The two-fixed point lemma^∗

Oleg Kozlovski^† Sebastian van Strien^‡ Robin de Vilder^§

November 10, 1999

∗The authors gratefully acknowledge Jean-Michel Grandmont, Roger Guesnerie, Patrick Pintus, Duncan Sands and Floris Takens for helpful comments and suggestions.

†Warwick University, Dpt. of Mathematics. ‡Warwick University, Dpt. of Mathematics.

§CNRS and DELTA (joint research unit of CNRS-EHESS-ENS (Paris, France)) and University of Amsterdam, Dpt. of Mathematics (Netherlands). Part of this research has been done while the author was working as a Marie Curie fellow at INSEE/CREST and during visits at the University of Warwick. 1

Abstract

Complicated (chaotic), global, expectations-driven business cycles in two-dimensional models have been shown to involve non-trivial intersections of stable and unstable manifolds of a (periodic) saddle steady state. Whether similar phenomena may occur in other twodimensional dynamic economic models in discrete time is the object of this paper. In fact, it will be shown that if the dynamics is described by an invertible map of the first orthant of the plane, the stable and unstable manifolds of a unique steady state cannot intersect non-trivially.

Keywords: dynamic economic models, saddle steady states, Lefschetz index theorem for vector fields, (non-)intersecting stable and unstable manifolds.

1 Introduction

Complicated expectations-driven business cycles may occur in various economic models. For example, the general equilibrium models, suggested by Benhabib and Day [2] and Grandmont [8], focused on simple one-dimensional economies and required large income effects in order to get complicated cyclical behaviour. By introducing productive capital into similar types of models, which increases the dimension of the dynamics of the economy to two, one can show that both local regular (e.g. Reichlin [21], Woodford [24], Grandmont, Pintus and de Vilder [9]) and global irregular (de Vilder [22], Pintus, Sands and de Vilder [20]) cycles are compatible with dominant substitution effects. The main mechanism that accounts for the occurrence of complicated deterministic global fluctuations in the two-dimensional framework involves intersections of stable and unstable manifolds of a (periodic) saddle equilibrium (see de Vilder [22], Pintus, Sands and de Vilder [20] and Brock and

Hommes [4], for example).

By contrast, a broad (widely known) class of two-dimensional dynamic economic models, such as the ones studied by King, Plosser and Rebello [15] and Kydland and Prescott [16], have a unique fixed point with a saddle structure. It is not clear from the mathematical literature on the subject (see, for example, Guckenheimer and Holmes [11], Katok and Hasselblatt [14] or Palis and Takens [19]), whether complicated deterministic structures associated with intersections of stable and unstable manifolds can also be present in this widely used framework. More specifically, is it possible for the stable and unstable manifolds of a unique fixed point of a two-dimensional C^1 invertible map of the positive orthant of the plane to intersect non-trivially? In this paper it is shown that chaos cannot arise from such intersections in these models. That is, we show that a necessary condition for stable and unstable manifolds of a saddle stationary state to intersect non-trivially is that the map has, at least, one additional steady state with positive index; we refer to this finding as the two-fixed point lemma. We obtain this result by exploiting the Lefschetz index theorem for vector fields [17]. So only in models with multiple steady states (see for example Hornstein [13], Farmer and Guo [6] and Boldrin and Rustichini [3]) this kind of chaos is possible. The paper is organized as follows. In the next section we define the types of dynamic economic models we have in mind. In that section we also introduce the notion of stable and unstable manifolds as well as some related results. In section 3 we present the two-fixed point lemma and provide a sketch of the proof. In the section thereafter we give some concluding remarks. Finally, the formal proof of the two-fixed point lemma can be found in the appendix.

2 The Framework

The results of this paper apply to any two-dimensional model of the plane satisfying the axioms specified in the next subsection.

2.1 The dynamic economic model

In this paper we shall assume that the economic model satisfies the following Standing Assumptions.

• The phase space is a simply connected open subset U of R^2. For example U can be the positive quadrant R^2_+ without boundary points. Moreover, we assume that time is discrete. We denote the state variables by (x_n, y_n) ∈ U, n ∈ Z.

• The dynamics of the economy is described by (x_{n+1}, y_{n+1}) = f(x_n, y_n).

• We assume that fixed points of f are isolated.

• The map f: U → f(U) is C^1 and invertible.

