of the fixed point accumulate onto the critical point). In particular, this forward orbit lies in a hyperbolic set. Therefore the Yoccoz puzzle-pieces P_n(x) containing x shrink down in diameter to zero. The puzzle-pieces P_n(x) are mapped by some iterates of f onto a fixed critical Yoccoz piece P_N . It follows that if ω(c) is not minimal then there is a fixed critical Yoccoz piece P_N and a sequence of critical pieces P_{nk} with n_k → ∞ so that each map f^{nk −N} : P_{nk} → P_N is ℓ-covering.

Let a be the fixed point with more than one external argument (i.e., in the real case the orientation reversing fixed point). We will distinguish two subcases depending on whether or not the fixed point a is in ω(c). Let us first assume that a /∈ ω(c). Then there exists a fixed neighbourhood Q of P := P_N such that Q \ P is disjoint from the postcritical set ω(c) (note that the intersection of ∂P_N with J consists of finitely many preimages of a). One can even choose Q ⊃ P so that f^i(∂P ) ∩ Q = ∅ for all i > 0. The extension of the map f^{nk −N} : P_{nk} → P to a map onto Q is still ℓ to one. Hence there is a neighbourhood Q_{nk} of P_{nk} such that Q_{nk} \ P_{nk} is an annulus whose modulus does not depend on k and does not contain any iterates of c. This proves the proposition in this case.

So consider the case that a ∈ ω(c). Let a_1 be the unique real preimage of a different from a. Since f is not renormalizable, there is a sequence a_n tending to a, so that f(a_{n+1}) = a_n, n = 1, 2, . . ., and, moreover, a_{n+1} is the unique real preimage of a_n by the branch of f^{−1} fixing a (all a_n are inside of [c_2, c_1], of course). Since the multiplier of a is negative, a_3, a_5, . . . are all between a_1 and a while a_2, a_4, . . . are on the other side of a.

Fix some large n_0 and let c_k be the first visit inside [a_{n0} , a] by the orbit of c. Let n ≥ n_0 be maximal so that c_k ∈ [a_n, a]. There are two cases to distinguish.

1. n ≥ n_0 + 2. Then c_k is the first visit inside I_n = [a_{n−2}, a]. This means that we can pull-back univalently I_n to c_1 by the map f^{k−1}. Moreover, f^{n−3}(I_n) = [a_1, a] is the first cover of c (from the iterates of I_n) and f^{n−3}(c_k) ∈ f^{n−3}([a_n, a_{n+2}]) = [a_3, a_5], which lies properly inside [a_1, a]. Hence there exists critical pieces P_n ⊂ Q_n which are mapped by f^{k−1+n−3} onto the puzzle pieces P ⊂ Q based on [a_3, a_5] respectively [a_1, a] (as a ℓ to one mapping with a unique branch point). By construction if f^{kn} (x) is the first hit of the orbit of x to P_n then there a univalent inverse branch of f^{−kn} from Q_n to a neighbourhood of x. 2. n = n_0. If I_n = [a_n, a], then f^{n−1}(I_n) = [a_1, a], but this time f^{n−1}(c_k) = c_{k+n−1} can be any point of [a_1, a_3]. So, if it is close to a_1, we don’t have ‘safe space’. The idea is to take a small portion around a_1 (containing c_{k+n−1}) and continue to iterate until this portion first hits c. Let b_3, b_5, . . . be symmetric to a_3, a_5, . . . with respect to c, so that f : [a_1, b_{2i+1}] → [a, a_{2i}] is one to one, i = 1, 2, . . . . If c_{k+n−1} is in [b_5, b_3] or in [b_3, a_3], then we let P be the puzzle piece based on this interval and Q the next larger puzzle piece and we obtain P_n and Q_n as before. So assume that c_{k+n−1} be in [a_1, b_5]. Let j > 1 be maximal so that c_{k+n−1} ∈ [a_1, b_{2j+1}], i.e., c_{k+n−1} ∈ [b_{2j+3}, b_{2j+1}]. First, let us pull the interval [a_1, b_{2j−1}] back to c_k: we find an interval I_n = [a_n, a_∗] which contains c_k and so that f^{n−1}: I_n → [a_1, b_{2j−1}] is one to one. Again, c_k is the first visit of I_n, hence, we can pull back univalently I_n to around c_1. On the other hand, f[a_1, b_{2j−1}] = [a, a_{2j−2}], and further f^{2j−3}[a, a_{2j−2}] = [a_1, a] covers c first time. Thus f^{2j−2}[a_1, b_{2j−1}] = [a_1, a] cover c first time. But now already f^{2j−2}(c_{k+n−1}) ∈ f^{2j−2}([b_{2j+3}, b_{2j+1}]) = f^{2j−3}([a_{2j+2}, a_{2j}]) = [a_3, a_5] proper inside [a_1, a]. So we can again take P, Q to be the puzzle pieces based on [a_3, a_5] ⊂ [a_1, a]. Again the proposition follows.

Corollary 2. Assume that f(z) = z^ℓ + c_1 is real and ω(c) is not minimal. Then J(f) is locally connected and zero Lebesgue measure. In particular, the Main Theorem holds in this case.

Proof: The proof of the local connectivity of the Julia set is the same as the part of the proof of Proposition 3.1. Let us now prove that J(f) has zero Lebesgue measure. Since the set of points X which do not enter some critical piece of f, is uniformly expanding (with respect to some convenient metric), X has zero Lebesgue measure. So if J(f) has positive Lebesgue measure, then there exists a Lebesgue density point z of J(f) with the property that ω(z) ∋ c. Now take some sequence of critical puzzle pieces P_{nk} as in the previous proposition. Let r_k be the smallest integer such that f^{rk} (z) ∈ P_{nk} . So the puzzle piece P_{rk+nk} (z) is mapped by f^{rk} onto P_{nk} and there exists a neighbourhood V_k of P_{rk+nk} (z) which is mapped univalently onto Q_{nk} . In particular, f^{rk+mk} : V_k → Q is still ℓ to one. Since P_{rk+nk} (z) shrinks to zero in diameter (by the local connectivity of J(f)), and since z is a density point of J(f) it follows that the relative density of J(f) in P_N is arbitrarily close to one. Since J(f) is closed, this implies that J(f) ⊃ P_N what is impossible.

4. Some tools used in interval dynamics

In the remainder of the paper we shall be concerned to associate polynomiallike mappings to real polynomials. To do this we shall need some cross-ratio estimates. In this section we shall give the necessary background on these. Let f be a real unimodal polynomial. For example, f(z) = z^ℓ + c_1 where ℓ is even. We find it convenient to denote the critical point by c, i.e., c = 0. The critical value is therefore c_1 = f(c) and we shall write c_s = f^s(c). When w ≠ c then we shall define τ(w) to be the point ≠ w so that f(τ(w)) = f(w). For our specific map, we have τ(z) = −z but since most results in this paper do not rely on the specific form of the map f we shall write τ(z) rather than −z. If A, B are intervals then we shall write [A, B] for the smallest interval containing A and B. Furthermore, we shall use the following notation (A, B] = [A, B] \ A , [A, B) = [A, B] \ B and (A, B) = [A, B] \ (A ∪ B). As usual, if J ⊂ T are two intervals and L, R are the components of T \ J then we define C(T, J) to be the cross-ratio of this pair of intervals: C(T, J) = |J||T | |L||R| . Here |U | stands for the length of an interval U. Cross-ratios play a crucial role in all recent results in real interval dynamics. Often, it suffices to use some qualitative estimates based on the so-called Koebe Principle. In our analysis, we shall need somewhat sharper estimates, which are based on direct use of the cross-ratio. For example, we shall often use the inequality that |L|/|J| ≥ C^{−1}(T, J). If g is a map which is monotone on T and Sg < 0 then C(gT, gJ) ≥ C(T, J), i.e., C^{−1}(T, J) ≥ C^{−1}(g(T ), g(J)). In our case we shall apply this to maps g of the form f^n. Since Sf < 0 one has also that Sf^n < 0 so the previous inequality applies when we take g = f^n and f^n|T is monotone. The Koebe Principle states that if Sg < 0 and J ⊂ T are intervals so that g: T → g(T ) is a diffeomorphism and so that each component of g(T \ J) has size τ |g(J)| (i.e., g(T ) is a τ-scaled neighbourhood of g(J)) then |Dg(x)|/|Dg(y)| ≤ (1 + τ)^2/τ^2 for each x, y ∈ J. The intervals g(T \ J) are referred to as ‘Koebe space’. We shall also use the following fact: if Sf < 0 and if f^n|T is monotone and has a hyperbolic repelling fixed point, then f^n(T ) ⊃ T .

We also need some topological facts. Let us say that W is a symmetric interval if it is of the form W = [w, τ(w)]. The boundary point w is called nice if f^i(w) /∈ W for all i > 0. Note that there are plenty of nice points: each periodic orbit contains a nice point. Also, if f is not renormalizable, preimages of the orientation reversing fixed point of f can be used to find nice points (just as in the Yoccoz puzzle). Nice points were also considered in, for example, the thesis of Martens [Mar], see also Section V.1 of [MS].

If f is renormalizable, then we can take for u_n the points which are in the boundary of an interval I_n ∋ c which is mapped into itself in a unimodal way after q(n) iterates.

If f is not renormalizable then we can construct a sequence of nice points u_n as follows. Assume that f has an orientation reversing fixed point u_0. Then we define u_n inductively as follows: let k(n) be the smallest integer k such that (u_{n−1}, τ(u_{n−1})) ⋂ ( ∪ki_{=0}f^−i(u_0) ) ≠ ∅ and let u_n, τ(u_n) be the points in this intersection which are nearest to c. If f has no periodic attractor, then u_n is defined for each n and we get a sequence of intervals W_n = (u_n, τ(u_n)). It is easy to see that each u_n is a nice point.

Let us explain why these nice points play such an important role. Let V be a symmetric interval with nice boundary points and let R_V be the first return to V . Let U be the component of the domain of R_V which contains c and take s ∈ N be so that R_V |U = f^s. Of course, if c is not recurrent, then U might not exist. Because V has nice boundary points, each component of the domain – except this ‘central’ component U – is mapped diffeomorphically by R_V onto V . Clearly, U is symmetric and also has nice boundary points. Note that f(U), . . ., f^s(U) are disjoint. If ω(c) is minimal then each point of ω(c) returns in a bounded time to V . Hence in this case, there are only a finite number of components of R_V which contain points of ω(c). We say that R_V has a high return if R_V (U) ∋ c. (We should emphasize that this situation also includes the so-called central-high return case.) This implies that R_V (U) = f^s(U) contains a component of V \ {c} and therefore f^{s+i}(U) ⊃ f^i(U) for i ≥ 1.

It is possible that U = V . If this happens, we say that f is renormalizable and we define s to be the period of this interval V . In this case we can assume that R_V : V → V (which is equal to f^s in this case and consists of one fold) has a high return: otherwise this return map has a periodic attractor and therefore we do not have to consider this case. Hence, Theorem A and Theorem B can be applied in this situation.

If f is non-renormalizable and the critical point of f is recurrent, then if we define W_{n−1} = [u_{n−1}, τ(u_{n−1})] and R_n the first return map to this interval, then W_n = [u_n, τ(u_n)] is the central domain of R_n. Whenever this map R_n has a high return, Theorem B applies.

Finally, as in the complex bounds of Sullivan, we shall use the Poincaré metric on a slit region in the complex plane. Given a real interval T we shall write D_∗(T ) for the disc which is symmetric with respect to the real line and which intersects the real line exactly in T . More generally, if T is a bounded real interval and α ∈ (0, π) then D(T ; α) will denote the union of two discs which are symmetric w.r.t. the real axis, intersect the real line exactly in T and which have an external angle with the real line of angle α. The reason these sets play an important role, can be explained as follows. Let C_T = C \ (R\ T ). The set C_T with two infinite slits, carries a Poincaré metric, and with respect to this metric the set D(T ; α) consists of all points whose distance to T is at most equal to some constant k(α). From this interpretation and the Schwarz contraction principle, it follows that if ϕ: C_T → C_T ′ is a univalent conformal mapping sending T diffeomorphically to T^′, then

(4.1) ϕ(D(T ; α)) ⊂ D(T^′; α).

We shall apply this statement, in the following way:

Lemma 4.1. Let F : C → C be a real polynomial whose critical points are on the real line and which maps T^′ diffeomorphically onto T , then there exists a set D ⊂ D(T^′; α) with D ∩ R = T^′ which is mapped diffeomorphically onto D(T ; α) by F .

Often we shall use α = π/2 and so we have D_∗(T ) = D(T ; π/2).

5. How to construct a polynomial-like mapping?

In the remainder of the paper we shall be concerned with constructing polynomial like mappings. Let us first state a general principle for doing this. Let f: C → C be a map of the form f(z) = z^ℓ + c_1 with c_1 real and ℓ an even positive integer. Let V be a (real) symmetric interval with nice boundary points. Let U be the component of the domain of the first return map to V containing c and let Û be the component of this map containing f(U) ∋ c_1. Take s so that R_V |U = f^s.

Proposition 5.1. Let Û ⊃ f(U) be the interval which is mapped diffeomorphically onto V by f^{s−1}. Write v^f = f(v), V = [v, τ(v)] and Û = [û^f , u^f ]. Here u^f = f(u) and û^f is a point which is not the f-image of some real point. Assume

(5.1) K = |û^f − c_1| |v^f − c_1| < 1. Moreover, assume that the critical point c = 0 of f is recurrent, i.e., all iterates of c under R_V : D_V → V remain in D_V and that ω(c) is minimal. Then there exists a ℓ-polynomial-like mapping

R : D^0 ∪ . . . ∪ D^i → D_∗(V^′) such that c ∈ J_R. Here V^′ = V if U ≠ V (i.e. f^s: U → V is not a renormalization), and V^′ is equal to some ε-neighbourhood of V with ε > 0 small enough if U = V (i.e., when f^s: U → U is a renormalization). The map R is an iterate of f on each of the components of its domain. R ∩ D^i consists of the components of D_V ∩ V containing points of ω(c) if U ≠ V , and contains U = V otherwise.

Proof: Since f: ω(c) → ω(c) is minimal, each point x ∈ ω(c) is in the domain of the map R_V . By compactness, there exists therefore a finite covering of ω(c) of disjoint intervals I^0, . . ., I^i consisting of components of R_V with I^0 ∋ c. Let us first consider a component I^j with j ≠ 0. Since then I^j /∈ c we get that R_V maps I^j diffeomorphically onto R_V (I^j) = V and it follows that there is a region D^j contained in D_∗(I^j) which is mapped diffeomorphically onto D_∗(V ) by R_V . So consider I^0 = U = [u, τ(u)]. The map f^{s−1} sends Û ⊃ f(U) = f(I 0) ∋ c1 diffeomorphically onto V . Again there is a region D^′ ∋ c_1 contained in D_∗(Û) which is mapped diffeomorphically onto D_∗(V ) by f^{s−1}. Because of (5.1), the f-inverse D^0 of D^′ ⊂ D_∗(Û) is contained in D_∗(V ).

In the case of renormalization, we replace V above by its ε-neighborhood V^′, with ε > 0 so small that (5.1) holds for the new points û^f , v^f , and so that the new interval U is strictly inside V^′ (this is possible since in this case the point u is a repelling periodic point of f^s).

Remark 5.2. Assume that f^s: U → U = V (i.e, f is renormalizable of period s). As we will show in the next two sections, K < 1 provided either ℓ ≥ 4 or ℓ = 2 and f is also renormalizable of period s/2. If ℓ = 2 then we merely obtain the estimate K ≤ 1.1937 in the next two sections, but as we will show in Section 10 a modification of the previous proposition will still give us a polynomial-like map.

6. Real bounds if the return is high

Let W be a symmetric interval with nice boundary points, let R_W be the first return map to W and let V be the domain of R_W containing c. Similarly, let R_V be the first return map to V and U the component of the domain of R_V which contains c. Let Û (resp. V̂ ) be the component of the domain of R_V (resp. of R_W ) containing the critical value c_1. Let s, s^′ be so that R_V |Û = f^{s−1} and R_W |V̂ = f^{s′−1}.

In this section we will assume that R_V has a high return and derive some conditions which - when satisfied - will imply that the component of the f^{−s}(D_∗(V )) which contains c is contained in D_∗(V ).

Let j be the component of Û \c_1 which is outside [c_1, c_2], i.e., j = Û \f(U). If R_V has a high return, f^{s−1}|f(U) contains c and so we can define r to be the interval in f(U) which contains c_1 and such that f^{s−1}(r) ∋ c (i.e., r = [c_1, c_{−s+1}]). Furthermore, let l be the maximal interval having a unique common point with the boundary point of Û outside [c_1, c_2] on which f^{s−1} is monotone. We also write, U = [u, τ(u)], Û = [û^f , f(u)] ∋ c_1, t = l ∪ j ∪ r, V = [v, τ(v)], l^′ = f^{s−1}(l), j^′ = f^{s−1}(j), r^′ = f^{s−1}(r), t^′ = l^′ ∪ j^′ ∪ r^′ and L = f^s(l), J = f^s(j), R = f^s(r) and T = L ∪ J ∪ R.

Mark the typographical difference between the degree ℓ and the interval l. The situation is drawn below. (The fat lines denote the part near c_1 which is inside the interval [c_1, c_2]; note that the map f^s|t is orientation reversing.)

The intervals of Lemma 6.1.

û^f c_1 c_{−s+1} b l j r τ(v) c_s c l^′ j^′ r^′ 6

L J ∗ a c_1 c_{s+1} v^f L J R 6

f^{s−1} f

Given V as above, take a ∈ L (including possibly v^f ), choose b ∈ l so that f^s(b) = a and define K_ℓ(a) = |b − c_1| |a − c_1| . In the case that a = v^f and b = û^f this becomes K_ℓ(v^f ) =^{|ûf −c1|}_{|vf −c1|} =^{|j|}_{|J∪R|} . This number is important for our question. Indeed, if

(6.1) K_ℓ(v^f ) < 1

and, if f(z) = z^ℓ + c_1 then we get that f^{−1}(D_∗(û^f , u^f)) ⊂ D_∗(v, τ(v)). As in Proposition 5.1 this allows us to get a polynomial-like extension of R_V : D_V →

V . In this section we shall derive a condition for (6.1). Define t = |c_1 − c_{s+1}| |T | = |R| |T | , y = |a − c_1| |T | . This last quantity measures the amount of ‘extendibility’ around [a, c_1]. For example, if a = v^f then y =^1_{1+|L|/(|J∪R|)} where |L|/(|J ∪ R|) is the ‘space’ which exists around f(V ) = J ∪ R.

Lemma 6.1. (See also Proposition 3.2 in [SN].) Assume that R_V has a high return and that f^{2s} has no neutral or attracting fixed point. Then K_ℓ(a) ≤ t(y^{1/ℓ} − t^{1/ℓ}) t^{1/ℓ}y(1 − y^{1/ℓ}) .

Proof: Denote J = [a, c_{s+1}], L = T \ (R ∪ J). Then instead of j^′, l^′ we can choose some intervals j^′, l^′ so that f(j^′) = J, f(l^′) = L, and l, j replace the intervals l, j, i.e., l = f^{−(s−1)}(l^′), j = f^{−(s−1)}(j^′)). If we do this, then the intervals r^′, r, R do not change. Write α = |r^′|, β = |r^′ ∪ j^′|, γ = |r^′ ∪ j^′ ∪ l^′|, and Q = |J| · |T | |L| · |R| / |j^′| · |t^′| |l^′| · |r^′| . Then, from the expansion of the cross-ratio’s |J| · |T | |L| · |R| ≥ Q · |j| · |t| |l| · |r| ≥ Q. |j| |r| , and using this inequality we get 1/K_ℓ(a) = |J ∪ R|/|j| ≥ (|J ∪ R|/|r|) · Q · (|L| · |R|)/(|J| · |T |) ≥ |J|·|T | |L|·|R| |j ′ |·|t′| |l ′ |·|r′| · |J ∪ R| · |L| |J| · |T | = |J ∪ R| · |l^′| · |r^′| |R| · |j^′| · |t^′|

= β^ℓ · (γ − β) · α γ · (β − α) · α^ℓ . Here we have used in the last inequality that |r| ≤ |R| which holds because f^{2s}|r has no periodic attractor. Now writing β^ℓ/γ^ℓ = y and α^ℓ/γ^ℓ = t the lemma follows.

Passing to the maximum over t ∈ [0, y], we obtain

Corollary 3. K_ℓ(a) ≤ K^∗_ℓ (y) :=^{(1−1/ℓ)ℓ−1}_{ℓ·(1−y1/ℓ)} .

Example 6.2.

(a) If the extendibility space is 0.8, i.e., y_1 = 1/(1 + 0.8) = 0.55555.. then

K^∗_2 (y_1) = 0.98176275..., .

(b) If the extendibility space is 0.6, i.e., y_2 = 1/(1 + 0.6) = 0.625 then

K^∗_2 (y_2) = 1.19371..., K^∗_4 (y_2) = 0.951366... < 1.

(c) If the extendibility space is 1/3, i.e., y_3 = 1/(1 + 1/3) = 3/4 then

K^∗_2 (y_3) = 1.8660... and lim_{ℓ→∞} K^∗_ℓ (y_3) → 1.2788....

This means that with these estimates for the extendibility space, we can apply the method suggested by Proposition 5.1 respectively for ℓ ≥ 2, ℓ ≥ 4 and not even for ℓ large in the last case. In Section 12 of this paper we shall use a slightly different method (using different Poincaré neighbourhoods) which also works when the space is equal to 1/3.

In the next two section we shall derive estimates for the number y from above.

7. Lower bounds for ‘space’ in the renormalizable case

In this and the next section we shall derive lower bounds for the number y, i.e., find lower bounds for ‘space’ by looking for a ‘smallest’ interval among a finite number of intervals. This idea is used in a large number of results in one-dimensional dynamics. In particular we were inspired by the thesis of Martens [Mar] or, specifically, by Lemma 1.2 in Section V.1 of [MS]. In this section we shall obtain quite sharp bounds, which will enable to deal with all real infinitely renormalizable maps z → z^ℓ + c_1 of degree ℓ ≥ 2. Unfortunately, the proof splits in quite a few subcases. The main result in the section is Lemma 7.4. In the next section, we shall obtain weaker bounds which work in a more general context; these weaker bounds only apply to the case that ℓ ≥ 4.

Let V̂ ⊃ f(V ) be the interval which is mapped monotonically onto W by f^{s′−1}. Lemma 7.1. Let 2 ≤ k < s^′ and let H_1 be the maximal interval containing f(V ) such that f^k|H_1 is monotone. Then f^k(H_1) contains f^k(f(V )) and on each side of this interval also an interval of the form f^i(V ) with i ≤ k.

Proof: Let H_{1,−}, H_{1,+} be the components of H_1 \ f(V ). From the maximality of H_1 it follows that there exists i^′ < k such that f^{i′} (H_{1,+}) contains c.

Since f^{i′+1}(V ) is outside W it follows that f^{i′} (H_{1,+}) contains one component W_+ of W \ {c}. It follows that f^k(H_{1,+}) contains f^{k−i′} (W ) ⊃ f^{k−i′} (V ). Since the same holds for H_{1,−}, the lemma follows.

Let Û ⊃ f(U) be the interval which is mapped monotonically onto V by f^{s−1}.

Lemma 7.2. Assume that R_W has a high return and let l be one of the two maximal intervals outside Û for which f^s|l is monotone and which has a unique common point with Û. (If we take the interval which is outside [c_1, c_2] then it is equal to the interval l from Lemma 6.1.) Then L := f^s(l) contains an interval of the form f^i(V ), 1 ≤ i ≤ s^′.

Moreover, if U = V (so f is renormalizable with period s and s^′ = s) then we have the following

a) If f is not also renormalizable of period s/2 then L := f^s(l) contains two distinct intervals of the form f^{i+2}(V ), f^{s−i}(V ), with 1 ≤ i + 2, s − i < s^′ and i + 2 ≠ s − i and, in addition, l ∩ ω(c) = ∅

b) If f is renormalizable of period s/2 and l is outside [c_1, c_2] then L contains two distinct intervals of the form f^i(U) with i ≠ 1, s/2 + 1.

Proof: Let H = l ∪ Û. By maximality of H there is i with 0 < i < s such that f^i(H) contains c in its boundary. Choose i maximal with this property. Since f^i(Û) is outside V it follows that f^i(H) contains one component V_+ of V \ {c}. Hence f^{i+1}(l) contains f(V ) and therefore f^{s−1}(H) contains f^{s−i−1}(V ) (and also a point in f^{s−1}(Û) = V ). Since R_W has a high return and f^{s′−1}(f(V )) contains c in its interior, and since by definition f^s|l is monotone, it follows that s − i < s^′. Hence f^{s−1}(H) contains one of the intervals f(V ), . . ., f^{s′−1}(V ). Now we consider the case that U = V (and therefore s^′ = s) and take H̃ = f i(H) = [c, f i(Û)]. Let us now assume f s−i−1(V ) is the only interval from the collection f(V ), . . ., f^{s′−1}(V ) which is contained in f^{s−i−1}(H̃) = f^{s−1}(H). Then there is no interval from the collection f(U), . . ., f^{s−1}(U) between V_+ and f^i(f(U)), because the image of this interval by f^{s−i−1} would then be between f^{s−i−1}(V ) and V (see the figure below), contradicting the previous assumption. The assumption also implies that f^i(f(U)) is not between f^{s−i−1}(V ) and V , and therefore the only remaining possibility is that f^{i+1}(U) = f^{s−i−1}(U)). Hence s − i − 1 = i + 1, i.e., i + 1 = s − i − 1 = s/2. It follows that f^{s−i−1} = f^{s/2} maps [H̃, τ(H̃)] inside itself. Since, by assumption, this interval only contains two of the intervals of the orbit V, . . ., f^{s−1}(V ), it follows that f is also renormalizable of period s/2. Therefore f^{s−1}(H) contains f^{s−i−1} (V ) and f^{i+1}(V ), if f is not renormalizable of period s/2. In fact, one easily sees l ∩ ω(c) = ∅: if f^i(U) is the renormalizable interval next to f(U) and l = [a, b] contain some point b in this neighbouring interval, then since f^s fixed each of the renormalizable intervals, f^s(a) ∈ f(U) and f^s(b) ∈ f^i(U). Since f^s|l is a homeomorphism, it follows that f^s(l) ⊂ [f(U), f^i(U)] and therefore that f^s maps [f(U), f^i(U)] into itself, which only happens if i = s/2 and f is renormalizable of period s/2.

Let us now prove the last assertion. Write r = s/2. Let i < s be minimal so that f^i(l) contains c in its closure. Then f^i(l) lies on one side of f^i(Û) and f^i(f^{r+1}(U)) on the other. If f^i(Û) intersects f^r(U) or τ(f^r(U)) then i = r −1 (because Û, . . ., f^{s−1}(Û) are disjoint). But f^i(Û) is between f^i(l) and f^i(f^{r+1}(U)), and therefore if i = r − 1 we would have that f^r(U) is between f^i(l) and U. This is impossible since by assumption f^i(l) contains c in its boundary. Hence f^i(Û) has no point in common with [f^r(U), τ(f^r(U))]. Hence f^i(l) contains one component of [f^r(U), τ(f^r(U))] \ {c} ⊃ U \ {c}. Therefore f^{i+1}(l) contains f(U) and f^{r+1}(±U).

The proof of Lemma 7.2.

c_1 l Û \ f(U) f(U) Û c V_+ f^i(f(U)) 6

c f^{s−i−1}(V ) V = f^{s−1}(Û) 6

c_1

L = f^s(l) f^{s−i}(V ) f(V ) 6 f

f^i f^{s−i−1}

Let us now assume throughout the remainder of this section that U = V is a periodic interval of period s^′ = s. Many arguments also work if the interval is not periodic, but one only has a high return.

Lemma 7.3. Assume that U = V has period s ≥ 3 and f is not also renormalizable of period s/2. Consider the disjoint intervals f(V ), . . ., f^s(V ) and assume that f(V ) and f^2(V ) are at least as long as their neighbours. Then there exists an integer k > 2 such that f^k(V ) is shorter than its two neighbours from the collection f(V ), . . ., f^{k−1}(V ). Take k maximal with respect to this property. Let 1 ≤ i_0, i_1 < k be so that f^{i0} (V ), f^{i1}(V ) are the neighbours of f^k(V ) from the collection f(V ), . . ., f^{k−1}(V ). Let

Q_k = [f^{i0} (V ), f^{i1}(V )]

and define H_1 ⊃ f(V ) to be the maximal interval on which f^{k−1} is monotone. Then H_k = f^{k−1}(H_1) ⊃ Q_k. Let Z_k ⊂ H_k be the maximal interval of the form [f^{j0} (V ), f^{j1} (V )] such that each component of Z_k \ Q_k contains at most one interval of the form f^j (V ) with k < j ≤ s (i.e., Z_k = Q_k is not excluded). If we define Z_1 ⊂ H_1 so that Z_k = f^{k−1}(Z_1) then

C^{−1}(Z_1, f(V )) ≥ 0.6.

Proof: Consider the set of j’s in {3, . . ., s} such that f^j (V ) is shorter than its neighbours from the collection f(V ), . . ., f^s(V ). This set is obviously is non-empty because j corresponding to the shortest f^j (V ) is in this set (note that all the intervals considered are disjoint). It follows that the largest integer k from the above set satisfies the desired properties. By assumption k ≠ 1, 2. Let i_0, i_1 be the intervals as in the statement of the lemma. By the choice of k these neighbours are longer than f^k(V ). Let

Q_k = [f^{i0} (V ), f^{i1}(V )] ⊃ f^k(V ).

Throughout the remainder of the proof we shall consider the case that f^{i0} (V ) lies to the left of f^{i1} (V ). Notice that the fact that f^{i0} (V ) and f^{i1} (V ) are neighbours of f^k(V ) implies that Q_k only contains intervals of the form f^j (V ) with k < j ≤ s. From the maximality of k this implies that each such interval f^j (V ) ⊂ Q_k is longer than the interval f^k(V ). Lemma 7.1 gives f^{k−1}(H_1) ⊃ Q_k. Write H_k = f^{k−1}(H_1).

Let Z_1 ⊂ H_1 be as in the statement of the lemma. Let Q_1 ⊃ f(V ) be the subset of H_1 for which f^{k−1}(Q_1) = Q_k and let

Q_{ij} = f^{ij−1}(Q_1) , Z_{ij} = f^{ij−1}(Z_1) and H_{ij} = f^{ij−1}(H_1) for j = 0, 1.

Since f^{i0} (V ) and f^{i1} (V ) are longer than f^k(V ) we at least have

C^{−1}(Z_1, f(V )) ≥ C^{−1}(Q_1, f(V )) ≥ C^{−1}(Q_k, f^k(V )) ≥ 1/3.

We shall now improve this estimate, by pulling back the interval Q = Q_k either to Q_{i0} or to Q_{i1} . In this way we shall either find another interval f^j (V ) inside the interval Q_k or find a lower bound for the space between the intervals f^j (V ) in Q_k. For this we shall distinguish between several cases depending on whether or not Q_k = H_k and depending on the position of Q_{i0} and of Q_{i1} relative to Q_k. Often we shall even show that

C^{−1}(Q_k, f^k(V )) ≥ 0.6.

Since Z_1 ⊃ Q_1 this suffices:

C^{−1}(Z_1, f(V )) ≥ C^{−1}(Q_1, f(V )).

Case I. Assume that Q_1 = H_1. By maximality of H_1 this implies that there exist i_0 and i_1 such that f^{k−i0} (H_1) and f^{k−i1} (H_1) contain c in their boundary, see the figure below (here we also use that k > 2).

k − i_1 0 f^{k−i1−1}(Q_1)

0 k − i_0 f^{k−i0−1}(Q_1) i_0 k i_1 f^{k−1}(Q_1) = Q_k

Case I.

If f^{k−i0} (V ) lies closer to c than f^{k−i1} (V ), then f^{k−i0+i1} (V ) lies between f^k(V ) and f^{i1} (V ). Similarly, if f^{k−i1} (V ) lies closer to c than f^{k−i0} (V ), then f^{k−i1+i0} (V ) lies between f^k(V ) and f^{i0} (V ). Therefore, since there is no f^j(V ) ⊂ Q_k with j < k and j ≠ i_0, i_1, this implies that the first possibility occurs if i_1 > i_0 and the second one if i_1 < i_0. In order to be definite, we shall assume (in this case) that i_0 < i_1. This implies that the situation inside Q_k is as drawn below.

i_0 k k + i_1 − i_0 i_1 Q_k Case I: The next interval in Q_k.

Since each of these intervals f^{i0} (V ), f^{i1} (V ) and f^{k+i1−i0} (V ) is at least as long as f^k(V ), it follows that

C^{−1}(Q_k, f^k(V )) = left · right middle · total ≥ 1 · 2 1 · 4 = 1 2 . Hence C^{−1}(Q_{i0} , f^{i0} (V )) ≥ C^{−1}(Q_k, f^k(V )) ≥ 1 2 and therefore each of the components of Q_{i0} \ f^{i0} (V ) has length ≥ 1/2 times the length of f^{i0} (V ). Therefore, if Q_{i0} does not contain any points of f^k(V ), then one of these components of Q_{i0} \ f^{i0} (V ) is contained in the gap between f^{i0} (V ) and f^k(V ). Hence

C^{−1}(Q_k, f^k(V )) ≥

2 · 3/2 3/2 + 1 + 2 = 6 9 > 0.6 . So we are finished in this case. If there exists an interval f^j (V ) between f^{i0} (V ) and f^k(V ) then we also are finished, because this interval then has length ≥ |f^k(V )| and therefore

C^{−1}(Q_k, f^k(V )) ≥

2 · 2 2 + 1 + 2 = 4 5 > 0.6 . So we shall consider the case that Q_{i0} contains some points of f^k(V ) and that there exists no interval f^j(V ) between f^{i0} (V ) and f^k(V ). Therefore the map f^{k−i0} : Q_{i0} → Q_k is orientation preserving. Indeed, otherwise the interval [f^{i0} (V ), f^k(V )] would be mapped inside itself by the map f^{k−i0} . Since there is no interval f^j(V ) contained in this interval [f^{i0} (V ), f^k(V )], this implies that f is also renormalizable with half the period s/2. By assumption this is not the case. So f^{k−i0} : Q_{i0} → Q_k is orientation preserving. If Q_{i0} contains (some points of) f^k(V ) and no points to the right of f^k(V ) then the gap between f^{i0} (V ) and f^k(V ) is mapped onto f^{k+i1−i0} (V ). So if we define W_1 ⊂ H_1 so that W_k = f^{k−1}(W_1) = [f^{i0} (V ), f^{k+i1−i0} (V )] then

C^{−1}(W_{i0} , f^{i0} (V )) ≥ C^{−1}(W_k, f^k(V )) ≥ 1 3 . Hence the component of W_{i0} \ f^{i0} (V ) which is between f^{i0} (V ) and f^k(V ) has at least length 1/3 times the length of |f^{i0} (V )|. This implies that

C^{−1}(Q_k, f^k(V )) ≥

4/3 · 2 4/3 + 1 + 2 = 8 13 > 0.6. So we finally have to consider the case that Q_{i0} strictly contains a neighbourhood of f^k(V ). Then Q_k contains f^{k+k−i0} (V ). Because f^{k−i0} |Q_{i0} is a homeomorphism and Q_{i0} ⊃ f^k(V ), we have k + k + i_0 ≤ s. Since k + k − i_0 > k + i_1 − i_0 > i_1, Q_k contains three intervals of the form f^j (V ) to the right of f^k(V ) and therefore

C^{−1}(Q_k, f^k(V )) ≥

1 · 3 1 + 1 + 3 = 3 5 = 0.6. This completes case I.

Case II and Case III. Assume that Q_1 is strictly contained in H_1. In order to be specific, let us assume that f^{k−1}(H_1) contains a neighbourhood of f^{i1} (V ). This information is useful since f^j (V ) cannot be mapped monotonically onto f^{ii} (V ) by an iterate of f when j > i_1. In particular, since f^{k−1}(H_1) contains a neighbourhood of f^{i1} (V ), it follows that f^{k−i0} cannot map f^k(V ) onto f^{i1} (V ).

It follows that the right endpoint of Q_{i0} cannot be inside f^k(V ). Therefore there are only two possibilities: II) Q_{i0} lies to the left of f^k(V ) or III) Q_{i0} contains some points to the right of f^k(V ). (Remember that we had assumed that f^{i0} (V ) lies to the left of f^{i1} (V ).)

Case II. Q_{i0} lies to the left of f^k(V ).

Now we shall analyze the situation near f^{i1} (V ). We shall subdivide several cases:

Case II.a. Q_{i1} lies to the right of f^k(V ). Let α · |f^{i0} (V )| be the size of the gap between f^{i0} (V ) and f^k(V ). Similarly, let β · |f^{i1} (V )| be the size of the gap between f^{i1} (V ) and f^k(V ).

Q_{i0} i_0 k i_1 α β Q_k

Case II: Q_{i0} lies to the left of f^k(V ).

Since Q_{i0} lies to the left of f^k(V ),

α ≥ C^{−1}(Q_{i0} , f^{i0} (V )) ≥ C^{−1}(Q_k, f^k(V )) ≥

(1 + α)(1 + β) 3 + α + β ≥ 1/3. In this case II.a, we also have a similar inequality as above for β, i.e., we have α, β ≥ (1 + α)(1 + β)

3 + α + β . Since the right hand side of the above inequalities is increasing in both α and in β (and has derivative < 1 w.r.t. these variables), it follows that α, β ≥ κ where κ = (1 + κ)(1 + κ) 3 + κ + κ

, i.e., κ^2 + κ = 1.

Hence α, β ≥ κ = √ (5/4) − 1/2 > 0.6 .

This implies that

C^{−1}(Q_k, f^k(V )) ≥

(1 + α)(1 + β) 1(3 + α + β) ≥ κ ≥ 0.6 .

Case II.b. Q_{i1} contains some points of f^k(V ) but no point to the left of f^k(V ). As we remarked above, the fact that we are in Case II or Case III, implies that f^k(V ) cannot be mapped homeomorphically onto f^{i1} (V ). It follows that f^{k−i1} cannot map Q_{i1} in an orientation reversing way homeomorphically onto

Q_k. Hence f^{k−i1} : Q_{i1} → Q_k is orientation preserving and this map sends f^k(V ) to f^{i0} (V ). Writing r = k − i_0, this gives k + (k − i_1) = i_0 + s, i.e., k − i_1 = s − (k − i_0) = s − r. So

(7.1) k = i_0 + r and i_1 = k + (r − s) = i_0 + 2r − s.

Let α be so that the gap (f^{i0} (V ), f^k(V )) has length α|f^{i0} (V )| and similarly, let β be so that the gap between f^k(V ) and f^{i1} (V ) has size β|f^{i1} (V )|. Let Z^r_k be the right component of Z_k \ f^{i1} (V ) and define γ so that the size of Z^r_k is equal to γ|f^{i1}(V )|. Similarly, let H^r_k be the right component of H_k \ f^{i1} (V ).

Q_{i1} i_0 k i_1 Q_k

Case II.b. The map f^{k−i1} : Q_{i1} → Q_k is orientation preserving.

Since we are in Case II, the interval H^r_k contains at least some interval of the form f^m(V ) (with m < k). If Z^r_k ≠ H^r_k then Z^r_k contains an interval f^{j1} (V ) with k < j_1 < s. So in any case Z^r_k contains an interval f^n(V ). If the right component of Q_{i1} \ f^{i1} (V ) is not contained in Z^r_k, then Q_{i1} contains a neighbourhood of f^n(V ) and therefore then Q_k contains an interval f^j (V ) between f^k(V ) and f^{i1} (V ). Since α ≥ 1/3, this implies that

C^{−1}(Q_k, f^k(V )) ≥ (1 + 1/3)2/(4 + 1/3) = 8/13 > 0.6.

Therefore, we may assume that the right component of Q_{i1} \f^{i1} (V ) is contained in Z^r_k . Define W_1 ⊂ Q_1 so that W_k = f^{k−1}(W_1) = (f^{i0} (V ), f^{i1}(V )]. Since we are in Case II.b, we have that f^{k−i1} maps f^k(V ) to f^{i0} (V ). Hence one component of W_{i1} \ f^{i1} (V ) is contained in the gap (f^k(V ), f^{i1} (V )) corresponding to β and the other in the interval Z^r_k corresponding to γ. Therefore βγ 1 + β + γ

≥ C^{−1}(W_{i1} , f^{i1}(V )).