The first three assumptions are extremely general, and are used in a broad class of models. Models that we have in mind are, for example, King et al. [15], Kydland et al. [16] and Weibull [23]. The fourth assumption is more restrictive, because in some models f is not invertible. Whether one believes that the equations of motion also allow for backward motion, is perhaps a matter of taste.

2.2 Intersecting stable and unstable manifolds

We introduce the notion of stable and unstable manifolds of fixed points. That is, let p ∈ U be a hyperbolic fixed point of f, so f(p) = p and the Jacobian Df has two real eigenvalues λ_s and λ_u such that |λ_s| < 1 < |λ_u|. Then the stable and unstable manifolds of p are defined as follows.

W^s = {x ∈ U ; f^n(x) ∈ U for all n ≥ 0 and lim_{n→∞} f^n(x) = p}.

Since f(U) can be not equal to U, it is possible that W^s has several connected components. Similarly, let

W^u = {x ∈ U ; f^n(x) ∈ U for all n ≤ 0 and lim_{n→−∞} f^n(x) → p}.

If f(U) ⊂ U, the unstable manifold can only have one connected component, but otherwise it is possible that it has many connected components. These manifold are smooth curves passing through p, tangent to the stable and unstable eigenspaces of Df(p), respectively. Contrary to a linear specified model, in a nonlinear framework, the stable and unstable manifolds of p may intersect outside the saddle; these points of intersection of stable and unstable manifolds are known as homoclinic points. These are those points x for which f^n(x) → p as n → +∞ and as n → −∞, see figure 1. If p is a saddle fixed point and the stable and unstable manifolds of p intersect at a point q ≠ p then q is called a homoclinic point of p. The orbit of a homoclinic point is called a homoclinic orbit; each point in it is homoclinic.

3 The Main Result

In this section we present the main result of this paper.

The two fixed-point lemma

Let f: U → f(U) be as in the standing assumption, and let p ∈ U be a fixed p q

W^u

W^s r p q

W^u

W^s r

a. b.

Figure 1: W^u and W^s of the saddle equilibrium p may intersect outside p. We have schematically drawn the situation where W^u intersects W^s in a point q. The point r in the figures is the additional fixed point that exists according to the two-fixed point lemma in section 3.

hyperbolic saddle point of f with positive eigenvalues. Assume that the stable and unstable manifolds of p have a point q ≠ p of intersection and that there are curves γ_s ⊂ W^s and γ_u ⊂ W^s in U connecting q and p. Then f has at least one additional fixed point r of positive index in the interior of the domain bounded by γ_s and γ_u, see figure 1 for a graphical illustration.

The index of a fixed point is defined in the appendix.

Remark: If one assumes that f(U) ⊂ U then the statement of the lemma can be simplified: there is then no need to assume the existence of the connecting curves γ_s and γ_u. Indeed, in this case if the stable and unstable manifold intersect in some point q (≠ p), then there exists an integer n such that f^n(q) belongs to the local stable manifolds and there is a piece of this manifold connecting p and f^n(q). Moreover, the piece of the unstable manifold situated between p and f^n(q) is connected because the unstable manifold is connected (here we use again f(U) ⊂ U).

We should also emphasize that we only consider fixed points in the open set U (and not on the boundary). The additional fixed point of positive index the lemma above asserts, is actually in the open set U. So if there are several saddle fixed points (with positive eigenvalues), then since these have index −1, the conclusion of the lemma still applies. If f(U) = U then one can use an extension of a result of Brouwer, see the last lemma in [7]. In that case, f has no recurrent behaviour: for each point x ≠ p (where p is a fixed point) there is a neighborhood O so that f^n(O) ∩ f^m(O) = ∅ for all n ≠ m.

The proof of the lemma can be found in the appendix. Here we just give a sketch. The main tool that we use to prove the two-fixed point lemma is the Lefschetz index theorem^1 for vector fields [17]. Roughly speaking, the index of a vector field V on the plane with respect to an oriented Jordan curve Γ in the plane (i.e. a continuous closed curve without self-intersections on which direction is defined) is equal to the number of full turns the vector field produces when Γ is traversed once (for a formal definition see the appendix). However, the index of V cannot be defined if it has a singularity on Γ. The index is always an integer and stays constant if one continuously deforms Γ. Provided this deformation does not create singularities for V on the curve. Assuming that these conditions are satisfied one can apply the Lefschetz index theorem for vector fields, which says the following:

Lefschetz Index Theorem Let Γ be a Jordan curve and V a continuous vector field defined on Γ and the set bounded by Γ. Suppose that V has no singularities on Γ and that all singularities inside Γ are isolated. Then the sum of the indices of the singularities of V inside Γ is equal to the index of V on Γ.