Since C^{−1}(W_{i1} , f^{i1} (V )) ≥ C^{−1}(W_k, f^k(V )) ≥ α(1 + β) 2 + α + β this gives, βγ 1 + β + γ ≥ α(1 + β) 2 + α + β . Hence β(2 + α + β) ≥ α(1 + β) + α(1 + β)^2 γ , or β^2 + 2β ≥ α + α(1 + β)^2 γ , i.e., β ≥ √ 1 + α + α(1 + β)^2 γ − 1. Now we study the situation on the other side, around f^{i0} (V ). Define Ẑ_k = [f^{i0} (V ), Z^r_k] and let Ẑ_1 be so that f^{k−1}(Ẑ_1) = Ẑ_k. Then Ẑ_{i0} is to the left of f^k(V ). Indeed, f^r = f^{k−i0} maps f^k(V ) to f^{k+(k−i0)}(V ) = f^{k+r}(V ). Because of (7.1) we have k +r > s, that f^r|f^k(V ) is not monotone and f^{k+r}(V ) = f^{i1} (V ). Since f^r maps Z_{i0} monotonically to Z_k (which strictly contains f^{i1} (V )), we finally get that Z_{i0} lies to the left of f^k(V ). Hence,

α ≥ C^{−1}(Ẑ_{i0} , f^{i0} (V )) ≥ C^{−1}(Ẑ_k, f^k(V )) ≥

(1 + α)(1 + β + γ) 3 + α + β + γ which gives that α^2 + 2α ≥ 1 + β + γ i.e., α ≥ √ 2 + β + γ − 1.

If γ ≥ 0.56 then α ≥ √ 2.56 − 1 = 0.6 and so we have

C^{−1}(Z_k, f^k(V )) ≥

(1 + α)(1 + γ) 3 + α + γ ≥ 1.6 · 1.56

4.16

= 0.6 .

If γ ≤ 0.56 then we have that α γ ≥ √ 2 + γ − 1 γ ≥ √ 2.56 − 1 0.56 > 1. Therefore β ≥ √ 1 + α + 1 − 1.

Since we also have α ≥ √ 2 + β − 1, and since the function (0, ∞) ∋ x → √ 2 + x − 1 has a unique attracting fixed point √ 5/4 − 1/2 > 0.61 it follows that α, β > 0.61. Again this is sufficient and this completes case II.b.

Case II.c. Q_{i1} contains f^k(V ) and also some point between f^{i0} (V ) and f^k(V ). As before, f^{k−i1} : Q_{i1} → Q_k is orientation preserving in this case, because otherwise f^{k−i1} maps [f^k(V ), f^{i1}(V )] monotonically into itself and since f has no periodic attractor, this is impossible. Hence the interval f^{k+(k−i1)}(V ) lies between f^{i0} (V ) and f^k(V ).

Q_{i1} i_0 k + (k − i_1) k i_1 γ Q_k

Case II.c.

Note that Z_k contains another interval f^j (V ) to the right of f^{i1} (V ) because we have assumed in Cases II and III that H_k contains a neighbourhood of f^{i1} (V ). If Q_{i1} is not contained in Z_k then Q_k contains another (i.e., a fifth) interval f^{j′} (V ) and so C^{−1}(Q_k, f^k(V )) is at least 0.6. So assume that Q_{i1} is contained in Z_k. Let γ be so that the length of the component Z_k \ Q_k to the right of f^{i1} (V ) is equal to γ|f^{i1}(V )|. Since we have assumed that Q_{i1} is contained in Z_k,

γ ≥ C^{−1}(Q_{i1} , f^{i1} (V )) ≥ C^{−1}(Q_k, f^k(V )) ≥

2 · 1 4 = 0.5 .

Hence

C^{−1}(Z_k, f^k(V )) ≥

2(1 + γ) 2 + 1 + 1 + γ ≥ 2(1 + 0.5) 4 + 0.5

= 2/3 > 0.6 .

This completes the proof of Case II.

Case III. Q_{i0} contains a neighbourhood of f^k(V ) and, moreover, H_k contains a neighbourhood of f^{i1} (V ). The first assumption implies as before that f^{k−i0} : Q_{i0} → Q_k is orientation preserving. The last assumption implies that Q_{i0} cannot have its right endpoint in some interval f^j(V ) with j > i_1 since then f^{k−i0} cannot map f^j (V ) monotonically onto f^{i1} (V ). Hence f^{k+(k−i0 )}(V ) is contained between f^k(V ) and f^{i1} (V ). If Q_{i0} contains points from f^{k+(k−i0)}(V ), then Q_{i0} contains this interval in its interior and therefore Q_k contains three intervals f^j (V ) to the right of f^k(V ) and so we get the required estimate. Therefore we can (and will) assume in the remainder of the proof of Case III that Q_{i0} is to the left of f^{k+(k−i0 )}(V ).

Q_k

Q_{i0} i_0 α k β k + (k − i_0) i_1

Case III.

Let α > 0 be so that the gap (f^{i0} (V ), f^k(V )) has size α|f^{i0} (V )|. Define β so that (f^k(V ), f^{k+(k−i0)}(V )) has size β|f^k(V )|. The gap corresponding to α is mapped to the gap corresponding to β by f^{k−i0} . Defining W_k = [f^{i0} (V ), f^{k+(k−i0)}(V )) and W_1 ⊂ H_1 so that f^{k−1}(W_1) = W_k, we have that

α ≥ C^{−1}(W_{i0} , f^{i0} (V )) ≥ C^{−1}(W_k, f^k(V )) ≥

(1 + α)β 2 + α + β . This means that α ≥ √ 1 + β − 1.

Now let σ be so that |f^{k+(k−i0)}(V )| = σ|f^k(V )|; one has σ ≥ 1. Since one component of Q_{i0} \ f^k(V ) is contained in the gap corresponding to β, and using the definition of σ, we have that

β ≥ C^{−1}(Q_{i0} , f^k(V )) ≥ C^{−1}(Q_k, f^{k+(k−i0)}(V )) ≥

(2 + α + β)1 σ(3 + σ + α + β) . This means that (7.2) β^2 + β(3 + σ + α − 1/σ) ≥ 2/σ + α/σ. Our aim is to prove that

C^{−1}(Q_k, f^k(V )) ≥

(1 + α)(β + σ + 1) 3 + α + β + σ ≥ 0.6 . If σ ≥ 2 or if α ≥ 1/3 then this holds. So assume that 1 ≤ σ ≤ 2 and that α ≤ 1/3. If σ ∈ [3/2, 2] then 3 + σ + α − 1/σ ≤ 5 and so (7.2) implies that β^2 + 5β ≥ 1, i.e., β ≥ 0.19. Hence α ≥ √ 1.19 − 1 ≥ 0.09 and hence (1 + α)(β + σ + 1) 3 + α + β + σ ≥ 1.09 × 2.69

4.78 > 0.6 . If σ ∈ [5/4, 3/2] then 3 + σ + α − 1/σ ≤ 4.2 and therefore β^2 + 4.2β ≥ 4/3 and so β ≥ 0.29. Therefore, α ≥ √ 1.29 − 1 ≥ 0.13 and (1 + α)(β + σ + 1) 3 + α + β + σ ≥ 1.13 × 2.54

4.67 > 0.6 . If σ ∈ [1, 5/4] then β^2+3.8β ≥ 8/5 and so β ≥ 0.38. Therefore, α ≥ √ 1.38−1 ≥ 0.17 and (1 + α)(β + σ + 1) 3 + α + β + σ ≥ 1.17 × 2.38

4.55 > 0.6 . Thus we get the required estimate in each case. This completes the proof of this lemma.

The above lemma allows us to show that the interval L = f^s(l) from Lemma 7.2 is not too short compared to f(V ):

Lemma 7.4. Assume that U = V has period s, that f is not renormalizable of period s/2 and that f^s|U has no attracting fixed point. As in Lemma 7.2, let l be one of the two maximal intervals for which f^s|l is monotone and which has a unique common point with Û. (If we take the interval which is outside [c_1, c_2] then it is equal to the interval l from Lemma 6.1.) Write L = f^s(l). Then |L| ≥ 0.6 · |f(V )| and l ∩ ω(c) = ∅.

Proof: From Lemma 7.2, L = f^s(l) contains at least two intervals of the form f^2(V ), . . ., f^s(V ).

That l ∩ ω(c) = ∅ is already proved in Lemma 7.2. We shall consider the disjoint intervals f(V ), . . ., f^s(V ). Of course, f(V ) and f^2(V ) have just one neighbour in this collection, and all other have two.

First consider the case that f(V ) is shorter than its neighbour. Because f^s(l) contains at least this neighbour, one gets |f^s(l)| ≥ |f(V )| which gives the required estimate. So we may assume that f(V ) is longer than its neighbour.

Similarly, let us consider the case that f^2(V ) is shorter than its nearest neighbour f^j (V ). Then let G be the interval containing f(V ) which is mapped diffeomorphically onto [f^2(V ), f^j(V )]. Because z → |Df(z)| is monotone on G and takes its maximum on f(V ) it follows that G \ f(V ) is longer than f(V ). Now since f^s(l) contains a neighbour, it certainly contains G \ f(V ). In particular, as in the previous case we get |f^s(l)| ≥ |f(V )| and the proof is complete in this situation.

So we may assume that f(V ) and f^2(V ) are both larger than their neighbours. This implies that, as in the previous lemma, there exists a maximal integer k > 2 with k ≤ s and such that f^k(V ) is shorter than its two neighbours from the collection f(V ), . . ., f^{k−1}(V ). As before, Q_k = [f^{i0} (V ), f^{i1}(V )] ⊃ f^k(V ) contains only intervals of the form f^j(V ) with k < j ≤ s which are all longer than the interval f^k(V ).

Let H_1 ⊃ f(V ) be the maximal monotone interval and, as in the previous lemma, let Z_1 be the maximal interval in H_1 such that Z_k = f^{k−1}(Z_1) is of the form [f^{m1} (V ), f^{m2} (V )] and so that each component of Z_k \ Q_k contains at most one interval of the form f^j(V ) with k < j ≤ s. Write

H_k = f^{k−1}(H_1).

Let Z_{1,−} and Z_{1,+} be the components of Z_1 \ f(V ) and for simplicity take Z_{1,+} be the component which lies on the same side of f(V ) as L (so it lies in [c_1, c_2]). In order to be definite, assume that f^{i0} (V ) lies to the left of f^{i1} (V ) (this is just a convention) and label i_0 and i_1 so that f^{k−1}(Z_{1,+}) contains f^{i1} (V ). If L ⊃ Z_{1,+} then we have that |L| |f(V )| ≥ |Z_{1,+}| |f(V )| ≥ C^{−1}(Z_1, f(V )) ≥ C^{−1}(Z_k, f^k(V )) ≥ 0.6,

where in the last inequality we used the previous lemma.

Therefore we may assume that L is a proper subset of Z_{1,+} ⊂ H_1. Hence f^{k−1}|L is monotone. By Lemma 7.2, L and therefore f^{k−1}(L) contains at least two neighbours f^j(V ) with k < j ≤ s of f^k(V ) (on the same side as f^{i1} (V )). These intervals f^j(V ) are to the left of f^{i1} (V ) because otherwise f^{k−1}(L) ⊂ H_k would contain an interval f^j(V ) to the right of f^{i1} (V ) and so f^{k−1}(L) ⊃ Z_{k,+} and L ⊃ Z_{1,+}, a contradiction. If f^{k−1}(L) contains three or more intervals f^j (V ) then C^{−1}(W_k, f^k(V )) ≥ 4/5 > 0.6 and we are done. Here W_1 = Q_{1,−} ∪ f(V ) ∪ L and W_j = f^{j−1}(W ). So we may assume that f^{k−1}(L) contains precisely two neighbours f^{j1} (V ) and f^{j2} (V ) and assume for simplicity that f^{j1} (V ) is to the left of f^{j2} (V ). Since L contains at least two intervals of the form f^j (V ), this implies that we are in the situation that L contains precisely two intervals of the form f^j(V ). It suffices to show that

C^{−1}(W_k, f^k(V )) ≥ 0.6.

We have that f^{i0} (V ) ⊂ f^{i0} (W_{1,−}) lies to the left of f^k(V ). There are two remaining cases to consider.

Case 1. W_{i0} lies to the left of f^k(V ). In this case choose α > 0 so that the gap between f^{i0} (V ) and f^k(V ) has size α|f^{i0} (V )|. Then

α ≥ C^{−1}(W_{i0} , f^{i0} (V )) ≥ C^{−1}(W_k, f^k(V )) ≥

(1 + α)2 4 + α

and this implies that α ≥ 1/2 and that C^{−1}(W_k, f^k(V )) ≥ 3/5 = 0.6. Case 2. W_{i0} contains at least some points of f^k(V ). Then, as before, f^{k−i0} : W_{i0} → W_k is order preserving. If the gap between f^{i0} (V ) and f^k(V ) contains one of the (two) intervals f^j (V ) inside f^{i0−1}(L) then define Ŵ_k = [f^{i0} (V ), f^{j1} (V )], Ŵ_1 ⊂ H_1 so that f^{k−1}(Ŵ_1) = Ŵ_k and we get that

α ≥ C^{−1}(Ŵ_{i0} , f^{i0} (V )) ≥ C^{−1}(Ŵ_k, f^k(V )) ≥

(1 + α)1 3 + α , i.e., α ≥ 1/3 and C^{−1}(W_k, f^k(V )) ≥ (1 + α)2/(4 + α) > 0.6. So assume that the gap between f^{i0} (V ) and f^k(V ) contains no interval of the form f^j (V ). Since, by assumption, each of the intervals L, . . ., f^{k−1}(L) contains precisely two intervals of the form f^m(V ), the only remaining possibility is that f^{k−i0} maps f^k(V ) to f^{j1} (V ) and f^{j1} (V ) to f^{j2} (V ). (Here we use that there is no interval of the form f^j(V ) between f^{i0} (V ) and f^k(V ) and that f^{k−1}(L) contains precisely two intervals of the form f^j(V ).) Hence

j_1 = k + (k − i_0) and j_2 = k + 2(k − i_0).

But now we use a more precise statement from Lemma 7.2: the intervals f^j(V ) in L are of the form f^{i+2}(V ) and f^{s−i}(V ). Hence

j_1 = (i + 2) + (k − 1) and j_2 = (s − i) + (k − 1)

for some i. Writing r = k − i_0, combining all this gives

r = j_1 − k = i + 1 and 2r = j_2 − k = s − i − 1.

Hence 3r = s and L contains the intervals f^{r+1}(V ) and f^{2r+1}(V ). But then the map f^{k−1} = f^{r+i0−1} cannot be monotone on f^{2r+1}(V ) (because 3r = s and f^s|f(V ) is not monotone). Therefore we get a contradiction with the assumption that f^{k−1}|L is monotone.

Finally, we shall also give in this section an estimate for the case that a map is renormalizable of period s and also of period s/2 (this case was not covered by the previous lemma).

Lemma 7.5. Assume that U = V has period s ≥ 4, that f is renormalizable of period s/2 and that f^{s/2}|U has no attracting fixed point. As in Lemma 7.2, let l be the maximal interval for which f^s|l is monotone, which has a unique common point with Û and which is outside [c_1, c_2]. Write L = f^s(l). Then |L| ≥ 0.8 · |f(V )|. Proof: Let R := [U, f^{s/2}(U)]. From Lemma 7.2 we have that L contains two distinct intervals of the form f^i(U) with i ≠ 1, s/2+1. Take k in {0, . . ., r− 1} corresponding to the shortest interval f^k(R). If f(R) is shorter than its neighbour then, because L contains this neighbour, we are done. If f^2(R) is shorter than its neighbour then just like in the proof of Lemma 7.4, f(R) is also shorter than its neighbour and we again are done. So we may assume that k > 2. There are two cases: |f^k(U)| ≤ |f^{k+r}(U)| or |f^{k+r}(U)| ≤ |f^k(U)|. In the former case, let m = k and in the latter case we take m = k +r. If m = 1, 2 then one has, just like in the proof of Lemma 7.4, that (7.3) |f^{r+1}(U)| ≥ |f(U)|. (Note that f^{r+1}(U) is the nearest neighbour of f(U) from the collection of disjoint intervals U, f(U), . . ., f^{s−1}(U) because by assumption f is also renormalizable of period r = s/2.) So assume that m > 2.

Let Q_k be the smallest interval containing f^k(R) and its nearest neighbours from the collection R, . . ., f^{r−1}(R). If m = k then |f^k(U)| ≤ |f^{k+r}(U)| and since these two intervals are both contained in f^k(R), |f^k(U)| ≤ (1/2)|f^k(R)|. Hence C^{−1}(Q_k, f^k(U)) ≥

2 · 2 1 + 2 + 2

= 0.8

(in fact, a stronger inequality is true). On the other hand, if m = k + r then let Q_{k+r} ⊃ f^{k+r}(U) be the smallest interval containing f^k(U) on one side of f^{k+r}(U) and the nearest neighbour f^{j1} (R) from the collection R, . . ., f^{r−1}(R) on the other side of f^k(R) ⊃ f^{k+r}(U). As before, there is an interval Q̃_k ⊃ f^k(U) which is mapped diffeomorphically to Q_{k+r} by f^r. In fact, one component of Q̃_k \ f^k(U) is contained in f^{k+r}(U) and the other one is contained in the gap G between f^k(U) and its nearest neighbour f^{j2} (R). We have C^{−1}(Q_{k+r}, f^{k+r}(U)) ≥^{2·1}_{2+1+1} = 0.5. Hence both components of Q̃_k \ f^k(U) are at least 1/2 as long as f^k(U). Define α by |G| = α|f^k(U)|. Since G contains one of the components of Q̃_k \ f^k(U), α ≥ 0.5. In particular we also have |G|, |f^{k+r}(U)| ≥ (1/2)|f^k(U)| and since f^k(R) was the shortest interval, we also have that |f^{j1} (R)|, |f^{j2}(R)| ≥ |f^k(R)| ≥ (3/2)|f^k(U)|. Now consider Q_k ⊃ f^k(U). We have

C^{−1}(Q_k, f^k(U)) ≥ (|f^{j2} (R)| + |G|)(|f^{j1}(R)| + |f^{k+r}(U)| (|f^{j2} (R)| + |G| + |f^k(U)| + |f^{k+r}(U)| + |f^{j1} (R)|)|f^k(U)| ≥ 2 · 2 1 + 2 + 2 = 0.8. Hence the interval Q_1 ⊃ Û for which f^{k−1}(Q_1) = Q_k satisfies C^{−1}(Q_1, f(U)) ≥ 0.8. and in particular, components of Q_1 \ f(U) have length ≥ (0.8)|f(U)|. From the last part of Lemma 7.2 it follows that L = f^s(l) contains a neighbour of f(R) and hence L contains a component of Q_1 \ f(U).

8. Lower bounds for ‘space’ when the return is high

Let V̂ ⊃ f(V ) be the interval which is mapped monotonically onto W by f^{s′−1}. Let s^{′′} be the smallest integer such that f^{s′′−1}(f(V )) ∋ c. In this section we assume that R_V has a high return. Hence f^{s−1}(f(U)) ∋ c and so s^{′′} ≤ s.

Proposition 8.1. Assume that R_V has a high return. Let T_0 be the smallest interval containing f(V ) and another disjoint interval from the collection f^2(V ), . . ., f^{s′′} (V ). Write L_0 = T_0 \ f(V ). Then |L_0| ≥ 1 3 |f(V )|. Moreover, if we define l to be one of the two maximal intervals outside Û for which f^s|l is monotone and which has a unique common point with Û, then f^s(l) contains L_0.

For the proof of this proposition we need two lemmas.

Lemma 8.2. Assume that R_V has a high return. Let 2 ≤ k < s^{′′} and let H_1 be the maximal interval containing f(V ) such that f^k|H_1 is monotone. Then f^k(H_1) contains f^k(f(V )) and on each side of this interval also an interval of the form f^i(V ) with i ≤ k.

Proof: Let H_{1,−}, H_{1,+} be the components of H_1 \ f(V ). From the maximality of H_1 it follows that there exists i^′ < k such that f^{i′} (H_{1,+}) contains c. Since i^′ < k ≤ s^{′′} − 1 ≤ s − 1, the interval f^{i′+1}(U) (which is contained in f^{i′+1}(V ) ⊂ f^{i′} (H)) is outside V . Since f^{i′+1}(U) and f^{i′+1}(V ) have f^{i′+1}(c) as one common endpoint and the other endpoint of f^{i′+1}(V ) is certainly outside V (because the endpoints of V are nice), it follows that f^{i′+1}(V ) is outside V . Hence f^{i′} (H_{1,+}) contains one component of V \ {c}. It follows that f^k(H_{1,+}) contains f^{k−i′} (V ).

Let Û ⊃ f(U) the interval which is mapped monotonically onto V by f^{s−1}. In the next lemma we prove the second part of the statement of Proposition 8.1.

Lemma 8.3. Let l be one of the two maximal intervals outside Û for which f^s|l is monotone and which has a unique common point with Û. Then L := f^s(l) contains at least one interval of the form f^i(V ), 1 ≤ i ≤ s^{′′} which is disjoint from f^s(Û) = f(V ).

Proof: By maximality of l there is i with 0 < i < s such that f^i(l) contains c in its boundary. Choose i maximal with this property. Since f^i(Û) is outside V it follows that f^i(l) contains one component V_+ of V \ {c}. Hence f^s(l) contains f^{s−i}(V ) (and also a point of f^s(Û) = f(V ) in its boundary). Since f^{s′′−1}(f(V )) contains c in its interior, and since by definition f^s|l is monotone, it follows that s−i < s^{′′}. Hence f^{s−1}(l) contains one of the intervals f(V ), . . ., f^{s′′−1}(V ) which is disjoint from f(V ).

Proof of Proposition 8.1 Let L_0 be defined as in the proposition and consider the intervals f(V ), . . ., f^{s′′} (V ). Since s^{′′} might be larger than s^′, we cannot be sure that these intervals are disjoint. Even so, there exists k such that |f^k(V )| ≤ |f^i(V )| for each i = 1, 2, . . ., s^{′′}. If k = 1 then in particular the length f(V ) is at most equal to the length of its nearest disjoint neighbour from the collection f(V ), . . ., f^{s′′} (V ). Since L_0 contains an interval f^i(V ), 1 ≤ i ≤ s^{′′} which is disjoint from f(V ) it follows that |L_0| ≥ |f(V )|. If k = 2 then a similar argument applies: again the length f^2(V ) is at most equal to the length of its nearest disjoint neighbour from the collection f(V ), . . ., f^{s′′} (V ). Since L_0 contains an interval f^i(V ), 1 ≤ i ≤ s^{′′} which is disjoint from f(V ), and since z → |Df(z)| increases monotonically as z moves away from c = 0, it follows again that |L_0| ≥ |f(V )|. So we may assume that k > 2. Because of Lemma 8.2 we can find an interval Z_1 around V̂ such that f k−1|Z_1 is monotone and so that Z_k = f k−1(Z_1) contains on each side of f^k(V ) an interval of the form f^i(V ) with i < k (and which is disjoint with f^k(V )). Let Z_{1,±} be two components of Z_1 \ Û marked so that Z_{1,+} intersects L_0. If Z_{1,+} ⊂ L_0, then |L_0| |f(V )| ≥ |Z_{1,+}| |f(V )| ≥ C^{−1}(Z_1, f(V )) ≥ C^{−1}(Z_k, f^k(V )) ≥ 1 3 because Z_k contains on each side of f^k(V ) an interval f^i(V ) with i ≤ s^{′′} which is at least as long as f^k(V ) and because of the choice of k.

It remains to consider the case when L_0 ⊂ Z_{1,+}, i.e., when f^{k−1} is monotone on L_0. As we have seen above, L_0 contains some f^j(V ) with j ≤ s^{′′}. Hence, the interval f^{j+k−1}(V ) lies in Z_k and k ≤ j + k − 1 ≤ s^{′′}. By choice of k, the interval f^{j+k−1}(V ) is longer than f^k(V ). Hence |f^{k−1}(L_0)| ≥ |f^k(V )|. Moreover, again by Lemma 8.2, f^{k−1}(Z_{1,−}) also contains an interval of the f^i(V ) with i ≤ s^{′′} and again by the choice of k this implies that |f^{k−1}(Z_{1,−})| ≥ |f^k(V )|. Let W_1 = Z_{1,−} ∪ Û ∪ L_0 and W_k = f^{k−1}(W_1). Then both components of W_k \ f^k(V ) are at least as long as f^k(V ) and therefore |L_0| |f(V )| ≥ C^{−1}(W_1, f(V )) ≥ C^{−1}(f^{k−1}(W_1), f^k(V )) ≥ 1 3 . This completes the proof of this proposition.

9. The proof of Theorem A when ℓ ≥ 4 and in the ‘doubling case’ when ℓ = 2

In this section we consider an infinitely renormalizable f(z) = z^ℓ + c_1 map with ℓ ≥ 4. Such a map has renormalizations of period s(n) where s(n + 1) = s(n) · a(n) where a(n) ≥ 2 is an integer. If a(n) = 2 then the method in this section also applies for ℓ = 2. So for all n we have a periodic intervals U_n = V_n of period s(n). Because f has no wandering intervals [MS], it follows that |U_n| → 0. Write U_n = V_n = [−u_n, u_n] and let s(n) be the period (note that for the map we consider τ(z) = −z). For convenience, let us for the moment suppress the subscript n and write s for s(n). Let Û ⊃ f(U) be the interval from before and consider the diffeomorphism f^{s−1}: Û → V . Let F be the inverse of this map. Since F is a diffeomorphism, it induces a univalent map F : C_V → C_Û .

Hence F (D_∗(V )) ⊂ D_∗(Û). Now we use that the space from Lemma 6.1 (outside [c_1, c_2]) is at least 0.6, because of the estimates of Lemma 7.4 and 7.5. If f is also renormalizable of period s/2 then we have even space 0.8. Hence, see the estimates below Lemma 6.1, one gets that f^{−1}(D_∗(Û)) ⊂ D_∗(V ), i.e.,

f^{−1} ∘ F (D_∗(V )) ⊂ D_∗(V ),

proved ℓ ≥ 4 (or ℓ ≥ 2 if f is also renormalizable of period s/2). From this we get that f^s: D^′_∗(V ) → D_∗(V ),

where D^′_∗(V ) = f^{−1} ∘ F (D_∗(V )), is a proper degree ℓ map. This is still not a polynomial-like mapping since ∂D^′_∗(V ) ∩ ∂D_∗(V ) is not empty, so these regions intersect in the repelling periodic point u (with f^s(u) = u) rotated by the angles 2πk/ℓ, k = 0, 1, ..., ℓ − 1. Of course, this problem can be easily solved, see Proposition 5.1.

In this way we will get a polynomial-like mapping f^s: Ω^0_n → Ω_n. In fact, we even want a lower bound for the modulus of the annulus Ω_n \ Ω^0_n. That such a lower bound exists, is not surprising since |Df^s(u)| − 1 is bounded from below, see Theorem B in Chapter IV of [MS] or Theorem B in [MMS]. In the Lemma below we shall use related estimates to give lower bounds for the modulus of the annulus Ω_n \ Ω^′_n.

−u c u u^′ ũ u^{′′}

U = V

l̂ ĵ r̂ u_∗ û^f c_1 f(u) f(u^′) f(u^{′′}) Û 6_f

f^{s−1}(u_∗) −u c_s c u f^s(u^′) f^s(ũ) f^s(u^{′′}) 6 f^{s−1}

Lemma 9.1. There are universal constants C_0, C_1, C_2 > 0 with the following property. Let T_1 ⊃ f(U) be the maximal interval on which f^{s−1} is monotone. Then, (9.1) each component of f^{s−1}(T_1) \ V has length ≥^{C0}_ℓ |u − c|. Let T be the component of f^{−1}(T_1) \ {c} which contains u. Then there exists ũ ∈ T such that (9.2)

C_1/2 ℓ |u − c| ≤ |f^s(ũ) − u| ≤ C_1 ℓ |u − c| such that (9.3) |f^s(ũ) − c| ≥ (1 + C_2/ℓ) · |ũ − c|. When ℓ ≥ 4 (or ℓ = 2, if f is s/2-renormalizable), there exists also u_∗ ∈ T_1 such that (9.4) f^{s−1}(u_∗) = −f^s(ũ) and |u_∗ − c_1| < |f(u) − c_1|

Proof: Let L_1 be a maximal interval on which f^s is monotone with a unique common point with f(U). This interval L_1 plays the role of the interval l in Lemmas 7.4 and in 7.5. One has (9.5) |f^s(L_1) \ f(V )| ≥ 0.6 · |f(V )| = 0.6 · |c_1 − f(u)|.

Since, f(z) = (z − c)^ℓ + c_1 (where we usually take c = 0), the first inequality (9.1) follows because there exists C_0 such that

(9.6) 1.6^{1/ℓ} ≥ 1 +

C_0 ℓ . So we can take u^′, u^{′′} ∈ T with

(9.7) |f^s(u^′) − u| =

C_1 2ℓ |c − u| and |f^s(u^{′′}) − u| = C_1 ℓ |c − u| provided C_1 < C_0. We need to show that there exists ũ ∈ [u^′, u^{′′}] for which (9.3) holds.

Let us first show that this would complete the proof, i.e., that (9.4) then automatically follows. Indeed, because of (9.1) one can take u_∗ ∈ T_1 so that f^{s−1}(u_∗) = −f^s(ũ). By Lemma 6.1 there exists a universal constant K_∗ < 1 such that provided ℓ ≥ 4, (9.8) |û^f − c_1| < K_∗|f(u) − c_1|.

Let us show that, provided we choose C_1 sufficiently small, in (9.7), the inequality in (9.4) holds. For this define j^′ = [u_∗, û^f ] and t^′ the interval between f(u) and the endpoint of T_1 outside [c_1, c_2]. Let l^′, r^′ be the components of t^′ \ j^′ (with l^′ the component outside [c_1, c_2]. One has (9.9) |f(u) − û^f | |u_∗ − û^f | = |r^′| |j^′| ≥ C^{−1}(t^′, j^′) ≥ C^{−1}(f^{s−1}(t^′), f^{s−1}(j^′)) ≥ |f^{s−1}(l^′)| |f^{s−1}(j^′)| |f^{s−1}(r^′)| |f^{s−1}(t^′)| . The first ratio in the last term will tend to infinity if we choose C_1 small (because |f^{s−1}(l^′ ∪j^′)| has size ≥ 0.6^{1/ℓ} ·|V | and |f^{s−1}(j^′)| has size (C_1/ℓ)·|V |). The second factor in the last term of (9.9) is of order one. Hence, (9.9) implies that |u_∗ −û^f |/|f(u)−û^f | goes to zero provided C_1 goes to zero. Combined with (9.8) this gives |u_∗ − c_1| < |f(u) − c_1| for some universal choice of C_1 ∈ (0, 1).

Thus it remains to prove (9.3). Let l̂ = [c, u], ĵ = [u, u^′], r̂ = [u^′, u^{′′}] and t̂ = l̂ ∪ ĵ ∪ r̂. Let us compare the size of ĵ ∪ r̂ with that of l̂. Define τ = |ĵ|/|l̂|. If τ ≤ C_1/(4 · ℓ), then |f^s(u^′) − c|/|u^′ − c| = (1 + C_1/(2ℓ))/(1 + τ) ≥ (1 + C_1/2ℓ)/(1 + C_1/(4ℓ)) ≥ 1 + C_1/(8ℓ), and (9.3) follows with ũ = u^′ with C_2 = C_1/8. So we may assume that

(9.10) τ = |ĵ| |l̂| = |u − u^′| |u − c| ≥ C_1/(4ℓ). Let us show that it suffices to show that there exists a universal constant C_3 and some ũ ∈ r̂ = [u^′, u^{′′}] for which (9.11) |f^s(u) − f^s(ũ)|/|u − ũ| ≥ (1 + C_3). Indeed, then |ũ − f^s(ũ)| ≥ C_3 · |u − ũ| and |c − f^s(ũ)| |c − ũ| ≥ 1 + (C_3)(|u − ũ|/|c − ũ|) ≥ 1 + C_3τ/(1 + τ) ≥ 1 +

C_1C_3 8ℓ , because of (9.10) and because C_1 ∈ (0, 1). Therefore (9.3) follows and the proof of the lemma is complete once we have shown that (9.11) holds.

We use the following observation. By the Mean Value Theorem, |Df^s(ξ)| ≥ |f^s(r̂)| |r̂| for some ξ ∈ r̂ = [u^′, u^{′′}].

Using the cross-ratio inequality (|f^s(u) − f^s(ξ)|/|u − ξ|)^2 |Df^s(u)||Df^s(ξ)| ≥ 1 (this is just the cross-ratio inequality C(f^st, f^sj) ≥ C(t, j) where we let t shrink to j = [u, ξ]), and using that u is a repelling periodic point,

(9.12) |f^s(u) − f^s(ξ)| |u − ξ| ≥ √ |Df^s(u)||Df^s(ξ)| ≥ √ 1 · ( |f^s(r̂)| |r̂| ). In particular, we may assume |f^s(r̂)| |r̂| ≤ 2, because otherwise (9.11) holds with ũ = ξ and where we take C_3 = √ 2 − 1.

The latter inequality, together with (9.7) gives us

(9.13) C_1/ℓ ≥ |r̂| |l̂| ≥ C^1/4ℓ. Moreover, we have

(9.14) 4ℓ C_1 ≥ |l̂| |ĵ| ≥ |l̂| |f^s(ĵ)| = 2ℓ C_1 , because of (9.7) and (9.10) and because f^s has no attracting fixed points on ĵ.

Now, given intervals j ⊂ t for which t \ j has components l, r, define the cross-ratio operator B(t, j) = |t||j| |l ∪ j||r ∪ j| . As with the cross-ratio operator C we defined before, one has B(ft, fj) > B(t, j) if f |t is monotone and has negative Schwarzian derivative and t \ j consists of two non-degenerate intervals. Because of (9.13) and (9.14), and using the expression f(z) = (z − ℓ)^ℓ + c_1, one can easily check that B(f(t̂), f(ĵ)) B(t̂, ĵ) ≥ 1 + C_5,

where C_5 > 0 is a universal constant.

To see this, notice that the inequalities in (9.13) and (9.14) give some positive constant C_5 = C_5(ℓ) for each particular ℓ, while for ℓ → ∞ direct calculations show that C_5(ℓ) stays away from zero.

It follows that

(9.15)

B(f^s(t̂), f^s(ĵ)) B(t̂, ĵ) ≥ 1 + C_5.

Let us prove (9.11). Since f^s is a repelling fixed point at u and ĵ has u in its boundary, we have that |f^s(ĵ ∪ r̂)|/|ĵ ∪ r̂| ≥ 1. Hence

(9.16) |f^s(ĵ)|/|ĵ| |f^s(ĵ ∪ r̂)|/|ĵ ∪ r̂| ≤ |f^s(ĵ)|/|ĵ|. Now we also have

(9.17) 1 ≤ |f^s(t̂)| |t̂| , |f^s(ĵ ∪ l̂)| |ĵ ∪ l̂| and (9.18) |f^s(t̂)| |t̂| ≤ max ( |f^s(ĵ ∪ l̂)| |ĵ ∪ l̂| , |f^s(r̂)| |r̂| ) . Here (9.17) follows from the fact that f^s|t̂ has no attracting fixed point (and u is its fixed point), and (9.18) is a general fact about mean slopes of a monotone map. We get from (9.17) and (9.18) that

(9.19) |f^s(t̂)|/|t̂| |f^s(ĵ ∪ l̂)|/|ĵ ∪ l̂| ≤ |f^s(r̂)| |r̂| . Combining (9.16) and (9.19) gives, B(f^s(t̂), f^s(ĵ)) B(t̂, ĵ) ≤ |f^s(ĵ)|/|ĵ| · |f^s(r̂)|)/|r̂|. On the other hand, by (9.15) we get that the left hand side of this expression is bounded from below by 1 + C_5. From this we get that either |f^s(ĵ)|/|ĵ| or |f^s(r̂)|)/|r̂| is bigger than 1 + C_5/4. In the former case we obtain (9.11) with ũ = u^′, and in the latter case, taking into account (9.12), we can set ũ = ξ ∈ [u^′, u^{′′}]. Consider the (disc) domain

Ω_n = D((−f^s(ũ), f^s(ũ)) = D((f^{s−1}(u_∗), f^s(ũ)).

The inverse F of f^{s−1} extends in a univalent way to C_{[−f} s_{(ũ),f} s_{(ũ)]} and therefore F (D(−f^s(ũ), f^s(ũ))) ⊂ D_∗(u_∗, f(ũ)) where we use that f^{s−1}(u_∗) = −f^s(ũ). Because of (9.4) we get that

f^{−1}(D_∗(u_∗, f(ũ))) ⊂ D_∗(−f^s(ũ), f^s(ũ)) = Ω_n.

From (9.3) the difference set is an annulus with a modulus ≥ C/ℓ where C is some universal constant (not depending on the map f). In particular, writing Ω^0_n = f^{−1} ∘ F (Ω_n), the map f^{s(n)}: Ω^0_n → Ω_n is a polynomial-like mapping. Moreover, since f has no wandering intervals and s(n) → ∞ we have that |Ω_n ∩ R| → 0. By construction the diameter of Ω_n is at most twice that of V_n = [−u_n, u_n]. By the previous lemma one also has that Ω^0_n ∩ ω(c) ⊂ V_n. This completes the proof of Theorem A for any ℓ ≥ 4 and in the ’doubling case’ for ℓ = 2.

10. The proof of Theorem A when the degree is two

In this section we consider a renormalizable f(z) = z^2 + c_1 with a periodic interval V of the period s. As before, we may assume that R_V has a high return because otherwise f has a periodic attractor. Hence, because of Lemma 7.4, the space from Lemma 6.1 is at least 0.6. Note however, that the bound we obtain for K^∗_2 (0.6) is equal to 1.19371... > 1 and we cannot use the method of the previous section in the quadratic case. Therefore, we construct a domain of renormalization Ω for f^s which is different from D_∗(V ), but with a diameter only depending on |V |, so that the renormalizations shrink to zero together with V .

42 GENADI LEVIN AND SEBASTIAN VAN STRIEN

........................................................................................................................................................................................................................................................................................................................................................................................................................................

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

....

....

.... ... ... ... ... ... ... .. .. .. .. .. . .. .. . . . . . . . . . . . . . .. .. .. .. ... ... ... ... ... ... ... ... ....

....

....

....

....

....

.....

......

......

.....

.......

.......

.......

........

.........

...........

................

......................................................................

..........

........

.......

.......

.......

......

......

.....

.....

.....

.... .... ...

....

....

....

.... ... ... ... ... ... .. ... .. .. .. .. .. .. . . . . . . . . . . . . .. .. .. .. .. .. .. ... ... ... ... ... ... ... ....

....

....

....

.....

......

......

........

.......

........

..........

................

....................................................................... ...........

........

........

.......

......

..... .....

..... ...

. . . .. .. .. ... ... ... ....

.....

....

.....

......

.......

........

............

.......................................

........

........

......

......

.....

....

.... ... ... ... .. .. .. .. . . . . . . ... ....

.......

.......

.............

....................................... .......

.......

......

.....

.... ...

. . . . .. .. .. .. ... ... ... ....

....

.....

.....

......

.......

.......

.............

...................................... ........

.......

...... ..... ..... ..... ... ... ... ... .. .. . . . . . . .. .. .. ... ....

....

....

......

.......

.............

......................................

........

......

..... ... ... .. . . . . c = 0 v −v • • • • •

6/5 · u −6/5 · u

Ω = D(V ; θ) ∪ D_∗(I) ∪ D_∗(−I)

. . . . . . . . . . . .. . .. .. . F = f^{−(s−1)}

........................................................................................................................................................................................................................................................................................................................................................................................................................................

.... ... ... ... ... ... ... .. .. .. .. .. .. . . . . . . . . .. . .. .. .. .. ... ... ... ... ... ... ... ....

....

....

.....

.....

......

.....

.......

.......

......

.......

........

............

.....................

..............................................

............

.........

.......

.......

......

.......

......

..... .....

.....

.... .... ...

.... ... ... ... ... ... .. .. .. .. . . . . . . . . . . . . . .. .. .. .. .. ... ... ... ... ... ... ....

....

.....

.....

.......

.......

........

.........

...........

....................

.............................................. ............

.........

.......

......

.....

..... .... ...

. .. ... .....

.....

.............................

..... ... .. .. ... ....

.............................

.... ... .. . . . . . . .. .. .. .. .. ... ... ... ... ....

....

....

.....

.....

.....

.......

.......

.......

........

..........

..................................................................

........

........

......

.......

......

.... .....

.....

....

.... .... ... ... ... .. .. .. .. . . . . . . . . . .. .. ... .. ... ... ... ....

....

....

.....

.....

.....

......

.......

.......

.......

.........

..............

..................................................... .........

........

......

.......

......

..... ..... ..... ..... ... .... ... .. .. .. .. .. . . . . . c_1 • • • • • • c_{−(s−1)} u^f û^f

As before, let D(J; θ) be the Poincaré neighbourhood of a real interval

J, with external angle θ ∈ (0, π/2]. We define the domain Ω = Ω(θ) as the

Poincare neighbourhood D(V ; θ) of the periodic interval V (with the angle θ to be specified later on), united with two discs: D_∗(I) and D_∗(−I), where I = (0, 6/5 · u), and u is the periodic endpoint of V (i.e., f^s(u) = u): Ω = D(V ; θ) ∪ D_∗(−I) ∪ D_∗(I), see the figure above. We may and shall assume that u > 0. Since R_V has a high return, one has that c_s ∈ [−u, 0].