As a vector field V we shall use V (x) = f(x)−x which implies that the index of V at a singularity s is equal to the index of s as a fixed point of f. The

1For other applications of this theorem to Economic Theory, see for example Balasko [1], Guesnerie and Woodford [10] and Mas-Colell [18].

p b c l f(l) q f(q)

W^u_+

W^s_+

Figure 2: The closed curve Γ consists of l and the pieces W^s(b, q) and W^u(c, q) of stable and unstable manifolds. If the curve Γ is traversed once, V makes one full turn and so the index of V with respect to Γ is equal to +1.

index of a hyperbolic fixed point may be defined in terms of the eigenvalues of the Jacobian matrix evaluated at the fixed point^2, see Table 1.

To apply this theory to our map f, we shall define a curve Γ in the appendix by using segments of the stable and unstable manifolds of the fixed point p. Observe that the vector field V (x) = f(x) − x is defined on Γ and its interior D, see figure 2. The final step is the observation that V restricted to Γ makes one full turn when the curve Γ is traversed once (to prove this, we shall use a deformation argument in the appendix). This implies that the index of the vector field V with respect to Γ is +1. Hence, from the Lefschetz Index Theorem it follows that there must be at least one singularity of V in the interior of γ of positive index. This singularity corresponds, by the definition of the vector field, with a fixed point of the map f.

2Although not generic we have to point out that one may construct fixed points with, for example, index +2

Eigenvalues Index of fixed point Description 1 |λ_1| < 1, |λ_2| < 1 Ind_{Df} (p) = 1 contracting 2 |λ_1| > 1, |λ_2| > 1 Ind_{Df} (p) = 1 expanding 3 |λ_1| = |λ_2| = 1 ≠ λ_i Ind_{Df} (p) = 1 elliptic 4 0 < λ_1 < 1 < λ_2 Ind_{Df} (p) = −1 hyperbolic saddle 5 λ_1 < −1 < λ_2 < 0 Ind_{Df} (p) = 1 hyperbolic saddle with rotation

Table 1: The index (called Ind_{Df} (p)) of a fixed point p of a map f may be defined in terms of the eigenvalues of the Jacobian matrix Df evaluated at p. For orientation preserving maps, generically, five different cases can be distinguished for the index of a fixed point.

Remark: By taking the second iterate of the map f one can also account for the orientation reversing cases as well as for the case where both eigenvalues of the saddle are negative by considering the second iterate of f. In these cases the statements will be different since a priori one cannot exclude the presence of a period two orbit instead of an additional fixed point.

4 Conclusion

In this paper we have shown that stable and unstable manifolds of a saddle equilibrium of an invertible two-dimensional dynamic economic model, cannot intersect non-trivially if the model has no other steady states. This means that the system cannot have homoclinic intersections causing chaotic dynamics unless the map has a fixed point of positive index in the (open) domain of definition. So behaviour as observed by Grandmont, Brock, de Vilder and others for expectation driven business cycle models, cannot occur in that case. In other words, only if the two-dimensional dynamic economic model has multiple steady states or if the model does not satisfy the conditions stated in standing assumptions, global analysis is required. Only then one might have “unexpected” complicated deterministic structures.

5 Appendix: The proof of the two-fixed point lemma

We start by providing some useful definitions. First, we define the degree of a circle map ϕ : S^1 → S^1, where S^1 is equal to R modulo 1. We identify S^1 also with the unit circle in R^2 which has the anti-clockwise orientation.

Definition 5.1 Let ϕ be a continuous map from the circle S^1 into itself. Let Φ be any lift of ϕ to R (so ϕ(x) = Φ(x) (mod 1) and Φ is continuous). The degree of ϕ is Φ(x + 1) − Φ(x), where x ∈ R is any point. The degree is independent of the choice of Φ and of x.