The intervals I, −I.

b û^f c_1 c_{−(s−1)} u^f a^′ −u c_s c = 0 u 6/5 · u −I I = (0, 6/5 · u) 6

a u^f c_{s+1} c_1 6

f^{s−1} f

Remark 10.1. Consider the map f^{s−1}: Û → V . As in Lemma 7.4, let l be the maximal interval with a unique common endpoint with Û such that f^{s−1}|l is monotone. From Lemma 7.4 we have that |f^{s−1}(l)| ≥ √ 1 + 0.6 · |V_+| where V_+ is one component of V \ {c}. The number 6/5 is chosen for the following reason: 6/5 > K^∗_2 (0.6) = 1.19371.., but 6/5 < √ 1 + 0.6. Because of Lemma 7.4, the latter inequality shows that the pullback F of f^{s−1}: Û → V has a monotone extension to ~I = I ∪ V ∪ (−I). Let F also denote the extension of this pullback to C ~_I = (C \ R) ∪ ~I.

Our aim is to prove that f^{−1} ∘ F (Ω) is a proper domain inside of Ω. For this, it is enough to prove

Proposition 10.2. f^{−1} ∘ F (∂Ω) ⊂ Ω.

Proof: First of all, we observe that f^{−1} ∘ F (D_∗(I)) consists of two components D^1 and −D^1, where D^1 is chosen so that it contains the point u. Note that there exists an interval containing c_1 which is mapped diffeomorphically by f^{s−1} onto ~I = I ∪ V ∪ (−I). Therefore, f^{−1} ∘ F maps I homeomorphically into itself, because u is a repelling fixed point of f^s (here we use that f^s has negative Schwarzian derivative). Moreover, c_s = f^{s−1}(c_1) is not in I and therefore F (I) does not contain c_1. Hence, the corresponding branch of f^{−1} ∘ F maps C_I univalently into itself. Thus, D^1 is a proper domain in D_∗(I). By symmetry, we get also −D^1 ⊂ D_∗(−I). Thus we have shown that

(10.1) f^{−1} ∘ F (D_∗(I)) ⊂ Ω.

Next we want to show that the pullback of D(V ; θ) is inside Ω(θ) provided we choose θ conveniently. For this we shall use the following Lemma 15.1 from the Appendix:

Lemma 10.3. Denote P_2(z) = z^2. Let K > 1. There exists θ_0 = θ_0(K) > 0 such that, for all θ ∈ (0, θ_0), the boundaries of P_2(D((−1, 1); θ)) and D((−K, 1); θ) intersect each other at a point Z(K, θ) and at its complex conjugate. Furthermore, Z(K, θ) → K^2 ∈ R, as θ → 0. Hence, the difference Δ_2(K, θ) = D((−K, 1); θ) \ P_2(D((−1, 1); θ)) tends to the interval [1, K^2], as θ → 0.

Take in this lemma K = K^∗_2 (0.6) = 1.19371.... By the Schwarz contraction principle, see Lemma 4.1, F (D(V ; θ)) is contained in D(Î; θ), where the interval Î = (ûf , uf ) is around c_1, with |c_1 − ûf | ≤ K|uf − c_1|. By rescaling and the above lemma, for all θ less than some positive absolute constant θ_1 the closure of the domain F (D(V ; θ)) is inside f(Ω(θ)). Here we have used that the lemma implies that f^{−1}(F (D(V ; θ)))\D(V ; θ) is inside of two domains, which converge to the intervals ±(u, K · u) as θ → 0. Since K < 6/5, see Remark 10.1, this implies that this difference set is contained in D_∗(I) ∪ D_∗(−I) provided θ is small.

Thus,

(10.2) f^{−1} ∘ F (∂D(V ; θ)) ⊂ Ω(θ).

as θ < θ_1.

To complete the proof, it remains to show that for all angles θ less than some other positive constant θ_2 the domain F (D_∗(−I)) is contained properly inside P_2(Ω(θ)), where P_2(z) = z^2. Note that P_2(−I) = P_2(I) = (c_1, a), where |c_1 −a| = (6/5)^2|c_1 −u^f | < (1+0.6)·|c_1−u^f |, i.e. a ∈ L. Hence, by Lemma 6.1, the interval F (−I) is inside an interval (b, u^f), where

|b − c_1|/|u^f − c_1| = (|b − c_1|/|a − c_1|) · (6/5)^2 < K^∗_2 (y_0) · (6/5)^2 := K_1, where, using the notation of Lemma 6.1, y_0 = |a − c_1|/|T | = (6/5)^2/(1 + 0.6) ∈ (0.6, 1). It follows, F (D_∗(−I)) is inside of the ball D_∗(b, u^f). By rescaling, we need to show that P_2(D((−1, 1); θ)) contains a fixed ball D_∗(−K_1, 1), if θ is small. It is a not difficult exercise. Hence

f^{−1} ∘ F (D_∗(−I)) ⊂ f^{−1}(D_∗(b, u^f)) ⊂ D_∗(U; θ).

Together with (10.1) and (10.2) this implies Proposition 10.2.

Let us now prove Theorem A for ℓ = 2. For this we make use of Lemma 9.1 (or rather its proof): for every small enough ε > 0 there exists a constant C, 0 < C < 1 (depending only on ε), and a point ~u in the interval I \ V such that the image f^s(~u) lies in the ε-neighbourhood of the point^6_5 u and (10.3) |~u − c| ≤ C|f^s(~u) − c|. With this ε small enough (but fixed) and the corresponding point f^s(~u), which replaces the previous point^6_5 u, we can construct the domain Ω (see Remark 10.1), with the same angle θ_0. Then the modulus of the annulus Ω \ (f^{−1} ∘ F ) (D(V ; θ_0) ∪ D_∗(−I)) is bounded from below by a positive absolute constant. On the other hand, by (10.3), two preimages f^{−1} ∘ F (D_∗(I)) are also on a proportionally definite distance from the boundary of Ω. This completes the proof of Theorem A.

11. Theorem A holds for real analytic maps

Let us show that Theorem A also holds for real analytic maps. This means that the complex bounds which Sullivan proved for infinitely renormalizable Epstein maps of bounded type, even hold for arbitrary infinitely renormalizable maps which are analytic on the dynamical interval. This answers a question of W. de Melo and gives the possibility to extend certain renormalization results of Sullivan and McMullen to the class of real analytic maps.

Theorem 11.1. Theorem A holds for a real analytic unimodal map f which is infinitely renormalizable: there exists N(f) such that when V_n is a periodic central interval of f of period s(n) ≥ N(f), then there exists a polynomial-like extension F_n: Ω^′_n → Ω_n of f^{s(n)}: V_n → V_n such that the modulus of Ω_n \Ω^′_n is universally bounded from below by some positive number which only depends on ℓ and so that the diameter of Ω_n is of the same order as that of V_n.

Proof: First we prove that the real bounds from Sections 5 and 6 still hold if f is a of class C^{1+}zygmund with a non-flatness condition at c (see Section IV.2.a in [MS]). Because of Theorem IV.2.1 from [MS], this means that if J ⊂ T are intervals such that f^s|T is diffeomorphic then C(f^sT, f^sJ) ≥ s−1∏ i=0 ( 1 − o(|f^i(T )|) ) C(T, J) where o(t) is some function such that o(t) → 0 as t → 0. Now, as in Section 6, let l be maximal so that as before f^s|l is monotone and - this is new - L = f^s(l) contains at most 5 iterates of V . Therefore, in the renormalizable case, the orbit of T, . . ., f^k(T ) in the proof of Lemma 6.1 has intersection multiplicity bounded by 15. Moreover, because the map has no wandering intervals, one has max_{i=0,...,k} |f^i(T )| tends to zero if the period tends to infinity. (Note also that if I_n, I_{n+1} are consecutive central intervals of f then (11.1) |I_{n+1}| ≤ λ|I_n| where λ < 1 is independent of n. This follows from the extension given by Proposition 8.1 and the Koebe Principle.) In particular, the inequality proved in Lemma 6.1 still holds with a spoiling factor O_s such that O_s → 1 as the period s tends to infinity. Now take in Lemmas 7.2-7.5 also the same definition for l. Then these lemmas still holds with a spoiling factor O_s. In Lemma 7.3 simply note that if Q_k contains more than 5 iterates of V then one simply takes Q̃_1 ⊃ f(V ) so that Q̃_k = f k−1(Q̃_1) contains f k(V ) and precisely 5 iterates of V . Then, because the intersection multiplicity of the orbit Q̃_1, . . ., f^{k−1}(Q̃_1) is bounded by 15 and in the same way as before we get C^{−1}(Q_1, f(V )) ≥ C^{−1}(Q̃_1, f(V )) ≥ O_sC^{−1}(Q̃_k, f^k(V )) ≥ O_s · 0.6. If Q_k contains less than 5 intervals then we can obtain C^{−1}(Q_1, f(V )) ≥ O_s · 0.6 in the same cases as before. Only in cases II.b and II.c we used the interval Z_1. But now notice that the arguments used there also apply if replace Z_1 by the maximal interval Z̃_1 ⊂ Z_1 in H_1 so that each component of f k−1(Z̃_1) \ Q_k contains at most one iterate of V . Since the intersection multiplicity of Z̃_1, . . ., f^{k−1}(Z̃_1) is bounded by 18 we get that Lemma 7.3 still holds with a spoiling factor. In Lemmas 7.4 and 7.5 exactly the same remarks apply. Now in Lemma 9.1 we redefine T_1 as the maximal interval such that f^{s−1}|T_1 is monotone and such that each component of f^{s−1}(T_1) \ V contains at most 5 iterates of V . So we can still apply Lemma 7.4 in the proof of Lemma 9.1 to this T_1 and so this lemma still holds.

All this implies that the same real bounds can be still used in Sections 9 and 10. Now of course, the Schwarz Lemma (that the pullback of some Poincaré domain with angle θ maps inside a similar region with the same angle θ) which we used in these sections does not hold anymore, because the map f is only analytic on a small neighbourhood of the dynamical interval. However, in Lemmas VI.5.2 and VI.5.3 of [MS] it is proved that we can still essentially obtain the same inclusion but with a slightly worse angle. According to Lemmas VI.5.2 and VI.5.3 the loss in the estimate tends to zero if the size of the interval tends to zero. Therefore we still get the same estimate in the proof of Theorem A.

Let us note that the number N(f) from the previous theorem is uniformly bounded when f runs over a compact space of maps. Let us clarify this: consider a real analytic unimodal map f: [−1, 1] → [−1, 1] with a unique critical point at 0 and with f(±1) = 1. Such a map f can be written in the form f = Q ∘ ϕ, where where Q is a real unimodal polynomial (of the form z^ℓ + c_1 up to a conjugation by z → a · z so that 1 becomes the orientation preserving fixed point), and ϕ: [−1, 1] → [−1, 1] is a real analytic diffeomorphism with ϕ(0) = 0. Now fix K > 0 and δ > 0 and consider the space of all infinitely renormalizable maps f such that the C^2 norm of ϕ and its inverse on some δ neighbourhood of [−1, 1] is bounded by K, and so that g extends to a univalent map on a δ neighbourhood of [−1, 1]. Then there exists a number N which only depends on K and δ > 0 such that the assertion of the theorem holds. This is true since in this case, the estimate from (11.1) is uniform for all maps in the compact space defined above.

12. The proof of Theorem B

In this section we prove Theorem B.

As before, let W be a symmetric interval with nice boundary points, let R_W be the first return map to W and let V = [v, τ(v)] be the domain of R_W containing c. Similarly, let R_V be the first return map to V and U = [u, τ(u)] the component of the domain of R_V which contains c. Let Û = [û^f , u^f ] be the component of R_V containing the critical value c_1. Let s be so that R_V |Û = f^{s−1}.

We assume that R_V has a high return, i.e., R_V (U) = f^s(U) ∋ c. We cannot use Lemmas 7.3-7.4 since V above is not necessarily a periodic interval. However we can use Proposition 8.1 (which also holds for renormalizable f). Let us state it quickly again. Let T_0 be a minimal interval containing f(V ) and its immediate neighbour among the disjoint intervals f^2(V ), . . ., f^{s′} (V ). Write L_0 = T_0 \ f(V ). By Lemma 7.2, there exists an interval l on either side of Û which has a unique common point with Û such that f^s: l → L_0 is one-to-one and by Proposition 8.1:

Lemma 12.1. |L_0| ≥ 1 3 |f(V )|.

Let us fix ℓ ≥ 4. Given the interval V = (−v, v) such that R_V has a high return we construct an ℓ-polynomial-like map inside the domain Ω = Ω(ℓ, V ), where Ω is either the disc D_∗(V ) based on the diameter V , or

Ω = D(V ; θ) ⋃ D(I; k_0θ) ⋃ D(−I; k_0θ), where θ = θ_0 is some absolute constant (angle) to be determined later on, I = (0, v), and k_0 = 0.89. (In fact, the constant k_0 is not rigid: 0.9 instead of 0.89 is also fine, though calculations are slightly more complicated then.)

As before, F is the branch of f^{−(s−1)} from V onto Û. Also F (v) = u^f ∈ (c_1, v^f ) and we may assume that v > 0.

Again it is enough to prove

Proposition 12.2. There exists θ_0 > 0, such that, for any 0 < θ < θ_0 and for any ℓ ≥ 4, f^{−1} ∘ F (∂Ω) ⊂ Ω ∪ {±v}.

This implies that one has a polynomial-like mapping:

Proposition 12.3. Proposition 12.2 implies Theorem B.

Proof: There are two cases to consider: either V is a periodic interval, or not. In the first case v is a repelling fixed point of f^s, and the domain (1 + ϵ)Ω, where ϵ > 0 is small enough, is a range of the desired polynomial-like map. In the second case we construct the ℓ-polynomial-like mapping inside the domain Ω. Since f: ω(c) → ω(c) is minimal, each point in ω(c) eventually is mapped into V and therefore is in the domain of definition of the map R_V . There exists a finite collection of disjoint intervals I^0 = U and I^1, . . ., I^i in V , which form the domain of definition of the map R_V (see Proposition 5.1 and its proof). More precisely, every x ∈ ω(c) ∩ V belongs to some I^j or to U, the map R_V : I^j → V is a diffeomorphism for j = 1, 2, . . ., i, and U ∈ c with R_V |_U (U) = f^s(U) ∋ c (the high return).

By Lemma 4.1, there exists a domain Ω_j inside D(I^j; θ) ⊂ D(I; θ) ⊂ Ω which is mapped diffeomorphically by a map R^j (an iteration of f) onto Ω. We have constructed Ω_j for each j = 1, 2, .., i, and each θ ∈ (0/π/2). Assuming Proposition 12.2, we fix the angle θ_0 and find a domain Ω_0 ⊂ Ω such that R^0 = f^s: Ω_0 → Ω is a proper ℓ-cover. Since the domains Ω_j, j = 0, 1, . . ., i may intersect each other, we modify so that they become ℓ-polynomial-like. To do this, let us consider a Yoccoz piece P_V containing the ends of the interval V on its boundary. Let D be a component of P_V ∩ Ω containing V . For every j = 0, 1, . . ., i, there exists a domain D_j ⊂ Ω_j such that R_j: D_j → D is a diffeomorphism if j > 0, and an ℓ-cover if j = 0. Since all D_j lie in different Yoccoz pieces, we obtain the ℓ-polynomial-like map.

Remark 12.4. In the proof of the above proposition one trims the domains in order to obtain a polynomial-like map (with disjoint domains). For this reason one does not obtain a lower bounds for D \ D_0. However, for all our applications the notion ‘quasi-polynomial-like mapping’ seems to be equally useful. (By this we mean in the definition of ℓ-polynomial-like mapping the discs Ω^i are allowed to intersect each other, but instead the all iterates of the critical point have to be well defined.) Because of Proposition 14.5 one has |W | ≥ λ|V | for some universal λ > 1 (only depending on ℓ) provided the previous return was non-central (this certainly happens infinitely often). From this and the construction below one easily gets that the modulus of Ω \ Ω^0 is universally bounded from below (by a number which only depends on ℓ).

The proof of Proposition 12.2 is somewhat similar to the proof of the Main Theorem in the infinitely renormalizable case for degree 2. The main new ingredient is contained in the following lemma:

Lemma 12.5. Either the disc D_∗(V ) is a domain of the ℓ-polynomial-like mapping, i.e., f^{−1} ∘ F (D_∗(V )) ⊂ D_∗(V ), or otherwise, for any θ > 0, F (D(−I; θ)) lies inside D(I^f ; θ), where I^f is an interval around c_1:

I^f = (c_1 − 1.52|v^f − c_1|, c_1 + 0.68|v^f − c_1|).

Proof: Remember that the constant K_ℓ(v^f ) = |û^f − c_1|/|v^f − c_1| depends not only on the extendibility space (which is 1/3), but on the parameter t = |c − c_{s+1}|/|T | as well (see Lemma 6.1). If t ≥ 0.51, then

K_ℓ(v^f ) ≤

0.51((3/4)^{1/ℓ} − 0.51^{1/ℓ}) 0.51^{1/ℓ}(3/4)(1 − (3/4)^{1/ℓ}) ≤

≤ 0.51((3/4)^{1/4} − 0.51^{1/4}) 0.51^{1/4}(3/4)(1 − (3/4)^{1/4}) ≤ 0.991818... < 1, so that we apply Proposition 5.1. Thus, we can assume t < 0.51. The right end of the interval F (−I) is just the point c_{−s+1}, which belongs to the interval (c_1, c_{s+1}) (since we have a high return). Hence, |c_1 − c_{−s+1}| |c_1 − v^f | ≤ |c_1 − c_{s+1}| |c_1 − v^f | ≤ 0.51 × (4/3) = 0.68.

The left end of the interval F (−I) is the point û^f , and we obtain from Corollary 5.1, where we put y = 1/(4/3) = 3/4, that K^∗_ℓ (y) ≤ K^∗_4 (y) = 1.51983... < 1.52.

If the first alternative in the lemma holds then Proposition 12.2 holds. So we will assume in the remainder of the proof that the second alternative holds.

In order to prove Proposition 12.2, we need to find some θ = θ_0 > 0, such that, for any ℓ ≥ 4 one has f^{−1} ∘ F (∂Ω) ⊂ Ω. To do this, consider the pullback F (Ω). Let us rescale Ω such that the interval V = (−v, v) turns into the interval (−1, 1). We call the obtained domain Ω^∗. Let us rescale also F (Ω) by shifting first by −c_1, and then rescaling it so that the interval (c_1, v^f) turns into the interval (0, 1). We call the obtained domain ~Ω^∗. Introduce also the scaled map F^∗ corresponding to the map F (the pullback of f^{s−1}):

F^∗(z) = F (vz) − c_1 v^f − c_1 . So ~Ω^∗ = F^∗(Ω^∗). It is enough to find θ = θ_0 such that the closure of P^{−1}_ℓ (~Ω^∗) is inside Ω^∗ united with the endpoints ±1, if we are in the case of renormalization, i.e. f^s(v) = v. (As above, P_ℓ(z) = z^ℓ.) By our choice,

Ω^∗ = D((−1, 1); θ) ∪ D((0, 1); k_0θ) ∪ D((−1, 0); k_0θ).

Let us look at each piece of P^{−1}_ℓ ∘F . Given z ≠ 0, define E_i(z) to be the unique point w such that P_ℓ(w) = w^ℓ = z and arg(w) ∈ [(2i − 1)π/ℓ, (2i + 1)π/ℓ), i = 0, 1, . . ., l − 1. The restriction of F^∗ to the real axis is certainly defined on the interval (−1, 1). Moreover, the real map E_0 ∘ F^∗: (0, 1) → R is a homeomorphism and it sends the interval (0, 1) into itself (since R_V has a high return and f has no attracting periodic orbit). It follows (as before, from the Schwarz contraction principle) that

(12.1) E_0 ∘ F^∗(D((0, 1); k_0θ)) is a proper subset of D((0, 1); k_0θ),

for any angle θ ∈ (0, π/2].

Let us now show that

(12.2) E_0(F^∗(D((−1, 1); θ))) ⊂ Ω^∗,

in other words, that F^∗((D((−1, 1); θ))) is covered by the set P_ℓ(Ω∩{z ; −π/ℓ < arg z < π/ℓ}). To see this, first note that by Corollary 6.1, F^∗((D((−1, 1); θ))) ⊂ D((−K_0, 1); θ) with the constant

K_0 = K^∗_ℓ (3/4) ≤ K^∗_4 (3/4) = 1.51983... < 1.52.

We are going to use several purely geometric statements (Lemmas 15.2- 15.5) which are proved in the Appendix. First, we use the following Lemma 15.2 from the Appendix:

Lemma 12.6. Let us denote for simplicity D(θ) = D((−1, 1); θ). Set Π_ℓ(θ) = {z ∈ D(θ) : 0 ≤ arg z ≤ π/ℓ}. As before, P_ℓ(z) = z^ℓ. Fix 0 < θ < π/2. Then

P_ℓ(Π_ℓ(θ)) ⊂ P_{ℓ+2}(Π_{ℓ+2}(θ)), ℓ = 2, 4, . . ..

By this lemma, the difference Δ_ℓ(K_0, θ) = D((−K_0, 1); θ) \ P_ℓ(Π_ℓ(θ)) is contained in Δ_2(K_0, θ). Hence (12.2) follows from the following Lemma 15.3 from the Appendix:

Lemma 12.7. For all θ less than an absolute positive θ_0, and for k_0 = 0.89, K_0 = 1.52,

Δ_2(K_0, θ) ⊂ P_ℓ (D((0, 1); k_0θ) ∩ {z ; 0 < arg z < π/ℓ}) , ℓ = 4, 6, . . . .

Because of (12.1) and (12.2), in order to conclude that E_0 ∘ F^∗(Ω) ⊂ Ω, we only have to show that E_0 ∘ F^∗(D((−1, 0); k_0θ)) ⊂ Ω^∗, for θ small. Lemma 12.5 says that F^∗(D((−1, 0); k_0θ)) ⊂ D((−1.52, 0.68); k_0θ). Therefore, by the Lemma 12.6, the statement follows from the following Lemma 15.5 from the Appendix:

Lemma 12.8. If θ is small, and k_0 = 0.89, then

(12.3) D((−1.52, 0.68); k_0θ) ⊂ P_2(D((−1, 1); θ)).

Thus, we have proved that E_0 ∘ F^∗(Ω^∗) is inside Ω^∗. By symmetry of Ω^∗, E_{ℓ/2} ∘ F^∗(Ω^∗) is inside Ω^∗ too, for the same θ and ℓ.

Now we consider E_1 ∘ F^∗(Ω^∗). First note that the domain F^∗(Ω^∗) is contained in D((−1.52, 1); k_0θ). Therefore, for ℓ = 4, and for θ sufficiently small, the domain P_4(D((−1, 1); θ) ∩ {z ; π/4 ≤ arg z ≤ 3π/4}) and its complex conjugate contain D((−1.52, 1); k_0θ) since the diameter of the latter domain grows as const/ sin(k_0θ) while the distance between the origin and the boundary of the former domain grows as const/ sin^4 θ as θ → 0 (with a positive const). If ℓ = 6, 8, ..., we use that P_{ℓ−2}(D((−1, 1); θ) ∩ {z : π/(ℓ − 2) ≤ arg z ≤ 3π/(ℓ − 2)}) is contained in P_ℓ(D((−1, 1); θ) ∩ {z : π/ℓ ≤ arg z ≤ 3π/ℓ}), for ℓ = 4, 6, ... (the proof of this inclusion is identical to the proof of Lemma 15.2).

This is enough to end the proof of Proposition 12.2. Indeed, each other E_i∘ F^∗(Ω^∗) ⊂ E_i ∘ F^∗(D((−1.52, 1); θ)), (i ≠ 0, ℓ/2), is contained in D((−1, 1); θ), since D((−1, 1); θ) is invariant under the rotation z → exp(i · 2π/ℓ)z, for z in the first quadrant.

Thus the proof of Theorem B is complete.

13. Remark on the ‘small’ Julia sets

Let f^s : V → V be a renormalization of f on the real axis (so that an end point v of the interval V is fixed by f^s). By Theorem A, there exists a polynomial-like extension F = f^s : Ω_0 → Ω. Let J_F be the Julia set of this mapping (the ”small” Julia set of f). Note that the end points ±v of V belong to J_F . As we have shown, the set J_F is contained in the open disc D_⋆(V ) (based on the interval V ) together with the end points ±v, in the following cases: either ℓ ≥ 4, or ℓ = 2 and f is s/2-renormalizable. Let us show now that in the remaining cases the set J_F again is contained in a definite domain based on the interval V only. So, let f be s-renormalizable, but not s/2- renormalizable, and ℓ = 2. By Lemmas 7.4-7.5, the extendibility space is 0.6. Let us show that even the space 0.5 is enough (showing that weaker estimates would suffice if we would try to generalize the Main Theorem to for example multimodal maps).

Firstly, define Ω as in the beginning of Section 12 (Proof of Theorem B) with the difference that we take the constant k_0 = 0.8 now. In Lemma 12.5, we replace 1.52 by 1.37 (which corresponds to the extendibility space 0.5 and the degree ℓ = 2) and 0.68 by 0.6 taking ℓ = 2 and t = 0.4 in its proof. Lemma 15.2 is not needed. In Lemma 15.3 we have to take ℓ = 2 in the statement. In the proof we take K_0 = 1.37 and k_0 = 0.8 (see the Remark after the proof of Lemma 15.3). Finally, in Lemma 15.5 we have to put 1.37 instead of 1.52, and 0.6 instead of 0.68 (see Remark after the proof of Lemma 15.5).

Thus, in all cases the ”small” Julia set of the renormalizations are contained in a universal domain (in particular, in a universal sector), based on the periodic interval.

14. Proof of Theorem C

This section is in some sense an elaboration of Section 5 of [L3] and Lemmas 14 and 15 in [L5] and is also related to the inducing construction developed by Jakobson, Świa̧tek and Graczyk [JS], [GS1] (see also [GS3]). We wish to thank Edson Vargas for several discussions on [L3] and [L5].

Let E(T^0) be the collection of mappings g: ∪T^1_i → T^0 where T^0 is some symmetric interval around c with nice boundary points and where T^1_i is a collection of disjoint closed subintervals of T^0 for which

• for i ≠ 0 the map g: T^1_i → T^0 is a diffeomorphism of the form f^{j(i)} and the inverse map (g|T^1_i )^{−1} has a univalent extension to C_T 0 ;

• writing T^1 = T^1_0 we have that g|T^1 is a unimodal map of the form f^j and with g(∂T^1) ⊂ ∂T^0; one can write g|T^1 = h ∘ f where h^{−1} has also a univalent analytic extension to C_T 0 ;

• all iterates of the critical point c = 0 under g are in ∪T^1_i .

Next we define the subset E(T^0, T^{−1}) of this class. Here T^{−1} is a symmetric interval T^{−1} containing T^0. Here g ∈ E(T^0) is in this subset if when writing as before g|T^1_i = h_i ∘ f, the map h^{−1}_i has a univalent analytic extension from

C T −1 into C Hi where Hi is some interval near c1 such that f −1(Hi) ∩ R ⊂ T 0.

Note that we do not require that the map can be extended diffeomorphically from a non-central domain to T^{−1}; the extension is only required from the f-image of the non-central domains. To simplify the exposition we shall say that a branch of g ∈ E(T^0) of the form g|D = f^i|D extends to some interval V via c_1 if f^{i−1}|f(D) extends to a diffeomorphism mapping onto V .

An example of a map g which is of type E(T^0, T^{−1}) is the first return map to an interval W_n = [u_n, τ(u_n)] as in Section 2. Indeed, the boundary points of W_n are nice and there are no forward iterates of ∂W_n in W_{n−1} \ W_n. So take a domain I ∩ W_n = ∅ of the first return map R to W_n and a maximal interval T containing I so that R|I = f^i is monotone. By maximality of T for each component T_+ of T \ I there exists some j < i so that f^j(T_+) contains c in its boundary and since R is the first return map f^j(I) ∩ W_n = ∅. Hence f^j(T_+) contains a boundary point of W_n and therefore f^i(T_+) contains a point of ∂W_{n−1}. Since this holds for both components of T \ I this gives f^i(T ) ⊃ W_{n−1}. So on each component of the domain I ⊂ W_n of R, one can write R = h ∘ f and h extends as a diffeomorphism from some neighbourhood of f(I) ∋ c_1 onto W_{n−1}. If we assume that ω(c) is minimal, then there are only finitely many components of the domain which contain points from ω(c) and we can also consider the corresponding restriction of the return map.

We say that g ∈ E(T^0) has a low return if g(T^1) does not contain the critical point c. A low return is central if g(T^1) ∩ T^1 ≠ ∅ and non-central otherwise. Let us define in the low return case the renormalization Rg of g and show that Rg ∈ E(T^0).

First we define the intermediate renormalization Cg as follows. Let s(g) ≥ 0 be the minimal integer so that g^{s(g)+1}(c) ∈ T^0 \ T^1. Of course, s(g) is finite since otherwise g would have a periodic attractor. If s(g) = 0 then the return is non-central and then we define T^{1,0} = T^1 and Cg = g. If s(g) ≥ 1 then first define Cg so that it coincides with g on ∪_{i≠0}T^1_i . Define a nested sequence of intervals T^1 = T^{1,0} ⊃ T^{1,1} ⊃ . . . ⊃ T^{1,s(g)} as follows. For i < s(g), the two intervals T^{1,i} \ T^{1,i+1} consist of those points in T^1 which are mapped by g^{i+1} for the first time outside T^1. Define Cg|(T^{1,i} \ T^{1,i+1}) = g ∘ g^{i+1} for i < s(g) and define Cg|T^{1,s(g)} = g^{s(g)+1}. Then, Cg has a non-central low return with central domain T̃^1 = T^{1,s(g)}.

Now we define the actual renormalization Rg. First define Rg|(T^0 \T̃^1) = Cg. Next let T̃^1(i) be the domain of (Cg)^i intersected with T̃^1 and let s̃ ≥ 0 be minimal so that (Cg)^{s̃}(T̃^1(s̃)) ∩ T̃^1 ≠ ∅. Because c is recurrent, the

54 GENADI LEVIN AND SEBASTIAN VAN STRIEN

integer s̃ exists. We can define the new central domain of Rg to be T̃^1(s̃)

and also denote this interval as T^2 = T̃^1(s̃). We define Rg|T^2 = (Cg)^s. For

x ∈ T̃^1 \ T^2, let s(x) ≤ s̃ be the smallest integer for which (Cg)^{s(x)}(x) and

(Cg)^{s(x)}(c) are in different components of ∪_iT̃^1_i (the non-central domains of

Cg) and define Rg(x) = (Cg)^{s(x)+1}(x) for x ∈ T̃^1 \ T^2. Let us call the intervals

T^{1,1}, T^{1,1}, ..., T^{1,s(g)}, T^2 the symmetric intervals of the renormalization Rg.

As we shall show below Rg ∈ E(T^0) so if Rg has also a low return then

we can again define R^2g ∈ E(T^0) and so on.

In the figure below we have drawn on the left a central low return with

s_0 = 3 and T^{2,0} = T^1 and on the right a map with a non-central high return.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ............................................................................................................................................................................................. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .................................................................................................................................................................................................

....

.....

....

.....

....

.....

....

.....

.....

.....

......

.....

....

.....

....

.....

....

.....

....

.....

....

.....

....

.....

.....

.....

.....

.....

......

.....

....

.....

....

.....

....

.....

....

.....

....

.....

.....

.....

.....

.....

......

.....

. . . . . . . . . . . . . . . . . . . . . . . . . . . . ................................................................................................................... . . . . . . . . . . . . . . . . . . . . . . . . . . . ...................................................................................................................

... ... ... ... ... ....

....

....

....

....

.....

......

........

......................................... ......

..... .... .... .... .... ... ... ... ... ... ... .

←− −→ T^{2,s0−2}

←−− T^1 −−→ ←−−−−−− T^0 −−−−−−→

. . . . . . . . . . . . . . ............................................. . . . . . . . . . . . . ............................................

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .............................................................................................................................................................................................. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ...................................................................................................................................................................................................

....

.....

....

.....

....

.....

....

.....

.....

.....

......

.....

.....

.....

....

.....

....

.....

....

.....

....

.....

....

.....

....

.....

.....

.....

......

.....

....

.....

....

.....

....

.....

....

.....

....

.....

....

.....

.....

.....

......

.....

. . . . . . . . . . . . . . . . . . . . . . . . . . . . .................................................................................................................. . . . . . . . . . . . . . . . . . . . . . . . . . . . ..................................................................................................................

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

.. .. .. .. .. . . . .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. ... ... ... ... ... ....

.....

........

................

..... .... ... ... ... ... .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. . . . .. .. .. .. .. . . . .. .. .. . ←−− T^1 −−→ ←−−−−−− T^0 −−−−−−→

If g has a high return (i.e., not a low return) then let x be the orientation

preserving fixed point of g|T^1 and z the boundary of T^0 on the same side of

c as x. Next take preimages of z_0 = z, z_1, z_2, . . . of z along this branch of

g|T^1 (so [z_1, τ(z_1)] = T^1 and z_k → x as k → ∞). Define U_k = [z_k, τ(z_k)] and

choose k minimal so that gU_k ⊃ U_k. Such an integer k exists because we have

assumed that f is not renormalizable. The interval V^1 := U_k is the escape

interval associated to a map g with a high return. For i = 0, 1, . . ., k − 1 define

the new map ~Wg on U_i \ U_{i+1} as g^i ∘ g and define ~Wg on U_k = V^1 as the

first return map of g to U_k. Note that ~Wg /∈ E(T^0) because the image of the

central branch T^2 is contained in the interior of T^0 (and does not stretch over

to ∂T^0). However,

Wg = ~Wg | V^1 is contained in E(V^1, T^0),

as we will show in the lemma below. Note that the domain W^1 of Wg is

smaller the domain T^0 of g, and that the extension associated to Wg includes

the domain of the original map g.

Lemma 14.1.

If g ∈ E(T^0) has a low return then Rg ∈ E(T^0). Moreover, if x and some g^n(x), n > 0, lie in the interval T^{1,s(g)} (the central domain of the map Cg), then g^n(x) is some iterate of x by the renormalization Rg: there exists i > 0, such that g^n(x) = (Rg)^i(x). If g ∈ E(T^0) has a high return then Wg = ~Wg | V^1 is contained in E(V^1, T^0).

Proof: First assume that g has a low return. It is clear that the noncentral branches of Cg map onto T^0. Write g|T^1 = f^j and note that Cg on its the central domain T̃^1 is equal to Cg|T̃^1 = g^{s(g)+1}. Let us show that g^{s(g)+1}|T̃^1 extends via c_1 onto a component of T^0 \T̃^1. Indeed, since g ∈ E(T^0), the Koebe space of f^{j−1}|f(T^1) spreads over T^0 (by this we mean that there is a neighbourhood of f(T^1) is mapped diffeomorphically onto T^0 by f^{j−1}). In particular, this Koebe space contains one of the components of T^0 \ {c}. By definition, T̃^1, g(T̃^1), . . ., g^{s(g)}(T̃^1) ⊂ T^1 and therefore applying g^{s(g)}|T^1 to g(T̃^1) = f^{j−1}f(T̃^1) it follows that the Koebe space of g^{s(g)} ∘f^{j−1}|f(T̃^1) spreads over one of the intervals connecting ∂T^0 to g^{s(g)}(c) (which by definition is in T^1). In particular this space contains a component of T^0 \ T̃^1. The same argument shows that k < s(g), the Koebe space of g^{k+1}|(T^{1,k} \ T^{1,k+1}) extends to the component of T^0 \ T^1 containing g^{k+1}(T^{1,k} \ T^{1,k+1}).

Let us now show that Rg ∈ E(T^0). Write Rg|T^2 = f^m and Cg|T̃^1 = f^k. As we just proved, the Koebe space of f^{k−1}|f(T̃^1) spreads over one of the components of T^0 \ T̃^1. But since (Cg)^i(T̃^1(i)) ∩ T̃^1 = ∅ for i < s̃ (and by definition (Cg)^i(T̃^1(i)) is contained in some interval T̃^1_j , j ≠ 0) and (Cg) maps each such interval T̃^1_j diffeomorphically onto T^0, the Koebe space of f^{m−1}|f(T^2) spreads over T^0.

The second assertion also follows from the construction. If g has a high return then restricted to the central branch V^1, ~Wg can be written as h ∘ f, where h has a diffeomorphic extension to T^0 (because this central branch is just g and because g ∈ E(T^0)). Therefore, the two non-central branches of Wg of the form {x ∈ V^1 ; ~Wg(x) ∈ V^1} are mapped diffeomorphically by Wg onto V^1, and are of the form h ∘ f, where h has a diffeomorphic extension to T^0. On {x ∈ V^1 ; ~Wg(x) /∈ V^1} the map Wg is a composition of the map h ∘ f, where h has a diffeomorphic extension to T^0 and iterates of the non-central branches (in T^0 ⊂ V^1) of ~Wg (which map diffeomorphically onto T^0). This proves that Wg ∈ E(V^1, T^0).

To prove Theorem C, we need the two lemmas below.

Lemma 14.2. Assume that g ∈ E(T^0) is a first return map to a symmetric interval T^0 around c with nice boundary bounds. Let g, Rg, . . ., R^{k−1}g have low returns and let T_0, T_1, . . ., T_P be the symmetric intervals corresponding to the renormalizations g, Rg, . . ., R^kg (i.e., the symmetric intervals from the construction of (Cg), (Cg)^1, . . ., (Cg)^k, see the definition above), so that T_0 = T^0, T_1 = T^1, and T_P = T^{k+1} (the central domain of the last map R^kg), and ordered so that T_p′ ⊂ T_p′′ whenever p^′ > p^{′′}. Write R^kg|T^{k+1} = f^m with m ∈ N and let A ⊃ f(T^{k+1}) ∋ c_1 be the interval which is mapped by f^{m−1} diffeomorphically onto T^0. Then (1) for each i < m one has that f^i(c) lies between c and f^i(T^{k+1}) whenever this last interval intersects T^0;

(2) there exists a sequence of integers P ≥ p_1 > p_2 > . . . > p_r := 1 and integers n(p_1) < n(p_2) < . . . < n(p_r) such that A^{pi} := f^{n(pi)}(A) ⊂ T_{pi−1} \ T_{pi} . Moreover, writing s(p_i) := n(p_{i+1}) − n(p_i) > 0 for each i = 1, . . ., r − 1, we have that f^{s(pi)} maps diffeomorphically A^{pi} onto A^{pi+1} , and the map f^{s(pi)−1}: fA^{pi} → A^{pi+1} has Koebe space spread over T_{pi+1−1}; (3) the Koebe space of f^{n(p1)}: A → A^{p1} spreads over T_{p1−1}; (4) p_r = 1 and the Koebe space of f^{m−n(pr )−1}: fA^1 → T^0 spreads over T^{−1}.

Proof: To prove (1), notice that R^ig is an iterate of the first return map g, and that the central branch of each lower iterate does not cover c (by definition of the number s).

To prove (2)-(4), we use the following observations a) − c). Here a) and b) describe the dynamics on the sets (“annuli”) C(p) := T_{p−1} \ T_p, p = 1, . . ., P , C(P + 1) := T_P , and c) describes the relation between g and the renormalizations.

Denote by C(l_j) the annulus containing the critical value R^{j−1}g(c) of the renormalization R^{j−1}g, j = 1, ..., k. In other words, C(l_j) = T_{lj−1} \ T_{lj} , where T_{lj} is the central domain of R^{j−1}g in the non-central low case and the central domain of the intermediate renormalization CR^{j−1}g otherwise. a). g diffeomorphically maps: (i) each component of the domain of definition of g in C(1) diffeomorphically onto T^0, (ii) the annulus C(j) onto C(j − 1) for j = 2, . . ., l_1, and (iii) the interval T_{l1} into the annulus C(l_1). Note that T^0 = C(1) ∪ · · · ∪ C(l_1) ∪ T_{l1}.

b). Similarly, for j = 1, . . ., k, R^jg diffeomorphically maps: (i) each component of the domain of definition of R^jg in C(l_j + 1) onto T^0, (ii) each annulus C(i) onto C(i − 1) for i = l_j + 2, . . ., l_{j+1}, and (iii) the interval T_{lj+1} into the annulus C(l_{j+1}). Note that R^jg restricted to T^0 \ T_{lj} coincides with the previous renormalizations. In particular, R^jg maps each component of this set diffeomorphically onto T^0. Note also that we have a partition

T^0 = (T^0 \ T_{lj} ) ∪ C(l_j + 1) ∪ C(l_j + 2) ∪ · · · ∪ C(l_{j+1}) ∪ T_{lj+1},

that is, the above describes the behaviour of R^jg on the whole interval T^0. c). The previous lemma implies that if x, g^n(x) ∈ T_{lj} , then g^n(x) is some iterate of x by the map R^jg.