A Jordan curve is an injective map γ: S^1 → R^2. We shall write Γ = γ(S^1). By Jordan’s theorem (see any book on topology or for example page 730 of [14]) we know that such a curve divides the plane into two components: one bounded and one unbounded (if for example U is the positive quadrant, then the ‘unbounded component’ is ∂R^2_+). We shall only consider piecewise smooth curves, and say that γ: S^1 → R^2 is positively oriented if going forward along the curve, the unbounded component is on the right hand side (so positive orientation is the anti-clockwise orientation). In a similar fashion we can define the negative orientation of a curve. Next we define the index of a vector field with respect to γ.

Definition 5.2 Let γ: S^1 → R^2 be a Jordan curve, Γ = γ(S^1) and V : Γ → R^2 be a vector field which nowhere takes the value 0 (has no singularities). Let Γ be parameterized by some map γ : S^1 → Γ which preserves orientation. The index of V with respect to Γ is equal to the degree of the circle map ϕ defined by ϕ : x → V (γ(x)) |V (γ(x))| .

Next we define the index of a singularity of a vector field.

Definition 5.3 Let V be a vector field defined on an open set U and let p ∈ U be an isolated singularity of V . Let Γ be a Jordan curve surrounding p in U, separating p from any other singularities of V . The index of V at p is defined to be the index of V on Γ. This index is an integer, and is independent of the choice of Γ.

We define the vector field V by V (x) = f(x) − x. Then by definition, the index of a fixed point p of f is equal to the index of the vector field V at p. In the case that the Jacobian Df at p has no eigenvalues equal to 1 (the fixed point is hyperbolic), the index can be defined as (−1)^{card(i|λi >1, λi∈R)} where λ_i (i = 1, 2) are the eigenvalues of Df evaluated at p. In table 1 (in the core of the text) we have summarized the 5 generically occurring cases.

We are now ready to prove the two-fixed point lemma which we recall here:

The two fixed-point lemma

Let f: U → f(U) be as in the standing assumption, and let p ∈ U be a fixed hyperbolic saddle point of f with positive eigenvalues. Assume that the stable and unstable manifolds of p have a point q ≠ p of intersection and that there are curves γ_s ⊂ W^s and γ_u ⊂ W^s in U connecting q and p. Then f has at least one additional fixed point r of positive index in the interior of the domain bounded by γ_s and γ_u, see figure 1 for a graphical illustration.

Proof of the two fixed-point lemma: Let us introduce some notation that we will use later on. If x, y are points on W^u then W^u(x, y) denotes a piece of W^u bounded by the points x and y. The same notation is applied to W^s.

Let W^s_+ and W^u_+ be components of the stable and unstable manifolds of p which intersect. Remember that W^u_+ is contained in U. We have the 2 curves γ_s and γ_u connecting p and q. Moreover, we can assume that these curves intersect only in the points p and q. Indeed, if it is not the case, then we can take the first point q^′ of intersection of γ_u with γ_s so that

W^u(p, q^′)∩γ_s = {p, q^′}. Now, if we denote γ^′_u = W^u(p, q^′) and γ^′_s = W^s(p, q^′), we obtain two curves intersecting only in p and q^′.

Let us now define a closed Jordan curve Γ and a domain D bounded by Γ. Let O be a neighborhood of p on which Hartman-Grobman linearization is possible (see Katok and Hasselblatt [[14], ch.6, p.260]) and so that W^u(p, f(q))∩O and W^s(p, q) ∩ O have only one component. Take a straight line segment l = [b, c] close to p in O connecting c ∈ W^u_+ with b ∈ W^s_+, where the points b and c are very close to the origin and such that f(l) and W^s(p, f^{−1}(b)) are also in O. The curve Γ = W^u(c, q) ∪ W^s(q, b) ∪ l forms a closed Jordan curve in the simply connected domain U and by Jordan’s theorem Γ bounds a simply connected region (i.e. a disc) D which is contained in U. We choose on Γ a positive orientation. The origin may or may not be in D, see figure 1 for the two possible cases.

Next we define a vector field V on the closure of D by considering V (x) = f(x)−x. Any zero of V is a fixed point of f. By construction V has no zeroes on the boundary Γ of D. This implies that the index ind_Γ(V ) is well-defined, where the index of a vector field is defined as in definition 5.2. Our aim is to show that ind_Γ(V ) is equal to +1. Using the Lefschetz index theorem for vector fields (see the core of the text) this implies the following proposition

Proposition 5.1 There is a singularity of V in the interior of D of positive index corresponding to a fixed point r ≠ p of f.