By definition, R^kg|T^{k+1} = f^m is some iterate g^{N +1} of g. Hence if we define e so that g|T^1 = f^e and Ã = f^{e−1}(A) ∋ g(c) then we have that g^N : Ã → T^0 is a diffeomorphism. Even though g(A) is not defined, it will make life a little simpler if we write g(A) instead of Ã. It follows, g^N (c) ∈ g^N (A) ⊂ C(1) = T^0 \ T^1.

Now we can define the sequence 1 ≤ q_1 < q_2 < . . . < q_r ≤ P inductively as follows. Set q_1 = 1 and t_1 = 1. If q_1 < . . . < q_i and t_1 < . . . < t_i are already defined, we let t_{i+1} be the minimal t > t_i, such that g^{N −t}(g(c)) lies in T_{p−1} for some p > q_i and let q_{i+1} be the largest such p. If there is not such t_{i+1} then we stop the inductive definition and define r = i.

The set g^{N −1}(g(A)) coincides with a monotone component of the map g. Since g ∈ E(T^0, T^{−1}), this branch of g extends to T^{−1} via f(c). This is the first step. Now we have the following by induction on i = 1, 2, . . ., r:

When i < r then g^{N −ti}(g(A)) ⊂ C(q_i) and if we denote f^{s(qi)} = g^{(N −ti)−(N −ti+1)}|g^{(N −ti+1)}(g(A)), then the Koebe space of the diffeomorphism f^{s(qi)−1}: f(g^{(N −ti+1)}(g(A)) → g^{(N −ti)}(g(A)) extends over T_{qi−1}. For i = r, denote f^{s(qr)} = g^{N −tr+1}, so that the Koebe space of the diffeomorphism f^{s(qr)−1}: f(A) → g^{(N −tr)}(g(A)) spreads over T_{qr−1}.

Note that if we replace g here by iterates of f, then we obtain (2)-(4) of the Lemma by defining p_i := q_{r+1−i}, i = 1, . . ., r.

So the lemma holds once we have proved the above induction step. We already proved that the assertion holds i = 1. So assume that the assertion holds for i and show that the assertion then also holds for i + 1. In fact, we will only use the induction assumption to prove that g^{N −ti+1} (g(A)) ⊂ C(q_{i+1}). Consider the point g^{N −ti}(g(c)). It lies, by definition, in the annulus C(q_i) = T_{qi−1} \ T_{qi} . Let us find the maximal l_j such that the interval T_{qi−1} ⊂ T_{lj} . It means that C(q_i) ⊂ T_{lj} \ T_{lj+1} . Consider g^{N −ti+1}(g(c)) if i < r (and simply c = 0 if i = r). By definition, g^{N −ti+1}(g(c)) lies in C(q_{i+1}) ⊂ T_{qi} . By the property c), the point g^{N −ti} (g(c)) is some n_1-iterate (R^jg)^{n1}(c) of c by the renormalization R^jg, and g^{N −ti+1} (g(c)) is some n_2-iterate of c by R^jg, where n_2 < n_1. Consider the backward orbit

(R^jg)^{n1} (c), (R^jg)^{n1−1}(c), · · ·, (R^jg)^{n2+1}(c), (R^jg)^{n2}(c),

where (by the definition) all points except for the last one lie in the annuli C(p) with p ≤ q_i. Denote Q_n = (R^jg)^n(c). Let us consider two cases. If n_2 = n_1 −1, then the statement follows from the fact that R^jg ∈ E(T^0). If n_2 < n_1 − 1, then Q_{n1−1} lies in C(p) for some p ≤ q_i. By property b), there is a component of the domain of R^jg in C(p), which is mapped by R^jg diffeomorphically onto T^0, which of course contains T_{qi−1}. Then this component is pulled back by Rjg univalently to Q_{n1−2}. Repeating this argument proves the induction step.

Remark 14.3. The above proof shows that the actual Koebe space of the map f^{s(pi)−1}: f(A^{pi}) → A^{pi+1} is, in fact, T^0. We shall not use this.

Lemma 14.4. There exists K > 0 and given λ > 1 there exists σ ∈ (0, 1) with the following property. Assume that g ∈ E(T^0, T^{−1}) as above and that |T^{−1}| ≥ λ|T^0|. (1) If all renormalizations g, Rg, R^2g, . . . have low returns then there exists k such that R^kg has a polynomial-like extension G: ∪D_i → D_∗(T^0); (2) If k is minimal such that R^kg does not have a low return then either Rkg has a polynomial-like extension G: ∪D_i → D_∗(T^0) such that the modulus of D_∗(T^0)\D_0 is at least σ > 0 or (|T^0|/|W^{k+1}|) ≥ (1−σ)^{−1}·(|T^{−1}|/|T^0|) where W^{k+1} is the escape interval associated to R^kg. Note that ~WR^kg ∈ (W^{k+1}, T^0). (3) If |T^{−1}|/|T^0| > K and k is minimal such that R^kg does not have a low return iterate then R^kg has a polynomial-like extension G: ∪D_i → D_∗(T^0) such that the modulus of D_∗(T^0) \ D_0 is at least σ > 0.

Proof: First assume that R^ig has low returns for all i. The first return map R to T^{k+1} (which is equal to the first return map of R^kg to T^{k+1}) is in class E(T^{k+1}, T^0). Since f has no wandering intervals we have that |T^{k+1}|/|T^0| tends to zero as k tends to infinity and therefore G restricted to the central branch U is equal to a composition of z^ℓ and an almost linear map. In particular, since this composition sends a neighbourhood of U inside T^{k+1} onto an interval connecting G(c) with T^0, U is much smaller than T^{k+1}. From all this one gets that R has a polynomial-like R: ∪D_i → D_∗(T^{k+1}). The central domain D_0 of R is almost a round disc and intersects the real line in U. The non-central domains D_i are because of Schwarz inside discs with real trace equal to the non-central real domains of G. This completes the proof of the first case.

So from now assume that g, . . ., R^{k−1}g have low returns and that R^kg: ∪I_i → T^0 has a high return. As before, the Schwarz Lemma implies that the pullbacks of D_∗(T^0) under the extensions of the monotone branches I_i → T^0 of R^kg fit inside D_∗(T^0). So let us consider the pullback associated to the inverse of the map R^kg|T^{k+1} = f^m on the central interval T^{k+1}.

First we notice that since g ∈ E(T^0, T^{−1}) there exists because of the Koebe Principle a constant ρ > 0 which depends on λ = |T^{−1}|/|T^0| > 1 such that the ρ-scaled neighbourhood of each domain T^1_i is still contained in T^0. Here we use that the interval H from the definition of E(T^0, T^{−1}) is mapped inside T^0 by f^{−1}. In particular,

(14.1) |T^1| < (1 + ρ)^{−1}|T^0|,

where T^1 is the central domain of g.

Let A ⊃ f(T^{k+1}) be so that f^{m−1} maps A diffeomorphically onto T^0. Let R^0 = R^kg(T^{k+1}) = f^m(T^{k+1}) and I^0 = T^0 \ R^0. We want to compare the sizes of the pullbacks in I^′, R^′ ⊂ A by f^{m−1}: A → T^0 of the ‘real’ and ‘imaginary’ pieces R^0, I^0 ⊂ T^0. That is, R^′ = f(T^{k+1}). Let p_i be as in the previous lemma and let R^i = f^{n(pi)}(R^′) and I^i = f^{n(pi)}(I^′) be the partition of A^i corresponding to I^′ and R^′. Write μ_{i+1} =^{|Ti+1|}_{|Ti|} ∈ (0, 1) where T_i, i = 0, 1, ..., P is the sequence of symmetric intervals defined in the previous lemma. Remember that T_0 = T^0 and T_1 = T^1.

If R, I are two intervals in T_i \ T_{i+1} with a unique common point then using the fact that f(z) = z^ℓ + c_1 it easy to see that

(14.2) |R| |I| ≥ [μ_{i+1}]^{ℓ−1} · |f(R)| |f(I)| . Indeed, if I = (a, x) and R = (x, b), where 0 < a < x < b, then (14.2) follows from the inequality: b^{ℓ−1} + b^{ℓ−2}x + · · · + x^{ℓ−1} x^{ℓ−1} + x^{ℓ−2}a + · · · + a^{ℓ−1} ≤ b^{ℓ−1} a^{ℓ−1} . Because of (14.1), one has for i = 1 even that there exists τ > 0 (depending on ρ only) so that

(14.3) |R| |I| ≥ [μ_1]^{ℓ−1−τ} · |f(R)| |f(I)| or |R| |I| ≥ 1.

Now we will start pulling back the intervals R^0, I^0. Let E^0 be the component of T^{−1} \ T^0 which is adjacent to I^0. We will pull-back the interval R^0 ∪ I^0 ∪ E^0.

T^0 = I^0 ∪ R^0

R^0 I^0 E^0 • c

Since R^kg has a high return, R^0 = f^m(T^{k+1}) ⊃ W^{k+1} where W^{k+1} is the escape interval associated to R^kg. Let us consider the case that the inequality in assertion (2) in the statement of the lemma does not hold. Then, writing t = |T^0|/|W^{k+1}| > 1, we have

(14.4) (|T^0|/|W^{k+1}|) ≤ (1 − σ)^{−1} · (|T^{−1}|/|T^0|).

Hence the relative size of the intervals R^0, I^0 and E^0 can be estimated as in the figure above. Therefore, if (14.4) holds,

C^{−1}([E^0, R^0], I^0) ≥

(1 + 1/t) (t(1 − σ) − 1) (1 − 1/t) (1 + t(1 − σ))

= 1 + −2σt (t − 1)[t(1 − σ) + 1] ≥ 1 − ϵ(σ) where ϵ(σ) is some function so that ϵ(σ) → 0 as σ → 0. Here we have used that t ≥ |T^0|/|T^1| > 1 is bounded away from 1 because of (14.1). Hence, using the map f^{m−n(pr )−1} which sends the interval H ⊃ R^1 ∪ I^1 diffeomorphically onto R^0 ∪ I^0 ∪ E^0 we get |f(R^1)|/|f(I^1)| ≥ C^{−1}(H, I^1) ≥ 1 − ϵ(σ). Because of (14.1) we can apply (14.3) and get

(14.5) |R^1| |I^1| ≥ (1 − ϵ(σ))μ^{ℓ−1−τ}_1 = (1 − ϵ(σ))μ^{ℓ−1−τ}_{pr} . Let us now compare |R^{pi+1} |/|I^{pi+1}| with |R^{pi} |/|I^{pi}|. Here k + 1 ≥ p_1 > . . . > p_r := 1 are defined as in the previous lemma. There exists an interval K^{pi} ⊃ f(A^{pi} ) which is mapped monotonically onto T_{pi+1−1} by f^{s(pi)}. Let E^{pi+1} be the component of T_{pi+1−1} \ A^{pi+1} containing c (again the extension). Then because I^{pi+1} ∪ R^{pi+1} = A^{pi+1} ⊂ T_{pi+1−1} \ T_{pi+1} and E^{pi+1} ⊃ T_{pi+1} and because I^{pi+1} is between c and R^{pi+1} (see the first assertion of the previous lemma), we have |f(R^{pi})| |f(I^{pi})| ≥ C^{−1}(K^{pi}, f(I^{pi})) ≥ ≥ C^{−1}([E^{pi+1}, R^{pi+1} ], I^{pi+1}) ≥ |R^{pi+1} | |I^{pi+1}| |T_{pi+1} | |T_{pi+1−1}| ≥ μ_{pi+1} |R^{pi+1} | |I^{pi+1}| . Hence, using (14.2),

(14.6) |R^{pi}| |I^{pi}| ≥ μ_{pi+1} μ^{ℓ−1}_{pi} |R^{pi+1} | |I^{pi+1} | All this implies that if (14.4) holds then combining (14.5) and (14.6) we get |R^{k+1}| |I^{k+1}| = |R^{p1}| |I^{p1}| ≥ (1 − ϵ(σ))(μ_{pr} · . . . · μ_{p2} )^ℓμ^{ℓ−1}_{p1} μ^{−τ}_1 and applying an estimate as the one above (14.6) to the map f^{n(p1)}: A → A^{p1−1} we obtain,

(14.7) |R^′| |I^′| ≥ (1 − ϵ(σ))(μ_{pr} · . . . · μ_{p1} )^ℓ ≥ (1 − ϵ(σ)) ( |T^{k+1}| |T^0| )ℓ ( |T^0| |T^1| )τ .

It follows from (14.7) that there exists κ > 1 such that provided σ > 0 is sufficiently small

(14.8) |R^′| |I^′| ≥ κ · ( |T^{k+1}| |T^0| )ℓ

Since |R^′| = |T^{k+1}|^ℓ and the pullback under f^{m−1} of D_∗(T^0) is inside D_∗([R^′, I^′]) where c_1 is the unique common point of R^′ and I^′, the last inequality implies that the pullback of the disc D_∗(T^0) (the central domain D_0) along the central branch fits again inside D_∗(T^0). By Schwarz, the non-central domains are inside discs based on their real trace. All these domains are disjoint, because the f-images of these (near c_1) are inside discs based on disjoint intervals in the real line. By construction the modulus of the annulus D_∗(T^0)\D_0 is universally bounded away from zero.

Let us now prove assertion (3) of the lemma. Since the last return is high the expression in (??) can be replaced by 1 × K/(2 + K) which tends to 1 as K → ∞. Hence then |R^′|/|I^′| ≥ K/(2 + K) ( |T^{k+1}|/|T^0| )ℓ (_|T_{0|} |T 1| )τ becomes

a definite factor larger than ( |T^{k+1}|/|T^0| )ℓ when K is large. Again we get a polynomial-like mapping with a definite lower bound for the modulus of the annulus formed by the target domain D_∗(T^0) minus the central domain D^0. The proof of Theorem C Let W_n be the sequence of intervals as in Section 2 and let R_n be the corresponding first return maps. As before, we say that the return is low if the image of R_n of the central component W_{n+1} does not contain c and it is called central if R_n(c) ⊂ W_{n+1}. One has the following a priori bounds (these bounds were first obtained by Martens, see [Mar]):

Lemma 14.5. There exists a universal number λ > 1 (only depending on ℓ) the following property. Assume that we are in one of the following situations: 1 ) either R_{n−1} or R_n has a non-central low return; 2 ) the return of R_{n−1} is non-central high. Then |W_n| ≥ λ|W_{n+1}|.

Proof: If R_n has a non-central low return then |W_n| ≥ λ|W_{n+1}| according to the corollary on page 345 in [MS]. In the same way, if the return to W_{n−1} is non-central low then again |W_{n−1}| ≥ λ|W_n|. Now let the first return map to W_n restricted to W_{n+1} be equal to f^s. There exists an interval neighbourhood T of f(W_{n+1}) such that f^{s−1} maps T diffeomorphically onto W_{n−1} and so that f^{−1}(T ) ∩ R ⊂ W_n. Hence, using the Koebe Principle it follows that f^{−1}(T ) ∩ R ⊂ W_n is a definite neighbourhood of W_{n+1}. So in this case we are done also.

Of course, there are infinitely many integers n for which the map R_{n−2} has a non-central return. Choose such an n and write T^0 = W_n, T^{−1} = W_{n−1}.

From the lemma above, there exists a universal λ > 1 (only depending on ℓ) such that

(14.9) |T^{−1}| ≥ λ|T^0|.

Now consider the return map g ∈ E(T^0, T^{−1}) to T^0 with central domain T^1 = W_{n+1}. From Lemma 14.4 it follows that for some k either (i) R^kg has a polynomial-like extension such that the central domain D_0 is inside a disc based on T^{k+1} = D_0 ∩ R and such that T^0 is a definite amount larger than T^{k+1} or (ii) it does not have a low return iterate. In the first case, one obviously has that the modulus of D_∗(T_0) \ D_0 is bounded away from zero. Let G: ∪D_i → D be the polynomial-like mapping which we just constructed. This map does not necessarily have the required first return property. However, if we let Ĝ be the first return map of G to the central domain, then we obtain again a polynomial-like mapping Ĝ: D̂_i → D̂ = D_0. The modulus of D̂ \ D̂_0 is equal or larger to 1/ℓ times the modulus of D \ D_0. Because of (2) of Lemma 14.4, if D̂_i is a non-central domain of Ĝ then the modulus of D̂ \ D̂_i is also universally bounded away from zero.

In case (ii), the new map WR^kg (as defined above Lemma 14.2) is then defined on a smaller domain V^{k+1}, i.e., WR^kg ∈ E(V^{k+1}, T^0). In fact, this map is the first return map of g to V^{k+1}. If R^kg has no polynomial-like extension then because of the second assertion in the previous lemma, the corresponding ‘Koebe space’ |T^0|/|V^{k+1}| increases by a definite factor (1 − σ)^{−1} > 1 (compared to the previous Koebe space |T^{−1}|/|T^0|). Applying this process several times, either one obtains a polynomial extension at some stage or the Koebe space becomes arbitrarily large (compared to the size of the domains). But from the last assertion of Lemma 14.4 one then also obtains a polynomial-like extension with the required properties.

Remark. Theorem C holds for a wider class of maps, namely, for any polynomial f with the real coefficients, such that: one critical point c = 0 of an even multiplicity ℓ has a bounded orbit, while the other critical points escape to infinity, and such that f is not renormalizable on the real axis. To prove this, we argue as follows.

First, we construct an ℓ-polynomial-like mapping as follows. Fix a level curve Γ of the Green function of the polynomial f, such that Γ is connected and not critical, i.e., all preimages f^{−n}(Γ) are smooth curves. Since all but one critical points of f escape, one can pick up a full preimage γ = f^{−k}(Γ) such that γ bounds finitely many topological discs V_0, V_1, ..., such that f : V_0 → f(V_0) is ℓ-covering, and all other f : V_i → f(V_i) are one-to-one. Denote V_0 = Ω (the only domain containing the critical point c = 0 of f). The desired ℓpolynomial-like mapping G: ∪^{i0}_{i=0}Ω^i → Ω will be the first return map of the points of the set ω(c) ∩ Ω to Ω. Since ω(c) is minimal, the definition is correct.

G obeys (by construction) the first return property: if P^n(c) ∈ Ω, then P^n(c) is an iterate of G. Moreover, the map G is real since it is the first return of a real map. Now we want to quasi-conformally conjugate G to a real polynomial with all critical points real (to insure that the inverse branches of the new map have univalent extensions to corresponding slit complex planes). To this end, let us consider the restriction G to R of the map G: ∪^{i0}_{i=0}Ω^i → Ω to the real axis, and add (finitely many) components to the domain of definition of G in such a way, that the new map Ĝ is again a real ℓ-polynomial-like map, with the property that the graph of the new map on the real axis “looks like” a graph of a polynomial with all critical points being real, i.e., the monotone increasing and monotone decreasing branches alternate each other. Now we can use the construction of Straightening Theorem from Section 2 to conjugate the polynomial-like map Ĝ with a polynomial f̂, so that all critical points of f̂ are real. Moreover, the quasi-conformal conjugacy between f̂ and Ĝ will transfer any polynomial-like structure induced by f̂ to a one induced by Ĝ. On the other hand, since we consider the induced maps the first returns along the postcritical set, and since the Ĝ-orbit of the critical point visits only the branches of the original map G, the maps induced by Ĝ are induced by G (and so by the original f as well). This means that we can assume that the map G belongs to a class of the maps E(T ), with the difference that the map f in the definition of E(T ) is not exactly of the form z^ℓ + c_1. To handle this, we make the following change in the proof of Lemma 14.4. In (14.2) a factor of the form 1 + ϕ(L) will appear, where L is the length of the interval R ∪ I, and |ϕ(L)| ≤ K · L, where K is a constant, which depends on f only. Consequently, in (14.7) a product of the factors like this will appear, which will tend to 1 as the interval T will shrink to the critical point c. Hence Theorem C applies in this case also.

15. Appendix: Geometry of Poincaré discs

As before, denote D(J; θ) the Poincaré neighbourhood of a real interval J, with external angle θ ∈ (0, π/2].

Lemma 15.1. Denote P_2(z) = z^2. Let K > 1. There exists θ_0 = θ_0(K) > 0 such that, for all θ ∈ (0, θ_0), the boundaries of P_2(D((−1, 1); θ)) and D((−K, 1); θ) intersect each other at a point Z(K, θ) and at its complex conjugate. Furthermore, Z(K, θ) → K^2 ∈ R, as θ → 0. Hence, the difference Δ_2(K, θ) = D((−K, 1); θ) \ P_2(D((−1, 1); θ)) tends to the interval [1, K^2], as θ → 0.