Proof: By the Lefschetz index theorem for vector fields the sum of the indices of singularities of V in the interior of D is equal to ind_Γ(V ) which is equal to +1 as we shall show below. By the definition of V we have that a singularity of V corresponds to a fixed point of f. Hence, if p /∈ D then this gives the result immediately. If p ∈ D then since the index of the fixed point p is −1 (it is a saddle with positive eigenvalues, see table 1), we must have other fixed points in D in order to have that the sum of the indices equals +1. □

To prove that the index of V w.r.t. the boundary of D is equal to +1 we will continuously deform the vector field on the boundary without creating new singularities. We first define the notion of a rotational vector field.

Definition 5.4 A vector field V defined on a Jordan curve Γ is called rotational if it has no singularities on Γ and if for any x ∈ Γ the point x + V (x) also belongs to Γ.

Proposition 5.2 A rotational vector field has index +1.

Proof: By an isotopy of the curve (and a corresponding one of the vector field) we may assume that Γ is a circle. Define a new vector field N which at a base point x points to the center of the circle. Next consider a deformation of the vector field defined by V_λ(x) = (1 − λ)V (x) + λN(x), where 0 ≤ λ ≤ 1. Notice that V_0(x) = V (x) and that V_1(x) = N(x) and that V_λ(x) is not equal to 0 for 0 < λ < 1 for all x ∈ Γ. Indeed, if this would not be true then (1 − λ)V (x) + λN(x) = 0 and so V (x) = −λ/(1 − λ)N(x) which would mean that the vector field points outside the unit disc, a contradiction. Since the index of a vector field V_λ is an integer and depends continuously on the parameter, the index of V_λ is a constant. In particular, the indices of V_0 = V and V_1 = N are equal. Obviously the index of N is equal to +1, it follows that the index of V is also +1. □

To apply this proposition to the vector field V we have to continuously deform V into a rotational vector field without creating singularities. To see why

Δ Γ_0

Γ_1

Figure 3: The curves Γ_i from proposition A.3 and the deformation of the vector field V .

it fails to be rotational, notice that a point in Γ ∩ W^s_+ close to q, is not mapped into Γ. Therefore we deform V , and subdivide Γ in four segments W^u(c, f^{−1}(q)), W^u(f^{−1}(q), q), W^s(q, f^{−1}(b)) and W^s(f^{−1}(b), b)∪l. Obviously V is well defined on these segments and it has the rotational property on the segments W^u(c, f^{−1}(q)) and W^s(q, f^{−1}(b)). It remains to be shown that V can be deformed such that it also has the rotational property on the remaining two segments. We use the following proposition that is a standard result from topology

Proposition 5.3 Take two Jordan curves (Γ_0 and Γ_1) which have the same orientation, suppose that these two curves have a common segment Δ and moreover suppose that along this segment Γ_0 and Γ_1 are oriented in the same way (see figure 3 Then there exists a homotopy from the curve Γ_0 \ Δ to the curve Γ_1 \ Δ without creating intersections with the segment Δ.

Proof: Since we assume that Γ_i are piecewise smooth, there are curves Γ̃_i near Γ_i homotopic to Γ_i which intersect transversally. Then proceed as in chapter 8 of [12]. □

Notice that Γ_0 and Γ_1 are allowed to intersect in some points which are not in Δ.

We next apply this result to the curves Γ_0 = W^u(p, q) ∪ W^s(p, q), Γ_1 = W^u(p, f(q)) ∪ W^s(f(q), p) and Δ = W^s(f(q), p) ∪ W^u(p, q). Γ_0 and Γ_1 are closed curves without self-intersection because of the choice of the point q. Notice also that Γ_1 = f(Γ_0). If we orient these curves in the direction of the unstable manifold, then they will have the same orientation because f is an orientation preserving. Moreover, these curves have the same orientation along Δ. Thus we can apply the previous proposition and obtain a homotopy from W^u(q, f(q)) to W^s(q, f(q)) without crossing W^u(p, q). Let us denote this homotopy by ψ_λ : W^u(q, f(q)) → R^2, λ ∈ [0, 1], so ψ_0 = Id , ψ_1(W^u(q, f(q))) = W^s(q, f(q)).