Proof: Consider a possible intersection point

z_1 ∈ P_2(∂D((−1, 1); θ)) ∩ ∂D((−K, 1); θ).

That is, z_1 = P_2(z_2) = z^2 with

z_2 ∈ ∂D((−1, 1); θ)).

Since these sets are symmetric with respect to the real axis and since D((−1, 1); θ) is also symmetric with respect to the imaginary axis, we may consider the case that z_1 is in the upper half plane, and that z_2 is in the first quadrant.

Since z_2 ∈ ∂D((−1, 1); θ),

(15.1) z_2 = 1 + i exp(iθ) sin(θ)

(1 − exp(iα))

where α ∈ (0, 2π − 2θ) is the angle between the vectors z_2 − C, 1 − C, with C the centre of the circle D((−1, 1); θ). Similarly, since z_1 ∈ ∂D((−K, 1); θ),

(15.2) z_1 = 1 +

K + 1 2 · i · exp(iθ) sin(θ)

· (1 − exp(iϕ)).

Taking the square of (15.1),

z^2 = 1 +

2 exp(iθ) sin^2(θ)

(1 − exp(iα)) { i sin(θ) − 1 2 exp(iθ)(1 − exp(iα)) } . We have in the brackets {...} term: i sin(θ)− 1 2 exp(iθ)(1−exp(iα)) = 1 2 (exp(iθ)−exp(−iθ)−exp(iθ)+exp(i(θ+α))) =

exp(iα) 2 (exp(iθ) − exp(−i(θ + α))). So, z^2 = 1 +

2 exp(iθ) sin^2(θ)

(1 − exp(iα)) exp(iα) 2 (exp(iθ) − exp(−i(θ + α))) =

1 + 2 exp(iθ) 2 sin^2(θ) exp(iα){exp(iθ) − exp(−i(θ + α)) − exp(i(θ + α)) + exp(−iθ)} =

1 + exp(i(θ + α)) sin^2(θ)

{2 cos(θ) − 2 cos(θ + α)}.

If z^2 = z_1, then we compare the last expression with (15.2), cancel 1 on both sides of the equation, divide them by exp(iθ) and multiply by sin(θ), and after that separate the real and imaginary parts: 2(cos(θ) − cos(θ + α)) sin(θ) cos(α) =

K + 1 2 sin(ϕ),

2(cos(θ) − cos(θ + α)) sin(θ) sin(α) =

K + 1 2 (1 − cos(ϕ)).

Now divide the second equality by the first one:

tan(α) = tan(ϕ/2).

Here 0 < ϕ/2 < π, so either α = ϕ/2, or α = ϕ/2 + π. The latter case is impossible, since z_2 is in the first quarter, i.e. 0 < α + θ < π/2.

Thus, α = ϕ/2. Now we substitute ϕ = 2α in the equality, say, for the real parts: 2(cos(θ) − cos(θ + α)) sin(θ) cos(α) =

K + 1 2 sin(2α), or 4 sin(α/2) sin(θ + α/2) cos(α) =

K + 1 2 2 sin(α) cos(α) sin(θ), or sin(θ + α/2) =

K + 1 2 cos(α/2) sin(θ), or cos(θ) sin(α/2) = K − 1 2 cos(α/2) sin(θ),

or, at last, tan(α/2) = K − 1 2 tan(θ).

If θ here is small, we find a unique α in the admissible interval (0, π − θ) for the angle α (this is because α = ϕ/2 ∈ (0, π − θ)). So there is the unique point of intersection of the curves ∂P_2(D((−1, 1); θ)) and ∂D((−K, 1); θ) in the upper half-plane. If θ → 0, then ϕ ∼ 2(K − 1)θ and z_1 ∼ K^2. The rest of the lemma follows easily.

The next lemma will allow us to apply Lemma 15.1 for any degree ℓ ≥ 4 (and not just for ℓ = 2). Let us denote for simplicity D(θ) = D((−1, 1); θ). Set Π_ℓ(θ) = {z ∈ D(θ) : 0 ≤ arg z ≤ π/ℓ}. As before, P_ℓ(z) = z^ℓ.

Lemma 15.2. Fix 0 < θ < π/2. Then

P_ℓ(Π_ℓ(θ)) ⊂ P_{ℓ+2}(Π_{ℓ+2}(θ)), ℓ = 2, 4, . . ..

Proof: It is easy to see that the reverse inclusion cannot hold (this can be seen consider the points in these sets on the negative real axis). Now assume the contrary. Then the boundaries of P_ℓ(Π_ℓ(θ)) and P_{ℓ+2}(Π_{ℓ+2}(θ)) have a common non-real point, i.e., z^ℓ = u^{ℓ+2}, for some z ∈ ∂D(θ), and u ∈ ∂D(θ). Hence, u = z^t, with t = ℓ/(ℓ + 2) between zero and 1. The point z^t belongs to an arc

Γ(1, θ_1; 0, Λ_0) = {z = exp{Λ cos(θ)/ sin(θ)} exp(iΛ) : 0 < Λ < Λ_0}

of a logarithmic spiral starting at the points 1 and ending at z ∈ ∂D(θ) and crossing the circle ∂D(θ) at the other point u. Note that θ_1 ≤ θ is not possible since then the spiral Γ(1, θ_1; 0, ∞) would not cross the disc D(θ) at all. So consider the case θ_1 > θ. Then Γ(1, θ_1; 0, Λ) is inside D(θ), if Λ is small. Hence, there are two points z_1, z_2 of the intersection of the arc Γ(1, θ_1; 0, Λ_0) with ∂D(θ), such that arg z_1 < arg z_2, and this arc leaves the disc D(θ) at z_1 and again enters it at z_2. The angle under which the logarithmic spiral intersects the rays via zero is constantly θ_1. Hence, the angle between the vector z_1 and the circle D(θ) is at least θ_1, and the angle between the vector z_2 and the circle D(θ) is at most θ_1. This is a contradiction with the fact that the angle between a vector w ∈ ∂D(θ) and the tangent to ∂D(θ) at w is increasing as w ∈ ∂D(θ) moves from 1 to −1 (in fact, it increases from θ to π − θ).

Denote Δ_ℓ(K_0, θ) = D((−K_0, 1); θ) \ P_ℓ(Π_ℓ(θ))

Lemma 15.3. For all θ less than an absolute positive θ_0, and for k_0 = 0.89, K_0 = 1.52,

Δ_2(K_0, θ) ⊂ P_ℓ (D((0, 1); k_0θ) ∩ {z ; 0 < arg z < π/ℓ}) , ℓ = 4, 6, . . . .

Proof: By virtue of the previous lemma, it is enough to find the constant θ_0 for ℓ = 4 only. So, assume that this is not the case. That is, for some sequence θ → 0, z_1 = z^4_2, for some z_1 ∈ ∂D((−K_0, 1); θ) and z_2 ∈ ∂D((0, 1); k_0θ). Moreover, arg z_2 < π/4, and, what is crucial, since we were able to apply Lemma 15.1, z_1 tends to a point of the real interval [1, K^2_0 ] (for some subsequence) as θ → 0. We have

(15.3) z_1 = 1 +

K_0 + 1 2 · i · exp(iθ) sin(θ)

· (1 − exp(iϕ)).

where ϕ ∈ (0, 2π − 2θ) is the angle between the vectors z_1 − C, 1 − C, with C the centre of the circle D((−K_0, 1); θ). For z_2 ∈ ∂D((0, 1); k_0θ) we have a similar expression:

(15.4) z_2 = sin(k_0θ + γ) sin(k_0θ) · exp(iγ), where γ ∈ (0, π/4) is an argument of z_2. Since z_1 tends to a real point in [1, K^2_0], it follows from (15.3), that ϕ/θ tends to a non-negative finite constant B, as θ → 0, and 1 +^{K0+1}_2 B ≤ K^2_0 , i.e.,

(15.5) 0 ≤ B ≤ 2(K_0 − 1).

Hence, from the condition z_1 = z^4_2 and from (15.4), γ/θ tends to a finite D ≥ 0. Separating now real and imaginary parts of the equality z_1 = z^4_2 , we obtain the following system for B and D:

(15.6) 1 +

K_0 + 1 2 · B = (1 + D_1)^4

(15.7)

K_0 + 1 2 · B · (1 + B 2 ) = k_0(1 + D_1)^4 · 4 · D_1,

where D_1 = D/k_0,

with k_0 = 0.89 and K_0 = 1.52.

Note that we have that B, D > 0, because otherwise consider B and D as infinitely close to zero when θ → 0. Then (15.6)-(15.7) imply^{K0+1}_2 B ∼ 4 · D_1 resp.^{K0+1}_2 B ∼ 4k_0 · D_1, what is impossible. Therefore, B > 0 and D > 0.

Dividing (15.7) by (15.6) and substituting the obtained expression for D_1 into (15.6), we come to the equation:

(15.8) 1 +

K_0 + 1 2 · B = {1 + 1 4 · k_0 · K_0 + 1 2 · B · (1 +^B_2 ) 1 +^{K0+1}_2 · B

}^4,

where k_0 = 0.89, and K_0 = 1.52.

With these K_0 and k_0, the equation (15.8) has no positive solutions.

In order to see this, let us make a linear change of the variable: define x = 1 +^{K0+1}_2 B, so that 1 ≤ x < ∞. Then

K_0 + 1 2 B(1 +^B_2 ) 1 +^{K0+1}_2 B

= 1 + x − 2 K_0 + 1 − K_0 K_0 + 1 1 x := T (x)

(the latter equality is just notation).

The equation takes the form:

x = (1 + 1 4k_0

T (x))^4, or (15.9) (1 + 1 4k_0

T (y^4)) − y = 0, where x = y^4. Let us show that the latter equation has no solutions y > 1. Since y = 1 is always a solution, it is enough to check that the derivative of the left-hand side of (15.9) is positive for y > 1, i.e. the equation

(15.10) 1 k_0 1 K_0 + 1

(1 + K_0t^8) − t^3 = 0

has no solutions 0 < t < 1 (we have used here that T^′(x) =^1_{K0+1} (1 + K_0^1_{x2} ) and set t = 1/y). Really, the function in the left-hand side of (15.10) has the unique minimum at the point

t_0 = [

3k_0(K_0 + 1) 8K_0

]^{1/5} = 0.888374...,

and the minimum itself is equal to 0.0076767... which is indeed positive.

Remark 15.4. Firstly, let us note that the constant 0.9 gives a negative minimum of the derivative (15.10); this is precisely the reason we chose k_0 = 0.89. Secondly, the lemma remains true for ℓ = 2, if we take K_0 = 1.37 (which corresponds to the extendibility space 0.5), and k_0 = 0.8. In the proof we should take the equation

(15.11) 1 k_0 1 K_0 + 1

(1 + K_0t^4) − t = 0

instead of (15.10). The minimum of the left-hand side becomes equal to

(15.12) 1 k_0 1 K_0 + 1 − 3 4 [ k_0(K_0 + 1)

4K_0

]^{1/3},

and this value is again positive, because

(15.13) k_0 = 0.8 <

4K^{1/4}_0 3^{3/4}(K_0 + 1) = 0.801034....

Lemma 15.5. If θ is small, and k_0 = 0.89, then

(15.14) D((−1.52, 0.68); k_0θ) ⊂ P_2(D((−1, 1); θ)).

Proof: Since 1/0.68 = 1.47059 > 1.47 and 1.52/0.68 = 2.2352941... < 2.5, it is enough to prove (after rescaling) that

(15.15) D((−2.5, 1); k_0θ) ⊂ P_2(D((−(1.47)^{1/2}, (1.47)^{1/2}); θ)).

For a possible point Z of intersection of the boundaries, we obtain an equation 1+ 2.5 + 1 2 · i exp(ik_0θ) sin(k_0θ)

·(1−exp(iϕ)) = 1.47·(1+ exp(i(θ + α)) sin^2 θ

·(2 cos θ−2 cos(θ+α))).

If θ → 0 and ϕ, α is a solution of this equation, then ϕ/θ and α/θ tend to finite constants M ≥ 0 and N ≥ 0 respectively (proof: P_2(D((−(1.47)^{1/2}, (1.47)^{1/2}); θ)) certainly contains P_2(D((−1, 1); θ)) while the boundary of the latter domain intersects D((−K, 1); k_0θ) at a point Z(K, θ) of an angle ϕ_1 such that ϕ_1/θ is bounded as θ → 0, see proof of Lemma 15.1.) We have the following equations for M and N:

(15.16) 1 +

2.5 + 1 2 · M k_0

= 1.47 · (1 + N)^2

(15.17)

2.5 + 1 2 · M k_0

· (k_0 + M 2 ) = 1.47 · 4 · N 2 · (1 + N 2 ) · (1 + N).

This system has no non-negative solutions (M, N). A way to see this is to reduce the system to a polynomial equation. For this, we first set M_1 = M/k_0 and then denote M + 1 = x, N + 1 = y. Then

(15.18) x − 1 2 = 1.47y^2 − 1

2.5 + 1

(15.19) x + 1 2 = 1 k_0

1.47(y^2 − 1)y 1.47y^2 − 1 . This implies that y is a zero of the polynomial

(15.20) h(y) := y^4 −

2.5 + 1 1.47k_0 y^3 +

2.5 − 1 1.47 y^2 +

2.5 + 1 1.47k_0 y − 2.5 1.47^2 , where, as before k_0 = 0.89. However, the polynomial h(y) does not have solutions y ≥ 1. Indeed, the second derivative of this polynomial h^{′′}(y) is a parabola with zero’s at y = .142276 and at y = 1.195337. If follows that h^′(y) is a cubic function with a local maximum at y = .142276 and a local minimum at y = 1.195337. An explicit calculation shows that h^′(1.195337) = .4790869... > 0 and therefore, one has that h^′(y) > 0 for each y ≥ 1. Hence h(y) ≥ h(1) > 0 for each y > 1.

Remark 15.6. The statement remains true with the constants K_0 = 1.37 (instead of 1.52), k_0 = 0.8, and 0.6 (instead of 0.68). Since 1/0.6 = 5/3 and 1.37/0.6 = 2.2833... < 2.3, the polynomial h will take the form:

(15.21) h(y) := y^4 −

2.3 + 1 (5/3)k_0 y^3 +

2.3 − 1 (5/3) y^2 +

2.3 + 1 (5/3)k_0 y − 2.3 (5/3)^2 , where k_0 = 0.8. The minimum of the derivative for y > 1 will be equal to h^′(1.12159...) = .527977... > 0.

Math. Dept., Hebrew University, Israel Math. Dept., Univ. of Warwick, England

70 GENADI LEVIN AND SEBASTIAN VAN STRIEN

References

[AB] L. Ahlfors and A. Beurling, Conformal invariants and function-theoretic hullsets, Acta Mathematica 83, (1950), 101-129.

[BH] B. Branner and J.H.Hubbard, The iteration of cubic polynomials I, Acta Math. 160, (1988), 143-206, The iteration of cubic polynomials II, Acta Math. 169, (1992), 229- 325.

[BL] A.M. Blokh and M.Yu. Lyubich, Measurable dynamics of S-unimodal maps of the interval, Ann. Sc. E.N.S. 4e série, 24, 545–573, (1991).

[BKNS] H. Bruin, G. Keller, T. Nowicki and S. van Strien, Wild Cantor attractors exist, Annals of Math. 143, (1996), 97-130 [DH] A. Douady and J.H. Hubbard, On the dynamics of polynomial-like mappings, Ann.

Sc. E.N.S. 4e série, 18, (1985), 287–343 [DH1] A. Douady and J.H. Hubbard, Etude dynamique des polynomes complexes I, II, Publication Mathematiques D’Orsay, no. 84-02 (1984), no. 85-04 (1985).

[GS1] J. Graczyk and G. Świa̧tek, Induced expansion for quadratic polynomials, Ann. Sc.

d’ENS 4e serie t.29, 1996, 399-482 [GS2] J. Graczyk and G. Świa̧tek, Polynomial-like property for real quadratic polynomials, preprint February 3, 1995 [GS3] J. Graczyk and G. Świa̧tek, Polynomial-like mappings induced by real polynomials, World Scientific Publication, WSSIAA 4 (1995), 315-328.

[H] J.H. Hubbard Local connectivity of Julia sets and bifurcation loci: three theorems of J.-C. Yoccoz, in ’Topological methods in modern mathematics, a symposium in Honor of John Milnor’s Birthday’, Publish or Perish, 1993, 467–512.

[HJ] J. Hu and Y. Jiang, The Julia set of the Feigenbaum quadratic polynomial is locally connected, Preprint 1993.

[JS] M.Jakobson and G. Świa̧tek, Metric properties of non-renormalizable s-unimodal maps. Part 1. Induced expansion and invariant measures, preprint IHES , Febr. 1991. Ergodic Theory and Dynamical Systems 14 (1994), 721-755.

[Ji1] Y. Jiang, Infinitely renormalizable quadratic Julia sets, Preprint ETH, Zürich (1994). [Ji2] Y. Jiang, Renormalization in quadratic-like mappings, Preprint November 1994. [fibo] G. Keller and T. Nowicki, Fibonacci maps re(a‘)visited, Ergodic Theory and Dynamical Systems, 15, (1996), 99-120.

[LS1] G. Levin and S. van Strien, Julia sets of real unimodal polynomials carry no invariant linefields, preprint Univ. of Amsterdam (1995), anonymous ftp, ftp.fwi.uva.nl, directory: pub/mathematics/reports/Geometry and Dynamics [L1] M.Yu. Lyubich, Ergodic theory for smooth one-dimensional dynamical systems. Stonybrook IMS Preprint 1991/11.

[L2] M.Yu. Lyubich, On the Lebesgue measure of the Julia set of a quadratic polynomial.

Stonybrook IMS Preprint 1991/10.

[L3] M.Yu. Lyubich, Combinatorics, geometry and attractors of quasi-quadratic maps.

Annals of Math. 140, (1994), 347-404 [L4] M.Yu. Lyubich, Milnor’s attractors, persistent recurrence and renormalization. In:

“Topological Methods in Modern Mathematics, A Symposium in Honor of John Milnor’s 60th Birthday”, Publish or Perish (1993).

[L5] M.Yu. Lyubich, Geometry of quadratic polynomials: moduli, rigidity and local connectivity, Stonybrook IMS Preprint 1993/9.

[LM] M. Lyubich and J. Milnor, The unimodal Fibonacci map, Journal of the A.M.S. 6, 425-457 (1993).

[LY] M. Lyubich and M. Yampolsky, Dynamics of quadratic polynomials: complex bounds for real maps, draft Februari 22, 1995.

[Mar] M. Martens, Interval dynamics, Thesis, Delft, (1990).

[MS] W. de Melo and S. van Strien, One-dimensional dynamics, Ergebnisse Series 25, Springer Verlag, (1993).

[MMS] M. Martens, W. de Melo and S. van Strien, Julia-Fatou-Sullivan theory for real one-dimensional dynamics, Acta Math. 168, 273-318 (1992).

[MSS] R. Mañe, P. Sad and D. Sullivan, On the dynamics of rational maps, Ann. Sci. Ec.

Norm. Sup. 16, 193–217, (1983).

[McM] C. McMullen, Complex dynamics and renormalization, Princeton University Press, Ann. Math. Studies, vol. 135, Princeton University Press, 1994.

[McM1] C. McMullen, Renormalization and 3-manifolds which fiber over the circle, Ann.

Math. Studies, vol. 142, Princeton University Press, 1996.

[Mil] J. Milnor, Local connectivity of Julia sets; expository lectures. Stonybrook IMS Preprint 1992/11.

[Mil1] J. Milnor, Questions in: Problems in Holomorphic Dynamics, Stony Brook IMS Preprint 1992/7, (editors: B. Bielefeld and M. Lyubich).

[Mil2] J. Milnor, Dynamics in one complex variable: introductory lectures, Stony Brook IMS Preprint 1990/5.

[Pe] C. Petersen, Local connectivity of some Julia sets containing a circle with an irrational rotation, Acta Mathematica, 177, 163–224, (1996).1 [Sh] M. Shishikura, Unpublished.

[SN] S. van Strien and T. Nowicki, Polynomial maps with a Julia set of positive Lebesgue measure: Fibonacci maps Stonybrook IMS Preprint 1994/3.

[Sul] D. Sullivan, Bounds, quadratic differentials, and renormalization conjectures, 1990, In AMS Centennial Publications. 2: Mathematics into Twenty-first Century.

[Y] J.C. Yoccoz, MLC, Manuscript.

Received December 31, 1994.

Revised ??.