Now we can define a deformation of the vector field V on the segment W^u(f^{−1}(q), q) by V_λ(x) = ψ_λ(f(x)) − x, where x ∈ W^u(f^{−1}(q), q) and 0 ≤ λ ≤ 1. Obviously, V_0 = V because ψ_0 = Id, V_λ is never singular because ψ_λ(x) is never in W^u(p, q) and V_1 satisfies the rotational property on the segment W^u(f^{−1}(q), q) for the curve Γ = ∂D.

Since in the small neighborhood O of p (the segments l = [b, c], f(l) and W^s(p, f^{−1}(b)) are contained in O), f is almost a linear map, it is easy to see that one can continuously deform the vector field V on l ∪ W^s(f^{−1}(b), b) without creating singularities in such a way that the vector field becomes rotational: simply again use proposition A.3.

So, we have shown that V can be continuously deformed on the curve Γ = ∂D to a rotational vector field without creating singularities. Once again, since the index depends continuously on the parameter this implies that the index of V on Γ is equal to the index of the rotational vector field which is +1.

Together with proposition 5.1 this proofs the lemma. □

References

[1] Y. Balsko: Foundations of the theory of the general equilibrium. Academic Press, 1988.

[2] J. Benhabib and R. Day (1982): A characterization of erratic dynamics in the overlapping generations model. Journal of Economic Dynamics and Control 4, 37-55.

[3] M. Boldrin and A. Rustichini (1994): Indeterminacy of equilibria in models with infinitely many agents and external effects. Econometrica, 323-342.

[4] W.A. Brock and C.H. Hommes (1997): A rational route to randomness.

Econometrica 60, 1059-1095.

[5] G. Cazzavillan, T. Lloyd-Braga and P. Pintus (1996): Multiple steady states and endogenous fluctuations with increasing returns to scale in production. Journal of Economic Theory 80.

[6] R.E.A. Farmer and J.-T. Guo (1994): Real business cycles and the animal spirits hypothesis. Journal of Economic Theory 63, 42-72.

[7] A. Fathi (1978): An orbit closing proof of Brouwer’s lemma on translation arcs. L’Enseignement Mathématique 33, 315-322.

[8] J-M. Grandmont (1985): On endogenous competitive business cycles. Econometrica 53, 995-1045.

[9] J.-M. Grandmont, P. Pintus and R.G. de Vilder (1997): Capital-labor substitution and competitive nonlinear endogenous business cycles. Journal of Economic Theory 80.

[10] R. Guesnerie and M. Woodford: Endogenous fluctuations, in Advances in economic theory. (J.J. Laffont, Ed.), Cambridge University Press, 1992.

[11] J. Guckenheimer and P. Holmes: Nonlinear oscillations, dynamical systems and bifurcations of vector fields. Springer-Verlag, 1983.

[12] M.W. Hirsch: Differential topology. Graduate texts in mathematics 33, Springer Verlag, 1976.

[13] A. Hornstein (1993): Monopolistic competition, increasing returns to scale and the importance of productivity shocks. Journal of Monetary Economics 31. [14] A. Katok and B. Hasselblatt: Introduction to the modern theory of dynamical systems. Cambridge University Press, 1995

[15] R.G. King, C.I. Plosser and S. Rebelo (1988): Production, growth and business cycles. Journal of Monetary Economics 21, 195-232.

[16] F. Kydland and E. Prescott (1982): Time to build and aggregate fluctuations.

Econometrica 50.

[17] S. Lefschetz: Differential equations: geometric theory. Dover Publications, 1977.

[18] A. Mas-Colell: The theory of general economic equilibrium. A differentiable approach. Cambridge University Press, 1985.

[19] J. Palis and F. Takens: Hyperbolicity & sensitive chaotic dynamics at homoclinic bifurcations. Cambridge University Press, 1993.

[20] P. Pintus, D. Sands and R. de Vilder (2000): On the transition from local regular to global irregular behaviour. Journal of Economic Dynamics and Control 24, 247-272.

[21] P. Reichlin(1986): Equilibrium cycles in an overlapping generations economy with production. Journal of Economic Theory 40, 89-102.

[22] R.G. de Vilder (1995): Complicated endogenous business cycles under gross substitutability. Journal of Economic Theory 71, 416-442.

[23] J. Weibull: Evolutionary Game-theoretic models. MIT Press, 1995.

[24] M. Woodford (1986): Stationary sunspot equilibria in a finance constrained economy. Journal of Economic Theory 40, 128-137.